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DISTURBANCES FOR REACTION-DIFFUSION SYSTEMS
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Abstract. It is shown that propagation speeds of disturbances are bounded for a class of
reaction-diffusion systems. It turns out that solutions for various initial states are confined by
traveling waves. A new technique is presented for the construction of the comparison functions. The
technique is based on the operator-splitting methodology, which is known as a numerical computation
method. By using an exact solution of the Fisher equation we can make a simple proof. In this paper
the outline of the proof is given.

Key words. reaction-diffusion system, comparison technique, operator-splitting method, trav-
eling wave

AMS subject classifications. 35B05, 35K45, 35K57

1. Introduction. We consider the propagation of disturbances for reaction-
diffusion systems. Reaction-diffusion systems on the real line take the form

uy(z,t) = Dugy(z,t) + f(u(z,t)), zeR, t>0,
’LL(.Z',O):’U,O(ZL'), ‘TGR,

(1.1)

where u = (u1,ug,...,u,) is R"valued and D is a diagonal matrix:

dy
da

dn

The reaction term is also R™-valued:

fw) = (fi(uw), ..., fo(u)).

Note that the results obtained in this study can be extended to the multidimensional
domain R (d > 1) straightforward.

In this paper we impose several conditions on the reaction term f(wu). Denote
by R a rectangle [a1,b1] X -+ X [ap,by], where a; and b; are constants and a; < b;
(i=1,...,n). We assume the followings:
(A1) The function f is smooth from R to R™.
(A2) The function f vanishes at a point in R:

.f(cla"'acn):()v (13)
where ¢; are constants and a; < ¢; <b; (i=1,...,n).
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(A3) The rectangle R is an invariant region:

filu) >0 on{u€dR|u; =a;},

filu) <0 on {u € IR | u; =0b;}. (1.4)

The above assumptions are satisfied by FitzHugh-Nagumo equations, Field-Noyes
equations for the Belousov-Zhabotinskii reaction and a model for epidermal wound
healing (See Chapter 8 of [8], Section 3, Chapter 9 of [9] and section B, Chapter 14
of [11]).

Now we recall some known results for scalar equations. Consider the scalar equa-
tion

ut(xvt) = uII(xvt) + f(u(xvt))v

where f is C'! function on [0, 1] and

f(u):(]a U:O,l,
flu) >0, 0<u<l.

Under the above condition, propagations of disturbances have been intensively inves-
tigated in several literatures. In particular a remarkable result was given by Aronson-
Weinberger in [2] and [3]. They proved that disturbances propagate at the speed c*
which is determined by f(u) for a wide class of initial states. Recently Lucia et al.
[7] have shown how the propagation speed ¢* is determined.

As for the case n > 2, significant studies have been acomplished on existences
and stabilities of special solutions such as traveling waves and pulses (see [6], [10], [13]
and references therein).

In this study we estimate propagation speeds of disturbances for (1.1) under the
conditions (A1)—(A3). An advantage of our approach is that we can treat a wide class
of initial states in the general setting. To this end we use a traveling wave solution of
Fisher’s equation

Ut = Ugy + u(l — u), xeR, t>0, (1.5)

where u is scalar-valued.
Let

6() = 1/{1 + exp(z/VB)}2. (L6)

Note that ¢(z — 0.t), where 0, = 5/1/6, is a traveling wave solution to (1.5) (see the
equation (9) in [1]). Here we introduce some notations. Constants v;", v;", w are
defined as

[file+7(u —c)) = filc+ o(u —c))|

sup  sup if b; # ¢,
v = { weIR 0<o<r<1 |(bi — ci)(T —0)]
U; =04
0 if bl = Cq,
wp s HleFTOoO) - filetow_o) o,
N7 = { uwEIR 0<o<r<l l(ai — ¢;) (1 — o)
3 Ui =a;

0 if a; = Cy,
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w = max {’yii},

1<i<n
where ¢ = (c1,...,¢,). In addition we put
0o =2V6w, 6, =0, 121%)(”{511-}, (1.7)
and
0 =00+ 0. (1.8)

Now we are in a position to state our theorem.

THEOREM 1.1. Let u;(x,0) € BUCYR) and (a; — ¢;)¢(z) < ui(x,0) —¢; <
(b; — ci)o(x) (i = 1,2,...,n). Suppose the reaction term f salisfies the conditions
(A1)-(A3). Then solutions u to (1.1) satisfies

(a; — ci)d(x — 0t) <z, t) — ¢ < (b — ¢i)p(x — 6t) (1.9)
forallzeRandt>0(i=1,2,...,n).

Remark. Even if reaction-diffusion systems have no invariant regions, we could apply
the theorem. When solutions in question are bounded in L°° norm, we may cut off
the reaction term f(w) properly so that the systems have an invariant region.

We must refer to Conway and Smoller’s comparison theorem [5]. They constructed
comparison functions that are spatially homogeneous, by which they proved asymp-
totic behaviors of some reaction-diffusion systems. Our result may be regarded as an
extension of theirs.

2. A nonlinear Trotter product formula. In this section we introduce some
notations and present a nonlinear Trotter product formula, which we use later.

Denote by F* the flow generated by the vector field f(w). Thus, for w € R™,
v(t) = Flw is a solution to

do(t) _
TR f(v(t)),
v(0) = w.

We define V and W as follows:

V ={(u1,...,un) |u; € BUC*R) (i=1,...,n)}, (2.1)
W ={(u1,...,un) |u; € BUCR) (i=1,...,n)}.

The norms of V' and W are given by

lullv = 1%1?§n{||ui||BUcl(R)}v (2.3)
ullw = 1?%Xn{||ui”BUC(R)}- (2.4)

We denote by e’ the evolution operator generated by the linear part of the system
(1.1), that is,

8tetLu0 = 8§D€tL’U,0 (t > 0)

T
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where ug € W and 9;, 9,2 act on every component.
Following the notations of Section 15 in [12], we set

k
v = (e(l/m)Lfl/m) uo, (2.5)
v(t) = et Fy,  fort=k/m+s, 0<s<1/m, (2.6)

to use Proposition 5.4 in [12] (p.314). We state the proposition in the suitable form
for our problem.
THEOREM 2.1 (M. E. Taylor). Let ug be an element of V and u the solution
o (1.1). Suppose v is defined as in (2.6). For any positive number T there exists a
constant number C = C(T, D, f) such that

u(t) — o)y <CmY? for0<t<T (2.7)

For more information about the product formula, consult the survey paper written
by Chorin et al. ([4]). In the paper we can find some applications of the formula to
nonlinear problems such as the Navier-Stokes equations.

3. The Outline of Proof. The strategy of the proof is to approximate the
solution of (1.1) by the nonlinear Trotter product formula and to estimate the reaction
part and the diffusion part separately. In fact we can prove the following propositions.

PROPOSITION 3.1. Let w(z,t) = Flwo(z) for wo(z) = (wo1(z),...,wo (7)) €
W. If (a; — ¢;)p(z) <wpi(x) —ci < (b —c)op(x) (i =1,2,...,n), every component
wi(z,t) of w(x,t) is estimated as

(a; — ¢i)d(x — Oot) < wji(x,t) —¢; < (b — ¢;)Pp(ax — Opt)  fort > 0.
PROPOSITION 3.2. Let w(x,t) =
wo,i() — ¢ < (bi = ci)(x) (1 =1,2,..

(a; — ¢;)p(x — 01t) < w;i(x,t) —¢; < (by — ¢;)Pp(x — 61t)  fort > 0.

etlwg(z) for wo(z) € W. If (a; — ¢;)d(x) <

w
n),

From these propositions it follows
(ai - Cl)(b(l‘ - (90 + 91)t) < ’Ui(l‘,t) —c¢ < (bl - Ci)(b(l‘ - (90 + 91)t),

where v; is the ith component of v defined by (2.5), (2.6). Passing to infinity in m
we obtain the inequalities (1.9).

For the proof of Proposition 3.1 we introduce a family of rectangles R(c) defined
by

R(o) ={ueR" |¢;+o(a;,—c)<u;<c¢+olb;—c;) (i=1,...,n)}
Then for each ¢ we set

S (o) == {u € IR(0) | ui = c; + (b — ¢;)},

3

S (0) ={uecdR(o) |ui=ci+o(a; — )},

K2



DISTURBANCE PROPAGATION SPEED FOR REACTION-DIFFUSION SYSTEMS it

sup Silw) if b; # ci,
pi (o) = S wesf ()i G
0 if b; = ¢,
sup filw) if a; # ci,
p; (o) =4 ues; (o)% ~ Ci
0 if a; = Cj.
In addition we define M (o) by
,_ +
M(o) = max {u;"(0)}- (3.1)

Some arguments yield that M (o) is Lipschitz continuous.
We consider the ordinary differential equation determined by M (o) to estimate
the flow Ft:

d
a” = M) (3.2)
a(0) = op.

We can see that Fluy € R(o(t)) for ug € R(og) (t > 0) . On the other hand we
obtain the following lemma.

LEMMA 3.3. Let o(t) be a solution of the ordinary differential equation (3.2). If
¢(z) > a9, then ¢(x — Ot) > o(t) fort > 0.

By using this lemma we have Proposition 3.1.
To prove Proposition 3.2 we just apply the comparison principle for heat equa-
tions.

Remark. Ifdy = dy = --- = d,, we may use a family of convexr sets such as balls
instead of R(c).
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