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Abstract

This paper presents a computer-assisted proof of solutions of the Orr-Sommerfeld
equation describing hydrodynamic stability of Poiseuille flow. A numerical verifica-
tion method for computing eigenpair enclosures for this non-selfadjoint eigenvalue
problem is described. Some verification results confirm the effectiveness of the
method.

1 The Orr-Sommerfeld model

Consider a two-dimensional flow of an incompressible viscous fluid between two infinite
parallel plates at y = y; and y = y» (See Figure 1). The flow between the parallel plates

fluid layer

Figure 1: infinite parallel plates; d := ys — 11

is described by the unsteady nonlinear incompressible non-dimensionalized Navier-Stokes

equations:
( Ou ou ou op 1
E+u%+vﬁ_y = —%—FEAU,
ov ov ov dp 1
E%—u%%—va—y = _(9—y+EAU’
@ + @ = 0
\ dr 0y ’
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where, u, v and p are the velocity in the horizontal direction, the velocity in the vertical
direction and the pressure field respectively, and R is the Reynolds number.
Let the basic (primary) flow be represented by

1 d*U(y)

= iy z, 0<z<oo, y1 <y<ys. (2)

(uav) = (U(y),()), D =po+

Here, pg is a constant and U is a quadratic polynomial in y.
In order to study the linear stability of the system (1), we consider a small perturba-
tion (4, v, p) from the basic flow (2) such that

A

u=U+u, v=0, p=P+p,

1 d?
where U = U(y) and P = p, 0+E dU(2)

regarding the second-order terms 1nvolv1ng products of the perturbations, the linearized
equations:

x. Substituting for the equation (1) and dis-

( 0u ou du _op 1

00 o0v _Op
oi 00 _
L or Oy

are obtained.
Next, in order to satisfy the divergence free condition, the stream function ) (t, z,y)
which satisfies
oY A o

U= —, 0=—— 4
oy ox (4)

is introduced; note that the domain (0,00) X (y1,y2) is simply connected.
Cross-differentiating the equation (3) in order to eliminate the pressure term implies

9% 9% U 91 N Ua?’w d°U o

el — = A )
ot 0x? Ot 0y? 0x0y? or®  dy? 0xr R v (5)

Here, when we impose a no-slip boundary condition at y = y; and y = ys, the stream
function 1 satisfies
oY _ oY

oxr Oy
In view of the independence of the basic flow (U(y),0) on z, ¢, it makes sense to look
for the following travelling wave form of the disturbance stream function ¥ (¢, z, y):

b =P(t, z,y) = d(y)e ™. (7)

Here, ¢(y) and a > 0 mean the amplitude and wavenumber, respectively, and ¢ = ¢, +ic; is
the complex wave speed; ¢, represents the speed at which a wave propagates downstream,
and ac; characterizes the rate at which the disturbance grows or decays in time. If ¢; < 0,
then v decays (i.e. the flow is stable), and if ¢; > 0, then 1 grows (the flow is unstable).

=0, Y =1, Yo (6)
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Substituting eq.(7) into eq.(5), and using D := d/dy, the equation

£ =@ oly) = ia | (U = (D" = a)oly) — T70(0) 0

is obtained. From the no-slip boundary condition (6), ¢(y) must satisfy

¢:D¢:Oa Yy =1Y1,Y2.

This equation (8) is the well-known Orr-Sommerfeld problem derived by Orr [6] and
Sommerfeld [9] for the disturbance eigenfunction ¢(y), which in turn depends on the
prescribed values of the wave number a and of the Reynolds number R.

Rewriting y — x and u := ¢, A := iaRc we have

(—D*+ a®)*u+1aR[U(—=D?* + a®) + U"Ju = AM(—D* + a®*)u  on Q = [x1, 1)
(9)

u(zy) = u(zg) = u/(x1) = u'(x2) = 0.
In this paper, we focus on the case of plane Poiseuille flow [4]
U=V :=1—-2 z;,=-1, z,=1. (10)

The Orr-Sommerfeld equation (9) is a non-selfadjoint eigenvalue problem for the
eigenpair (A, u), and within the frame of linearized stability theory, the flow is stable if
the spectrum is located in the right complex half-plane, otherwise unstable.

There are many numerical results for the Orr-Sommerfeld equation with Poiseuille
flow. For example, Orszag [7] solved it numerically using expansions in Chebyshev poly-
nomials and the ()R matrix eigenvalue algorithm. He computed that the smallest value
of R for which an unstable eigenmode exists (critical Reynolds number), according to
“numerical evidence”, is 5772.22 with a € [1.0255,1.0257]. Klein [1] proposed a method
for eigenvalue inclusion using a generalization of Gerschgorin’s theorem, however, he
imposed some additional assumptions, and numerical results did not take into account
effects of rounding error in floating point computation. Lahmann and Plum [2] gave a
computer-assisted method for computing rigorous eigenvalue enclosures and applied it to
the Orr-Sommerfeld problem with Blasius profile. However, concerning plane Poiseuille
flow, a rigorous instability proof has never been given from the mathematical point of
view.

In this paper, we propose a numerical verification procedure which encloses an eigen-
pair of the Orr-Sommerfeld equation with plane Poiseuille flow. The method uses numer-
ical means, but all numerical errors are take into account, and hence the method implies
a rigorous proof of all statements made. The method is based on a fixed-point theorem
with some Newton-like operator. Especially, we are interested in whether the real part of
the enclosed eigenvalue A is negative or not, from the point of view in linearized stability
theory.

The paper is organized as follows. In Section 2 we formulate a fixed-point equation in
an infinite dimensional function space. Section 3 contains a study of a finite dimensional
subspace and some constructive a priori error estimates for a projection onto it. Section
4 is concerned with a practical verification algorithm. In Section 5 we report on some
verification results which prove the existence of eigenpairs in the computed regions, and
in particular give rigorous instability proofs.



2 Fixed-point formulation

Setting .
A:=—-D?+4°

and using real valued functions v, w and real values o, u such that

(11)

u =v+w,
A =0 +ip,

equation (9) becomes

(A% - aR(VA+V"w=0cAv - pAw on Q,

Aw+ aR(VA+ V"o =0Aw+ pAv on Q,
v(=1) =v(1) =2 (-1) =2'(1) =0,

w(—=1)=w(l) =w'(-1) =w'(1) = 0.

(12)

\

Let L?(Q2) be the real L? space on 2 = (—1,1) with the inner product (-,-)zz and
the norm |jv|| := v/(v,v )2, ||v] := esssup |v(z)| the L>-norm on €2, and for integers
z€

k, let H*(Q) denote the L?-Sobolev space of order k on Q with the norm |[v|| g =
VEboy ldro/dai|. Denoting

H(Q) :={ve H*(Q) |v(-1)=v'(-1)=0v(1)=v'(1) =0},

|v]|5 == ||Av]| is an equivalent norm for |[v|/z> and (Av, Aw)z2 can be chosen as the
inner-product of HZ(€2). We define a Banach space X := HZ(Q) x HZ(Q) x R x R with
the norm

o w, o1 llx 2= (04 + Il + 02+ 22
Since A has the properties
(Av,w)e = (v,Aw)2, Yo e H3Q), Yw e HXQ),

Av, Aw)2 = AQU,U} 2, Yo e CX(Q), Yw e HZ(Q),
0 0

we can look for solutions for eq.(12), submitted to additional normalizing conditions for
the eigenfunction, in the following weak formulation for [v, w, o, u]* € X:

( (Av,A&)2 = (aR(VA+V"w+0Av — pAw,€)2,  VE € HAQ),
(Aw,An)e = (—aR(VA+V"v+cAw+ pAv, ), VYne HZ(Q),

(U, Vo )L2 = &Ry

\ (wau}O)L2 = 517

(13)

where a, R, &g, &7 € R and vy, wy € HZ(2) are given.
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Let bounded continuous maps fi, f> from X to L*(Q2) be denoted by
filv,w, o, p)T =aR(VA + V"w + 0 Av — pAw, (14)
folv,w, o, 1) = — aR(VA + V") + 0 Aw + pAwv. (15)

Also by the Lax & Milgram Lemma, for any g € L?(f2) there exists a unique solution
w € HY(Q) N HZ(Q) satisfying
ANw=yg. (16)

For g € L*(Q) let (AQ)_lg be the solution of eq.(16), then the operator (A2)_1 :
L*(Q)) — HZ(Q) is compact due to the compactness of the imbedding H*(Q) < HZ().

Using f1, fo and (AQ)_l, the operator F': X — X defined by

(A falo, w, 0, )"
)

2
(A _1f2 [U, w, o, /’L]T

Flv,w, o, u)" = (17)

o—(v,v)2 +&r
p— (w,wo )2+ &1

is also compact, and the weak problem (13) can be rewritten equivalently in the fixed-
point form
Flv,w, o, u]" = [v,w,o,ul".

In the following, for a general map A and a general set U, AU means
AU = {Au | v € U}.

Then Schauder’s fixed-point theorem asserts that if a nonempty, bounded, convex and
closed set U C X satisfies
FUCU

then there exists a fixed-point of F'in U.

3 Finite dimensional subspace and projection error

In this section, we introduce a finite dimensional approximation subspace S, C HZ(f),
using basis functions constructed from piecewise cubic Hermite interpolating polynomi-
als, and show a priori error estimates for a projection from HgZ(2) onto Sj,.

The interval €2 is divided into K equal parts:

—1:ZEO<1‘1<"'<ZL’K_1<1‘K:1

with nodes z,, = =1+ hn (n = 0,...,K), where h := 2/K. From standard functions
®(z) and ¥(x) defined by

(x+1)*(1—-22) —1<2<0 z(z + 1) —-1<2<0
P(r) =< (x—1)*(1+2z) 0<z<1 U(r) =< z(1—x)? 0<z<1
0 otherwise, 0 otherwise,



take

Pn(x) = (K Nz +1)—n), Yu(x):=nY (L (z+1)—n) n=1,...

Then these functions satisfy

On(Tm) = Opm, O (Tm) =0, Up(xm) =0, ¥ (2y) =0pm, 1<n<K—-1, 0<m<K.

We define an approximation subspace S, C HZ() as

Sy :=span{¢,, ¥, | n=1,..., K —1}.

By the well-definedness of the piecewise cubic Hermite interpolation, an interpolation

operator
IH . Hg(Q) — Sh

can be defined by
Iuf(zy) = f(x;),  (Zuf)(z;) = f(z;), 1<j<K-1,

and the following error estimates of interpolation:

I(f = Zuf)'ll < 72W2|F,
I =Zuf)l < 772K,
If =Zufll < 7 "R f

hold for all f € H*(Q) N HZ(Q) [8].
Next, let P, : H2(2) — Sj, be the orthogonal projection defined by

(A(U—th),ﬁvh)Lz =0, Y, € Sh,

then P, has the following property.

~—~
—_
Nej

(21)

Lemma 1 For all g € L*(Q), the difference between the solution w of eq.(16) and its

projection P,w satisfies constructive a priori estimates
lw = Phwlla < Cllgll;
lo = Puwll < C*|lg]l,

2
o Y3y (1 + a—2h2) .
s

2

where

Proof. From estimates (18)—(20), we have

lw = Fwllz < llw—Znwl

= (||l = Zuw"|]? + 2d®||w" — Tpw'||* + a®||w —IHwHQ)%

< BRr3(14 ahPa )W),

6

(22)

(23)

(24)



then (22) follows from [|w®™|| < /3 HAQwH This inequality can be obtained by partial
integration for f € H*(Q) N HZ(S),

HA2f||2 — (f(iv),f(iv) )L2 _ 4a2(f(iv),f//)1;2 + 2a4(f(iv),f)L2 +4a4(f”, f//)L2
_4a6( fua f )L2 + a8( fa f >L2

— (f(iv), f(iv) )L2 o 4a2(f(w)7 f”)LQ + 6(14(f/,, f”)LQ + 4@6(]0/7 f,)LQ
+a8( f7 f‘)L2 '
(f(w), f(w) )L2 _ 4@2(f(w), f//)L2 + 6&4(f//, f//)L27

and the inequality

(Y

(FO e < IFN I

1 1 ,
< Z - (’L’U) 2 3 2 12 )
<5 (gl + sel12)

The L?-estimate (23) is derived by the usual Aubin-Nitsche technique. O

4 Verification condition

4.1 Computable algorithm

In this section, we propose a computable algorithm constructing a candidate set which
is expected to satisfy a sufficient condition for Schauder’s fixed-point theorem. Basically,
this verification method is an extension of the one for solutions of second-order elliptic
boundary value problems introduced by a part of the authors [5].

From now on, the identity maps on X, S}, and HZ(Q) are denoted by the same symbol
I. Define the finite dimensional subspace X; of X by

Xh:ShXShXRXR,
and the projection P, from X to X, by
ph[vu w,a, /‘L]T = [th7 Phw7 a, /‘L]T

using B, from (21). Then any element u = [v, w, u, 0] € X can be uniquely decomposed
into

(v, w, p, o]’ = [0,, p, o]" + [vs, w,, 0,07, [0, 10, 1, 0" € Xp, [vs,w,,0,07 € X,,
where
X, o= {[ve,0,,0,0] € X | v, = (I — Py)v, w, = (I — Py)w, v e HZ(Q), we HE(Q)} C X.
Therefore, the fixed-point equation u = F'u on X is equivalently rewritten as

{ Phu = phFu, (25)
(

I—P)u = (I-P,)Fu.
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Now, we take an approximate solution uy = [vy, wp, o, pn]? € X obtained by some
appropriate numerical method and, in order to accelerate contraction, apply a Newton-
like method to the finite dimensional part in eq.(25). Let us define the Newton-like
operator NV}, : X — X, by

Nhu = Phu - [[ - phF’(uh)]glph(] - F)u

Here [I — P, F'(up)];' : Xn — X, means the inverse of the restriction of the operator
P(I - F'(ug)) : X — Xp, to Xj, where F' denotes the Fréchet derivative of F'. Note
that the existence of [I — P, F'(uy)], " is equivalent to the invertibility of a matrix, which
is numerically checked in the actual verified computations. Since phu = PhN [RTR=" Phu =
PhFu, using a compact map 7" on X defined by

Tu = Nyu+ (I — Py)Fu,

we find that the two fixed-point problems: v = Fu and u = T'u are equivalent.
Next, for positive constants 7, d, ¢y, co, « and (3, set

Un :={[0n, wn, 6, 1] € Xp | onlla <7, lnlla <6, 6] < er, |1 < e2} C X,

U o= { [0, 0,017 € X, | o}z < iz <5, } € X,
and define a candidate set U C X by
U:=u,+U,+U.,.
Then a sufficient condition for the fixed-point theorem is as follows.

Theorem 1 When the two inclusions:
MU —u, C Uy
(I-P)FU c U,

hold, there exists a fixed-point of 7" in U.

Proof. By definition, U is a non-empty, closed, convex and bounded set in X. For
any v € U, Nyu € Xy, (I—ph)Fu € X,, and the decomposition Tu = N,u+ (I—ph)Fu
is unique. Hence by (26), we get N U + (I — ph)FU C up + Uy + U, in X, namely,
TU C U. Therefore, by the compactness of the operator T" and Schauder’s fixed-point
theorem, the desired result is obtained. 5

We now desribe a procedure to construct the candidate set U of X which is expected
to satisfy the inclusion (26). Setting

NWU =y, =: [Vi, Wi, &, M]T C X,
the finite dimensional part of the inclusion, N,U — u;, C Uy, can be written as

sup [|[op]lx v, sup [[wnllz <6, suplo| < i, sup |af < co.
VR EVY wp €W, GEX neM



Details of the underlying computations will be explained in Subsection 4.1.
On the other hand, the infinite dimensional part of the inclusion, (I — P,)FU C Uk,
means

for any u € U such that u = [v,w, o, u]”. Setting
0= (1= P filv,w, o], oy = (1= P)(A) " folo,w, 0, 1),
Lemma 1 assures
lola < CllA@IL Nodlz < Cllf@ll, o < CHLAMIL - il < Cll f2(u)]l-
Therefore, in order to satisfy (I — ﬁh)F U C U,, the conditions

Cswp (@] <, Csup L@ < 8

uelU uelU

are sufficient. Note that C' defined in (24) is small when h is chosen small.
From this we can derive the following theorem.

Theorem 2 With the notations defined before, if one can check the conditions:

sup ||onlls < v,
VRLEVR
sup [[wnllz < 0,
wp EW,
supla| < ¢,
GeEY
sup |/j| S Co,
neM
Csup [|fi(0)]| < o,
uclU
< B,

Csup || f2(a)]]
uelU

then there exists fixed-point of 7" in U.

Based on Theorem 2, we propose a verification algorithm in Figure 2.

The extension procedure involving € occurring in this algorithm is called “c-inflation”
which is a kind of acceleration technique. The concrete value of € > 0 should be adapted
to the actual problem. Experimentally, the initial values of v(©,5©, ¢l? 0 ¢© and

B are taken as machine epsilon.



Verification algorithm

e k=0
Set initial values (), §(%), 0(10), 0(20)7 a® 30 > 0.
e k>1

1. For a fixed small constant € > 0 set

A = (1 4 g)y D), §®) = (1 +2)sk=D), a® = (1 4e)el Y,
AW =1+ €)cgk_1), a®) = (14 e)al*—1), BE) = (1 +¢)ptk—D),

2. The k-th candidate set U®) is defined by
U = {[on,on, &, )7 € X | lonlla <40, Jlinlls < 6@, o] <a®, |al < &™),
UM = {[oe,0,,0,0]7 € X, | [Jou]lz <&@, flwn]5 < B9, },
UM = wy,+ U +UP.
3. Evaluate NyU® —u, € X}, as
V& W s® pOT = MU —

4. Compute values of the k-th iteration by

A® = sup ||Tallz,
E;LEV;Ek)
5k . sup ||wn &,
whEW}(Lk)
Cgk) = sup |6|7
FeX (k)
& _
Cg) = sup |M|7
A€M (k)
a® = C sup |fi(@)],
aeU (k)
R = C sup || f2(@)]].
aeU k)

5. If y0) < 3(k) - 5(k) < 5(’“), c(lk) < él(k), C(Qk) < ég(k), ak) < ak) | gk < [3(’“) hold then stop,
and there exists a desired solution in U®) ¢ X .

6. Set k := k + 1 and return to the step 1. If k reaches a maximum iteration number or some
values exceed a criterion then stop, and the verification fails.

Figure 2:
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4.2 Detailed computation

Omitting iteration numbers’ notation, in the verification step, given 6 parameters «, 3,7, 6, ¢q
and ¢y > 0, we have to compute

Y = sup |[|tp]la, 0= sup |lwns,
VREV) wpeWp,
él = sup ’5"7 62 = sup ’ﬂ’:
Fex X peM
& = Csup || fi(a)]], B = Csup| fo(u)],
aclU uelU

and confirm
&Saa 5§ﬁ7 &SV? 6§67 élSCl, CAQSCQ‘

In the actual computation, the candidate set U contains the infinite dimensional term
U,. Moreover, it is impossible to avoid the effect of rounding error of floating point
arithmetic. However, by norm estimates, and interval arithmetic software taking into
account effects of rounding error, we can obtain mathematically rigorous upper bounds
for 4, 5, C1, Ca, v and B with possible over-estimates. Let us describe these computations
in more detail.

For any v € U such that

U = Up+ Uy + Uy, up € U, uy € U,
Up, ?A)h UV«
Wp, ’LDh W
= + | | + )
oy, o 0
[oh [ 0

after some calculations we obtain

—up + Po(A%) 7 fi(up)

Nhu — Uup = [[ — phF,(uh)]}:l —wp + Ph(A2)71f2(uh)
Er — (vn, vy )2
§r— (wh,wo)m

Vs, Wy, Op + OA-J 22 + ﬂ]T}

~2 R NN
Po(A") Yo Ady, — Ay, + fi

~2 " N
Pn(A Vs, W, 0 + 0, i + (]}

[
+ [ = BuF'(uy)];t | Pr )"HEoAdy + pAD, + fo

—( Vs, Vo )L2
| —( Wy, Wo )LQ
(27)
The first term
~9
2 —un -+ Pa(A%) i ()
. A2 -1
2| = = P )]y ot F h((UA ) )f2(“h> € X,
R — hy V0 ) L2
T4 &1 — (wn, wo ) 2

11



on the right-hand side of eq.(27) is only constructed by the approximate solution and

known functions; note that Ph(AQ)_1 fi(up) is the solution of a finite dimensional linear
problem. Therefore, each norm

Irallzs llrallzs [rsl,  and - ry

can be bounded by solving some linear algebraic systems with interval arithmetic.
On the other hand, when we set

[t1, to, ts, ta)T = [T — PuF" (up)]; 51, 52, 53, 4] € Xa,
for [s1, 89, 83, 84]7 € X}, it can be shown that
(Ntlla < pillsilla + pellsallz + I L7 (Grg'ss + Giisa) |l e,
Italla < psllsillz + pallsallz + 1L (Gos'ss + Gt sa)ll e,

lts] < psllsilla + psllsallz + |Gas'ss + Gy sal,

Lt < prllsalla + pslisella + [Gis s + Gy sal,

where
Ay —opAs —As + Az —Aszv, Azwy,

Ay — upAs Ay —o0pAs —Asw, —Asv, c R2K 2K
ol Ay 0 0 0 !

G =

Al =(Ady, Ay )12,

Ayl =aR((VA +V")om, dn )12,
Al =(Ay, b )12

gl =G Gn )12,

L is the Cholesky factor of Ay: A; = LLT,

[
[
[
[

-1 -1 -1 -1
C . A1113.)((144) G*l 21 22 23 24

1= )\ A y — -1 —1 —1 —1 9
mm( 1) 31 32 33 34

pr= LG L, po:=IL"G Ll ps = IL"Gy L, pa = | L7 Go L,
ps = (G5 L) lle, oo =G L) e, pr = IGH L) |le, s = (G L)" ||,

and || - ||a and || - || g mean the usual matrix and vector 2-norms. Evaluations of p1, pa, p3
and p4 can be reduced to the computation of the maximum singular value of a matrix.

12



Therefore, norm bounds for the second term on the right-hand side of eq.(27) are
obtained from norm bounds for

51 Pu(A") oAby, — pAiy, + filve,ws, on + 6, i + 47}
S2( . _ Ph(A2)*1{UAUA)h + 1Ay + folv,, w,, on + 6, + )7}
53 —( Vs, 00 )2
54 —( Wy, Wo )LQ

which in turn can be computed as

Isilla < Ci(é1 4+ 0) + Cl(pg + ) B + 71 &),

Isalla < C1(é1 0+ é A) + C(po + m)é + 11 B),

’53‘ < C@ploa
1] < CBpus,
where
T, = sup |oy, + 7|, Ty 1= sup |us + i1l
|6]<é lal<é
, 2R,
po = aR||Vlioe + V2RIV lloo + —IV"lloc,  pro:=llwoll,  prn:= [lwoll;

Moreover, estimates for || fi(u)|| and || f2(u)|| are obtained by

||f1(U)H < p12 + 7—35 + p13C'1(§ + Ty 4+ T4+ 7'3B + p13C’B + 1A,
HfQ(U>H S P14 + 7-3’3/ + plgCl’? + T15 + 75 + Tgéd + plgC@ + Tlﬂ,

where

73 := sup [[aRV — fin — il

i<

4= sup ||6v, — frwp|| &,
lo|<cr,|al<éa

Ts = sup  ||Gwy, + fivp]|z
lo|<c1,|al<éa

piz = A, piz = laRV" ||y pra = || falun)]-

5 Verification results

We now show some verification results. It is well known that the discretization of the
Orr-Sommerfeld equation yields a stiff system. The quadruple precision interval arith-
metic in each verification step was implemented using Sun ONE Studio 7, Compiler
Collection Fortran 95 on FUJITSU PRIMEPOWERS50 (CPU: SPARC64-GP 1.3GHz,
OS: Solaris8). The approximate solutions were obtained by a Newton-Raphson method
using usual floating point arithmetic with quadruple precision.

13



5.1 Result 1

For R = 5774 and a = 1.02, the verification algorithm executed successfully with K =
1000 in the following candidate set:

U:Uh+Uh+U*, Uh = [Vh,Wh,Z,M]T, U, = [VHW*a()?O]T?

where
IVilla < 5.518 x 1074, |[Wy|l5 < 5.383 x 1074,

IVill5 < 3.868 x 1072, ||W, |5 < 6.578 x 1073,

Especially, an eigenvalue can be enclosed within the complex interval

A € [—0.03745,0.00347] + i[1554.34370, 1554.38555].

5.2 Result 2

For R = 5775 and a = 1.02, the verification algorithm also executed successfully with
K = 1000 in the following candidate set:

U:uh+Uh+U*7 Uh = [VhawhazaM]Ta U* = [V:kaW*aO:O]Ta

where
|Valla < 5.388 x 1074, |Whllx < 5.523 x 1074,

IVill5 < 6.587 x 1073, ||W, |5 < 3.867 x 1073,

Especially, an eigenvalue can be enclosed within the complex interval
A € [—0.04719, —0.00625] + i[1554.56608, 1554.60797].

As mentioned in Section 1, within the frame of linearized stability theory, we can
therefore conclude that the flow is unstable because at least one spectral point is located
in the left complex half-plane.

Figure 3 shows the minimum Reynolds number R for which the verification algorithm
assures that the real part of an eigenvalue is strictly negative for the corresponding wave
number a. Therefore, it is expected that the critical curve Re(\) = 0 should be located
below these dots.

6 Conclusion

For some fixed Reynolds number and wave number [a, R] we can enclose an eigenpair
for the Orr-Sommerfeld equation with Poiseuille flow from hydrodynamic stability. We
cannot say for certain whether the enclosed eigenvalue has the smallest real part or not,
and we also cannot enclose the critical curve. These questions must be solved in our
future work. We wish to remark that in principle, a computer-assisted stability proof
could be given with the aid of [3], where a box has been computed which contains all
eigenvalues of the Orr-Sommerfeld problem, and which has a compact intersection with
the left complex half-plane.

This work was supported by a Grant-in-Aid from the Ministry of Education, Culture,
Sports, Science and Technology of Japan (No.18540127, No.15204007, No.16104001).
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