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Abstract

In this paper we present a new characteristic-curve finite element scheme of single step and
second order in time increment for the nonstationary Navier-Stokes equations. After supplying cor-
rection terms in the variational formulation, we prove that the scheme is of second order in time
increment. The convergence rate of the scheme is numerically recognized by computational results.

1 Introduction

In this paper we present a characteristic-curve finite element scheme of single step and second order in
time increment for the Navier-Stokes equations. In devising numerical schemes for the Navier-Stokes
equations, a key issue is how to approximate the nonlinear convection term. Especially it is crucial in
the computation of high-Reynolds number problems, where the standard Galerkin approximation leads
to disastrous oscillating results. Many kinds of approximations have been developed based on ideas such
as upwinding, streamline diffusion, least square, characteristic curve, and so on. (See [1], [3], [4], [5],
[71.18],[11],[22],[13], [14], [15], [16], [19], [20], [22] , [25] and references there in).

We focus on the approximation based on characteristic-curve method. The idea of the characteristic-
curve method is to consider the trajectory of the fluid particle and discretize the material derivative term
along the trajectory. The procedure is natural from the physical point of view. Furthermore, the matrix for
the system of linear equations is symmetric, which leads to easy solvers for the system. Characteristic-
curve finite element schemes for the Navier-Stokes equations of first order in time increment have been
developed and analysed, see [14], [15], [19]. A scheme of second order in time increment has been
presented and analysed by Boukir et al. [5]. They use a two-step method and approximate the material
derivative by the values of two previous steps along the trajectory.

Here we propose a scheme of second order in time increment and of single step. The material
derivative is approximated in the Crank-Nicolson way along the trajectory. The original idea of the
approximation was developed in [17] for the convection-diffusion equations, which is extended to the
Naveir-Stokes equations in this paper. As is pointed out in [17], in the Crank-Nicolson approximation
on the trajectory, an additional correction term is indispensable to realize a second order accuracy. After
supplying correction terms for the Navier-Stokes equations, the scheme is proved to be of second order
in time increment. In the case of the Navier-Stokes equations the velocity is unknown and the obtained
scheme becomes nonlinear. For the solution we present an internal iteration procedure which consists of
solving a series of Stokes type equations. The scheme has such advantages that it is of second order in
time increment and that every matrix to be treated is symmetric.

We use the function space$(Q) andH(Q), and their subspacét}(Q) and

L2(Q) = {qoe L2(Q); /Q(pdx: o}.
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We denote by(-,-) the L2(Q)-inner products in the scalar- and vector-valued function spaces. For any
normed spacX the norm is denoted by- ||x. WhenX = L2(Q)% or L?(Q), we omit the subscript and
denote it simply byl| - ||. The dual pairing betweeX and the dual spack¥’ is denoted by-,-). The
partial derivativedu/dx; of a functionu is simply denoted by; and the Einstein conventiab; is used

in place ofy 4, aiby.

The outline of the paper is as follows. We present a characteristic-curve finite element scheme for
the Navier-Stokes equations in Section 2. In Section 3 the consistency of the scheme is proved to be of
second order in time increment. In the last section we show some numerical examples to observe the
convergence rate.

2 A Characteristic-Curve Finite Element Scheme

In this section we present a characteristic-curve finite element scheme for the Navier-Stokes equations.
Itis of single step and second order in time increment.

Let Q ¢ RY(d = 2,3) be a bounded domain affdbe a positive constant. We consider the nonsta-
tionary Navier-Stokes problem subject to the homogeneous Dirichlet boundary conditiofu,fpd
Q x (0,T) — RY x R such that

‘;‘+(u.m)u—m(2vD(u))+Dp=f in Qx (0,T),

u=0 onl x(0,T),

0T

O-u=0 inQx(0,T), (2.1)

0T
u=u’ inQ, att =0,

whereu is the velocity,p is the pressuref is an exterior forcell is an initial velocity,v(> 0) is a
viscosity, = 0Q is the boundary o2, D(u) is the strain-rate tensor defined by

1
Dij(u) = é(ui,j +Uji),

and
[0(2vD(u))], = 2vDjj j(u).

In order to present our scheme for (2.1) we prepare the following. For a time incrénand
velocitiesu andw : Q — RY, we defineXy (u,At) andXo(u, w, At) by

X1 (u,At)(x) = x— u(x)At,
Xa(u,w,At)(x) = x— {u(x) +W(x—w(x)At)}%,

respectively. We use the symbeolto designate the composition of functions, e.g., for a functjon
defined inQ

(Lp o Xl(u,At)> (X) = @(x—u(x)At).

Forne NU {0} we set
o Ao+ (n—1)At (n>1),
0 (n=0),
whereAty is another time increment used only in the first step of the computationNtet [(T —
Atg) /At] + 1 be a total step numbe#?;, = {K} be a triangulation o). We defineQy, by

Qn=int | J{K; K € Z}



andlhy = 0Qy. We set finite element spaces,

X E{vh e Co(Qn)%; wilk € Po(K), VK}, Vi = Xa N HE(Qn),

(2.2)
Mn = {dh € C°(Qn); thlk € Pu(K), YK},  Qn=MnNL§(Qn),
and define interpolation operators,
ﬂﬁl) . Co(ﬁh) — Mh, I'I,(f) . Co(ﬁh)d — Xh

Foru,wand € H}(Qn)¢, pandg € H1(Qp) andr, f andg € L2(Qy) we define linear forms#y (u,w,r),
(U, W, p,q), Fn1f and.Zn,(f,9,w) on, and%,u on Q, by

I (UW,T) = M (U, W ; Atg) + DU+ G,
(U, {,W, p,0) = Anp(U, {,W ; At) + Pz (U, W) + Gho(W, P, 0),

()= - (Dum). (Futn)= (1),
)

<th f,owW),vh) == (f+goX1(WAt) vh)

where

<///h1 u,w;Atp), Vi

<u wal WA'[o)7 Vh)
(

u—w X w, At
<///hzuZwAt Vh i ZZ ),vh)

<9h1U Vh

<-@hz (U, W), v

2 <D vh)) <<5h1r,vh> = —(D-vh, r),

1%
v(D(W)+D(w) o Xa (w.), D(w) ) + vt Dy} (Wpwij, Wik

)
)
)
)
<<5hz(vv, p, q),vh> = %(Dp+ Ogo Xg(w,At), vh>.

For {uM} T c H3(Qn)9, {p" T, € HY(Qp) and{ "}, < L2(Qp)Y, linear formse™(u, p) and.Z7(f,u)
onV, are defined by

ho(ul,u",u™ 1t p" p" ) (n>2),
(U, p) = 10
Ghy(um,u”, pr) (n=1),
fn’fnfljun 1 n>2),
aatu=] 7 ) (=2
1 f (ﬂ:].).

In order to unify the notation we pu#{lu = %,u". For a given continuous functiofn we setf =
M2 f &)
h .
We now present the scheme for (2.1); fifdy, pﬂ)}n'\';1 C Vh X Qn such that

% (uha ph) 9 (fh7 Uh) in Vl’:v
P =0 in Qp, (2.3)
w =2y



Forn > 2 this is equivalent to the equations,

,

(%—UR%XA%MR%N)V>
At > Vh
+v (DY) +D(U ) 0 Xa Uy A0), D(wn) ) + vt Dy (U ), viv)

1
+5 (D ph-+Opp o Xy (Ul 1, At), vh)
1

= é(1‘,§‘+ fitoXi(uht,At), vh), YWh € Vh,

(D - Up, qh) =0,  VoheQn

In the next section the scheme is shown to be of second ord&rfar n > 2, and of first order in\tg for
n= 1. By taking Aty = O(At?), the whole scheme becomes of second order in time increfent

Remark2.1 (i) Forv, €V, andgn € Qy it holds that
<(5h1Qh,Vh> = <%hvh,C1h>>

i.e.,%h1 = %}, on Qn, though%h, is defined orL2(Qy).

(i) In 24" (n>2), we needi" ! and p"~* to getu” and p". If .4, were used when = 1, we would
needp®, which is not given as the initial condition in the Navier-Stokes equations. This is the reason
why we useaf; atn = 1. In the case of the convection-diffusion equation, such fact does not occur.

Since the scheme is nonlinear i for n > 2, we prepare arinternal iteration procedure Let
{(WK, )}, C Vi x Qp be the solution of

o (Wi, WL U B ) = Fra(f Y in W
P\l = 0 in Q, (2.4)
wWh=up

u?, p?) is obtained as the limit of the sequenid@X, rk)}2_,. In the real computation if the convergence
h> Ph h»'h) k=1
criterion,

-1 k k-1
H\Nkh_vvkh ||H1(Qh)d+Hrh_rh ||L2(Qh) (2.5)

W2 (ap)e + 17Kl 20

is satisfied for som&, we set(ufl, p) = (WK, r¥). Hereg is a sufficiently small positive constant. We
note that (2.4) is a linear problemw andrf whose matrix is symmetric.

Remark2.2 One can choose other finite element spa&esQy satisfying the inf-sup condition [6], [10]
andQ, c HY(Qp).

Remark2.3 Scheme (2.3) requires th@} is a subset oH(Qy), because the pressure term is written in
a strong form. Using a weak form for the pressure, which requires @ty L?(Qp), we can derive a
scheme,

(U, ph) = T (fnsUn) N VR,
Ppun =0 in Q, (2.6)
ul 2

é)uo

I
|

)

where

) Mo (U U UM AL 4 Do (U, UMY + Gp(u™ L p", p Y (n>2),
up) =
n (4P Mg (UL, U0; Atg) + Diut + Gy pt (n



<<€~hz(vv, pvQ)7Vh> = —% (D‘Vha p+qu1(W,At)) —%(qw.,j, th,i)- (2.7)

The last term of (2.7) is a correction term for second order accurally ifihis scheme is proved to be of
second order idt in a similar way to scheme (2.3) by using the analysis in the next section. Numerical
experiments, however, show that scheme (2.6) is not so stable. In fact, we could not get solutions for
v<10Z2in Example 1 of Section 4 because of oscillation. Hence we do not use this scheme.

3 Consistency of the Scheme

In this section we assuntey, = Q for the sake of simplicity. For an integan2 < n < Ny), we set

tn71/2 — %(tn _i_tn*l)

For a functiony onQ x (0, T) andme NU{N—1/2} u{0} (m< Nr), ¢™ means
Y= yg(-,tm.

Proposition 3.1 (consistency)Suppose that f is a sufficiently smooth functi@np) is the sufficiently
smooth solution of (2.1) andy "1, At)(Q) and X% (u",u"1 At)(Q) C Q. Then for any y € Vj it holds
that

(a2 P, ) = (17, 720, v ) = O(BE2) v (3.1)
<%1(U17U0, pt) — P f, Vh> = O(lo)||Vhl- (3.1b)
0

We prepare some lemmas for the proof. The first one is trivial, but it is often used.

Lemma 3.1 For a smooth function f it holds that

%(f(t)Jr f(t—At)) - f(t—%)+O(At2)7 (3.2a)
W = f/(t— %) O(At?). (3.2b)

O

Letu: Q x (0,T) — RY be a smooth function. For a poit Q, we denote by ( - ;x) : (0,T) — RY
the solution of the ordinary differential equation,

{ X'(t) = u(X(t),t) in ("Lt
t

! 3.3
X" =x. (3:3)

We denote the material derivation by

D 0
— = -0
bt~ ot "
We note that the material derivative of a functibnQ x (0, T) — R is written as
Df d
— (X =—f(X . 4

Setting
Ya (U, At) (x) = ><+X1(1;At>(><>,



tn
tn—1/2__ ______________________________
" >QcR’
X, (", Af)(x)
unfl

Fig. 1: The evaluation point for the consistency

we evaluate the equations at a point
Pr-1/2(x) = (Yl(u”’l,At)(x), t”*l/z) . (3.5)

Using the approximatioX, for X (t"~1), we can construct a second order discretization of the material
derivative as follows.

Lemma 3.2 Let u be a sufficiently smooth function ang(d", u"*, At)(Q) c Q. Then it holds that

u"(x) —u" o Xp(u",u™ 1 At)(x)  Du
At - Dt

Proof Let X be the solution of (3.3). Substitutinginto f in (3.4) and using (3.2b), we have

(P Y2(x)) +O(at?). (3.6)

ur(X(t") —ut X))
At

Since the Heun method is of second order in time increment, we have

Du

= (X(tn—l/Z)’tn—l/Z) _

+0(At?). (3.7)

X(t" LX) =x— {u”(x) + U (x— u"(x)At) }% +0O(At3)
=X— {u”(x) +uH(x—u"(x)At) }% +O(At3)
= Xo(u",u""L, At)(x) + O(AL3). (3.8)
On the other hand, by (3.2a), it holds that
X(t"2;x) = Ya (U™, At) (x) + O(At?). (3.9)
Combining (3.8) and (3.9) with (3.7), we get (3.6). O

Lemma 3.3 Suppose that,uf : Q x (0,T) — R% and p: Q x (0,T) — R are sufficiently smooth
functions and X(u"1, At)(Q) and % (u",u1,At)(Q) C Q. Then for any »x Q it holds that

Ut — U 1o Xo (U, U1, At)
At

} n n—1 n—1 _} n n—-1 n—1
+2{Dp +Op™ Lo Xy (u ,At)}(x) 2{f+f oXa (U At)}(x)

(X) — V{DD(U”) +OD(U™ ) oxl(unfl,m)}(x)

(% ~2vOD(u) +Op— ) (P /2(x) + O(ar?), (3.10)

where P~1/2(x) is a point defined by3.5).



Proof Let X(+;x) be the solution of (3.3). Substitutifg-2vOD(u) + Op— f)(X(),-) into f andt" into
tin (3.2a), using the relation

X ("1 x) = Xy ("1, At) (x) + O(A?),

we have
. n n—1 n—1 } n n—1 n—-1
v{DD(u )+ OD(UM1) 0 X (U ,At)}(x)+2 Op"+ Op™ 2o X (u™2,At) b (x)
_ 1 n n-1 n—-1
é{f + Lo X (u ,At)}(x)
- {—2vDD(u)+Dp— f}(P“’l/z(x)> +o(At?). (3.11)
Combining (3.11) with Lemma 3.2, we get the result. O

Lemma 3.4 Let u: Q — R be a sufficiently smooth function satisfyifigu = 0in Q and X (u,At)(Q) C
Q. Then for any y € V; it holds that

- (DD(u) oXl(u,At),vh)
= (D(u) 0 Xa(u,8), D(vn) ) + At Dy (Ut Vi ) + O(AL2) vl (3.12)
Proof Sinceld-u=0inQ, it holds that
(ui j 0 Xq (U, At), Vi j) = —<(Ui,j oXl(u,At))7j,vhi)
(u. jk © X1(u, At) (O —uk’jAt),vhi)
= (u jj o Xe(u,At), )+At<Ui’jkOX1(U,At)Uk7j,Vhi>
(u. jj o X1 (u,At), ) +At<ui,jkuk7j,vhi) + O(AE?) || vl
= - (Ui,jj 0X1(U,At),Vhi> —At<ui,juk,j7Vhi,k> +O(At%)|| Vi,
wheredy; is Kronecker’s delta. Similarly we have
(um- oXl(u,At),vth = —<(Ui,j oXl(u,At))_’i,vhj)
= — (Ui’ji oXl(u,At),vhj) —At<ui,juk,i,vhj,k> -+ O(At?) |||
= - (Ujjij oXl(u,At),vhi) —At<Uj7iUk7j,Vhi7k> + O(At2) |||
Therefore, it holds that
(D(u) oXl(u,At),D(vh)) = %{ (Ui,j oxl(u,At),thj) + (ui’j oXl(u,At),thi)}
- (DD(u) oxl(u,At),Vh) —At<Dij (U)Uk,j,Vhi,k> +O(At%) |||,
which completes the proof. O
Proof of Proposition 3.1Substitutingu* into u in Lemma 3.4, we have
—v (DD(u”fl) oXl(unfl,At),vh>

= v{ (D) o Xa (U, 40), D(wh) ) + At Dy (U )il i) b+ O(AE) | (3.13)



Obviously it holds that
—v<DD(u”),vh) = v(D(u”),D(vh)). (3.14)
Combining (3.13) and (3.14) with Lemma 3.3, we have

(iha(u, i, p", P — FR(F,U), v )

Du _
= ((ﬁ —0(2vD(u)) +0p— f)" 1/onl(u”*l,At),vh) -+ O(AL2) [[vn]-
Here we have used (3.2b) again. Sirtaep) is the solution of (2.1), we get (3.1a). The proof of (3.1b)
is similar. 0

4 Numerical Examples

In this section we show numerical resultsdn= 2 to observe the numerical convergence rate of the
scheme. Since the matrix is symmetric, we use the CG method with ILU(O) preconditioner [2] for solving
the system of linear equations. In the scheme we have to compute integrals of composite functions such
as

/(uﬂfloxz(vvkhfl,uﬂfl,m)vh dx

on triangular elements. The integrand
Ul o Xo (w1 Ul At)vi,

is not smooth orK. It is known that rough numerical integration causes oscillation even in the case
that the stability is theoretically proved for a scheme with exact integration, see [21] and [23]. Hence,
much attention should be paid to numerical integration of composite functions. Here we use a numerical
integration formula of degree five on each triangle [18]. For a given seqilégs,’:‘;l in a normed space

X, we define

n=1

" }
[Wlhzx) = { > (t”—t”‘l)llw”lli} :
Example4.1 In (2.1) we takeQ = (0,1)2, T = 1, and five values 0¥,
v=1101 1072 1073 104
The functionsf andw® are given so that the exact solution is

Up(Xg,X2,t) = {1+ sin(7t) } sir(1x1) sin(271x2),
Uz (X1, %2,t) = — {1+ sin(7it)} sir?(11x2) sin(271xy ),
p(X1,X%2,t) = {1+ sin(mt) } cog 11x1) O T1X2).
We used FreeFEM [9] for mesh generation. Mgt be the division number of each side @fand
h=1/Nq be the representative length of each mesh. Figure 2(left) shows a sampléNgest8). We
solve the problem by the scheme (2.3). Since the convergence rate of the backward Euler scheme of

the P2/P1 Galerkin approximation @At 4 h?) for the Navier-Stokes equations, e.g., [24], we choose
At = h. Furthermore we séltg = h? andg, = 10-°. We calculate&rr defined by

2 1
M2 u— tnllizeiaye) + M5 P— Prlliziz))

Err =
[Unlli2H1(@)2) + [ Phllizz(q))

Figure 2 (right) shows the graph &frr versusAt in logarithmic scale foNg = 8, 16, 32 and 64 and
the values oErr and the slopes are given in Table 1. We can observe a second order convergiince in

8



1 T T T T
—8— v=1
—=— y=107
—o— v=1072
—e— y=107°
—e— y=10*
01| g
I
0.01 B
2
1
0.001 L L L L

1/64 1/32 1/16 1/8
At

Fig. 2: A sample mesftNg = 8) and the graph oErr versusAt in logarithmic scale

20

v=10*

15 -

10 -

Maximum iteration number

—

L L L L
1/64 1/32 1/16 1/8
At

Fig. 3: The graph of maximum iteration number veratigor eachv

Figure 3 exhibits the graph of maximum internal iteration number veksul decreases a&t becomes
small and was equal to 3 or 4 fAt = 1/64.
Now we examine the importance of the additional correction term

VAt <Dij (Unfl)uﬂﬂfjl, Vth) (4.1)

in the definition of%;,. We compare results obtained by schemes with and without this term as well as
the first order scheme. Dropping the term from the scheme (2.3), we get

«Qf;n(uh, ph) = Z (fh,un) IV,
Ppun =0 in Qp, 4.2)
£ =2



where

, (U, u,ut " p ) (n>2),
foik =
h (U, p) {dhl(ul UO pl) (n _ 1)
nghz(u {,W,p,q) = Anp(u,{,w; At)+@hz(u W) + Gh2(W, p,Q),
<%2 u,w) vh> = v(D D(w) o Xy (W, At), D(vh)>.

The first order scheme is
A1 (un, pr) = Fpfr NV,

PBpup =0 in Q, (4.3)
up =P,
where

A () Mg (U, UL AL 4 DU + G p” (N> 2),
u,p) =

it P Mg (U0 Ag) + Drgut +Grapt (n=1).

FO = Fig "

In the first order scheme we do not need to use a first step with a small time incrAtperor the
comparison with other schemes, however, we use the first stepiyithVe solve Example 4.1 under

the same condition. The results obtained from the three schemes are shown in Figure 4 and Table 1.
These results exhibit the necessity of the additional correction term for second ofiterlimthe case

of v = 1 the values oErr of the scheme (4.2) are worse than those of the scheme (4.3). In the case
of v =101 the results of (4.2) is better than those of (4.3), but the slope of (4.2) is worse than that of
the present scheme (2.3). In the cases 102,102 and 10* there is no clear difference between the
results by (4.2) and (2.3). These results are explained from the fact that the additional correction term
(4.1) containg and is proportional to it.

5 Conclusions

We have presented a new characteristic-curve finite element scheme of single step and second order in
At for the Navier-Stokes equations. We have shown an additional correction term for the scheme to be
of second order in the time increment. Our approximation is based on the Crank-Nicolson method on
the trajectory, which is the reason why the correction term is required. Since the scheme is nonlinear, we
presented an internal iteration procedure. In each internal iteration the matrix is symmetric and identical.
In our numerical examples the internal iteration has converged as few as three or four steps when the
time increment is small. We have also given numerical results which confirm the second order accuracy
in At and the importance of the additional correction term. To make a stable scheme in a weak form of
the pressure is an open problem.
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under Grant-in-Aid for Scientific Research (S), No. 16104001 and the Ministry of Education, Culture,
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