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Abstract

The study of hyperplane arrangements lies at the intersection of combinatorics, algebra,
and geometry, with far-reaching implications across areas such as commutative algebra
and data science. A hyperplane arrangement is a finite collection of hyperplanes in
a vector space, and the associated algebraic structures—most notably the module
of logarithmic derivations—encode deep information about both the geometry and
the combinatorics of the arrangement. Much of the classical theory has focused on
free arrangements, where the module of logarithmic derivations is free, leading to
particularly tractable algebraic and topological properties. However, understanding
the algebraic structure of arrangements that are close to free remains a challenging and
open problem.

In the first part of this thesis, we introduce and study a new class of arrangements
constructed by deleting two hyperplanes from a free arrangement. This operation
typically destroys freeness, resulting in arrangements whose logarithmic derivation
modules are no longer free and exhibit more intricate algebraic behavior. We analyze the
minimal free resolutions of these modules—a central object in commutative algebra—
as a tool to investigate their complexity. In particular, we establish lower bounds on the
graded Betti numbers of these resolutions, shedding light on the relationship between
algebraic invariants and the combinatorial structure of the arrangement. Focusing on
the three-dimensional case, we explicitly determine the minimal free resolutions and
provide concrete examples that illustrate how the deletion of hyperplanes affects the
delicate interplay between algebra and combinatorics in arrangements that are close to
free.

Motivated by both theoretical and applied considerations, the second part of the the-
sis turns to the problem of interpolating sparsely observed vector fields, which is
fundamental in data science, computer graphics, and physics. Consider the task of re-
constructing a vector field within a convex polyhedral domain in arbitrary dimensions,
given a finite set of observations, such as measurements from simulations or physi-
cal experiments. In many practical scenarios, the vector field is subject to boundary
conditions—for example, a no-penetration and slip condition, requiring the field to be
tangent to the domain’s boundary. We develop a novel algorithmic framework that,
for a given integer k, constructs a degree k polynomial vector field interpolating the
data in the least squares sense, while exactly satisfying the tangency condition along
the boundary. The central theoretical advance enabling our scheme is the identification
and characterization of the module of polynomial vector fields tangent to the bound-
ary, through connections with the theory of hyperplane arrangements—specifically, by
viewing the faces of the polyhedral domain as an arrangement of hyperplanes. This
perspective not only provides a rigorous algebraic foundation for the interpolation
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scheme, but also ties the problem back to the study of logarithmic derivation modules
from the first part of the thesis.

Finally, we turn to a fundamental structural question related to Saito’s criterion, a
cornerstone of the theory of free arrangements. We discover that if an arrangement
has projective dimension one, its logarithmic derivation module satisfies a relation
reminiscent of Saito’s criterion. This observation leads us to conjecture a generalization
of Saito’s criterion to the non-free setting. Pursuing this direction, we prove a theorem
that constructs minimal generators for logarithmic derivation modules of arrangements
with projective dimension one. As a corollary, this generalized version of Saito’s
criterion holds in the case of arrangements in dimension three, providing new insight
into the structure of non-free arrangements and offering a promising avenue for further
exploration.

Together, these three parts—exploring the algebraic structure of close to free arrange-
ments, developing interpolation techniques grounded in hyperplane theory, and ad-
vancing a generalized version of Saito’s criterion—underscore the deep and fruitful
connections between pure mathematics and its applications. This thesis contributes to
the foundational understanding of hyperplane arrangements while also demonstrating
their utility in solving practical problems in modern computational and data-driven
sciences.
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Chapter 1

Free resolution of the logarithmic
derivation modules of close to free
arrangements

This chapter studies the algebraic structure of a new class of hyperplane arrangement
A obtained by deleting two hyperplanes from a free arrangement. We provide some
information on the minimal free resolutions of the logarithmic derivation module of
A, which can be used to compute a lower bound for the graded Betti numbers of the
resolution.

Specifically, for the three-dimensional case, we determine the minimal free resolution of
the logarithmic derivation module ofA. We present illustrative examples 1 of our main
theorems to provide insights into the relationship between algebraic and combinatorial
properties for close-to-free arrangements.

The results in this section are based on [5].

1.1 Introduction

Let V be the ℓ-dimensional vector space Kℓ over a field K. The coordinate ring
S = Sym(V∗) � K[x1, . . . , xℓ] is equipped with the usual grading and its degree i ho-
mogeneous part is denoted by Si. A (central) hyperplane arrangement A is a finite set
of linear hyperplanes in V. For a hyperplane H ∈ A, the defining linear form is de-
noted by αH ∈ S1 with H = kerαH. The defining polynomial Q(A) of A is defined as
Q(A) =

∏
H∈A αH, and it is defined up to a scalar multiple. One of the most important

algebraic invariants associated to an arrangementA is its logarithmic derivation module
D(A) defined by

D(A) = {θ ∈ Der S | θ(αH) ∈ SαH for any H = kerαH ∈ A},

where Der S is the free S-module of derivations generated by {∂xi | 1 ≤ i ≤ ℓ}. Given
a derivation θ =

∑ℓ
i=1 fi∂xi ∈ D(A), we say it is homogeneous if all fi ∈ Sd for some

1We have written a program and used it to compute examples.
You can find the code at https://github.com/jcwjmz/LogarithmicDerivationModule.git
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d ∈ Z≥0, and we write degθ = d. Generally, D(A) is a reflexive graded S-module
[24] and is not always free. If D(A) is free, then there exist homogeneous derivations
θ1, . . . , θℓ ∈ D(A) such that D(A) =

⊕ℓ

i=1 Sθi. In this situation, we say that A is free
with exponents exp(A) = (d1, . . . , dℓ), where di = degθi.

The study of D(A) has focused primarily on the case when it is free (see [34] for
a survey). Much remains unexplored when it is not free. In order to understand
non-free cases, a natural approach is to look at their graded minimal free resolution.
Some works consider the degrees (the Betti numbers) of the graded minimal free
resolution [8, 18, 25]. In particular, [31, 32] study the derivation degree sequence, denoted
as DS(A), which is defined as the unordered sequence of the degrees of the minimal
homogeneous generators of D(A). Moreover, we use |DS(A) | to represent the number
of the minimal homogeneous generators of D(A). In cases where A is free, we have
DS(A) = exp(A). Although minimal homogeneous generators are not unique, their
degrees do not depend on the choice since they are the degrees of Tor0(K,D(A)). One
of the main challenges in the study of non-free arrangements is that the determination
of these two algebraic properties of D(A) is generally influenced not only by the
combinatorics ofA but also by its geometry (see Example 1.4.8).

To tackle this issue, our initial approach involves examining arrangements that are
close to free arrangements. This is inspired by the next-to-free minus (NT-free-1) defined
by Abe.

Definition 1.1.1 (Definition 1.3 and 6.1 in [1]). We say that B is next-to-free minus
(NT-free-1) if there exist a free arrangement A and a hyperplane H ∈ A such that
B = A \ {H}.

In this case, we sayA is a free addition of B.

Now we introduce a class of arrangement, which has a nice structure called strictly
plus-one generated (SPOG), closely related to the NT-free-1 arrangement.

Definition 1.1.2 (Definition 1.1 in [1]). An arrangement B is said to be strictly plus-
one generated (SPOG) with exponents POexp(B) = (d1, . . . , dℓ) and level d, if there exist
f1, . . . , fℓ, α ∈ S with α , 0 such that D(B) has a minimal free resolution of the following
form:

0→ S[−d − 1]
(α, f1,..., fℓ)
−−−−−−→ S[−d] ⊕

 ℓ⊕
i=1

S[−di]

→ D(B)→ 0.

In particular, DS(B) = (d1, . . . , dℓ, d) = (POexp(B), d).

Remark 1.1.3. In other words, B is SPOG if there is a minimal set of homogeneous
generators θ1, θ2, . . . , θℓ and φ for D(B) such that degθi = di, degφ = d, and

ℓ∑
i=1

fiθi + αφ = 0,

where fi ∈ S and 0 , α ∈ S1. This α is called the level coefficient, and φ is a level
element. Moreover, when d = di for some i and fi , 0, then θi also can be a level
element. In other words, the choice of the level coefficient and element is not unique.
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Abe [1] shows that an NT-free-1 arrangementB is either free or SPOG. IfB is SPOG and
NT-free-1, the level of B can be determined by the combinatorial properties of its free
addition. To state his results, let us recall that the definition of the intersection lattice
ofA, denoted by L(A), as follows:

L(A) :=

⋂
H∈B

H | B ⊂ A

 ,
where L(A) is equipped with a partial order induced by reverse inclusion. For a given
X ∈ L(A), the localizationAX ofA at X is defined by

AX := {H ∈ A | X ⊂ H},

and the restrictionAX ofA onto X is defined by

A
X := {H ∩ X | H ∈ A \AX}.

The following is a significant theorem about NT-free-1 arrangements, which plays a
crucial role in shaping our results.

Theorem 1.1.4 (Theorem 1.4 and Proposition 5.3 in [1]). Let A be free with exp(A) =
(d1, . . . , dℓ) and H ∈ A. ThenA′ = A \ {H} is free, or SPOG with POexp(A′) = (d1, . . . , dℓ)
and level d = |A′| − |AH

|. Moreover, if ℓ = 3, then d ≥ max{d1, d2, d3}.

Remark 1.1.5. Suppose thatA is free andA′ = A \H is SPOG.

(1) Assume that θ1, . . . , θℓ is a basis of D(A). Since DS(A′) = (POexp(A), d) and
POexp(A′) = exp(A), there exists a φ ∈ D(A′) of degree d such that θ1, . . . , θℓ, φ
generate D(A′). Since D(A) ⊊ D(A′), we have D(A′) = D(A)+ Sφ, and φ < D(A)
as a level element of D(A′).

(2) Let φ < D(A) be a level element of A′. Let αH ∈ S1 be such that kerαH = H.
Since φ ∈ D(A′) \ D(A), we have αHφ ∈ D(A). Thus, we obtain a relationship
between the minimal generators of D(A′). Since SPOG arrangements have a
unique relation among the minimal generators, we may always assume that αH

is the level coefficient.

In this chapter, we introduce a new class of possibly non-free arrangements obtained
by deleting two hyperplanes from free arrangements.

Definition 1.1.6. We say that B is next-to-free-minus-two (NT-free-2) if there exist a free
arrangementA and two hyperplanes H1,H2 ∈ A such that B = A \ {H1,H2}.

By analyzing the minimal free resolution, we deduce the following theorem:

Theorem 1.1.7. LetB be an NT-free-2 arrangement. Then the projective dimension pdS(D(B)) ≤
1 if and only if |DS(B) | ≤ ℓ + 2.

Let A = {H1, . . . ,Hp | Hi = kerαi} be a free arrangement. We denote the NT-free-1
arrangement A \ {H j} by A j and the NT-free-2 arrangement A \ {H j,Hk} by A j,k. We
note thatA j,k = Ak, j. We also denoteAH j byA j.

IfA1 orA2 is free, thenA1,2 is NT-free-1 and it is either free or SPOG by Theorem 1.1.4.
Therefore, we focus on the case when none ofA1 andA2 are free. We show that when
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|DS(A1,2) | ≤ ℓ + 2, the minimal free resolution of D(A1,2) assumes one of the forms
listed in Theorem 1.3.8. When |DS(A1,2) | > ℓ+ 2, we obtain a lower bound for the Betti
numbers of D(A1,2) using the information provided in Theorem 1.3.9.

Note that since the logarithmic derivation module is a reflexive graded S-module, its
projective dimension is less than or equal to ℓ−2 (see, Lemma 1.2.10). Consequently, for
a three-dimensional NT-free-2 arrangementA1,2, we can infer that pdS(D(A1,2)) ≤ 3−2 =
1. Utilizing Theorem 1.1.7, we then establish that |DS(A1,2) | ≤ ℓ + 2 = 5. Furthermore,
we determine the precise form of the minimal free resolution of D(A1,2).

Theorem 1.1.8. Assume ℓ = 3. Let A be free with exp(A) = (d1, d2, d3), and A1 and A2 be
SPOG with levels c1 and c2, respectively. We may assume c1 ≤ c2. ThenA1,2 can never be free
in this set-up, and the module D(A1,2) has a minimal free resolution in one of the following
forms:

(1) Suppose that |AH1∩H2 | = 2.

There exist fi, gi ∈ S such that

0→ S[−c1 − 1] ⊕ S[−c2 − 1]

(α1, 0, f1, f2, f3)
(0, α2, g1, g2, g3)
−−−−−−−−−−−−−−−−→

S[−c1] ⊕ S[−c2] ⊕

 3⊕
i=1

S[−di]

→ D(A1,2)→ 0,

where i = 1, 2, 3.

(2) Suppose that |AH1∩H2 | > 2.

(2.1) If c1 = c2, there exist fi ∈ S such that

0→ S[−c1 − 1]
(α1α2, f1, f2, f3)
−−−−−−−−−→ S[−c1 + 1] ⊕

 3⊕
i=1

S[−di]

→ D(A1,2)→ 0.

Moreover, A1,2 is SPOG if and only if c1 = c2 = max{d1, d2, d3}. IfA1,2 is SPOG,
let d2 = max{d1, d2, d3}, then f2 ∈ S1.

(2.2) If c1 < c2, there exist fi, gi, g ∈ S with g , 0 such that

0→ S[−c1 − 1] ⊕ S[−c2]

(α1, 0, f1, f2, f3)
(g, α2, g1, g2, g3)
−−−−−−−−−−−−−−−−→

S[−c1] ⊕ S[−c2 + 1] ⊕

 3⊕
i=1

S[−di]

→ D(A1,2)→ 0,

where i = 1, 2, 3.

1.2 Preliminaries

In this section, we will summarize several results and definitions. LetA be an arrange-
ment and L(A) be its intersection lattice.
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Let θE =
∑ℓ

i=1 xi∂xi be the Euler derivation, which is a homogeneous derivation of
degθE = 1 and always contained in D(A). Recall that for every H ∈ A, there ex-
ists a decomposition:

D(A) � SθE ⊕DH(A), (1.2.1)

where DH(A) := {θ ∈ D(A) | θ(αH) = 0} (see, for example, [21, Lemma 1.33]). This
implies that 1 ∈ DS(A) ifA is not empty. Furthermore, ifA , ∅ is free with exp(A) =
(d1, . . . , dℓ), we may assume that d1 = degθE = 1.

The following has been well-known and frequently utilized by specialists.

Proposition 1.2.1 ([31]). Let H ∈ A. Then there is a polynomial B of degree |A| − |AH
| − 1

such that αH ∤ B, and θ(αH) ∈ (αH,B) for all θ ∈ D(A \ {H}).

From the above proposition, we can easily derive the following proposition. We include
it here since we frequently utilize it.

Proposition 1.2.2 (Corollary 3.3 in [1]). Let H ∈ A and A′ = A \ {H}. Assume that there
exists φ ∈ D(A′) with degφ = |A′| − |AH

| such that φ < D(A). Then D(A′) = D(A) + Sφ.

We now define the Euler restriction map ρ : D(A) → D(AH) for an arrangement A by
taking modulo αH. Additionally, let A′ = A \ {H}. We have an exact sequence as
follows:

Proposition 1.2.3 (Proposition 4.45 in [21]).

0→ D(A′)
·αH
−−→ D(A)

ρ
−→ D(AH).

Moving forward, let’s delve into some results pertaining to the logarithmic derivation
module D(A) and its freeness.

Theorem 1.2.4 (Addition-Deletion Theorem. Removal Theorem in [31]). Let H ∈ A,
A
′ := A \ {H} andA′′ := AH. Then two of the following imply the third:

(1) A is free with exp(A) = (d1, . . . , dℓ−1, dℓ).

(2) A′ is free with exp(A′) = (d1, . . . , dℓ−1, dℓ − 1).

(3) A′′ is free with exp(A′′) = (d1, . . . , dℓ−1).

Moreover, all the three above hold true ifA andA′ are free.

Theorem 1.2.5 (Saito’s criterion. [24]). Let θ1, . . . , θℓ ∈ D(A). Then A is free with basis
{θ1, . . . , θℓ} if and only if one of the following conditions holds:

(1) The θ1, . . . , θℓ are homogenous and linearly independent over S, and

ℓ∑
i=1

degθi = |A|.

(2) det M[θ1, . . . , θℓ] ∈ KQ(A) \ {0}, where

det M[θ1, . . . , θℓ] =


θ1(x1) · · · θ1(xℓ)
... · · ·

...
θℓ(x1) · · · θℓ(xℓ)

 .
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Let us introduce the multiarrangement theory. A multiarrangement is a pair (A,m),
where A is a hyperplane arrangement in V and multiplicity m is a map m: A → Z≥0.
Define |m| =

∑
H∈Am(H). If m(H) = 1 for all H ∈ A, we say that the multiarrangement

(A,m) is a hyperplane arrangement, which is also called a simple arrangement. The
logarithmic derivation module D(A,m) is defined as follows:

D(A,m) = {θ ∈ Der S | θ(αH) ∈ Sαm(H)
H for any H = kerαH ∈ A}.

The module D(A,m) is also a reflexive graded S-module, which is not always free. We
can define the concepts of freeness and exponents for (A,m) in the same way as for
simple arrangements.

Definition 1.2.6 ([35]). For an arrangementA and H ∈ A, define the Ziegler multiplicity
mH : AH

→ Z≥0 by mH(X) := |{L ∈ A \ {H} | L ∩H = X}| for X ∈ AH. The pair (AH,mH)
is called the Ziegler restriction ofA onto H. Also, there is a Ziegler restriction map:

π : DH(A)→ D(AH,mH)

by taking modulo αH. In particular, there is an exact sequence:

0→ DH(A)
·αH
−−→ DH(A) π

−→ D(AH,mH).

Theorem 1.2.7 (Theorem 11 in [35]). Assume that A is free with exponents exp(A) =
(1, d2, . . . , dℓ). Then for any H ∈ A, the Ziegler restriction (AH,mH) is also free with
exp(AH,mH) = (d2, . . . , dℓ). Explicitly, for the Ziegler restriction π : DH(A) → D(AH,mH),
any basis θ2, . . . , θℓ for DH(A), π(θ2), . . . , π(θℓ) form a basis for D(AH,mH). In particular, π
is surjective whenA is free.

Lemma 1.2.8 (Lemma 4.2 and Lemma 4.3 in [3]). Let A be central line arrangement and
let m,m′ be multiplicities onA such that |m| = |m′| + 1 and m(H) ≥ m′(H) for any H ∈ A. If
exp(A,m′) = (a, b), then exp(A,m) = (a + 1, b) or (a, b + 1).

Finally, we present the basics of free resolutions.

Definition 1.2.9. For arrangement B, we denote the minimal free resolution of the
module D(B) by

0→Mk
Rk
−→Mk−1

Rk−1
−−−→ · · ·

R2
−→M1

R1
−→M0 → D(B)→ 0,

where k = pdS(D(B)) is the projective dimension of D(B). Here, Ri (i = 1, . . . , k) are
represented by matrices acting by multiplication from the left. We use Ri( j) to denote
the j-th row of Ri, and Ri( j1, j2) to denote the ( j1, j2) entry of Ri.

Let JQ(A) be the Jacobian ideal of Q(A) generated by ∂Q(A)
∂xi

for i = 1, . . . , ℓ. Since
D(A) = {θ ∈ Der S | θ(Q(A)) ∈ SQ(A)}, we have a free resolution of the form

0→ Nℓ → · · · → N3 → DH(A)→ Sℓ → S→ S/JQ(A)→ 0 (1.2.2)

by Hilbert’s syzygy theorem. Since pdS(D(A)) = pdS(DH(A)) by (1.2.1), we have

Lemma 1.2.10. pdS(D(A)) ≤ ℓ − 2.

6



From (1.2.2), we see D(A) is reflexive since it is a second syzygy.

The following theorem is a simplified version of the result found in the reference
[18].

Theorem 1.2.11 (Theorem 0.2 in [18]). If the logarithmic derivation module D(B) has a free
resolution given by:

0→
rk⊕

i=1

S[−dk
i ]→ · · · →

r1⊕
i=1

S[−d1
i ]→

r0⊕
i=1

S[−d0
i ]→ D(B)→ 0,

then |B| =
∑k

j=0(−1) j ∑r j

i=1 d j
i .

As a corollary, we have the following property for SPOG arrangements:

Proposition 1.2.12 (Proposition 4.1 in [1]). LetB be SPOG with POexp(B) = (d1, d2, . . . , dℓ)
and level d. Then

∑ℓ
i=1 di − 1 = |B|.

1.3 The Minimal Free Resolution of NT-Free-2 Arrange-
ments

In this section, we introduce some notations. If U is a subset of Der S, then SU :=∑
ξ∈U Sξ. Throughout this section, we assume that A = {Hi | Hi : αi = 0} is free, with

exp(A) = (1, d2, . . . , dℓ), andA j is SPOG with POexp(A) = (1, d2, . . . , dℓ) and level c j for
j = 1, 2. Let c1 ≤ c2. By Proposition 1.2.3, we have Figure 1.1.

0 0

0 D(A1,2) D(A2) D((A2)1)

0 D(A1) D(A) D(A1)

D((A1)2) D(A2)

·α1 ρ1
2

·α1 ρ1
·α2

ρ2
1

·α2

ρ2

Figure 1.1: Exact Sequence Diagram

Remark 1.3.1.

(1) By Remark 1.1.5 Case (1), we may assume that the level element for A j is not in
D(A).

(2) As there is no confusion, we can simplify by stating that D(A1
2) := D((A2)1) and

D(A2
1) := D((A1)2).

Lemma 1.3.2. Let Ai be SPOG, where Hi ∈ A. For any homogeneous basis element θ for
D(A), we have θ < kerρi.
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Proof. Assume that θ1, . . . , θℓ is a basis for D(A) such that θ1 ∈ kerρi. By Proposi-
tion 1.2.3, there is an element φ ∈ D(Ai) such that θ1 = αiφ. Since φ, θ2, . . . , θℓ ∈ D(Ai)
are S-independent, by Theorem 1.2.5, we may get thatAi is free, which is a contradic-
tion. □

Lemma 1.3.3. We have D(A) + kerρ j
i ⊂ D(Ai), where {i, j} = {1, 2}. Moreover,

(1) there exists an element φ ∈ D(A1,2) such that α2φ is the level element forA1 if and only
if D(A1) = D(A) + kerρ2

1.

(2) there exists an element φ ∈ D(A1,2) such that α1φ is the level element forA2 if and only
if D(A2) = D(A) + kerρ1

2.

Proof. By Figure 1.1, it follows that kerρ j
i ⊂ D(Ai). Note that D(A) ⊂ D(Ai); hence, we

have D(A) + kerρ j
i ⊂ D(Ai).

(1) By Proposition 1.2.3, we can deduce the following equivalences:

There exists an element φ ∈ D(A1,2) such that α2φ serves as the level element forA1.

⇐⇒ There exists a level element θ ∈ D(A1) such that θ ∈ kerρ2
1.

By Remark 1.1.5, we can represent D(A1) as D(A) + Sθ. Consequently, we can
state the following equivalences:

There exists a level element θ ∈ D(A1) such that θ ∈ kerρ2
1.

⇐⇒ D(A1) = D(A) + kerρ2
1.

(2) This scenario bears resemblance to the one discussed in Case (1).

□

Lemma 1.3.4. For every element φ ∈ D(A1,2), if α jφ ∈ D(A) for some j ∈ {1, 2}, then
φ ∈ D(A j). Moreover, if both α1φ and α2φ are in D(A), then φ itself is an element of D(A).

Proof. Let φ ∈ D(A1,2) be given, and assume that α1φ ∈ D(A). By Proposition 1.2.3
and fig. 1.1, we have α1φ ∈ kerρ1 = α1D(A1). Hence, we can conclude that φ ∈ D(A1).

Similarly, if α2φ ∈ D(A), we can deduce that φ ∈ D(A2).

Moreover, if α1φ ∈ D(A) and α2φ ∈ D(A), then φ ∈ D(A1) ∩D(A2) = D(A). □

Lemma 1.3.5. If |AH1∩H2 | = 2, then D(A1,2) = D(A1) +D(A2).

Proof. Letθℓ,2 be a level element for D(A2). Since |AH1∩H2 | = 2, we can deduce that |A2
| =

|A
2
1|+1. Consequently, we have degθℓ,2 = |A2|−|A

2
| = (1+|A1,2|)−(|A2

1|+1) = |A1,2|−|A
2
1|.

Importantly, θℓ,2 ∈ D(A1,2) \ D(A1). According to Proposition 1.2.2, this implies that
D(A1,2) = D(A1) + Sθℓ,2. Since θℓ,2 ∈ D(A2), we have D(A1,2) = D(A1) +D(A2). □

Lemma 1.3.6. If D(A) + kerρ1
2 = D(A2), then |AH1∩H2 | > 2.
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Proof. By Lemma 1.3.3 Case (2), we may assume that α1φ is a level element for D(A2). If
|AH1∩H2 | = 2, it follows that D(A1,2) = D(A1)+D(A2) by Lemma 1.3.5. This observation
further implies that

φ ∈ D(A1,2)<c2 ⊂ D(A1)<c2 +D(A2)<c2 ⊂ D(A1) +D(A) ⊂ D(A1).

Thus, α1φ ∈ D(A), which is a contradiction, since α1φ < D(A) is a level element for
D(A2). Hence, |AH1∩H2 | > 2. □

Proposition 1.3.7. Let {θ1, . . . , θℓ} be a basis for D(A). There exist two level elements, θℓ,1 for
D(A1) and θℓ,2 for D(A2), such that a minimal generator set for D(A1,2) falls into one of the
following cases:

(1) If D(A)+kerρ2
1 ⊊ D(A1) and D(A)+kerρ1

2 = D(A2), then |AH1∩H2 | > 2, and a minimal
generator set for D(A1,2) can be expressed as either {θ1, . . . , θℓ, φ2, θℓ,1 | θℓ,2 = α1φ2} or
{θ1, . . . , θℓ−1, φ2, θℓ,1 | c1 < c2 = degθℓ, α2θℓ,2 = α2α1φ2 ∈ Sθ1+ · · ·+Sθℓ−1+K∗α1θℓ},
whereK∗ = K \ {0}.

(2) If D(A) + kerρ2
1 = D(A1), then c1 = c2, |AH1∩H2 | > 2, D(A) + kerρ1

2 = D(A2), and a
minimal generator set for D(A1,2) can be expressed as {θ1, . . . , θℓ, φ1 | θℓ,1 = α2φ1}.

(3) If D(A) + kerρ1
2 ⊊ D(A2), then the set {θ1, . . . , θℓ, θℓ,1, θℓ,2} forms, or can be extended

to, a minimal generator set for D(A1,2).

Moreover, if |AH1∩H2 | = 2, the set {θ1, . . . , θℓ, θℓ,1, θℓ,2} forms a minimal generator set for
D(A1,2).

Proof. Note that c1 ≤ c2, which means this statement is not symmetric with respect to
A1 andA2. We prove this statement case by case.

(1) D(A) + kerρ2
1 ⊊ D(A1) and D(A) + kerρ1

2 = D(A2).

By Lemma 1.3.6, we have |AH1∩H2 | > 2. Consequently, |A2
| = |A2

1|. By Lemma 1.3.3
Case (2), we may assume that θℓ,2 = α1φ2, where φ2 ∈ D(A1,2). By Theorem 1.1.4,
this implies that

degφ2 = degθℓ,2 − 1 = (|A2| − |A
2
|) − 1 = |A1,2| − |A

2
1|.

Note that φ2 < D(A1). If it were, then α1φ2 ∈ D(A), which, since it is the level
element of D(A2), is not in D(A).

According to Proposition 1.2.2 and since φ2 ∈ D(A1,2) \D(A1), this indicates that
D(A1,2) = D(A1) + Sφ2. Hence, the set T = {θ1, . . . , θℓ, θℓ,1, φ2} generates D(A1,2).

If T is not a minimal generating set, there exists an element γ ∈ T such that γ is
generated by T\{γ}. If γ = θℓ,1, then there is some h ∈ S such thatθℓ,1−hφ2 ∈ D(A).
Since θℓ,1 ∈ D(A1) and D(A) ⊂ D(A1), we can deduce that hφ2 ∈ D(A1). However,
we have claimed that φ2 < D(A1). Therefore, it follows that α2 | h, and thus
hφ2 ∈ kerρ2

1. By θℓ,1 − hφ2 ∈ D(A) and D(A1) = D(A) + Sθℓ,1, we have

D(A1) = D(A) + Shφ2.

Since hφ2 ∈ kerρ2
1, we then have

D(A1) = D(A) + kerρ2
1,
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which contradicts our assumption. Ifγ = φ2, then D(A1,2) = D(A)+Sθℓ,1 = D(A1),
which contradicts D(A1) ⊊ D(A1,2). If there is a k ∈ {1, . . . , ℓ} such that γ = θk,
then we may assume that

0 = p1θ1 + · · · + pkθk + · · · + pℓθℓ + uθℓ,1 + vφ2, (1.3.1)

where pk = 1. It follows that vφ2 ∈ D(A1). Note that we claimed that φ2 < D(A1).
Hence α2 | v, and v = α2v′, where v′ ∈ S. Since pk = 1 and θ1, · · · , θℓ, θℓ,1 form a
minimal generating set of D(A1), we have v , 0. Thus degθk = deg v + degφ2 ≥

1+degφ2 = c2. If degθk > c2, then qk = 0 andα2φ2 ∈ Sθ1+· · ·+ ˆSθk+· · ·+Sθℓ+Sθℓ,1.
Since v = α2v′, by Equation (1.3.1), it follows thatθk ∈ Sθ1+· · ·+ ˆSθk+· · ·+Sθℓ+Sθℓ,1,
which is a contradiction. Thus, degθk = c2. We may let v = α2. If u = 0, we have
α2φ2 ∈ D(A). Then φ2 ∈ D(A2), which contradicts the fact that α1φ2 is a level
element of D(A2). Hence, u , 0. If c1 = c2, then we may assume that u = 1.
Thus, α2φ2 can be a level element for D(A1). By Lemma 1.3.3 Case (1), we have
D(A) + kerρ2

1 = D(A1), which contradicts our assumption.

As a conclusion, if T is not a minimal generating set, we may set k = ℓ. Then, we
have c1 < c2 = degθℓ, and T \ {θℓ} forms a minimal generating set for D(A1,2).
Since α1θℓ,1 ∈ D(A), we have α1α2φ2 ∈ Sθ1 + · · · + Sθℓ−1 +K∗α1θℓ.

(2) D(A) + kerρ2
1 = D(A1).

By Lemma 1.3.3 Case (1), we may assume that θℓ,1 = α2φ1, where φ1 ∈ D(A1,2).
This implies that degφ1 = c1 − 1. If α1φ1 ∈ D(A), we can conclude, based on
Lemma 1.3.4, that φ1 ∈ D(A1), which contradicts the assertion that θℓ,1 = α2φ1 is a
level element for D(A1). Therefore, we must conclude thatα1φ1 ∈ D(A2)≤c1\D(A).
It follows that c1 = c2. Hence, α1φ1 can serve as a level element for D(A2).
According to Lemma 1.3.3 (2), this implies D(A) + kerρ1

2 = D(A2).

Referring to Lemma 1.3.6, we establish that |AH1∩H2 | > 2. Analogous to the
proof in Case (1), it holds that D(A1,2) = D(A1) + Sφ2 and θℓ,2 = α1φ2 is a level
element for D(A2). Since both α1φ1 and α1φ2 can be level elements of D(A2),
it follows that there exists a k ∈ K \ {0} such that kα1φ1 − α1φ2 ∈ D(A), which
implies kφ1 − φ2 ∈ D(A1)<c1 ⊂ D(A). Thus, φ2 ∈ S{θ1, . . . , θℓ, φ1}. Note that
D(A1) ⊂ S{θ1, . . . , θℓ, φ1}. Consequently, the set T = {θ1, . . . , θℓ, φ1} generates
D(A1,2).

If T is not a minimal generating set, there exists an element γ ∈ T such that γ is
generated by T \ {γ}. Then D(A1,2) is free. Note that degθ1 + · · · + degθℓ = |A| >
|A1,2|. By Theorem 1.2.5, there is a k ∈ {1, . . . , ℓ} such that γ = θk. Suppose

θk = p1θ1 + · · · + pk−1θk−1 + pk+1θk+1 + · · · + pℓθℓ + pφ1.

Note that φ1 is not in either D(A1) or D(A2). It follows that α1α2 | p. Note that
θℓ,1 = α2φ1. Thus, θk ∈ Sθ1+ · · ·+Sθk−1+Sθk+1+ · · ·+Sθℓ+Sθℓ,1, which contradicts
the fact that θ1, . . . , θk, . . . , θℓ, θℓ,1 form a minimal generating set of D(A1).

(3) D(A) + kerρ1
2 ⊊ D(A2).

By the proof of Case (2), we can conclude that D(A) + kerρ1
2 ⊊ D(A2) implies

D(A) + kerρ2
1 ⊊ D(A1). Obviously, the set {θ1, . . . , θℓ, θℓ,1, θℓ,2} forms, or can

be extended to form, a generating set for D(A1,2). Suppose that the set T =
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{θi, γ j, θℓ,1, θℓ,2 | i = 1, . . . , ℓ, j = 1, . . . , t} forms a generating set for D(A1,2) such
that γ j < S(T \ {γ j}). Thus, γ j is not in either D(A1) or D(A2). This implies that
degγ j ≥ c2.

If T is not minimal, there exists an element γ ∈ T such that γ is generated by
T \ {γ}. Assume that

γ = p1θ1 + · · · + pℓθℓ + pθℓ,1 + qθℓ,2 + q1γ1 + · · · + qtγt, (1.3.2)

where pi, q j, p, q < K∗. If γ = θℓ,1, then we may assume that p = 0. Note that
degγ j ≥ c2 ≥ c1 = degθℓ,1. Thus, q j ∈ K. It follows that q j = 0 for all j = 1, . . . , t.
Therefore, θℓ,1 ∈ D(A2), which is a contradiction.

Similarly, we can conclude that γ , θℓ,2.

If there is a k ∈ {1, . . . , ℓ} such that γ = θk, then we may assume that pk = 0. If q j = 0
for all j, then pq , 0. By Equation (1.3.2), we have degθk = deg q + degθℓ,2 > c2.
Thus, pi = 0 for any degθi ≥ degθk. By the definition of an SPOG arrangement,
both θℓ,1 and θℓ,2 are S-dependent with {θi | degθi ≤ c2}. It follows that θk is
S-dependent with {θi | degθi < degθk}, which is a contradiction. Thus, we
may assume that q1 has the smallest degree among the non-zero coefficient {q j}.
Therefore, degθk = deg q1 + degγ1 > degγ1. Since α1γ j ∈ D(A1) and γ j is not in
D(A1), it follows that γ j is S-dependent with {θℓ,1} ∪ {θi | degθi ≤ degγ j}. Note
that degγ j ≥ c2 for all j, and θℓ,1 is S-dependent with {θi | degθi ≤ c2}. It follows
that θk is S-dependent with {θi | degθi ≤ degγ1}, which is a contradiction.

In conclusion, the set {θ1, . . . , θℓ, θℓ,1, θℓ,2} forms, or can be extended to, a minimal
generating set for D(A1,2). Furthermore, in the case where |AH1∩H2 | = 2, as corrob-
orated by Lemma 1.3.5, the set {θ1, . . . , θℓ, θℓ,1, θℓ,2} serves as a minimal generating
set for D(A1,2).

□

When constructing a graded free resolution, it is minimal if, and only if, at each step, we
select a minimal homogeneous system of generators for the kernel of the differential.
Refer to Construction 4.2 and Theorem 7.3 in [22] for details. Let us employ this
approach to construct a minimal free resolution for D(A1,2).

Theorem 1.3.8. If |DS(A1,2) | ≤ ℓ+ 2, then D(A1,2) has a minimal free resolution of one of the
following forms:

(1) If D(A) + kerρ2
1 = D(A1), there exist f1, . . . , fℓ ∈ S such that

0→ S[−c1 − 1]
(α1α2, f1,..., fℓ)
−−−−−−−−→ S[−c1 + 1] ⊕

 ℓ⊕
i=1

S[−di]

→ D(A1,2)→ 0.

(2) If D(A)+kerρ2
1 ⊊ D(A1), D(A)+kerρ1

2 = D(A2), and |DS(A1,2) | = ℓ+ 2, there exist
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fi, gi, g ∈ S with g , 0 such that

0→ S[−c1 − 1] ⊕ S[−c2]

(α1, 0, f1, . . . , fℓ)
(g, α2, g1, . . . , gℓ)
−−−−−−−−−−−−−−−−−→

S[−c1] ⊕ S[−c2 + 1] ⊕

 ℓ⊕
i=1

S[−di]

→ D(A1,2)→ 0.

(3) If D(A)+kerρ2
1 ⊊ D(A1), D(A)+kerρ1

2 = D(A2), and |DS(A1,2) | = ℓ+ 1, there exist
f1, . . . , fℓ−1 ∈ S such that

0→ S[−c1 − 1]
(α1,0, f1,..., fℓ−1)
−−−−−−−−−→ S[−c1] ⊕ S[−c2 + 1] ⊕

 ℓ−1⊕
i=1

S[−di]

→ D(A1,2)→ 0.

Moreover, in this case,A1,2 is SPOG.

(4) If D(A) + kerρ1
2 ⊊ D(A2), there exist fi, gi ∈ S such that

0→ S[−c1 − 1] ⊕ S[−c2 − 1]

(α1, 0, f1, . . . , fℓ)
(0, α2, g1, . . . , gℓ)
−−−−−−−−−−−−−−−−−→

S[−c1] ⊕ S[−c2] ⊕

 ℓ⊕
i=1

S[−di]

→ D(A1,2)→ 0.

Proof. We retain the notation introduced in Proposition 1.3.7 and its proof. Given
|DS(A1,2) | ≤ ℓ + 2 and utilizing Proposition 1.3.7, we analyze the proof case by case.

(1) D(A) + kerρ2
1 = D(A1).

Note that {φ1, θi | i = 1, . . . , ℓ} is a minimal generator set for D(A1,2). Since θℓ,1 =
α2φ1 is a level element for D(A1), we may assume that α1(α2φ1)+

∑ℓ
i=1 fiθi = 0. In

other words, there exists a relation

(α1α2, f1, . . . , fℓ) (1.3.3)

between {φ1, θ1, . . . , θℓ}.

Suppose there exists another S-independent relation, say:

(p, p1, . . . , pℓ). (1.3.4)

This implies that pφ1 ∈ D(A). Consequently, pφ1(α2) ∈ Sα2. If φ1(α2) ∈ Sα2, it
implies thatφ1 ∈ D(A1), which contradicts the statement that θℓ,1 = α2φ1 is a level
element for D(A1). As a result, we conclude that α2|p. Therefore Relation (1.3.4)
is actually a relation amongst the minimal generators of the SPOG arrangement
A1, of which there is only one by Definition 1.1.2. Consequently, there exist
f1, . . . , fℓ ∈ S such that D(A1,2) has a minimal free resolution of the following
forms:

0→ S[−c1 − 1]
(α1α2, f1,..., fℓ)
−−−−−−−−→ S[−c1 + 1] ⊕

 ℓ⊕
i=1

S[−di]

→ D(A1,2)→ 0.
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(2) D(A) + kerρ2
1 ⊊ D(A1), D(A) + kerρ1

2 = D(A2) and |DS(A1,2) | = ℓ + 2.

Note that {θℓ,1, φ2, θ1, . . . , θℓ} is a minimal generator set for D(A1,2). Since θℓ,1 is a
level element for D(A1), we can assume that

α1θℓ,1 +
ℓ∑

i=1

fiθi = 0.

In other words, there exists a relation

(α1, 0, f1, . . . , fℓ) (1.3.5)

between {θℓ,1, φ2, θ1, . . . , θℓ}.

Since α2φ2 ∈ D(A1) \D(A), we may assume that

gθℓ,1 + α2φ2 +

ℓ∑
i=1

giθi = 0,

with g , 0. This gives another relation

(g, α2, g1, . . . , gℓ) (1.3.6)

between {θℓ,1, φ2, θ1, . . . , θℓ}, and it is S-independent with Relation (1.3.5).

If there exist additional relations, denoted as (p, q, p1, . . . , pℓ), the implication is as
follows:

pθℓ,1 + qφ2 +

ℓ∑
i=1

piθi = 0.

This implies that qφ2 ∈ D(A1). Consequently, qφ2(α2) ∈ Sα2. If φ2(α2) ∈ Sα2, it
implies that α1φ2 ∈ D(A), which contradicts the assertion that the level element
θℓ,2 = α1φ2 for D(A2) is not in D(A). As a result, we conclude that α2|q. We see
q
α2

(g, α2, g1, . . . , gℓ) − (p, q, p1, . . . , pℓ) is a relation of the form (1.3.5), which is the
unique D(A1) relation. Thus, (p, q, p1, . . . , pℓ) can be represented by the relations
(1.3.5) and (1.3.6). That (1.3.5) and (1.3.6) are S-independent is clear since α2 , 0.

Thus D(A1,2) has a minimal free resolution of the following forms:

0→ S[−c1 − 1] ⊕ S[−c2]

(α1, 0, f1, . . . , fℓ)
(g, α2, g1, . . . , gℓ)
−−−−−−−−−−−−−−−−−→

S[−c1] ⊕ S[−c2 + 1] ⊕

 ℓ⊕
i=1

S[−di]

→ D(A1,2)→ 0.

(3) D(A) + kerρ2
1 ⊊ D(A1), D(A) + kerρ1

2 = D(A2) and |DS(A1,2) | = ℓ + 1.

SinceA1 is SPOG and D(A1) is generated by {θℓ,1, θ1, . . . , θℓ}, we may assume that

α1θℓ,1 +
ℓ∑

i=1

fiθi = 0.
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By Proposition 1.3.7 Case (1), we have c1 < c2 = degθℓ. Thus, fℓ = 0, and we
obtain a relation

(α1, 0, f1, . . . , fℓ−1)

between {θℓ,1, φ2, θ1, . . . , θℓ−1}, the minimal generating set of D(A1,2).

If additional relations are exist, denoted as (p, q, p1, . . . , pℓ−1), the corresponding
equation is expressed as follows:

pθℓ,1 + qφ2 +

ℓ−1∑
i=1

piθi = 0.

Note that θℓ,1 is S-dependent with θ1, . . . , θℓ−1 by fℓ = 0. By rearranging, we get:

−qφ2 = pθℓ,1 +
ℓ−1∑
i=1

piθi,

which implies that qφ2 is S-dependent with θ1, . . . , θℓ−1. However, considering
qα2θℓ,2 = qα2α1φ2 ∈ Sθ1 + · · · + Sθℓ−1 + qK∗α1θℓ, we deduce that q = 0. This gives
a relation between the generators for the SPOG arrangementA1. Hence, we can
conclude that {θℓ,1, φ2, θ1, . . . , θℓ−1} has a unique relation (α1, 0, f1, . . . , fℓ−1). Thus,
D(A1,2) has a minimal free resolution of the following form:

0→ S[−c1 − 1]
(α1,0, f1,..., fℓ−1)
−−−−−−−−−→ S[−c1] ⊕ S[−c2 + 1] ⊕

 ℓ−1⊕
i=1

S[−di]

→ D(A1,2)→ 0.

Moreover, based on the definition of SPOG, we deduce thatA1,2 is SPOG.

(4) D(A) + kerρ1
2 ⊊ D(A2).

Note that {θℓ,1, θℓ,2, θ1, . . . , θℓ} is a minimal generator set for D(A1,2). Since θℓ, j,
where j = 1, 2, is a level element for D(A j), we can assume that

α1θℓ,1 +
ℓ∑

i=1

fiθi = 0,

α2θℓ,2 +
ℓ∑

i=1

giθi = 0.

In other words, there are two relations

(α1, 0, f1, . . . , fℓ) (1.3.7)
(0, α2, g1, . . . , gℓ) (1.3.8)

between {θℓ,1, θℓ,2, θ1, . . . , θℓ}. If there exist additional relations, denoted as (p, q, p1, . . . , pℓ),
the implication is as follows:

pθℓ,1 + qθℓ,2 +
ℓ∑

i=1

piθi = 0.
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This implies that qθℓ,2 ∈ D(A1). Consequently, qθℓ,2(α2) ∈ Sα2. Considering that
θℓ,2 is a level element for D(A2), it follows that θℓ,2(α2) < Sα2. As a result, we con-
clude that α2|q. According to Relation (1.3.8), we have qθℓ,2 ∈ D(A). This obser-
vation suggests that this relation establishes a connection among {θℓ,1, θ1, . . . , θℓ}.
Given that Relations (1.3.7) and (1.3.8) uniquely characterize the relationship
between sets {θℓ,1, θ1, . . . , θℓ} and {θℓ,2, θ1, . . . , θℓ}, respectively, and taking into ac-
count the S-independence ofθ1, . . . , θℓ, we can deduce that Relation (p, q, p1, . . . , pℓ)
can be represented by Relations (1.3.7) and (1.3.8). That Relations (1.3.7) and (1.3.8)
are S-independent is clear since α1, α2 , 0.

Thus D(A1,2) has a minimal free resolution of the following forms:

0→ S[−c1 − 1] ⊕ S[−c2 − 1]

(α1, 0, f1, . . . , fℓ)
(0, α2, g1, . . . , gℓ)
−−−−−−−−−−−−−−−−−→

S[−c1] ⊕ S[−c2] ⊕

 ℓ⊕
i=1

S[−di]

→ D(A1,2)→ 0.

□

Theorem 1.3.9. Let B in Definition 1.2.9 be defined asA1,2. Assume that |DS(A1,2) | > ℓ + 2
with DS(A1,2) = (d1, . . . , dℓ, c1, . . . , cr). Then, the following statements hold:

(1) We have
⊕r

j=1 S[−c j − 1] ⊊M1, and there exist hi j, h j ∈ S with h j , 0 such that

R1(1) = (h11, . . . , hℓ1, α1, 0, . . . , 0),
R1(2) = (h12, . . . , hℓ2, 0, α2, 0 . . . , 0),
R1( j) = (h1 j, . . . , hℓ j, h j, 0, . . . , 0, α2, 0, . . . , 0),

where R1( j) denotes the j-th row of R1, and R1( j)(ℓ + j) = α2 for j = 3, . . . , r.

(2) We write

R1 = (ψ1, . . . , ψr, ϕ1, . . . , ϕt)T,

M1 =

 r⊕
j=1

S[−ci − 1]

 ⊕
 t⊕

i=1

S[−ei]


with some t > 0. Here, ψ j corresponds to R1( j) as defined in (1), where j = 1, · · · , r.

Then,
⊕t

i=1 S[−ei − 1] ⊂ M2. In particular, M2 , 0. Moreover, R2(i) has the form
( f1i, . . . , fri, 0, . . . , 0, α2, 0, . . . , 0), where f ji ∈ S and R2(i)(r + i) = α2 for i = 1, . . . , t.
When

⊕t
i=1 S[−ei − 1] =M2, we have t = r − 2 and M3 = 0.

Proof. (1) By Proposition 1.3.7, we may assume that the minimal generator set of
D(A1,2) is T = {θi, φ j | degθi = di,degφ j = c j, i = 1, . . . , ℓ, j = 1, . . . , r}. Here
{θi | i = 1, . . . , ℓ} forms a basis for D(A), and φ1 and φ2 represent the level
elements of D(A1) and D(A2), respectively. By Proposition 1.3.7, it holds that
ci ≥ c2 for i > 2, and

M0 =

 ℓ⊕
i=1

S[−di]

⊕
 r⊕

j=1

S[−ci]

 .
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Note that α1φ1, α2φ2 ∈ D(A) and α2φ j ∈ D(A1) \ D(A) for j > 2. Hence we have
the following relations:

ψ1 := (h11, . . . , hℓ1, α1, 0, . . . , 0),
ψ2 := (h12, . . . , hℓ2, 0, α2, 0 . . . , 0),
ψ j := (h1 j, . . . , hℓ j, h j, 0, . . . , 0, α2, 0, . . . , 0),

where h j , 0 and α2 = ψ j(ℓ + j).

Suppose there exists a j0 ∈ {1, . . . , r} such that ψ j0 is not K-spanned by {R1(i)}i.
In this case, we can assume the existence of relations R1(1), . . . ,R1(w) ∈ R1 such
that ψ j0 =

∑w
i=1 piR1(i), where pi ∈ S≥1. It’s noteworthy that pi and R1(i)( j), where

i = 1, . . . ,w and j = 1, . . . , ℓ + r, are homogeneous polynomials in S≥1.

If j0 = 1, this implies that

α1 = ψ1(ℓ + 1) =
w∑

i=1

piR1(i)(ℓ + 1) ∈ S≥2,

leading to a contradiction. Hence, we deduce that j0 > 1. Further, examining the
expression

α2 = ψ j0(ℓ + j0) =
w∑

i=1

piR1(i)(ℓ + j0) ∈ S≥2,

we again arrive at a contradiction. Consequently, we have that R1(1) = ψ1, . . . ,R1(r) =
ψr and

⊕r
j=1 S[−ci − 1] ⊂M1.

Assume
⊕r

j=1 S[−ci−1] =M1. Observe thatψ1(ℓ+1, . . . , ℓ+r), . . . , ψr(ℓ+1, . . . , ℓ+r)
form a lower triangular matrix. It is evident that the relations ψ1, . . . , ψr are S-
independent over S. As a consequence, we deduce that M2 = 0. By referencing
Theorem 1.2.11, we can deduce that |A1,2| = (

∑ℓ
i=1 di +

∑r
j=1 c j) − (

∑r
j=1(c j + 1)) =∑ℓ

i=1 di − r. Considering |A1,2| = |A| − 2 =
∑ℓ

i=1 di − 2, it follows that r = 2,
contradicting the assumption |DS(A1,2) | = ℓ + r > ℓ + 2. Hence, we conclude that⊕r

j=1 S[−ci − 1] ⊊M1.

(2) We can assume that ϕi = (u1i, . . . ,uℓi, v1i, . . . , vri). We set ϕ as follows:

ϕ =α2ϕi − (v2iψ2 + · · · + vriψr)

=(α2u1i +

r∑
j=2

v jih1 j, . . . , α2uℓi +
r∑

j=2

v jihℓ j, α2v1i +

r∑
j=3

v jih j, 0, . . . , 0).

If ϕ = 0, let f1i = 0 and f ji = −v ji for j = 2, . . . , r. Then we have

Rϕi = ( f1i, . . . , fri, 0, . . . , 0, α2, 0, . . . , 0)

which represents a relation among the relations R1(1), . . . ,R1(r + t), where α2 =
Rϕi(r + i). Otherwise, ϕ forms a relation among θ1, . . . , θℓ, φ1. Since A1 is SPOG,
ψ1 is the unique relation among θ1, . . . , θℓ, φ1. Hence, we deduce the existence of
some v ∈ S such that ϕ − vψ1 = 0. Let f1i = −v and f ji = −v ji for j = 2, . . . , r. It
follows that

Rϕi = ( f1i, . . . , fri, 0, . . . , 0, α2, 0, . . . , 0)
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represents a relation among the relations R1(1), . . . ,R1(r+ t), where α2 = Rϕi(r+ i).

If there exists an i0 ∈ {1, . . . , t} such that Rϕi0
is not K-spanned by {R2(i)}i, we

can assume the existence of relations R2(1), . . . ,R2(w) such that Rϕi0
=

∑w
i=1 piR2(i),

where pi ∈ S≥1. It’s worth noting that pi and R2(i)( j), where i = 1, . . . ,w and
j = 1, . . . , r + t, are homogeneous polynomials in S≥1. This implies that

α2 = Rϕi0
(r + i0) =

w∑
i=1

piR2(i)(r + i0) ∈ S≥2,

leading to a contradiction. Consequently, this reasoning implies that R2(1) =
Rϕ1 , . . . ,R2(t) = Rϕt and

⊕t
j=1 S[−ei − 1] ⊂M2.

Assume M2 =
⊕t

i=1 S[−ei−1]. Observe that Rϕ1(r+1, . . . , r+t), . . . ,Rϕt(r+1, . . . , r+t)
form a lower triangular matrix, it is evident that the relations Rϕ1 , . . . ,Rϕt are S-
independent. As a consequence, we deduce that M3 = 0. Since (

∑ℓ
i=1 di+

∑r
j=1 c j)−

(
∑r

j=1(c j + 1) +
∑t

i=1 ei) + (
∑t

i=1(ei + 1)) = |A1,2| by Theorem 1.2.11, it follows that
r − t = 2.

□

Proof of Theorem 1.1.7. By Theorems 1.1.4, 1.3.8 and 1.3.9, the conclusion follows imme-
diately. □

We would like to show some examples.

Example 1.3.10. Let ℓ = 4 and

Q(A) =x1x2x3x4(x1 − x2)(x1 − x3)(x1 − x4)(x2 − x3)(x2 − x4)
(x3 − x4)(x2 − x3 + x4)(x1 − x2 + x3 − x4).

Then, A is free with exp(A) = (1, 3, 4, 4). The order of Hi ∈ A is consistent with its
order of appearance in the polynomial.

By computer, A1 and A2 both are SPOG with level 4, and A8 and A10 both are SPOG
with level 5. Moreover, we have:

(1) DS(A1,2) = (1, 3, 3, 4, 4). The minimal free resolution of D(A1,2) has the following
forms,

0→ S[−5]→ S[−4]2
⊕ S[−3]2

⊕ S[−1]→ D(A1,2)→ 0.

(2) DS(A2,10) = (1, 3, 4, 4, 4, 4). The minimal free resolution of D(A2,10) has the follow-
ing forms,

0→ S[−5]2
→ S[−4]4

⊕ S[−3] ⊕ S[−1]→ D(A2,10)→ 0.

(3) DS(A1,8) = (1, 3, 4, 4, 4, 5). The minimal free resolution of D(A1,8) has the following
forms,

0→ S[−6] ⊕ S[−5]→ S[−5] ⊕ S[−4]3
⊕ S[−3] ⊕ S[−1]→ D(A1,8)→ 0.
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Example 1.3.11. Let ℓ = 4 and

Q(A) =x1x2x3x4(x1 − x2)(x1 − x3)(x2 − x3)(x3 − x4)
(x2 − x3 + x4)(x1 − x2 + x3 − x4).

Then, A is free with exp(A) = (1, 3, 3, 3). The order of Hi ∈ A is consistent with its
order of appearance in the polynomial.

Note that A2 is not free, serving as a counter-example to Orlik’s Conjecture. This can
be found in [9] or [20] by a coordinate change.

By computation,A1,A2, andA3 are SPOG with level 3, and |DS(A2, j) | = 5 < ℓ + 2 for
any H j ∈ A2. Additionally, forA1 andA3 are free, we found that |DS(A1,3) | = 7 > ℓ+2.
The minimal free resolution of D(A1,3) has the following form:

0→ S[−5]→ S[−4]4
→ S[−3]6

⊕ S[−1]→ D(A1,3)→ 0.

Remark 1.3.12. The counterexample to Orlik’s conjecture mentioned above corresponds
to the situation |D(A1,2)| > ℓ + 2. However, every NT-free-2 arrangement of Edelman
and Reiner’s counterexample, with dimension ℓ = 5, contains at most 7 = ℓ+2 minimal
generators.

Applying our theorem allows us to recover the result in [4] and verify a part of Conjec-
ture 4.4 from [1].

Corollary 1.3.13. [4] IfA andA1,2 are both free, then at least one ofA1 andA2 is free.

Proof. This is Theorem 1.2 in [4]. Moreover, in this chapter, we can readily arrive at the
same conclusion through Proposition 1.3.7. □

Corollary 1.3.14. IfA1,2 is SPOG, then c2 = d j for some j ∈ {2, . . . , l}.

Proof. By referring to Theorem 1.3.8, we establish its validity for Case (3) in Theo-
rem 1.3.8, focusing solely on Theorem 1.3.8 Case (1).

Assuming POexp(A1,2) = (1, p2, . . . , pℓ), Proposition 1.2.12 implies
∑ℓ

i=2 pi = |A1,2|. Ex-
amining Theorem 1.3.8 Case (1), we find DS(A1,2) = (1, d2, . . . , dℓ, c2−1). It’s noteworthy
that 1 +

∑ℓ
i=2 di = |A| and POexp(A1,2) ⊂ DS(A1,2). This implies the existence of a d j

such that
∑ℓ

i=2 di + (c2 − 1) − d j = |A1,2|. Consequently, we deduce that c2 = d j.

□

1.4 Three Dimensional Case

In this section, we use the notation in the previous section. Furthermore, we fix
ℓ = 3.

If |AH1∩H2 | > 2, there exists a plane H ∈ AH1∩H2 that is distinct from both H1 and H2. We
can assume that H = ker x2, H1 = ker x1, and H2 = ker(x1 − x2).
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Proposition 1.4.1. If |AH1∩H2 | > 2, then for any basis θ2, θ3 for DH(A), there exist a level
element θ3,i for D(Ai) such that

x1θ3,1 = f2θ2 + f3θ3, f2, f3 ∈ K[x2, x3], (1.4.1)
(x1 − x2)θ3,2 = g2θ2 + g3θ3, g2, g3 ∈ K[x2, x3]. (1.4.2)

Proof. Suppose that θ′3,i ∈ DH(Ai) is a level element for D(Ai), where i = 1, 2. Using
Theorem 1.1.4, we may assume that:

x1θ
′

3,1 = f ′2θ2 + f ′3θ3, (1.4.3)

(x1 − x2)θ′3,2 = g′2θ2 + g′3θ3, (1.4.4)

Since f ′i and g′i are homogeneous polynomial in S = K[x1, x2, x3], we may assume that:

f ′i = x1 f ′′i + fi, i = 2, 3, fi ∈ K[x2, x3],
g′i = (x1 − x2)g′′i + gi, i = 2, 3, gi ∈ K[x2, x3].

Let θ3,1 = θ′3,1 − f ′′2 θ2 − f ′′3 θ3. Considering that θ3,1 < D(A) and degθ3,1 = degθ′3,1, it is
evident that θ3,1 qualifies as a level element for D(A1). By substituting θ3,1 into Equa-
tion (1.4.3), we obtain Equation (1.4.1). A parallel application yields Equation (1.4.2). □

Lemma 1.4.2. Consider the scenario where |AH1∩H2 | > 2, and let θ2, θ3 form a basis for DH(A).
Assume that θ3,1 and θ3,2 are the level elements for D(A1) and D(A2), respectively, satisfying
Proposition 1.4.1. If f2 = x2 f ′2 + kxr

3, k ∈ K∗, r ∈ Z+, f ′2 ∈ K[x2, x3],
g2 = x2g′2 + k′xr′

3 , k′ ∈ K∗, r′ ∈ Z+, g′2 ∈ K[x2, x3],

 f3 = x2 f ′3 , f ′3 ∈ K[x2, x3],
g3 = x2g′3, g′3 ∈ K[x2, x3],

then

(1) c1 = c2 if and only if D(A1) = D(A) + kerρ2
1. In this case, c1 = c2 = max{d1, d2, d3} if

and only ifA1,2 is SPOG.

(2) c1 < c2 if and only if D(A1) ⊊ D(A) + kerρ2
1 and D(A2) = D(A) + kerρ1

2.

Proof. Since degθ3,1 = c1 ≤ degθ3,2 = c2, we have r′ ≥ r. Assuming that h = k′
k xr′−r

3 , then
we may get that:

x1(θ3,2 − hθ3,1) = x1θ3,2 − hx1θ3,1

= (x1 − x2)θ3,2 + x2θ3,2 − hx1θ3,1

= (g2θ2 + g3θ3) + x2θ3,2 − h( f2θ2 + f3θ3)
= (g2 − h f2)θ2 + (g3 − h f3)θ3 + x2θ3,2

= x2(g′2 − h f ′2)θ2 + x2(g′3 − h f ′3)θ3 + x2θ3,2.

Consequently, x1(θ3,2 − hθ3,1) ∈ x2D(A2), implying θ3,2 − hθ3,1 ∈ x2D(A1,2). We may
assume that:

θ3,2 − hθ3,1 = x2φ, where φ ∈ D(A1,2).
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This leads to:

θ3,2 − x1φ = hθ3,1 − (x1 − x2)φ. (1.4.5)

Since the left side belongs to D(A2), and the right side belongs to D(A1), this implies
that θ3,2 − x1φ ∈ D(A). Note that θ3,2 is a level element for D(A2). They imply that x1φ
is a level element for D(A2). By Lemma 1.3.3, we know that D(A2) = D(A) + kerρ1

2.

Now, we prove the statement by case-by-case argument.

(1) If D(A1) = D(A) + kerρ2
1, by Proposition 1.3.7 Case (2), we have c1 = c2. Con-

versely, assume that h ∈ K∗. Let h = 1. By Equation (1.4.5), this implies that
θ3,1 − (x1 − x2)φ ∈ D(A). Note that θ3,1 is a level element for D(A1). They im-
ply that (x1 − x2)φ is a level element for D(A1). By Lemma 1.3.3, leading to the
deduction that D(A1) = D(A) + kerρ2

1.

If c1 = c2 = max{d1, d2, d3}, then by Theorem 1.3.8 Case (1) and the definition
of an SPOG arrangement, we have that A1,2 is SPOG with level max{d1, d2, d3}.
Furthermore, if A1,2 is SPOG, by employing Corollary 1.3.14 and Theorem 1.1.4,
it follows that c1 = c2 = max{d1, d2, d3}.

(2) Given that c1 < c2, by Proposition 1.3.7 Case (2), we establish that D(A1) ⊊
D(A) + kerρ2

1.

If D(A1) ⊊ D(A) + kerρ2
1 and D(A2) = D(A) + kerρ1

2 with c1 = c2, referring to the
previous case, we encounter a contradiction.

□

Now, we are going to prove Theorem 1.1.8.

Proof. Let |AH1∩H2 | > 2. Recall S = K[x1, x2, x3] and exp(A) = (1, d2, d3). We may assume
that S′ = K[x1, x3]. SinceAH

1 = A
H
2 = A

H = C, we may let the Ziegler restriction ofA,A1

and A2 on H be (C,m0), (C,m1) and (C,m2), respectively. Note that H1 ∩ H = H2 ∩ H.
Thus (C,m1) = (C,m2).

Since A is free, by Theorem 1.2.7, we may get that (C,m0) is free with exp(C,m0) =
(d2, d3). Note that we do not differentiate between d2 and d3. Since |m0| = |m1| + 1 and
m0(L) ≥ m1(L) for any L ∈ C, by Lemma 1.2.8, we may assume that (C,m1) is free with
exp(C,m1) = (d2 − 1, d3). Moreover, there exists a basis φ1, φ2 for D(C,m1) such that
x1φ1, φ2 forms a basis for D(C,m0). Let us look at the following exact sequences:

0 DH(A) DH(A) D(C,m0),
·x2 π

0 DH(Ai) DH(Ai) D(C,m1),
·x2 πi

where i = 1, 2.

By Theorem 1.2.7, there exists a basis θ1, θ2 for DH(A) such that π(θ1) = x1φ1 and
π(θ2) = φ2.
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Using Proposition 1.4.1, we may assume that θ3,i is a level element for D(Ai) such that

x1θ3,1 = f1θ1 + f2θ2, f1, f2 ∈ K[x2, x3]. (1.4.6)
(x1 − x2)θ3,2 = g1θ1 + g2θ2, g1, g2 ∈ K[x2, x3]. (1.4.7)

Thus

π(x1θ3,1) = f1x1φ1 + f2φ2 = x1π1(θ3,1)
π((x1 − x2)θ3,2) = g1x1φ + g2φ2 = x1π2(θ3,2)

Note thatπi(θ3,i) ∈ D(C,m1) = S′φ1+S′φ2. Thus f2, g2 ∈ x1S′. Recall that f j, g j ∈ K[x2, x3],
where j = 1, 2, thus f2 = g2 = 0, i.e., f2, g2 ∈ x2K[x2, x3].

By the definition and θ3,1 ∈ DH(A1), we have π1(θ3,1) = ρ2
1(θ3,1). By Lemma 1.3.3,

we have ρ2
1(θ3,1) , 0. This implies that f1 , 0. Since f1 ∈ K[x2, x3], we may get that

f1 ∈ K[x2, x3] \ x2K[x2, x3]. Similarly, we have g1 ∈ K[x2, x3] \ x2K[x2, x3]. Thus we may
assume that

f1 = x2 f ′1 + kxr
3, f2 = x2 f ′2 .

g1 = x2g′1 + k′xr′
3 , g2 = x2g′2.

where f ′i , g
′

i ∈ K[x2, x3], r, r′ ∈ Z+ and k, k′ ∈ K∗. Note that we assumed |AH1∩H2 | > 2. By
Lemma 1.4.2, c1 = c2 if and only if D(A1) = D(A)+kerρ2

1. By Lemma 1.4.2, if c1 < c2, then
D(A1) ⊊ D(A)+ kerρ2

1 and D(A2) = D(A)+ kerρ1
2. In this case, if |DS(A1,2) | = ℓ+ 1, by

Proposition 1.3.7 Case (1), it is evident that c1 < c2 = d2 or d3. By Theorem 1.1.4, we have
max{d2, d3} ≤ c1, which is a contradiction. Thus, if c1 < c2 we have |DS(A1,2) | = ℓ + 2.

As a conclusion, |AH1∩H2 | > 2 if and only if either D(A1) = D(A) + kerρ2
1 and c1 = c2, or

|DS(A1,2) | = ℓ + 2 and c1 < c2.

By Proposition 1.3.7, we have |DS(A1,2) | ≤ ℓ + 2 when ℓ = 3. Combining with Theo-
rem 1.3.8, we successfully conclude the proof of the theorem. The rest part in Theo-
rem 1.1.8 Case (2.1) is from Lemma 1.4.2 Case (1). □

Remark 1.4.3. As demonstrated in Theorem 1.1.8 Case (2.1), it is evident thatA1,2 is not
necessarily SPOG.

Now we would like to provide some examples to apply Theorem 1.1.8.
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H2 : x2 = 0

H1 : x1 = 0

H3 : x3 = 0

H5 : x1 − x3 = 0

H7 : x2 − x3 = 0

H6 : x2 − x1 = 0

H4 : x2 + x1 − x3 = 0

Figure 1.2: Free arrangementA in P2

H2 : x1 = 0

H1 : x3 = 0

H3 : x2 = 0

H4 : x3 + x1 = 0

H5 : x1 + x2 = 0

H6 : x1 − x2 = 0

H7 : x3 + x2 = 0

H8 : x3 − x1 = 0

H9 : x3 + x1 + x2 = 0

H10 : x3 + x1 − 2x2 = 0

H11 : x3 + x1 + 2x2 = 0

Figure 1.3: Free arrangementA in P2

Example 1.4.4. Let

Q(A) = x1x2x3(x1 − x2)(x1 − x3)(x2 − x3)(x1 + x2 − x3).

Then,A is free with exp(A) = (1, 3, 3). See Figure 1.2.
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By Theorem 1.1.4, it follows that A2 and A5 both are plus-one generated with expo-
nents (1, 3, 3) and level 3. By Theorem 1.1.8, we have A2,5 is plus-one generated with
POexp(A2,5) = (1, 2, 3) and level 3.

Example 1.4.5. Let

Q(A) =x1x2x3(x1 + x2)(x1 − x2)(x1 + x3)(x1 − x3)(x2 + x3)
(x1 + x2 + x3)(x1 + 2x2 + x3)(x1 − 2x2 + x3).

Then,A is free with exp(A) = (1, 5, 5). See Figure 1.3.

By Theorem 1.1.4, it is easy to see that A1, A6 and A10 are free with exponent (1, 4, 5),
A3 and A4 are SPOG with POexp(A3) = POexp(A4) = (1, 5, 5) and level 6, and the
remaining A j are all SPOG with POexp(A j) = (1, 5, 5) and level 5. By Theorem 1.1.8,
this implies the following results:

(1) Note thatA2 andA11 are not free, and |AH2∩H11 | = 2, we may get that DS(A2,11) =
(1, 5, 5, 5, 5), and the minimal free resolution of D(A2,11) has the following forms:

0→ S[−6]2
→ S[−5]4

⊕ S[−1]→ D(A2,11)→ 0.

(2) Note that A3 and A4 are SPOG with level 6, and |AH3∩H4 | > 2, we may get that
D(A3,4) is not SPOG, DS(A3,4) = (1, 5, 5, 5), and the minimal free resolution of
D(A3,4) has the following forms:

0→ S[−7]→ S[−5]3
⊕ S[−1]→ D(A3,4)→ 0.

(3) Note that A5 and A7 are SPOG with level 5, and |AH5∩H7 | > 2, we may get that
A5,7 is SPOG with POexp(A5,7) = (1, 4, 5) and level 5.

(4) Note thatA3 is SPOG with level 6 andA5 is SPOG with level 5, and |AH3∩H5 | > 2,
we may get that DS(A3,5) = (1, 5, 5, 5, 5), and the minimal free resolution of D(A3,5)
has the following forms:

0→ S[−6]2
→ S[−5]4

⊕ S[−1]→ D(A3,5)→ 0.

Theorem 1.1.4 by Abe shows that NT-free-1 arrangements that are non-free are SPOG.
It is known that the converse does not hold in general [15, 26]. Using our result, we
give such an example. First, recall the following result:

Proposition 1.4.6 (Theorem 6.2 of [1]). Let C be SPOG with a minimal set of homogeneous
generators {γ1, . . . , γℓ, φ} for D(C), whereφ is a level element with a level coefficient α. Suppose
there exists a free addition B = C ∪ {H} of C. If degφ > degγi for any i ∈ {1, 2, . . . , ℓ}, then
H = kerα.

The following is a SPOG arrangement that does not admit a free addition.

Example 1.4.7. Let

Q(A) = x1x2x3(x1 − x2)(x1 + x2)(x1 + 2x2)(2x1 + x2)(3x1 + x2)(x2 + x3)(3x1 + x2 + x3),

and let H1 = {x1 = 0} and H2 = {x2 = 0}. By computer,A is free with exp(A) = (1, 3, 6).
We may assume that {θ1, θ2, θ3} is a basis for D(A). By Theorem 1.1.8, A1,2 is SPOG
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with POexp(A1,2) = (d1 = 1, d2 = 3, c1−1 = 5) with level d3 = 6. By Proposition 1.3.7, we
have a minimal generator set for D(A1,2) as {θ1, θ2, θ3, φ}, where α2φ is a level element
for D(A1). Note that θ3 is the level element ofA1,2 with the level coefficient α = x2 + x3.
Since kerα ∈ A1,2, by Proposition 1.4.6, it follows thatA1,2 does not admit free addition.

Example 1.4.8. We give two arrangements B and C such that L(B) � L(C) but DS(B) ,
DS(C). Their defining polynomials are

QB = x1x2x3(x2 − 3x3)(x2 + 3x3)(x1 − x3)(x1 + x3)(x1 + x2)(x1 + x2 − 3x3)(x1 + x2 + 3x3)
QC = x1x2x3(x2 − 3x3)(x2 + 3x3)(x1 − x3)(x1 + x3)(x1 + x2)(x1 + x2 − 4x3)(x1 + x2 + 3x3).

Their derivation degree sequences are

DS(B) = (1, 5, 6, 6)
DS(C) = (1, 6, 6, 6, 6, 6).

Such a pair is now called the Ziegler pair and a kind of important object to study. This
is one example of such pairs. It shows the intricate nature of the derivation degree
sequence that depends not only on the combinatorics but also on the geometry of the
arrangement.

1.5 Future Work

There remain several promising directions that naturally extend the present study. A
longstanding open problem, articulated most recently by Abe, is to formulate an ana-
logue of the classical Addition–Deletion Theorem for SPOG arrangements. Proving
such a result would supply a recursive framework for constructing SPOG arrange-
ments from smaller ones, just as the ordinary Addition–Deletion Theorem does for
hyperplane arrangements. In turn, it would yield inductive formulas for the character-
istic polynomial and other combinatorial invariants, offer a route toward a classification
of SPOG arrangements, illuminate connections with Terao’s conjecture and freeness cri-
teria, and open further avenues of investigation.

By establishing an Addition–Deletion Theorem tailored to SPOG arrangements we ex-
pect to unlock a cascade of results—mirroring the rich interplay between combinatorics,
topology, and algebra that the classical theorem has already provided for hyperplane ar-
rangements—ultimately deepening our understanding of both theories and expanding
the toolkit available for future research.
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Chapter 2

Polynomial interpolation of a vector
field on a convex polygonal domain

Although the theory of hyperplane arrangements has attracted considerable attention,
its applications are still limited. In this chapter, we explore how the logarithmic deriva-
tion module can be used to solve a classical fitting problem in physical sciences and
data analysis. Specifically, we introduce a method for interpolating a sampled vector
field confined within a convex polyhedral domain of arbitrary dimension using a poly-
nomial vector field, under a no-penetration (slip) boundary condition. For a prescribed
integer k, our algorithm computes a degree-k polynomial vector field that best fits the
samples in the least-squares sense while exactly respecting the boundary constraint.
Notably, the defining condition of the logarithmic derivation module is precisely the
required tangency, which naturally links the theory of arrangements to our problem.
By leveraging known structural results on logarithmic derivation modules, we resolve
the fitting task efficiently.

The results in this section are based on [7].

2.1 Introduction

The study of hyperplane arrangements has played a central role in algebraic geometry,
combinatorics, and singularity theory. While much of the existing literature empha-
sizes the theoretical properties of such arrangements—ranging from their combinato-
rial invariants to the structure of associated derivation modules—applications of this
theory, particularly in data-driven contexts, have remained comparatively underex-
plored.

In this chapter, we present a novel approach that leverages the theory of logarithmic
derivation modules to solve a class of constrained vector field fitting problems. Specif-
ically, given a convex polytope P ⊂ Rd and a finite set of vector-valued samples within
it, our objective is to construct a polynomial vector field that (i) fits the given data,
and (ii) satisfies a no-penetration (slip) boundary condition along the boundary of the
polytope. Such a scenario is common in modeling the dynamics of fluidic materials or
particles confined within a rigid container of shape P, where only sparse velocity mea-
surements are available. Enforcing the boundary condition exactly poses a significant
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challenge, yet it is crucial in applications where physical conservation laws—such as
volume preservation—must be upheld.

A key insight of this work is the realization that the slip boundary condition is, in fact,
equivalent to the tangency condition that defines the logarithmic derivation module
associated with a hyperplane arrangement. Here, an arrangement arises naturally from
the affine hyperplanes supporting the facets of the polytope. This equivalence allows
us to reframe the original fitting problem in purely algebraic terms. More precisely, our
method proceeds as follows:

1. Represent P as the intersection of finitely many half-spaces.

2. Homogenize the defining affine hyperplanes to obtain a central arrangement P̂
in Rd+1.

3. Establish an explicit bijection between tangential polynomial vector fields on P
(degree ≤ k) and homogeneous degree-k vector fields on Rd+1 that are tangent to
every hyperplane of P̂ and parallel to the slice x0 = 0.

4. Identify the latter space with the syzygy module of the Jacobian ideal of the
defining polynomial of P̂.

5. Use Gröbner-basis techniques (Schreyer’s algorithm) to compute a basis and
perform least-squares fitting.

From a practical standpoint, our method provides, to the best of our knowledge, the
first algorithm that guarantees the exact satisfaction of the tangency boundary condi-
tion for polynomial vector field interpolation on convex polyhedral domains. From a
theoretical perspective, our framework bridges seemingly disparate areas by employ-
ing algebro-geometric techniques to address a classical approximation problem, thus
demonstrating the effectiveness of modern mathematical tools in applied settings.

2.2 Previous work

Vector field reconstruction in R2 was explored in [19] as a generalisation of scalar
function interpolation using basis expansions. A method using a partition of unity
to patch polynomial vector fields over planar domains is described in [17], while
approaches employing radial basis functions are proposed in [29, 30]. These works do
not consider boundary constraints.

Alternative formulations of the reconstruction problem have also been studied. For
instance, [14, 33, 27] examine vector field reconstruction from streamlines in two and
three dimensions. Reconstruction from scalar-valued observations sampled along tra-
jectories is addressed in [13].

Beyond fluid dynamics, tangential vector fields on convex polytopes in R3 have been
investigated from a topological perspective in [23], which classifies homotopy types
of such fields with motivations stemming from the modelling of nematic liquid crys-
tals.

To our knowledge, with the exception of [23] which focuses on classification rather
than construction, there are no existing studies that address the reconstruction of vec-
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tor fields subject to no-penetration (slip) boundary conditions on convex polyhedral
domains.

2.3 Polynomial Interpolation of Vector Fields

In this section, we establish notation and formulate the main problem.

Definition 2.3.1. A (possibly non-compact) convex polyhedral space in Rd (d ≥ 1), associ-
ated with face normals {αi ∈ Rd

| 1 ≤ i ≤ m} and offsets {ℓi ∈ R | 1 ≤ i ≤ m}, is defined
as the intersection of m half-spaces:

P =

m⋂
i=1

{x ∈ Rd
| ⟨αi, x⟩ + ℓi ≤ 0},

where ⟨ , ⟩ denotes the standard inner product on Rd. The hyperplane Hi = {x ∈ Rd
|

⟨αi, x⟩+ ℓi = 0} is called a supporting hyperplane of P, and Fi = Hi ∩ ∂P is called a facet
(if it is (d − 1)-dimensional). We denote by hi the affine linear function

hi(x) = ⟨αi, x⟩ + ℓi =

d∑
q=1

(αi)qxq + ℓi,

which defines the hyperplane Hi.

We assume throughout that none of the m supporting hyperplanes are redundant; that
is,

P ⊊
⋂
i, j

{x ∈ Rd
| ⟨αi, x⟩ + ℓi ≤ 0}

for any j. By abuse of notation, we often identify P with its set of supporting hyper-
planes {Hi}, assuming the orientations of the half-spaces are implicitly specified.

We set P = Rd when m = 0.

We now define the relevant spaces of polynomial vector fields on P.

Definition 2.3.2. A homogeneous polynomial vector field of degree k on P is a map
ξ : P → Rd represented by a tuple of homogeneous polynomials ( f1, f2, . . . , fd), where
each fq ∈ R[x1, . . . , xd] has deg( fq) = k for 1 ≤ q ≤ d. Denote by Poly(P)k the space of
such vector fields. Similarly, denote by Poly(P)

≤k the space of vector fields where each
fq is a polynomial of degree at most k.

The subspace of Poly(P)k (respectively, Poly(P)
≤k) consisting of vector fields tangent to

the boundary of P is defined by

Poly∂(P)k =
{
ξ ∈ Poly(P)k | ⟨ξ(x), αi⟩ = 0 for all x ∈ Fi, 1 ≤ i ≤ m

}
. (2.3.1)

In other words, the direction of ξ ∈ Poly∂(P)k at any point on a facet Fi is orthog-
onal to the normal vector αi. The space Poly∂(P)

≤k is defined analogously for non-
homogeneous vector fields.

The space Poly∂(P) =
⋃

k≥0 Poly∂(P)
≤k of non-homogeneous polynomial tangential

fields and the space Poly∂(P)hom =
⊕

k≥0 Poly∂(P)k of homogeneous polynomial tan-
gential fields are both R[x1, . . . , xd]-modules under componentwise multiplication of
vector fields by polynomials.
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Figure 2.1: Examples of convex polyhedral spaces in R2 and a tangential vector field
defined on them.

The following example illustrates the distinction between homogeneous and non-
homogeneous polynomial tangential fields.

Example 2.3.3. Consider the case d = 2. Let α1 = (1, 0), α2 = (0, 1), and α3 = (1, 1), with
ℓ1 = ℓ2 = 0 and ℓ3 = 1, so that h1 = x1, h2 = x2, and h3 = x1 + x2 + 1. Define

P1 = {x | h1(x) ≤ 0, h2(x) ≤ 0, −h3(x) ≤ 0}, P2 = {x | h1(x) ≤ 0, h2(x) ≤ 0, h3(x) ≤ 0}.

Then P1 is compact, and P2 is non-compact. Both are convex polyhedral spaces in R2,
as illustrated in Figure 2.1.

For either P1 or P2, the vector field ξ = (x1x2, x2
2 + x2) is a non-homogeneous tangential

field. We verify the tangency condition facet by facet:

- On F1 (defined by x1 = 0), ξ(0, x2) = (0, x2
2 + x2), and α1 = (1, 0), so ⟨ξ, α1⟩ = 0.

- On F2 (defined by x2 = 0), ξ(x1, 0) = (0, 0), and α2 = (0, 1), so ⟨ξ, α2⟩ = 0.

- On F3 (defined by x1 + x2 + 1 = 0, or x1 = −1 − x2), the normal is α3 = (1, 1), and

ξ(−1 − x2, x2) = ((−1 − x2)x2, x2
2 + x2), ⟨ξ, α3⟩ = −x2 − x2

2 + x2
2 + x2 = 0.

Thus, ξ is tangent to all three facets.

Note that the degree-one component of ξ, namely (0, x2), is not tangential to F3, since
⟨(0, x2), (1, 1)⟩ = x2 , 0 in general. This demonstrates that

⊕k
j=0 Poly∂(P) j ⊊ Poly∂(P)

≤k
in general, making a degree-wise analysis of Poly∂(P)

≤k more intricate.

A vector field ξ = ( f1, f2, . . . , fd) acts on a polynomial h ∈ R[x1, . . . , xd] via the Lie
derivative:

ξ[h] = ⟨∇h, ξ⟩ =
d∑

q=1

fq
∂h
∂xq

. (2.3.2)

For brevity, we denote ∂
∂xq

by ∂q.

We now formulate our main goal. Suppose we are given a set of observations{
(xs,us) ∈ P ×Rd

| s ∈ O
}
,
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indexed by a finite set O. The central problem addressed in this chapter is the follow-
ing:

Problem 2.3.4. Given a natural number k, find ξ ∈ Poly∂(P)
≤k that minimises the sum

of squared errors:
E(ξ,O) =

∑
s∈O

|ξ(xs) − us|
2 . (2.3.3)

This problem seeks a polynomial vector field of degree at most k that best fits the ob-
served data in the least-squares sense while satisfying the tangency boundary condition
exactly. Note that the choice of k governs a trade-off between approximation accuracy
and model complexity.

2.4 Identity Theorem for Polynomial Vector Fields

It is straightforward to verify that any polynomial vector field defined on P can be
uniquely extended to a polynomial vector field on all ofRd, so that Poly(P)k = Poly(Rd)k.
In this section, we establish an analogous result for tangential vector fields.

We begin by recalling a classical fact: a polynomial function is uniquely determined by
its values on a sufficiently large finite set.

Lemma 2.4.1. Let k ∈ N and d ≥ 1, and let f , g ∈ R[x1, . . . , xd] be polynomials of degree at
most k. Suppose X = C1 × · · · × Cd ⊂ Rd, where each Cq ⊂ R satisfies |Cq| > k. Then f ≡ g if
and only if f (x) = g(x) for all x ∈ X. Consequently, two vector fields ξ, γ ∈ Poly(Rd)k coincide
globally if and only if ξ(x) = γ(x) for all x ∈ X.

Proof. Replacing f − g with f , it suffices to show that a polynomial f of degree at most
k vanishes identically if f (x) = 0 for all x ∈ X.

We proceed by induction on d. The base case d = 1 follows from the classical fact that
a univariate polynomial of degree at most k with more than k zeros must be identically
zero. Assume the result holds for d − 1. For a fixed (x1, . . . , xd−1) ∈ C1 × · · · × Cd−1,
consider the univariate polynomial

p(t) = f (x1, . . . , xd−1, t).

Since p vanishes on Cd, which contains more than k ≥ deg p points, we conclude p ≡ 0.
Thus, all coefficients of powers of xd in f vanish as polynomials in x1, . . . , xd−1. By the
induction hypothesis, f ≡ 0. □

Corollary 2.4.2. Let H ⊂ Rd be a hyperplane with normal vector α. A polynomial vector field
ξ ∈ Poly(Rd)k is tangent to H if and only if ⟨ξ(x), α⟩ = 0 on any open subset of H.

Consequently, every ξ ∈ Poly∂(P)k admits a unique extension to a polynomial vector field in
Poly(Rd)k that is tangent to all supporting hyperplanes of the polyhedral domain P.

Proof. Apply Lemma Lemma 2.4.1 to the polynomial ⟨ξ(x), α⟩. □

By Corollary 2.4.2, the space Poly∂(P)
≤k can be identified with the solution space of

a linear system. However, in the next section, we introduce a more sophisticated
approach for computing Poly∂(P)

≤k.
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2.5 Space of Tangent Fields

Problem 2.3.4 reduces to a standard least-squares problem, provided a basis for Poly∂(P)
≤k

is available. Our key idea is to recast the boundary condition as a module membership
problem in a polynomial ring, and to identify Poly∂(P)

≤k with the syzygy module of a
Jacobian ideal, which can be effectively computed using Gröbner basis techniques.

We begin with a simple observation that translates the tangency condition into an
algebraic one.

Lemma 2.5.1. Let h ∈ R[x1, . . . , xd] be a degree-one polynomial defining the hyperplane
H = {x ∈ Rd

| h(x) = 0}. A polynomial vector field ξ on Rd is tangent to H if and only if
ξ[h] ∈ (h), where (h) is the principal ideal generated by h in the ring R[x1, . . . , xd].

Proof. Write h(x) = ⟨α, x⟩ + ℓ so that ∇h = α. By (2.3.1) and (2.3.2), ξ is tangent to H if
and only if

0 = ⟨α, ξ(x)⟩ = ⟨∇h, ξ(x)⟩ = ξ[h](x) ∀ x ∈ H.

Hence
ξ tangent to H ⇐⇒ ξ[h]

∣∣∣
V(h)
≡ 0 ⇐⇒ ξ[h] ∈ I

(
V(h)

)
,

where we write H as the variety V(h) defined by h, and I
(
V(h)

)
is the vanishing ideal

of the variety V(h). Since h is a nonzero degree-one polynomial, the ideal (h) is prime.
Therefore, the assertion follows by the Nullstellensatz I

(
V(h)

)
=

√
(h) = (h). □

To utilise algebraic machinery, it is more convenient to work with linear subspaces than
with affine subspaces Hi. For this, we embed P into one dimension higher space by
appending one more spatial variable x0.

Definition 2.5.2. For a convex polyhedral spaceP ⊂ Rd, its cone P̂ is the (non-compact)
convex polyhedral space in Rd+1 defined by the following supporting hyperplanes

Ĥi =

x̂ = (x0, x1, . . . , xd) ∈ Rd+1
| ℓix0 +

d∑
q=1

(αi)qxq = 0

 .
We denote by ĥi the corresponding linear form. See fig. 2.2.

All the facets of P̂ meet at the origin, and the original convex polyhedral space P is
embedded in P̂ at the slice x0 = 1, hence the name “cone”. We will see that there is also
a correspondence between certain tangential polynomial vector fields of P and P̂. Let
Poly∂(P̂)k be the subspace of Poly∂(P̂)k consisting of those fields parallel to the plane
defined by x0 = 0. That is, the first coordinate of an element of Poly∂(P̂)k is the zero
polynomial.

Lemma 2.5.3. We have an isomorphism of vector spaces

Poly∂(P)
≤k � Poly∂(P̂)k.
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Figure 2.2: The cone P̂ inR3 corresponding to a trapezoidP inR2. First,P is embedded
into R3 on the plane x0 = 1. By joining the origin with each facet of P, we obtain
hyperplanes in R3 that share the origin as the apex. An element of Poly∂(P) can be
extended to a field tangent to P̂ simply by scaling by the “height” x0. The field thus
obtained is parallel to the plane x0 = 0. Conversely, any homogeneous tangential
field to P̂ can be made parallel to x0 = 0 by subtracting an R[x1, . . . , xd]-multiple of
ξE = (x1, . . . , xd), which is a “radial” vector field that is tangent to any plane going
through the origin. By restricting the parallel field to x0 = 1, we obtain an element of
Poly∂(P).

Proof. The degree-k homogenenisation of f ∈ R[x1, . . . , xd] with deg f ≤ k is given by
f̂ = xk

0 f (x1/x0, . . . , xd/x0) with deg f̂i = k. Define a map Ψ from Poly∂(P)
≤k to Poly∂(P̂)k

by
( f1, f2, . . . , fd) 7→ (0, f̂1, f̂2, . . . , f̂d).

We will check the image of Ψ is indeed contained in Poly∂(P̂)k. Since ( f1, f2, . . . , fd) is
tangent to every Hi for 1 ≤ i ≤ n, we have

d∑
q=1

(αi)q fq(x) = 0, for any x ∈ Hi.

By Lemma 2.5.1, we may assume that
∑d

q=1(αi)q fq = hig for some g ∈ R[x1, . . . , xd]. It
follows that

d∑
q=1

(αi)q f̂q =

d∑
q=1

(αi)q(xk
0 fq(x1/x0, . . . , xd/x0))

= xk
0

 d∑
q=1

(αi)q fq(x1/x0, . . . , xd/x0)


= xk

0hi(x1/x0, . . . , xd/x0)g(x1/x0, . . . , xd/x0)

= ĥi(x0, . . . , xd)xk−1
0 g(x1/x0, . . . , xd/x0).

Since deg g ≤ k−1, we deduce that xk−1
0 g(x1/x0, . . . , xd/x0) is a homogeneous polynomial

of degree k − 1. This implies that
∑d

q=1(αi)q f̂q ∈ (̂hi) and we have (0, f̂1, f̂2, . . . , f̂d) ∈

Poly∂(P̂)k.
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Conversely, define a map Φ from Poly∂(P̂)k to Poly∂(P)k by

(0, f̂1, f̂2, . . . , f̂d) 7→ ( f1, f2, . . . , fd),

where f̂i is homogenous polynomial in R[x0, x1, . . . , xd] with deg f̂i = k, and fi ∈

R[x1, . . . , xd] with deg fi ≤ k are obtained by evaluating f̂i at x0 = 1. We will check
that ( f1, f2, . . . , fd) ∈ Poly∂(P)k. Assume (0, f̂1, f̂2, . . . , f̂d) is tangent to every Ĥi ∈ P̂ for
1 ≤ i ≤ n. Since the normal vector of Ĥi is α̂i = (ℓi, (αi)1, . . . , (αi)d), it follows that

d∑
q=1

(αi)q f̂q(̂x) = 0, for any x̂ ∈ Ĥi.

By restricting at x0 = 1, we have

d∑
q=1

(αi)q fq(x) = 0, for any x ∈ Hi

and ( f1, f2, . . . , fd) is tangent to every Hi. Since both Φ ◦Ψ andΨ ◦ Φ are the identities,
the assertion follows. □

Let S = R[x0, x1, . . . , xd] be the polynomial ring with d+ 1 variables, and Sk be its degree
k component. By abuse of notation, we use x̂ to denote both a point in Rd+1 and the
coordinate function. The space Poly(Rd+1) of the polynomial vector fields over Rd+1 is
endowed with the structure of a graded S-module.

We now introduce algebraic objects that will enable an efficient computation of Poly∂(P)
≤k.

A small but important trick is to add a special plane Ĥ0 = {x0 = 0}, which plays a role
in Theorem 2.5.9.

Definition 2.5.4. Let ĥ0 = x0 and

Q
P̂
=

m∏
i=0

ĥi ∈ S

and define the graded S-module

D(P̂) =
{
ξ ∈ Poly(Rd+1) | ξ[Q

P̂
] ∈ (Q

P̂
)
}

called the logarithmic derivation module, where (Q
P̂

) is the principal ideal of S generated
by Q

P̂
.

The submodule of D(P̂) consisting of those vector fields parallel to the hyperplane
x0 = 0 is denoted by D(P̂): An element of its degree k component is represented by a
tuple (0, f̂1, f̂2, . . . , f̂d) of homogeneous degree k polynomials f̂i.

The simultaneous tangency to multiple hyperplanes {Ĥi} is described as a module
membership condition.
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Proposition 2.5.5 ([21, Chap. 4]). We have

D(P̂) =
m⋂

i=0

{
ξ ∈ Poly(Rd+1) | ξ[̂hi] ∈ (̂hi)

}
.

Proof. First, we see for any ξ ∈ D(P̂), it holds that ξ[̂hi] ∈ (̂hi) for any i. Since

ξ[Q
P̂

] = ξ

̂hi ·
Q
P̂

ĥi

 = ξ[̂hi]
Q
P̂

ĥi

+ ξ
(Q
P̂

ĥi

)
ĥi.

and ξ[Q
P̂

] ∈ (Q
P̂

) ⊆ (̂hi), we have ξ
(Q
P̂

ĥi

)
ĥi ∈ (̂hi). As (̂hi) is prime and

Q
P̂

ĥi
< (̂hi), we have

ξ[̂hi] ∈ (̂hi).

Conversely, we show ξ[Q
P̂

] ∈ (Q
P̂

) if ξ[̂hi] ∈ (̂hi) for any i. We have

ξ[Q
P̂

] = ξ[̂h0 · · · ĥm−1 ĥm]

= ξ[̂h0 · · · ĥm−1] ĥm + ξ[̂hm] ĥ0 · · · ĥm−1

=
(
ξ[̂h0 · · · ĥm−2] ĥm−1̂hm + ξ[̂hm−1] ĥ0 · · · ĥm−2̂hm

)
+ ξ[̂hm] ĥ0 · · · ĥm−1

=

m∑
i=0

ξ[̂hi]
Q
P̂

ĥi

∈ (Q
P̂

)

as required. □

Combining Lemma 2.5.3 and Proposition 2.5.5, we obtain the following:

Corollary 2.5.6. A vector field ξ ∈ Poly(Rd+1) is tangent to every Ĥi ∈ P̂ for i = 0, . . . ,m
(with Ĥ0 = {x0 = 0}) if and only if ξ ∈ D(P̂). That is, Poly∂(P̂) = D(P̂). Moreover,
Poly∂(P)

≤k � Poly∂(P̂)k = D(P̂)k.

Let J(Q
P̂

) be the Jacobian ideal of Q
P̂

in S, which is generated by the partial derivatives

∂qQP̂ =
∂Q
P̂

∂xq
for 0 ≤ q ≤ d.

Lemma 2.5.7. When
⋂

i Ĥi = {0}, the set {∂qQP̂ | 0 ≤ q ≤ d} forms a minimal generating set
of J(Q

P̂
). By abuse of notation, we denote the tuple

(
∂0Q

P̂
, ∂1Q

P̂
, . . . , ∂dQ

P̂

)
also by J(Q

P̂
).

Proof. Assume otherwise. Since ∂qQP̂ have the same total degree for all q, they have
a R-linear relation

∑d
q=0 cq∂qQP̂ = 0 for some c ∈ Rd+1. This means the directional

derivative of Q
P̂

in c vanishes and Q
P̂

is constant in the direction. Because
⋂

i Ĥi = {0},
there must be some Ĥi that does not contain c. As Q

P̂
(x) = 0 for any x ∈ Ĥi, and Ĥi and

c span the whole Rd+1, we have Q
P̂
≡ 0, which is a contradiction. □

Consider a graded S-free resolution (see [10, Chap. 1] for the basics of free resolu-
tions)

0→ Nd+1
φd+1
−−−→ · · ·

φ4
−→ N3

φ3
−→ N2

φ2
−→ Sd+1 φ1

−→ S→ S/J(Q
P̂

)→ 0, (2.5.1)
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where φ1 maps the generators of Sd+1 to ∂qQP̂ for 0 ≤ q ≤ d. Recall that Np = 0 for
p > d + 1 by Hilbert’s syzygy theorem and kerφ1 is called the syzygy module of J(Q

P̂
),

and denoted by Syz(J(Q
P̂

)). More concretely,

Syz(J(Q
P̂

)) =

[ f̂0, . . . , f̂d] ∈ Sd+1

∣∣∣∣∣∣∣[ f̂0, . . . , f̂d] · J(Q
P̂

) =
d∑

q=0

f̂q∂qQP̂ = 0

 . (2.5.2)

Its degree-k component is denoted by Syz(J(Q
P̂

))k.

There exists a “radial” field that is tangent to any cone. This special field plays a role
in proving our main theorem.

Lemma 2.5.8. Let ξE = (x0, x1, . . . , xd). We have

ξE( f̂ ) = deg( f̂ ) f̂

for any homogeneous polynomial f̂ ∈ S. In particular, ξE ∈ Poly∂(P̂) for any P̂.

Proof. The first assertion is trivial for monomials, and the general case follows from
linearity. The second assertion is a consequence of the first and Lemma 2.5.1. □

The following isomorphism is essential to our scheme.

Theorem 2.5.9. We have an isomorphism of R-vector spaces:

Poly∂(P)
≤k � Syz(J(Q

P̂
))k.

Proof. By Corollary 2.5.6, we have only to prove the map ϕ : D(P̂)k → Syz(J(Q
P̂

))k

defined by

ϕ( f̂ ) = [0, f̂1, . . . , f̂d] −
f̂ (Q

P̂
)

deg(Q
P̂

)Q
P̂

[x0, x1, . . . , xd]

is an isomorphism of R-vector spaces, where f̂ = (0, f̂1, . . . , f̂d) ∈ D(P̂)k. Note that we
represent elements both in D(P̂) and Syz(J(Q

P̂
)) by (d + 1)-tuples of polynomials in S,

but with different parentheses.

By the definition of the action of a vector field (2.3.2), we have

f̂ (Q
P̂

) =
d∑

q=1

f̂q∂qQP̂,

which is divisible by Q
P̂

by Definition 2.5.4. Also, we have

[0, f̂1, . . . , f̂d] · J(Q
P̂

) =
d∑

q=1

f̂q∂qQP̂ = f̂ (Q
P̂

).

We have [x0, x1, . . . , xd] · J(Q
P̂

) =
∑d

q=0 xq∂qQP̂ = deg(Q
P̂

)Q
P̂

by Lemma 2.5.8. Therefore,

ϕ( f̂ ) ∈ Syz(J(Q
P̂

))k by (2.5.2), and the map ϕ is well-defined.
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Conversely, define

ψ(ĝ) = (ĝ0, . . . , ĝd) −
ĝ0

x0
ξE

for ĝ = [ĝ0, . . . , ĝd] ∈ Syz(J(Q
P̂

)k.

Since ĝ ∈ Syz(J(Q
P̂

)), we have

ĝ · J(Q
P̂

) =
d∑

q=0

ĝq∂qQP̂ = 0.

This means, (ĝ0, . . . , ĝd)(Q
P̂

) =
∑d

q=0 ĝq∂qQP̂ = 0 and (ĝ0, . . . , ĝd) ∈ D(P̂). We see ĝ0 =

(ĝ0, . . . , ĝd)(x0) ∈ (x0) by Proposition 2.5.5 so that
ĝ0

x0
∈ S. Therefore,

ψ(ĝ)(Q
P̂

) = (ĝ0, . . . , ĝd)(Q
P̂

) −
ĝ0

x0
deg(Q

P̂
)Q
P̂
∈ (Q

P̂
).

Since the first coordinate of
ĝ0

x0
ξE is ĝ0, we have ψ(ĝ)0 = 0 and ψ(ĝ) ∈ D(P̂)k.

Finally, we verify ψ ◦ ϕ is the identity as follows:

ψ ◦ ϕ( f̂ ) = ψ

[0, f̂1, . . . , f̂d] −
f̂ (Q

P̂
)

deg(Q
P̂

)Q
P̂

[x0, x1, . . . , xd]


=

(0, f̂1, . . . , f̂d) −
f̂ (Q

P̂
)

deg(Q
P̂

)Q
P̂

(x0, x1, . . . , xd)

 − − f̂ (Q
P̂

)

deg(Q
P̂

)Q
P̂

x0
x0ξE

= f̂ .

Similarly, we can easily verify ϕ ◦ ψ is the identity. □

This theorem identifies the space Poly∂(P)
≤k with the syzygy module of the Jacobian

ideal of Q
P̂

, which is computable using Gröbner basis by Schreyer’s algorithm [28].
This enables us to obtain a basis of Poly∂(P)

≤k. Note that the elements of Poly∂(P)
≤k that

are vector fields with degree at most k correspond to the elements of the homogeneous
degree k component of Syz(J(Q

P̂
)).

2.6 Algorithm

Our construction in Section 2.5 can be implemented as an explicit algorithm as in
Algorithm 1. An accompanying implementation is available in SageMath at https:
//github.com/jcwjmz/LogarithmicDerivationModule.

We may also ask for the lowest possible degree polynomial vector field that meets a
specified error bound.

Problem 2.6.1. Given an error tolerance ϵ ≥ 0, find a polynomial vector field ξ ∈
Poly∂(P) of minimum degree j such that

∑
s∈O ∥ξ(xs) − us∥

2 < ϵ.
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Algorithm 1 Find a polynomial vector field in Poly∂(P)
≤k with minimal error

1: procedure FindPolyTangentialWithDegreeBound(k, {(xs,us) | s ∈ O})
Require: k ≥ 0, observation data {(xs,us)}s∈O.

2: Compute a set of minimal homogeneous generators for the R[x0, x1, . . . , xd]-
module Syz(J(Q

P̂
)).

3: From these generators, construct an R-basis {ϕ̂ j
}
N
j=1 of degree up to k.

4: Dehomogenise the basis by setting x0 = 1: ϕ j(x1, . . . , xd) := ϕ̂ j(1, x1, . . . , xd).
5: Form the matrix A where As, j = ϕ j(xs).
6: Form the vector b from us.
7: Find coefficients c = (c j) that minimize ∥Ac − b∥2 (least-squares problem).
8: Let the resulting vector field be ξ(x) =

∑N
j=1 c jϕ j(x).

9: return ξ;
10: end procedure

Estimating this minimum degree analytically is challenging and related to algebraic
properties of the underlying polynomial modules (e.g., regularity), for which only lim-
ited results are known (e.g., [32, 5, 6]). However, since solving the least-squares problem
for a fixed degree is often computationally cheaper, we can adopt a straightforward
iterative strategy, as outlined in Algorithm 2.

Algorithm 2 Find a polynomial field in Poly∂(P) meeting a specified error bound

1: procedure FindPolyTangentialWithErrorBound(ϵ, {(xs,us) | s ∈ O})
Require: Error tolerance ϵ ≥ 0, observation data {(xs,us)}s∈O.

2: k← 0;
3: Initialise ξ← 0 (the zero vector field).
4: Initialise ‘error’←

∑
s∈O ∥us∥

2 (error for ξ = 0).
5: while ‘error’ ≥ ϵ do
6: Construct an R-basis {ϕ j}

Nk
j=1 for Poly∂(P)

≤k.
7: Find ξLS ∈ Poly∂(P)

≤k that minimizes
∑

s∈O ∥ξLS(xs)− us∥
2 using the basis {ϕ j}.

8: ‘error’←
∑

s∈O ∥ξLS(xs) − us∥
2.

9: ξ← ξLS.
10: k← k + 1;
11: end while
12: return ξ;
13: end procedure

The following proposition ensures that Algorithm 2 terminates because for ϵ = 0 (exact
interpolation), a solution exists with a sufficiently high polynomial degree.

Proposition 2.6.2. Let
{(xs,us) | xs ∈ P, us ∈ R

d
}s∈O

be a finite set of observations, where each point xs is distinct and belongs to the polytope P, and
each associated vector us ∈ Rd. Suppose that for any xs lying on a boundary facet F j of P, the
vector us is tangent to F j. Then, there exists a polynomial vector field ξ ∈ Poly∂(P) (i.e., ξ ∈
Poly∂(P)

≤k for some k) such that ξ(xs) = us for all s ∈ O. Consequently, Problem Problem 2.6.1
has a solution for any ϵ ≥ 0.
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Proof. The proof is constructive. We build the polynomial vector field ξ by first sat-
isfying the interpolation conditions on the boundary facets and then addressing the
conditions in the interior of the polytope P.

Let the set of observation indices O be partitioned based on the location of the points
xs:

• Let Oint = {s ∈ O | xs ∈ int(P)}.

• For each boundary facet F j of P (where j = 1, . . . ,m), let O j = {s ∈ O | xs ∈ F j}.

For each facet F j, we construct a polynomial vector field ξ j ∈ Poly∂(P) that interpolates
the data in O j and is tangent to all facets of P.

Let {xs}s∈O j be the set of observation points on facet F j. As these points are distinct,
we can define Lagrange basis polynomials L( j)

s (x) for s ∈ O j on the affine subspace
containing F j, such that L( j)

s (xt) = δst for all s, t ∈ O j.

To ensure that ξ j is tangent to all other facets Fl for l , j, we define the polynomial
Q j(x) =

∏
l, j hl(x). This polynomial vanishes on every facet except F j. We then define

the vector field ξ j(x) as:

ξ j(x) = Q j(x)
∑
s∈O j

L( j)
s (x)

us

Q j(xs)

Note that for xs ∈ F j, we have xs < Fl for l , j, so hl(xs) , 0 and thus Q j(xs) , 0, making
the expression well-defined.

The vector field ξ j has the following properties:

• Interpolation on F j: For any t ∈ O j,

ξ j(xt) = Q j(xt)
∑
s∈O j

L( j)
s (xt)

us

Q j(xs)
= Q j(xt)

(
1 ·

ut

Q j(xt)

)
= ut.

• Tangency to Fl (l , j): For any x ∈ Fl, hl(x) = 0, which implies Q j(x) = 0. Thus,
ξ j(x) = 0 on Fl, which ensures ⟨ξ j(x), αl⟩ = 0.

• Tangency to F j: By hypothesis, ⟨us, α j⟩ = 0 for all s ∈ O j. Since Q j(x) and L( j)
s (x) are

scalar polynomials, we have ⟨ξ j(x), α j⟩ = Q j(x)
∑

s∈O j
L( j)

s (x)
⟨us,α j⟩

Q j(xs)
= 0.

Thus, ξ j is tangent to all facets of P.

Let ξbnd(x) =
∑m

j=1 ξ j(x). We now define new target vectors u′s for the interior points
s ∈ Oint to account for the contribution of ξbnd:

u′s = us − ξbnd(xs) = us −

m∑
j=1

ξ j(xs)

We need to find a polynomial vector field ξint such that ξint(xs) = u′s for all s ∈ Oint and
which is tangent to all boundary facets. To ensure tangency, we construct ξint to vanish
on the entire boundary ∂P. Let H(x) =

∏m
j=1 h j(x). H(x) is zero on ∂P.
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Let Lint
s (x) be the Lagrange basis polynomials for the interior points {xs}s∈Oint . We define

ξint(x) as:

ξint(x) = H(x)
∑

s∈Oint

Lint
s (x)

u′s
H(xs)

Since xs ∈ int(P), H(xs) , 0, so this is well-defined. The field ξint(x) vanishes on all
facets F j (since H(x)|F j = 0) and thus is tangent to the boundary. By construction, it
interpolates the modified vectors: ξint(xs) = u′s for all s ∈ Oint.

The final interpolating vector field ξ(x) is the sum of the boundary and interior com-
ponents:

ξ(x) = ξint(x) + ξbnd(x) = ξint(x) +
m∑

j=1

ξ j(x)

We verify that ξ(x) satisfies all interpolation conditions:

• For an interior point xt with t ∈ Oint:

ξ(xt) = ξint(xt) + ξbnd(xt) = u′t + ξbnd(xt) = (ut − ξbnd(xt)) + ξbnd(xt) = ut.

• For a boundary point xt with t ∈ Ok for some facet Fk: ξint(xt) = 0 since xt ∈ ∂P.
For any j , k, ξ j(xt) = 0 since xt ∈ Fk implies hk(xt) = 0, and hk(x) is a factor of
Q j(x). Therefore:

ξ(xt) = ξint(xt) + ξk(xt) +
∑
j,k

ξ j(xt) = 0 + ut + 0 = ut.

The final field ξ(x) is tangent to the boundary ofP because it is a sum of vector fields (ξint

and all ξ j) that are each tangent to the boundary. This completes the construction. □

Remark 2.6.3. A natural question arises regarding whether a Weierstrass-type approx-
imation theorem holds in this setting. Specifically, given a continuous vector field
ξtrue on P and an error tolerance ϵ > 0, can we always find a polynomial vector field
ξpoly ∈ Poly∂(P) such that |ξtrue − ξpoly| < ϵ under an appropriate norm? The choice of
norm is crucial and depends on the geometric properties of P. For compact domains,
the L∞(P) norm provides uniform approximation, while for non-compact settings,
weighted L2(P) norms or Sobolev norms may be more appropriate.

2.7 Example

We illustrate our method with a regular pentagon as the domain P ⊂ Rd with d =
2.

Let P be the convex hull of five points forming a regular pentagon centered at the
origin:

P = conv
{(

cos
(

(2i − 1)π
5

)
, sin

(
(2i − 1)π

5

))
| i = 1, 2, 3, 4, 5

}
.
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Its m = 5 supporting hyperplanes are given by

Hi =
{
x ∈ R2

| cos
2iπ
5

x1 + sin
2iπ
5

x2 − cos
π
5
= 0

}
(i = 1, 2, 3, 4, 5).

By taking the cone,

Ĥi =
{
x ∈ R3

| cos
2iπ
5

x1 + sin
2iπ
5

x2 − cos
π
5

x0 = 0
}

and by Definition 2.5.4,

Q
P̂
= x0

5∏
i=1

ĥi = x0

5∏
i=1

(
cos

2iπ
5

x1 + sin
2iπ
5

x2 − cos
π
5

x0

)
.

The syzygy module of the Jacobian ideal, Syz(J(Q
P̂

)), can be computed by Schreyer’s
algorithm. In our codes1, we rely on the implementation in a computer algebra system
Singular through its Sage interface. In this example, we find Syz(J(Q

P̂
)) is generated

as an R[x0, x1, . . . , xd]-module by five degree-four elements.

We compute the R-basis of Poly∂(P)
≤k for degree k = 4 and k = 5 using Theorem 2.5.9.

In particular, we find

dim(Poly∂(P)
≤4) = 5, dim(Poly∂(P)

≤5) = 12.

Consider the observations {(xs,us)} ⊂ P ×R2, with

xs1 = (−1/3, −0.7), us1 = (3, 0),
xs2 = (1/4, 1/10), us2 = (0, 0),
xs3 = (−0.8, 0), us3 = (−2, 4),
xs4 = (1/3, 0.7), us4 = (2, 0),
xs5 = (1/5, −0.5), us5 = (2, −1),
xs6 = (1/5, 0.5), us6 = (0, 0).

Here, (xs1,us1) = ((−1/3, −0.7), (3, 0)) means the observed value of the vector field
at (−1/3, −0.7) ∈ P is (3, 0). Note that (xs2,us2) = ((1/4, 1/10), (0, 0)) is a singular
point.

We solve the least-squares problem Problem 2.3.4 to find a best fitting tangential poly-
nomial field of degree at most k; that is, to find an element in Poly∂(P)

≤k which best
interpolates the observations.

The figures below show the results for various choices of degree and number of obser-
vations.

1https://github.com/jcwjmz/LogarithmicDerivationModule

39

https://github.com/jcwjmz/LogarithmicDerivationModule


Figure 2.3: The best fitting vector field for the first four observations at xs1, . . . , xs4

(indicated by red arrows), using degree 4 (left) and degree 5 (right). For degree 4,
the fit exhibits noticeable deviation from the observations, as reflected in the higher
error value (2.3.3) around 2.7. In contrast, with degree 5, the fitted vector field exactly
interpolates the observations, resulting in zero error.

Figure 2.4: We gradually increase the number of observation points and compute the
best fitting fields of degree 5. The error is zero for every case.
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2.8 Future Work

The main problem Problem 2.3.4 can be extended to finding vector fields within specific
R-vector subspaces of Poly(P)

≤k that also satisfy the tangency condition. Of particular
importance are the following three classes, especially in relation to the Helmholtz
decomposition.

Define:

DivFree(P) =

ξ = ( f1, . . . , fd) ∈ Poly(P)

∣∣∣∣∣∣∣ ∇ · ξ =
d∑

q=1

∂ fq

∂xq
= 0


as the space of divergence-free polynomial vector fields,

RotFree(P) =
{
ξ = ( f1, . . . , fd) ∈ Poly(P)

∣∣∣∣∣∣ ∂ fq

∂xp
−
∂ fp

∂xq
= 0, ∀ 1 ≤ p, q ≤ d

}
=

{
ξ ∈ Poly(P)

∣∣∣ there exists a polynomial Φ such that ξ = ∇Φ
}

as the space of rotation-free (curl-free or irrotational) polynomial vector fields, and

Harm(P) =
{
ξ = ( f1, . . . , fd) ∈ Poly(P)

∣∣∣ ∆ξ = (
∆ f1, . . . ,∆ fd

)
= 0

}
as the space of harmonic polynomial vector fields, where ∆ =

∑d
q=1

∂2

∂x2
q

is the Laplacian
operator.

Proposition 2.8.1 (Helmholtz Decomposition; c.f. [12]). Let P be a convex polyhedral
domain in Rd. Any polynomial vector field ξ ∈ Poly(P) can be decomposed as

ξ = ∇Φ +w,

where Φ is a polynomial scalar potential and w ∈ DivFree(P) is a polynomial vector field that
is divergence-free. If ξ has components of degree at most k, thenΦ can be chosen as a polynomial
of degree at most k+ 1, and the components of w will have degree at most k. This decomposition
can be made unique by imposing an additional condition onΦ, such asΦ(x0) = 0 for some fixed
x0 ∈ P.

Furthermore, by Poincaré’s lemma,

1. Since P is simply connected, a polynomial vector field ξ ∈ Poly(P) is in RotFree(P)
(curl-free) if and only if it is the gradient of a polynomial scalar potential Φ.

2. Since P is contractible, a polynomial vector field ξ ∈ DivFree(P) (divergence-free) can
be expressed using potentials:

• For d = 3, ξ = ∇ ×A for some polynomial vector potential A.

• For d = 2, if ξ = ( f1, f2), then there exists a polynomial stream functionΨ such that
f1 = ∂2Ψ and f2 = −∂1Ψ.

The intersection RotFree(P) ∩ DivFree(P) consists of vector fields ξ = ∇Φ where Φ is a
harmonic polynomial (i.e., ∆Φ = 0), so such fields ξ are also harmonic vector fields, i.e.,
ξ ∈ Harm(P).

For these classes, we define DivFree∂(P)
≤k = DivFree(P) ∩ Poly∂(P)

≤k, RotFree∂(P)
≤k =

RotFree(P) ∩ Poly∂(P)
≤k, and Harm∂(P)

≤k = Harm(P) ∩ Poly∂(P)
≤k.
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Problem 2.8.2. Solve Problem 2.3.4 with the additional constraint that ξ must belong
to one of the spaces DivFree∂(P)

≤k, RotFree∂(P)
≤k, or Harm∂(P)

≤k.

Our method straightforwardly extends to this setting (see Figure 2.5).

Figure 2.5: Example of Problem 2.8.2.

Observations need not be restricted to direct vector values; they can also involve other
quantities derived from the vector fields. For example, one can consider reconstructing
vector fields from sampled vorticity:

Problem 2.8.3. Given a natural number k, find ξ = ( f1, . . . , fd) ∈ Poly∂(P)
≤k that min-

imises
∑

s∈O ∥(∇ × ξ)(xs) − us∥
2. Here, (∇ × ξ) denotes the curl of ξ.

• For d = 2, ∇ × ξ is identified with the scalar field ω = ∂1 f2 − ∂2 f1, and us ∈ R. The
norm ∥ · ∥ is the absolute value.

• For d = 3, ∇×ξ = (∂2 f3−∂3 f2, ∂3 f1−∂1 f3, ∂1 f2−∂2 f1) is a vector field, and us ∈ R3.
The norm ∥ · ∥ is the standard Euclidean norm.

• For d > 3, ∇ × ξ can be defined as the bivector field dωξ, where ωξ is the 1-form
associated with ξ. The observations us would then be bivectors.

Finally, there are important theoretical questions regarding the dimensions of the spaces
DivFree(P), RotFree(P), and Harm(P).

Problem 2.8.4. Give a cohomological identification of the dimension of the space of
divergence-free (or rotation-free, or harmonic) polynomial vector fields of degree at
most k on P.
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Chapter 3

Generalization of Saito’s criterion

Saito’s criterion is a foundational result that offers a concrete test for determining
when the module of logarithmic derivations along a divisor is free. In the context of
hyperplane arrangements, the specialized version of this criterion (Theorem 1.2.5) has
been especially influential, serving as a cornerstone in the study of freeness via the
structure of the logarithmic derivation module.

Recent advances have extended Saito’s original insight to broader settings. For instance,
a generalized version of Saito’s criterion for modules of higher-order A-differential
operators appears in Holm’s thesis [16, Proposition III 5.8], with a detailed proof
provided by Abe and Nakashima [2, Theorem 2.10]. Furthermore, Daniele, Marcos,
and William [11, Theorem 4.5] develop a generalization for assessing the freeness of
toric logarithmic sheaves, enriching the geometric scope of the theory.

Motivated by the study of non-free arrangements, this chapter proposes a conjecture
that extends Saito’s criterion to the non-free case. Following this line of inquiry, we
establish a theorem that determines minimal generators for logarithmic derivation
modules of arrangements with projective dimension one. As a corollary, we confirm
that this generalized version of Saito’s criterion holds for arrangements in dimension
three. This result offers new insight into the structure of non-free arrangements and
opens avenues for further investigation into their algebraic and combinatorial proper-
ties.

3.1 Preliminaries

In this section, we follow the notations and conventions established in Section 1.2.
In particular, we adopt the definitions and results regarding hyperplane arrange-
ments, logarithmic derivation modules, and projective dimension as previously in-
troduced.

We first fix some additional notations.

1. A is a central arrangement inKℓ.

2. Q = Q(A), and θi ∈ D(A) for i = 2, . . . , ℓ + 1.

3. M =M[θ1, . . . , θℓ+1], where M(i, j) = θi(x j), i = 1, . . . , ℓ + 1 and j = 1, . . . , ℓ.
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4. Mi =M[θ1, . . . , θ̂i, . . . , θℓ+1] for i = 1, . . . , ℓ + 1.

5. ∆i = (−1)i det Mi for i = 1, . . . , ℓ + 1.

6. ∆ = (∆1, . . . ,∆ℓ+1).

7. Since∆i ∈ QS for each i, we can write∆i = giQ for some gi ∈ S, where i = 1, . . . , ℓ+1.

To simplify the discussion, we introduce the following definition.

Definition 3.1.1. We say that the relation in D(A)

f1θ1 + · · · + fℓ+1θℓ+1 = 0

is of minimal degree (or primitive) if the polynomials f1, . . . , fℓ+1 have no nonunit
common divisor.

3.2 Main theorem

Before presenting the main theorem, we first establish several auxiliary results.

Lemma 3.2.1. We have

g1θ1 + · · · + gℓ+1θℓ+1 = 0.

Proof. Note that M is a (ℓ + 1) × ℓ matrix over ring S. We may consider the following
composition:

Sℓ M
−→ Sℓ+1 ∆

−→ S

The i-th entry of the composite map ∆M is
∑

j ∆ jM( j, i), that is, k times the Laplace
expansion of the determinant of a (ℓ+ 1)× (ℓ+ 1) matrix obtained from M by repeating
its i-th column. However, since any matrix with a repeated column has a determinant
of zero, it follows that ∆M = 0. (see Lemma 3.7 in [10]).

It follows that

∆1θ1(xi) + · · · + ∆ℓ+1θℓ+1(xi) = 0

for all i = 1, . . . , ℓ. Note that ∆i = giQ for i = 1, . . . , ℓ + 1. Since S is a domain, we have

g1θ1(xi) + · · · + gℓ+1θℓ+1(xi) = 0.

For any f ∈ S we have

θi( f ) =
(
θi(x1), θi(x2), · · · , θi(xℓ)

) 
∂x1 f
∂x2 f
...

∂xℓ f

 .
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Then

(g1θ1 + · · · + gℓ+1θℓ+1)( f ) =
(
g1, g2, · · · , gℓ+1

) 
θ1( f )
θ2( f )
...

θℓ+1( f )


=

(
g1, g2, · · · , gℓ+1

)
M


∂x1 f
∂x2 f
...

∂xℓ f


=

(∑ℓ+1
j=1 g jθ j(x1),

∑ℓ+1
j=1 g jθ j(x2), · · · ,

∑ℓ+1
j=1 g jθ j(xℓ)

) 
∂x1 f
∂x2 f
...

∂xℓ f


= 0.

It follows that
g1θ1 + · · · + gℓ+1θℓ+1 = 0.

□

As a consequence of Lemma 3.2.1, we obtain the following property.

Proposition 3.2.2. If gℓ+1 , 0, then

(1) gℓ+1η ∈ Sθ1 + · · · + Sθℓ for any η ∈ D(A).

(2) Moreover, the coefficients fi ∈ S for i = 1, . . . , ℓ in

f1θ1 + · · · + fℓθℓ + gℓ+1η = 0,

is uniquely determined by Γi = fiQ , where Γi = (−1)i det M[θ1, . . . , θ̂i, . . . , θℓ, η].

Proof. (1) Since

θi =

ℓ∑
j=1

θi(x j)∂x j ,

then 
θ1

θ2
...
θℓ

 =Mℓ+1


∂x1

∂x2
...
∂xℓ

 .
By Cramer’s rule, we have (det Mℓ+1)∂x j = det M j, where M j the ℓ × ℓ matrix

obtained from Mℓ+1 by replacing its j-th column by


θ1

θ2
...
θℓ

. It follows that gℓ+1Q∂x j ∈

Sθ1 + · · · + Sθℓ. Then for any η ∈ D(A), there exists hi ∈ S such that

gℓ+1Qη = h1θ1 + · · · + hℓθℓ.
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Since θ1, . . . , θℓ, η ∈ D(A), we have Γi ∈ QS. Since

gℓ+1QΓi = (−1)igℓ+1Q det M[θ1, . . . , θ̂i, . . . , θℓ, η]

= (−1)i det M[θ1, . . . , θ̂i, . . . , θℓ, gℓ+1Qη]

= (−1)i det M[θ1, . . . , θ̂i, . . . , θℓ, hiθi]

= (−1)ℓhi det Mℓ+1

= −higℓ+1Q,

this implies that −higℓ+1Q = gℓ+1QΓi ∈ gℓ+1Q2S. Hence Q|hi for all i. This shows
that gℓ+1η ∈ Sθ1 + · · · + Sθℓ for all η ∈ D(A).

(2) Let ui = −hi/Q ∈ S. We have

u1θ1 + · · · + uℓθℓ + gℓ+1η = 0.

Since
f1θ1 + · · · + fℓθℓ + gℓ+1η = 0,

it follows that
( f1 − u1)θ1 + · · · + ( fℓ − uℓ)θℓ = 0.

Since det Mℓ+1 , 0 and θ1, . . . , θℓ are S-independent, fi = ui for all i = 1, . . . , ℓ.
Since Γi = −hi = uiQ, we obtain the assertion.

□

We say f1, . . . , fp have a common divisor h modulo f when fi ∈ (h, f ) for all i.

Proposition 3.2.3. If θ1, . . . , θℓ+1 form a minimal generating set for D(A) and satisfy a unique
relation

f1θ1 + · · · + fℓ+1θℓ+1 = 0 (3.2.1)

of minimal degree, then there exists c ∈ K∗ such that ∆i = c fiQ for all i = 1, . . . , ℓ + 1.

Moreover, if fℓ+1 , 0, then f1, . . . , fℓ have no nonunit common divisor modulo fℓ+1.

Proof. By Lemma 3.2.1, we have

g1θ1 + · · · + gℓ+1θℓ+1 = 0.

The first assertion follows from the uniqueness.

Suppose, for contradiction, that the second assertion is not true. Then we may assume
that

fi = f f ′i + fℓ+1hi

for some f ′i , hi ∈ S and f ∈ S>0 \ {0}. Since Equation (3.2.1) is primitive, it follows that f
and fℓ+1 have no nonunit common divisor.

Let
θ = θℓ+1 +

∑
i≤ℓ

hiθi ∈ D(A).
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Substituting into Equation (3.2.1), we obtain

f f ′1θ1 + · · · + f f ′ℓθℓ + fℓ+1θ = 0. (3.2.2)

Let θ = fθ′. Then both fℓ+1θ′ and fθ′ belong to D(A). Since f and fℓ+1 have no nonunit
common divisor, this implies that θ′ ∈ D(A), this contradicts that θi’s are minimal
generators.

□

The following lemma only involves θ1, . . . , θℓ, but we retain the same notation for
consistency.

Lemma 3.2.4. Assume gℓ+1 ∈ S1 \ {0}. If A is free, there exists k ∈ {1, . . . , ℓ} and η ∈ D(A)
such that gℓ+1η ∈ K∗θk +

∑
j,k, j≤ℓ Sθ j and

θ1, . . . , θk−1, η, θk+1, . . . , θℓ

form a basis of D(A).

Proof. Assume that η1 = θE, η2, . . . , ηℓ form a basis of D(A). Let degθi = di, deg ηi = ei

with di−1 ≤ di, ei−1 ≤ ei for i = 2, . . . , ℓ. Then e1 + · · · + eℓ = |A|. Since det Mℓ+1 =
(−1)ℓ+1gℓ+1Q is not zero and gℓ+1 ∈ S1, we have

d1 + · · · + dℓ = |A| + 1 = e1 + · · · + eℓ + 1. (3.2.3)

Let k = min{i : di , ei}. Then di = ei for all i < k. Since θ1, . . . , θℓ are S-independent
since det Mℓ+1 , 0, we may assume that ηi = θi for all i < k and θk ∈ Sηk + · · · + Sηℓ. But
dk , ek, then dk > ek. By Equation (3.2.3), we have

dk+1 + · · · + dℓ ≤ ek+1 + · · · + eℓ.

If di = ei for all i > k, then dk = ek + 1, and we may let αηk = θk and ηi = θi for some
α ∈ S1 and i = 1, . . . , k − 1, k + 1, . . . , ℓ. Thus

θ1, . . . , θk−1, ηk, θk+1, . . . , θℓ

are S-independent. By Theorem 1.2.5, they form a basis of D(A).

If di , ei for some i > k, let k1 = min{i : di > ei, i > k} and k2 = min{i : di < ei, i > k}.
Then we may assume that θi = ηi for i , k, k1, k2 and i < max{k1, k2}. If k2 > k1, then
dk ≤ dk1 ≤ dk2 < ek2 . We may assume that

θk =
∑
i<k2

i,k, k1

miθi +mηk +m′ηk1 ,

θk1 =
∑
i<k2

i,k, k1

niθi + nηk + n′ηk1 ,

θk2 =
∑
i<k2

i,k, k1

uiθi + uηk + u′ηk1 .
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It follows that θ1, . . . , θk2 are S-dependent, which is a contradiction. Therefore, k2 < k1.
Then k2 < k1 and dk ≤ dk2 < ek2 . We may assume that

θk =
∑
i<k2
i,k

miθi +mηk,

θk2 =
∑
i<k2
i,k

uiθi + uηk.

It follows that θ1, . . . , θk2 are S-dependent, which is also a contradiction.

□

If some gi ∈ K∗, then A is free by Theorem 1.2.5. We now consider the following
lemma.

Lemma 3.2.5. Assume that gℓ+1 ∈ S1 \ {0}, and that g1, . . . , gℓ ∈ S>0 have no nonunit common
divisor modulo gℓ+1. ThenA is not free.

Proof. IfA is free, then by Lemma 3.2.4, we may assume that gℓ+1η = θℓ +
∑

j<ℓ f jθ j, and
that

θ1, . . . , θℓ−1, η

form a basis of D(A). Let θℓ+1 = f ′η +
∑

j<ℓ f ′jθ j. By Lemma 3.2.1, we have a relation

g1θ1 + · · · + gℓ+1θℓ+1 = 0. (3.2.4)

Substituting the expressions for θℓ+1 and θℓ, we obtain∑
j<ℓ

(g j − gℓ f j + gℓ+1 f ′j )θ j + gℓ+1(gℓ + f ′)η = 0.

Since θ1, . . . , θℓ−1, η are S-independent, it follows that

g j = gℓ f j − gℓ+1 f ′j for j = 1, . . . , ℓ − 1,

which contradicts the assumption that g1, . . . , gℓ have no nonunit common divisor
modulo gℓ+1. Thus,A is not free.

□

Theorem 3.2.6. Assume that gℓ+1 ∈ S1 \ {0}, and that g1, . . . , gℓ ∈ S>0 have no nonunit
common divisor modulo gℓ+1.

If pdS D(A) ≤ 1, then θ1, . . . , θℓ+1 form a minimal generating set for D(A), and A is SPOG
with a relation

g1θ1 + · · · + gℓ+1θℓ+1 = 0.

Proof. By Lemma 3.2.5, we have pdS D(A) = 1.

Extend {θ1, . . . , θℓ} to a generating set G = {θ1, . . . , θℓ, ηℓ+1, . . . , ηp} of D(A) such that
η j < S(G \ {θ j}) for all j = ℓ + 1, . . . , p.

48



We will prove θi < S(G \ {θi}) for i = 1, . . . , ℓ so that G is a minimal generating set.
Assume the contrary, that there exists i ∈ {1, . . . , ℓ} such that

θi =

ℓ∑
j,i, j=1

p jθ j +

p∑
j=ℓ+1

h jη j, (p j ∈ S, h j ∈ S>0). (3.2.5)

By Proposition 3.2.2, for any j = ℓ + 1, . . . , p,

gℓ+1η j = g j
1θ1 + · · · + g j

ℓθℓ, (3.2.6)

where
g j

i Q = (−1)i det M[θ1, · · · , θ̂i, . . . , θℓ, η j].

If h jg
j
i , 0, then g j

i must be in K∗ by degree reasons. However, this cannot happen by
Theorem 1.2.5, sinceA is not free. Multiplying (3.2.5) by gℓ+1 , 0 and substituting with
(3.2.6), we see that θ1, . . . , θℓ are S-dependent, which contradicts ∆ℓ+1 , 0. Therefore, G
is a minimal set of generators of D(A).

Now, we will show |G| = ℓ + 1. Since pdS D(A) = 1, we have a minimal free resolution

0→
w⊕

i=ℓ+1

S[−ei]
R
−→

p⊕
i=1

S[−di]→ D(A)→ 0, (3.2.7)

where di’s are the degrees of minimal generators and ei’s are those of minimal relations.
We see w = p since D(A) is of rank ℓ. Since {θ1, . . . , θℓ} is S-independent, all relations
should involve some η j. Also, each η j should appear in some relation. Hence, by
reordering, we can assume e j > deg η j for j = ℓ + 1, . . . , p. By Theorem 1.2.11 and∑ℓ

i=1 degθi = deg(gℓ+1Q) = |A| + 1, we have

|A| =

ℓ∑
i=1

degθi +

p∑
j=ℓ+1

deg η j −

p∑
j=ℓ+1

e j = |A| + 1 −
p∑

j=ℓ+1

(e j − deg η j).

Therefore, we have p = ℓ + 1. The unique relation is given by (3.2.6) with j = ℓ + 1.

We claim that {θ1, . . . , θℓ, θℓ+1} forms a minimal generating set for D(A). By Lemma 3.2.1,
we have a relation

g1θ1 + · · · + gℓ+1θℓ+1 = 0.

If θℓ+1 ∈ Sθ1 + · · · + Sθℓ +K∗ηℓ+1, we are done. Otherwise, we may assume that

θℓ+1 = u1θ1 + · · · + uℓθℓ + uηℓ+1,

with u ∈ S>0\{0}. Similar to the proof in Lemma 3.2.5, we arrive at the contradiction that
g1, . . . , gℓ have no nonunit common divisor modulo gℓ+1. This completes the proof. □

When ℓ = 3, we have pdS D(A) ≤ ℓ − 2 = 1. By Proposition 3.2.3 and Theorem 3.2.6, it
implies the following:

Theorem 3.2.7. Let ℓ = 3. A is SPOG, and the set {θ1, . . . , θ4} forms a minimal generating
set for D(A), satisfying a unique relation

g1θ1 + · · · + g4θ4 = 0

of minimal degree if and only if g4 ∈ S1 \ {0}, and g1, g2, g3 ∈ S>0 have no nonunit common
divisor modulo g4.
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3.3 Future Work

We outline several directions related to this chapter that we believe are both promising
and feasible:

(1) We consider two possible extensions of Theorem 3.2.6.

Dropping the condition pdS D(A) < 1:

Conjecture 3.3.1. A is SPOG, and the set {θ1, . . . , θℓ+1} forms a minimal generating
set for D(A), satisfying the unique relation

g1θ1 + · · · + gℓ+1θℓ+1 = 0,

of minimal degree if and only if gℓ+1 ∈ S1\{0}, and g1, . . . , gℓ ∈ S>0 have no nonunit
common divisor modulo gℓ+1.

Dropping the condition gℓ+1 ∈ S1:

Conjecture 3.3.2. When pdS D(A) = 1, there is a minimal free resolution of the
following form:

0→
p⊕

i=ℓ+1

S[−di − 1]→
p⊕

i=1

S[−di]→ D(A)→ 0.

(2) More generally, it is natural to ask how one can characterize the condition under
which {θi ∈ D(A) | i ∈ I} forms a set of (minimal) generators of D(A), in terms
of the ideal ∆I generated by det MJ, where MJ denotes the (ℓ × ℓ)-matrix whose
columns are {θ j | j ∈ J} for subsets J ⊆ I with |J| = ℓ.

For example, at the opposite extreme from the free case, we conjecture:

Conjecture 3.3.3. Let G = {θi ∈ D(A) | i ∈ I}. The ideal ∆I equals S≥kQ, where

k = (ℓ − 1)(|A| − ℓ − 1)

if and only ifA is generic and G forms a minimal generating set of D(A).

(3) The projective dimension of the restriction:

Conjecture 3.3.4. Let H ∈ A, andA be free. Then pdS D(AH) ≤ 1.

For instance, this property was observed in all counterexamples to Orlik’s con-
jecture that we studied in Chapter 1.

The exact sequence of Proposition 1.2.3, together with Conjectures 3.3.1 and 3.3.2,
would provide powerful tools for studying D(AH).

We believe that pursuing these directions will deepen the understanding of the algebraic
and geometric structures studied in this thesis.
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