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The relativistic correlation energies �CEs� for the He isoelectronic sequence from 2He to 116Uuh
were investigated using configuration-interaction �CI� calculations. We used a large universal-type
Gaussian basis set, which gives accurate Dirac-Fock total energies for the ions under consideration.
In contrast to nonrelativistic CEs, the relativistic CEs decrease monotonically with increasing
nuclear charge, but the p-, d-, and f-partial CEs have a hump like the relativistic Hylleraas CI. ©
2005 American Institute of Physics. �DOI: 10.1063/1.1998867�
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I. INTRODUCTION

Helium-type ions are the simplest systems in which elec-
tronic interactions play a substantial role. Define TE�corre-
lated� and TE�RHF� as the total energies �TEs� calculated
with electronic correlations included and by restricted
Hartree-Fock �RHF�. It has been clarified that the nonrelativ-
istic correlation energy �CE� as

CE�nonrel� = TE�nonrel:correlated� − TE�RHF� �1�

is almost constant for atoms heavier than 6C,1–4 as shown in
Fig. 1, where the present results are also included; CE�non-
rel� is �0.0451 hartree for 6C and is �0.0466 hartree for

100Fm.2–4 In this paper a Dirac-Coulomb Hamiltonian is as-
sumed. The relativistic correlation energy is given analo-
gously by

CE�rel� = TE�rel:correlated� − TE�DF� , �2�

where DF denotes a Dirac-Fock calculation. In contrast,
Pestka and Karwowski5,6�PK� showed using relativistic
Hylleraas-type functions that the relativistic CE has a strong
Z dependence �see Fig. 1�. They considered that the two-
electron generalization of the one-electron exact kinetic bal-
ance condition is necessary to guarantee the bound properties
of the Hamiltonian eigenvalues,7,8 but these are represented
by an infinite sequence of conditions and can never be ful-
filled exactly.5,6 PK state that “We cannot exclude that the
behavior of the relativistic CE for very large Z �strong de-
crease with increasing Z� may be an artifact resulting from a
slight departure of eigenvalue of Dirac-Coulomb �DC�
Hamiltonian describing the ground state from Hylleraas-
Undheim-Macdonald theorem9,10 conditions.” Since the
spinors in a multiconfiguration Dirac-Fock �MCDF� equation
satisfy the boundary conditions and kinetic balance, the cal-
culated TEs should be free from the artificial errors as in the
case of numerical Dirac-Fock �NDF�,11 where no artificial

a�
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error occurs. Pestka, Tatewaki, and Karwowski �PTK� calcu-
lated relativistic CEs by MCDF.12 As indicated in Fig. 1, the
MCDF CE follows the relativistic Hylleraas CE, showing
that the strong decrease in CE is not a calculational artifact.
PTK have also shown that the partial CE from the 2p and 3d
shells has an extremum like the Hylleraas CE, but the strong
decrease in the s-partial CE surpasses these extrema, produc-
ing a monotonic decrease in the MCDF CE as shown in Fig.
1. Tatewaki and Noro13 �TN� also calculated the relativistic
CE employing the third-order Douglas-Kroll14 �DK3�
Hamiltonian.15 They used a universal set consisting of 33s,
28p, 28d, and 28f primitive Gaussian-type functions
�pGTFs� for all ions with Z=1–120, and performed the full
configuration-interaction �CI� calculation. Although the ab-
solute value of the DK3 CEs is several times larger than
those of the Hylleraas CEs, the qualitative behavior is simi-
lar, again confirming the relativistic results of the Hylleraas
CI. Although it is now confirmed that the relativistic Hyller-
aas CE for large Z is a good model, two problems remain: �1�
the MCDF CE decreases monotonically from Z=1 to 102,
whereas Hylleraas CE does not, and �2� the absolute value of
the MCDF CE overtakes the Hylleraas CE at 97Bk. In this
work, we consider these two problems using four-component
relativistic CI calculations.

II. METHOD OF CALCULATION

A. Nucleus model and basis set

PTK �Ref. 12� and TN �Ref. 13� used a point-charge
model for the nucleus when performing MCDF and DK3
calculations, respectively. However, it is difficult to describe
the behavior of spinors accurately near the nucleus in this
model when the Gaussian expansion method is employed.
We therefore use the uniformly charged sphere model. The
radius of the sphere R is given, following Visscher and

16,17
Dyall, as

© 2005 American Institute of Physics22-1
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R = �2.039 527 14A1/3 + 1.390 586 68� � 10−5 bohr, �3�

where A is the mass number. Tatewaki and Watanabe18,19

�TW� recently developed a universal GTF set accurate from

1H to 83Bi, where the exponent parameters are chosen to give
the exact NDF TEs. The errors in TE are less than or equal to
0.000 001 hartree when

58s+58p−58p+36d−36d+36f−36f+

� ns+np−np+md−md+mf−mf+

� 72s+72p−72p+36d−36d+36f−36f+;

here, the numbers before the symmetry li are the numbers of
li pGTFs. We here used 62s+ below, and further made 68, 74,
80, 86, 92, 98, and 104 s+ pGTF sets by adding primitives
whose exponents are determined by the geometric sequence

�n+1 = ��n/�n−1��n. �4�

Table I gives the two-electron ion Dirac-Fock-Roothaan
�DFR� TEs calculated for 60Nd, 80Hg, 100Fm, and 120Atom.
In performing DFR calculations we used quadraprecision �16
bytes�, and the accuracy of the total energy was 1
�10−8 hartree. Almost perfect convergence occurred after
74s+ for all ions, indicating the completeness of these sets.
For safety, hereafter, we used 80s+.

TABLE I. Number of pGTF expansion terms and rel
expansion terms for Nd, Hg, Fm, and the Z=120 atom
parentheses�. Relative energies are in microhartree.

pGTFs 60Nd �142� 80Hg �202�

62 0.49 �0.98
68 0.01 �0.07
74 0.00 �0.01
80 0.00 �0.01
86 0.00 �0.01
92 0.00 �0.01
98 0.00 �0.01

104 �3750.519 155 15 �7002.455 714

FIG. 1. The nonrelativistic �a� and relativistic correlation energies ��b�–�e��.
�a� Nonrelativistic correlation energies calculated by a 1/Z expansion given
in Ref. 2. �b� Relativistic correlation energies calculated by MCDF given in
Ref. 12. �c� Relativistic correlation energies calculated by Hylleraas CI
given in Refs. 5 and 6. �d� Relativistic correlation energies calculated by
ns�10−2�np�10−2�nd�10−2�-CI. �e� Estimated relativistic correlation energies
by ns�10−2�np�10−2�nd�10−2�nf�10−2�-CI.
B. DFR and CI calculations

To find the relativistic CEs we first performed the DFR
calculations. We then performed CI calculations using a rela-
tivistic CI code for linear molecules written by Watanabe and
Matsuoka,20,21 who noted that in linear molecules any single
Slater determinant belongs to one of the irreducible represen-
tations of the C�v double group. The Slater-Condon rule22–24

is directly used in this program to evaluate the matrix ele-
ments between the Slater determinants. Construction of cor-
relating spinors is detailed in Sec. III.

III. RESULTS

We selected the atomic ions from 2He to 116Uuh, and
used the mass numbers given by Visscher and Dyall from

2He to 102No and those given in the WebElements™ Periodic
table25 from 103Lr to 116Uuh, which were obtained experi-
mentally.

A. s-partial correlation energies

We performed DFR and single and double excitation CI
�SDCI� calculations using the occupied 1s+ and all the virtual
�79� spinors. The calculated s-partial CE �hereafter denoted
CEs� is shown in Fig. 2 as the line labeled ns�full�-CI. The
CEs begins at �0.0174 hartree, has a maximum of �0.0147
hartree at 14Si and 15P, decreases gradually to ca. 80Hg, then
sharply decreases as Z increases. It reaches �0.0499 hartree

tic total energies relative to those �in hartree� by 104
mass numbers for the respective atoms are given in

100Fm �257� 120Atom �294�

�3.57 82.58
�0.20 7.97
�0.04 0.39

0.00 0.03
0.00 0.01
0.00 0.00
0.00 0.00

�11 763.984 089 90 �18 973.261 226 40

FIG. 2. The s-partial correlation energies �CEs� given by MCDF �1s2

+2s2�, ns�10−1�-, ns�10−2�-, ns�10−3�-, and ns�full�-CI.
ativis
�the

92
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at 116Uuh. To see whether ns�full�-CI gives the converged
CEss, we performed CIs with pGTFs which have coefficients
greater than 1�10−1, 1�10−2, and 1�10−3 in the 1s+

spinor, respectively, denoted as ns�10−1�, ns�10−2�, and
ns�10−3�. Thus the CIs performed are

�s − 1�ns�10−1�-CI,

�s − 2�ns�10−2�-CI,

�s − 3�ns�10−3�-CI,

and

�s − 4�ns�full�-CI.

The numbers of pGTFs selected changes from one atom to
another; the first threshold selects 4–6, the second 12–18,
and the third 18–36 s+ pGTFs. Prior to the CI calculations,
we again performed DFR using the occupied 1s+ spinor, and
selected pGTFs to prepare the virtual spinors for CI. The
numbers of spinors thus generated were 5–7, 13–19, and
19–37 including the occupied 1s+ for the respective thresh-
old, resulting in 25–49, 169–361, and 361–1369 configura-
tion state functions �CSFs�. The calculated CEss with the
selected pGTFs are also shown in Fig. 2. We see that the
ns�10−2�- and ns�10−3�-CIs give almost the same CEss as the
ns�full�-CI: the CEs errors with ns�10−1�-, ns�10−2�-, and
ns�10−3�-CIs do not exceed 2�10−3, 4�10−6, and 0
�10−6 hartree, respectively, relative to ns�full�-CI CEs.

We know of no proof that CI calculations give the upper
bound of the eigenvalue of the Dirac-Coulomb Hamiltonian.
All the CEss, including that by MCDF, behave similarly as Z
increases. Since the absolute value of CEs increases in the
order ns�10−1�-, ns�10−2�-, ns�10−3�-, and ns�full�-CI, and
since ns�10−2�- and ns�10−3�-CIs give almost the same CEss
as ns�full�-CI, we believe that ns�full�-CI gives exact CEss.

In the CI program the number of spinors is limited to
300, and we should therefore truncate the number of spinors.
Hereafter we use s+ pGTFs, selected using the threshold
10−2, to calculate the partial CEs arising from the excitations
to the higher l spinors, where a similar rule to s+ is used for
constructing the basis set: the rule, nlh�y�10−1� selects the
l− and l+ pGTFs having the same exponent as s+ in ns�y
�10−i�.

B. p-partial correlation energies

Since we fix the threshold for s+ as 10−2, the number of
s+ spinors is in the range 13–19, including occupied 1s+. We
prepared four p basis sets selected according to np�10−1�,
np�5�10−2�, np�10−2�, and np�10−3�, which involve using
4–6, 7–9, 12–18, and 18–36 pGTFs for p− and p+, respec-
tively. The CIs performed are correspondingly denoted as

�p − 1�ns�10−2�np�10−1�-CI,

�p − 2�ns�10−2�np�5 � 10−2�-CI,

−2 −2
�p − 3�ns�10 �np�10 �-CI,
and

�p − 4�ns�10−2�np�10−3�-CI.

The numbers of resulting CSFs are, for example, 1513–3349
for �p−2�. The p-partial correlation CEs �CEp� defined be-
low are shown in Fig. 3;

CEp�ns�10−2�np�y � 10−i��

= TE�ns�10−2�np�y � 10−i�-CI� − TE�ns�10−2�-CI�

�y = 1 or 5, and i = 1–4� . �5�

We observed that all the CEps have humps. The threshold
ns�10−2�np�y�10−i� introduces a number of ion groups hav-
ing the same pGTFs; for example, there are 15 groups after
Z=7 in ns�10−2�np�10−1�-CI. The CEps in the same group
behave like a linear function of Z when the threshold is large,
giving zigzag lines as shown in Fig. 3. The CEp, according to
MCDF�1s2+2s2+2p2� behaves like those by
ns�10−2�np�10−1�-CI and ns�10−2�np�5�10−2�-CI if we ig-
nore the zigzag changes in the latter, indicating that a larger
hump in MCDF arises from insufficiencies in the np2 con-
figurations.

The differences between CEp�ns�10−2�np�10−2�-CI� and
CEp�ns�10−2�np�10−3�-CI� are always less than 0.000 15 har-
tree. We therefore infer that the CEps calculated with the two
larger sets are correct, and that CEp decreases at larger Z like
CEs.

Upon comparing CEs and CEp in Figs. 2 and 3 we see
that calculated CEps ��0.0215–�0.0290 hartree� are as large
as the CEss ��0.0147–�0.0499 hartree�. The heights of the
humps calculated with ns�10−2�np�10−2�-CI and
ns�10−2�np�10−3�-CI are 0.000 32 and 0.000 30 hartree, sev-
eral times smaller than by MCDF �0.002 06 hartree�.

C. d-partial correlation energies

FIG. 3. The p-partial correlation energies �CEp� given by MCDF �1s2

+2s2+2p2�, ns�10−2�np�10−1�-, ns�10−2�np�5�10−2�-, ns�10−2�np�10−2�-,
and ns�10−2�np�5�10−3�-CI.
We have performed four series of CI calculations:
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�d − 1�ns�10−2�np�10−2�nd�10−1� - CI

from 2He to 116Uuh,

�d − 2�ns�10−2�np�10−2�nd�5 � 10−2�-CI

from 2He to 116Uuh,

�d − 3�ns�10−2�np�10−2�nd�10−2�-CI

from 2He to 116Uuh,

and

�d − 4�ns�10−2�np�10−1�nd�10−3�-CI

from 2He to 87Fr.

It was desirable to perform ns�10−2�np�10−2�nd�10−3�-CI,
but the limit on the sizes of the basis set forces us to use
�d−4�, where np�10−1� is used instead of np�10−2�. The di-
mensions of the CIs are, for example, 5164–9754 for
CI�ns�10−2�np�10−2�nd�10−2��. The d-partial CEs �CEd� de-
fined by

CEd�ns�10−2�np�10−i�nd�y � 10−j�-CI�

= TE�ns�10−2�np�10−i�nd�y � 10−j� - CI�

-TE�ns�10−2�np�10−i�-CI� , �6�

TABLE II. Partial and total CEs �hartree�.

CE 2He Minimum Zmin
a

CEs
c �0.017 351

CEp
d �0.021 484 �0.025 862 20,21

CEd
e �0.002 248 �0.003 625 20

CEf
f �0.000 562 �0.000 970 17

Est-CEg �0.041 644

aThe nuclear charge which gives minimum CEi.
bThe nuclear charge which gives maximum CEi.
cCalculated from ns�10−2�-CI: see main text.
dCalculated from ns�10−2�np�10−2�-CI: see main text
eCalculated from ns�10−2�np�10−2�nd�10−2�-CI: see m
fCalculated from ns�10−2�np�10−1�nd�10−1�nf�10−2�-C
g

FIG. 4. The d-partial correlation energies �CEd� given by MCDF
�1s2+2s2+2p2+3d2�, ns�10−2�np�10−2�nd�10−1�-, ns�10−2�np�10−2�nd�5
�10−2�-, ns�10−2�np�10−2�nd�10−2�-, and ns�10−2�np�10−1�nd�10−3�-CI.
Est-CE is given by CEs+CEp+CEd+CEf.
are shown Fig. 4. The large hump in CEd calculated by
MCDF again arises from inadequacies in the nd2 configura-
tions, as with CEp. The ns�10−2�np�10−1�nd�10−3�-CI calcu-
lations give almost the same CEds as
ns�10−2�np�10−2�nd�10−2�-CI; the former are 0.000 01–
0.000 02 hartree lower than the latter. This indicates that �1�
the CEds are almost independent of the sizes of the configu-
rational space spanned by ns+, np−, and np+ spinors, and �2�
the CEds given by ns�10−2�np�10−2�nd�10−2�-CI are appro-
priate.

The calculated CEds ��0.0022–�0.0042 hartree� are
one order smaller than the CEps ��0.0215–�0.0290 har-
tree�. The height of the humps given by two larger sets takes
the same value of 0.000 15 hartree, which is four times
smaller than by MCDF �0.000 60 hartree�.

D. f-partial correlation energies

Because of the limitation on the available pGTFs in the
CI program, the following four CI calculations were per-
formed:

�f − 1�ns�10−2�np�10−1�nd�10−1�nf�10−1�-CI

from 2He to 116Uuh,

ximum Zmax
b Hump height 116UuH

014 744 15,16 �0.049 865
025 543 61–63 0.000 320 �0.029 011
003 473 63 0.000 153 �0.004 248
000 930 54–55 0.000 040 �0.001 299

�0.084 423

ext.
e main text.

FIG. 5. The f-partial correlation energies �CEf� given by
ns�10−2�np�10−1�nd�10−1�nf�10−1�-, ns�10−2�np�10−1�nd�10−1�nf�5�10−2�-,
ns�10−2�np�10−1�nd�10−1�nf�10−2�-, and ns�10−1�np�10−1�nd�10−1�nf�3.1
�10−3�-CI.
Ma

�0.
�0.
�0.
�0.

.
ain t
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TABLE III. DRF, ns�10−2�np�10−2�nd�10−2�-CI, and estimated ns�10−2�np�10−2�nd�10−2�nf�10−2�-CI total energies �in hartree�.

Z Mass DRF nsnpnd-CI nsnpndnf-CIa Z Mass DRF nsnpnd-CI nsnpndnf-CIa

2 4 �2.861 813 �2.902 896 �2.903 458 59 141 �3619.248 642 �3619.295 117 8 �3619.296 052

3 7 �7.237 205 �7.279 453 �7.280 170 60 142 �3750.519 155 �3750.565 768 8 �3750.566 704

4 9 �13.614 001 �13.656 851 �13.657 645 61 145 �3884.526 414 �3884.573 171 9 �3884.574 107

5 11 �21.993 148 �22.036 363 �22.037 208 62 152 �4021.297 867 �4021.344 774 6 �4021.345 710

6 12 �32.375 986 �32.419 446 �32.420 325 63 153 �4160.886 845 �4160.933 909 9 �4160.934 846

7 14 �44.764 194 �44.807 829 �44.808 732 64 158 �4303.307 609 �4303.354 864 0 �4303.355 806

8 16 �59.159 781 �59.203 548 �59.204 468 65 159 �4448.614 604 �4448.662 032 3 �4448.662 976

9 19 �75.565 082 �75.608 938 �75.609 871 66 164 �4596.825 128 �4596.872 737 6 �4596.873 682

10 20 �93.982 762 �94.026 702 �94.027 645 67 165 �4747.999 837 �4748.047 636 0 �4748.048 581

11 23 �114.415 814 �114.459 819 �114.460 773 68 166 �4902.168 618 �4902.216 614 2 �4902.217 561

12 24 �136.867 567 �136.911 619 �136.912 575 69 169 �5059.365 820 �5059.414 021 0 �5059.414 969

13 27 �161.341 675 �161.385 763 �161.386 723 70 174 �5219.632 834 �5219.681 249 2 �5219.682 199

14 28 �187.842 147 �187.886 277 �187.887 243 71 175 �5383.038 835 �5383.087 472 9 �5383.088 424

15 31 �216.373 308 �216.417 463 �216.418 429 72 180 �5549.596 468 �5549.645 337 8 �5549.646 291

16 32 �246.939 857 �246.984 033 �246.984 999 73 181 �5719.391 021 �5719.440 166 3 �5719.441 127

17 35 �279.546 804 �279.591 012 �279.591 982 74 184 �5892.443 862 �5892.493 262 4 �5892.494 226

18 40 �314.199 524 �314.243 749 �314.244 717 75 187 �6068.816 756 �6068.866 423 1 �6068.867 389

19 39 �350.903 830 �350.948 069 �350.949 037 76 192 �6248.550 399 �6248.600 342 5 �6248.601 311

20 40 �389.665 757 �389.710 022 �389.710 992 77 193 �6431.741 612 �6431.791 844 5 �6431.792 816

21 45 �430.491 724 �430.536 003 �430.536 972 78 195 �6618.416 486 �6618.467 019 7 �6618.467 994

22 48 �473.388 652 �473.432 945 �473.433 910 79 197 �6808.642 844 �6808.693 6912 �6808.694 667

23 51 �518.363 729 �518.408 034 �518.408 998 80 202 �7002.455 715 �7002.506 889 0 �7002.507 868

24 52 �565.424 609 �565.468 940 �565.469 906 81 205 �7199.965 449 �7200.017 000 5 �7200.017 989

25 55 �614.579 181 �614.623 527 �614.624 491 82 208 �7401.223 255 �7401.275 164 0 �7401.276 157

26 56 �665.835 953 �665.880 314 �665.881 275 83 209 �7606.325 106 �7606.377 389 1 �7606.378 386

27 59 �719.203 578 �719.247 955 �719.248 914 84 209 �7815.338 896 �7815.391 569 2 �7815.392 570

28 58 �774.691 529 �774.735 923 �774.736 879 85 210 �8028.317 348 �8028.370 428 0 �8028.371 433

29 63 �832.308 929 �832.353 355 �832.354 314 86 222 �8245.180 542 �8245.234 044 2 �8245.235 053

30 64 �892.066 367 �892.110 815 �892.111 771 87 223 �8466.345 401 �8466.399 345 9 �8466.400 359

31 69 �953.973 820 �954.018 290 �954.019 244 88 226 �8691.704 533 �8691.758 978 9 �8691.760 003

32 74 �1018.042 459 �1018.086 953 �1018.087 903 89 227 �8921.421 713 �8921.476 645 0 �8921.477 674

33 75 �1084.284 068 �1084.328 588 �1084.329 536 90 232 �9155.471 890 �9155.527 329 0 �9155.528 364

34 80 �1152.709 760 �1152.754 307 �1152.755 253 91 231 �9394.172 611 �9394.228 582 2 �9394.229 622

35 79 �1223.332 985 �1223.377 578 �1223.378 526 92 238 �9637.301 107 �9637.357 630 9 �9637.358 677

36 84 �1296.165 127 �1296.209 754 �1296.210 701 93 237 �9885.368 045 �9885.425 150 0 �9885.426 202

37 85 �1371.220 845 �1371.265 509 �1371.266 453 94 244 �10 138.052 555 �10 138.110 264 1 �10 138.111 321

38 88 �1448.513 123 �1448.557 825 �1448.558 767 95 243 �10 395.949 196 �10 396.007 541 2 �10 396.008 604

39 89 �1528.057 042 �1528.101 786 �1528.102 725 96 247 �10 658.777 592 �10 658.836 600 7 �10 658.837 670

40 90 �1609.867 216 �1609.912 005 �1609.912 942 97 247 �10 926.983 009 �10 927.042 766 5 �10 927.043 849

41 93 �1693.958 623 �1694.003 476 �1694.004 416 98 251 �11 200.397 788 �11 200.458 277 2 �11 200.459 368

42 98 �1780.347 158 �1780.392 063 �1780.393 002 99 252 �11 479.455 567 �11 479.516 827 2 �11 479.517 925

43 98 �1869.051 526 �1869.096 487 �1869.097 424 100 257 �11 763.984 091 �11 764.046 157 3 �11 764.047 263

44 102 �1960.086 284 �1960.131 303 �1960.132 239 101 258 �12 054.540 753 �12 054.603 668 7 �12 054.604 782

45 103 �2053.471 656 �2053.516 738 �2053.517 672 102 259 �12 351.106 873 �12 351.170 728 3 �12 351.171 856

46 106 �2149.224 342 �2149.269 490 �2149.270 422 103 262 �12 653.727 411 �12 653.792 207 0 �12 653.793 344

47 107 �2247.365 236 �2247.410 453 �2247.411 384 104 261 �12 962.995 381 �12 963.061 171 2 �12 963.062 317

48 114 �2347.910 197 �2347.955 507 �2347.956 442 105 262 �13 278.705 918 �13 278.772 753 2 �13 278.773 909

49 115 �2450.885 987 �2450.931 377 �2450.932 311 106 266 �13 600.938 897 �13 601.006 828 3 �13 601.007 994

50 120 �2556.308 409 �2556.353 883 �2556.354 815 107 264 �13 930.709 165 �13 930.778 260 6 �13 930.779 436

51 121 �2664.204 540 �2664.250 102 �2664.251 035 108 269 �14 267.033 698 �14 267.104 009 9 �14 267.105 196

52 130 �2774.588 584 �2774.634 239 �2774.635 171 109 268 �14 611.459 047 �14 611.530 654 3 �14 611.531 851

53 127 �2887.499 699 �2887.545 452 �2887.546 383 110 271 �14 963.166 030 �14 963.238 996 7 �14 963.240 203

54 132 �3002.946 288 �3002.992 143 �3002.993 073 111 272 �15 323.121 751 �15 323.196 159 9 �15 323.197 378

55 133 �3120.964 196 �3121.010 158 �3121.011 088 112 285 �15 689.589 004 �15 689.664 983 1 �15 689.666 221

56 138 �3241.571 633 �3241.617 731 �3241.618 665 113 284 �16 066.617 104 �16 066.694 762 3 �16 066.696 018

57 139 �3364.804 634 �3364.850 852 �3364.851 786 114 289 �16 451.562 500 �16 451.641 864 9 �16 451.643 135

58 140 �3490.687 227 �3490.733 571 �3490.734 506 115 288 �16 846.802 860 �16 846.884 059 3 �16 846.885 343

116 292 �17 250.672 556 �17 250.755 680 9 �17 250.756 980

aEstimated value. See main text.
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�f − 2�ns�10−2�np�10−1�nd�10−1�nf�5 � 10−2�-CI

from 2He to 116Uuh,

�f − 3�ns�10−2�np�10−1�nd�10−1�nf�10−2�-CI

from 2He to 111Rg,

�f − 4�ns�10−1�np�10−1�nd�10−1�nf�10−2�-CI

from 110Ds to 116Uuh,

�f − 5�ns�10−1�np�10−1�nd�10−1�nf�3.1 � 10−3�-CI

from 2He to 83Bi.

The f-partial CEs �CEfs� are calculated in the same way as
other partial CEs. The CEfs for 110Ds and 111Rg calculated
with �f −4� are the same as those with �f −3� up to six digits
after the decimal point, indicating that CEfs with �f −4� can
be used as substitutes for those with �f −3�. We used CEfs
calculated with �f −4� for 112Uub–116Uuh when treating CEfs
from �f −3�. Calculations with �f −5� are performed to exam-
ine the CE convergence. The dimensions of the CIs are
5755–10 231 for ns�10−2�np�10−1�nd�10−1�nf�10−2�-CI, and
the calculated CEfs are given in Fig. 5.

The CEfs for the respective ions using the above sets are
almost the same except for those with �f −1� and �f −2�; if
we choose a certain ion, the order of the CEf is always
�CEf�f −3��� �CEf�f −5��. The difference between the two
CEs is always less than 0.000 012 hartree, showing that
ns�10−2�np�10−1�nd�10−1�nf�10−2�-CI gives appropriate
f-partial CEs. The CEfs ��0.0006–�0.0013 hartree� are sev-
eral times smaller than the CEds ��0.0022–�0.0042 har-
tree�. The height of the hump in the CEfs given by the larger
sets is 0.000 04 hartree, one-fourth of that of the CEds.

IV. DISCUSSION

Table II sets out the minimum and maximum partial
CEs. The TEs calculated according to ns�10−2�
np�10−2�nd�10−2�-CI and the estimated-TEs from
ns�10−2�np�10−2�nd�10−2�nf�10−2�-CI, which are equal to
TE�ns�10−2�np�10−2�nd�10−2�-CI�+CEf�ns�10−2�np�10−1�nd
�10−1�nf�10−2�-CI�, are listed in Table III. We also show the
�total� CEs in Fig. 1.

Table II shows that the CEs has a maximum, and CEp,
CEd, and CEf have small humps as discussed previously. We
see that the �total� CE decreases monotonically as the nuclear
charge Z increases, since the decrease in the sum of the
higher partial CEs overcomes the increase in CEs for smaller
Z; the decrease in CEs overcomes the increase in higher-
partial CEs for intermediate Z, and all the partial CEs de-
crease for larger Z �see Fig. 1�. The behavior of the CE is
explained as follows. For small Z, CE decreases in parallel
with the nonrelativistic CE, because the relativistic effects in
the Hamiltonian are small. For middle Z, relativistic effects
reduce the electron charge cloud, which leads to larger �CEs�,
but this is canceled out by increasing relativistic precorrela-
tion effects13 from the increase in Z, arising intrinsically
from spinors consisting of small and large components, so

keeping CE nearly constant. For large Z, further reduction in
the charge distribution surpasses the relativistic precorrela-
tion effects, causing a strong decrease in CE.

The present results confirm those determined by relativ-
istic Hylleraas CI.5,6 However, CE estimated by
ns�10−2�np�10−2�nd�10−2�nf�10−2�-CI overtakes that from
Hylleraas at 38Sr and that from CE by
ns�10−2�np�10−2�nd�10−2�-CI at 48Cd. Although the nucleus
models used in the relativistic Hylleraas calculation and the
present work differ, we believe that the two models give
almost identical CEs, especially for atoms with Z�54. Prob-
ably the use of the larger two-electron basis sets than by
PK5,6 brings the Hylleraas CI results closer to the present
values.

We finally consider the error in the present calculation.
Geometric extrapolation gave shortfalls of up to �0.000 00,
�0.000 16, �0.000 02, and �0.000 01 hartree for CEs, CEp,
CEd, and CEf because of the truncation in the s+, p−, p+, d−,
d+, f−, and f+ spinors, resulting in errors of not more
than �0.0002 hartree in TEs estimated with
ns�10−2�np�10−2�nd�10−2�nf�10−2�-CI. Geometric extrapola-
tion also reveals �0.0006-hartree shortfalls at maximum
from disregarding spinors with greater angular momentum
than f . As a result, the estimated TEs in Table III are ex-
pected to be higher than the exact energies by not more than
0.001 hartree.

V. CONCLUSION

The relativistic correlation energies �CEs� for the He iso-
electronic sequence from 2He to 116Uuh have been investi-
gated by means of configuration-interaction �CI� calcula-
tions. The basis set for the CI calculations comprised the
DFR 1s+ spinors plus pGTFs selected from 80s+, 80p−, 80p+,
80d−, 80d+, 80f−, and 80f+ pGTFs. In contrast to the results
of relativistic Hylleraas CI, the �total� CEs decrease mono-
tonically with increasing nuclear charge as MCDF. The
present CE overtakes the Hylleraas CE at 38Sr, confirming
again the appropriateness of the MCDF results. The CE be-
gins at �0.0416 hartree for 2He and ends at �0.0844 hartree
with 116Uuh. The absolute values would be enlarged by not
more than 0.001 hartree if we do not impose any restrictions
on the spinors employed.
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