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A Characteristic-Curve Finite Element Scheme of Single Step and
Second Order in Time Increment for the Navier-Stokes Equations

Hirofumi NOTSU∗ and Masahisa TABATA†

Faculty of Mathematics, Kyushu University, Fukuoka 812-8581, Japan

Abstract

In this paper we present a new characteristic-curve finite element scheme of single step and
second order in time increment for the nonstationary Navier-Stokes equations. After supplying cor-
rection terms in the variational formulation, we prove that the scheme is of second order in time
increment. The convergence rate of the scheme is numerically recognized by computational results.

1 Introduction

In this paper we present a characteristic-curve finite element scheme of single step and second order in
time increment for the Navier-Stokes equations. In devising numerical schemes for the Navier-Stokes
equations, a key issue is how to approximate the nonlinear convection term. Especially it is crucial in
the computation of high-Reynolds number problems, where the standard Galerkin approximation leads
to disastrous oscillating results. Many kinds of approximations have been developed based on ideas such
as upwinding, streamline diffusion, least square, characteristic curve, and so on. (See [1] , [3], [4] , [5] ,
[7] , [8] , [11] , [12] , [13], [14], [15], [16], [19] , [20] , [22] , [25] and references there in).

We focus on the approximation based on characteristic-curve method. The idea of the characteristic-
curve method is to consider the trajectory of the fluid particle and discretize the material derivative term
along the trajectory. The procedure is natural from the physical point of view. Furthermore, the matrix for
the system of linear equations is symmetric, which leads to easy solvers for the system. Characteristic-
curve finite element schemes for the Navier-Stokes equations of first order in time increment have been
developed and analysed, see [14], [15], [19]. A scheme of second order in time increment has been
presented and analysed by Boukir et al. [5]. They use a two-step method and approximate the material
derivative by the values of two previous steps along the trajectory.

Here we propose a scheme of second order in time increment and of single step. The material
derivative is approximated in the Crank-Nicolson way along the trajectory. The original idea of the
approximation was developed in [17] for the convection-diffusion equations, which is extended to the
Naveir-Stokes equations in this paper. As is pointed out in [17], in the Crank-Nicolson approximation
on the trajectory, an additional correction term is indispensable to realize a second order accuracy. After
supplying correction terms for the Navier-Stokes equations, the scheme is proved to be of second order
in time increment. In the case of the Navier-Stokes equations the velocity is unknown and the obtained
scheme becomes nonlinear. For the solution we present an internal iteration procedure which consists of
solving a series of Stokes type equations. The scheme has such advantages that it is of second order in
time increment and that every matrix to be treated is symmetric.

We use the function spacesL2(Ω) andH1(Ω), and their subspacesH1
0(Ω) and

L2
0(Ω) ≡

{
φ ∈ L2(Ω);

∫
Ω

φ dx= 0

}
.

∗notsu@math.kyushu-u.ac.jp
†tabata@math.kyushu-u.ac.jp

1



We denote by(·, ·) the L2(Ω)-inner products in the scalar- and vector-valued function spaces. For any
normed spaceX the norm is denoted by∥ · ∥X. WhenX = L2(Ω)d or L2(Ω), we omit the subscript and
denote it simply by∥ · ∥. The dual pairing betweenX and the dual spaceX′ is denoted by⟨·, ·⟩. The
partial derivative∂u/∂xi of a functionu is simply denoted byu,i and the Einstein conventionaibi is used
in place of∑d

i=1aibi .
The outline of the paper is as follows. We present a characteristic-curve finite element scheme for

the Navier-Stokes equations in Section 2. In Section 3 the consistency of the scheme is proved to be of
second order in time increment. In the last section we show some numerical examples to observe the
convergence rate.

2 A Characteristic-Curve Finite Element Scheme

In this section we present a characteristic-curve finite element scheme for the Navier-Stokes equations.
It is of single step and second order in time increment.

Let Ω ⊂ Rd(d = 2,3) be a bounded domain andT be a positive constant. We consider the nonsta-
tionary Navier-Stokes problem subject to the homogeneous Dirichlet boundary condition; find(u, p) :
Ω× (0,T) → Rd ×R such that

∂u
∂ t

+(u·∇)u−∇(2νD(u))+∇p = f in Ω× (0,T),

∇ ·u = 0 in Ω× (0,T),
u = 0 onΓ× (0,T),

u = u0 in Ω, at t = 0,

(2.1)

whereu is the velocity,p is the pressure,f is an exterior force,u0 is an initial velocity,ν(> 0) is a
viscosity,Γ ≡ ∂Ω is the boundary ofΩ, D(u) is the strain-rate tensor defined by

Di j (u) ≡ 1
2
(ui, j +u j,i),

and [
∇(2νD(u))

]
i ≡ 2νDi j , j(u).

In order to present our scheme for (2.1) we prepare the following. For a time increment∆t and
velocitiesu andw : Ω → Rd, we defineX1(u,∆t) andX2(u,w,∆t) by

X1(u,∆t)(x) ≡ x−u(x)∆t,

X2(u,w,∆t)(x) ≡ x−
{

u(x)+w(x−w(x)∆t)
}∆t

2
,

respectively. We use the symbol◦ to designate the composition of functions, e.g., for a functionψ
defined inΩ (

ψ ◦X1(u,∆t)
)
(x) ≡ ψ

(
x−u(x)∆t

)
.

Forn∈ N∪{0} we set

tn ≡

{
∆t0 +(n−1)∆t (n≥ 1),
0 (n = 0),

where∆t0 is another time increment used only in the first step of the computation. LetNT ≡ [(T −
∆t0)/∆t]+1 be a total step number,Th ≡ {K} be a triangulation ofΩ. We defineΩh by

Ωh ≡ int
∪

{K; K ∈ Th}
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andΓh ≡ ∂Ωh. We set finite element spaces,

Xh ≡
{

vh ∈C0(Ωh)d; vh|K ∈ P2(K), ∀K
}

, Vh ≡ Xh∩H1
0(Ωh),

Mh ≡
{

qh ∈C0(Ωh); qh|K ∈ P1(K), ∀K
}

, Qh ≡ Mh∩L2
0(Ωh),

(2.2)

and define interpolation operators,

Π(1)
h : C0(Ωh) → Mh, Π(2)

h : C0(Ωh)d → Xh.

Foru,w andζ ∈H1
0(Ωh)d, p andq∈H1(Ωh) andr, f andg∈ L2(Ωh) we define linear formsAh1 (u,w, r),

Ah2(u,ζ ,w, p,q), Fh1 f andFh2( f ,g,w) onVh andBhu onQh by

Ah1(u,w, r) ≡ Mh1(u,w ;∆t0)+Dh1u+Ch1r,

Ah2(u,ζ ,w, p,q) ≡ Mh2(u,ζ ,w ;∆t)+Dh2(u,w)+Ch2(w, p,q),⟨
Bhu,qh

⟩
≡ −

(
∇ ·u,qh

)
,

⟨
Fh1 f ,vh

⟩
≡

(
f ,vh

)
,⟨

Fh2( f ,g,w),vh

⟩
≡ 1

2

(
f +g◦X1(w,∆t),vh

)
,

where ⟨
Mh1(u,w ;∆t0),vh

⟩
≡

(u−w◦X1(w,∆t0)
∆t0

, vh

)
,⟨

Mh2(u,ζ ,w ;∆t),vh

⟩
≡

(u−w◦X2(ζ ,w,∆t)
∆t

, vh

)
,⟨

Dh1u,vh

⟩
≡ 2ν

(
D(u),D(vh)

)
,

⟨
Ch1r,vh

⟩
≡ −

(
∇ ·vh, r

)
,⟨

Dh2(u,w),vh

⟩
≡ ν

(
D(u)+D(w)◦X1(w,∆t), D(vh)

)
+ν∆t

(
Di j (w)wk, j , vhi,k

)
,⟨

Ch2(w, p,q),vh

⟩
≡ 1

2

(
∇p+∇q◦X1(w,∆t), vh

)
.

For{un}NT
n=0⊂H1

0(Ωh)d, {pn}NT
n=1⊂H1(Ωh) and{ f n}NT

n=1⊂L2(Ωh)d, linear formsA n
h (u, p) andF n

h ( f ,u)
onVh are defined by

A n
h (u, p) ≡

{
Ah2(un,un,un−1, pn, pn−1) (n≥ 2),

Ah1(u1,u0, p1) (n = 1),

F n
h ( f ,u) ≡

{
Fh2( f n, f n−1,un−1) (n≥ 2),

Fh1 f 1 (n = 1).

In order to unify the notation we putBn
hu ≡ Bhun. For a given continuous functionf we set f n

h ≡
Π(2)

h f (tn).
We now present the scheme for (2.1); find{(un

h, pn
h)}

NT
n=1 ⊂Vh×Qh such that

A n
h (uh, ph) = F n

h ( fh,uh) in V ′
h,

Bn
huh = 0 in Q′

h,

u0
h = Π(2)

h u0.

(2.3)
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Forn≥ 2 this is equivalent to the equations,

(un
h−un−1

h ◦X2(un
h,u

n−1
h ,∆t)

∆t
, vh

)
+ν

(
D(un

h)+D(un−1
h )◦X1(un−1

h ,∆t), D(vh)
)

+ν∆t
(

Di j (un−1
h )un−1

hk, j , vhi,k

)
+

1
2

(
∇pn

h +∇pn−1
h ◦X1(un−1

h ,∆t), vh

)
=

1
2

(
f n
h + f n−1

h ◦X1(un−1
h ,∆t), vh

)
, ∀vh ∈Vh,(

∇ ·un
h, qh

)
= 0, ∀qh ∈ Qh.

In the next section the scheme is shown to be of second order in∆t for n≥ 2, and of first order in∆t0 for
n = 1. By taking∆t0 = O(∆t2), the whole scheme becomes of second order in time increment∆t.

Remark2.1 (i) For vh ∈Vh andqh ∈ Qh it holds that⟨
Ch1qh,vh

⟩
=

⟨
Bhvh,qh

⟩
,

i.e.,Ch1 = B′
h onQh, thoughCh1 is defined onL2(Ωh).

(ii) In A n
h (n≥ 2), we needun−1 and pn−1 to getun and pn. If Ah2 were used whenn = 1, we would

needp0, which is not given as the initial condition in the Navier-Stokes equations. This is the reason
why we useAh1 atn = 1. In the case of the convection-diffusion equation, such fact does not occur.

Since the scheme is nonlinear inun
h for n ≥ 2, we prepare aninternal iteration procedure. Let

{(wk
h, r

k
h)}∞

k=1 ⊂Vh×Qh be the solution of
Ah2(wk

h,w
k−1
h ,un−1

h , rk
h, pn−1

h ) = Fh2( f n
h , f n−1

h ,un−1
h ) in V ′

h,

Bhwk
h = 0 in Q′

h,

w0
h = un−1

h .

(2.4)

(un
h, pn

h) is obtained as the limit of the sequence{(wk
h, r

k
h)}∞

k=1. In the real computation if the convergence
criterion,

∥wk
h−wk−1

h ∥H1(Ωh)d +∥rk
h− rk−1

h ∥L2(Ωh)

∥wk
h∥H1(Ωh)d +∥rk

h∥L2(Ωh)
< εI (2.5)

is satisfied for somek, we set(un
h, pn

h) ≡ (wk
h, r

k
h). HereεI is a sufficiently small positive constant. We

note that (2.4) is a linear problem inwk
h andrk

h whose matrix is symmetric.

Remark2.2 One can choose other finite element spacesVh×Qh satisfying the inf-sup condition [6], [10]
andQh ⊂ H1(Ωh).

Remark2.3 Scheme (2.3) requires thatQh is a subset ofH1(Ωh), because the pressure term is written in
a strong form. Using a weak form for the pressure, which requires onlyQh ⊂ L2(Ωh), we can derive a
scheme, 

˜A n
h (uh, ph) = F n

h ( fh,uh) in V ′
h,

Bn
huh = 0 in Q′

h,

u0
h = Π(2)

h u0,

(2.6)

where

˜A n
h (u, p) ≡

{
Mh2(un,un,un−1;∆t)+Dh2(un,un−1)+ C̃h2(un−1, pn, pn−1) (n≥ 2),

Mh1(u1,u0;∆t0)+Dh1u1 +Ch1p1 (n = 1),

4



⟨
C̃h2(w, p,q),vh

⟩
≡−1

2

(
∇ ·vh, p+q◦X1(w,∆t)

)
− ∆t

2

(
qwi, j , vh j,i

)
. (2.7)

The last term of (2.7) is a correction term for second order accuracy in∆t. This scheme is proved to be of
second order in∆t in a similar way to scheme (2.3) by using the analysis in the next section. Numerical
experiments, however, show that scheme (2.6) is not so stable. In fact, we could not get solutions for
ν ≤ 10−2 in Example 1 of Section 4 because of oscillation. Hence we do not use this scheme.

3 Consistency of the Scheme

In this section we assumeΩh = Ω for the sake of simplicity. For an integern (2≤ n≤ NT), we set

tn−1/2 ≡ 1
2
(tn + tn−1).

For a functionψ on Ω× (0,T) andm∈ N∪{N−1/2}∪{0} (m≤ NT), ψm means

ψm ≡ ψ(·, tm).

Proposition 3.1(consistency)Suppose that f is a sufficiently smooth function,(u, p) is the sufficiently
smooth solution of (2.1) and X1(un−1,∆t)(Ω) and X2(un,un−1,∆t)(Ω) ⊂ Ω. Then for any vh ∈Vh it holds
that ⟨

Ah2(un,un,un−1, pn, pn−1)−Fh2( f n, f n−1,un−1), vh

⟩
= O(∆t2)∥vh∥, (3.1a)⟨

Ah1(u1,u0, p1)−Fh1 f 1, vh

⟩
= O(∆t0)∥vh∥. (3.1b)

We prepare some lemmas for the proof. The first one is trivial, but it is often used.

Lemma 3.1 For a smooth function f it holds that

1
2

(
f (t)+ f (t −∆t)

)
= f (t − ∆t

2
)+O(∆t2), (3.2a)

f (t)− f (t −∆t)
∆t

= f ′(t − ∆t
2

)+O(∆t2). (3.2b)

Let u : Ω×(0,T)→Rd be a smooth function. For a pointx∈ Ω, we denote byX( · ;x) : (0,T)→Rd

the solution of the ordinary differential equation,{
X′(t) = u(X(t), t) in (tn−1, tn),
X(tn) = x.

(3.3)

We denote the material derivation by
D
Dt

≡ ∂
∂ t

+u·∇.

We note that the material derivative of a functionf : Ω× (0,T) → R is written as

D f
Dt

(
X(t), t

)
=

d
dt

f
(
X(t), t

)
. (3.4)

Setting

Y1(u,∆t)(x) ≡ x+X1(u,∆t)(x)
2

,
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1−nt

t
nt x

dR⊂Ω))(,( 11 xtuX n ∆−
1−nu
P2/1−nt 2/1−n )(x1−nt

t
nt x

dR⊂Ω))(,( 11 xtuX n ∆−
1−nu
P2/1−nt 2/1−n )(x

Fig. 1: The evaluation point for the consistency

we evaluate the equations at a point

Pn−1/2(x) ≡
(
Y1(un−1,∆t)(x), tn−1/2

)
. (3.5)

Using the approximationX2 for X(tn−1), we can construct a second order discretization of the material
derivative as follows.

Lemma 3.2 Let u be a sufficiently smooth function and X2 (un,un−1,∆t)(Ω) ⊂ Ω. Then it holds that

un(x)−un−1◦X2(un,un−1,∆t)(x)
∆t

=
Du
Dt

(
Pn−1/2(x)

)
+O(∆t2). (3.6)

Proof Let X be the solution of (3.3). Substitutingu into f in (3.4) and using (3.2b), we have

Du
Dt

(X(tn−1/2), tn−1/2) =
un(X(tn))−un−1(X(tn−1))

∆t
+O(∆t2). (3.7)

Since the Heun method is of second order in time increment, we have

X(tn−1;x) = x−
{

un(x)+un−1(x−un(x)∆t
)}∆t

2
+O(∆t3)

= x−
{

un(x)+un−1(x−un−1(x)∆t
)}∆t

2
+O(∆t3)

= X2(un,un−1,∆t)(x)+O(∆t3). (3.8)

On the other hand, by (3.2a), it holds that

X(tn−1/2;x) = Y1(un−1,∆t)(x)+O(∆t2). (3.9)

Combining (3.8) and (3.9) with (3.7), we get (3.6).

Lemma 3.3 Suppose that u, f : Ω × (0,T) → Rd and p: Ω × (0,T) → R are sufficiently smooth
functions and X1(un−1,∆t)(Ω) and X2(un,un−1,∆t)(Ω) ⊂ Ω. Then for any x∈ Ω it holds that

un−un−1◦X2(un,un−1,∆t)
∆t

(x)−ν
{

∇D(un)+∇D(un−1)◦X1(un−1,∆t)
}
(x)

+
1
2

{
∇pn +∇pn−1◦X1(un−1,∆t)

}
(x)− 1

2

{
f n + f n−1◦X1(un−1,∆t)

}
(x)

=
(Du

Dt
−2ν∇D(u)+∇p− f

)(
Pn−1/2(x)

)
+O(∆t2), (3.10)

where Pn−1/2(x) is a point defined by(3.5).
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Proof Let X(·;x) be the solution of (3.3). Substituting(−2ν∇D(u)+∇p− f )(X(·), ·) into f andtn into
t in (3.2a), using the relation

X(tn−1;x) = X1(un−1,∆t)(x)+O(∆t2),

we have

−ν
{

∇D(un)+∇D(un−1)◦X1(un−1,∆t)
}
(x)+

1
2

{
∇pn +∇pn−1◦X1(un−1,∆t)

}
(x)

− 1
2

{
f n + f n−1◦X1(un−1,∆t)

}
(x)

=
{
−2ν∇D(u)+∇p− f

}(
Pn−1/2(x)

)
+O(∆t2). (3.11)

Combining (3.11) with Lemma 3.2, we get the result.

Lemma 3.4 Let u: Ω→Rd be a sufficiently smooth function satisfying∇ ·u= 0 in Ω and X1(u,∆t)(Ω)⊂
Ω. Then for any vh ∈Vh it holds that

−
(

∇D(u)◦X1(u,∆t),vh

)
=

(
D(u)◦X1(u,∆t),D(vh)

)
+∆t

(
Di j (u)uk, j ,vhi,k

)
+O(∆t2)∥vh∥. (3.12)

Proof Since∇ ·u = 0 in Ω, it holds that(
ui, j ◦X1(u,∆t),vhi, j

)
= −

((
ui, j ◦X1(u,∆t)

)
, j ,vhi

)
= −

(
ui, jk ◦X1(u,∆t)(δk j −uk, j∆t),vhi

)
= −

(
ui, j j ◦X1(u,∆t),vhi

)
+∆t

(
ui, jk ◦X1(u,∆t)uk, j ,vhi

)
= −

(
ui, j j ◦X1(u,∆t),vhi

)
+∆t

(
ui, jkuk, j ,vhi

)
+O(∆t2)∥vh∥

= −
(

ui, j j ◦X1(u,∆t),vhi

)
−∆t

(
ui, juk, j ,vhi,k

)
+O(∆t2)∥vh∥,

whereδk j is Kronecker’s delta. Similarly we have(
ui, j ◦X1(u,∆t),vh j,i

)
= −

((
ui, j ◦X1(u,∆t)

)
,i ,vh j

)
= −

(
ui, ji ◦X1(u,∆t),vh j

)
−∆t

(
ui, juk,i ,vh j,k

)
+O(∆t2)∥vh∥

= −
(

u j,i j ◦X1(u,∆t),vhi

)
−∆t

(
u j,iuk, j ,vhi,k

)
+O(∆t2)∥vh∥.

Therefore, it holds that(
D(u)◦X1(u,∆t),D(vh)

)
=

1
2

{(
ui, j ◦X1(u,∆t),vhi, j

)
+

(
ui, j ◦X1(u,∆t),vh j,i

)}
= −

(
∇D(u)◦X1(u,∆t),vh

)
−∆t

(
Di j (u)uk, j ,vhi,k

)
+O(∆t2)∥vh∥,

which completes the proof.

Proof of Proposition 3.1Substitutingun−1 into u in Lemma 3.4, we have

−ν
(

∇D(un−1)◦X1(un−1,∆t),vh

)
= ν

{(
D(un−1)◦X1(un−1,∆t),D(vh)

)
+∆t

(
Di j (un−1)un−1

k, j ,vhi,k

)}
+O(∆t2)∥vh∥. (3.13)
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Obviously it holds that

−ν
(

∇D(un),vh

)
= ν

(
D(un),D(vh)

)
. (3.14)

Combining (3.13) and (3.14) with Lemma 3.3, we have⟨
Ah2(un,un,un−1, pn, pn−1)−F n

h ( f ,u),vh

⟩
=

((Du
Dt

−∇(2νD(u))+∇p− f
)n−1/2◦Y1(un−1,∆t),vh

)
+O(∆t2)∥vh∥.

Here we have used (3.2b) again. Since(u, p) is the solution of (2.1), we get (3.1a). The proof of (3.1b)
is similar.

4 Numerical Examples

In this section we show numerical results ind = 2 to observe the numerical convergence rate of the
scheme. Since the matrix is symmetric, we use the CG method with ILU(0) preconditioner [2] for solving
the system of linear equations. In the scheme we have to compute integrals of composite functions such
as ∫

K
un−1

h ◦X2(wk−1
h ,un−1

h ,∆t)vh dx

on triangular elementsK. The integrand

un−1
h ◦X2(wk−1

h ,un−1
h ,∆t)vh

is not smooth onK. It is known that rough numerical integration causes oscillation even in the case
that the stability is theoretically proved for a scheme with exact integration, see [21] and [23]. Hence,
much attention should be paid to numerical integration of composite functions. Here we use a numerical
integration formula of degree five on each triangle [18]. For a given series{ψn}NT

n=1 in a normed space
X, we define

∥ψ∥l2(X) ≡

{
NT

∑
n=1

(tn− tn−1)∥ψn∥2
X

} 1
2

.

Example4.1 In (2.1) we takeΩ = (0,1)2, T = 1, and five values ofν ,

ν = 1, 10−1, 10−2, 10−3, 10−4.

The functionsf andu0 are given so that the exact solution is
u1(x1,x2, t) = {1+sin(πt)}sin2(πx1)sin(2πx2),

u2(x1,x2, t) = −{1+sin(πt)}sin2(πx2)sin(2πx1),
p(x1,x2, t) = {1+sin(πt)}cos(πx1)cos(πx2).

We used FreeFEM [9] for mesh generation. LetNΩ be the division number of each side ofΩ and
h≡ 1/NΩ be the representative length of each mesh. Figure 2(left) shows a sample mesh(NΩ = 8). We
solve the problem by the scheme (2.3). Since the convergence rate of the backward Euler scheme of
the P2/P1 Galerkin approximation isO(∆t + h2) for the Navier-Stokes equations, e.g., [24], we choose
∆t = h. Furthermore we set∆t0 = h2 andεI = 10−5. We calculatedErr defined by

Err ≡
∥Π(2)

h u−uh∥l2(H1(Ω)2) +∥Π(1)
h p− ph∥l2(L2(Ω))

∥uh∥l2(H1(Ω)2) +∥ph∥l2(L2(Ω))
.

Figure 2 (right) shows the graph ofErr versus∆t in logarithmic scale forNΩ = 8, 16, 32 and 64, and
the values ofErr and the slopes are given in Table 1. We can observe a second order convergence in∆t.
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Fig. 3: The graph of maximum iteration number versus∆t for eachν

Figure 3 exhibits the graph of maximum internal iteration number versus∆t. It decreases as∆t becomes
small and was equal to 3 or 4 for∆t = 1/64.

Now we examine the importance of the additional correction term

ν∆t
(

Di j (un−1)un−1
k, j , vhi,k

)
(4.1)

in the definition ofDh2. We compare results obtained by schemes with and without this term as well as
the first order scheme. Dropping the term from the scheme (2.3), we get

ˆA n
h (uh, ph) = F n

h ( fh,uh) in V ′
h,

Bn
huh = 0 in Q′

h,

u0
h = Π(2)

h u0,

(4.2)
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where

ˆA n
h (u, p) ≡

{
ˆAh2(un,un,un−1, pn, pn−1) (n≥ 2),

Ah1(u1,u0, p1) (n = 1),
ˆAh2(u,ζ ,w, p,q) ≡ Mh2(u,ζ ,w ;∆t)+ D̂h2(u,w)+Ch2(w, p,q),⟨
D̂h2(u,w),vh

⟩
≡ ν

(
D(u)+D(w)◦X1(w,∆t), D(vh)

)
.

The first order scheme is 
A n

h1(uh, ph) = F n
h1 fh in V ′

h,

Bn
huh = 0 in Q′

h,

u0
h = Π(2)

h u0,

(4.3)

where

A n
h1(u, p) ≡

{
Mh1(un,un−1;∆t)+Dh1un +Ch1pn (n≥ 2),

Mh1(u1,u0;∆t0)+Dh1u1 +Ch1p1 (n = 1).

F n
h1 f ≡ Fh1 f n.

In the first order scheme we do not need to use a first step with a small time increment∆t0. For the
comparison with other schemes, however, we use the first step with∆t0. We solve Example 4.1 under
the same condition. The results obtained from the three schemes are shown in Figure 4 and Table 1.
These results exhibit the necessity of the additional correction term for second order in∆t. In the case
of ν = 1 the values ofErr of the scheme (4.2) are worse than those of the scheme (4.3). In the case
of ν = 10−1 the results of (4.2) is better than those of (4.3), but the slope of (4.2) is worse than that of
the present scheme (2.3). In the casesν = 10−2,10−3 and 10−4 there is no clear difference between the
results by (4.2) and (2.3). These results are explained from the fact that the additional correction term
(4.1) containsν and is proportional to it.

5 Conclusions

We have presented a new characteristic-curve finite element scheme of single step and second order in
∆t for the Navier-Stokes equations. We have shown an additional correction term for the scheme to be
of second order in the time increment. Our approximation is based on the Crank-Nicolson method on
the trajectory, which is the reason why the correction term is required. Since the scheme is nonlinear, we
presented an internal iteration procedure. In each internal iteration the matrix is symmetric and identical.
In our numerical examples the internal iteration has converged as few as three or four steps when the
time increment is small. We have also given numerical results which confirm the second order accuracy
in ∆t and the importance of the additional correction term. To make a stable scheme in a weak form of
the pressure is an open problem.
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Quadratic transformations of the sixth Painlevé equation
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