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Abstract: In this paper, the author extends existing analysis methods for bowed string vibration to
that involving the dynamics of a soundbox and neck of a bowed string instrument. Almost all the
components of the instrument such as strings, nut, tuning pegs, neck, soundbox, and bridge are
physically modeled and numerically analyzed by the finite element method, thereby yielding an
equation of motion of the total multi-degree-of-freedom (MDOF) system. Then, the MDOF system
is introduced into an existing equivalent circuit representation of the vibrations of a bowed string.
The developed method is applied to the physical modeling sound synthesis of the erhu, a Chinese
traditional bowed string instrument. Trial numerical calculations demonstrate that the developed
method is effective in the sound synthesis of the erhu and also has the potential to analyze the three-
dimensional spatial vibration of a bowed string and the effect of the interaction between the string and
soundbox vibrations.

Keywords: Violin, Erhu, Helmholtz wave, Equivalent circuit, Finite element method, Boundary
element method, Finite difference method

1. INTRODUCTION

The vibration of a bowed string has been modeled by

Kishi et al. as an equivalent circuit based on an electrical

impedance analogy (the force–voltage method) for the

stick-slip motion of the string [1,2]. This analysis method

models the violin bow as a perfectly inelastic structural

element, i.e., it has infinite internal impedance in the

equivalent circuit. The string is modeled as a flexible ideal

string with fixed ends.

By using the finite element method (FEM) to analyze a

vibration field of the violin bow, and combining this FEM

analysis with the bowed string vibration equivalent circuit

representation proposed by Kishi et al., the author of this

paper previously constructed a model that couples the

bowed string vibration and the vibration of the bow to

simulate the total vibration field [3].

In this study, the author attempts to improve the

analysis method for bowed string vibration by shifting the

viewpoint to the string, sound box, and neck, instead of

the bow. Specifically, an analytical model of the vibration

field of the string, sound box, and neck using the FEM is

introduced into the equivalent circuit representation of the

bowed string vibration. As an example of the application

of the developed method, the author will attempt to

synthesize the physical modeling sound of the erhu, a

Chinese traditional bowed string instrument.

2. EXISTING ANALYSIS METHODS

2.1. Bowed String Vibration Equivalent Circuit by

Kishi et al.

The equivalent circuit model of bowed string vibration

proposed by Kishi et al. is shown in Fig. 1 [1,2]. The

potential difference across the terminal pair B-B0 represents

the bow position on the string bowed by the bow; the

position moves at the constant speed vB. This is equivalent

to a constant current source. A nonlinear resistance, rN,

representing the frictional characteristics between the bow

and the string, is inserted between the terminal pairs B-B0

and S-S0. As modeled in Ref. [1], this resistance has a

frictional nature shown in Fig. 2; this can be expressed by

the following equation:
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fN

fB
¼

�d �
ð�s � �dÞv0

vS � vB

ðvS � vB < �v0Þ
��s

v0

ðvS � vBÞ

ðv0 � vS � vB < þv0Þ

��d �
ð�s � �dÞv0

vS � vB

ðþv0 � vS � vBÞ:

8>>>>>>>>>>>>><>>>>>>>>>>>>>:
ð1Þ

Here, fN is the frictional force (driving force applied to the

string) generated by rN, fB is the bowing force (bowing

pressure), �s and �d are constants giving the maximum and

minimum coefficients of friction, respectively, and v0 is the

velocity for determining frictional characteristics.

The string is represented on the right from terminal S-

S0; in the black box, a theoretical analysis of the string

vibration is implemented using the modal expansion

method. Note that vS is the vibrational velocity of the

string at the bowing point on the string. Across the terminal

A-A0, the equivalent circuit outputs the force fS exerted by

the string on the bridge of the instrument as the string

vibrates transversely.

2.2. Finite Element and Boundary Element Analyses

of Soundbox, Neck, and Radiated Sound Field

Figure 3 shows the equivalent circuit of the physical

modeling sound synthesis method for bowed string instru-

ments, already proposed by the author in Ref. [4]. Using

the bowed string vibration equivalent circuit described in

Sect. 2.1, the bridge force fS is calculated in advance for

the input into the vibro-acoustic field described below.

The soundbox of a bowed string instrument is physi-

cally modeled as a shell vibration field and the neck as a

beam vibration field, and these are correctly coupled, then

numerically analyzed by the FEM. This analysis part is the

same as the proposed analysis method in this paper, thus a

detailed mathematical expression is not given here but will

be given in the next section.

The governing equation for the radiated sound field

around a bowed string instrument is the wave equation for

the velocity potential �. The soundbox, i.e., the shell, is

considered as a thin obstacle that affects the surrounding

sound field. In this case, the wave equation related to � can

be analyzed using the integral equation derived from the

normally differentiated Kirchhoff–Huygens formula, which

can be used to efficiently analyze acoustic scattering from a

thin obstacle. Let us consider the sound field around a thin,

impenetrable obstacle, as shown in Fig. 4. According to

Terai [5,6], the velocity potential � at the receiving point

rp in the exterior domain � can be calculated using the

following formula:

�ðrpÞ ¼
ZZ

�

e�ðrqÞ @Gðrq; rpÞ
@nq

dSq; rp 2 �; ð2Þ

where Gðrq; rpÞ is the free-space three-dimensional Green’s

function and e� is the jump discontinuity of � across the

obstacle. If rp converges to the point on the surface � of

one side of the obstacle and Eq. (2) is differentiated with

respect to the outward normal np at rp, the following

integral equation is obtained:

vB

fN

rN vS
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S’

A

A’

B
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String

fS

(Theoretical
  analysis)

fN : Frictional force

vS : Vibrational velocity of the string at the bowing point

vB : Bowing speed

fS : Bridge force

Fig. 1 Electrical equivalent circuit of a bowed string
proposed by Kishi et al. [1,2].
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Fig. 2 Bow friction characteristics.
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Fig. 3 Electrical equivalent circuit of the bowed string
(above) and that of the vibro-acoustic field of body
(below) proposed in the author’s previous paper [4].
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@�ðrpÞ
@np

¼
ZZ

�

e�ðrqÞ @2Gðrq; rpÞ
@np@nq

dSq; rp 2 �: ð3Þ

Given the normal component of acoustic particle velocity

vn ¼ �@�ðrpÞ=@np on the obstacle surface as a boundary

condition, Eq. (3) can be written as an equation in terms of

the unknowns e�ðrpÞ. To solve this equation, we apply the

boundary element method (BEM). Discretizing the surface

� of one side of the obstacle into N boundary elements

yields a matrix equation:

Ae� ¼ v; ð4Þ

where e� is a vector with components of e�ðrqÞ at each

node and v is a vector with components of the normal

component of acoustic particle velocity vnðrqÞ at each node.

Once the values of e�ðrqÞ are obtained by solving Eq. (4),

one can calculate �ðrpÞ at an arbitrary receiving point rp in

the domain � using a discretized version of the right-hand

side of Eq. (2).

The shell vibration field and radiated sound field are

linked together through the continuity of the pressure and

velocity at the interface between the shell and the fluid.

First, the transverse applied force per unit area to the shell

is given by the jump discontinuity of the pressure across

the shell, which is easily calculated using e�. Second, the

normal component of acoustic particle velocity at the

surface of the shell is equal to the transverse velocity of

the shell. As a result, the system is expressed as a fully

coupled vibro-acoustic system. The pre-calculated fS is

used to drive this coupled system, thereby synthesizing the

sound radiated from the bowed string instrument. Note that

the string vibration and this coupled vibro-acoustic system

(the shell vibration and radiated sound) are dealt with

separately, i.e., not coupled. Hence, the author’s previous

method displayed in Fig. 3 cannot be used to analyze the

effect of the interaction between the string and soundbox

vibrations.

3. PROPOSED ANALYSIS METHOD

The equivalent circuit of the newly proposed bowed

string vibration analysis method is shown in Fig. 5. Instead

of the theoretical analysis of the transverse vibration of a

single string based on the modal expansion method, the

FEM is used for the numerical analysis of the three-

dimensional vibration of multiple strings. The multiple

strings will be connected to the soundbox and neck at

several points, such as the nut, bridge, and tailpiece.

Therefore, the black box for the multiple strings and that

for the soundbox and neck are joined through multiple

terminals indicated by ‘‘A-A0 . . .’’ in the figure. Several of

those terminals correspond to the terminals to which the

forces fS exerted by the strings on the bridge, i.e., bridge

forces, are applied. In this way, the string FEM model

constructs a fully coupled system with the FEM model of

the soundbox and neck. The circuit is driven by the

frictional force fN shown in Fig. 2. Note that the proposed

method does not involve an acoustic field as a starting

point. The interaction between the structural vibration and

the acoustic field is left for future research.

As an example of the application of the proposed

analysis method, the Chinese traditional bowed string

instrument called an erhu, which is shown in Fig. 6, is

introduced in this paper. In the figure, for each element, its

Chinese character is also displayed. The erhu has two

strings called the inner and outer strings, which are

generally tuned to D4 and A4, respectively. The bow hair

is passed between the two strings, and the player sits with

the erhu on his/her left thigh. The soundbox is made of

pterocarpus, ebony, or sandalwood. Over the front of the

soundbox, the python skin is stretched. The back of the

soundbox is open and decorated with a lattice-work. Most

soundboxes are hexagonal but octagonal and circular

ones also exist. The string vibrations excited by bowing

with a bow are transmitted to the python skin via the

bridge, and the python skin vibrations lead to acoustic

radiation. Another feature of the erhu not found in other

instruments is the noise suppressor. The noise suppressor is

generally made of felt or sponge, and it suppresses the

generation of wolf tone, which is generally considered as

noise. The erhu is a stringed instrument like the violin, but

because of these differences in instrument structure, it has a

unique tone that is not found in the violin.
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Soundbox
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R
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vP : Vibrational velocity at the top plate

Fig. 5 Electrical equivalent circuit of a bowed string
involving dynamics of a soundbox and neck proposed
in this paper.
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Fig. 4 Sound field around a thin obstacle.

T. SAMEJIMA: VIBRATION ANALYSIS OF BOWED STRING INSTRUMENT

283



In a previous study related to the acoustic vibration

analysis of the erhu, Waltham proposed a simple physical

model, in which the soundbox is regarded as a cylindrical

closed tube, and compared the results of his calculations

with those of actual measurements [7]. Taguti modeled the

python skin as isotropic and anisotropic elastic materials,

analyzed their eigenmodes, and measured the acoustic

vibration of the python skin [8,9]. However, no studies

have been conducted on the detailed physical modeling of

structural components or the coupled analysis of the

vibration fields of structures and bowed string vibrations.

In this section, each appropriate physical model of each

component of an erhu is given. Their governing equations

and numerical analysis methods are described in detail.

3.1. Physical Model of Strings, Nut, Tuning Pegs, and

Neck

Figure 7 shows the constituent elements of erhu and

the respective physical models. The strings and nut are

physically modeled as beams subjected to tension TS. This

physical model involves flexural, transverse or bending

waves, quasi-longitudinal waves, and torsional vibrations

at the same time.

Let �S, �S, �S, and �xS be the vibrational displacements

in the xS-, yS-, and zS-axes, and the angle of rotation around

the xS-axis of a beam with length in the xS-axis direction,

respectively; ðxS; yS; zSÞ denotes the local coordinate

system for the string. Then, the respective governing

equations are expressed as

�SS
@2�S

@t2
¼ ESS

@2�S

@x2
S

� RxS

@�S

@t
; ð5Þ

�SS
@2�S

@t2
¼ TS

@2�S

@x2
S

� ESIzS
@4�S

@x4
S

� RyS

@�S

@t
þ 	S fyS; ð6Þ

�SS
@2�S

@t2
¼ TS

@2�S

@x2
S

� ESIyS
@4�S

@x4
S

� RzS

@�S

@t
þ 	S fzS; ð7Þ

�SSIpS

@2�xS

@t2
¼ GSIpS

@2�xS

@x2
S

� Rp

@�xS

@t
; ð8Þ

with

	SðxSÞ ¼
faðxSÞZ

L

faðxSÞdxS

;

where �S is the volume density, S is the cross-sectional

area, ES is Young’s modulus, TS is the tension, IzS and IyS
are the moments of inertia of area around the zS- and

yS-axes, respectively, IpS is the polar moment of inertia of

area, GS ¼ ES=ð2ð1þ 
SÞÞ is the shear modulus, and 
S is

Poisson’s ratio. Moreover, RxS, RyS, RzS, and Rp are the

resistance coefficients per unit length and 	S is the spatial

distribution of the force with respect to the excitation

forces fyS and fzS. The tuning pegs and neck are physically

modeled as ordinary beams without tension.

3.2. Physical Model of a Python Skin, Soundbox, and

Bridge

The python skin stretched over the front surface of

the body is physically modeled as a shell with tension TH.

Out-of-plane, in-plane, and torsional vibrations are includ-

ed in the shell. If only the governing equation for the

transverse vibrational displacement �H is extracted, it is

expressed as

�HhH

@2�H

@t2
¼ THr2�H � Dr4�H � RzH

@�H

@t
; ð9Þ

where �H is the volume density, hH is the thickness, D ¼
EHh

3
H=ð12ð1� 
2

HÞÞ is the flexural rigidity, EH is Young’s

modulus, 
H is Poisson’s ratio, TH is the tension, and RzH is

xS

yS

zSPython skin
(Shell with tension)

(Shell without tension)

(Beam without tension)

(Beam with tension)

Soundbox and bridge

Strings and nut

Neck and tuning pegs

xH

yH

zH

Fig. 7 Physical model of an erhu.

Fig. 6 Components of an erhu.
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the resistance coefficient per unit area. Operator r2 denotes

the Laplacian, defined in the local two-dimensional

coordinates ðxH; yHÞ for the python skin. Operator r4

indicates a double application of the Laplacian operator,

which is referred to as a bi-Laplacian or biharmonic

operator. The body and bridge are physically modeled as

ordinary shells without tension.

3.3. Application of the Finite Element Method

The FEM is employed for the numerical analysis of

Eqs. (5)–(8), which represent the beam vibration field.

Adopting a third-order beam element [10,11] that simulta-

neously considers transverse waves, quasi-longitudinal

waves, and torsional vibrations, we obtain the following

equation of motion of a multi-degree-of-freedom (MDOF)

system:

MS

d2�S

dt2
þ CS

d�S

dt
þKS�S ¼ f Sy fyS þ fSz fzS; ð10Þ

vS

wS

( )
¼ GS

d�S

dt
: ð11Þ

Here, MS is the mass matrix, CS is the damping matrix, KS

is the stiffness matrix, and �S is a vector consisting of

the vibrational nodal values. fyS and fzS, which are also

used in Eqs. (6) and (7), express the excitation force

applied to a bowing point per unit length along the yS- and

zS-axes, respectively. ðxS; yS; zSÞ denotes the local coordi-

nate system for the FEM model of the string, where xS is

the direction to which the string is stretched. f Sy and fSz
represent the force vectors, in which only the elements

related to fyS and fzS remain and the values of the other

elements are set to 0; then, only the coefficients of fyS and

fzS are considered. For a more detailed procedure for

constructing these characteristic matrices, the reader is

referred to Refs. [10,11]. Now, let vS and wS be the

vibrational velocities of the string in the yS- and zS-direc-

tions, respectively. The matrix GS extracts the nodal values

corresponding to vS and wS from d�S=dt.

For the shell vibration field, including Eq. (9), the FEM

using a planar shell element [12,13] is applied. Then, the

following equation of motion of the MDOF system is

obtained:

MH

d2�H

dt2
þ CH

d�H

dt
þKH�H ¼ 0: ð12Þ

For a more detailed procedure for constructing the char-

acteristic matrices, the reader is referred to Refs. [12,13].

The two FEM equations Eqs. (10) and (12) are coupled

using the coupling condition that there are equal vibrational

displacements at common nodal points between the beam

and the shell. A method for this is Lagrange’s method of

indeterminate multiplier [14]. Through this method, we

obtain the following equation of motion of the total

MDOF system involving both the beam and shell vibration

fields:

M
d2�

dt2
þ C

d�

dt
þK� ¼ F

fyS

fzS

� �
ð13Þ

with

M ¼
MS 0 0

0 MH 0

0 0 0

264
375; C ¼

CS 0 0

0 CH 0

0 0 0

264
375;

K ¼
KS 0 LT

S

0 KH �LT
H

LS �LH 0

264
375;

F ¼
f Sy f Sz

0 0

0 0

264
375; � ¼

�S

�H

�

8><>:
9>=>;:

Here, � is a vector consisting of Lagrange’s indeterminate

multipliers for the constrained condition that the vibra-

tional nodal values of the beam elements equal those of the

shell elements at common nodal points. The matrices LS

and LH extract the common nodal values from �S and �H,

respectively.

3.4. Coupling with Bow Friction Characteristics

Let us consider the case where the bowing direction by
is inclined by � þ � with respect to yS, as shown in Fig. 8.

In this case, the vibrational velocities bvS and cwS in the by-

andbz-directions, respectively, can be given bybvScwS

� �
¼

cosð� þ �Þ sinð� þ �Þ
�sinð� þ �Þ cosð� þ �Þ

� �
vS

wS

� �
: ð14Þ

If we regard bvS as the vibrational velocity vS of the string at

the bowing point in Eq. (1), we can obtain the frictional

force (driving force applied to the string) fN at a given

bowing force (bowing pressure) fB from the relation in

Eq. (1). Once fN and fB are determined, the required fyS
and fzS values for the calculation in Eq. (12) can be

obtained using the following formula:

fyS

fzS

� �
¼

cosð� þ �Þ �sinð� þ �Þ
sinð� þ �Þ cosð� þ �Þ

� �
fN

fB

� �
: ð15Þ

4. NUMERICAL EXAMPLE

4.1. Calculation Conditions

Figure 9 illustrates the FEM mesh model created for

the erhu in Fig. 6. The support conditions are completely

fixed (indicated by ‘‘Clamped’’ in the figure) in terms of the

position of the neck held by the left hand and the position

of the soundbox placed on the left thigh. The function

faðxSÞ used in the spatial distribution of the force 	S in

Eqs. (6) and (7) was given by the Dirac delta function,

T. SAMEJIMA: VIBRATION ANALYSIS OF BOWED STRING INSTRUMENT

285



selecting the location of the ‘‘bowing point’’ in the figure.

The physical properties of the materials given in Tables 1

and 2 are based on Refs. [7–9]. The damping of the total

system was assumed to be proportional viscous damping

and given by C ¼ 10�4K in Eq. (13).

The discretization of the beam vibration field involved

third-order beam elements [10,11] with 579 elements and

578 nodes, and that of the shell vibration field involved

planar shell elements [12,13] with 2,050 elements and

2,103 nodes. The time evolution was calculated using the

finite difference method (FDM); the scheme used is the

Clamped Clamped

Bowing point

Unit: m

Receiving point

Fig. 9 Finite element model of the erhu; ðx; y; zÞ denotes
the global coordinate system.

Table 1 Geometric and material properties of the erhu
used in the calculation: beams.

Parameters Values

For neck

Semimajor axis of ellipse 10:5� 10�3 m
Semiminor axis of ellipse 7:50� 10�3 m
Young’s modulus: EN 12.4 GPa
Poisson’s ratio: 
N 0.35
Density: �N 1,050 kg/m3

Moments of inertia of area: IzN 3:479� 10�9 m4

IyN 6:819� 10�9 m4

Polar moment of inertia of area: IpN 9:741� 10�9 m4

For tuning pegs

Diameter of section 10:0� 10�3 m
Young’s modulus: EN 12.4 GPa
Poisson’s ratio: 
N 0.35
Density: �N 1,050 kg/m3

Moments of inertia of area: IzN; IyN 4:909� 10�10 m4

Polar moment of inertia of area: IpN 9:818� 10�10 m4

For inner string

Diameter of section 0:440� 10�3 m
Tension: TS 51.68 N
Young’s modulus: ES 200 GPa
Poisson’s ratio: 
S 0.35
Density: �S 6,577 kg/m3

Moments of inertia of area: IzS; IyS 1:840� 10�15 m4

Polar moment of inertia of area: IpS 3:680� 10�15 m4

For outer string

Diameter of section 0:260� 10�3 m
Tension: TS 51.50 N
Young’s modulus: ES 200 GPa
Poisson’s ratio: 
S 0.35
Density: �S 8,363 kg/m3

Moments of inertia of area: IzS; IyS 2:243� 10�16 m4

Polar moment of inertia of area: IpS 4:486� 10�16 m4

For nut

Semimajor axis of ellipse 7:50� 10�3 m
Semiminor axis of ellipse 6:00� 10�3 m
Tension: TS 9.786 N
Young’s modulus: ES 20.0 GPa
Poisson’s ratio: 
S 0.35
Density: �S 7.074 kg/m3

Moments of inertia of area: IzS 1:272� 10�9 m4

IyS 1:988� 10�9 m4

Polar moment of inertia of area: IpS 3:181� 10�9 m4

zS

yS

xS

fB for inner string

zS

yS
fyS

fzS

fN

Bowing direction

z

y

xS x

fB for outer string

(a) Local coordinate system (xS, yS, zS) for the FEM

model of the string

(b) Bowing direction y and bowing force (bowing

pressure) direction z

Fig. 8 Geometrical arrangement of the bowing direction
and strings.
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explicit Runge–Kutta formula proposed by Dormand and

Prince [15].

4.2. Simple Verification by Eigenmode Analysis

Before calculating time responses, the eigenmode

analysis of the FEM model was performed to briefly verify

the author’s self-made C++ code implementing the

proposed numerical method. Figures 10 and 11 show a

few examples of eigenfrequencies and eigenmode shapes.

The eigenmodes obtained by the calculations are a

composite combination of the vibrations of the strings,

nut, tuning pegs, neck, python skin, soundbox, and bridge.

However, by visually observing the eigenmode shapes, the

author extracted the modes that are mainly caused by the

strings or python skin.

The eigenfrequency of the inner string 1st mode and

that of the outer string 1st mode are very close to the pitch

of D4 (293 Hz) and that of A4 (440 Hz), respectively. In

addition, the eigenmode shapes of the 1st, 2nd, and 3rd

modes are similar to typical mode shapes of a flexible

string fixed at both ends, i.e., they indicate physically

reasonable shapes. As for the python skin modes, some

modes close to those in the literature [8] were obtained, but

some were different owing to the consideration of the

bridge, strings, or neck.

4.3. Numerical Results and Discussion

Figure 12 shows the vibrational displacement and

velocity at the bowing point (x ¼ 0:00352 m, y ¼
0:04740 m, z ¼ 0:00264 m) shown in Fig. 9, calculated

by the proposed analysis method. The figure indicates the

Fig. 10 Eigenfrequencies and eigenmode shapes where
the strings play an active role.

Python skin 1st mode
(533.7 Hz)

Python skin 2nd mode
(848.2 Hz)

Python skin 3rd mode
(1091.7 Hz)

Python skin 4th mode
(1165.5 Hz)

Python skin 5th mode
(1428.2 Hz)

Python skin 6th mode
(1476.6 Hz)

+1

-1

0

+1

-1

0

Fig. 11 Eigenfrequencies and eigenmode shapes where
the python skin plays an active role.
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Fig. 12 Transitional time response of the bowed outer
string (A4) at the bowing point calculated by the
proposed method.

Table 2 Geometric and material properties of the erhu
used in the calculation: shells.

Parameters Values

For sound box

Young’s modulus: EB 12.4 GPa
Poisson’s ratio: 
B 0.35
Density: �B 1,050 kg/m3

Thickness: hB 8� 10�3 m

For bridge

Young’s modulus: EB 11.8 GPa
Poisson’s ratio: 
B 0.35
Density: �B 600.0 kg/m3

Thickness: hB 6� 10�3 m

For python skin

Young’s modulus: EH 2.00 GPa
Poisson’s ratio: 
H 0.35
Density: �H 700.0 kg/m3

Thickness: hH 0:8� 10�3 m
Tension: TH 1,176 N/m
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results for the outer string with the following parameters:

bowing direction � ¼ 45 degrees, bowing force fB ¼
1:46 N (� 149 gw), and bowing speed vB ¼ 70� 10�2

m/s. It can be seen that a periodic stick-slip motion is

induced at around 60 ms. The upper limit of vibrational

velocity at a bowing point is theoretically equal to the

bowing speed; that upper limit occurs in the sticking period

during which a string is carried forward by a bow. From the

figure, one can observe that the vibrational velocity is

nearly equal to the bowing speed of 70� 10�2 m/s in the

sticking period.

Figure 13 shows snapshots of the time development of

the deformation of the erhu model. The figure also displays

approximately one fundamental period of the motion from

100 ms when the oscillation becomes a completely steady

state. We can see that a stationary Helmholtz wave is

formed. These results indicate that the proposed analysis

method can reasonably well reproduce a typical bowed

string vibration.

Figure 14 illustrates the trajectory of the outer string at

the bowing point in the yS–zS plane. One can see that a

three-dimensional spatial motion arises when bowing the

string. Note that existing analysis methods for bowed string

vibration have not been able to reproduce such a three-

dimensional spatial motion of a bowed string so far.

Figure 15 shows the transitional time response of the

vibrational velocity vP at the receiving point (x ¼
0:02356 m, y ¼ �0:00844 m, z ¼ 0 m) set on the soundbox

surface shown in Fig. 9, calculated by the proposed

method. When this output signal was played as an audio

signal, we could indeed hear a satisfactory erhu-like sound.
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Fig. 14 Trajectory of the bowed outer string (A4) at the
bowing point in the yS–zS plane.
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Fig. 13 Snapshots of the time evolution of the shape of the erhu model, when the outer string (A4) is bowed.
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Figure 16(a) shows the frequency characteristic of the

bridge force fS calculated using the equivalent circuit of

Kishi et al. Figure 16(b) shows that of the vibrational

velocity vP at the receiving point set on the soundbox

surface shown in Fig. 9, calculated by the proposed

analysis method. Figure 16(b) demonstrates that a gradual

peak is formed at 500–1,000 Hz. Several peaks caused by

the python skin, soundbox, and neck are also observed, in

addition to the peaks with overtone structures excited by

the string. These are considered to characterize the sound

of the erhu.

These numerical results described above, including the

audio signal by the physical modeling synthesis, are in

qualitative agreement with the real characteristics of the

erhu dynamics; this fact supports, in part, the validity of the

proposed analysis method. A further detailed comparison

between the results of the proposed analysis method and

experiment will be carried out in the next stage.

Figures 17 and 18 show the vibrational displacement

and velocity at the bowing point of the inner string (D4),

and the vibrational velocity vP at the receiving point,

respectively. For the condition of bowing, the same

parameters as in the outer string (A4) were introduced.

From the waveforms, one can observe that small periodic

amplitude vibrations or beats occur. For comparison, the

vibrational velocity vP at the receiving point calculated

using the author’s previous method [4] is also shown in

Fig. 19. In this case, the beats like those shown in Fig. 18
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(a) Time history of the vibrational displacement
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(b) Time history of the vibrational velocity

Fig. 17 Transitional time response of the bowed inner
string (D4) at the bowing point calculated by the
proposed method.
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(a) Bridge force calculated by Kishi’s method

(b) Vibrational velocity at the receiving point on the
soundbox surface calculated by the proposed method

Fig. 16 Frequency responses of the bowing sound A4 of
the erhu model.
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Fig. 15 Transitional time response of the vibrational
velocity at the receiving point on the soundbox surface
calculated by the proposed method, when the outer
string (A4) is bowed.
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are not observed. This is probably because the author’s

previous method, in which the string and soundbox

vibrations are not fully coupled, cannot be used to analyze

the effect of the interaction between the string and

soundbox vibrations.

Finally, the frequency characteristics determined by

Kishi’s method and the proposed analysis method, and a

measured frequency response of the radiated sound of a

real erhu used for the calculation model are shown in

Figs. 20(a), 20(b), and 20(c), respectively. The measured

frequency characteristic is considered a rough reference; a

real erhu was bowed by a player in an anechoic chamber,

and the output signal of a microphone placed in front of the

python skin at a distance of 1 m was recorded in a PC

through an audio interface. Here, since measurement

conditions were not strictly controlled, the author will not

strictly compare the calculated data with the measured

data. Nevertheless, roughly common frequency character-

istics, such as several clear peaks in the low-frequency

range can be seen in both the calculated and measured data;
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(a) Bridge force calculated by Kishi’s method

(b) Vibrational velocity at the receiving point on the
soundbox surface calculated by the proposed method

(c) Measured result of the radiated sound from a real erhu

Fig. 20 Frequency responses of the bowing sound D4 of
the erhu model.
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Fig. 19 Transitional time response of the vibrational
velocity at the receiving point on the soundbox surface
calculated by the author’s previous method [4], when
the inner string (D4) is bowed.
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Fig. 18 Transitional time response of the vibrational
velocity at the receiving point on the soundbox surface
calculated by the proposed method, when the inner
string (D4) is bowed.
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this also demonstrates, in part, the validity of the developed

method. Further precise measurements will be left for

future work.

5. CONCLUSIONS AND FUTURE WORK

In this study, the author has attempted to improve the

analysis method for bowed string vibration. In particular,

the author has focused his attention on the string, sound

box, and neck dynamics, and their interaction. The FEM

has been employed in the numerical analysis of the

vibration field of the string, sound box, and neck. All the

vibration fields of these components have been fully

coupled, thereby yielding an equation of motion of the

total MDOF system. The MDOF system has been

incorporated into the existing equivalent circuit represen-

tation of the vibrations of a bowed string. The developed

method has been applied to the physical modeling sound

synthesis of the erhu, a Chinese traditional bowed string

instrument.

The numerical calculation results have demonstrated

that the developed method can reasonably generate the

Helmholtz wave, which is a typical waveform of a bowed

string. In addition, the method can produce the three-

dimensional spatial motion of the bowed string, which

existing analysis methods for bowed string vibration have

not been able to produce so far. Furthermore, it has been

shown that the developed method can be used to analyze

the effect of the interaction between the string and

soundbox vibrations in a fully coupled state.

Future studies we should carry out are as follows:

. to further validate the proposed method, through

comparing the numerical predictions with the results

of experiments on a real erhu,

. to build a structure–acoustics system, i.e., to take into

account the interaction between the shell vibration and

its radiated sound, through acoustic scattering analysis

around a thin obstacle,

. to apply the proposed method to other bowed string

instruments such as violins and cellos, and

. to provide guidelines to design bowed string instru-

ments and play them to produce their desired timbre,

through the proposed numerical analysis.
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