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ARTICLE INFO ABSTRACT

Editor: Prof Matteo Novaga We consider the Keller-Segel system of parabolic-elliptic type with logistic growth u — |u|*~'s' in
the whole space R", where n >3, 1 <k <2, and / € {0, 1}. We show the existence and unique-

ness of local mild solutions « for initial data a € B;§+"/ ?(R") under the conditions n/2 < p < n,

Keywords:

Keller-Segel system s . . . .
eroesel sy 1 <q< o0, and 2p/n < k < 2. In addition, partial smoothing effects of the mild solutions u are
Logistic growth

Smoothing effects investigated. More precisely, we show that u satisfy the original system in a classical sense and
Besov spaces have the property u € C'* 10, T]; L2 (R")) n LY ((0,T]; C***(R")). According to the regularities of
the term |u|*~'u' with the power nonlinearity, such regularities for u seem to be optimal under

the general framework beyond the physical sense.

1. Introduction

Let us consider the initial value problem for the Keller—Segel system of parabolic-elliptic type with logistic growth in the whole
space R", n > 3;

u=Au—V-uVo)+au—folul*"u', t>0,xeR",
0=Av—-pv+u, >0, xeR", 1.1
u(0, x) = a(x), x €R",

where u = u(t, x) and v = v(t, x) are the unknown functions standing for the density of the cell and the concentration of the chemo-
attractant, respectively. In addition, a = a(x) is the given initial datum and «, §;, f; € [0,), 1 <k <2, and / € {0,1} are the given
constants.

In this paper, we show the existence and uniqueness of local mild solutions of (1.1) with initial data a € B_2+"/ P(R™) under the
conditions n/2 < p<n, 1 £ q < o0, and 2p/n < k < 2, where By (R") denotes the Besov spaces defined in Sectlon 2. In addition, we
also show that the mild solution of (1.1) has partial smoothlng effects so that the mild solution satisfies the original system (1.1) in
a classical sense, even for the quite singular initial data.

In the case of @ = f, = 0, the corresponding system to (1.1) is known as the usual Keller—Segel system of parabolic-elliptic type [1].
This system is a mathematical model describing the phenomenon of chemotaxis, and thus there are various works on mathematical
analysis. One of the typical mathematical topics is a construction of solutions with initial data « in various function spaces: In
the case of a = f, = f; =0, we observe that the pair (u,(t,x), v,(t,x)) := (A2u(4*1, Ax), v(A*t, Ax)) of functions satisfies the first and
second equations of (1.1) for any 4 > 0, provided that (u, v) is a global smooth solution of (1.1). Since the corresponding initial data
necessarily satisfy u,;(0, x) = A%u(0, Ax), we observe that L"/2(R"), H=2*"/P?(R"), and B, 2+" /P(R") are scaling invariant spaces to (1.1)
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\begin {equation}\label {preKSlog} \left \{\begin {aligned} &\partial _tu =\Delta u-\nabla \cdot (u\nabla v)+\alpha u-\beta _0|u|^{\kappa -l}u^l, & t>0, \, x &\in \mathbb {R}^n, \\& 0 =\Delta v-\beta _1 v+u, & t>0, \, x &\in \mathbb {R}^n, \\& u(0,x) = a(x), & x &\in \mathbb {R}^n, \end {aligned}\right .\end {equation}
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\begin {equation*}B_{p,q}^{-2+n/p}(\mathbb {R}^n) =(\dot {B}_{p,q}^{-2+n/p}+L^p)(\mathbb {R}^n) := \left \{\varphi =\varphi _0+\varphi _1 \, \left | \, \varphi _0 \in \dot {B}_{p,q}^{-2+n/p}(\mathbb {R}^n) , \, \varphi _1 \in L^p(\mathbb {R}^n) \right .\right \}\end {equation*}


$n/2<p<\infty $
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\begin {equation*}u \in L_{\mathrm {loc}}^2([0,\infty )\times \overline {\Omega }) \cap L_{\mathrm {loc}}^1([0,\infty );L^1(\Omega )), \quad \partial _x u \in L_{\mathrm {loc}}^1([0,\infty );L^1(\Omega )), \quad v \in L_{\mathrm {loc}}^2([0,\infty );H^{1,2}(\Omega ))\end {equation*}
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\begin {equation*}\left \{\begin {aligned} &\partial _tu =\Delta u+\lambda |u|^{\kappa -l}u^l, & t>0, \, x &\in \mathbb {R}^n, \\& u(0,x) = a(x), & x &\in \mathbb {R}^n, \end {aligned}\right .\end {equation*}
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$(0,T) \times \mathbb {R}^n$
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$1<\kappa <2$


$l=1$
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$\theta $


$\partial _t(|u|^{\kappa -1}u)=\kappa |u|^{\kappa -1}\partial _tu$


$\nabla (|u|^{\kappa -1}u)=\kappa |u|^{\kappa -1}\nabla u$


\begin {equation*}|u|^{\kappa -1}u \in C_{\mathrm {loc}}^{\kappa }((0,T];C(\mathbb {R}^n)) \cap C_{\mathrm {loc}}^{\kappa -1}((0,T];C^1(\mathbb {R}^n)) \cap C^1((0,T];C_{\mathrm {loc}}^{\kappa -1}(\mathbb {R}^n)) \cap C((0,T];C_{\mathrm {loc}}^{\kappa }(\mathbb {R}^n)).\end {equation*}
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\begin {equation}\label {regexp} \begin {aligned} u &\in C_{\mathrm {loc}}^{\kappa +1}((0,T];C(\mathbb {R}^n)) \cap C_{\mathrm {loc}}^{\kappa }((0,T];C^2(\mathbb {R}^n)) \cap C_{\mathrm {loc}}^{\kappa -1}((0,T];C^3(\mathbb {R}^n)) \\ &\quad \cap C^2((0,T];C_{\mathrm {loc}}^{\kappa -1}(\mathbb {R}^n)) \cap C^1((0,T];C_{\mathrm {loc}}^{\kappa +1}(\mathbb {R}^n)) \cap C((0,T];C_{\mathrm {loc}}^{\kappa +2}(\mathbb {R}^n)) \end {aligned}\end {equation}
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$a \not \equiv 0$


$u^{\kappa }$


$u$


$a \in B_{p,q}^{-2+n/p}(\mathbb {R}^n)$


$a$


$v$


$v=(\beta _1 I-\Delta )^{-1}u$


\begin {equation}\label {KSlog} \left \{\begin {aligned} &\partial _tu-(\alpha I+\Delta ) u =-\nabla \cdot (u\mathcal {K}_{\beta _1}u)-\beta _0|u|^{\kappa -l}u^l && \text {in $(0,\infty ) \times \mathbb {R}^n$}, \\ &u(0) = a && \text {in $\mathbb {R}^n$}, \end {aligned}\right .\end {equation}
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\begin {equation}\label {expcond3} \left \{\begin {aligned} &2-\frac {n}{p} <s_0<\min \left \{1,2-\frac {1}{\kappa -1}\left (2-\frac {n}{p}\right )\right \}, \\& \max \left \{2-\frac {n}{p},2\kappa -n-(\kappa -1)s_0\right \} <s_1<\min \left \{3-\frac {n}{p}-s_0,(\kappa -1)(2-s_0)\right \} \end {aligned}\right .\end {equation}
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\begin {equation}\label {INT} u(t)=e^{t(\alpha I+\Delta )}a-\int _0^te^{(t-\tau )(\alpha I+\Delta )}\left (\nabla \cdot (u\mathcal {K}_{\beta _1}u)+\beta _0|u|^{\kappa -l}u^l \right )d\tau \end {equation}


\begin {equation}\label {solclass} u \in BC([0,T);B_{p,q}^{-2+n/p}(\mathbb {R}^n)), \quad t^{s_j/2}u \in BC([0,T);B_{p,1}^{s_j-2+n/p}(\mathbb {R}^n)), \quad u \in L^{2/s_j,q}((0,T);B_{p,1}^{s_j-2+n/p}(\mathbb {R}^n))\end {equation}
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\begin {equation*}\begin {aligned} {\Vert \varphi \Vert }_{H^{s,p}(\mathbb {R}^n)} &:= {\Vert {(I-\Delta )}^{s/2}\varphi \Vert }_{L^p(\mathbb {R}^n)},\\ {\Vert \varphi \Vert }_{B_{p,q}^s(\mathbb {R}^n)} &:={\Vert \dot {S}_0\varphi \Vert }_{L^p(\mathbb {R}^n)}+{\Vert {\lbrace 2^{sj}{\Vert \dot {\varDelta }_j\varphi \Vert } _{L^p(\mathbb {R}^n)}\rbrace }_{j \in \mathbb {N}}\Vert } _{l^q(\mathbb {N})}, \\ {\Vert \varphi \Vert }_{\dot {B}_{p,q}^s(\mathbb {R}^n)} &:= {\Vert {\lbrace 2^{sj}{\Vert \dot {\varDelta }_j\varphi \Vert } _{L^p(\mathbb {R}^n)}\rbrace }{j \in \mathbb {Z}}\Vert }_{l^q(\mathbb {Z})} \end {aligned}\end {equation*}


$H^{s,p}(\mathbb {R}^n)$


$B_{p,q}^s(\mathbb {R}^n)$


$1 \le p \le \infty $


$s \in \mathbb {R}$


$1 \le q \le \infty $


$\dot {B}_{p,q}^s(\mathbb {R}^n)$


$(s,q) \in (-\infty ,n/p) \times [1,\infty ]$


$(s,q)=(n/p,1)$


$\mathscr {S}'(\mathbb {R}^n) / \mathscr {P}(\mathbb {R}^n)$


$P \in \mathscr {P}(\mathbb {R}^n)$


$\dot {B}_{p,q}^s(\mathbb {R}^n)$


$1 \le p \le \infty $


$s \in \mathbb {R}$


$1 \le q \le \infty $


\begin {equation*}\|\varphi \|_{L_T^{\gamma }(X)} := \|\varphi \|_{L^{\gamma }((0,T);X)}, \quad \|\varphi \|_{L_T^{\gamma ,q}(X)} := \|\varphi \|_{L^{\gamma ,q}((0,T);X)}, \quad \|\varphi \|_{X \cap Y} := \|\varphi \|_X+\|\varphi \|_Y\end {equation*}


$X(\mathbb {R}^n)$


$\mathbb {R}^n$


$X := X(\mathbb {R}^n)$


$X \subset Y$


$\|\varphi \|_Y \le C\|\varphi \|_X$


$C>0$


$\varphi $


$1 \le p \le \infty $


$s \in \mathbb {R}$


\begin {equation*}\begin {aligned} B_{p,q_0}^s &\subset B_{p,q_1}^s \quad \text {for $1 \le q_0 \le q_1 \le \infty $}, & B_{p,\infty }^{s+\sigma } &\subset B_{p,1}^s \quad \text {for $\sigma >0$}, \\ B_{p,1}^s &\subset H^{s,p} \subset B_{p,\infty }^s, & \dot {B}_{p,1}^0 &\subset L^p \subset \dot {B}_{p,\infty }^0 \end {aligned}\end {equation*}


\begin {equation*}B_{p_0,q}^s \subset B_{p_1,q}^{s-n(1/p_0-1/p_1)}, \quad \dot {B}_{p_0,q}^s \subset \dot {B}_{p_1,q}^{s-n(1/p_0-1/p_1)}\end {equation*}


$1 \le p_0 \le p_1 \le \infty $


$s \in \mathbb {R}$


$1 \le q \le \infty $


$B_{p,1}^{k+n/p} \subset BUC^k$


$1 \le p \le \infty $


$k \in \mathbb {N} \cup \{0\}$


$B_{\infty ,\infty }^{k+\theta }=C^{k+\theta }$


$k \in \mathbb {N} \cup \{0\}$


$0<\theta <1$


$1 \le p \le \infty $


$s>0$


$1 \le q \le \infty $


$B_{p,q}^s \subset \dot {B}_{p,q}^s$


$\dot {B}_{p,q}^{-s} \subset B_{p,q}^{-s}$


\begin {equation*}\|\nabla \varphi \|_{B_{p,q}^{s-1}}+\|(-\Delta )^{\sigma /2}\varphi \|_{B_{p,q}^{s-\sigma }} \le C\|\varphi \|_{B_{p,q}^s}, \quad \|\nabla \varphi \|_{\dot {B}_{p,q}^{s-1}}+\|(-\Delta )^{\sigma /2}\varphi \|_{\dot {B}_{p,q}^{s-\sigma }} \le C\|\varphi \|_{\dot {B}_{p,q}^s}\end {equation*}


$C>0$


$\varphi $


$1 \le p \le \infty $


$s \in \mathbb {R}$


$j \in \mathbb {N}$


$a \in B_{p,\infty }^s$


$\dot {S}_ja \in B_{p,1}^{\sigma +s}$


$\sigma >0$


\begin {equation*}\|\dot {S}_ja\|_{B_{p,1}^{\sigma +s}} \le \frac {2^{\sigma (j+1)}C}{1-2^{-\sigma }}\|a\|_{B_{p,\infty }^s}, \quad \|(I-\dot {S}_j)a\|_{B_{p,\infty }^s} \le C\sup _{k \ge j}2^{sk}\|\dot {\varDelta }_ka\|_{L^p},\end {equation*}


$C>0$


$\sigma $


$j$


$a$


$I \subset [0,\infty )$


$X$


\begin {equation*}L^{\gamma ,\gamma }(I;X)=L^{\gamma }(I;X), \quad L^{\gamma ,q_0}(I;X) \subset L^{\gamma ,q_1}(I;X)\end {equation*}


$1<\gamma <\infty $


$1 \le q_0 \le q_1 \le \infty $


\begin {equation}\label {lorpower} \left \|\|\varphi \|_X^{\theta }\right \|_{L^{\gamma /\theta ,q/\theta }(I)}=\|\varphi \|_{L^{\gamma ,q}(I;X)}^{\theta }\end {equation}


$1<\gamma <\infty $


$1 \le q \le \infty $


$0<\theta \le 1$


$1<\gamma <\infty $


$1 \le q \le \infty $


$0<T \le \infty $


$\gamma _0,\gamma _1 \in (1,\infty )$


$q_0,q_1 \in [1,\infty ]$


$1/\gamma =1/\gamma _0+1/\gamma _1$


$1/q=1/q_0+1/q_1$


$\varphi _0 \in L^{\gamma _0,q_0}(0,T)$


$\varphi _1 \in L^{\gamma _1,q_1}(0,T)$


$\varphi _0\varphi _1 \in L^{\gamma ,q}(0,T)$


\begin {equation*}\|\varphi _0\varphi _1\|_{L_T^{\gamma ,q}} \le 2^{1/\gamma }\|\varphi _0\|_{L_T^{\gamma _0,q_0}}\|\varphi _1\|_{L_T^{\gamma _1,q_1}}.\end {equation*}


$T<\infty $


$\varphi _0 \in L^{\gamma _0,\infty }(0,T)$


$\varphi _0 \in L^{\gamma ,1}(0,T)$


\begin {equation*}\|\varphi _0\|_{L_T^{\gamma ,1}} \le \gamma _12^{1/\gamma }T^{1/\gamma _1}\|\varphi _0\|_{L_T^{\gamma _0,\infty }}.\end {equation*}


$0<\lambda <1-1/\gamma $


$f \in L^{(1/\gamma +\lambda )^{-1},q}((0,T);X)$


$\Psi $


\begin {equation*}\Psi (t) := \int _0^t (t-\tau )^{\lambda -1}\|f(\tau )\|_Xd\tau , \quad 0<t<T.\end {equation*}


$\Psi \in L^{\gamma ,q}(0,T)$


\begin {equation*}\|\Psi \|_{L_T^{\gamma ,q}} \le C\|f\|_{L_T^{(1/\gamma +\lambda )^{-1},q}(X)},\end {equation*}


$C>0$


$T$


$f$


$f \in L^{\gamma ,\infty }((0,T);X)$


\begin {equation*}\limsup _{\lambda \to \infty }\lambda \mu (t \in (0,T) \, | \, \|f(t)\|_X>\lambda )^{1/\gamma } \le \varepsilon \end {equation*}


$\varepsilon >0$


$M_{\varepsilon }>0$


$f_{\varepsilon } \in L^{\gamma ,\infty }((0,T);X)$


\begin {equation*}\|f_{\varepsilon }\|_{L^{\gamma ,\infty }_T(X)} \le 2\varepsilon , \quad \|f-f_{\varepsilon }\|_{L_T^{\infty }(X)} \le M_{\varepsilon }.\end {equation*}


$\varphi _1 \equiv 1$


$\|1\|_{L_T^{\gamma _1,1}}=\gamma _1T^{1/\gamma _1}$


$1 \le p \le \infty $


$s \in \mathbb {R}$


$a \in B_{p,\infty }^s$


$e^{t\Delta }a \in C^{\infty }((0,\infty );B_{p,1}^{s+\sigma })$


$\sigma >0$


\begin {equation*}\|e^{t\Delta }a\|_{B_{p,1}^{s+\sigma }} \le C(1+t^{-\sigma /2})\|a\|_{B_{p,\infty }^s}\end {equation*}


$t>0$


$C>0$


$t$


$a$


\begin {equation*}\|e^{t\Delta }a\|_{B_{p,1}^{s+\sigma }} \le Ct^{-\sigma /2}\|a\|_{B_{p,\infty }^s}\end {equation*}


$0<t \le 1$


$1 \le q \le \infty $


$a \in B_{p,q}^s$


$e^{t\Delta }a \in L^{2/\sigma ,q}((0,T);B_{p,1}^{s+\sigma })$


$0<\sigma <2$


$0<T<\infty $


\begin {equation*}\|e^{t\Delta }a\|_{L^{2/\sigma ,q}_T(B_{p,1}^{s+\sigma })} \le C(1+T^{\sigma /2})\|a\|_{B_{p,q}^s},\end {equation*}


$C>0$


$T$


$a$


$t \to +0$


$s \in \mathbb {R}$


$\alpha \ge 0$


$1 \le p<\infty $


$1 \le q <\infty $


$\sigma >0$


$a \in B_{p,q}^s$


\begin {equation*}\lim _{t \to +0}t^{\sigma /2}\|e^{t(\alpha I+\Delta )}a\|_{B_{p,1}^{s+\sigma }}=0.\end {equation*}


$1<p \le \infty $


$a \in B_{p,\infty }^s$


\begin {equation*}\lim _{t \to +0}\left <e^{t(\alpha I+\Delta )}a-a,\psi \right > =0\end {equation*}


$\psi \in B_{p',1}^{-s}$


$p' := p/(p-1)$


$1<p \le \infty $


$s_0 \in \mathbb {R}$


$0<\sigma <2$


$0<T \le 1$


$f \in L_{\mathrm {loc}}^{\infty }((0,T];B_{p,\infty }^{s_0})$


\begin {equation*}M := \sup _{0<t<T}\left (t^{\sigma /2}\|f(t)\|_{B_{p,\infty }^{s_0}}+\left \|\int _0^te^{(t-\tau )(\alpha I+\Delta )}f(\tau )d\tau \right \|_{B_{p,\infty }^s}\right )<\infty ,\end {equation*}


\begin {equation*}\lim _{t \to +0}\left <\int _0^te^{(t-\tau )(\alpha I+\Delta )}f(\tau )d\tau ,\psi \right >=0\end {equation*}


$\psi \in B_{p',1}^{-s}$


$1 \le p_0<\infty $


$p_0 \le p \le \infty $


$s_0,s \in \mathbb {R}$


$k \in \{0,1\}$


$\alpha \ge 0$


$0<T<\infty $


$f \in L^1((0,T);H^{s_0,p_0})$


$F$


\begin {equation}\label {fdef} F(t) := \int _0^t e^{(t-\tau )(\alpha I+\Delta )}f(\tau )d\tau , \quad 0<t<T.\end {equation}


$f,\partial _t^kf \in L_{\mathrm {loc}}^{\infty }((0,T];B_{p,\infty }^s)$


\begin {equation*}\partial _t^kF \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{p,1}^{s+2\theta }), \quad \partial _t^{k+1}F,\Delta \partial _t^kF \in L_{\mathrm {loc}}^{\infty }((0,T];B_{p,\infty }^s).\end {equation*}


$0<\gamma <1$


$f \in C_{\mathrm {loc}}^{k+\gamma }((0,T];X^s)$


\begin {equation*}F \in C_{\mathrm {loc}}^{k+1+\gamma }((0,T];X^s) \cap C_{\mathrm {loc}}^{k+\gamma }((0,T];X^{s+2}),\end {equation*}


$X^s$


$H^{s,p_0}$


$BUC^s$


$s \in \mathbb {N} \cup \{0\}$


$\mathcal {K}_{\beta _1}=\nabla (\beta _1 I-\Delta )^{-1}$


$1<r<\infty $


$\beta _1 \ge 0$


$\varphi \in L^{(1/r+1/n)^{-1}}$


$\mathcal {K}_{\beta _1}\varphi \in (L^r)^n$


\begin {equation*}\|\mathcal {K}_{\beta _1}\varphi \|_{L^r} \le C\|\varphi \|_{L^{(1/r+1/n)^{-1}}},\end {equation*}


$C>0$


$\varphi $


\begin {equation}\label {potendecom} \mathcal {K}_{\beta _1} =\nabla (-\Delta )^{-1}(\beta _1 I-\Delta -\beta _1 I)(\beta _1 I-\Delta )^{-1} =\nabla (-\Delta )^{-1}(I-\beta _1(\beta _1 I-\Delta )^{-1})\end {equation}


$\beta _1 \ge 0$


$I-\beta _1(\beta _1 I-\Delta )^{-1}$


$L^r$


$1<r<\infty $


\begin {equation*}\|\mathcal {K}_{\beta _1}\varphi \|_{L^r} \le C\|\nabla (-\Delta )^{-1}\varphi \|_{L^r} \le C\|\varphi \|_{\dot {H}^{-1,r}},\end {equation*}


$\dot {H}^{-1,r}$


$L^{(1/r+1/n)^{-1}} \subset \dot {H}^{-1,r}$


$\nabla \cdot (u\mathcal {K}_{\beta _1}u)$


$|u|^{\kappa -l}u^l$


$n/2<p<n$


$1<\kappa <2$


$l \in \{0,1\}$


$\beta _1 \ge 0$


$s_0$


$s_1$


$r$


$r_*$


\begin {equation}\label {expcond1} \left \{\begin {gathered} 2-\frac {n}{p} <s_0<1, \quad \max \left \{2-\frac {n}{p},2\kappa -n-(\kappa -1)s_0\right \} <s_1<2, \\ \frac {1}{r} =(\kappa -1)\frac {2-s_0}{n}+\frac {2-s_1}{n}, \quad \frac {1}{r_*} =\frac {1-s_0}{n}+\frac {2-s_1}{n}. \end {gathered}\right .\end {equation}


\begin {equation*}\|\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0)\|_{H^{\eta -1,r_*}} \le C\|\varphi _1\|_{H^{\eta +s_1-2+n/p,p}}\|\varphi _0\|_{H^{\eta +s_0-2+n/p,p}}\end {equation*}


$\eta \ge 0$


$\varphi _j \in H^{\eta +s_j-2+n/p,p}$


$j \in \{0,1\}$


$C>0$


$\varphi _0$


$\varphi _1$


\begin {equation*}\||\varphi _1|^{\kappa -l}\varphi _1^l-|\varphi _0|^{\kappa -l}\varphi _0^l\|_{L^{(1/r-\sigma /n)^{-1}}} \le C(\|\varphi _1\|_{H^{s_0-2+n/p,p}}^{\kappa -1}+\|\varphi _0\|_{H^{s_0-2+n/p,p}}^{\kappa -1})\|\varphi _1-\varphi _0\|_{H^{\sigma +s_1-2+n/p,p}}\end {equation*}


$0 \le \sigma <2-s_1$


$\varphi _0,\varphi _1 \in H^{s_0-2+n/p,p} \cap H^{\sigma +s_1-2+n/p,p}$


\begin {equation*}\frac {n}{1-s_0},\frac {n}{2-s_1},r,r_* \in (1,\infty )\end {equation*}


\begin {equation*}\|\mathcal {K}_{\beta _1}\varphi _0\|_{H^{\eta ,n/(1-s_0)}}=\|\mathcal {K}_{\beta _1}(I-\Delta )^{\eta /2}\varphi _0\|_{L^{n/(1-s_0)}} \le C\|\varphi _0\|_{H^{\eta ,n/(2-s_0)}}\end {equation*}


$H^{\eta +s_j-2+n/p,p} \subset H^{\eta ,n/(2-s_j)}$


$j \in \{0,1\}$


\begin {equation*}\|\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0)\|_{H^{\eta -1,r_*}} \le C\|\varphi _1\|_{H^{\eta ,n/(2-s_1)}}\|\mathcal {K}_{\beta _1}\varphi _0\|_{H^{\eta ,n/(1-s_0)}} \le C\|\varphi _1\|_{H^{\eta +s_1-2+n/p,p}}\|\varphi _0\|_{H^{\eta +s_0-2+n/p,p}}.\end {equation*}


\begin {equation*}H^{s_0-2+n/p,p} \subset L^{n/(2-s_0)}, \quad H^{\sigma +s_1-2+n/p,p} \subset L^{n/(2-s_1-\sigma )}\end {equation*}


\begin {equation*}\frac {1}{r}-\frac {\sigma }{n}=(\kappa -1)\frac {2-s_0}{n}+\frac {2-s_1-\sigma }{n},\end {equation*}


\begin {equation*}\begin {aligned} \||\varphi _1|^{\kappa -l}\varphi _1^l-|\varphi _0|^{\kappa -l}\varphi _0^l\|_{L^{(1/r-\sigma /n)^{-1}}} &\le 2(\|\varphi _1\|_{L^{n/(2-s_0)}}^{\kappa -1}+\|\varphi _0\|_{L^{n/(2-s_0)}}^{\kappa -1})\|\varphi _1-\varphi _0\|_{L^{n/(2-s_1-\sigma )}} \\ &\le C(\|\varphi _1\|_{H^{s_0-2+n/p,p}}^{\kappa -1}+\|\varphi _0\|_{H^{s_0-2+n/p,p}}^{\kappa -1})\|\varphi _1-\varphi _0\|_{H^{\sigma +s_1-2+n/p,p}}, \end {aligned}\end {equation*}


$n/2<p<n$


$2p/n<\kappa <2$


$s_0$


$s_1$


$r$


$r_*$


\begin {equation*}\frac {1}{r}=(\kappa -1)\frac {2-s_0}{n}+\frac {2-s_1}{n}, \quad \frac {1}{r_*}=\frac {1-s_0}{n}+\frac {2-s_1}{n},\end {equation*}


\begin {equation*}1<r<\frac {n}{2}, \quad \frac {n}{3}<r_*<p, \quad 0<n\left (\frac {1}{r}-\frac {1}{p}\right )<2-s_1.\end {equation*}


\begin {equation*}\begin {aligned} 1-\left (2-\frac {n}{p}\right ) &= \frac {n}{p}-1>0, \\ 2-\frac {1}{\kappa -1}\left (2-\frac {n}{p}\right )-\left (2-\frac {n}{p}\right ) &=\frac {n}{p}-\frac {1}{\kappa -1}\left (2-\frac {n}{p}\right )>\frac {n}{p}-\frac {n}{2p-n} \cdot \left (2-\frac {n}{p}\right )=0, \end {aligned}\end {equation*}


$s_0$


$2-n/p<s_0<\min \{1,2-(\kappa -1)^{-1}(2-n/p)\}$


\begin {equation*}\begin {aligned} 3-\frac {n}{p}-s_0-\left (2-\frac {n}{p}\right ) &=1-s_0>0, \\ (\kappa -1)(2-s_0)-\left (2-\frac {n}{p}\right ) &= (\kappa -1)\left \{2-\frac {1}{\kappa -1}\left (2-\frac {n}{p}\right )-s_0\right \}>0, \\ 3-\frac {n}{p}-s_0-\{2\kappa -n-(\kappa -1)s_0\} &= n+3-\frac {n}{p}-2\kappa -(2-\kappa )s_0>n+3-2-2\kappa -(2-\kappa )=n-\kappa -1>0, \\ (\kappa -1)(2-s_0)-\{2\kappa -n-(\kappa -1)s_0\} &=n-2>0. \end {aligned}\end {equation*}


$s_1$


\begin {equation*}n-2-\{(\kappa -1)(2-s_0)-s_1\}>n-2-(\kappa -1)(2-s_0)+2\kappa -n-(\kappa -1)s_0=0\end {equation*}


$(\kappa -1)(2-s_0)-s_1>0$


$0<n/r-2<n-2$


$r$


$(\kappa -1)(2-s_0)-s_1=n/r-2$


$r_*$


$0<s_0+s_1<3-n/p$


$s_0+s_1=3-n/r_*$


$n/3<r_*<p$


\begin {equation*}2-s_1-n\left (\frac {1}{r}-\frac {1}{p}\right ) =2-s_1-\{(\kappa -1)(2-s_0)+2-s_1\}+\frac {n}{p}=(\kappa -1)\left \{s_0-2+\frac {n}{(\kappa -1)p}\right \}>(\kappa -1)\left (\frac {1}{\kappa -1}-1\right )\frac {n}{p}>0,\end {equation*}


$n/2<p<n$


$1 \le q \le \infty $


$2p/n<\kappa <2$


$l \in \{0,1\}$


$\alpha ,\beta _1 \in [0,\infty )$


$0<T \le 1$


$s_0$


$s_1$


\begin {equation*}t^{s_j/2}u,t^{s_j/2}v \in L^{\infty }((0,T);H^{s_j-2+n/p,p}), \quad u,v \in L^{2/s_j,q}((0,T);H^{s_j-2+n/p,p})\end {equation*}


$j \in \{0,1\}$


$\mathcal {I}(u,v)$


$\mathcal {J}(u,v)$


\begin {equation}\label {ijdef} \left \{\begin {aligned} \mathcal {I}(u,v)(t) &:= \int _0^t e^{(t-\tau )(\alpha I+\Delta )}\nabla \cdot (u\mathcal {K}_{\beta _1}v)d\tau , & 0&<t<T, \\ \mathcal {J}(u,v)(t) &:= \int _0^t e^{(t-\tau )(\alpha I+\Delta )}(|u|^{\kappa -l}u^l-|v|^{\kappa -l}v^l)d\tau , & 0&<t<T, \end {aligned}\right .\end {equation}


\begin {equation*}\|\mathcal {I}(u,v)(t)\|_{B_{p,1}^{s_*-2+n/p}} \le Ce^{\alpha }t^{-s_*/2}[u]_{X_t}[v]_{X_t}, \quad \|\mathcal {J}(u,v)(t)\|_{B_{p,1}^{s_*-2+n/p}} \le Ce^{\alpha }t^{-s_*/2}([u]_{X_t}^{\kappa -1}+[v]_{X_t}^{\kappa -1})[u-v]_{X_t}\end {equation*}


$0<t<T$


$s_* \in \{0,s_0,s_1\}$


\begin {equation*}[u]_{X_t} := \sum _{j=0}^1\sup _{0<\tau <t}\tau ^{s_j/2}\|u(\tau )\|_{H^{s_j-2+n/p,p}}\end {equation*}


$C>0$


$\alpha $


$t$


$T$


$u$


$v$


\begin {equation*}\sum _{j=0}^1\|\mathcal {I}(u,v)\|_{L_t^{2/s_j,q}(B_{p,1}^{s_j-2+n/p})} \le Ce^{\alpha }[u]_{Y_t}[v]_{Y_t}, \quad \sum _{j=0}^1\|\mathcal {J}(u,v)\|_{L_t^{2/s_j,q}(B_{p,1}^{s_j-2+n/p})} \le Ce^{\alpha }([u]_{Y_t}^{\kappa -1}+[v]_{Y_t}^{\kappa -1})[u-v]_{Y_t}\end {equation*}


$0<t<T$


$j \in \{0,1\}$


\begin {equation*}[u]_{Y_t} := \sum _{j=0}^1\|u\|_{L_t^{2/s_j,q}(H^{s_j-2+n/p,p})}.\end {equation*}


$\mathcal {I}(u,v)$


$r_*$


$1/r_*=(1-s_0)/n+(2-s_1)/n$


$n/3<r_*<p<n$


$B_{r_*,1}^{s_*-2+n/r_*} \subset B_{p,1}^{s_*-2+n/p}$


\begin {equation*}\|e^{t(\alpha I+\Delta )}\nabla \cdot (u\mathcal {K}_{\beta _1}v)\|_{B_{p,1}^{s_*-2+n/p}} \le Ce^{\alpha t}\|e^{t\Delta }\nabla \cdot (u\mathcal {K}_{\beta _1}v)\|_{B_{r_*,1}^{s_*-2+n/r_*}} \le Ce^{\alpha }t^{-(1/2)(s_*-1+n/r_*)}\|\nabla \cdot (u\mathcal {K}_{\beta _1}v)\|_{B_{r_*,\infty }^{-1}}\end {equation*}


$0<t<T$


$s_* \in \{0,s_0,s_1\}$


$H^{-1,r_*} \subset B_{r_*,\infty }^{-1}$


\begin {equation*}\|e^{t(\alpha I+\Delta )}\nabla \cdot (u\mathcal {K}_{\beta _1}v)\|_{B_{p,1}^{s_*-2+n/p}} \le Ce^{\alpha }t^{-s_*/2-1+s_0/2+s_1/2}\|u\|_{H^{s_1-2+n/p,p}}\|v\|_{H^{s_0-2+n/p,p}}.\end {equation*}


\begin {equation}\label {betaint} \int _0^t(t-\tau )^{\lambda -1}\tau ^{\mu -1}d\tau =B(\lambda ,\mu )t^{\lambda +\mu -1}\end {equation}


$t>0$


$\lambda ,\mu \in (0,\infty )$


$B(\lambda ,\mu ) := \int _0^1(1-\tau )^{\lambda -1}\tau ^{\mu -1}d\lambda <\infty $


\begin {equation*}\|\mathcal {I}(u,v)(t)\|_{B_{p,1}^{s_*-2+n/p}} \le Ce^{\alpha }[u]_{X_t}[v]_{X_t}\int _0^t(t-\tau )^{-s_*/2-1+s_0/2+s_1/2}\tau ^{-s_1/2}\tau ^{-s_0/2}d\tau \le Ce^{\alpha }t^{-s_*/2}[u]_{X_t}[v]_{X_t}\end {equation*}


$0<t<T$


$s_0+s_1<2$


\begin {equation*}\sum _{j=0}^1\|\mathcal {I}(u,v)\|_{L_t^{2/s_j,q}(B_{p,1}^{s_j-2+n/p})} \le Ce^{\alpha }\left \| \|u\|_{H^{s_1-2+n/p,p}}\|v\|_{H^{s_0-2+n/p,p}} \right \|_{L_t^{2/(s_0+s_1),q}} \le Ce^{\alpha }[u]_{Y_t}[v]_{Y_t}.\end {equation*}


$\mathcal {J}(u,v)$


$r$


$1/r=(\kappa -1)(2-s_0)/n+(2-s_1)/n$


$1<r<n/2<p$


$B_{r,1}^{s_*-2+n/r} \subset B_{p,1}^{s_*-2+n/p}$


\begin {equation*}\|e^{t(\alpha I+\Delta )}(|u|^{\kappa -l}u^l-|v|^{\kappa -l}v^l)\|_{B_{p,1}^{s_*-2+n/p}} \le Ce^{\alpha t}\|e^{t\Delta }(|u|^{\kappa -l}u^l-|v|^{\kappa -l}v^l)\|_{B_{r,1}^{s_*-2+n/r}} \le Ce^{\alpha }t^{-(1/2)(s_*-2+n/r)}\||u|^{\kappa -l}u^l-|v|^{\kappa -l}v^l\|_{B_{r,\infty }^0}\end {equation*}


$0<t<T$


$s_* \in \{0,s_0,s_1\}$


$L^r \subset B_{r,\infty }^0$


\begin {equation*}\|e^{t(\alpha I+\Delta )}(|u|^{\kappa -l}u^l-|v|^{\kappa -l}v^l)\|_{B_{p,1}^{s_*-2+n/p}} \le Ce^{\alpha }t^{-s_*/2-\kappa +1+(\kappa -1)s_0/2+s_1/2}(\|u\|_{H^{s_0-2+n/p,p}}^{\kappa -1}+\|v\|_{H^{s_0-2+n/p,p}}^{\kappa -1})\|u-v\|_{H^{s_1-2+n/p,p}}.\end {equation*}


\begin {equation*}\begin {aligned} \|\mathcal {J}(u,v)(t)\|_{B_{p,1}^{s_*-2+n/p}} &\le Ce^{\alpha }([u]_{X_t}^{\kappa -1}+[v]_{X_t}^{\kappa -1})[u-v]_{X_t}\int _0^t(t-\tau )^{-s_*/2-\kappa +1+(\kappa -1)s_0/2+s_1/2}\tau ^{-(\kappa -1)s_0/2}\tau ^{-s_1/2}d\tau \\ &\le Ce^{\alpha }t^{-s_*/2+(2-\kappa )}([u]_{X_t}^{\kappa -1}+[v]_{X_t}^{\kappa -1})[u-v]_{X_t} \end {aligned}\end {equation*}


$\kappa <2$


$s_0+s_1<2$


$\gamma $


\begin {equation*}\frac {1}{\gamma }=(\kappa -1)\frac {s_0}{2}+\frac {s_1}{2}+(2-\kappa ),\end {equation*}


$1<\gamma <\infty $


$s_1<(\kappa -1)(2-s_0)$


\begin {equation*}\|\varphi _0\varphi _1\|_{L_t^{\gamma ,q}} \le Ct^{2-\kappa }\|\varphi _0\varphi _1\|_{L_t^{((\kappa -1)s_0/2+s_1/2)^{-1},q}} \le C\|\varphi _0\|_{L_t^{2/((\kappa -1)s_0),q}}\|\varphi _1\|_{L_t^{2/s_1,q}}\end {equation*}


$\varphi _0 \in L^{2/((\kappa -1)s_0),q}(0,t)$


$\varphi _1 \in L^{2/s_1,q}(0,t)$


$0<t \le 1$


\begin {equation*}\begin {aligned} \|\mathcal {J}(u,v)\|_{L_t^{2/s_j,q}(B_{p,1}^{s_j-2+n/p})} &\le Ce^{\alpha }\left \| (\|u\|_{H^{s_0-2+n/p,p}}^{\kappa -1}+\|v\|_{H^{s_0-2+n/p,p}}^{\kappa -1})\|u-v\|_{H^{s_1-2+n/p,p}} \right \|_{L_t^{\gamma ,q}} \\ &\le Ce^{\alpha }\left (\left \| \|u\|_{H^{s_0-2+n/p,p}}^{\kappa -1} \right \|_{L_t^{2/((\kappa -1)s_0),q}}+\left \| \|u\|_{H^{s_0-2+n/p,p}}^{\kappa -1} \right \|_{L_t^{2/((\kappa -1)s_0),q}}\right )\|u-v\|_{L_t^{2/s_1,q}(H^{s_1-2+n/p,p})} \\ &\le Ce^{\alpha }([u]_{Y_t}^{\kappa -1}+[v]_{Y_t}^{\kappa -1})[u-v]_{Y_t} \end {aligned}\end {equation*}


$0<t<T$


$0<T \le 1$


\begin {equation}\label {ztdef} Z_T := \left \{u \, \left | \, \begin {gathered} u \in BC([0,T);B_{p,q}^{-2+n/p}), \quad t^{s_j/2}u \in BC([0,T);B_{p,1}^{s_j-2+n/p}), \quad u \in L^{2/s_j,q}((0,T);B_{p,1}^{s_j-2+n/p}), \\ \lim _{t \to +0}t^{s_j/2}\|u(t)\|_{B_{p,1}^{s_j-2+n/p}}=0, \quad j \in \{0,1\} \end {gathered}\right .\right \}\end {equation}


$\|u\|_{Z_T} := \|u\|_{L_T^{\infty }(B_{p,q}^{-2+n/p})}+\|u\|_{X_T}+\|u\|_{Y_T}$


\begin {equation}\label {xtytdef} \|u\|_{X_t} := \sum _{j=0}^1\sup _{0<\tau <t}\tau ^{s_j/2}\|u(\tau )\|_{B_{p,1}^{s_j-2+n/p}}, \quad \|u\|_{Y_t} := \sum _{j=0}^1\|u\|_{L_t^{2/s_j,q}(B_{p,1}^{s_j-2+n/p})}\end {equation}


$0<t<T$


$\Phi $


\begin {equation}\label {phidef} \Phi u(t) := e^{t(\alpha I+\Delta )}a-\int _0^te^{(t-\tau )(\alpha I+\Delta )}\left (\nabla \cdot (u\mathcal {K}_{\beta _1}u)+\beta _0|u|^{\kappa -l}u^l \right )d\tau = e^{t(\alpha I+\Delta )}a-\mathcal {I}(u,u)(t)-\beta _0\mathcal {J}(u,0)(t), \quad 0<t<T\end {equation}


$u \in Z_T$


$\mathcal {I}(u,v)$


$\mathcal {J}(u,v)$


\begin {equation*}\begin {aligned} \|\Phi u(t)\|_{B_{p,q}^{-2+n/p}} &\le \|e^{t(\alpha I+\Delta )}a\|_{B_{p,q}^{-2+n/p}}+Ce^{\alpha }(\|u\|_{X_t}^2+\|u\|_{X_t}^{\kappa }), \\ \|\Phi u(t)\|_{B_{p,1}^{s_j-2+n/p}} &\le \|e^{t(\alpha I+\Delta )}a\|_{B_{p,1}^{s_j-2+n/p}}+Ce^{\alpha }t^{-s_j/2}(\|u\|_{X_t}^2+\|u\|_{X_t}^{\kappa }) \end {aligned}\end {equation*}


$u \in Z_T$


$0<t<T$


$j \in \{0,1\}$


$\lim _{t \to +0}\|\Phi u\|_{X_t}=0$


$1 \le q<\infty $


\begin {equation*}\|\Phi u\|_{L_T^{2/s_j,q}(B_{p,1}^{s_j-2+n/p})} \le C\|e^{t(\alpha I+\Delta )}a\|_{L_T^{2/s_j,q}(B_{p,1}^{s_j-2+n/p})}+Ce^{\alpha }(\|u\|_{Y_T}^2+\|u\|_{Y_T}^{\kappa }),\end {equation*}


\begin {equation}\label {phiztnorm} \left \{\begin {aligned} &\|\Phi u\|_{X_T \cap Y_T} \le Ce^{\alpha }\|e^{t\Delta }a\|_{X_T \cap Y_T}+Ce^{\alpha }(\|u\|_{X_T \cap Y_T}^2+\|u\|_{X_T \cap Y_T}^{\kappa }), \\& \|\Phi u\|_{Z_T} \le Ce^{\alpha }\|e^{t\Delta }a\|_{Z_T}+Ce^{\alpha }(\|u\|_{X_T \cap Y_T}^2+\|u\|_{X_T \cap Y_T}^{\kappa }). \end {aligned}\right .\end {equation}


\begin {equation}\label {iniztnorm} \|e^{t\Delta }a\|_{Z_T} \le C\|a\|_{B_{p,q}^{-2+n/p}},\end {equation}


$\Phi u \in Z_T$


$u \in Z_T$


\begin {equation*}\Phi u(t)-\Phi v(t) = -\mathcal {I}(u-v,u)(t)-\mathcal {I}(v,u-v)(t)-\beta _0\mathcal {J}(u,v)(t)\end {equation*}


$u,v \in Z_T$


$0<t<T$


\begin {equation}\label {phiztsub} \|\Phi u-\Phi v\|_{Z_T} \le Ce^{\alpha }\left (\|u\|_{X_T \cap Y_T}+\|u\|_{X_T \cap Y_T}^{\kappa -1}+\|v\|_{X_T \cap Y_T}+\|v\|_{X_T \cap Y_T}^{\kappa -1} \right )\|u-v\|_{Z_T}.\end {equation}


$0<T \le 1$


\begin {equation}\label {iniztsmall} \|e^{t\Delta }a\|_{X_T \cap Y_T} \le (8Ce^{\alpha })^{-\kappa /(\kappa -1)}\end {equation}


$1 \le q<\infty $


$u,v \in Z_T$


\begin {equation}\label {uvztsmall} \max \{\|u\|_{X_T \cap Y_T},\|v\|_{X_T \cap Y_T}\} \le (8Ce^{\alpha })^{-1/(\kappa -1)}.\end {equation}


\begin {equation*}\begin {aligned} \|\Phi u\|_{X_T \cap Y_T} &\le Ce^{\alpha } \cdot (8Ce^{\alpha })^{-\kappa /(\kappa -1)}+Ce^{\alpha }\left \{(8Ce^{\alpha })^{-2/(\kappa -1)}+(8Ce^{\alpha })^{-\kappa /(\kappa -1)}\right \} \\ &\le \frac {1}{8}(8Ce^{\alpha })^{-1/(\kappa -1)}+Ce^{\alpha } \cdot 2(8Ce^{\alpha })^{-\kappa /(\kappa -1)} \le (8Ce^{\alpha })^{-1/(\kappa -1)}, \\ \|\Phi u-\Phi v\|_{Z_T} &\le Ce^{\alpha }\left \{2(8Ce^{\alpha })^{-1/(\kappa -1)}+2(8Ce^{\alpha })^{-1}\right \}\|u-v\|_{Z_T} \\ &= \left \{\frac {1}{4}(8Ce^{\alpha })^{-1/(\kappa -1)+1}+\frac {1}{4}\right \}\|u-v\|_{Z_T} \le \frac {1}{2}\|u-v\|_{Z_T}. \end {aligned}\end {equation*}


$u \in Z_T$


$\Phi u=u$


$\|u\|_{X_T \cap Y_T} \le (8Ce^{\alpha })^{-1/(\kappa -1)}$


\begin {equation*}\begin {aligned} \|u\|_{Z_T} &\le Ce^{\alpha }\|a\|_{B_{p,q}^{-2+n/p}}+Ce^{\alpha }\left \{(8Ce^{\alpha })^{-1/(\kappa -1)}+(8Ce^{\alpha })^{-1}\right \}\|u\|_{Z_T} \\ &= Ce^{\alpha }\|a\|_{B_{p,q}^{-2+n/p}}+\left \{\frac {1}{8}(8Ce^{\alpha })^{-1/(\kappa -1)+1}+\frac {1}{8}\right \}\|u\|_{Z_T} \\ &\le Ce^{\alpha }\|a\|_{B_{p,q}^{-2+n/p}}+\frac {1}{4}\|u\|_{Z_T}, \end {aligned}\end {equation*}


\begin {equation*}\|u(t)-a\|_{B_{p,q}^{-2+n/p}} \le \|e^{t(\alpha I+\Delta )}a-a\|_{B_{p,q}^{-2+n/p}}+Ce^{\alpha }(\|u\|_{X_t}^2+\|u\|_{X_t}^{\kappa })\end {equation*}


$0<t<T$


$\lim _{t \to +0}\|u\|_{X_t}=0$


$\{e^{t(\alpha I+\Delta )}\}_{t>0}$


$C_0$


$B_{p,q}^{-2+n/p}$


$1 \le q<\infty $


$u$


$u_{\varepsilon _*}^{(j)}$


\begin {equation*}\|u_{\varepsilon _*}^{(j)}\|_{L_{T_*}^{2/s_j,\infty }(H^{s_j-2+n/p,p})} \le 2\varepsilon _*, \quad \|u-u_{\varepsilon _*}^{(j)}\|_{L_{T_*}^{\infty }(H^{s_j-2+n/p,p})} \le M_{\varepsilon _*}\end {equation*}


$j \in \{0,1\}$


$M_{\varepsilon _*}>0$


\begin {equation*}\|u\|_{L^{2/s_j,\infty }((t,t+h);H^{s_j-2+n/p,p})} \le C\left (\|u_{\varepsilon _*}^{(j)}\|_{L_{T_*}^{2/s_j,\infty }(H^{s_j-2+n/p,p})}+\|u-u_{\varepsilon _*}^{(j)}\|_{L^{2/s_j}((t,t+h);H^{s_j-2+n/p,p})}\right ) \le C(2\varepsilon _*+M_{\varepsilon _*}h^{s_j/2})\end {equation*}


$t,h \in (0,T_*)$


$t+h<T_*$


\begin {equation}\label {solsmall} \sum _{j=0}^1\|u\|_{L^{2/s_j,\infty }((t,t+h);H^{s_j-2+n/p,p})} \le C\varepsilon _*\end {equation}


$0<h<T_*$


$u$


$v$


\begin {equation*}S(t) := \sum _{j=0}^1\|u-v\|_{L_t^{2/s_j,\infty }(H^{s_j-2+n/p,p})}\end {equation*}


$0<t<T_*$


\begin {equation*}u(t) =e^{t(\alpha I+\Delta )}a-\mathcal {I}(u,u)(t)-\beta _0\mathcal {J}(u,0)(t), \quad v(t) =e^{t(\alpha I+\Delta )}a-\mathcal {I}(v,v)(t)-\beta _0\mathcal {J}(v,0)(t)\end {equation*}


$0<t<T_*$


\begin {equation*}u(t)-v(t)=-\mathcal {I}(u-v,u)(t)-\mathcal {I}(v,u-v)(t)-\beta _0\mathcal {J}(u,v)(t).\end {equation*}


$S(h) \le Ce^{\alpha }(\varepsilon _*+\varepsilon _*^{\kappa -1})S(h)$


$0<\varepsilon _*<1$


$S(h)=0$


$u=v$


$(0,h)$


$u=v$


$(0,T_*)$


$0<T \le 1$


\begin {equation*}\widetilde {Z}_T := \left \{u \, \left | \, u \in BC((0,T);B_{p,\infty }^{-2+n/p}), \quad t^{s_j/2}u \in BC((0,T);B_{p,1}^{s_j-2+n/p}), \quad j \in \{0,1\} \right .\right \}\end {equation*}


$\|u\|_{\widetilde {Z}_T} := \|u\|_{L_T^{\infty }(B_{p,\infty }^{-2+n/p})}+\|u\|_{X_T}$


$X_T$


$\Phi $


\begin {equation*}\begin {aligned} \|\Phi u\|_{X_T} &\le e^{\alpha }\|e^{t\Delta }a\|_{X_T}+Ce^{\alpha }(\|u\|_{X_T}^2+\|u\|_{X_T}^{\kappa }), \\ \|\Phi u\|_{\widetilde {Z}_T} &\le e^{\alpha }\|e^{t\Delta }a\|_{\widetilde {Z}_T}+Ce^{\alpha }(\|u\|_{X_T}^2+\|u\|_{X_T}^{\kappa }), \\ \|\Phi u-\Phi v\|_{\widetilde {Z}_T} &\le Ce^{\alpha }\left (\|u\|_{X_T}+\|u\|_{X_T}^{\kappa -1}+\|v\|_{X_T}+\|v\|_{X_T}^{\kappa -1}\right )\|u-v\|_{\widetilde {Z}_T} \end {aligned}\end {equation*}


$u,v \in \widetilde {Z}_T$


$\Phi u \in \widetilde {Z}_T$


$a \in B_{p,\infty }^{-2+n/p}$


\begin {equation*}\|\dot {S}_ja\|_{B_{p,1}^{\sigma -2+n/p}} \le \frac {2^{\sigma (j+1)}C}{1-2^{-\sigma }}\|a\|_{B_{p,\infty }^{-2+n/p}}, \quad \|(I-\dot {S}_j)a\|_{B_{p,\infty }^{-2+n/p}} \le C\sup _{k \ge j}2^{(-2+n/p)k}\|\dot {\varDelta }_ka\|_{L^p}\end {equation*}


$j \in \mathbb {N}$


$\sigma >0$


$\|(I-\dot {S}_j)a\|_{B_{p,\infty }^{-2+n/p}} \le C\varepsilon $


$j \in \mathbb {N}$


\begin {equation*}\begin {aligned} \|e^{t\Delta }a\|_{X_T} &\le \|e^{t\Delta }(I-\dot {S}_j)a\|_{X_T}+\|e^{t\Delta }\dot {S}_ja\|_{X_T} \\ &\le C\|(I-\dot {S}_j)a\|_{B_{p,\infty }^{-2+n/p}}+C(T^{(s_0-\sigma )/2}+T^{(s_1-\sigma )/2})\|\dot {S}_ja\|_{B_{p,1}^{\sigma -2+n/p}} \\ &\le C\varepsilon +\frac {2^{\sigma (j+1)}C}{1-2^{-\sigma }}(T^{(s_0-\sigma )/2}+T^{(s_1-\sigma )/2})\|a\|_{B_{p,\infty }^{-2+n/p}} \end {aligned}\end {equation*}


$0<\sigma <\min \{s_0,s_1\}$


$\limsup _{T \to +0}\|e^{t\Delta }a\|_{X_T} \le C\varepsilon $


$0<\varepsilon <1$


$0<T \le 1$


$u \in \widetilde {Z}_T$


\begin {equation*}\left <u(t)-a,\psi \right > = \left <e^{t(\alpha I+\Delta )}a-a,\psi \right >-\left <\mathcal {I}(u,u)(t)+\beta _0\mathcal {J}(u,0)(t),\psi \right >\end {equation*}


$\psi \in B_{p',1}^{2-n/p}$


$u$


$v$


\begin {equation*}u(t) =e^{t(\alpha I+\Delta )}a-\mathcal {I}(u,u)(t)-\beta _0\mathcal {J}(u,0)(t), \quad v(t) =e^{t(\alpha I+\Delta )}b-\mathcal {I}(v,v)(t)-\beta _0\mathcal {J}(v,0)(t)\end {equation*}


$0<t<T$


\begin {equation*}u(t)-v(t) = e^{t(\alpha I+\Delta )}(a-b)-\mathcal {I}(u-v,u)(t)-\mathcal {I}(v,u-v)(t)-\beta _0\mathcal {J}(u,v)(t).\end {equation*}


\begin {equation*}\|u-v\|_{Z_T} \le Ce^{\alpha }\|a-b\|_{B_{p,q}^{-2+n/p}}+\frac {1}{2}\|u-v\|_{Z_T},\end {equation*}


$u$


$u$


$a \in B_{p,q}^{-2+n/p}$


$e^{t\Delta }a \in C^{\infty }((0,\infty );B_{p,1}^{s+\sigma })$


$\sigma >0$


$u$


$u$


\begin {equation*}u \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{p,1}^{1+2\theta }).\end {equation*}


$u$


\begin {equation*}\begin {aligned} \|\nabla \cdot (u(t)\mathcal {K}_{\beta _1}u(t))\|_{H^{-1,r_*}} &\le C\|u(t)\|_{H^{s_1-2+n/p,p}}\|u(t)\|_{H^{s_0-2+n/p,p}} \le Ct^{-(s_0+s_1)/2}\|u\|_{X_T}^2, \\ \||u(t)|^{\kappa -l}(u(t))^l\|_{L^r} &\le C\|u(t)\|_{H^{s_0-2+n/p,p}}^{\kappa -1}\|u(t)\|_{H^{s_1-2+n/p,p}} \le Ct^{-(\kappa -1)s_0/2-s_1/2}\|u\|_{X_T}^{\kappa } \end {aligned}\end {equation*}


$0<t<T$


$\|u\|_{X_T}$


$1/r=(\kappa -1)(2-s_0)/n+(2-s_1)/n$


$1/r_*=(1-s_0)/n+(2-s_1)/n$


$r,r_* \in (1,p)$


$L^r \subset H^{-n(1/r-1/p),p}$


$H^{-1,r_*} \subset H^{-1-n(1/r_*-1/p),p}$


\begin {equation}\label {nonlocp} \left \{\begin {aligned} \nabla \cdot (u\mathcal {K}_{\beta _1}u) &\in (L^1 \cap L_{\mathrm {loc}}^{\infty })((0,T];H^{-1-n(1/r_*-1/p),p}), \\ |u|^{\kappa -l}u^l &\in (L^1 \cap L_{\mathrm {loc}}^{\infty })((0,T];H^{-n(1/r-1/p),p}) \end {aligned}\right .\end {equation}


$s_0+s_1<2$


\begin {equation}\label {rrstarcond} \frac {n}{r}<1+\frac {n}{r_*}\end {equation}


$r$


$r_*$


\begin {equation*}H^{-n(1/r-1/p),p} \subset H^{-1-n(1/r_*-1/p),p} \subset B_{p,\infty }^{-1-n(1/r_*-1/p)}.\end {equation*}


\begin {equation}\label {uholp1} u \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{p,1}^{-1-n(1/r_*-1/p)+2\theta }).\end {equation}


$\max \{s_0,s_1\}<s_0+s_1=3-n/r_*$


\begin {equation}\label {dercond1} \frac {1}{2}\left (\max \{s_0,s_1\}-1+\frac {n}{r_*}\right )<1,\end {equation}


$0<\eta <1$


\begin {equation*}0<\frac {\eta }{2}+\frac {1}{2}\left (\max \{s_0,s_1\}-1+\frac {n}{r_*}\right )<1\end {equation*}


$\theta =\eta /2+(1/2)(\max \{s_0,s_1\}-1+n/r_*)$


\begin {equation*}u \in L_{\mathrm {loc}}^{\infty }((0,T];B_{p,1}^{\eta +\max \{s_0,s_1\}-2+n/p}).\end {equation*}


\begin {equation}\label {nonesteta} \|\nabla \cdot (u(t)\mathcal {K}_{\beta _1}u(t))\|_{H^{\eta -1,r_*}} \le C\|u(t)\|_{B_{p,1}^{\eta +\max \{s_0,s_1\}-2+n/p}}^2\end {equation}


$0<t<T$


\begin {equation}\label {nonlocpeta} \nabla \cdot (u\mathcal {K}_{\beta _1}u) \in L_{\mathrm {loc}}^{\infty }((0,T];B_{p,\infty }^{\eta -1-n(1/r_*-1/p)})\end {equation}


$H^{\eta -1,r_*} \subset B_{p,\infty }^{\eta -1-n(1/r_*-1/p)}$


\begin {equation}\label {uholpeta} u \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{p,1}^{\min \{-n/r,\eta -1-n/r_*\}+n/p+2\theta }).\end {equation}


$\eta -1-n/r_*<-n/r$


\begin {equation*}u \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{p,1}^{\eta -1-n(1/r_*-1/p)+2\theta }).\end {equation*}


$u$


$\eta $


$2\eta $


$\eta =1+n(1/r_*-1/r)>0$


\begin {equation}\label {uholp2} u \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{p,1}^{-n(1/r-1/p)+2\theta }).\end {equation}


$0<\sigma <1$


\begin {equation}\label {sigmacond} 0<\frac {\sigma }{2}+\frac {1}{2}\left (\max \{s_0,s_1\}-1+\frac {n}{r_*}\right )<1,\end {equation}


$\theta =\sigma /2+(1/2)(\max \{s_0,s_1\}-1+n/r_*)$


\begin {equation*}u \in L_{\mathrm {loc}}^{\infty }((0,T];B_{p,1}^{\sigma +\max \{s_0,s_1\}-1+n(1/r_*-1/r+1/p)}).\end {equation*}


$\eta =\sigma +1+n(1/r_*-1/r)>0$


\begin {equation*}\|\nabla \cdot (u(t)\mathcal {K}_{\beta _1}u(t))\|_{H^{\sigma +n(1/r_*-1/r),r_*}} \le C\|u(t)\|_{B_{p,1}^{\sigma +\max \{s_0,s_1\}-1+n(1/r_*-1/r+1/p)}}^2\end {equation*}


$0<t<T$


\begin {equation}\label {nonlocpsigma1} \nabla \cdot (u\mathcal {K}_{\beta _1}u) \in L_{\mathrm {loc}}^{\infty }((0,T];B_{p,\infty }^{\sigma -n(1/r-1/p)})\end {equation}


$H^{\sigma +n(1/r_*-1/r),r_*} \subset B_{p,\infty }^{\sigma -n(1/r-1/p)}$


\begin {equation*}\||u(t)|^{\kappa -l}(u(t))^l\|_{L^{(1/r-\sigma /n)^{-1}}} \le C\|u(t)\|_{H^{s_0-2+n/p,p}}^{\kappa -1}\|u(t)\|_{H^{\sigma +s_1-2+n/p,p}}\end {equation*}


$0<t<T$


\begin {equation*}B_{p,1}^{\sigma +\max \{s_0,s_1\}-1+n(1/r_*-1/r+1/p)} \subset H^{s_0-2+n/p,p} \cap H^{\sigma +s_1-2+n/p,p}\end {equation*}


$L^{(1/r-\sigma /n)^{-1}} \subset B_{p,\infty }^{\sigma -n(1/r-1/p)}$


\begin {equation}\label {nonlocpsigma2} |u|^{\kappa -l}u^l \in L_{\mathrm {loc}}^{\infty }((0,T];B_{p,\infty }^{\sigma -n(1/r-1/p)}).\end {equation}


\begin {equation}\label {uholp3} u \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{p,1}^{\sigma -n(1/r-1/p)+2\theta }),\end {equation}


$\sigma >0$


$0<n(1/r-1/p)<2-s_1$


$\sigma =n(1/r-1/p)$


$\sigma =n(1/r-1/p)$


\begin {equation*}\nabla \cdot (u\mathcal {K}_{\beta _1}u), |u|^{\kappa -l}u^l \in L_{\mathrm {loc}}^{\infty }((0,T];B_{p,\infty }^0),\end {equation*}


\begin {equation}\label {uholp4} u \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{p,1}^{2\theta }).\end {equation}


$0<\sigma <1$


$n/p<2$


$1/2<\theta <1$


$\max \{n/p,\sigma +\max \{s_0,s_1\}-1+n/r_*\}<2\theta $


\begin {equation*}u \in L_{\mathrm {loc}}^{\infty }((0,T];B_{p,1}^{n/p} \cap B_{p,1}^{\sigma +\max \{s_0,s_1\}-1+n/r_*}).\end {equation*}


$\nabla (|u|^{\kappa -l}u^l)=\kappa |u|^{\kappa -2+l}u^{1-l}\nabla u$


\begin {equation*}\|\nabla (|u(t)|^{\kappa -l}(u(t))^l)\|_{L^p} \le \kappa \|u(t)\|_{L^{\infty }}^{\kappa -1}\|\nabla u(t)\|_{L^p} \le C\|u(t)\|_{B_{p,1}^{n/p}}^{\kappa -1}\|u(t)\|_{B_{p,1}^1}\end {equation*}


$0<t<T$


$B_{p,1}^{n/p} \subset L^{\infty }$


$B_{p,1}^0 \subset L^p$


\begin {equation}\label {nonlocpsob1} |u|^{\kappa -l}u^l \in L_{\mathrm {loc}}^{\infty }((0,T];B_{p,\infty }^1)\end {equation}


$H^{1,p} \subset B_{p,\infty }^1$


$\eta =\sigma +1+n(1/r_*-1/p)$


\begin {equation*}\|\nabla \cdot (u(t)\mathcal {K}_{\beta _1}u(t))\|_{H^{\sigma +n(1/r_*-1/p),r_*}} \le C\|u(t)\|_{B_{p,1}^{\sigma +\max \{s_0,s_1\}-1+n/r_*}}^2\end {equation*}


$0<t<T$


\begin {equation}\label {nonlocpsob2} \nabla \cdot (u\mathcal {K}_{\beta _1}u) \in L_{\mathrm {loc}}^{\infty }((0,T];B_{p,\infty }^{\sigma })\end {equation}


$H^{\sigma +n(1/r_*-1/p),r_*} \subset B_{p,\infty }^{\sigma }$


\begin {equation*}u \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{p,1}^{\sigma +2\theta }).\end {equation*}


$u$


$\sigma =1$


$n/2<p<n$


$1 \le p_* \le \infty $


$\beta _1 \ge 0$


$0<\sigma <2-n/p$


$\varphi _1 \in B_{p_*,1}^{\sigma }$


$\varphi _0 \in H^{1,p}$


$\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0) \in B_{p_*,1}^{\sigma -1}$


\begin {equation*}\|\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0)\|_{B_{p_*,1}^{\sigma -1}} \le C\|\varphi _1\|_{B_{p_*,1}^{\sigma }}\|\varphi _0\|_{H^{1,p}},\end {equation*}


$C>0$


$\varphi _0$


$\varphi _1$


$\sigma >1$


$\varphi _0 \in B_{\infty ,1}^{\sigma -1}$


$\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0) \in B_{p_*,1}^{\sigma -1}$


\begin {equation*}\|\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0)\|_{B_{p_*,1}^{\sigma -1}} \le C\|\varphi _1\|_{B_{p_*,1}^{\sigma }}\|\varphi _0\|_{H^{1,p} \cap B_{\infty ,1}^{\sigma -1}}.\end {equation*}


$1<\kappa <2$


$l \in \{0,1\}$


$0<\sigma <1$


$\varphi \in C^{\sigma }$


$|\varphi |^{\kappa -l}\varphi ^l \in C^{\sigma }$


\begin {equation*}\||\varphi |^{\kappa -l}\varphi ^l\|_{C^{\sigma }} \le 5\|\varphi \|_{L^{\infty }}^{\kappa -1}\|\varphi \|_{C^{\sigma }}.\end {equation*}


$\varphi _0 \in B_{\infty ,1}^1$


$\varphi _1 \in C^{\kappa -1}$


$|\varphi _0|^{\kappa -2+l}\varphi _0^{1-l}\varphi _1 \in C^{\kappa -1}$


\begin {equation*}\||\varphi _0|^{\kappa -2+l}\varphi _0^{1-l}\varphi _1\|_{C^{\kappa -1}} \le C\|\varphi _0\|_{B_{\infty ,1}^1}^{\kappa -1}\|\varphi _1\|_{C^{\kappa -1}}.\end {equation*}


$1 \le p_* \le \infty $


$0<\gamma <1$


$0<T<\infty $


$n/2<p<n$


$\beta _1 \ge 0$


$0<\sigma <2-n/p$


$u \in C_{\mathrm {loc}}^{\gamma }((0,T];B_{p_*,1}^{\sigma })$


$v \in C_{\mathrm {loc}}^{\gamma }((0,T];H^{1,p})$


$\nabla \cdot (u\mathcal {K}_{\beta _1}v) \in C_{\mathrm {loc}}^{\gamma }((0,T];B_{p_*,1}^{\sigma -1})$


\begin {equation*}\|\nabla \cdot (u\mathcal {K}_{\beta _1}v)\|_{C^{\gamma }((\varepsilon ,T);B_{p_*,1}^{\sigma -1})} \le C\|u\|_{C^{\gamma }((\varepsilon ,T);B_{p_*,1}^{\sigma })}\|v\|_{C^{\gamma }((\varepsilon ,T);H^{1,p})}\end {equation*}


$0<\varepsilon <T$


$C>0$


$\varepsilon $


$T$


$u$


$v$


$\sigma >1$


$v \in C_{\mathrm {loc}}^{\gamma }((0,T];H^{1,p} \cap B_{\infty ,1}^{\sigma -1})$


$\nabla \cdot (u\mathcal {K}_{\beta _1}v) \in C_{\mathrm {loc}}^{\gamma }((0,T];B_{p_*,1}^{\sigma -1})$


\begin {equation*}\|\nabla \cdot (u\mathcal {K}_{\beta _1}v)\|_{C^{\gamma }((\varepsilon ,T);B_{p_*,1}^{\sigma -1})} \le C\|u\|_{C^{\gamma }((\varepsilon ,T);B_{p_*,1}^{\sigma })}\|v\|_{C^{\gamma }((\varepsilon ,T);H^{1,p} \cap B_{\infty ,1}^{\sigma -1})}\end {equation*}


$0<\varepsilon <T$


$1<\kappa <2$


$l \in \{0,1\}$


$u \in C_{\mathrm {loc}}^{\gamma }((0,T];L^{\infty })$


$v \in C_{\mathrm {loc}}^{(\kappa -1)\gamma }((0,T];L^{p_*})$


$|u|^{\kappa -2+l}u^{1-l}v \in C_{\mathrm {loc}}^{(\kappa -1)\gamma }((0,T];L^{p_*})$


\begin {equation*}\||u|^{\kappa -2+l}u^{1-l}v\|_{C^{(\kappa -1)\gamma }((\varepsilon ,T);L^{p_*})} \le 7\|u\|_{C^{\gamma }((\varepsilon ,T);L^{\infty })}^{\kappa -1}\|v\|_{C^{(\kappa -1)\gamma }((\varepsilon ,T);L^{p_*})}\end {equation*}


$0<\varepsilon <T$


$u,\partial _tu \in L_{\mathrm {loc}}^{\infty }((0,T];L^{\infty })$


$v \in C_{\mathrm {loc}}^{\kappa -1}((0,T];L^{p_*})$


$|u|^{\kappa -2+l}u^{1-l}v \in C_{\mathrm {loc}}^{\kappa -1}((0,T];L^{p_*})$


\begin {equation*}\||u|^{\kappa -2+l}u^{1-l}v\|_{C^{\kappa -1}((\varepsilon ,T);L^{p_*})} \le \left (2\|u\|_{L^{\infty }((\varepsilon ,T);L^{\infty })}^{\kappa -1}+5\|\partial _tu\|_{L^{\infty }((\varepsilon ,T);L^{\infty })}^{\kappa -1} \right )\|v\|_{C^{\kappa -1}((\varepsilon ,T);L^{p_*})}\end {equation*}


$0<\varepsilon <T$


$1 \le p \le \infty $


$s>0$


$1 \le q \le \infty $


$p_0,p_1,r_0,r_1 \in [1,\infty ]$


\begin {equation*}\frac {1}{p}=\frac {1}{p_0}+\frac {1}{p_1}=\frac {1}{r_0}+\frac {1}{r_1}.\end {equation*}


$\varphi _0 \in \dot {B}_{p_0,q}^s \cap L^{r_0}$


$\varphi _1 \in \dot {B}_{r_1,q}^s \cap L^{p_1}$


$\varphi _0\varphi _1 \in \dot {B}_{p,q}^s$


\begin {equation*}\|\varphi _0\varphi _1\|_{\dot {B}_{p,q}^s} \le C(\|\varphi _0\|_{\dot {B}_{p_0,q}^s}\|\varphi _1\|_{L^{p_1}}+\|\varphi _0\|_{L^{r_0}}\|\varphi _1\|_{\dot {B}_{r_1,q}^s}),\end {equation*}


$C>0$


$\varphi _0$


$\varphi _1$


$\psi \in \dot {B}_{p,1}^{\sigma _0-1+n/p}$


$\sigma _0 \in \mathbb {R}$


\begin {equation}\label {prekbest} \|\mathcal {K}_{\beta _1}\psi \|_{\dot {B}_{\infty ,1}^{\sigma _0}} \le C\|(I-\beta _1(\beta _1 I-\Delta )^{-1})\psi \|_{\dot {B}_{\infty ,1}^{\sigma _0-1}}.\end {equation}


$\dot {B}_{p,1}^{\sigma _0-1+n/p} \subset \dot {B}_{\infty ,1}^{\sigma _0-1}$


$I-\beta _1(\beta _1 I-\Delta )^{-1}$


$L^p$


$1<p<\infty $


\begin {equation}\label {kbest1} \|\mathcal {K}_{\beta _1}\psi \|_{\dot {B}_{\infty ,1}^{\sigma _0}} \le C\|(I-\beta _1(\beta _1 I-\Delta )^{-1})\psi \|_{\dot {B}_{p,1}^{\sigma _0-1+n/p}} \le C\|\psi \|_{\dot {B}_{p,1}^{\sigma _0-1+n/p}}.\end {equation}


$\psi \in B_{\infty ,1}^{\sigma _1-1}$


$\sigma _1>1$


$B_{\infty ,1}^{\sigma _1-1} \subset \dot {B}_{\infty ,1}^{\sigma _1-1}$


$I-\beta _1(\beta _1 I-\Delta )^{-1}$


$B_{\infty ,1}^{\sigma _1-1}$


\begin {equation}\label {kbest2} \|\mathcal {K}_{\beta _1}\psi \|_{\dot {B}_{\infty ,1}^{\sigma _1}} \le C\|(I-\beta _1(\beta _1 I-\Delta )^{-1})\psi \|_{B_{\infty ,1}^{\sigma _1-1}} \le C\|\psi \|_{B_{\infty ,1}^{\sigma _1-1}}.\end {equation}


$0<\sigma <2-n/p$


$\dot {B}_{p_*,1}^{\sigma -1} \subset B_{p_*,1}^{\sigma -1}$


$2-n/p<1$


\begin {equation}\label {prenonholest} \|\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0)\|_{B_{p_*,1}^{\sigma -1}} \le C\|\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0)\|_{\dot {B}_{p_*,1}^{\sigma -1}} \le C\|\varphi _1\mathcal {K}_{\beta _1}\varphi _0\|_{\dot {B}_{p_*,1}^{\sigma }}.\end {equation}


$\dot {B}_{\infty ,1}^0 \subset L^{\infty }$


\begin {equation*}H^{1,p} \subset B_{p,1}^{\sigma -1+n/p} \subset \dot {B}_{p,1}^{-1+n/p} \cap \dot {B}_{p,1}^{\sigma -1+n/p}\end {equation*}


$0<-1+n/p<\sigma -1+n/p<1$


$\sigma _0=0$


$\sigma _0=\sigma $


\begin {alignat}{3}\label {kbinfest} \|\mathcal {K}_{\beta _1}\varphi _0\|_{L^{\infty }} \le C\|\mathcal {K}_{\beta _1}\varphi _0\|_{\dot {B}_{\infty ,1}^0} &\le C\|\varphi _0\|_{\dot {B}_{p,1}^{-1+n/p}} &&\le C\|\varphi _0\|_{H^{1,p}}, \\ \|\mathcal {K}_{\beta _1}\varphi _0\|_{\dot {B}_{\infty ,1}^{\sigma }} &\le C\|\varphi _0\|_{\dot {B}_{p,1}^{\sigma -1+n/p}} &&\le C\|\varphi _0\|_{H^{1,p}}.\end {alignat}


$B_{p_*,1}^{\sigma } = L^{p_*} \cap \dot {B}_{p_*,1}^{\sigma }$


\begin {equation}\label {nonholest1} \|\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0)\|_{B_{p_*,1}^{\sigma -1}} \le C(\|\varphi _1\|_{\dot {B}_{p_*,1}^{\sigma }}\|\mathcal {K}_{\beta _1}\varphi _0\|_{L^{\infty }}+\|\varphi _1\|_{L^{p_*}}\|\mathcal {K}_{\beta _1}\varphi _0\|_{\dot {B}_{\infty ,1}^{\sigma }}) \le C\|\varphi _1\|_{B_{p_*,1}^{\sigma }}\|\varphi _0\|_{H^{1,p}}.\end {equation}


$\sigma >1$


\begin {equation*}\begin {aligned} \|\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0)\|_{B_{p_*,1}^{\sigma -1}} &= \|\dot {S}_0(\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0))\|_{L^{p_*}}+\sum _{j \in \mathbb {N}}2^{(\sigma -1)j}\|\dot {\varDelta }_j(\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0))\|_{L^{p_*}} \\ &\le \|\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0)\|_{B_{p_*,1}^{\sigma _*-1}}+\|\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0)\|_{\dot {B}_{p_*,1}^{\sigma -1}} \end {aligned}\end {equation*}


$\sigma _* \in \mathbb {R}$


$\sigma _*$


$0<\sigma _*<2-n/p$


\begin {equation*}\|\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0)\|_{B_{p_*,1}^{\sigma _*-1}} \le C\|\varphi _1\|_{B_{p_*,1}^{\sigma _*}}\|\varphi _0\|_{H^{1,p}} \le C\|\varphi _1\|_{B_{p_*,1}^{\sigma }}\|\varphi _0\|_{H^{1,p}}\end {equation*}


$\sigma >\sigma _*$


$\sigma _1=\sigma $


\begin {equation*}\|\nabla \cdot (\varphi _1\mathcal {K}_{\beta _1}\varphi _0)\|_{\dot {B}_{p_*,1}^{\sigma -1}} \le C\|\varphi _1\mathcal {K}_{\beta _1}\varphi _0\|_{\dot {B}_{p_*,1}^{\sigma }} \le C(\|\varphi _1\|_{\dot {B}_{p_*,1}^{\sigma }}\|\mathcal {K}_{\beta _1}\varphi _0\|_{L^{\infty }}+\|\varphi _1\|_{L^{p_*}}\|\mathcal {K}_{\beta _1}\varphi _0\|_{\dot {B}_{\infty ,1}^{\sigma }}) \le C\|\varphi _1\|_{B_{p_*,1}^{\sigma }}\|\varphi _0\|_{H^{1,p} \cap B_{\infty ,1}^{\sigma -1}},\end {equation*}


$1<\kappa <2$


\begin {equation}\label {power} \left | |\tau |^{\kappa -2+l}\tau ^{1-l}\tau _*-|\sigma |^{\kappa -2+l}\sigma ^{1-l}\sigma _* \right | \le |\tau |^{\kappa -1}|\tau _*-\sigma _*|+5|\tau -\sigma |^{\kappa -1}|\sigma _*|\end {equation}


$\tau ,\sigma ,\tau _*,\sigma _* \in \mathbb {R}$


\begin {equation*}\begin {aligned} \left | |\tau |^{\kappa -2+l}\tau ^{1-l}\tau _*-|\sigma |^{\kappa -2+l}\sigma ^{1-l}\sigma _* \right | &=\left | |\tau |^{\kappa -2+l}\tau ^{1-l}(\tau _*-\sigma _*)+(|\tau |^{\kappa -2+l}\tau ^{1-l}-|\sigma |^{\kappa -2+l}\sigma ^{1-l})\sigma _* \right | \\ &\le |\tau |^{\kappa -1}|\tau _*-\sigma _*|+\left ||\tau |^{\kappa -2+l}\tau ^{1-l}-|\sigma |^{\kappa -2+l}\sigma ^{1-l}\right ||\sigma _*| \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} &\left | |\varphi _0(x_1)|^{\kappa -2+l}(\varphi _0(x_1))^{1-l}\varphi _1(x_1)-|\varphi _0(x_0)|^{\kappa -2+l}(\varphi _0(x_0))^{1-l}\varphi _1(x_0) \right | \\ &\quad \le |\varphi _0(x_1)|^{\kappa -1}|\varphi _1(x_1)-\varphi _1(x_0)|+5|\varphi _0(x_1)-\varphi _0(x_0)|^{\kappa -1}|\varphi _1(x_0)| \\ &\quad \le \|\varphi _0\|_{L^{\infty }}^{\kappa -1} \cdot \|\varphi _1\|_{C^{\kappa -1}}|x_1-x_0|^{\kappa -1}+5(\|\nabla \varphi _0\|_{L^{\infty }}|x_1-x_0|)^{\kappa -1} \cdot \|\varphi _1\|_{L^{\infty }} \end {aligned}\end {equation*}


$x_0,x_1 \in \mathbb {R}^n$


$B_{\infty ,1}^0 \subset L^{\infty }$


\begin {equation*}\||\varphi _0|^{\kappa -2+l}\varphi _0^{1-l}\varphi _1\|_{C^{\kappa -1}} \le \||\varphi _0|^{\kappa -1}\varphi _1\|_{L^{\infty }}+\|\varphi _0\|_{L^{\infty }}^{\kappa -1}\|\varphi _1\|_{C^{\kappa -1}}+5\|\nabla \varphi _0\|_{L^{\infty }}^{\kappa -1}\|\varphi _1\|_{L^{\infty }} \le C\|\varphi _0\|_{B_{\infty ,1}^1}^{\kappa -1}\|\varphi _1\|_{C^{\kappa -1}}.\end {equation*}


\begin {equation*}\nabla \cdot (u(t_1)\mathcal {K}_{\beta _1}v(t_1))-\nabla \cdot (u(t_0)\mathcal {K}_{\beta _1}v(t_0))=\nabla \cdot ((u(t_1)-u(t_0))\mathcal {K}_{\beta _1}v(t_1))+\nabla \cdot (u(t_0)\mathcal {K}_{\beta _1}(v(t_1)-v(t_0)))\end {equation*}


$t_0,t_1 \in (0,T)$


$0<\varepsilon <T$


$0<\sigma <2-n/p$


\begin {equation*}\begin {aligned} &\|\nabla \cdot (u(t_1)\mathcal {K}_{\beta _1}v(t_1))-\nabla \cdot (u(t_0)\mathcal {K}_{\beta _1}v(t_0))\|_{B_{p_*,1}^{\sigma -1}} \\ &\quad \le C\left (\|u(t_1)-u(t_0)\|_{B_{p_*,1}^{\sigma }}\|v(t_1)\|_{H^{1,p}}+\|u(t_0)\|_{B_{p_*,1}^{\sigma }}\|v(t_1)-v(t_0)\|_{H^{1,p}}\right ) \\ &\quad \le C\left (\|u\|_{C^{\gamma }((\varepsilon ,T);B_{p_*,1}^{\sigma })}|t_1-t_0|^{\gamma } \cdot \|v(t_1)\|_{H^{1,p}}+\|u(t_0)\|_{B_{p_*,1}^{\sigma }} \cdot \|v\|_{C^{\gamma }((\varepsilon ,T);H^{1,p})}|t_1-t_0|^{\gamma }\right ) \end {aligned}\end {equation*}


$t_0,t_1 \in (\varepsilon ,T)$


\begin {equation*}\|\nabla \cdot (u\mathcal {K}_{\beta _1}v)\|_{C^{\gamma }((\varepsilon ,T);B_{p_*,1}^{\sigma -1})} \le C\|u\|_{C^{\gamma }((\varepsilon ,T);B_{p_*,1}^{\sigma })}\|v\|_{C^{\gamma }((\varepsilon ,T);H^{1,p})}.\end {equation*}


$\sigma >1$


$0<\varepsilon <T$


\begin {equation*}\begin {aligned} &\||u(t_1)|^{\kappa -2+l}(u(t_1))^{1-l}v(t_1)-|u(t_0)|^{\kappa -2+l}(u(t_0))^{1-l}v(t_0)\|_{L^{p_*}} \\ &\quad \le \|u(t_1)\|_{L^{\infty }}^{\kappa -1}\|v(t_1)-v(t_0)\|_{L^{p_*}}+5\|u(t_1)-u(t_0)\|_{L^{\infty }}^{\kappa -1}\|v(t_0)\|_{L^{p_*}} \\ &\quad \le \|u(t_1)\|_{L^{\infty }}^{\kappa -1} \cdot \|v\|_{C^{(\kappa -1)\gamma }((\varepsilon ,T);L^{p_*})}|t_1-t_0|^{(\kappa -1)\gamma }+5\left (\|u\|_{C^{\gamma }((\varepsilon ,T);L^{\infty })}|t_1-t_0|^{\gamma }\right )^{\kappa -1} \cdot \|v(t_0)\|_{L^{p_*}} \end {aligned}\end {equation*}


$t_0,t_1 \in (\varepsilon ,T)$


\begin {equation*}\||u|^{\kappa -2+l}u^{1-l}v\|_{C^{(\kappa -1)\gamma }((\varepsilon ,T);L^{p_*})} \le \||u|^{\kappa -1}v\|_{L^{\infty }((\varepsilon ,T);L^{p_*})}+6\|u\|_{C^{\gamma }((\varepsilon ,T);L^{\infty })}^{\kappa -1}\|v\|_{C^{(\kappa -1)\gamma }((\varepsilon ,T);L^{p_*})} \le 7\|u\|_{C^{\gamma }((\varepsilon ,T);L^{\infty })}^{\kappa -1}\|v\|_{C^{(\kappa -1)\gamma }((\varepsilon ,T);L^{p_*})}.\end {equation*}


\begin {equation*}\begin {aligned} &\||u(t_1)|^{\kappa -2+l}(u(t_1))^{1-l}v(t_1)-|u(t_0)|^{\kappa -2+l}(u(t_0))^{1-l}v(t_0)\|_{L^{p_*}} \\ &\quad \le \|u(t_1)\|_{L^{\infty }}^{\kappa -1}\|v(t_1)-v(t_0)\|_{L^{p_*}}+5\|u(t_1)-u(t_0)\|_{L^{\infty }}^{\kappa -1}\|v(t_0)\|_{L^{p_*}} \\ &\quad \le \|u(t_1)\|_{L^{\infty }}^{\kappa -1} \cdot \|v\|_{C^{\kappa -1}((\varepsilon ,T);L^{p_*})}|t_1-t_0|^{\kappa -1}+5\left (\|\partial _tu\|_{L^{\infty }((\varepsilon ,T);L^{\infty })}|t_1-t_0| \right )^{\kappa -1} \cdot \|v(t_0)\|_{L^{p_*}} \end {aligned}\end {equation*}


$t_0,t_1 \in (\varepsilon ,T)$


\begin {equation*}\begin {aligned} \||u|^{\kappa -2+l}u^{1-l}v\|_{C^{\kappa -1}((\varepsilon ,T);L^{p_*})} &\le \||u|^{\kappa -1}v\|_{L^{\infty }((\varepsilon ,T);L^{p_*})}+\left (\|u\|_{L^{\infty }((\varepsilon ,T);L^{\infty })}^{\kappa -1}+5\|\partial _tu\|_{L^{\infty }((\varepsilon ,T);L^{\infty })}^{\kappa -1} \right )\|v\|_{C^{\kappa -1}((\varepsilon ,T);L^{p_*})} \\ &\le \left (2\|u\|_{L^{\infty }((\varepsilon ,T);L^{\infty })}^{\kappa -1}+5\|\partial _tu\|_{L^{\infty }((\varepsilon ,T);L^{\infty })}^{\kappa -1}\right )\|v\|_{C^{\kappa -1}((\varepsilon ,T);L^{p_*})}. \end {aligned}\end {equation*}


$u$


$u$


\begin {equation*}u \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{\infty ,1}^{\kappa +2\theta }), \quad u \in C_{\mathrm {w}}((0,T];C^{\kappa +2}).\end {equation*}


$2-n/p>0$


$0<\theta <1$


$0<2\theta -n/p<1$


$0<\sigma <1$


$0<\sigma <2\theta -n/p$


$B_{p,1}^{1+2\theta } \subset B_{\infty ,1}^{1+2\theta -n/p} \subset B_{\infty ,1}^{\sigma +1}$


\begin {equation*}u \in L_{\mathrm {loc}}^{\infty }((0,T);H^{1,p} \cap B_{\infty ,1}^{\sigma +1})\end {equation*}


\begin {equation*}\nabla \cdot (u\mathcal {K}_{\beta _1}u) \in L_{\mathrm {loc}}^{\infty }((0,T];B_{\infty ,1}^{\sigma }),\end {equation*}


$B_{\infty ,1}^{\sigma +1} \subset B_{\infty ,\infty }^{\sigma } = C^{\sigma }$


\begin {equation*}|u|^{\kappa -l}u^l \in L_{\mathrm {loc}}^{\infty }((0,T];C^{\sigma }).\end {equation*}


\begin {equation}\label {uholi1} u \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{\infty ,1}^{\sigma +2\theta }) \subset C_{\mathrm {loc}}^{1-\kappa /2}((0,T];B_{\infty ,1}^{\kappa +\sigma }).\end {equation}


\begin {equation*}\nabla \cdot (u\mathcal {K}_{\beta _1}u) \in L_{\mathrm {loc}}^{\infty }((0,T];B_{\infty ,1}^{\kappa +\sigma -1}).\end {equation*}


$\nabla (|u|^{\kappa -l}u^l)=\kappa |u|^{\kappa -2+l}u^{1-l}\nabla u$


\begin {equation*}\|\nabla (|u(t)|^{\kappa -l}(u(t))^l)\|_{C^{\kappa -1}} \le C\|u(t)\|_{B_{\infty ,1}^1}^{\kappa -1}\|\nabla u(t)\|_{C^{\kappa -1}} \le C\|u(t)\|_{C^{\kappa }}^{\kappa }\end {equation*}


$0<t<T$


\begin {equation}\label {nonlocikappa1} |u|^{\kappa -l}u^l \in L_{\mathrm {loc}}^{\infty }((0,T];C^{\kappa }).\end {equation}


\begin {equation*}u \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{\infty ,1}^{\kappa +\sigma -1+2\theta }) \subset C_{\mathrm {loc}}^{\sigma /2}((0,T];B_{\infty ,1}^{\kappa +1}).\end {equation*}


\begin {equation*}\nabla \cdot (u\mathcal {K}_{\beta _1}u) \in L_{\mathrm {loc}}^{\infty }((0,T];B_{\infty ,1}^{\kappa }).\end {equation*}


\begin {equation*}u \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{\infty ,1}^{\kappa +2\theta }), \quad \Delta u \in L_{\mathrm {loc}}^{\infty }((0,T];C^{\kappa })\end {equation*}


$B_{\infty ,\infty }^{\kappa }=C^{\kappa }$


$u$


$u$


\begin {equation*}u \in C_{\mathrm {loc}}^{\kappa }((0,T];BUC^1) \cap C_{\mathrm {loc}}^{\kappa -1}((0,T];BUC^3).\end {equation*}


$u$


$(0,T) \times \mathbb {R}^n$


$\theta =1/2$


$\theta =(3-\kappa )/2$


$\theta =2-\kappa $


\begin {equation}\label {ureg} u \in C_{\mathrm {loc}}^{1/2}((0,T];B_{\infty ,1}^{\kappa +1}) \cap C_{\mathrm {loc}}^{(\kappa -1)/2}((0,T];B_{\infty ,1}^3) \cap C_{\mathrm {loc}}^{\kappa -1}((0,T];B_{\infty ,1}^{4-\kappa }).\end {equation}


\begin {equation*}\begin {aligned} \|\nabla \cdot (u\mathcal {K}_{\beta _1}u)\|_{C^{(\kappa -1)/2}((\varepsilon ,T);B_{\infty ,1}^2)} &\le C\|u\|_{C^{(\kappa -1)/2}((\varepsilon ,T);B_{\infty ,1}^3)}\|u\|_{C^{(\kappa -1)/2}((\varepsilon ,T);H^{1,p} \cap B_{\infty ,1}^2)}, \\ \|\nabla \cdot (u\mathcal {K}_{\beta _1}u)\|_{C^{\kappa -1}((\varepsilon ,T);B_{\infty ,1}^{3-\kappa })} &\le C\|u\|_{C^{\kappa -1}((\varepsilon ,T);B_{\infty ,1}^{4-\kappa })}\|u\|_{C^{\kappa -1}((\varepsilon ,T);H^{1,p} \cap B_{\infty ,1}^{3-\kappa })} \end {aligned}\end {equation*}


$0<\varepsilon <T$


\begin {equation}\label {nonlochsigma1} \nabla \cdot (u\mathcal {K}_{\beta _1}u) \in C_{\mathrm {loc}}^{(\kappa -1)/2}((0,T];B_{\infty ,1}^2) \cap C_{\mathrm {loc}}^{\kappa -1}((0,T];B_{\infty ,1}^{3-\kappa }).\end {equation}


$|u|^{\kappa -l}u^l=|u|^{\kappa -2+(1-l)}u^{1-(1-l)}|u|$


$\nabla (|u|^{\kappa -l}u^l)=\kappa |u|^{\kappa -2+l}u^{1-l}\nabla u$


\begin {equation*}\|\nabla ^j (|u|^{\kappa -l}u^l)\|_{C^{(\kappa -1)/2}((\varepsilon ,T);L^{\infty })} \le 7\kappa ^j\|u\|_{C^{1/2}((\varepsilon ,T);L^{\infty })}^{\kappa -1}\|\nabla ^j u\|_{C^{(\kappa -1)/2}((\varepsilon ,T);L^{\infty })}\end {equation*}


$0<\varepsilon <T$


$j \in \{0,1\}$


\begin {equation}\label {nonlochbuc1} |u|^{\kappa -l}u^l \in C_{\mathrm {loc}}^{(\kappa -1)/2}((0,T];BUC^1)\end {equation}


\begin {equation*}u \in C_{\mathrm {loc}}^{(\kappa +1)/2}((0,T];BUC^1) \cap C_{\mathrm {loc}}^{(\kappa -1)/2}((0,T];BUC^3)\end {equation*}


$B_{\infty ,1}^2 \subset BUC^1$


$u \in C^1((0,T];BUC^1)$


\begin {equation*}\|\nabla ^j (|u|^{\kappa -l}u^l)\|_{C^{\kappa -1}((\varepsilon ,T);L^{\infty })} \le \kappa ^j\left (2\|u\|_{L^{\infty }((\varepsilon ,T);L^{\infty })}^{\kappa -1}+5\|\partial _tu\|_{L^{\infty }((\varepsilon ,T);L^{\infty })}^{\kappa -1}\right )\|\nabla ^j u\|_{C^{\kappa -1}((\varepsilon ,T);L^{\infty })}\end {equation*}


$0<\varepsilon <T$


$j \in \{0,1\}$


\begin {equation*}|u|^{\kappa -l}u^l \in C_{\mathrm {loc}}^{\kappa -1}((0,T];BUC^1).\end {equation*}


$B_{\infty ,1}^{3-\kappa } \subset BUC^1$


$u$


\begin {align}\label {desreg3} u &\in C_{\mathrm {loc}}^{\kappa -1}((0,T];H^{3,p}), \\ \label {desreg4} u &\in C_{\mathrm {loc}}^{\kappa +1}((0,T];BUC \cap L^p) \cap C_{\mathrm {loc}}^{\kappa }((0,T];BUC^2 \cap H^{2,p}), \\ \label {desreg5} \partial _tu &\in C_{\mathrm {w}}((0,T];C^{\kappa +1}), \quad \partial _t^2\thinspace u \in C_{\mathrm {w}}((0,T];C^{\kappa -1})\end {align}


$0<\sigma <1$


\begin {equation*}\|\nabla \cdot (u\mathcal {K}_{\beta _1}u)\|_{C^{\kappa -1}((\varepsilon ,T);B_{p,1}^{\sigma })} \le C\|u\|_{C^{\kappa -1}((\varepsilon ,T);B_{p,1}^{\sigma +1})}\|u\|_{C^{\kappa -1}((\varepsilon ,T);H^{1,p} \cap B_{\infty ,1}^{\sigma })}\end {equation*}


$0<\varepsilon <T$


\begin {equation}\label {nonlochpsigma1} \nabla \cdot (u\mathcal {K}_{\beta _1}u) \in C_{\mathrm {loc}}^{\kappa -1}((0,T];H^{\sigma ,p})\end {equation}


$B_{p,1}^{\sigma } \subset H^{\sigma ,p}$


\begin {equation*}\|\nabla ^j (|u|^{\kappa -l}u^l)\|_{C^{\kappa -1}((\varepsilon ,T);L^p)} \le \kappa ^j\left (2\|u\|_{L^{\infty }((\varepsilon ,T);L^{\infty })}^{\kappa -1}+\|\partial _tu\|_{L^{\infty }((\varepsilon ,T);L^{\infty })}^{\kappa -1} \right )\|\nabla ^j u\|_{C^{\kappa -1}((\varepsilon ,T);L^p)}\end {equation*}


$0<\varepsilon <T$


$j \in \{0,1\}$


\begin {equation}\label {nonlochpsob1} |u|^{\kappa -l}u^l \in C_{\mathrm {loc}}^{\kappa -1}((0,T];H^{1,p}).\end {equation}


\begin {equation*}u \in C_{\mathrm {loc}}^{\kappa }((0,T];H^{\sigma ,p}) \cap C_{\mathrm {loc}}^{\kappa -1}((0,T];H^{\sigma +2,p}).\end {equation*}


$\sigma =1$


$\sigma =1$


\begin {equation}\label {desreg3cap} u \in C_{\mathrm {loc}}^{\kappa }((0,T];H^{1,p}) \cap C_{\mathrm {loc}}^{\kappa -1}((0,T];H^{3,p}),\end {equation}


$0<\sigma <1$


$0<\sigma <1-n/(2p)$


\begin {equation*}\partial _t\nabla \cdot (u\mathcal {K}_{\beta _1}u)=\nabla \cdot ((\partial _tu)\mathcal {K}_{\beta _1}u)+\nabla \cdot (u\mathcal {K}_{\beta _1}\partial _tu)\end {equation*}


$\partial _t (|u|^{\kappa -l}u^l)=\kappa |u|^{\kappa -2+l}u^{1-l}\partial _tu$


\begin {equation*}\begin {aligned} \|\partial _t^j\nabla \cdot (u\mathcal {K}_{\beta _1}u)\|_{C^{\kappa -1}((\varepsilon ,T);B_{p_*,1}^{2\sigma -1})} &\le C\left (\|\partial _t^ju\|_{C^{\kappa -1}((\varepsilon ,T);B_{p_*,1}^{2\sigma })}\|u\|_{C^{\kappa -1}((\varepsilon ,T);H^{1,p})}+\|u\|_{C^{\kappa -1}((\varepsilon ,T);B_{p_*,1}^{2\sigma })}\|\partial _t^ju\|_{C^{\kappa -1}((\varepsilon ,T);H^{1,p})}\right ) \\ &\le C\|u\|_{C^{\kappa }((\varepsilon ,T);B_{p_*,1}^{2\sigma })}\|u\|_{C^{\kappa }((\varepsilon ,T);H^{1,p})} \end {aligned}\end {equation*}


\begin {equation*}\|\partial _t^j (|u|^{\kappa -l}u^l)\|_{C^{\kappa -1}((\varepsilon ,T);L^{p_*})}\le \kappa ^j\left (2\|u\|_{L^{\infty }((\varepsilon ,T);L^{\infty })}^{\kappa -1}+5\|\partial _tu\|_{L^{\infty }((\varepsilon ,T);L^{\infty })}^{\kappa -1}\right )\|\partial _t^j u\|_{C^{\kappa -1}((\varepsilon ,T);L^{p_*})}\end {equation*}


$0<\varepsilon <T$


$p \le p_* \le \infty $


$j \in \{0,1\}$


\begin {equation*}\nabla \cdot (u\mathcal {K}_{\beta _1}u) \in C_{\mathrm {loc}}^{\kappa }((0,T];B_{\infty ,1}^{2\sigma -1} \cap B_{p,1}^{2\sigma -1}) \subset C_{\mathrm {loc}}^{\kappa }((0,T];H^{2\sigma -1,p_0} \cap H^{2\sigma -1,p})\end {equation*}


\begin {equation}\label {nonlochcap1} |u|^{\kappa -l}u^l \in C_{\mathrm {loc}}^{\kappa }((0,T]; BUC \cap L^p) \subset C_{\mathrm {loc}}^{\kappa }((0,T];L^{p_0} \cap L^p)\end {equation}


$n/\sigma <p_0<\infty $


\begin {equation*}u \in C_{\mathrm {loc}}^{\kappa }((0,T];H^{2\sigma +1,p_0} \cap H^{2\sigma +1,p}).\end {equation*}


$H^{2\sigma +1,p_0} \subset B_{\infty ,\infty }^{2\sigma +1-n/p_0} \subset B_{\infty ,1}^{\sigma +1}$


$p_0>n/\sigma $


\begin {equation*}\begin {aligned} \|\partial _t^j\nabla \cdot (u\mathcal {K}_{\beta _1}u)\|_{C^{\kappa -1}((\varepsilon ,T);B_{p_*,1}^{\sigma })} &\le C\left (\|\partial _t^ju\|_{C^{\kappa -1}((\varepsilon ,T);B_{p_*,1}^{\sigma +1})}\|u\|_{C^{\kappa -1}((\varepsilon ,T);H^{1,p} \cap B_{\infty ,1}^{\sigma })}+\|u\|_{C^{\kappa -1}((\varepsilon ,T);B_{p_*,1}^{\sigma +1})}\|\partial _t^ju\|_{C^{\kappa -1}((\varepsilon ,T);H^{1,p} \cap B_{\infty ,1}^{\sigma })}\right ) \\ &\le C\|u\|_{C^{\kappa }((\varepsilon ,T);B_{p_*,1}^{\sigma +1})}\|u\|_{C^{\kappa }((\varepsilon ,T);H^{1,p} \cap B_{\infty ,1}^{\sigma })} \end {aligned}\end {equation*}


$0<\varepsilon <T$


$p \le p_* \le \infty $


$j \in \{0,1\}$


\begin {equation*}\nabla \cdot (u\mathcal {K}_{\beta _1}u) \in C_{\mathrm {loc}}^{\kappa }((0,T];B_{\infty ,1}^{\sigma } \cap B_{p,1}^{\sigma }) \subset C_{\mathrm {loc}}^{\kappa }((0,T];BUC \cap L^p).\end {equation*}


\begin {equation*}\|\partial _t^j\nabla \cdot (u\mathcal {K}_{\beta _1}u)\|_{L^{\infty }((\varepsilon ,T);B_{\infty ,1}^{\kappa -1})} \le C\left (\|\partial _t^ju\|_{L^{\infty }((\varepsilon ,T);B_{\infty ,1}^{\kappa })}\|u\|_{L^{\infty }((\varepsilon ,T);H^{1,p} \cap B_{\infty ,1}^{\kappa -1})}+\|u\|_{L^{\infty }((\varepsilon ,T);B_{\infty ,1}^{\kappa })}\|\partial _t^ju\|_{L^{\infty }((\varepsilon ,T);H^{1,p} \cap B_{\infty ,1}^{\kappa -1})}\right )\end {equation*}


\begin {equation*}\|\partial _t^j(|u|^{\kappa -l}u^l)\|_{L^{\infty }((\varepsilon ,T);C^{\kappa -1})} \le C\|u\|_{L^{\infty }((\varepsilon ,T);B_{\infty ,1}^1)}^{\kappa -1}\|\partial _t^ju\|_{L^{\infty }((\varepsilon ,T);C^{\kappa -1})}\end {equation*}


$0<\varepsilon <T$


$j \in \{0,1\}$


\begin {equation*}\partial _t^j\nabla \cdot (u\mathcal {K}_{\beta _1}u), \partial _t^j(|u|^{\kappa -l}u^l) \in L_{\mathrm {loc}}^{\infty }((0,T];B_{\infty ,\infty }^{\kappa -1})\end {equation*}


$B_{\infty ,\infty }^{\kappa -1}=C^{\kappa -1}$


\begin {equation*}\partial _t^2 u,\Delta \partial _t u \in L_{\mathrm {loc}}^{\infty }((0,T];C^{\kappa -1}),\end {equation*}


$L^p+\dot {B}_{p,q}^{-s}$


\begin {equation*}\|\varphi \|_{L^p+\dot {B}_{p,q}^{-s}} := \inf _{\varphi =\varphi _0+\varphi _1, \, \varphi _0 \in L^p, \, \varphi _1 \in \dot {B}_{p,q}^{-s}}\left (\|\varphi _0\|_{L^p}+\|\varphi _1\|_{\dot {B}_{p,q}^{-s}}\right )\end {equation*}


$1 \le p \le \infty $


$s>0$


$1 \le q \le \infty $


$\dot {S}_j$


$\dot {\varDelta }_j$


$L^p$


$1 \le p \le \infty $


$j \in \mathbb {Z}$


$\chi $


$\dot {\varDelta }_j\dot {\varDelta }_k=0$


$|j-k| \ge 2$


$\dot {\varDelta }_j\dot {S}_k=0$


$j-k \ge 2$


$\dot {\varDelta }_j\dot {S}_k=\dot {\varDelta }_j$


$j-k \le -1$


$\varphi \in L^p \cap \dot {B}_{p,q}^s$


\begin {equation*}\|\varphi \|_{B_{p,q}^s} \le \|\dot {S}_0\varphi \|_{L^p}+\|\varphi \|_{\dot {B}_{p,q}^s} \le C\|\varphi \|_{L^p}+\|\varphi \|_{\dot {B}_{p,q}^s},\end {equation*}


$\varphi \in B_{p,q}^s$


$\varphi \in B_{p,q}^s$


$B_{p,q}^s \subset L^p$


$s>0$


$\varphi =\dot {S}_0\varphi +(I-\dot {S}_0)\varphi $


\begin {equation*}\|\varphi \|_{\dot {B}_{p,q}^s} \le \|\dot {S}_0\varphi \|_{\dot {B}_{p,1}^s}+\|(I-\dot {S}_0)\varphi \|_{\dot {B}_{p,q}^s} \le C\left (\|\dot {S}_0\varphi \|_{L^p}\sum _{j \le 1}2^{sj}+\|\dot {\varDelta }_0\varphi \|_{L^p}+\|\varphi \|_{B_{p,q}^s}\right ) \le C\|\varphi \|_{B_{p,q}^s},\end {equation*}


$\varphi \in L^p \cap \dot {B}_{p,q}^s$


$B_{p,q}^s=L^p \cap \dot {B}_{p,q}^s$


$\varphi \in B_{p,q}^{-s}$


$\|\dot {S}_0\varphi \|_{L^p} \le \|\varphi \|_{B_{p,q}^{-s}}$


$B_{p,1}^0 \subset L^p$


\begin {equation*}\|(I-\dot {S}_0)\varphi \|_{\dot {B}_{p,q}^{-s}} \le C(\|\dot {\varDelta }_0\varphi \|_{L^p}+\|\varphi \|_{B_{p,q}^{-s}}) \le C(\|\dot {S}_0(\dot {\varDelta }_0\varphi )\|_{L^p}+\|\dot {\varDelta }_1(\dot {\varDelta }_0\varphi )\|_{L^p}+\|\varphi \|_{B_{p,q}^{-s}}) \le C\|\varphi \|_{B_{p,q}^{-s}},\end {equation*}


$\varphi \in L^p+\dot {B}_{p,q}^{-s}$


$\varphi \in L^p+\dot {B}_{p,q}^{-s}$


$\varphi =\varphi _0+\varphi _1$


$\varphi _0 \in L^p$


$\varphi _1 \in \dot {B}_{p,q}^{-s}$


$\dot {B}_{p,1}^0 \subset L^p \subset B_{p,q}^{-s}$


$s>0$


\begin {equation*}\|\varphi \|_{B_{p,q}^{-s}} \le C\|\varphi _0\|_{L^p}+\|\dot {S}_0\varphi _1\|_{L^p}+\|\varphi _1\|_{\dot {B}_{p,q}^{-s}} \le C\|\varphi _0\|_{L^p}+C\sum _{j \le 1}2^{sj} \cdot 2^{-sj}\|\dot {\varDelta }_j\varphi _1\|_{L^p}+\|\varphi _1\|_{\dot {B}_{p,q}^{-s}} \le C(\|\varphi _0\|_{L^p}+\|\varphi _1\|_{\dot {B}_{p,q}^{-s}}),\end {equation*}


$\varphi \in B_{p,q}^{-s}$


$B_{p,q}^{-s}=L^p+\dot {B}_{p,q}^{-s}$


$\dot {S}_0\dot {S}_ja \equiv \dot {S}_0a$


$j \in \mathbb {N}$


\begin {equation*}\|\dot {S}_ja\|_{B_{p,1}^{\sigma +s}} = \|\dot {S}_0(\dot {S}_ja)\|_{L^p}+\sum _{k=1}^{j+1}2^{(\sigma +s) k}\|\dot {\varDelta }_k(\dot {S}_ja)\|_{L^p} \le \|\dot {S}_0a\|_{L^p}+C\sup _{1 \le k \le j+1}2^{sk}\|\dot {\varDelta }_ka\|_{L^p}\sum _{k=1}^{j+1}2^{\sigma k} \le \frac {2^{\sigma (j+1)}C}{1-2^{-\sigma }}\|a\|_{B_{p,\infty }^s},\end {equation*}


\begin {equation*}\|(I-\dot {S}_j)a\|_{B_{p,\infty }^s} = \|\dot {S}_0(I-\dot {S}_j)a\|_{L^p}+\sup _{k \ge j}2^{sk}\|\dot {\varDelta }_k(I-\dot {S}_j)a\|_{L^p} \le C\sup _{k \ge j}2^{sk}\|\dot {\varDelta }_ka\|_{L^p},\end {equation*}


$a \in B_{p,\infty }^s$


$e^{t\Delta }a \in B_{p,1}^{s+\sigma }$


$\sigma >0$


$t>0$


$e^{t\Delta }a \in C^{\infty }((0,\infty );B_{p,1}^{s+\sigma })$


$\partial _te^{t\Delta }a=\Delta e^{t\Delta }a$


$\sigma >0$


\begin {equation*}\|e^{t\Delta }a\|_{B_{p,\infty }^{s+\sigma /2}} \le C(1+t^{-\sigma /4})\|a\|_{B_{p,\infty }^s}, \quad \|e^{t\Delta }a\|_{B_{p,\infty }^{s+3\sigma /2}} \le C(1+t^{-3\sigma /4})\|a\|_{B_{p,\infty }^s}\end {equation*}


$t>0$


$(1/2)(s+\sigma /2)+(1/2)(s+3\sigma /2)=s+\sigma $


$(B_{p,\infty }^{s+\sigma /2},B_{p,\infty }^{s+3\sigma /2})_{1/2,1}=B_{p,1}^{s+\sigma }$


\begin {equation*}\|e^{t\Delta }a\|_{B_{p,1}^{s+\sigma }} \le C\|e^{t\Delta }a\|_{B_{p,\infty }^{s+\sigma /2}}^{1/2}\|e^{t\Delta }a\|_{B_{p,\infty }^{s+3\sigma /2}}^{1/2} \le C(1+t^{-\sigma /4})^{1/2}\|a\|_{B_{p,\infty }^s}^{1/2} \cdot (1+t^{-3\sigma /4})^{1/2}\|a\|_{B_{p,\infty }^s}^{1/2} = C(1+t^{-\sigma /4})^{1/2}(1+t^{-3\sigma /4})^{1/2}\|a\|_{B_{p,\infty }^s}\end {equation*}


$t>0$


$0<t<1$


\begin {equation*}\|e^{t\Delta }a\|_{B_{p,1}^{s+\sigma }} \le C(t^{-\sigma /4})^{1/2}(t^{-3\sigma /4})^{1/2}\|a\|_{B_{p,\infty }^s} =Ct^{-\sigma /2}\|a\|_{B_{p,\infty }^s},\end {equation*}


$\|e^{t\Delta }a\|_{B_{p,1}^{s+\sigma }} \le C\|a\|_{B_{p,\infty }^s}$


$t>1$


$0<\sigma <2$


$\sigma _0$


$\sigma _1$


$0<\sigma _0<\sigma <\sigma _1<2$


$a \in B_{p,\infty }^{s+\sigma -\sigma _0}$


\begin {equation*}\|e^{t\Delta }a\|_{B_{p,1}^{s+\sigma }} \le C(1+t^{-\sigma _j/2})\|a\|_{B_{p,\infty }^{s+\sigma -\sigma _j}} \le C(T^{\sigma _j/2}+1)t^{-\sigma _j/2}\|a\|_{B_{p,\infty }^{s+\sigma -\sigma _j}}\end {equation*}


$0<t<T$


$j \in \{0,1\}$


\begin {equation*}\begin {aligned} \|e^{t\Delta }a\|_{L_T^{2/\sigma _j,\infty }(B_{p,1}^{s+\sigma })} &= \sup _{\lambda >0}\lambda \mu \left (t \in (0,T) \, \left | \, \|e^{t\Delta }a\|_{B_{p,1}^{s+\sigma }}>\lambda \right .\right )^{\sigma _j/2} \\ &\le \sup _{\lambda >0}\lambda \mu \left (t \in (0,\infty ) \, \left | \, C(T^{\sigma _j/2}+1)t^{-\sigma _j/2}\|a\|_{B_{p,\infty }^{s+\sigma -\sigma _j}}>\lambda \right .\right )^{\sigma _j/2} \\ &=C(1+T^{\sigma _j/2})\|a\|_{B_{p,\infty }^{s+\sigma -\sigma _j}}. \end {aligned}\end {equation*}


$\sigma _0<\sigma <\sigma _1$


$0<\theta <1$


$\sigma =(1-\theta )\sigma _0+\theta \sigma _1$


\begin {equation*}(1-\theta )(2/\sigma _0)^{-1}+\theta (2/\sigma _1)^{-1} =(2/\sigma )^{-1}, \quad (1-\theta )(s+\sigma -\sigma _0)+\theta (s+\sigma -\sigma _1) =s,\end {equation*}


\begin {equation*}\begin {aligned} (L^{2/\sigma _0,\infty }((0,T);B_{p,1}^{s+\sigma }),L^{2/\sigma _1,\infty }((0,T);B_{p,1}^{s+\sigma }))_{\theta ,q} &= L^{2/\sigma ,q}((0,T);B_{p,1}^{s+\sigma }), \\ (B_{p,\infty }^{s+\sigma -\sigma _0},B_{p,\infty }^{s+\sigma -\sigma _1})_{\theta ,q} &= B_{p,q}^s. \end {aligned}\end {equation*}


$p,q \in [1,\infty )$


$\{a_j\}_{j \in \mathbb {N}} \subset \mathscr {S}$


$\lim _{j \to \infty }\|a-a_j\|_{B_{p,q}^s}=0$


\begin {equation*}t^{\sigma /2}\|e^{t(\alpha I+\Delta )}a\|_{B_{p,1}^{s+\sigma }} \le t^{\sigma /2}\|e^{t(\alpha I+\Delta )}(a-a_j)\|_{B_{p,1}^{s+\sigma }}+t^{\sigma /2}\|e^{t(\alpha I+\Delta )}a_j\|_{B_{p,1}^{s+\sigma }} \le Ce^{\alpha }\|a-a_j\|_{B_{p,q}^s}+Ce^{\alpha }t^{\sigma /4}\|a_j\|_{B_{p,1}^{s+\sigma /2}}\end {equation*}


$\sigma >0$


$t>0$


$j \to \infty $


$t \to +0$


$(B_{p',1}^{-s})^*=B_{p,\infty }^s$


$1 \le p <\infty $


\begin {equation*}\left |\left <e^{t(\alpha I+\Delta )}a-a,\psi \right >\right | =\left |\left <a,e^{t(\alpha I+\Delta )}\psi -\psi \right >\right | \le C\|a\|_{B_{p,\infty }^s}\|e^{t(\alpha I+\Delta )}\psi -\psi \|_{B_{p',1}^{-s}}.\end {equation*}


$t \to +0$


$C_0$


$\{e^{t(\alpha I+\Delta )}\}_{t>0}$


$(B_{p',1}^{-s_0})^*=B_{p,\infty }^{s_0}$


$1 \le p <\infty $


$\{\psi _j\}_{j \in \mathbb {N}} \subset \mathscr {S}$


$\lim _{j \to \infty }\|\psi -\psi _j\|_{B_{p',1}^{-s}}=0$


\begin {equation*}\begin {aligned} \left |\left <\int _0^te^{(t-\tau )(\alpha I+\Delta )}f(\tau )d\tau ,\psi _j\right >\right | &\le \int _0^t\left |\left <f(\tau ),e^{(t-\tau )(\alpha I+\Delta )}\psi _j\right >\right |d\tau \\ &\le C\int _0^te^{\alpha (t-\tau )}\|f(\tau )\|_{B_{p,\infty }^{s_0}}\|e^{(t-\tau )\Delta }\psi _j\|_{B_{p',1}^{-s_0}}d\tau \\ &\le Ce^{\alpha }\int _0^tM\tau ^{-\sigma /2} \cdot (t-\tau )^{-(1/2-\sigma /4)}\|\psi _j\|_{B_{p',1}^{-s_0-1+\sigma /2}}d\tau \\ &\le Ce^{\alpha }Mt^{1/2-\sigma /4}\|\psi _j\|_{B_{p',1}^{-s_0-1+\sigma /2}}. \end {aligned}\end {equation*}


$0<\sigma <2$


$t \to +0$


$(B_{p',1}^{-s})^*=B_{p,\infty }^s$


\begin {equation*}\begin {aligned} \left |\left <\int _0^te^{(t-\tau )(\alpha I+\Delta )}f(\tau )d\tau ,\psi \right >\right | &\le \left |\left <\int _0^te^{(t-\tau )(\alpha I+\Delta )}f(\tau )d\tau ,\psi -\psi _j\right >\right |+\left |\left <\int _0^te^{(t-\tau )(\alpha I+\Delta )}f(\tau )d\tau ,\psi _j\right >\right | \\ &\le CM\|\psi -\psi _j\|_{B_{p',1}^{-s}}+\left |\left <\int _0^te^{(t-\tau )(\alpha I+\Delta )}f(\tau )d\tau ,\psi _j\right >\right |, \end {aligned}\end {equation*}


$j \to \infty $


$t \to +0$


$1 \le p \le \infty $


$s \in \mathbb {R}$


$\alpha \ge 0$


$0<T<\infty $


$f \in L^{\infty }((0,T);B_{p,\infty }^s)$


\begin {equation*}F \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{p,1}^{s+2\theta }), \quad \partial _tF,\Delta F \in L^{\infty }((0,T);B_{p,\infty }^s),\end {equation*}


$F$


\begin {equation*}g(t) := \left \{\begin {array}{cl} e^{-\alpha t}(I-\Delta )^{(s-1)/2}f(t) & \text {for $t \in (0,T]$}, \\ 0 & \text {for $t \in (T,\infty )$}, \end {array}\right .\end {equation*}


$g \in L^{\infty }((0,\infty );B_{p,\infty }^1)$


\begin {equation*}\int _0^te^{(t-\tau )\Delta }g(\tau )d\tau \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,\infty );B_{p,1}^{1+2\theta }),\end {equation*}


$e^{-\alpha t}(I-\Delta )^{(s-1)/2}F(t)=\int _0^te^{(t-\tau )\Delta }g(\tau )d\tau $


$0<t<T$


\begin {equation*}F \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{p,1}^{s+2\theta })\end {equation*}


$B_{p,\infty }^1 \subset \dot {B}_{p,\infty }^1$


\begin {equation*}\begin {aligned} \|e^{\lambda \Delta }\Delta ^2(I-\Delta )^{(s-1)/2}F(t)\|_{\dot {B}_{p,1}^0} &\le C\int _0^t\|e^{\lambda \Delta }e^{(t-\tau )(\alpha I+\Delta )}(I-\Delta )^{(s-1)/2}f(\tau )\|_{\dot {B}_{p,1}^4}d\tau \\ &\le Ce^{\alpha t}\int _0^t(\lambda +t-\tau )^{-3/2}\|(I-\Delta )^{(s-1)/2}f(\tau )\|_{\dot {B}_{p,\infty }^1}d\tau \\ &\le Ce^{\alpha t}\|(I-\Delta )^{(s-1)/2}f\|_{L_T^{\infty }(B_{p,\infty }^1)}\left [(\lambda +t-\tau )^{-1/2}\right ]_{\tau =0}^{\tau =t} \\ &\le Ce^{\alpha t}\lambda ^{-1/2}\|f\|_{L_T^{\infty }(B_{p,\infty }^s)} \end {aligned}\end {equation*}


$0<t<T$


$\lambda >0$


\begin {equation*}\sup _{\lambda >0}\lambda ^{1/2}\|e^{\lambda \Delta }\Delta ^2(I-\Delta )^{(s-1)/2}F(t)\|_{\dot {B}_{p,1}^0} \le Ce^{\alpha t}\|f\|_{L_T^{\infty }(B_{p,\infty }^s)}.\end {equation*}


$\|\varphi \|_{\dot {B}_{p,\infty }^{-1}} \le C\sup _{\lambda >0}\lambda ^{1/2}\|e^{\lambda \Delta }\varphi \|_{L^p}$


$\dot {B}_{p,1}^0 \subset L^p$


$\dot {B}_{p,\infty }^{-1} \subset B_{p,\infty }^{-1}$


\begin {equation*}\|\Delta ^2(I-\Delta )^{(s-1)/2}F(t)\|_{B_{p,\infty }^{-1}} \le Ce^{\alpha t}\|f\|_{L_T^{\infty }(B_{p,\infty }^s)},\end {equation*}


\begin {equation*}\|\Delta F(t)\|_{B_{p,\infty }^s} \le C(\|\Delta F(t)\|_{B_{p,\infty }^{s-2}}+\|\Delta ^2 F(t)\|_{B_{p,\infty }^{s-2}}) \le C(\|F(t)\|_{B_{p,\infty }^s}+\|\Delta ^2(I-\Delta )^{(s-1)/2}F(t)\|_{B_{p,\infty }^{-1}}),\end {equation*}


$\Delta F \in L^{\infty }((0,T);B_{p,\infty }^s)$


$\|F(t)\|_{B_{p,\infty }^s} \le e^{\alpha t}t\|f\|_{L_T^{\infty }(B_{p,\infty }^s)}$


$(\alpha I+\Delta )F+f=\partial _tF$


$0<\varepsilon <T$


$\chi _{\varepsilon } \in C^{\infty }(0,\infty )$


\begin {equation*}0 \le \chi _{\varepsilon } \le 1, \quad \chi _{\varepsilon }(t) = \left \{\begin {array}{cl} 0 & \text {for $t \in (0,\varepsilon /8)$}, \\ 1 & \text {for $t \in (\varepsilon /4,\infty )$}. \end {array}\right .\end {equation*}


$\chi _{\varepsilon }\partial _t^kf \in L^{\infty }((0,\infty );B_{p,\infty }^s)$


\begin {equation*}G_k(t) := \int _0^te^{(t-\tau )(\alpha I+\Delta )}(\chi _{\varepsilon }(\tau )\partial _{\tau }^kf(\tau ))d\tau \end {equation*}


$0<t<T$


\begin {equation}\label {greg} G_k \in \bigcap _{0<\theta <1}C_{\mathrm {loc}}^{1-\theta }((0,T];B_{p,1}^{s+2\theta }), \quad \partial _tG_k,\Delta G_k \in L^{\infty }((0,T);B_{p,\infty }^s).\end {equation}


$k=0$


$f=(1-\chi _{\varepsilon })f+\chi _{\varepsilon }f$


\begin {equation}\label {decom1} F(t)=e^{(t-\varepsilon /2)(\alpha I+\Delta )}\int _0^{\varepsilon /4}e^{(\varepsilon /2-\tau )(\alpha I+\Delta )}((1-\chi _{\varepsilon }(\tau ))f(\tau ))d\tau +G_0(t)\end {equation}


$\varepsilon <t<T$


$H^{s_0,p_0} \subset B_{p,\infty }^{s_0-n(1/p_0-1/p)} \subset B_{p,1}^{s_0-n}$


$p \ge p_0$


\begin {equation*}\left \|\int _0^{\varepsilon /4}e^{(\varepsilon /2-\tau )(\alpha I+\Delta )}((1-\chi _{\varepsilon }(\tau ))f(\tau ))d\tau \right \|_{B_{p,1}^{s_0-n}} \le Ce^{\alpha }\int _0^{\varepsilon /4}\|f(\tau )\|_{H^{s_0,p_0}}d\tau <\infty \end {equation*}


$k=1$


\begin {equation*}\begin {aligned} (\alpha I+\Delta ) F(t) &=e^{(t-\varepsilon /2)(\alpha I+\Delta )}\left \{\int _0^{\varepsilon /2}(\alpha I+\Delta )e^{(\varepsilon /2-\tau )(\alpha I+\Delta )}f(\tau )d\tau +f(\varepsilon /2)\right \} \\ &\quad -f(t)+G_1(t)-e^{(t-\varepsilon /2)(\alpha I+\Delta )}\int _{\varepsilon /8}^{\varepsilon /2}e^{(\varepsilon /2-\tau )(\alpha I+\Delta )}(\chi _{\varepsilon }(\tau )\partial _{\tau }f(\tau ))d\tau \end {aligned}\end {equation*}


$\varepsilon <t<T$


$k=0$


$(\alpha I+\Delta )F+f=\partial _tF$


\begin {equation}\label {decom2} \partial _tF(t) =e^{(t-\varepsilon /2)(\alpha I+\Delta )}\left \{\int _0^{\varepsilon /2}(\alpha I+\Delta )e^{(\varepsilon /2-\tau )(\alpha I+\Delta )}f(\tau )d\tau -\int _{\varepsilon /8}^{\varepsilon /2}e^{(\varepsilon /2-\tau )(\alpha I+\Delta )}(\chi _{\varepsilon }(\tau )\partial _{\tau }f(\tau ))d\tau +f(\varepsilon /2)\right \}+G_1(t)\end {equation}


$\varepsilon <t<T$


$k=0$


\begin {equation*}\left \|\int _{\varepsilon /8}^{\varepsilon /2}e^{(\varepsilon /2-\tau )(\alpha I+\Delta )}(\chi _{\varepsilon }(\tau )\partial _{\tau }f(\tau ))d\tau \right \|_{B_{p,\infty }^s} \le Ce^{\alpha }\int _{\varepsilon /8}^{\varepsilon /2}\|\partial _{\tau }f(\tau )\|_{B_{p,\infty }^s}d\tau <\infty ,\end {equation*}


\begin {equation*}G_k \in C_{\mathrm {loc}}^{1+\gamma }((0,T];X^s) \cap C_{\mathrm {loc}}^{\gamma }((0,T];X^{s+2})\end {equation*}
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with « = fiy = ; = 0, where H*?(R") and B;’q([R") denote the homogeneous Sobolev and Besov spaces, respectively. For the previous
works on the construction of solutions in the scaling invariant spaces framework, we refer to, e.g., [2-11]. We also mention the results
in the case of the Keller-Segel system of parabolic-parabolic type such as [8,12-15].

Next we consider the system (1.1) with general a, §; € (0, ) and x > 1. The term au — f,|u|*~'u' is called logistic growth, which
describes the population fluctuation due to the proliferation and death of cells. Mention that the system (1.1) is also considered and
studied, as well as the original Keller-Segel system, as it is expected that the logistic growth prevents an excessive increase of the
density of the cell 4, i.e., blow-up phenomena; for the results, we refer to, e.g., [16-21]. Likewise, the case of parabolic-parabolic
type is investigated by [22-27]; note that these results are concerned with the case of the Neumann boundary condition in a bounded
smooth domain Q c R”. In addition, they often assume that the initial datum a has a suitable regularity. In this paper, we consider the
case of a € B;;Jr"/ P(R™) with n/2 < p < n; we handle the initial data a belonging to the Besov spaces with negative regularity indices.
We also remark that the following relation

BI;ZJrn/P(Rn) — (B;jJrn/P_i_ LA[R") = {(/7 =@o+9 |0 € B;§+n/P(Rn)’ @ € LP(R")}

holds under the condition n/2 < p < co due to (2.1) below. In particular, we have B;2+”/ PR") ¢ B;j”'/ ?(R"), and thus our function
spaces are larger than the corresponding scaling invariant spaces. However, in this paper, we concentrate only on the local solvability
of (1.1) as the system (1.1) with general a, f, € (0, ) and « > 1 does not have a scaling invariant structure, unlike the case of
a=py=p =0

The main part of this paper is to investigate the partial smoothing effects of solutions of (1.1); let us refer to the previous works
on the smoothing effects of solutions to the Keller-Segel system of parabolic-parabolic type. Let @ c R” be a bounded convex domain
with a smooth boundary in what follows. Tao and Winkler [28] considered the case of n =3 and showed that if the initial data
uy € C(ﬁ) and Vy, € (L*(Q))?, then there exist ¢, > 0 and a global solution that has sufficient regularities on (z,, c0) X Q (implies C?
in space and C! in time). Lankeit [29] treated the logistic growth au — fyu? in the case of n = 3 and showed that if the initial data
uy € L2(Q) and v, € H'*(Q), then there exist ¢, > 0 and a global solution that has sufficient regularities on (z,, c0) X Q. Winkler [30]
dealt with the case of n = 1 and proved that there exists a global solution (u, v) satisfying

ue L2 (10, 00); H'2(Q))

loc

(10,00) X Q) N LL ([0,00); L'(Q)), due Ll ([0,00);L'(Q)), velL?

loc loc loc

even if the initial data u, € (C(Q))* and vy € L*(Q). Here (C(Q))* denotes the dual space of C(Q), which is identical to the space of
the Radon measures. After that, Wang, Winkler, and Xiang [31] achieved treating the case of n = 2 by choosing the special domain
Q = B(0, R) and obtained global solutions that have sufficient regularities on (0, o) x Q whenever the initial data uy € (C(ﬁ))* and
vy € L?(Q) are radially symmetric. Lankeit [32] considered a similar problem to that of the previous work [29] in the 2D case
and constructed solutions that have sufficient regularities on (0, o) x Q for arbitrary initial data u;, € L'(Q) and v, € H*(Q). We
also refer to the result of Heihoff [33], who treated the case of parabolic-elliptic type and investigated the regularities of global
solutions under a similar assumption to that of [30]. Remark that he [34] also has dealt with the smoothing effects of solutions to
the attraction-repulsion Keller-Segel system.

Our motivation for investigating the smoothing effects for the problem (1.1) comes from the author’s previous results [35,36]
rather than the above results: The author [35,36] has investigated the smoothing effects of global solutions of the semilinear heat
equation;

ou=Au+ Aul*d, >0, xeR”,
u(0, x) = a(x), x € R,

wheren >2,x > 1+2/n,1 € {0,1},and 1 € R\ {0}. We usually rely on the bootstrap argument to obtain the regularities of solutions
u. However, as the nonlinear term |u|*~'u! might not have sufficient regularities in the case of x & N, it is expected that there is
a threshold for the regularity of u; the author has shown that whereas u € Cy,((0, ); C**?(R")), there is a € C®(R") such that u ¢
C((0, 00); C¥+2+9(R™)) for any ¢ > 0. Here C,, denotes the space of weakly-star continuous functions. The present paper aims to extend
such previous works to the Keller—Segel-type problem (1.1). To explain the expected regularities of solutions « of (1.1), we summarize
the discussion of [35, Section 1]; suppose that the local solution « on (0,7) x R" of (1.1) with f, >0, 1 < x <2, and / = 1 is smooth.
Letting h(z) := |7|*"!z for 7 € R, we have |u|*~'u = h(u). Since 9,h = k| - <! € Cl’;;‘ (R), where le)c denotes the local §-Hélder spaces,
the chain rule for the composite functions yields 9,(|u|*~'u) = x|u|*~'9,u and V(|u|*"'u) = x|u|*~!Vu. Therefore, we have
®R"™)).

As the terms d,u and Au may have similar regularities to that of |u|*~'u due to the parabolic smoothing effects, we obtain

u€ GEE(O. T CR™) N C (0. T1: CAR™) n (O, T CP(R™)

NC2((0,T1; CE'®R™) N €10, TT; CEHHR™) N C((0, TT; CEH(R™))

loc loc loc

(0, T, C(R™) N CEZ1((0, T1; C'(R™) n €1 (0, TT; CE-H(R™) n C((0,TT; CX

k-1 K
lul u€q loc loc loc

loc

1.2)

at least formally. In our result, we will obtain similar regularities to (1.2). Finally, we have to mention the optimality of the regularities;
although the author has shown the optimality of the regularities of solutions to the semilinear heat equation in [35,36], we have
to choose a sign-changing initial datum to derive such a result. As the unknown function u of the Keller-Segel system stands for the
density of the cell, we should take the non-negative initial datum «a in (1.1) to regard a as a proper physical quantity. Therefore,
although we expect that there is a non-smooth solution « of (1.1), such a solution does not have a suitable physical sense due to the
sign-changes; the optimality of the regularities is just a mathematical problem without the physical sense. To be more precise, in

2
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general, the standard maximum principle of the parabolic equation ensures that the density u of the cell is strictly positive whenever
the initial datum «a # 0 is non-negative (see, e.g., [22, Theorem 4.5], [18, Theorem 2.1], and [29, Theorem 1.1]) in the case of a
bounded smooth domain). In such a case, as the nonlinear term becomes u*, whose higher-order derivatives are harmless, we expect
that u is smooth. However, we should mention that our initial data a € B;?"/ ?(R") may be a distribution due to the negative regularity
indices, and thus assuming a suitable property of a corresponding to the non-negativity without any additional regularity does not

seem to be straightforward. Therefore, discussing further regularities is hard in our situation.
1.1. Main results

Before stating our main results, we simplify the system (1.1) by eliminating the unknown function v; as the second equation of
(1.1) yields v = (8, I — A)~'u formally, we have

O — (@l + Ayu ==V - @k u) - folul*~"u'in (0,00) X R", .3)
1.3
u(0)=a in R",
where Ky 1= V(1 - A)~! for simplicity. In what follows, we shall consider the equation (1.3). Moreover, let L"4 denote the Lorentz

spaces. Let {¢'®},,, denote the heat semigroup and set ¢/*/+A) := ¢*¢'A, The operator 4; for j € Z denotes the homogeneous dyadic
block; the details of the notation will be given in Section 2. Our first result ensures the existence and uniqueness of local mild solutions
of (1.3) with initial data a € B,,™"/"(®").

Theorem 1 (Mild solution). Let n >3, a,fy.p; €[0,0), I € {0,1}, n/2<p<n, 1 <q< o0, and 2p/n < k < 2. Suppose that s, and s,

satisfy
2—f<s0<min{1,2— ! <2—5>},
p k-1 p

1.4
rnax{Z— E,ZK—H—(K— l)so} <5 < min{3 -z — g, (kK — l)(2—so)}
p p
and suppose that the initial datum a € B;;J'"/ P(R™). Then the following statements hold:
(i) In the case of 1 < g < o, there exist 0 < T < 1 and a solution u on (0,T) X R" of
t
u(t) = etal+4) / e(t—r)(aI+A)<V . (u]C,,] u) + ﬂolulk—lu1>d1_ (1.5)
0
satisfying
ue BC(0.7): B,y ™" ®"). /%€ BC(0.T): BT ®"), e 2.1y B @) (1.6)
for j €{0,1} and
1
. _ 5;/2 Cn _ )
lim (nu(z) gz + B WOl o (Rn)> 0. 7
In addition, it holds that
1
5;/2 ) oen < a oin .
el 20 gy, + ;0 <||r/ gy 200 gy W 1 g0 /p(w)) < Cllally2eain gy, (1.8)

where C > 0 is a constant independent of a, T, a, and u.
Concerning the uniqueness, there exists a constant 0 < ¢, < 1 independently of a such that for every 0 < T,, < 1, a solution u on (0, T,) x R"
of (1.5) satisfying

s5;/2

u € L¥52((0,T,): HY=2+/Pe(RM)), limsupw(zew,m ||u(t>||,,s,.fz+n/p,p(w)>A) <e, (1.9)
A—o0

for j € {0, 1} is unique, where u denotes the usual Lebesgue measure on (0, T,).
(ii) In the case of q = co, there exists a constant 0 < € < 1 such that if a € B;i;'"/ P(R") satisfies

lim sup 222 || 4, al| gy < € (1.10)

Jj—oo
then there exist 0 < T < 1 and a solution u on (0,T) X R" of (1.5) satisfying

ue BCO,T); By "®"),  r1/7u e B, 1) B ®Y)
for j €{0,1} and

lim (u(t) —a,y)=0 (1.11)
t—=+0



T. Takeuchi Nonlinear Analysis 266 (2026) 114039

forally € Bif ;'/ P(R™), where p' := p/(p— 1) and (-, -) denotes the duality pairing between B;f,:"/ P(R") and Bi:;' /?(®"). In addition, it holds
that (1.8) with q replaced by co. The uniqueness assertion remains true in the same way as in (i).

(iii) Suppose that u and v are the solutions on (0, T) x R" of (1.5) with the initial data a € B;;Jr"/ P(R"yand b e B;;”'/ P(R") obtained in
(i) or (ii), respectively. Then it holds that

1

u—v “24n + 552w — v §i—24n + lu—vll 27554 s;-24n < Ce%|la—=b||,-24n s
(R -~ j;o(u = Ot g + 1= 0l 2t ) € €N =Bl

where C > 0 is a constant independent of a, T, a, b, u, and v.

Remark 1. (i) Since we may choose a = f, = 0, our result contains the case of the usual Keller-Segel system. However, remark
that our result excludes the case of n = 2; concerning our spaces B;;*"/ ?(R") for the initial data, we observe that the regularity index
becomes —2 + 2/p if n = 2. While it is negative for any p > 1, the estimate for the nonlinear term |u|*~'u’ would be necessary. In the
case of fi, = 0, we handle only the nonlinear term V - (uK, u) represented by the divergence form. Thus n > 3 has to be assumed unlike
the case of f, = 0; see Proposition 7 and Lemma 2 for more details. We also mention that the assumption x < 2 ensures the solvability
in B;ZJ’"/ P(R™); if we consider the case of x > 2, then choosing different function spaces would be required to show the solvability. In
any case, the conditions n > 3 and « < 2 are assumed in order to consider quite large function spaces B;2+"/ P(R") for the initial data.

(ii) As mentioned before, our result only gives the local existence of solutions since the system (1.1) does not have a scaling
invariant structure. However, even though, there are results [18,19] on the construction of global solutions by showing suitable a
priori estimates with the aid of the logistic growth. Remark that our situation differs from such results in the sense that the domain
Q = R" is unbounded and the initial data « may be a distribution.

(iii) The properties (1.6) imply that the index 1 < ¢ < o in the Besov spaces B;;Jr"/ P(R™) affects the regularity of solutions u in
the time direction. More precisely, such a regularity is expressed as the Lorentz spaces. This is regarded as an improvement of the
regularity of the solution due to a slight difference in the initial data a (cf. [37,38]). In the case of ¢ = oo, considering the time-Lorentz
spaces does not make sense as such a regularity follows from the time-weighted spaces (cf. [39, Proposition 3.7]). Furthermore, the
condition (1.9) is fulfilled for all solutions u satisfying the property (1.7); if u satisfies t*/2u € L*((0,T,); X) with lim,_, 15/2 lu@®llx =0
for some 0 < s < 2 and Banach space X, then we see by [39, Proposition 3.7] that

Jim At € O.T)] ully > H7* =0,

and thus the condition (1.9) for the uniqueness is weaker than that given by the standard Banach fixed point theorem in the case of
1<g<oo.
(iv) To construct solutions u for the initial datum a € B;(z,:"/ ?(R"), we have to assume the additional condition (1.10) as the

function in B;ﬁ:"/ P(R™) may not be approximated by the function in the Schwartz space §(R") in general. We also remark that the
initial datum a € Bp_j”'/ P(R™) for 1 < g < co necessarily satisfies lim;_ ,, 20%"/PJ || 4;a|| 1 p(gny = O.

Next we give our second result providing the partial smoothing effects of the solutions u of (1.5).

Theorem 2 (Partial smoothing effects). In the statement of Theorem 1 (i) and (ii), the solution u of (1.5) also has the following regularities

loc

{ u € CEYI((0,T1; (BUC n LP)(R™M) n Gt/ (0, T1; (BUC* n H*H)(R™)), 112)

02u € Cy (0. T, C*'R™),  9/u € Cy((0,T); C*H/(R™)
for j € {0,1}. In particular, it holds that
u € C'((0,T); BUC(R™)) n C((0,T); BUC*(R™))
and u satisfies (1.3) pointwise in (0,T) x R".

Remark 2. (i) Although the regularities (1.12) of the solution u seem to be involved, it is expected that (1.12) is obtained naturally
as a formal calculation yields (1.2). In particular, the regularities (1.12) provide that

ue Cl’;'l (0, T]; BUC(R™)) n C,,((0,TT; C**2(R™)),

which seems to be optimal in time and space, respectively, due to the combination of the C*-regularity of |u|*~'«/ and the parabolic
smoothing effects (cf. [35,36]).

(ii) We have to note that the optimality mentioned above is meaningless in view of the physical model even though it holds true in
the mathematical sense. The proof relies on choosing a sign-changing initial datum « as well as that in [35,36], which is unreasonable
as a denotes the initial density. In addition, if we assume that a # 0 is non-negative, then the standard maximum principle of the
parabolic equation yields the positivity of u, which means that the proof of the optimality in [35,36] is no longer valid. Or rather,
we expect that u is smooth. Nevertheless, the author suspects that a sufficient smoothness should be unknown as our framework of
function spaces is too general to assume the “non-negativity” of a suitably.

4
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1.2. Organizations of the paper

This paper is organized as follows: We give some notation and definitions of function spaces in the next section. We also recall
the fundamental properties of the function spaces used in this paper and the heat semigroup in the Besov spaces framework. Section
3 is devoted to the construction of solutions of (1.5), namely, the proof of Theorem 1. To this end, we give several estimates of the
nonlinear terms. In Section 4, we show the partial smoothing effects of the solution of (1.5); this implies the result of Theorem 2.
We give further estimates for the nonlinear terms to show the desired regularity properties. In the appendix, we provide the detailed
proofs of several propositions given in Section 2.

2. Preliminaries
2.1. Notation and function spaces

In this subsection, we give some notation and definitions of function spaces used in this paper: Let Q2 denote a set of the Euclidean
space. Let BC(Q) and BUC(Q) be the Banach spaces of bounded continuous and bounded uniformly continuous functions defined on
Q, respectively. In addition, for k € N U {0}, define BUCK(Q) := {@ € C¥(Q) | 0%¢p € BUC(Q), |a| < k}, where a denotes a multi-index.
For k € NU {0} and 0 < 6 < 1, we also define the Hélder spaces C**¥(Q) := {¢p € BUCK(Q) | ||¢l|cr+0(q) < o0} with the norm

10%0(x,) = 0% (o)
l@lcrro = D, suplo®p()|+ , sup ——— 0=
o<k XEQ |al=k X0-X1 €, [x) — Xl

In addition, let ¢ € C]’;Jg"(ﬂ) imply that ¢ € C¥*?(K) holds for an arbitrary compact subset K C Q. Moreover, if we consider the X-
valued functions defined on the time interval I c [0, o), then we use the notation like BC(I; X), C¥*?(I; X), and Cl’:cfg (I; X) with
slight modifications of the corresponding definitions. Let X* denote the dual space of a Banach space X. Then C,(I; X*) denotes the
set of weakly-star continuous X *-valued functions on I; let ¢ € C,(1; X*) imply that

lim {@(1,) = @), y) = 0

for all t € I and yw € X with the duality pairing (-, -) between X* and X.
For 1 <y < o, let L7(; X) denote the Bochner-Lebesgue spaces on Q and let ¢ € LIVOC(Q; X) imply that ¢ € L7(K; X) holds for an
arbitrary compact subset K ¢ Q. For 1 <y < o and 1 < g < oo, define the Lorentz spaces L"9(Q; X) := {p € L (Q; X)| ol Lra@x) <

loc
oo} with the norm
0 dr 1/q
{/ (rl/fw*(r»q—} if 1 <g<co,
0 T

sup /7 o* (1) if g = oo,
>0

llellzra@x) 1=

where ¢* denotes the rearrangement function of ¢ given by
@*(7) :=inf{A € (0,00) | u(x € Q[ l9X)lIx > H <7}, >0

and u denotes the usual Lebesgue measure on Q. In particular, if X = R, then we write L"9(Q;R) = L"4(Q) for simplicity. Remark
that the Lorentz spaces L"9(Q; X) defined as above are not Banach spaces but quasi-Banach spaces. However, by a slight modification
of the definition, we see that the Lorentz spaces become Banach spaces (cf. [40, Section 6.2]).

Next, let 7 and F~! denote the Fourier transform and its inverse, respectively. Then we set

A= AP = P A |- PR, ) = il

for 4,0 € R and ¢ > 0. In addition, let y € S(R") be a function satisfying supp y = {E € R" | 1/2 < |&] <2}, y(&) >0 for 1/2 < |&] <2,
and ¥, x(277¢) = L forall ¢ € R" \ {0}, where §(R") denotes the Schwartz space. Then we put 4; :=F 'y )Fand S, :=F71(1 -
Dken yQ I )FforjeZ For1 <p<o,s€R,and 1 < q < oo, we define the Sobolev spaces H*?(R") and the Besov spaces B;,q([R{”)
and B;’ q([R”) as the spaces of functions ¢ in the dual space §’'(R") of &(R") such that the corresponding norms

ol mso@ny := I = A0l Logns
(

- & SilA
Iolag, ) 1= 1800l Loy + 12714y 0l )

. - SI A i
el ag e 2= 1027 140l 0 1 € 21, )

are finite. Note that although the spaces H*”(R") and B;’q([R”) are Banach spaces for all 1 < p < o0, s € R, and 1 < q < o, the spaces
B;’q(R") are Banach spaces provided (s, q) € (—oo0,n/p) X [1,00] or (s,q) = (n/p,1). Even so, by considering the space &'(R")/%(R")
modulo polynomials P € 2(R"), we may show that BS, (R") become Banach spaces forany | < p< o0, s € R,and 1 < g < o (cf. [42,
Theorem 2.33] and [41, Remark 2.26]). For more details on the Besov spaces, we refer to, e.g., [43, Chapter 6], [41, Chapter 2], and
[42].



T. Takeuchi Nonlinear Analysis 266 (2026) 114039

In what follows, we will abbreviate
||(P||L;(X) = el Lror:x)» ||(P||L_Vr=‘?(x) = lellpraorixy,  Nellxay = llellx + llelly

for simplicity. In addition, for a function space X(R") defined on the whole space R", we will abbreviate X := X(R").

2.2. Fundamental properties of some function spaces

In this subsection, we recall the fundamental properties of the Besov and Lorentz spaces. Throughout this subsection, let X c Y
imply the continuous embedding, i.e., ||¢|ly < C|l¢|lx with some constant C > 0 independent of ¢.
We begin with the properties of the Besov spaces; for 1 < p < o and s € R, we note that

s N s+o N
prunBp.ql for 1 < gy <gq, < oo, BmeBp’1 for ¢ > 0,

) . ; 50 50
B;’l Cc H*? C B;,oo’ Bp’l cLfc Bp’m
due to [43, Theorems 6.2.4 and 6.3.1] and [42, Proposition 2.3]. We also note that [43, Theorem 6.5.1] and [42, Proposition 2.4]
yield the Sobolev embedding results

s s=n(1/po—=1/p1) s ps—n(1/po—1/py)
Bpg,q c B[’M] ’ Bp(),q c BPlv‘l

for 1 <py<p <o, s€R,and 1 <q< o and BI]:T"/p C BUCK for 1 < p < « and k € NU {0}. Moreover, it holds by [42, Theorem

2.7] that B&? = C**? with the equivalence of norms for k € NU {0} and 0 < < 1. For 1 < p < o0, s > 0, and 1 < ¢ < oo, it holds that
s _ 1P S - _ 1p H—s

Bp’q—L an,q’ Bp‘q—L +Bp’q. 2.1)

In particular, we have B, C B; J and B;; C B3 although the properties (2.1) are mentioned in [43, Theorem 6.3.2 and p.164], for

the convenience of the réaders, ‘we will give the detailed proof in the appendix. Remark that [42, Theorems 2.2 and 2.28] yield
—AY 20| peo s o —A) || goo .
V@l + =80l e < Cligllgg,. 1Y@l gyt + 12 0lls0 < Cllgll,
with a constant C > 0 independent of ¢. We give the following proposition, whose proof will be attached in the appendix:
Proposition 1. Let1 < p < oo, s €R, and j € N. Then for every a € Bz,w, it holds that Sja [S BI‘J’T“ for all 6 > 0 with the properties

20'(j+l)C

$yall g < 22C
1 all grss < 55

. P
lallg; .. I = S)alls . < Csup2*||deall .
’ ’ k>j

where C > 0 is a constant independent of o, j, and a.

Next, we summarize the properties of the Lorentz spaces; let I C [0, o) and X be a time interval and a Banach space, respectively.
It holds by [40, p.216 and Theorems 6.3 and 6.6] that

LX) = L'(I; X), L"(I; X) c LY (I; X)
for ] <y <o and 1< ¢, <gq <oo.Adirect computation with [40, Theorem 4.5 (h)] implies that

0
[nens|

forl1<y<oo,1<g<o,and0< 6 < 1. We also give the following propositions:

(2.2)

— 0
ooy = NPl Lracrx)

Proposition 2. Let1 <y <o, 1 < ¢ <0, and 0 < T < co. Then the following statements hold:
(i) Let yy, 7, € (1,00) and qy, q; € [1, 0] satisfy 1/y = 1/yy+ 1/y, and 1/q = 1/qy + 1/q,, respectively. For every ¢, € L% (0,T) and
@, € L"9(0,T), it holds that gyp, € L"(0,T) with the estimate

loo@illze <27 I@oll roa @l i
In particular, if T < co and @, € L1-®(0, T), then it holds that ¢, € L1 (0, T) with the estimate

lleoll i <727V gl oo
T T
(ii) Assume that 0 < 4 < 1 —1/y. For f € LO/r+2714((0, T); X), define P by setting

t
L70) ::/(z—r)an(T)nxdf, 0<t<T.
0

Then it holds that ¥ € L"9(0, T) with the estimate

Y|,;ra <C _ s
I¥l50 < ANty

where C > 0 is a constant independent of T and f.
(iii) Assume that f € L"*°((0,T); X) satisfies

limsup Au(t € O.T) [ IfOllx > D'/ < e
A—00

for some ¢ > 0. Then there exist a constant M, > 0 and a function f, € L"*((0,T); X) such that

”fg”L;“(x) <2, |If- fg“L;?(X) <M.
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The assertion of (i) implies the Holder inequality in the Lorentz spaces. Combining [40, Theorem 4.11] and the usual Holder

inequality provides its proof; the detail is given in, e.g., [44, Proposition 2.1 (iii)]. In particular, by setting ¢, = 1, we have |1 ||Lyl,| =
T
yT'/" from [40, p.216], and thus we obtain the latter inequality. The assertion of (ii) implies the Hardy-Littlewood-Sobolev in-

equality in the Lorentz spaces. The estimate is shown by the real interpolation method; for more details, we refer to [44, Proposition
4.1 (i)]. Furthermore, the proof of the assertion of (iii) is given in [39, Proposition 4.9].

2.3. Heat semigroup defined on Besov spaces

This subsection is devoted to the properties of the heat semigroup defined on Besov spaces. We will provide the proofs of all
propositions in the appendix. First we verify the smoothing estimate and space-time estimate on the heat semigroup.

Proposition 3. Let 1 < p < oo and s € R. Then the following statements hold:
(i) For every a € B; «» there holds e*a e C((0, ); B;t")for all 6 > 0 with the estimate

lle®all gso < C1+ 177/ all gy
Pl p.co

for all t > 0, where C > 0 is a constant independent of t and a. In particular, there holds
—6/2
le®allgsso < C"llallgy

forall0 <t <1.
(i) Let 1 < g < co. For every a € B; , there holds e®a e L2/°49((0,T); B;’;")for all0 <o <2and 0 < T < o with the estimate

1A /2
I%al 700 g, < €O+ Tl

where C > 0 is a constant independent of T and a.

Combining Proposition 3 and the density and duality properties on Besov spaces, we may show the behavior of the heat semigroup
ast - +0.

Proposition 4. Let s € R and a > 0. Then the following statements hold:
() Let1 <p<oo, 1 <g<oo,and o > 0. Forevery a € B;,q’ there holds

/2 t(al+A)

lim ¢ e al| gs+o = 0.
=40 ” ”B;jG

(ii) Let 1 < p < 0. For every a € B;’oo, there holds

li tal+A) , =0
fgy (e e
fordly e B;,Sl, where p' :=p/(p—1).

(i) Letl <p<oo,50€R, 0<0<2,and0<T<1IffeL>® ((O,T];B;f’oo)saulsﬁes

loc

t
M := sup [/l f@)ll o + / =@ f(7)d e < oo,
0<t<T P.oo 0 BS
7,00
then there holds

t
t11T0< / e=0@l+a) ¢ (r)dr,w> =0
- 0

—S
foral y e Bp’,l'
Finally, we give the smoothing effects of mild solutions of the linear heat equation.

Proposition 5. Let 1 < py < 00, py < p < 00, 50,8 ER, k€ {0,1}, >0, and 0 < T < 0. For f € L'((0,T); H*-"0), define F by setting
t
F(@) := / UTD@IHD) rydr, 0<t<T. (2.3)
0

Then the following statements hold:
(i) Suppose that f,0% f € L2 ((0,T1; B; ). Then it holds that

loc

OfFe () CLUOTEB), ot FLA)F € LY ((O.T1; B) ).
0<6<1

(ii) Let 0 < y < 1 and suppose that f € Cl'; JC’V((O, T1; X%). Then it holds that

F € G (0.T: X)) n Gt (0. T X*2),

loc loc

where X* denotes either H*'0o or BUC* in the case of s € N U {0}.
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3. Construction of mild solutions

In this section, we shall construct solutions of (1.5). To this end, we show the estimates of the nonlinear terms in (1.5). We begin
with the estimate of the operator Ky =V(p1 - AL

Proposition 6. Let 1 < r < co and f, > 0. For every ¢ € L4/+1/™" | there holds Kp @ € (L")" with the estimate
1Cs, @l < Clloll 1 jrsrjm1 »
where C > 0 is a constant independent of .
Proof. Since
Ky =V BT = A= DT =D = V07T = pi(By] =27 @1
for all #, > 0 and since I — §;(f, I — A)~! is a bounded operator from L’ onto itself due to 1 < r < co, we have
€5, @l < CIV=A)"0ll 1+ < Clill -1,

where H~!'" denotes the homogeneous Sobolev spaces. Therefore, the desired estimate follows from the Sobolev embedding
L0/ 1/m™ ¢ =17 (cf. [43, Theorem 6.5.11). O

Next we show the estimates of the nonlinear terms V - (kg u) and |u|*lul.

Lemma l. Letn/2<p<n, 1<k <2, 1€{0,1}, and p;, > 0. Suppose that s, s,, r, and r, satisfy

2-2 o<, max{z—f,zx—n—(,c—l)so}<s1<2,
p p
2 2 1 2 (3.2)
— S - S — S - S
To-p=R0,—n L__"R, 275
r n n T, n n

Then there holds
[Iv- ((ﬂ1’cﬁl ¢0)||anl.r* < Cllo; ||Hr1+3172+n/p,p ||(00||H»1+5072+n/p,p
foralln >0and ¢; € H mEs;=24n/pp yith j € {0, 1}, where C > 0 is a constant independent of ¢, and ¢,. Moreover, there holds
—1_1 —1_1 -1 -1
Moy = 1@0l" " @1l 1 jropm1 < CUAPI ) 2y F NP0, 210 NP1 = POl foesi 200
forall0 <6 <2—s, and @y, @, € HO2+1/Pp  Ho+51-24n/pp,

Proof. Note that

n n
s 5—— 1, €(1,00)
1-55 2—15

due to the conditions (3.2). Since Proposition 6 yields
15, @oll gnasa=sy = 15, (I = A2 @ql wja-sp < Cligoll yasc—sy

and since HSi~2n/pr ¢ gn/@es) for j € {0, 1} from the Sobolev embeddings with (3.2), the fractional Leibniz rule in the Sobolev
spaces (cf. [45, Theorem 1]) provides that

IV - (@1 Kp, @)l -1 < Cll@yll gnase-sp 1 g, @0l gnnsa=sg) < Cll@y | gaes-24n/.0 |00 || greso-24n/p.p-
In addition, noting the Sobolev embeddings

Hso—2+n/p,p c Ln/(Z—so)’ Ho+.vl—2+n/p,p c Ln/(2—.vl—a)

and the relation
1 o 2-590 2-s1-0

Se k- p—2 4 —
r n n n

we see by [35, Proposition 2.3 (iii)] that
o
o

-1 -1
< C(”‘Pl ”KHS()—Z*'"/F,P + ”(P()”KHSO_z.;.,,/,,{p)”(pl - (P()”H6+5172+n/p,p,

1 —1
(2-50) + “(pOHKn (2_,70))”(1’1 - (polan/(?-ﬂ‘rJ)

=1 1 =1l 1
e " @) = l@ol* " @yl jr—opm-1 < 2@l "

which completes the proof of Lemma 1. O

As we have shown the estimates of the nonlinear terms in Lemma 1, it remains to estimate the nonlinear terms given by the
integral forms. Before showing the estimates, we shall verify the conditions on the indices ensuring the desired nonlinear estimates.

8
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Proposition 7. Letn/2 < p < nand2p/n < k < 2. Then there exist s, and s, such that (1.4). In addition, let r and r, satisfy

lz(K_l)Z—s0+2—sl izl—s0+2—s|
r n ’ ’

n Ty n n

respectively. Then it holds that
n n 1 1
l<r<§, §<r*<p, O<n<;—;><2—sl.

Proof. As we have

e (15)- (2] -2 ) 15 (-3) -
k=1 p p p k-1 p p 2p-n p

we may take s, so that 2 —n/p < sy < min{1,2 — (k — 1)"'(2 — n/p)} holds. Moreover, we also deduce that

n n
3———s59—(2-=)=1-59>0,
) 0 < p> 0

1
(k=12 —s0) — (2—?—)) =(K—1){2—m<2—§> —so} >0,

3—E—SO—{ZK'—}’I—(K'—I)SO}=n+3—2—21('—(2—)()50>n+3—2—2K—(2—K‘)=n—K‘—1>0,
P p

K=DQ2-=s9)— {2k —n—(xk—1Dsg} =n—-2>0.
Hence, we may take s, having the desired property. In addition, we note that
n=2-{(k-1DQ2=-s9)=s51}>n-2-(-D2-s9)+2k—n—(k—1)sg =0

and (x — 1)(2 — 59) — s; > 0 due to the conditions (1.4). Thus we observe that 0 < n/r —2 < n—2 as r satisfies (xk — 1)(2 — s59) — 5, =
n/r — 2. Concerning the condition for r,, since there holds 0 < s, + s; < 3 — n/p from the conditions (1.4), we note s, + s, =3 —n/r,
to obtain n/3 < r, < p. Moreover, as the conditions (1.4) yield

11 1
2—s1—n<;—;> =2—s1—{(x—l)(2—s0)+2—s1}+§=(K—1){so—2+(K_”l)p} >(K—1)(m—1)§>0,

we have the desired property. O
Let us show the nonlinear estimates under the conditions in Proposition 7.

Lemma 2. Letn/2<p<n 1<qg<o, 2p/n<k<2,1€{0,1}, a,f; €[0,00), and 0 < T < 1. Suppose that s, and s, satisfy (1.4) and
that

£, 8?0 € L0, T); HS™2/ppy, v € L¥09(0,T); HSi~+"/pp)

for j € {0, 1}. Define the functions I(u,v) and J (u, v) by setting

t
I(u,v)(1) = / TIEHIY L (uky v)dr, 0<t<T,
n (3.3)
J W, v)(t) := / eI+ (1=l p<lhde, 0<t< T,

0

respectively. Then the following estimates
N2 YO goo20mp < Ce* 1™+ P luly [0y, 1T 00Ol yrs-20np < Ce ([l + [0l Dl = vly,
p.l Pl
hold for all0 <t < T and s, € {0, sy, s, }, where

1
. ]2
[uly, := 3 sup /@)l ys;-240/nr
j=0 O<r<t

and C > 0 is a constant independent of a, t, T, u, and v. Moreover, it holds that

1

~24n/p, < Ce[uly, [vly,, 1T (u, U)||L2/s1<q(st72+n/p) < Ce"([u];—l + [U],K,,_l)[u - vly,
1 Jj=0 1 p.l

1

A , 0 Sy s
Z,)u @l 250 g5
forall0 <t<T and j € {0, 1}, where
1

[uly, := ,Zo el 21514,y -210100,:
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Proof. First we consider the estimates of Z(u,v). Taking r, so that 1/r, = (1 —sy)/n+ (2 — s,)/n holds, we have n/3 < r, < p < nfrom
Proposition 7. Hence, the Sobolev embedding B‘*_“"/ ™ c B * 2+"/ ’

and Proposition 3 (i) imply that

eIV - ke, u)||B;*l_2+n/p < Ce™[|e'*V - (uky, U)||B:*-12+n/r* < Ce DIy - uke Ol
forall0 <7< T and s, € {0,s.s,}. Then we use H~'"+ ¢ B7! "and Lemma 1 to obtain

”et(aH—A)V . (“IC/}] U)”Bx*l—Z*-n/p < Ceal_s*/z_lﬂo/ZHIﬂ”“”H»Vl-zﬂ/lhp 1ol gso-2+n/pp-

A
Since
t
/ (t =)ot~ dr = B(A, ! (3.9
0
forall t > 0 and A, 4 € (0, ), where B(4, ) := /01(1 —1)*~lzr=14 ) < 00, we have
1
1T (u, U)(I)”BS*—2+n/p < Cea[“]x, [U]X, / (- T)_S*/z_l‘”o/z‘”l/zr_sl/zr_SU/sz < Cea’_s*/z[“]x,[U]x,
.l 0

for all 0 < 7 < T due to sy + 5; < 2. In addition, combining Proposition 2 (i) and (ii) yields

o
(st 2+Vl/p) S Ce

wam%q

|u||HSrZ+n/w||U||HA0—2+n/pvp 2/(:o+sl)q < Ce” [u]y [U])g

Next we consider the estimates of J(u, v). Taking r so that 1/r = (k — 1)(2 — s¢)/n + (2 — s;)/n holds, we have 1 < r <n/2 < p due

to Proposition 7. Hence, we combine BS* 2nfr BY* 2/P and Proposition 3 (i) to obtain

”et(al+A)(|ulx4 ! _ |U|K71U )” so2anfp < Ceat”etA(lullcflul _ |leflvl)” so2infr < Ceatf(l/Z)(s*72+n/r)”|u|xfl !l _ |U|K71Ul”BO
B, B roo

forall0 <t < T and s, € {0,sp,s;}. Then we rely on L" C B0 and Lemma 1 to deduce that

e S ul a0l g2y < Cetr™ s AHHETDOZE 2 S8 Ol )N = Ol g 20
pl

Thus we observe that
t
T U)(t)”Bx*—Z-%—n/p < Cea([u]g(_l + [U]Q_l)[u ~uly, / (t — ) S+/2KH =D/ 2481 /21 =(e=Dso /2 =51/2 g 7
Pl ! ! 0

—5,/24+Q2-K) -1 -1 _
< Ce /(U + [uly Dlu = vl

due to k¥ <2 and s + 5; < 2. In addition, taking y such that

1 So | S
Lok 4Ly
, (x )2+2+( K),

we have 1 <y < oo from s; < (k — 1)(2 — 5). As Proposition 2 (i) yields
”(PO(PI ”LrM < CIZ_KH(P()(P[ ||L((K—71):0/2+31/2)—1,q < C”‘POHL'Z/((K—USQ),q ||(P1 ||L,2/x1'q
1
for all ¢, € L2 (<=1%0)4(0,1) and @, € L?/*1-4(0,1) provided 0 < t < 1, by relying on (2.2) and Proposition 2 (ii), we observe that

a7 +lloll”

H0-2+n/pp )Nl — U||Hs1—2+n/p-p

K—
(Huun RE

< Ce“<[u];j‘ + [0l Dl = vly,

1T (u, U)”LZ/S/,q(Bx/ —2+n/11) < Ce” HAU 2+4n/p.p 122
! pl 1

2/(('(*1)30).([) ”u - U”Lz/slv‘l(Hs]—Zﬂt/p,p)
L t

/D0 + “”“”HAO ~24n/pp

for all 0 < r < T, which completes the proof of Lemma 2. O

Once we show Lemma 2, by applying the estimate of the heat semigroup in Proposition 3 and the usual Banach fixed point
theorem, we may construct solutions of (1.5), i.e., show Theorem 1.

Proof of Theorem 1. (i) Let 0 < T < 1 be arbitrary. Define the function space

_ -2 -2
we BCWO,T; By ™), 1w e BO(o, 1y BY), we 1rao, 1y BV,
Zr i=3u (3.5)
! Jim 252 @) g2 = 0. € (0.1)
pl
with the norm llull 2, = ||u||L°°(B—’2+n/p) + llullx, + llully, where
[lullx, SUP 52 ()| Arzw/p, lllly, == D Null 2/s;q  sj=24n/0 (3.6)
t 0< t L (B )
Jj=0 j=0 t .1

10
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for 0 <t < T. In addition, define the mapping ® by setting
t
Du(r) 1= €@+ / D (G k) + folul ! )dr = I+ a = T o) - foT @, 0XO), 0<1<T 3.7)
0

for u € Z, where I(u,v) and J(u, v) are given by (3.3). As Lemma 2 implies that

I+4 2
|Pu(@)|| Bl S lle @+ ]| B + Ce(llully, + llull’y)

QU sy20nsp < 1€ all s aensp + Ce 52 (ully + llull,)
pl pl

forallue Z;,0<t<T,and j € {0,1}, Proposition 4 (i) yields lim,_, ,o |Pully, =0 due to 1 < g < . Since Lemma 2 provides

2
(L Eyp— +Cetlull3, + llullf, ),
T

<C et(aH'A)a . .-
5 )= I ||L:.,/A/'q(stl 2+n/p

)

by combining the above estimates, we observe that

A
1Pl < Celleallyam, + Celully y, + lully, o)

(3.8)
1Pull 7, < Ce“lle“all 7, + Ce(ully, ry, + Nl ny, )
Noting that Proposition 3 yields
1A
leall, < Cllall 210 3.9)
we obtain ®u € Z; for all u € Z. In addition, as there holds
Du(t) — Qu(t) = —I(u — v,u)t) — I(v,u — V)(®) = Py J (u, L))
forallu,v e Zy and 0 <t < T, we also see by Lemma 2 that
10 = @0l 7, < Ce (1l gy + Nl oy, + 100y + HoWs y, Y=l (3.10)
Now we take 0 < T < 1 sufficiently small such that
lle"all ., y, < (BCe")™/*~D 3.11)
from Proposition 4 (i) with 1 < ¢ < oo and assume that u, v € Z; satisfy
max{ ||l x, ny,. 101 x, ;. } < (8Ce®)™H/&D, (3.12)

Then it holds by (3.8), (3.10), (3.11), and (3.12) that
@ullx, y, <Ce® - (BCe™)™/*D 1 Ce{(8Ce") /71 4 (8Ce™)™/*~D}
< é(SCe“)"'/(’("” +Ce™ - 2(8Ce") /7D < (8Ce™)~!/*7D,
[@u — ®v|| 5, < Ce™{28Ce")™/ "D +2(8Ce™)™ }|lu - u||ZT
= {J@ce e L A= v, < Slla- .

Therefore, we may apply the Banach fixed point theorem. Namely, there exists a unique function u € Z; such that ®u = u with the
estimate ||u|| Xpory S (8Ce®)~1/®&=D_Moreover, relying on the estimates (3.8) and (3.9), we observe that

lullz, < Cellall g2 + Ce"{(8Ce™)™/®=D 1 (8Ce™)™ }|lull,
1 1
— a 2 a\—1/(k—1)+1 2
= Ce"llal 210 + { 5 (8Ce") + 3 Hllz,
1
o
< Cellall preasp + 3 lull 7,
which yields (1.8). From (3.7) and Lemma 2, we have
Nla(t) = all po2ensp < fle“/*a — all yo2ensp + Ce(lluly, + llully))

forall 0 < ¢ < T. Since lim,_, . ||u]| x, = 0 due to (3.5) and since {e/®/*4)},_; is a Co-semigroup on B;;Jr"/" due to 1 < g < oo, we obtain
.7).

Finally, we show the uniqueness of solutions of (1.5). Suppose that u satisfies the condition (1.9). Then Proposition 2 (iii) implies
that we may take ué’* ) such that

2e,, |lu- uE’:llL;g (il <M.,
*

()
2 2755 g 2o, <
4

11
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for j € {0,1} with some M, > 0. Thus we observe that

) ‘ n
Netll 20500 g4y prsi =200y < C(””&’:”L;ﬁj'm(ﬂﬁ2*"/‘”’) + lu— uij*)||LZ/SJ'((t7t+h);Hsj—2+n/p,p>> <CQe, + Ms*hY// )

for all #,h € (0,T,) such that t + h < T, which yield
1

D Mull 250 sy -240nn, S C (3.13)
Jj=0

for sufficiently small 0 < 4 < T,. Therefore, to show the uniqueness assertion, we may assume that (3.13). Now we suppose that u
and v satisfy (1.5) with the corresponding condition to (3.13). We set
1

S(0) 1= 20 D
=

for 0 < ¢ < T,. Then, since it holds that

u(t) = g — T(u,u)(t) - foJ W, 0)(0),  v(t) = " *a - L(v,v)(t) - foT (v,0)(1)
forall 0 < < T,, we have

u(t) —ov(t) = —I(w—v,u)(t) — I(v,u — v)(t) = foJ (u, v)().

Thus we see by Lemma 2 and (3.13) that S(h) < Ce%(e, + e:‘l )S(h). By taking 0 < ¢, < 1 sufficiently small, we deduce that .S(h) =0,
which implies that u = v on (0, h). Hence, by repeating this argument, we may show that u = v on (0, T),).
(ii) Let 0 < T < 1 be arbitrary. Define the function space

Zp = {u ue BC(O.T): B2, 1% e BC.T: BN, jeon }
with the norm ||u||§T o= |ul| LeoBo2HIr, + llullx,.» where X7 is given by (3.6). We consider @ defined by (3.7) again. Then, in the same
T P>

way as in the proof of (i), we obtain
1Pully, < elleally, +Ce(lull, + lully, ).
Rullz, < e lleall, +Ce(lully, + lully ).
10w = @0l 5, < Ce(Ilullx, + lulls, + ol + ol )lla = ol 7,

forallu,v € ZT. Thus we see by (3.9) that ®u € fr.

Asa € B;i:"/p, we see by Proposition 1 that

”Sja”BaIZ-M/p < %llalllg;gn/p, Il - S/)a”tz;ﬁj"/" < ngp 2241/0K || 4 all
P a . j
for all j € N and o > 0. Noting the condition (1.10), we may assume that ||(I — S Dall B2 < Ce by taking j € N sufficiently large.
Therefore, Proposition 3 (i) implies that
le®ally, <l = $)ally, + e S;ally,
<cC|d - S'j)auB;(z:n,,, + C(TGo=/2 4 T<51—”>/2>||Sja||BZTzM/,,

2°UDC o (sgm0)/2 , ls1—0)f2
<Ce+ W(T $0=0)/2 4 75179/ )”a“B;Z:”/"
provided 0 < ¢ < min{s, s, }. Since we deduce that lim sup;_, . [le"*a|| x; < Ce, we may assume that (3.11) by taking 0 < € < 1 and
0 < T < 1 sufficiently small. Hence, in the same way as in the proof of (i), we obtain a solution u € fT of (1.5).
Concerning the weak-star continuity (1.11), we see by (3.7) that
() = a,y) = ("“IVa—a,y ) = (Tw,w)®) + BT (w,0)1), w)
for all y € B /"
(iii) Since u and v satisfy
u(t) = “*a— Tw,u)(t) - foT @, 00),  v(r) = b — (v, 0)(1) — T (v, 0)(1)
for all 0 < 7 < T, respectively, we obtain

ut) — v(r) = " — b) — T(u — v,u)t) — L(v,u — VYD) — foJ (, V)(E).

. Thus we apply Proposition 4 (ii) and (iii) to deduce that (1.11) holds.

Therefore, noting the condition (3.12), we see by Proposition 3 and Lemma 2 that
1
lle = ellz, < Cella=bllzunsp + 5l = vl .
which yields the desired estimate. This completes the proof of Theorem 1. O

12
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4. Partial smoothing effects
4.1. First regularization result

In Theorem 1, we have constructed solutions of (1.5). In what follows, we shall show that the solution u of (1.5) has additional
regularities in space and time, namely, we show Theorem 2. Consequently, it is verified that the solution u of (1.5) satisfies (1.3)
pointwise in space and time. The desired assertion will be shown by the standard bootstrap arguments. We first remark that Proposi-

tion 3 (i) with the assumption a € B;;J'"/ ? yields e"a € C*((0, »); B;J;”) for all ¢ > 0, and hence the first term on the right-hand side

of (1.5) has a sufficient regularity. We begin with the following smoothing property of the solution u of (1.5):
Lemma 3. In the statement of Theorem 1 (i) and (ii), the solution u of (1.5) satisfies
ue [ GO, T1: B,
0<6<1 ’
Proof. Lemma 1 implies that the solution u of (1.5) satisfies

IV - @K g uO) g-tr. < CHu@l sy 200 1O yysg-2010p < CEFD2 [

@)~ @Y 1l < CUHa@ONS o 1D sy 200/ < COEDO2Z 2y

forall 0 <7 < T, where ||ul y, is given by (3.6) and 1/r = (x — 1)(2 = s9)/n+ (2= s;)/nand 1/r, = (1 = s9)/n+ (2 — 5,)/n. As Proposi-
tion 7 yields r,r, € (1, p), we see by the Sobolev embeddings that L™ ¢ H~"(!/=1/P-» and H~'"+ ¢ H~1-"1/r«=1/p-p which provide

{V Ky u) € (L' 0 L2 )(0,T1; H'="0/r1/pp), “n

lul*~'u € (L' 0 L )(O. T H="(/7=1/P0)

loc

due to sy + s; < 2. We note that

noia 4.2)
r Fy

from the definitions of r and r,, which yields
a1 Jr=1/p), “1n(1fro=1/pop ~ p=1=n(1/rs=1/p)
HA/r=1/pp « g=1-n(/r.=1/p)p CBWO" r=1/p)

Therefore, applying Proposition 5 (i), we deduce that

ue Clluj’((o,T];B;i’"“/’*’“”)”"). (4.3)

0<0<1
Since max{sg, s;} < sq +s; =3 —n/r,, we have
lmax{s s}—l+£ <1 (4.4
2 071 Ty ’ ’
and thus we may take 0 < < 1 sufficiently small so that
n 1 n
0< §+§<max{s0,s1}—1+z> <1
holds. Setting 6 = /2 + (1/2)(max{sg, s} — 1 +n/r,) in (4.3), we deduce that
. pntmax{sg,sy }—24n/p
u e Lf:c((O, T],Bp,1 01 ).

Then we apply Lemma 1 again to obtain

IV - @K g w1 < C||u<t>||;+mx(m_ﬂ \2n/ (4.5)
»l

for all 0 < ¢ < T, which yields
V- ke u) € L0, T): Bl /"7 (4.6)

loc
due to H" L+ ¢ B;’;;_"(l/ re1/p ), Therefore, combining the properties (4.1) and (4.6) with Proposition 5 (i) implies that
1-6 . pmin{—n/ryp—1-n/r,}+n/p+26
ue [ (. TI: B} ). (4.7)
0<6<1
Here we assume that n — 1 — n/r, < —n/r. Then there holds
- —1=n(1/r,~1/p)+26
we () chlo, Ty BTy,
0<6<1
Note that the space regularity of « is higher than that of (4.3). Hence, by repeating the above argument, we see that (4.7) holds with

n replaced by 25. Consequently, noting the condition (4.2), we may take n = 1 + n(1/r, — 1/r) > 0 in (4.7). Namely, we may assume
that

we () cifwo, Ty B/, 4.8)
0<6<1

13
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Now we take 0 < ¢ < 1 sufficiently small. Then the condition (4.4) yields

o<%+%<max{so,sl}—1+ri><1, (4.9)

and thus we set 0 = 6/2 + (1/2)(max{sg,s;} — 1 +n/r,) in (4.8) to obtain

+] Sy =14n(1/r,—1/r+1
ue Lf:c((O,T];B;lmam“S‘) n(l/r.—1/r /p)).

As (4.2) holds, by letting # = o + 1 +n(1/r, — 1/r) > 0 in (4.5), we observe that
IV - @K Dl yesnsri=sjnrs < CIMDI a1ttt /re-1 17
.1

for all 0 < ¢ < T, which implies that

V- @k u) € LE(O,T): B/ 71/7) (4.10)

loc
due to He+"(/r=1/nr. ¢ B;;f'(l/ r=1/P Moreover, by applying Lemma 1 again, we also obtain
” |u(t)|K_[(u(l))l ”L(l/rﬂT/n)’l < Cllu(t)ll‘;l:(l]_2+,,/p,p “u(t)”HUHrZJr"/Pw

for all 0 < t < T. Therefore, since
BO"I'maX[SOvSI)—1+"(1/"*—]/"+1/P) c HSo~2tn/pp nHJ+sl—2+n/p,p
P

from (4.2) and since L{/m=/m™" ¢ B;;f'(]/’_l/"), we have

lul*~"u € LE.(0.T1; By /"/7), (4.11)

loc
Combining (4.10) and (4.11), we may apply Proposition 5 (i) to obtain

o—n(l/r—l/P)+29)’ (4.12)

ue ﬂ cl—a((o,T];B%1

loc
0<6<1

and thus we see the gain of regularity in space compared with (4.8). By repeating this argument, we may consider a larger index ¢ > 0
in (4.12). As Proposition 7 yields 0 < n(1/r — 1/p) < 2 — s;, we observe that ¢ = n(1/r — 1/p) satisfies the assumption of the estimate
in Lemma 1. Therefore, we may take ¢ = n(1/r — 1/p) in (4.10) and (4.11) to obtain

V- @k ), |ul* 'l € LYY

loc

(O, T1; BY )
and thus Proposition 5 (i) provides that
ue () GO, T BY). (4.13)
0<6<1
In addition, we take 0 < ¢ < 1 so that (4.9) holds again. Since n/p < 2, we may take 1/2 < 6 < 1 such that max{n/p, s + max{sg,s;} —
1+n/r,} <26. Thus we see by (4.13) that

ueL>®

loc

. ph/p o+max{sg,s; }—1+n/r,
(T} B n B’ ).
Noting that V(|u|*~"u') = k|u|*=>*'u'~'Vu, we deduce that

IV @) L < klluOIES IVu@ll L < C||u(t>||';;},,||u(r>||3;1

Pl

forall 0 < < T due to B;'/lp c L® and B;’l c L”, and thus we have

[ul*~u' € LY
0C

(O,T% B, ) (4.14)
from H'» c Bllm. Letting # = o + 1 + n(1/r, — 1/p) in (4.5), we observe that

2
IV - @K uO) | essir-simes. € IO o110

Pl

for all 0 < ¢ < T, which yields
V- WKy u) € LE.(O0.T1: BS ) (4.15)
due to Ho+/re=1/p.rv B - Therefore, by combining (4.14) and (4.15), we use Proposition 5 (i) to obtain

we [ Gl BIT).
0<6<1
As the space regularity of u is higher than that of (4.13), by repeating this argument, we may take ¢ = 1 in (4.15). Hence, combining
(4.14) and Proposition 5 (i) again, we have the desired regularity. This completes the proof of Lemma 3. O

14
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4.2. Nonlinear estimates in higher regularities

Here, we give the nonlinear estimates in higher regularities. By the standard bootstrap arguments with the aid of the nonlinear
estimates, we may show the smoothing properties that are stronger than that in Lemma 3.
Lemma 4. (i) Letn/2<p<n, 1 <p, < oo, and p;, > 0. In the case of 0 < 6 < 2 — n/p, suppose that ¢, € Bz , and @y € H'P. Then there
holds V - (¢, Kp, @) € Bg‘ll with the estimate

IV - @1k, @0)llgo-1 < Cllgrllae ool
Pis 0

where C >0 is a constant independent of ¢, and ¢,. In the case of o > 1, suppose additionaly that ¢, € B;‘ll. Then there holds
V- (@1 Ky, 00) € B;’ll with the estimate

IV - (@ Ky, (p())”Bff—ll < C||(P1||B;’ 1||(Po||H|,pnBrf—ll-
Di " 0,
(i) Let 1 <k <2,1€{0,1}, and 0 < o < 1. For every @ € C°, there holds |p|*~'¢' € C with the estimate

lel*"¢'lico < Sllell= lIelcs.

In addition, for every @, € B! | and ¢, € C*~\, there holds Iqool’“‘z“”(p(l)”(pl € C*! with the estimate

1

| K=2+1

1-1 —1
o @y Pillce-t < Clloolly Nl llon-1.
oo.1

Lemma 5. Let 1 <p, <00, 0<y <1,and 0 < T < co. Then the following statements hold:

(@) Let n/2 < p < nand p; > 0. In the case of 0 < ¢ <2 — n/p, suppose that u € C]. ((0, T];BZ pandve Cl};c((O, T1; H'"P). Then there
holds V - (uKCy, v) € C] ((0,T]; B;‘ll) with the estimate

IV - @k, U)||Cy((gyr);3;)rf}) < C””“CV((E,T);B;’*J)||U||CV((5,T);H1=P)

forall0 < e < T, where C > 0is a constant independent of ¢, T, u, and v. In the case of o > 1, suppose additionaly that v € CIVK‘C((O, T, H'"? n
BZ ). Then there holds V - (uKy v) € C[, ((0,T1: B ) with the estimate
IV - ke, U)”CV((e,T);BZ"l) < C”u”CV((EwT):BLYI)”U”CV((s,T);HI»PnB;‘l')
forall0<e<T.
(i) Let 1<x<2 and I€{0,1}. For every ueCl ((0.T};L®) and ve C\" "((0.T];LP), there holds [u|*">*u'~lv e
CI(:;”"((O, T1; LP+) with the estimate

24111 -
el == = 0ll comv e rysrny < TG (e ryepooy 10N cte-vr e o

forall 0 < & < T. In addition, for every u, d,u € L® ((0,T1; L) and v € CX71((0, T1; LP+), there holds |u]*~**u'~'v € CE-1((0, T]; LP<) with
the estimate
=241 1-1 -1 -1
Ml ol et ey < (2”“”iw«e,r);w> +5l0,ul iw«s,n;u’"))”””C”"((E’TW’*)
forall0<e<T.

To show the desired estimates, we recall the fractional Leibniz rules on the Besov spaces, whose proof is given by, e.g., Kaneko,
Kozono, and Shimizu [46, Proposition 2.2 (ii)].

Proposition 8. Let 1 < p < oo, s >0, and 1 < g < o0. Suppose that py, p.ry,r; € [1, o0] satisfy

1 1 1 1 1
—=—t+—=—+—.
p P P o N

For every ¢, € B;O ,NL0and ¢, € Bfl , N LM, it holds that ¢y, € B;q with the estimate
s < " " s
loo@:llgs, < C(ll(ﬂollsm_qll(ﬂl Iz + ll@oll Lo ”(PIHB,HI)’
where C > 0 is a constant independent of ¢, and ¢,.

Proof of Lemma 4. (i) We first suppose that y € B:“I_H"/ ? for 6, € R. Then we see by (3.1) that

I wll oo < CICT = By (BT = AWl oyt (4.16)
oo, 0,1

Since the Sobolev embedding yields B
1 < p < o0, we observe that

W wllgen < CUI = BB T =AWl yag-ssasn < Cllw oyt (4.17)
0, Pl p.l

':"I_H"/ P e B::Il and since I — f,(f; I — A)~! is a bounded operator from L? onto itself due to

15
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Next we suppose that y € B;‘Il for o; > 1. As (4.16) holds, by using BZ;II C B:;Il and the fact that T — g,(f;T — A)~! is bounded

from B:C:;l onto itself (cf. [42, Theorem 2.2]), we deduce that

-1
IIIC;;IIIIIIBQ1 SCIA = By (B I - A) )’””B;{l“ < CII!//IIB;II—L

(4.18)

In the following, we show the assertions. Let 0 < 6 <2 — n/p. Then we have BE‘I c BZ‘: due to 2 — n/p < 1, and thus we obtain

IV - (01K, (Po)”Bafl1 SCIV - (91 Ky, (Po)”;;vfll < Cllg Ky, (Po||B: E
Pies Pcs L
In addition, since Bgo L CL® and since
H'Y B(f—1+n/p c B—1+n/pnBa'—]+n/p
p.1 p.l p.l
from0 < —-1+n/p<o—1+n/p<1,itholds by (4.17) with 6, = 0 or ¢ = ¢ that
15, @oll oo < ClIK @ollgo < Cll@oll y-1enrp < Cll@oll g1
o, 1
1K, @oll gz < Cllggll go-14n/0 < Cligoll gr1r-
o, 1
Therefore, by applying Proposition 8 to the estimate (4.19) and recalling BZ*‘] =L"n B[‘]’*’I , we observe that
[Iv- (W1’Cﬁl (Po)”Bofi < C(||(P1||Bz . ||’Cﬁl @oll e+l o ||1Cﬁl @oll go 1) < C”(ﬂl”Bg . leoll grip-
P 0 ©, 0
Next, let 6 > 1. Then the definition of the Besov spaces yields

IV - (@, Ky, (pO)”B”‘i = [|1So(V - (@1 K, oDl L + 2 2(071)j||Aj(V (@1 K, 00Dl Lo
Pes jeN

SV - (@1 K5 @)l gou-1 + IV - (@1 K, (ﬂo)”Bn—ll
Pl P

for all o, € R. Concerning the first term, by taking o, such that 0 < o, <2 — n/p and noting the estimate (4.22), we have

IV - (@1 Kp @)l o1 < C“(plllg"*l”(pollylm < C”(pl“BZ M@l
Pl - s

(4.19)

(4.20)

(4.21)

(4.22)

due to ¢ > ¢,. Moreover, by applying Proposition 8 and using (4.18) with ¢, = ¢ and (4.20), we observe that the second term may

be estimated by

IV - (01K, (ﬂo)”[;af{ < Cllg Ky, (P0||1';;)I = C(||¢1||B; ) 15, @oll Lo + Nl | Lo 15, 0 ll o 1) < C”(Pl”BZ 1||(P0||H1,nm367117
P s s o, - o,

which implies the desired estimate.

(ii) The first estimate is obtained by [35, Proposition 4.2 (i)], and thus we focus on the second estimate. We note 1 < k¥ <2 to

observe that
[l e, = o126 o, | < 121" |7, — 6,1 + 5I7 — 0o
for all 7,0, 7,,0, € R. Indeed, as
||T|K—2+1T1—1T* _ |6|K—2+161—16*| — ||T|K—2+111—1(T* _ G*)+(|T|K—2+111—1 _ |6|K—2+161—1)6*‘
< |T|K—1|T* —o, |+ ‘lTIK—Z-HTl—I _ Ialk—2+101—1|la*|
holds, we obtain (4.23) from [35, Proposition 2.3 (i)]. Since it holds by (4.23) that
||(P0(X1)|K_2+l(¢0(xl))l_l(ﬂ1(x1) - |(Po(xo)|K_2+I((Po(x0))l_,(ﬂ1(X0)|
< ool e (xp) = @1 (o)l + S19p(x1) = @0 (x0) 1 19 (x0)
< ll@ol 'Z;l Ny llert1x; = xol*™" + 5UIV@oll Lo [x1 = XD+ 1@ Il oo

for all x;, x; € R" with the aid of the mean value theorem, we note that Bgo L C L™ to deduce that

241 _1-1 -1 1 -1 —1
ool oy @illex-1 < Mool @1l + ll@ollym 1@ llce-1 + 51V lliw Nl ll oo < Cllwoll’ llellx-1.
0,1

This completes the proof of Lemma 4. O

Proof of Lemma 5. (i) Note that

Vo K v(t))) =V - u(to)Kp v(tp)) =V - ((uty) — u(to)Cp v(1))) + V - (u(tg) Ky, (v(ty) — v(t9)))

16
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for all 7,1, € (0,T). Take 0 < ¢ < T arbitrarily small. In the case of 0 < ¢ <2 —n/p, we use Lemma 4 (i) to obtain

IV - @)K, o)) = V - ulto) K, 0610)l -t
< (Mt = utto)llge 0+ utio)lpe 110Ct) = 0Ctg)l 10 )
< C(Illereryme It =tol” 10D gto + 1l gz Wllcreryamalty =10l )
for all 1,1, € (¢, T), which implies that
IV - (uky, U)“cy((g,T);B;';II) < C“”“CV((e,T);B;’*»l)“U”CV((S,T);HLP)'

In the case of 6 > 1, we also obtain the desired estimate by applying Lemma 4 (i) again.
(ii) Take 0 < € < T arbitrarily small. Relying on (4.23), we have

e D12 e ) o) = (o) K72 @) = ) | o
< NuDIEE o) = vt o + Slluty) — ult)IE o)
< NI N0l cnrieyzonlts = t0l ™7 + 5 (lullere syl = 1017) " - oG o,
for all 7,1, € (¢,T), which yields
Il 0ll ey e rysrey < Ml 0ll Loogerysirny + Ol e . ooy 10Nl ctmvr e rysrrey < TN ey pooy 0 w1 ey 0w -
Moreover, since we see by (4.23) and the mean value theorem that
e D12 e ) 0y = [uCo) K72 @) = vtp) | o
< NuDIEE o) = vt o + Sllut)) — ult)IE = o)
< NI - ol ermteryzre 1t = 101" + S (18l pooerrzony It = 101) ™" - N0t
for all 7,1, € (¢,T), we deduce that

—: - -1 -1 -1
” |M|K 2+lul IU”CK—I((&T);LP*) < ” |M|K U“L‘”((e,T);LP*) + (llullzm((g’T);Lco) + 5”01””,200((5,7‘);[‘00))”U”C“‘l((e,T);LP*)

—1 —1
< (2Mll5 =y + SN0 oy Y lleseiryare

This completes the proof of Lemma 5. O
4.3. Further regularities

Let us show the following lemma, which yields the space regularities of the solution u:
Lemma 6. In the statement of Theorem 1 (i) and (ii), the solution u of (1.5) satisfies

ue [ CLPO.TL B, ue Cy((0,T]C").

loc 00,1
0<6<1

Proof. Since 2 —n/p > 0, we may take 0 < < 1 such that 0 < 20 —n/p < 1. We also take 0 < ¢ < 1 sufficiently small so that 0 < ¢ <
260 — n/p holds. Then we note that B[1}+129 c B ¢ BZ:II from the Sobolev embedding to obtain

00,1
we Ly (0,7 H' n BZ']

due to Lemma 3. While Lemma 4 (i) yields
V- Ky u) € L2(O,TI; BS, ),

we see by B::ll C BZ, ,, = C° and Lemma 4 (ii) that

u]*~u' € L3 .(0.T1:C°).
Hence, we note the properties (4.1) and Proposition 5 (i) to deduce that

ue [ G, BE?) c it

loc
0<6<1

((O.T); BED). (4.24)

In addition, we combine the property (4.24) and Lemma 4 (i) to obtain
V- (kg u) € LY ((0,T1; BEHT).

Since V(|u|*~'u') = x|u|*">*'u!~!Vu, it holds by Lemma 4 (ii) that

IV (a1 @Ol cer < Clu@IS IVu@llert < Cllu@ I
oo,

17
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for all 0 < ¢ < T, which implies that

lul*~'ut € L& ((0,T1; C*). (4.25)

loc
Therefore, combining the above relations with Proposition 5 (i), we have

= ﬂ Cl 9((0 T BK+0' 1+29)CC6/2((0 TI; BK+1)
0<6<1

Using Lemma 4 (i) again, we obtain

V- (uICﬁlu)eL 0, T1; B’“ -

loc
Hence, by combining the above relatlon and (4.25), we may apply Proposition 5 (i) again to obtain

ue ﬂ cl=9o,T]; B’f”") Au e L® ((0,T];C¥)

loc loc
0<6<1

with the aid of BY = C*. The weak-star continuity in the time direction follows from the standard duality argument (cf. [36,
Proposition 3.1]). ThlS completes the proof of Lemma 6. [

The following lemma ensures that the solution « of (1.5) satisfies the equation (1.3) pointwise in space and time:
Lemma 7. In the statement of Theorem 1 (i) and (ii), the solution u of (1.5) satisfies

((0,T1; BUCY n C*Z1((0,T]; BUC?).

loc

ueCy,
In particular, the solution u satisfies (1.3) pointwise in (0,T) x R".
Proof. Letting 6 =1/2, 0 = (3 —«)/2, or § =2 — k in the statement of Lemma 6, we have

V2O, BE) n V20,71 B ) n GO, T B, (4.26)

loc

ueC
Since Lemma 5 (i) yields

IV - iy, M)||C<x—1)/2((5,r);3i’l) < C||M||C(x—l)/z((é,r);gi_l)||M||C(x—l)/z((eyr);yl.pm;]),

IV - iy, u)”cx—l((sﬁr);Bi—.‘{‘) < C”ullck—l((&T);B:;’lf)”ullck—]((eYT);HI,mego—Yf)

for all 0 < £ < T, we rely on (4.26) and Lemma 3 to deduce that

V- Ky u) € GV, 71 B )0 GO, T BEY). (4.27)
As u|*ut = |u|*2+0=-Dy1=0=D)y| and V(|u|*~'u') = |u|*">*'u'~!Vu, we apply Lemma 5 (ii) to obtain

1V (Jul*~ lul)llc(r—n/Z((e ey < 76 ullf Cl/Z((g ) Lm)”Vj“||C<K“)/2((e.T);L°°)
forall0 <e < T and j € {0, 1}, which yields

lul*~u € c&V(0,T): BUCY) (4.28)
due to (4.26). Hence, noting that (4.27) and (4.28), we rely on (4.1) and Proposition 5 (ii) to observe that

ue c20, 11, BUCh) n V(0. T): BUCY)

as Bi ,CBUC !, In particular, we have u € C'((0,T]; BUC"). Similarly to the derivation of (4.28), we use Lemma 5 (ii) to deduce
that

||Vj(|"|K_Iul)||cK*1((e,T);L°°) <« (2””| i;’l((g,T);L"") +5l10ul i;l((g,T);Lw))”Vj””C"‘*‘((e.T);L"")
forall0 <e < T and j € {0, 1}, which yields
[ul*"u' € CEZ1(0, T); BUC).

Since B; X ¢ BUC!, by combining the above regularity and (4.27) and applying Proposition 5 (ii), we obtain the desired result. This
completes the proof of Lemma 7. O

Finally, we show the additional regularities (1.12) of the solution u of (1.5).

Proof of Theorem 2. Note that Lemmas 6 and 7 imply that it remains to verify

we CEN(O.T); H3), (4.29)
ue CEHN((0,T); BUC n LP)n CL (0, T]; BUC* 0 HP), (4.30)
ou € Cy (0, TL; C*h),  ?u e C (0, T1;C*7h) (4.31)

to obtain the desired regularities (1.12). First we shall show that (4.29). To this end, we take 0 < ¢ < 1 sufficiently small. Applying
Lemma 5 (i), we deduce that

IV - @k, u)||ck'71((g,r);3<’jl) < C”””cvl((e,n;Bﬁ‘)“““CK*‘((e.T);HWﬁB; b

18
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for all 0 < e < T, which yields
V- Ky u) € C5N(O,T1; HOP) (4.32)

loc

from Lemmas 3 and 7 with B:] C H°”. In addition, similarly to the derivation of (4.28), we use Lemma 5 (ii) to obtain

IVl ) et eryiey < & (2”“”Lw<<m Loy 10l 2 o, L°°>)||Vj”||CK'-1<<e,T>:u>
forall0 <e < T and j € {0, 1}, and thus we see by Lemmas 3 and 7 that

lul*""u € C*Z1((0, T, H'P). (4.33)

loc

Therefore, combining the relations (4.1), (4.32), and (4.33), we may apply Proposition 5 (ii) to obtain

uecCt

loc

(0, T1; H*P) n CEZN(0, T1; HOVD).

loc
As the estimate above (4.32) is still valid even for ¢ = 1, we also obtain (4.32) with ¢ = 1. Hence, we combine (4.33) and Proposition 5
(ii) again to observe that

(0, TT; H'"") n C*21 (0, T1; H>P), (4.34)

loc

uecCr

loc
which covers (4.29).
Next we prove (4.30). Take 0 < ¢ < 1 sufficiently small so that 0 < ¢ < 1 — n/(2p) holds. Since
0,V - kg u) =V - (ks u)+V -k ou)

and since 9,(|u[*"u') = k|u|*~>*'u'~'9,u, Lemma 5 provides that
J j J
”a, V- (unﬂl u)”C""l((s,T);B‘Zf_ll) < C(lla{ullckfl((éqT);Bitf ])”u”CK_I((EVT);HlvP) + ”ullck—l((éj);Biff ])”at u”C""((g,T);H“’))

< Cllullen e ryme plullex ey
and
||5f(|u|'(_]”l)”ck—1((e,T);LP* = (2””' Loty 90 ully= L°°((s Ty Lw)) ||a{”||C“"‘((E.T):LP*)
forall0<e<T, p<p,<oo,and j € {0,1}. We note Lemma 7 and (4.34) to obtain

V- Ky u) € Cf (0. T BT 0 B3 € Cf (0, T H>1P0 0 H?P71)

and

= Cy,
0C

(0, T; BUCN L?) C Cf ((0,T]; L’ n LP) (4.35)

loc

for n/o < py < . Combining the above relations with Proposition 5 (ii), we have

u € CF (0, T]; H?*1Po o fr2olr),

loc

Note that the Sobolev embedding yields H2°*+!»0 ¢ Bii:o'_"/ ™ c B7'! due to py > n/c. Moreover, by applying Lemma 5 (i) again, we
have '

j j j
9,V Wk llew-rerymy ) < C<”ar Ullexr e Wl et erymonsg, ) + Ml e s 19 ””CH<<e,T);H'~mBgoﬂ,>>

< C”u”Crc((&T);B;“l)”u”C'f((e,T);Hl»PnB:o‘l)
forall0<e<T, p<p, <oo,and j € {0,1}, which yields
(0, T]; BUC N L?).

V- Ky, u) € CE(O.TT; B, 0 BY,) C Cf

loc loc

Hence, combining the above relatlon and (4.35), we may apply Proposition 5 (ii) again to obtain (4.30).
Finally, we show that (4.31). As we see by Lemma 4 that

J j J
”at V- (MKﬂ] u)”L""((E,T);B;_]]) < C<”a,/u||L°°((g,T);B;YI)”u”Lm((&T);HLFQB;—]I) + ”u”Lm((E,T);B:o‘l)”a[ M” Lm((s,T);Hl'pnB;_l])>
and
107 (a1 u ) om eyt < ClullF!

Lo((eT)BL ) ”‘)r/””Lm((e,n;cr-l)

forall0<e < T and j € {0,1}, we have
oV - Ky, u), 0 (lu]*u') € L (0, T1; B L)
due to Bgofgo = C*~! and (4.30). Hence, by applying Proposition 5 (i), we deduce that
07u, Adu € L® ((0.T];C*71),

which leads to (4.31) from the standard duality argument (cf. [36, Proposition 3.1]). Therefore, we obtain the desired result. This
completes the proof of Theorem 2. O
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Appendix A. Basic properties of the Besov spaces

In this appendix, we give the detailed proofs of the properties (2.1) and Proposition 1: Recall that L? + B;; is a Banach space
equipped with the norm

ool oy = inf  (llgolls + o lla; )

s

P=po+p1. 9oELP, 91 EB,

for 1 <p< oo, s>0,and I <q < co. Note that the operators .S ; and 4 ; defined in Section 2 are bounded from L? onto itself for all
1 < p £ o0, where the boundedness is uniform with respect to j € Z (cf. [41, Remark 2.11]). Moreover, the conditions of y yield
4,4, =0 for |j —k| 22, 4,8, =0 for j —k>2, and 4;S = 4; for j — k < —1. In what follows, we show the desired assertions by
relying on these properties.

Proof of the properties (2.1). Assume that ¢ € LP N B; - Then the definitions of the Besov spaces imply that
oz, < 11So@llzo + lollgy, < Cllolly + llellg,,

which yields ¢ € B;,q' Conversely, if ¢ € B;_ » then we note that B;Y . C LP due to s > 0. We decompose ¢ = Sy@ + (I — Sy)@ to obtain

lellag, < ISo@llse, + 10 = Soellyg, < c<||S0<o||Lp 227 + ol + ||¢||B;_q) < Cligligy
J=

which implies that ¢ € L? n B; » and thus we have B; .= LN B; - In addition, assume that ¢ € B;;. Then, since [|Syoll.» < ll@ll B
holds and since 321 c L? yields

I = Sl g3 < CAldgall o + ol 5;5) < CAISoo@ s + 141 (Aol o + 191153 < Clll g

wehavep € L? + B;;'. Conversely, if p € L? + B;;, then there holds ¢ = ¢, + ¢, with some ¢, € L? and ¢, € Bp‘;. Since 321 clLPc
B;j{ from s > 0, we deduce that

I9llas < Cllgollz + 18001l + @l < Cligolie +C 3,27 - 271 @yll s + o1 llgs < Clldgllzs + il ),
i<l
which implies that ¢ € B, and thus we obtain B o =L+ B;;. This proves the properties (2.1). [
Proof of Proposition 1. Note that $,$;a = Sya due to j € N. While the first inequality is given by
j+1 j+1 )
. L. ) . . oo 200+ C
1S all goss = 1S(S; @l o + Y, 2 ¥4 (S, 1o < ISpally +C sup 2[ldgallyr Y278 < S——Fllall; _,
»l - 1<k<ji+1 = 1-27° Pe
k=1 <ks<j k=1
the second one follows from

I = S$pallg; = 1S = Spallps + skup2"‘||Ak(1 - 8)all < Ciup 2%\ Aall 1.
’ 2j >j

which implies the desired result. O

Appendix B. Several properties of the heat semigroup on Besov spaces

Here we shall show the propositions in Subsection 2.3. Before these proofs, we give some remarks on the respective assertions:
Proposition 3 implies the smoothing effects for the heat semigroup on the Besov spaces. Whereas a similar assertion to that of (i) is
shown by Kozono, Ogawa, and Taniuchi [47, Lemma 2.2], the assertion of (ii) is almost the same as that given by Kozono, Okada,
and Shimizu [37, Lemma 2.5 (1)] (see also [38, Proposition 2.1]). Concerning Proposition 4, although the proof is almost the same
as the case of the homogeneous Besov spaces, which is given by the author [39, Proposition 3.10 and Lemma 4.13], we attach the
proof for the convenience of the readers. Finally, the proof of Proposition 5, which provides the smoothing effects of solutions of the
linear heat equation, relies on the methods of Lunardi [48, Theorems 4.3.4 and 4.3.11] and the author [35, Proposition 4.1].

Proof of Proposition 3. (i) Assume that a € B; «- Then it holds by [47, Lemma 2.2 (i)] that ¢’ Age B;J]” for all 6 > 0 and ¢ > 0. We
also deduce that ¢'2a € C*®((0, ); B;j”) due to 9, a = Ae™ a. Next we fix ¢ > 0. Applying [47, Lemma 2.2 (i)] yields

1A —c/4 tA —30/4
lle allB;g/z SCA+Dallg > le allgijga/z SCA+)lallps
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for all 7 > 0. Since (1/2)(s + ¢/2) + (1/2)(s + 36/2) = s + o, the real interpolation of the Besov spaces (cf. [43, Theorem 6.4.5]) implies

that (B””/ 2, SH‘I/ 2)1 0= B;*l”, and thus the standard interpolation inequality (cf. [49, Corollary 1.7]) provides that
lle®all g1 < Clleall'’ e all”jw2 <cd +t_”/4)1/2||a||1/2 -a +z—3"/4)1/2||a||j3§2m = CU+ 172+ 17 P al gy

P,

for all + > 0. In the case of 0 < ¢ < 1, we have

e all gste < CA M2/ 2 gl s = Cr7/?|lallgs
p.l P, 'p,00

while there holds ||e*al| Brte < Cl|lall B, in the case of 1 > 1. Thus we have the desired estimate.
(i) Since 0 < ¢ < 2, we may take ¢ and o, such that 0 < ¢y < 6 < 6; < 2. Assume thata € BW’ ?0, Then the assertion of (i) yields
||e’Aa||B;+“ <CA+r1 !/2)||a|| stos; < C(TCH? + )i~ J/2||a|| sio-o)
forall0<t< T and j € {0,1}. Therefore, the characterization of the weak Lebesgue spaces (cf. [40, Theorem 6.6]) implies that

0;/2

hon = sup/ly(t € (0,T)
B 40

IIB’AaIIL;/a,m IIe’AaIIB;fln > i)

o;/2

< sup Au (z € (0, ) | c(Ti’? + 1);“’1/2||a||BJ+H,» > /1)
>0 'p.co

=C(1+ T"f”)ﬂaﬂBZlg—aj :
As o) < 0 < o}, we may take 0 < 6 < 1 so that o = (1 — )0, + 0o, holds. Then, since
(1 =0)2/6)  +02/6) ' =@2/o)!, (1-0)s+06-0))+0(s+0—0)) =5,
the real interpolation of the Lorentz and Besov spaces (cf. [43, Theorems 5.3.1 and 6.4.5]) yields
(LP°0((0,T); BSHO), LY70((0,T); B g g = L0, T); BSY),
(B;Jf,‘,f o0 Bs+o’ Gl)gq _ qu

Applying the fundamental property of the real interpolation (cf. [49, Theorem 1.6]), we may show the desired estimate. This completes
the proof of Proposition 3. O

Proof of Proposition 4. (i) Noting that p,q € [1, 00), we may take the sequence {a;} ey C & of functions satisfying lim;
a; ||31§q = 0 due to [42, Proposition 2.10]. Proposition 3 (i) yields

j—oo ”a -

t6/2||er(a1+A)a||B;+]a < tc/leet(a1+A)(a _ aj)”B:fl" + tu/2llet(a1+A)al_|lB;+lU < Cela- aj”B;q + Ceata/4”aj”35+6/2
3 3 d . pl

for all 6 > 0 and 7 > 0. Therefore, letting j — oo after taking r — +0, we have the desired result.
(ii) Noting that (B;,Sl)* = B;m from [42, Theorem 2.17] with 1 < p < o0, we observe that

|<et(al+A)a _ a,lll>‘ — |<a, oH@l+8)y, W)‘ < C”a”Bi;m [l @I +2)y, _ II/||37A‘1~
" I8

The right-hand side converges to 0 as t — +0 from the continuity of the Cy-semigroup {e"@/*4)} .
(iii) Note that (Bp_,s‘l))* = B,%,, due to [42, Theorem 2.17] with 1 < p < co. Take {y;} ey C & so that lim;_, [ly — wjllgﬂ = 0 holds.

Recalling that (3.4) and applying Proposition 3 (i), we deduce that

t t
</ e(!—r)(aH—A)f(‘r)df, ([/j> < / )<f(r)’ e(f—r)(al+A)Wj > ‘dT
0 0

t
<c / IOl 120l de

/ Mz=o/2. (t—1)" (1/2~ o'/4)||wj|| 730 1+op2dT
1/2-c/4
< Ce*M1/>o/ ||wj||37071+0/2.
Bl

Thus we see by 0 < ¢ < 2 that the left-hand side of the above inequality converges to 0 as t — +0. Since (B” =B, implies that

t t 1
‘</ e(r—r)(a1+A)f(T)dT,W> < </ e(tfr)(a1+A)f(T)dT,I[/—l/Ij> + </ e<t77)(al+A)f(T)dT,y/j>
0 0 0
'
</ e(t—‘r)(a]+A)f(T)dT’Wj>’
0

letting j — oo after taking + — +0, we have the desired result. This completes the proof of Proposition 4. O

SCMlly —yjlips +
.
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Before giving the proof of Proposition 5, we verify the auxiliary assertion, which follows from the Lunardi’s method [48, Theorem
4.3.11] and the author’s result [35, Proposition B.1].

Proposition 9. Let | <p< oo, s€R, a >0, and 0 < T < oco. Suppose that f € L*((0,T); B;’w). Then it holds that

Fe (] OOTEBY, 9F,AF € L(0,T); B; ),

loc
0<6<1

where F is defined by (2.3).
Proof. Letting

@ 1= e (I — ASD2f@)y  fort e (0,T],
g = 0 for 1 € (T, o),

we have g € L®((0, o0); B;oo) due to [42, Theorem 2.2]. Hence, we apply [35, Proposition B.1 (ii)] to deduce that

‘
/ e=hg(r)dr € m Clloj’((o, ©); B;jze)’
0 0<6<1

and thus the relation e~ (I — A)S~D/2F () = /07 el=94g(7)dz for 0 < t < T yields

Fe ﬂ Gl (O, 71 BYH)
0<6<1

due to [42, Theorem 2.2]. In addition, since BI]; © C B’! . by combining [47, Lemma 2.2 (ii)] and [42, Theorem 2.2], we observe that
t
e A% (1 = AR F@)|p <C / lle*4 =D+ (1 — YD f ()| o dr
p1 0 p.l

t
<Ce™ / G+t=0) A =A@y de
0 oo
t (s—1)/2 —1/217=t
<N =D | [ =0
at 1—1/2
< Ce"i ||f||L,‘,’?(B/§.m)
for all 0 < ¢t < T and A > 0, which leads to
sup 2!/ A1 = M)V F@)| g0 < Ce™ NI fll oo y-
>0 »l T e
As the characterization of the homogeneous Besov spaces yields ||¢|| B < Csup,sgA/2|le* o], (cf. [41, Theorem 2.34]), we note
that Bgl c L”? and B;})o c B;Lo to obtain
2 —1)/2
”A - A)(S )/ F(t)”B;éo < Cem”f”L;?(B;m)’
and hence we see by [42, Theorem 2.2] that
IAF(®)llg;,, < CUAF®ll gy + IO FOll go-2) < CUF D)l gy, + 182U = 8 V2F @)l ),

whichyields AF € L*((0,T); B ) from || F(2)|| B < et|| £l L2(B) )" Therefore, the relation (af + A)F + f = 0, F provides the desired
result. O

Proof of Proposition 5. (i) Let 0 < € < T be arbitrarily small and let y, € C*(0, o) satisfy

0 forze(0,¢/8),

Oz <l Xf(’):{ 1 fort € (¢/4, ).

Since the present assumption yields ;{eaf f € L0, c0); B;m), by setting
t
G(1) = / T ()0l f(2))dT
0

for 0 < ¢ < T and applying Proposition 9, we have
G [ GO TEBYY), 9,6y AG, € L™((0.T): B} ). (B.1)
0<0<1
In the case of k =0, we use f = (1 — x,)f + ./ to obtain the relation

e/4
F(f) = l=e/2@+8) / PR — 1 () f (1))d T + Go(1) (B.2)
0
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foralle <t <T.As H*P C B;f’;,"(l/ Po=1/p) B;Olf" from the Sobolev embedding with p > p,, we have

/4 /4
/ PN (| y (o) f(epdr| < Cet /0 1@l o d < 0

0

B0
p.l

due to the present assumption, and thus the first term on the right-hand side of (B.2) is smooth from Proposition 3 (i). Therefore, we
see by (B.1) that the desired result holds. In the case of k = 1, we follow a similar argument to that in [35, p.870] to deduce that

£/2
(@l + A)F(f) = el'=e/D@l+4) / (@l + A)e®/> D@D £(ydr 4 f(e/2)
0

£/2
_ f(t) + Gl(t) _ e(t—6/2)(lxl+A) / e(e/Z—r)(al+A)(XE(T)aTf(T))dT
£/8

for all e <t < T. Since the result in the case of k = 0 ensures the equality («I + A)F + f = 9,F, we have
/2 £/2
0,F (1) = el—e/Dal+h) / (al + A)e®/>=0@I+8) p(rygr — / 2@y (1)a_ f(2)dT + f(e/2) ¥ + G, (t) (B.3)
0 £/8

for all e <7 < T. Similarly to the argument in the case of k = 0, we deduce that the first term on the right-hand side of (B.3) is smooth.
Furthermore, as the present assumption yields

£/2
/ 2D ()0, [ (1)d T
£/8

e/2
< Ce"/ o, f(@)|lgs d7 < o0,
B £/8 pree

the second term is also smooth, and thus we rely on (B.1) to obtain the desired result.
(ii) As we have

G, € CIY((0.T; X*) n CL ((0.T]: X**2)

loc

due to [48, Theorem 4.3.1], similar calculations to the assertion of (i) provide the desired result. This completes the proof of Propo-
sition 5. O
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