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Abstract

The study of hyperplane arrangements lies at the intersection of combinatorics, algebra,
and geometry, with far-reaching implications across areas such as commutative algebra
and data science. A hyperplane arrangement is a finite collection of hyperplanes in
a vector space, and the associated algebraic structures—most notably the module
of logarithmic derivations—encode deep information about both the geometry and
the combinatorics of the arrangement. Much of the classical theory has focused on
free arrangements, where the module of logarithmic derivations is free, leading to
particularly tractable algebraic and topological properties. However, understanding
the algebraic structure of arrangements that are close to free remains a challenging and
open problem.

In the first part of this thesis, we introduce and study a new class of arrangements
constructed by deleting two hyperplanes from a free arrangement. This operation
typically destroys freeness, resulting in arrangements whose logarithmic derivation
modules are no longer free and exhibit more intricate algebraicbehavior. We analyze the
minimal free resolutions of these modules—a central object in commutative algebra—
as a tool to investigate their complexity. In particular, we establish lower bounds on the
graded Betti numbers of these resolutions, shedding light on the relationship between
algebraic invariants and the combinatorial structure of the arrangement. Focusing on
the three-dimensional case, we explicitly determine the minimal free resolutions and
provide concrete examples that illustrate how the deletion of hyperplanes affects the
delicate interplay between algebra and combinatorics in arrangements that are close to
free.

Motivated by both theoretical and applied considerations, the second part of the the-
sis turns to the problem of interpolating sparsely observed vector fields, which is
fundamental in data science, computer graphics, and physics. Consider the task of re-
constructing a vector field within a convex polyhedral domain in arbitrary dimensions,
given a finite set of observations, such as measurements from simulations or physi-
cal experiments. In many practical scenarios, the vector field is subject to boundary
conditions—for example, a no-penetration and slip condition, requiring the field to be
tangent to the domain’s boundary. We develop a novel algorithmic framework that,
for a given integer k, constructs a degree k polynomial vector field interpolating the
data in the least squares sense, while exactly satisfying the tangency condition along
the boundary. The central theoretical advance enabling our scheme is the identification
and characterization of the module of polynomial vector fields tangent to the bound-
ary, through connections with the theory of hyperplane arrangements—specifically, by
viewing the faces of the polyhedral domain as an arrangement of hyperplanes. This
perspective not only provides a rigorous algebraic foundation for the interpolation
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scheme, but also ties the problem back to the study of logarithmic derivation modules
from the first part of the thesis.

Finally, we turn to a fundamental structural question related to Saito’s criterion, a
cornerstone of the theory of free arrangements. We discover that if an arrangement
has projective dimension one, its logarithmic derivation module satisties a relation
reminiscent of Saito’s criterion. This observation leads us to conjecture a generalization
of Saito’s criterion to the non-free setting. Pursuing this direction, we prove a theorem
that constructs minimal generators for logarithmic derivation modules of arrangements
with projective dimension one. As a corollary, this generalized version of Saito’s
criterion holds in the case of arrangements in dimension three, providing new insight
into the structure of non-free arrangements and offering a promising avenue for further
exploration.

Together, these three parts—exploring the algebraic structure of close to free arrange-
ments, developing interpolation techniques grounded in hyperplane theory, and ad-
vancing a generalized version of Saito’s criterion—underscore the deep and fruitful
connections between pure mathematics and its applications. This thesis contributes to
the foundational understanding of hyperplane arrangements while also demonstrating
their utility in solving practical problems in modern computational and data-driven
sciences.
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Chapter 1

Free resolution of the logarithmic
derivation modules of close to free
arrangements

This chapter studies the algebraic structure of a new class of hyperplane arrangement
A obtained by deleting two hyperplanes from a free arrangement. We provide some
information on the minimal free resolutions of the logarithmic derivation module of
A, which can be used to compute a lower bound for the graded Betti numbers of the
resolution.

Specifically, for the three-dimensional case, we determine the minimal free resolution of
the logarithmic derivation module of A. We present illustrative examples ! of our main
theorems to provide insights into the relationship between algebraic and combinatorial
properties for close-to-free arrangements.

The results in this section are based on [5].

1.1 Introduction

Let V be the ¢-dimensional vector space K’ over a field K. The coordinate ring
S = Sym(V*) = K[xy,...,x¢] is equipped with the usual grading and its degree i ho-
mogeneous part is denoted by S;. A (central) hyperplane arrangement A is a finite set
of linear hyperplanes in V. For a hyperplane H € A, the defining linear form is de-
noted by ay € S; with H = keray. The defining polynomial Q(A) of A is defined as
Q(A) = [lpesn an, and it is defined up to a scalar multiple. One of the most important
algebraic invariants associated to an arrangement A is its logarithmic derivation module
D(A) defined by

D(A) = {0 € Der S | O(ap) € Say for any H = keray € A},

where Der S is the free S-module of derivations generated by {d,, | 1 < i < ¢}. Given
a derivation 8 = Y., fid,, € D(A), we say it is homogeneous if all f; € S, for some

!We have written a program and used it to compute examples.
You can find the code at https://github.com/jcwjmz/LogarithmicDerivationModule.git
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d € Zs, and we write deg0 = d. Generally, D(A) is a reflexive graded S-module
[24] and is not always free. If D(A) is free, then there exist homogeneous derivations
01,...,0; € D(A) such that D(A) = @le S50;. In this situation, we say that A is free
with exponents exp(A) = (dy, . ..,d), where d; = deg 0;.

The study of D(A) has focused primarily on the case when it is free (see [34] for
a survey). Much remains unexplored when it is not free. In order to understand
non-free cases, a natural approach is to look at their graded minimal free resolution.
Some works consider the degrees (the Betti numbers) of the graded minimal free
resolution [8, 18, 25]. In particular, [31, 32] study the derivation degree sequence, denoted
as DS(A), which is defined as the unordered sequence of the degrees of the minimal
homogeneous generators of D(A). Moreover, we use | DS(A) | to represent the number
of the minimal homogeneous generators of D(A). In cases where A is free, we have
DS(A) = exp(A). Although minimal homogeneous generators are not unique, their
degrees do not depend on the choice since they are the degrees of Tory(IK, D(A)). One
of the main challenges in the study of non-free arrangements is that the determination
of these two algebraic properties of D(A) is generally influenced not only by the
combinatorics of A but also by its geometry (see Example 1.4.8).

To tackle this issue, our initial approach involves examining arrangements that are
close to free arrangements. This is inspired by the next-to-free minus (NT-free-1) defined
by Abe.

Definition 1.1.1 (Definition 1.3 and 6.1 in [1]). We say that 8 is next-to-free minus
(NT-free-1) if there exist a free arrangement A and a hyperplane H € A such that
B=A\{H].

In this case, we say A is a free addition of 8.

Now we introduce a class of arrangement, which has a nice structure called strictly
plus-one generated (SPOG), closely related to the NT-free-1 arrangement.

Definition 1.1.2 (Definition 1.1 in [1]). An arrangement 8 is said to be strictly plus-
one generated (SPOG) with exponents POexp(8B) = (d;, ...,d¢) and level d, if there exist
fi,.-., fv,a € Swith a # 0 such that D(8) has a minimal free resolution of the following
form:

0 — S[—d — 1] L s_a e — D(B) - 0.

l
P si-di
i=1

In particular, DS(8) = (d;, . ..,dr, d) = (POexp(B), d).

Remark 1.1.3. In other words, 8 is SPOG if there is a minimal set of homogeneous
generators 01, 0y, ...,0, and ¢ for D(8) such that deg 0; = d;, degp = d, and

¢
fi0i+ap =0,
i=1

where fi € Sand 0 # a € S;. This «a is called the level coefficient, and ¢ is a level
element. Moreover, when d = d; for some i and f; # 0, then 0; also can be a level
element. In other words, the choice of the level coefficient and element is not unique.
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Abe [1] shows that an NT-free-1 arrangement 8 is either free or SPOG. If 8 is SPOG and
NT-free-1, the level of 8 can be determined by the combinatorial properties of its free

addition. To state his results, let us recall that the definition of the intersection lattice
of A, denoted by L(A), as follows:

L(A) := {ﬂHchﬂ},

HeB

where L(A) is equipped with a partial order induced by reverse inclusion. For a given
X € L(A), the localization Ax of A at X is defined by

Ax:={He A| X CH]},
and the restriction A of A onto X is defined by

A ={HNX|HeA\ Ax).

The following is a significant theorem about NT-free-1 arrangements, which plays a
crucial role in shaping our results.

Theorem 1.1.4 (Theorem 1.4 and Proposition 5.3 in [1]). Let A be free with exp(A) =
(dy,...,dp)and H € A. Then A" = A\ {H} is free, or SPOG with POexp(A’) = (dy,...,dr)
and level d = |A'| — |A|. Moreover, if € = 3, then d > max{dy, dy, ds}.

Remark 1.1.5. Suppose that A is free and A" = A\ H is SPOG.

(1) Assume that 04,...,0, is a basis of D(A). Since DS(A’) = (POexp(A),d) and
POexp(A’) = exp(A), there exists a ¢ € D(A’) of degree d such that 04,...,0,, ¢
generate D(A’). Since D(A) € D(A’), we have D(A’) = D(A) + Sp, and ¢ ¢ D(A)
as a level element of D(A").

(2) Let ¢ ¢ D(A) be a level element of A’. Let ay € S; be such that keray = H.
Since ¢ € D(A’) \ D(A), we have app € D(A). Thus, we obtain a relationship
between the minimal generators of D(A’). Since SPOG arrangements have a
unique relation among the minimal generators, we may always assume that ay
is the level coefficient.

In this chapter, we introduce a new class of possibly non-free arrangements obtained
by deleting two hyperplanes from free arrangements.

Definition 1.1.6. We say that 8 is next-to-free-minus-two (NT-free-2) if there exist a free
arrangement A and two hyperplanes H;, H, € A such that 8 = A\ {H;, H,}.

By analyzing the minimal free resolution, we deduce the following theorem:

Theorem 1.1.7. Let Bbean NT-free-2 arrangement. Then the projective dimension pd(D(8)) <
1ifand only if | DS(B) | < € + 2.

Let A = {Hy,...,H, | H; = kera;} be a free arrangement. We denote the NT-free-1
arrangement A \ {H;} by A; and the NT-free-2 arrangement A \ {H;, Hy} by A;r. We
note that A = Ay;. We also denote A by A/

If Ay or A, is free, then A, ; is NT-free-1 and it is either free or SPOG by Theorem 1.1.4.
Therefore, we focus on the case when none of A; and A, are free. We show that when
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|IDS(A;2)| < € + 2, the minimal free resolution of D(A; ) assumes one of the forms
listed in Theorem 1.3.8. When | DS(A, ) | > € + 2, we obtain a lower bound for the Betti
numbers of D(A; ) using the information provided in Theorem 1.3.9.

Note that since the logarithmic derivation module is a reflexive graded S-module, its
projective dimension is less than or equal to £ -2 (see, Lemma 1.2.10). Consequently, for
a three-dimensional NT-free-2 arrangement A, ,, we can infer that pd(D(A, »)) < 3-2 =
1. Utilizing Theorem 1.1.7, we then establish that | DS(A, ) | < € + 2 = 5. Furthermore,
we determine the precise form of the minimal free resolution of D(A; »).

Theorem 1.1.8. Assume ¢ = 3. Let A be free with exp(A) = (d1,d,, d3), and A, and A, be
SPOG with levels ¢, and c,, respectively. We may assume ¢, < c;. Then Ay, can never be free
in this set-up, and the module D(A ) has a minimal free resolution in one of the following
forms:

(1) Suppose that |Aw,np,| = 2.
There exist f;, gi € S such that

(1,0, f1, o, f3)

0,3, 91, 2,
0 STy — 1@ S[cy — 1] 22818289

3
S[-c1] @ S[-ca] @ (@ S[-di]| - D(A12) = 0,

i=1

wherei=1,2,3.
(2) Suppose that | A, nm,| > 2.
(2.1) If c1 = cy, there exist f; € S such that

3
0 S[-c; - 1] 225, gl + 1] @ [@ SI-di] | - DA ) > 0.
i=1

Moreover, A, is SPOG if and only if ¢y = c; = max{dy, dy, ds}. If Ay, is SPOG,
let dz = max{dl,dz, dg}, then f2 € 5.

(2.2) If c1 < cy, there exist f;, gi, g € S with g # 0 such that

(a110/f1/f21f3)

/a 7 4 4
0 Slocy — 1] @ S[-cy] 5228188

3
S[-ci]@ S[-c, + 1] @ [@ S[—di]) — D(Ar2) = 0,
i=1
wherei=1,2,3.

1.2 Preliminaries

In this section, we will summarize several results and definitions. Let A be an arrange-
ment and L(A) be its intersection lattice.



Let 6 = Zle xidy, be the Euler derivation, which is a homogeneous derivation of
deg O = 1 and always contained in D(A). Recall that for every H € A, there ex-
ists a decomposition:

D(A) = SOr ® Dy(A), (1.2.1)

where Dy(A) := {0 € D(A) | O(an) = 0} (see, for example, [21, Lemma 1.33]). This
implies that 1 € DS(A) if A is not empty. Furthermore, if A # 0 is free with exp(A) =
(d1,...,d¢), we may assume that d; = deg O = 1.

The following has been well-known and frequently utilized by specialists.

Proposition 1.2.1 ([31]). Let H € A. Then there is a polynomial B of degree |A| — |A| — 1
such that ay 1 B, and 6(ay) € (ag, B) for all 6 € D(A\ {H}).

From the above proposition, we can easily derive the following proposition. We include
it here since we frequently utilize it.

Proposition 1.2.2 (Corollary 3.3 in [1]). Let H € Aand A" = A\ {H}. Assume that there
exists ¢ € D(A') with deg ¢ = |A'| — | AY| such that ¢ ¢ D(A). Then D(A’) = D(A) + S¢.

We now define the Euler restriction map p : D(A) — D(AM) for an arrangement A by
taking modulo ay. Additionally, let A" = A \ {H}. We have an exact sequence as
follows:

Proposition 1.2.3 (Proposition 4.45 in [21]).
0 > D(A') 2 DA) S DAD).
Moving forward, let’s delve into some results pertaining to the logarithmic derivation

module D(A) and its freeness.

Theorem 1.2.4 (Addition-Deletion Theorem. Removal Theorem in [31]). Let H € A,
A = A\ {H} and A" := A1, Then two of the following imply the third:

(1) Ais free with exp(A) = (d1, ..., de-1,de).
(2) A is free with exp(A’) = (dy,...,de-1,de — 1).
(3) A" is free with exp(A”) = (di, ..., d¢-1).
Moreover, all the three above hold true if A and A’ are free.

Theorem 1.2.5 (Saito’s criterion. [24]). Let 04,...,0, € D(A). Then A is free with basis
{01, ..., 0.} if and only if one of the following conditions holds:

(1) The 0, ...,0. are homogenous and linearly independent over S, and
¢
Y deg; = |A.
i=1

(2) detM[0,, ..., 0] € KO(A) \ {0}, where

O1(x1) -+ 6O1(xe)
detM[64,...,0,] = .
Or(x1) -+ Oelxr)



Let us introduce the multiarrangement theory. A multiarrangement is a pair (A, m),
where A is a hyperplane arrangement in V and multiplicity m is a map m: A — Zo.
Define |m| = ) yeqam(H). If m(H) =1 for all H € A, we say that the multiarrangement
(A, m) is a hyperplane arrangement, which is also called a simple arrangement. The
logarithmic derivation module D(A, m) is defined as follows:

D(A,m) = {0 € Der S | O(ag) € Sa;i™ for any H = ker ay € A).

The module D(A, m) is also a reflexive graded S-module, which is not always free. We
can define the concepts of freeness and exponents for (A, m) in the same way as for
simple arrangements.

Definition 1.2.6 ([35]). For anarrangement Aand H € A, define the Ziegler multiplicity
mti . A — Z.o by mH(X) := {L € A\ {H} | LN H = X}| for X € A. The pair (A", m")
is called the Ziegler restriction of A onto H. Also, there is a Ziegler restriction map:

7 : Dy(A) —» DAY, m™)
by taking modulo ay. In particular, there is an exact sequence:

0 — Dy(A) = Dy(A) S DA, m™).

Theorem 1.2.7 (Theorem 11 in [35]). Assume that A is free with exponents exp(A) =
(1,dy,...,d;). Then for any H € A, the Ziegler restriction (A, mH) is also free with
exp(Af, m') = (d,,...,d;). Explicitly, for the Ziegler restriction 1 : Dy(A) — D(AH, mH),
any basis 0y, ..., 0 for Dy(A), 71(0y), ..., (O) form a basis for D(AR, m™). In particular, 7
is surjective when A is free.

Lemma 1.2.8 (Lemma 4.2 and Lemma 4.3 in [3]). Let A be central line arrangement and
let m, m’ be multiplicities on A such that |m| = |m’| + 1 and m(H) > m’(H) for any H € A. If
exp(A,m’) = (a,b), then exp(A,m) = (a+1,b)or (a,b + 1).

Finally, we present the basics of free resolutions.

Definition 1.2.9. For arrangement B, we denote the minimal free resolution of the
module D(8) by

0—>Mk&>Mk—1E>"'&>M1 ﬁ>Mo—>D(3)—>0,

where k = pds(D(8)) is the projective dimension of D(8B). Here, R; (i = 1,...,k) are
represented by matrices acting by multiplication from the left. We use R;(j) to denote
the j-th row of R;, and R;(ji, j») to denote the (ji, j») entry of R;.

Let JQ(A) be the Jacobian ideal of Q(A) generated by % fori =1,...,¢. Since

D(A) = {0 € Der S | 0(Q(A)) € SQ(A)}, we have a free resolution of the form

by Hilbert’s syzygy theorem. Since pds(D(A)) = pds(Du(A)) by (1.2.1), we have
Lemma 1.2.10. pds(D(A)) < £ - 2.



From (1.2.2), we see D(A) is reflexive since it is a second syzygy.

The following theorem is a simplified version of the result found in the reference
[18].

Theorem 1.2.11 (Theorem 0.2 in [18]). If the logarithmic derivation module D(8B) has a free
resolution given by:

Tx 1 0
0— @ S[-d] — -+ — @ S[-d] — @ S[-d°] - D(B) — 0,
i=1 i=1 i=1

then |8 = ¥\ o(-1) L., d.

i=1"i

As a corollary, we have the following property for SPOG arrangements:

Proposition 1.2.12 (Proposition 4.1in [1]). Let B be SPOG with POexp(B) = (d1,d>, . .., dp)
and level d. Then Y\, d; —1 = |8l

1.3 The Minimal Free Resolution of NT-Free-2 Arrange-
ments

In this section, we introduce some notations. If U is a subset of Der S, then SU :=

Y s S&. Throughout this section, we assume that A = {H; | H; : a; = 0} is free, with

exp(A) = (1,dy, ...,dr), and A is SPOG with POexp(A) = (1,d,...,d,) and level ¢; for
j=1,2. Let ¢; < c,. By Proposition 1.2.3, we have Figure 1.1.

0 0

1
00— DAL~ DAY 2 DAY
2% 2%

‘q pl
0 D) — DAy —— D

2

P p
D((A1)?) D(A?)

Figure 1.1: Exact Sequence Diagram

Remark 1.3.1.

(1) By Remark 1.1.5 Case (1), we may assume that the level element for A; is not in
D(A).

(2) As there is no confusion, we can simplify by stating that D(A;) := D((A,)") and
D(AR) := D((A1)?).

Lemma 1.3.2. Let A; be SPOG, where H; € A. For any homogeneous basis element O for
D(A), we have O ¢ ker p'.



Proof. Assume that 04,...,0;, is a basis for D(A) such that 0; € ker pi. By Proposi-
tion 1.2.3, there is an element ¢ € D(A;) such that 0, = a;p. Since @, 0,,...,0, € D(A;)
are S-independent, by Theorem 1.2.5, we may get that A; is free, which is a contradic-
tion. |
Lemma 1.3.3. We have D(A) + ker pf C D(A,)), where {i, j} = {1,2}. Moreover,

(1) there exists an element @ € D(A, ) such that a, is the level element for A, if and only
if D(A1) = D(A) + ker p3.

(2) there exists an element @ € D(A ) such that ¢ is the level element for A, if and only
if D(A,) = D(A) + ker p%.

Proof. By Figure 1.1, it follows that ker pf C D(A;). Note that D(A) c D(A;); hence, we
have D(A) + ker p/ € D(A)).

(1) By Proposition 1.2.3, we can deduce the following equivalences:

There exists an element ¢ € D(A; ) such that a,¢p serves as the level element for Aj.

& There exists a level element 6 € D(A;) such that 0 € ker p.

By Remark 1.1.5, we can represent D(A;) as D(A) + SO. Consequently, we can
state the following equivalences:

There exists a level element 6 € D(A;) such that 0 € ker p?.
& D(A,) = D(A) + ker p3.

(2) This scenario bears resemblance to the one discussed in Case (1).
O

Lemma 1.3.4. For every element ¢ € D(Aip), if ajp € D(A) for some j € {1,2}, then
¢ € D(A;). Moreover, if both ay@ and ay@ are in D(A), then ¢ itself is an element of D(A).

Proof. Let ¢ € D(A;,) be given, and assume that a;¢p € D(A). By Proposition 1.2.3
and fig. 1.1, we have oy € ker p! = a1 D(A;). Hence, we can conclude that ¢ € D(A;).
Similarly, if axp € D(A), we can deduce that ¢ € D(A,).

Moreover, if a1 € D(A) and ax@ € D(A), then ¢ € D(A;) N D(A,) = D(A). O
Lemma 1.3.5. IflﬂHlﬂHzl =2, then D(ﬂl,Z) = D(ﬂl) + D(ﬂz)

Proof. Let O, be alevel element for D(A,). Since | Ay, nn,| = 2, we can deduce that |[A?| =
|A2|+1. Consequently, wehavedeg 0, = |Ap|—|A?| = (1+|Ao)) - (A2 +1) = | Ay |- A2
Importantly, 0,, € D(Ai,) \ D(A;). According to Proposition 1.2.2, this implies that
D(A1,) = D(A;) + SO;5. Since O;, € D(A,), we have D(A; ;) = D(A;) + D(A,). O

Lemma 1.3.6. If D(A) + ker p) = D(Ay), then | Aw,am,| > 2.
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Proof. By Lemma 1.3.3 Case (2), we may assume that a; ¢ is a level element for D(A). If
|An, | = 2, it follows that D(A, 2) = D(A,) + D(A,) by Lemma 1.3.5. This observation
further implies that

® S D(ﬂ],2)<C2 (@ D(ﬂl)qz + D(ﬂ2)<C2 C D(ﬂl) + D(ﬂ) C D(ﬂl)

Thus, a1 € D(A), which is a contradiction, since a;¢p ¢ D(A) is a level element for
D(ﬂz) Hence, |ﬂHmH2| > 2. O

Proposition 1.3.7. Let {04, ..., 0/} be a basis for D(A). There exist two level elements, O, for
D(A,) and O, for D(A,), such that a minimal generator set for D(As ) falls into one of the
following cases:

(1) IfD(A)+ker p? ¢ D(Ay) and D(A)+ker p; = D(Ay), then | Ay, nm,| > 2, and a minimal
generator set for D(Ay ») can be expressed as either {01, ...,0p,¢2,0¢1 | Or2 = a1¢2} or
{01,...,000,92,0¢1 | c1 <cy =deg 0O, 020, = 102 € SO+ -+ 50,1 +K'a1 04},
where K* = K\ {0}.

(2) If D(A) + ker p3 = D(Ay), then 1 = ¢, |Awyam,| > 2, D(A) + ker p; = D(A,), and a
minimal generator set for D(A, ) can be expressed as {01,...,0., @1 | Or1 = aagpr}.

(3) If D(A) + ker p; C D(A,), then the set {04, ...,0¢,0¢1, 02} forms, or can be extended
to, a minimal generator set for D(Aj »).

Moreover, if |Ap,nm,| = 2, the set {01, ...,0¢, 0¢1, Opp} forms a minimal generator set for
D(A, ).
Proof. Note that c; < ¢;, which means this statement is not symmetric with respect to
Ay and A,. We prove this statement case by case.
(1) D(A) + ker p? ¢ D(A,) and D(A) + ker p) = D(Ay).

By Lemma 1.3.6, we have |Ay,qp,| > 2. Consequently, | A?| = [A3|. By Lemma 1.3.3
Case (2), we may assume that 0, = a1¢p,, where ¢, € D(A, ;). By Theorem 1.1.4,
this implies that

deg s = deg s — 1 = (|Aa| — | AP)) — 1 = |Ayo| — | A

Note that @, ¢ D(A,). If it were, then a1, € D(A), which, since it is the level
element of D(A,), is not in D(A).

According to Proposition 1.2.2 and since ¢, € D(Aj ) \ D(A;), this indicates that
D(A1,) = D(A1) + Sp,. Hence, the set T = {04, ...,0¢, 01, @2} generates D(Aj ).

If T is not a minimal generating set, there exists an element y € T such that y is
generated by T\ {y}. If y = 0,4, then thereis some h € S such that 0,;—h¢@, € D(A).
Since 0,1 € D(A;) and D(A) C D(A,), we can deduce that hg, € D(A;). However,
we have claimed that ¢, ¢ D(A;). Therefore, it follows that a, | h, and thus
ho, € ker p%. By 041 — hp, € D(A) and D(A;) = D(A) + SO;1, we have

D(A;) = D(A) + She,.
Since h¢; € ker p7, we then have

D(A,) = D(A) + ker p%,

9
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(3)

which contradicts our assumption. If y = ¢,, then D(A; ») = D(A)+50,1 = D(A),
which contradicts D(A;) & D(Ayp). If thereis a k € {1,...,{} such that y = 6,
then we may assume that

0 :p161 + .- +pk9k+---+pg95+u9g,1 + 0Q>, (131)

where p; = 1. It follows that vgp, € D(A;). Note that we claimed that ¢, ¢ D(A;).
Hence a; | v, and v = a,v’, where v" € S. Since py = 1 and 04,---, 0, 0,1 form a
minimal generating set of D(A;), we have v # 0. Thus deg 0 = degv + deg ¢, >
1+deg @, = cp. If deg Ok > c;, then gy = 0and arp, € SO +- - 4SO+ - +50,+50,;.
Sincev = a,v’, by Equation (1.3.1), it follows that 6, € SO;+- - +S0+- - +50,+50;1,
which is a contradiction. Thus, deg 0x = c;. We may let v = a». If u = 0, we have
arpy € D(A). Then @, € D(A,), which contradicts the fact that a;1¢, is a level
element of D(A,). Hence, u # 0. If ¢; = ¢, then we may assume that u = 1.
Thus, ay@, can be a level element for D(A;). By Lemma 1.3.3 Case (1), we have
D(A) + ker p3 = D(A,), which contradicts our assumption.

As a conclusion, if T is not a minimal generating set, we may set k = {. Then, we
have ¢; < ¢, = deg0, and T \ {0,} forms a minimal generating set for D(A; ,).
Since a165,1 € D(ﬂ), we have a1ar(Q7 € 591 + -+ 595_1 + K*éheg.

D(A) + ker p? = D(Ay).

By Lemma 1.3.3 Case (1), we may assume that 0,1 = ax@;, where @1 € D(A; ).
This implies that degp; = ¢; — 1. If a3 € D(A), we can conclude, based on
Lemma 1.3.4, that ¢; € D(A;), which contradicts the assertion that 0,1 = a,p; isa
level element for D(A;). Therefore, we must conclude that ay¢1 € D(Ay)<, \D(A).
It follows that ¢c; = c¢;. Hence, a1¢; can serve as a level element for D(A,).
According to Lemma 1.3.3 (2), this implies D(A) + ker pj = D(A,).

Referring to Lemma 1.3.6, we establish that [Ay,~m,| > 2. Analogous to the
proof in Case (1), it holds that D(A;,) = D(A;1) + Sp, and O, = a1¢;, is a level
element for D(A,). Since both a;¢; and a;1¢, can be level elements of D(A,),
it follows that there exists a k € K\ {0} such that ka;¢p; — a1¢> € D(A), which
implies ko1 — @2 € D(A1)<,, € D(A). Thus, ¢ € S{04,...,0. ¢1}. Note that
D(A,) c S{04,...,0¢ ¢1}. Consequently, the set T = {0,,...,0., @1} generates
D(Ar»).

If T is not a minimal generating set, there exists an element y € T such that y is
generated by T \ {y}. Then D(A, ) is free. Note that deg 0, + --- + deg 0, = |A| >
|Ai,|. By Theorem 1.2.5, thereisa k € {1, ..., ¢} such that y = 6. Suppose

Ok =101 + -+ + Pr-10k1 + Prs1 Ok + -+ + O + pr.

Note that ¢; is not in either D(A;) or D(A,). It follows that aya, | p. Note that
O¢1 = ax;. Thus, O € SO +- -+ 50,1+ SOk41 +- - - +50,+ 50,1, which contradicts
the fact that 04,...,04,..., 0, 0,1 form a minimal generating set of D(A,).

D(A) + ker p) ¢ D(Ay).

By the proof of Case (2), we can conclude that D(A) + ker p} ¢ D(A,) implies
D(A) + ker pf ¢ D(A;). Obviously, the set {0y,...,0,, 01,02} forms, or can
be extended to form, a generating set for D(A;,). Suppose that the set T =
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0i,7,001,0020 11 =1,...,¢,j =1,...,t} forms a generating set for D(A; ) such
that y; ¢ S(T \ {y;}). Thus, y; is not in either D(A;) or D(A). This implies that
degy; > c,.

If T is not minimal, there exists an element y € T such that y is generated by
T\ {y}. Assume that

Y =p101+ -+ pOr +pOey +qO0cp + qry1 + -+ qrys, (1.3.2)

where p;, q;,p,q ¢ K. If y = 0,1, then we may assume that p = 0. Note that
degy; > c; 2 ¢y = deg0,1. Thus, q; € K. It follows thatg; = O forall j = 1,...,t.
Therefore, 0,, € D(A,), which is a contradiction.

Similarly, we can conclude that y # O;,.

If thereisak € {1,..., {} such that y = 0y, then we may assume thatp, = 0. If g; = 0
for all j, then pq # 0. By Equation (1.3.2), we have deg 0 = degq + deg 0, > c,.
Thus, p; = 0 for any deg 0; > deg Ok. By the definition of an SPOG arrangement,
both 0,; and 0;, are S-dependent with {0; | deg 0; < c,}. It follows that Oy is
S-dependent with {0; | deg0; < deg 0y}, which is a contradiction. Thus, we
may assume that g; has the smallest degree among the non-zero coefficient {g;}.
Therefore, deg 0x = degq; + degy; > degy:. Since a); € D(A;) and y; is not in
D(A,), it follows that y; is S-dependent with {6,:} U {0; | deg 0; < degy,;}. Note
that degy; > ¢, for all j, and 6., is S-dependent with {6; | deg 0; < c,}. It follows
that Oy is S-dependent with {0; | deg 0; < degy1}, which is a contradiction.

In conclusion, the set {04, ..., 0, 0,1, 02} forms, or can be extended to, a minimal
generating set for D(A; ;). Furthermore, in the case where A, nm,| = 2, as corrob-
orated by Lemma 1.3.5, the set {01, ..., 0, 0,1, O} serves as a minimal generating
set for D(A ,).

When constructing a graded free resolution, it is minimal if, and only if, at each step, we
select a minimal homogeneous system of generators for the kernel of the differential.
Refer to Construction 4.2 and Theorem 7.3 in [22] for details. Let us employ this
approach to construct a minimal free resolution for D(A ).

Theorem 1.3.8. If | DS(A,) | < €+ 2, then D(A, ) has a minimal free resolution of one of the
following forms:

(1) If D(A) + ker p? = D(A,), there exist fi, ..., f € S such that

¢
0 — S[—c; — 1] 22D, g1y 1 1)@ [@ 5[—d,-]) — D(Ay) — 0.
i=1

(2) If D(A) +ker p7 € D(A;), D(A) + ker p) = D(Ay), and | DS(Ay 2) | = £ + 2, there exist

11



fi, 8i, & € S with g # 0 such that

(al,O,fl,. . .,fg)

2,81,
0= Sl—cs — 1] ® S[—cy] ~ 522 81---+80)

¢
S[-c1]® S[-cr + 1] @ [@ S[-di]| = D(A;,) — 0.

i=1

(3) If D(A) + ker p7 € D(Ay), D(A) + ker p; = D(Ay), and |DS(Ay2) | = €+ 1, there exist
fi,---, fe-1 € S such that

-1
0 — S[—c; — 1] Lt o @ S[—cy + 1] @ [@ S[=di]| = D(AL) — o.
=1

Moreover, in this case, A, is SPOG.
(4) If D(A) + ker p) C D(A,), there exist f;, g; € S such that

(allolfl/---/ff)
(0/ 052/‘31;- . ~1gt’)

0— S[—c1 —1]® S[—cr — 1]

4
Sl-a1l @ S[-c:] @ (@ S[-d;]| = D(Ar,) — 0.

i=1

Proof. We retain the notation introduced in Proposition 1.3.7 and its proof. Given
|DS(A12) | < €+ 2 and utilizing Proposition 1.3.7, we analyze the proof case by case.

(1) D(A) + ker p; = D(A).

Note that {¢;,0; | i = 1,...,{} is a minimal generator set for D(A, ). Since 0,7 =
a1 is a level element for D(A;), we may assume that a;(a,@1) + Ele fi0i=0. In
other words, there exists a relation

(e, fi,..., fo) (1.3.3)

between {¢1, 04, ..., 0¢}.

Suppose there exists another S-independent relation, say:

@, P - P0) (1.3.4)

This implies that pp; € D(A). Consequently, ppi(az) € Saz. If p1(az) € Say, it
implies that ¢, € D(A;), which contradicts the statement that 0,1 = ax¢; is alevel
element for D(A;). As a result, we conclude that as|p. Therefore Relation (1.3.4)
is actually a relation amongst the minimal generators of the SPOG arrangement
A, of which there is only one by Definition 1.1.2. Consequently, there exist
fi,--., fe € S such that D(A;,) has a minimal free resolution of the following
forms:

¢
0— S[—c; —1] —>(a10[2'f1 """ /0 S[-c; +1]® [@ S[—d;]| = D(A;») — 0.
i=1
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(3)

D(A) + ker p? € D(Ay), D(A) + ker p} = D(Ay) and | DS(Ay ) | = £ +2.

Note that {01, 2, 01, ..., 0} is a minimal generator set for D(A; »). Since O, is a
level element for D(A;), we can assume that

4
0(16(/1 + Zﬁ@l =0.
i=1

In other words, there exists a relation

(allolfl/'-‘/f[) (135)

between {6511, P2, 61, ey Q(}
Since ax@, € D(A;) \ D(A), we may assume that

{
g@m +axpo + Z giei =0,
i=1

with ¢ # 0. This gives another relation

(& a2, 81,---,8¢) (1.3.6)
between {01, ¢,, 01, ..., 0}, and it is S-independent with Relation (1.3.5).

If there exist additional relations, denoted as (p, g, p1, . . ., p¢), the implication is as
follows:

¢
pOe1 +qpa + Z pi0; = 0.

i=1

This implies that gp, € D(A,;). Consequently, qp,(az) € San. If @y(an) € Say, it
implies that a1, € D(A), which contradicts the assertion that the level element
Or2 = a1y for D(Ay) is not in D(A). As a result, we conclude that a,|g. We see
aiz(g, a2, 81,---,80) — (P, 9,p1,---,pe) is a relation of the form (1.3.5), which is the
unique D(A,;) relation. Thus, (p,q,p1,...,pe) can be represented by the relations
(1.3.5) and (1.3.6). That (1.3.5) and (1.3.6) are S-independent is clear since a, # 0.

Thus D(A, 2) has a minimal free resolution of the following forms:

(a1,0,f1,. . .,fg)

, (2, AR
0 — S[—¢; — 1]® S[-c2] (802,81, -, 8

¢
S[-c1]® S[-c + 1] @ [@ S[-di]| = D(A;p) — 0.
i=1

D(A) + ker p% ¢ D(A,y), D(A) + ker p% = D(A,) and |DS(A1,) | = € + 1.
Since A, is SPOG and D(A, ) is generated by {0, 1, 04, ..., O/}, we may assume that

4
0(16(,1 + Zﬁ@l =0.
i=1
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By Proposition 1.3.7 Case (1), we have ¢; < ¢; = deg0,. Thus, f, = 0, and we
obtain a relation

(1,0, f1,..., fe-1)

between {01, 92,01, ...,0,1}, the minimal generating set of D(Aj »).

If additional relations are exist, denoted as (p,q,p1,...,pc-1), the corresponding
equation is expressed as follows:

-1

pOe1 +qpa + Z pi0; = 0.

i=1
Note that 0, is S-dependent with 0y, ..., 0,1 by fr = 0. By rearranging, we get:

(-1

~4p2 = pOis + ) pi6

i=1

which implies that g¢, is S-dependent with 0, ...,0,1. However, considering
qaa0¢r = qaoa @y € SO1 + - -+ + SO,-1 + qK*a10,, we deduce that g = 0. This gives
a relation between the generators for the SPOG arrangement (A;. Hence, we can
conclude that {01, @2, 01, ..., 0,1} has a unique relation (a4, 0, fi, ..., fr-1). Thus,
D(A; ;) has a minimal free resolution of the following form:

(allolfll“'rff—l)
s

-1
0 — S[-c1 — 1] S[-c1]® S[-c» + 1] ® [@ S[-d;]| = D(AL2) — 0.
=1

Moreover, based on the definition of SPOG, we deduce that A, , is SPOG.
(4) D(A) + ker p € D(A,).

Note that {071,062, 01,...,0,} is a minimal generator set for D(A; ). Since 0y,
where j = 1,2, is a level element for D(A;), we can assume that

¢
101 + Zfiei =0,
P

4
azeglz + Z giai =0.

i=1

In other words, there are two relations

(1,0, f1,..., fe) (1.3.7)
0,a2,81,---,80) (1.3.8)

between {01, 02, 01, ..., 0}. If there existadditional relations, denoted as (p, g, p1, - - -, pe),
the implication is as follows:

t
pOe1 + g0 + Z pi0; = 0.
i=1
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This implies that 0., € D(A;). Consequently, g0,,(az) € Sa,. Considering that
O¢, is a level element for D(A,), it follows that O,,(a,) ¢ Sa,. As a result, we con-
clude that a,|g. According to Relation (1.3.8), we have q0;, € D(A). This obser-
vation suggests that this relation establishes a connection among {01, 01, ..., O¢}.
Given that Relations (1.3.7) and (1.3.8) uniquely characterize the relationship
between sets {01, 01,...,0 and {O;>, 04, ..., O}, respectively, and taking into ac-
count the S-independence of 04, ..., 0, we can deduce that Relation (p, g, p1, . - . , P¢)
can be represented by Relations (1.3.7) and (1.3.8). That Relations (1.3.7) and (1.3.8)
are S-independent is clear since ay, a, # 0.

Thus D(A, 2) has a minimal free resolution of the following forms:

(al,O,fl,. . .,fg)

0,a2,¢1,...,
0— S[—c; —1]& S[—c, — 1] 0228 8

- D(ﬂLz) — 0.
=1

¢
S[-c1] @ S[-c2] @ (@ S[-d]

O

Theorem 1.3.9. Let B in Definition 1.2.9 be defined as A; . Assume that | DS(A; )| > € +2
with DS(A12) = (d1,...,de,c1,...,¢,). Then, the following statements hold:
(1) We have 69;:1 S[—c; — 1] & My, and there exist h;j, h; € S with h; # 0 such that
Rl(l) = (hlll ey hflr aq, O/ R 0)1
R1(2) = (hlz, e ,hgz, O, x>, 0... , O),
Rl(]) = (hlj/~ . .,hgj,hj,o, .. .,0,0(2,0,. ..,O),

where R;(j) denotes the j-th row of Ry, and Ri(j)({ + j) = ax for j=3,...,1.
(2) We write
Rl = (l;bl/' . -/¢71¢11' . -l(Pt)T/

M, = [@ S[-ci - 1]] ® (@ S[—ei]]
j=1 i=1

with some t > 0. Here, 1; corresponds to R,(j) as defined in (1), where j =1,--- 7.
Then, @;1 S[—e; — 1] € M,. In particular, My # 0. Moreover, Ry(i) has the form
(fiise- s £ri,0,...,0,a2,0,...,0), where fi; € S and Ry(i)(r +1) = ap fori = 1,... ¢t
When @;1 S[—e; — 1] = My, we have t = v — 2 and M5 = 0.

Proof. (1) By Proposition 1.3.7, we may assume that the minimal generator set of
D(Ap) is T = {0;,¢; | deg0; = d;, degep; = cj,i = 1,...,¢,j =1,...,r}. Here

{0; 1 i =1,...,¢ forms a basis for D(A), and ¢; and ¢, represent the level
elements of D(A;) and D(A,), respectively. By Proposition 1.3.7, it holds that

c;i > ¢y fori>2,and
4 r
My = (@ S[—di]] b [@ S[—ci]] :
i=1 j=1
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Note that a1, a2, € D(A) and arxp; € D(A;) \ D(A) for j > 2. Hence we have
the following relations:

lpl = (hll/-"/hfllallol---lo)/
1702 = (h12/---/h5210/a2/0'"10)/
l,b]‘ = (hlj,...,hgj,hj,O,...,O,CEz,O,...,O),

where 11; # 0 and a, = (£ + j).

Suppose there exists a jo € {1,...,r} such that 1;, is not K-spanned by {R;(i)}.
In this case, we can assume the existence of relations Ri(1),..., Ry(w) € Ry such
that ¢, = Y.io1 piR1(i), where p; € Ss1. It's noteworthy that p; and Ry (i)(j), where
i=1,...,wand j=1,...,{ +r, are homogeneous polynomials in S;;.

If jo = 1, this implies that

=i+ 1) = Y PRI +1) € S,

i=1

leading to a contradiction. Hence, we deduce that j, > 1. Further, examining the
expression

= Pj,(€+ jo) = ) piRiG)(E + jo) € Sz,
i=1

weagainarrive ata contradiction. Consequently, wehave that R;(1) = ¢1,...,Ry(r) =
¥, and @;:1 S[—ci — 1] € M;.

Assume @;:1 S[—ci—1] = M;. Observe that Y1 (£+1,...,0+71),..., P (€+1,...,C+71)
form a lower triangular matrix. It is evident that the relations v, ..., 1, are S-
independent over S. As a consequence, we deduce that M, = 0. By referencing
Theorem 1.2.11, we can deduce that |A;,| = (Zle d; + Z;zl cj) — (Z;zl(cj +1)) =
Zle d; — r. Considering Ao = Al -2 = Zle d; — 2, it follows that r = 2,
contradicting the assumption | DS(A;,)| = € +r > € + 2. Hence, we conclude that
@;:1 S[=ci—1]1 € My.

We can assume that ¢; = (uy;, ..., Uz, 01, ..., 0y). We set @ as follows:

¢ =ar0i — (Vaiho + - -+ + V)
r r r
:((quli + Z Ujihlj; e, QoUp + Z U]'ihg]', 01 + Z Ujl'l’l]', o,..., 0)
j=2 j=2 Jj=3

If p =0,let fi; =0and f; = —vj; for j=2,...,r. Then we have
Rq)i = (fli,...,fn‘,o,...,0,0(2,0,...,0)

which represents a relation among the relations Ri(1),...,Ri(r + t), where a, =
Ry, (r + i). Otherwise, ¢ forms a relation among 6y, ..., 0, ¢1. Since A; is SPOG,
Y is the unique relation among 01, ..., 0;, ¢1. Hence, we deduce the existence of
some v € S such that ¢ —ovy; = 0. Let f; = —vand f; = —v;; for j = 2,...,r. It
follows that

Rq)i = (fli/- . .,fn‘,O,. . .,O,az,O,. . ,0)
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represents a relation among the relations Ry(1), ..., Ry(r +t), where a; = Ry, (r + 7).

If there exists an iy € {1,...,t} such that Ry, is not K-spanned by {Ry(i)};, we
can assume the existence of relations R,(1), ..., Ro(w) such that R% = Y2 piRy (i),
where p; € S;1. It's worth noting that p; and Ry(i)(j), where i = 1,...,w and
j=1,...,r+t,are homogeneous polynomials in S;;. This implies that

= Ry, (r+i0) = ) piRa(i)(r + o) € Sz,

i=1
leading to a contradiction. Consequently, this reasoning implies that R,(1) =
Ry, -+, Ra(t) = Ry, and @j.zl S[—e; — 1] € M,.

Assume M, = @;1 S[—e;—1]. Observethat Ry (r+1,...,r+t),..., Ry (r+1,...,7+t)
form a lower triangular matrix, it is evident that the relations Ry, ..., Ry, are S-
independent. As a consequence, we deduce that M3 = 0. Since (Zle d; + Z;zl cj)—

(Z;zl(cj +1)+ Y e) + (X, (e + 1)) = | Al by Theorem 1.2.11, it follows that
r—t=2.

O

Proof of Theorem 1.1.7. By Theorems 1.1.4, 1.3.8 and 1.3.9, the conclusion follows imme-
diately. O

We would like to show some examples.

Example 1.3.10. Let { = 4 and

Q(A) =x1xx3x4(x1 — x2)(x1 — x3) (21 — X4)(X2 — X3) (X2 — X4)
(3 — x4) (X2 — X3 + Xg)(X1 — X2 + X3 — Xy).

Then, A is free with exp(A) = (1,3,4,4). The order of H; € A is consistent with its
order of appearance in the polynomial.

By computer, A; and A, both are SPOG with level 4, and Ag and Ay both are SPOG
with level 5. Moreover, we have:

(1) DS(A12) = (1,3,3,4,4). The minimal free resolution of D(A; ) has the following
forms,

0 — S[-5] — S[-4]* ® S[-3]* ® S[-1] = D(A,) — 0.

(2) DS(Az10) = (1,3,4,4,4,4). The minimal free resolution of D(A; o) has the follow-
ing forms,

0 — S[-5]* — S[-4]*® S[-3] ® S[-1] — D(Az10) — O.

(3) DS(Ays) = (1,3,4,4,4,5). The minimal free resolution of D(A; ) has the following
forms,

0 — S[-6] ® S[-5] — S[-5] ® S[-4]° ® S[-3] & S[-1] — D(A5) — 0.
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Example 1.3.11. Let £ = 4 and

Q(A) =x12x00x3x4(x1 — X2) (X1 — x3)(X2 — X3) (X3 — X4)
(.’X,'Z — X3+ X4)(X1 —Xp + X3 — X4).

Then, A is free with exp(A) = (1,3,3,3). The order of H; € A is consistent with its
order of appearance in the polynomial.

Note that A? is not free, serving as a counter-example to Orlik’s Conjecture. This can
be found in [9] or [20] by a coordinate change.

By computation, A, A,, and Aj; are SPOG with level 3, and | DS(A ;)| = 5 < £ + 2 for
any H; € A,. Additionally, for A and A are free, we found that | DS(A3) | =7 > € +2.
The minimal free resolution of D(A; 3) has the following form:

0 — S[-5] — S[-4]* — S[-3]°® S[-1] — D(A;3) — O.

Remark 1.3.12. The counterexample to Orlik’s conjecture mentioned above corresponds
to the situation |D(A; )| > € + 2. However, every NT-free-2 arrangement of Edelman
and Reiner’s counterexample, with dimension ¢ = 5, contains at most 7 = £ +2 minimal
generators.

Applying our theorem allows us to recover the result in [4] and verify a part of Conjec-
ture 4.4 from [1].

Corollary 1.3.13. [4] If A and A, , are both free, then at least one of Ay and A, is free.

Proof. This is Theorem 1.2 in [4]. Moreover, in this chapter, we can readily arrive at the
same conclusion through Proposition 1.3.7. O

Corollary 1.3.14. If A, » is SPOG, then c; = d; for some j € {2,...,1}.
Proof. By referring to Theorem 1.3.8, we establish its validity for Case (3) in Theo-
rem 1.3.8, focusing solely on Theorem 1.3.8 Case (1).

Assuming POexp(A12) = (1,p2, ..., pe), Proposition 1.2.12 implies Zfzz pi = [Aipl. Ex-
amining Theorem 1.3.8 Case (1), we find DS(A; ) = (1,dy, ..., dy, c2—1). It’s noteworthy
that 1 + Y./, d; = |A| and POexp(Ay,) € DS(Ay,). This implies the existence of a d;
such that Zf;z di + (c; — 1) — d; = [A;2|. Consequently, we deduce that c; = d;.

1.4 Three Dimensional Case

In this section, we use the notation in the previous section. Furthermore, we fix
t=3.

If |[Ay,m,| > 2, there exists a plane H € Ay, ny, that is distinct from both H; and H,. We
can assume that H = ker x,, H; = ker x;, and H, = ker(x; — x3).
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Proposition 1.4.1. If [Ay,nm,| > 2, then for any basis 0,, 03 for Dy(A), there exist a level
element Os; for D(A;) such that

x1031 = f,02 + f303, fo, f3 € K[x2, x3], (1.4.1)
(x1 = x2)032 = §205 + 303, 92, §3 € K[x2, x3]. (14.2)

Proof. Suppose that 0;; € Du(A;) is a level element for D(A;), where i = 1,2. Using
Theorem 1.1.4, we may assume that:

X1 Qé,l = f2'62 + fé@g, (143)
(x1 — x2)9§,2 = gégz + g393, (144)

Since fl.’ and ¢! are homogeneous polynomial in S = K[x1, x5, x3], we may assume that:

f;‘/ = xlfl'// + fi/ i= 2/ 3/ fl € IK[le x3]/

g =(x1—x)8" +gi, 1=2,3, & € K[xp, x3].
Let 037 = 6:’3,1 — f,/02 — f;'03. Considering that 031 ¢ D(A) and deg 05, = deg 63,1, itis
evident that 05, qualifies as a level element for D(A;). By substituting 05, into Equa-
tion (1.4.3), we obtain Equation (1.4.1). A parallel application yields Equation (1.4.2). O

Lemma 1.4.2. Consider the scenario where | A, nm,| > 2, and let 05, O3 form a basis for Dy (A).
Assume that 031 and O3, are the level elements for D(Ay) and D(A,), respectively, satisfying
Proposition 1.4.1. If

f2 = fozl + kxgl k € ]I<*,1’ € Z+/ fz, € ]I([XZ,X3], f3 = x2f9:/ f3’ € ]I<[x2/x3]/
@ =108 +kx, K eK,reZ, g eKlxy,x3l, |8 =%, & € Klx,x3],
then
(1) c1 = ¢y if and only if D(A;) = D(A) + ker pf. In this case, c; = c; = max{dy, d,, ds} if

and only if Ay » is SPOG.
(2) ¢1 < ¢ if and only if D(A,) € D(A) + ker p3 and D(A,) = D(A) + ker p;.

Proof. Since deg 051 = c1 < deg 03, = ¢, we have ' > r. Assuming thath = %xg‘r, then
we may get that:

x1(032 — h031) = X103 — hx103
= (X1 — x2)03, + X203, — hx103,
= (§202 + §303) + %2032 — h(f,0, + f305)
=(§2—hf2)02 + (g3 — hf3)03 + %203,
= x2(g5 — If;)02 + x2(g5 — I f3)03 + x205.

Consequently, X1(63,2 — h63,1) S .X'QD(ﬂz), 1mply1ng 63[2 — ]’l63,1 € xZD(ﬂlg)- We may
assume that:

63/2 - h@g,/] =X, where (S D(ﬂl,z).
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This leads to:

93,2 — X1 = h@g/l — (x1 - XQ)(P. (145)

Since the left side belongs to D(A;), and the right side belongs to D(A,), this implies
that 03, — x1¢ € D(A). Note that 03, is a level element for D(A;). They imply that x;¢
is a level element for D(A). By Lemma 1.3.3, we know that D(A,) = D(A) + ker p;.

Now, we prove the statement by case-by-case argument.

(1) If D(A;) = D(A) + ker p3, by Proposition 1.3.7 Case (2), we have ¢; = ¢,. Con-
versely, assume that h € K*. Let h = 1. By Equation (1.4.5), this implies that
051 — (x1 — x2) € D(A). Note that 05, is a level element for D(A;). They im-
ply that (x; — x2)¢ is a level element for D(A;). By Lemma 1.3.3, leading to the
deduction that D(A;) = D(A) + ker p?.

If c; = ¢; = max{d,,d, ds}, then by Theorem 1.3.8 Case (1) and the definition
of an SPOG arrangement, we have that A;, is SPOG with level max{d,, d,, ds}.
Furthermore, if A, is SPOG, by employing Corollary 1.3.14 and Theorem 1.1.4,
it follows that ¢; = ¢, = max{d;, d,, dz}.

(2) Given that ¢; < ¢y, by Proposition 1.3.7 Case (2), we establish that D(A;) &
D(A) + ker p3.

If D(A;) € D(A) + ker p? and D(A,) = D(A) + ker p; with ¢; = ¢,, referring to the
previous case, we encounter a contradiction.

Now, we are going to prove Theorem 1.1.8.

Proof. Let |Au,nn,| > 2. Recall S = K[x1, x;, x3] and exp(A) = (1, dy, d3). We may assume
that S’ = K[xy, x3]. Since A = A = AT = C, we may let the Ziegler restriction of A, A;
and A, on H be (C,my), (C,m;) and (C, m,), respectively. Note that H; " H = H, N H.
Thus (C, my) = (C, my).

Since A is free, by Theorem 1.2.7, we may get that (C, my) is free with exp(C, my) =
(do,d3). Note that we do not differentiate between d, and d3. Since |mg| = |m4] + 1 and
mo(L) > my(L) for any L € C, by Lemma 1.2.8, we may assume that (C, m,) is free with
exp(C,m1) = (d» — 1,d3). Moreover, there exists a basis @1, p, for D(C, m;) such that
x1¢1, P2 forms a basis for D(C, my). Let us look at the following exact sequences:

0 — Du(A) —= Du(A) —— D(C, my),
0 — Dy(A) —=3 Du(A) —— D(C,m),

wherei =1, 2.

By Theorem 1.2.7, there exists a basis 0,0, for Dy(A) such that 7(601) = x;¢; and
1(62) = .
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Using Proposition 1.4.1, we may assume that 03 is a level element for D(A;) such that

x1031 = f101 + 204, f1, f» € K[x2, x3]. (1.4.6)
(x1 —=x2)032 = §101 + 202, 31, &2 € K[x, x3]. (1.4.7)

Thus

1(x103,) = ]Tlxl(Pl + ]Tz(Pz = x171(031)
Ti((x1 — x2)032) = g1X190 + S22 = X172(032)

Note that 71,(05,) € D(C,m;) = 5’ ¢1+5 ¢o». Thusﬁ,ﬁ € x1S'. Recallthat f;, g; € K[x, x3],
where j=1,2,thus f, = g =0, i.e., fo, g2 € X K][xy, x3].

By the definition and 05, € Dy(A;), we have m1(0;51) = p%(Gg,l). By Lemma 1.3.3,

we have p%(Qg,l) # 0. This implies that 71 # 0. Since f; € K[x,, x3], we may get that
f1 € K[x2,x3] \ x2K[x7, x3]. Similarly, we have g1 € K[x,, x3] \ x2K[x7, x3]. Thus we may
assume that

fi =xff +hx, fo = xaf,.
g1 =28 +kx3,8 = x28).

where f/, ¢ € K[x, x3], 7,7 € Z* and k, k" € KK*. Note that we assumed |Ap,np,| > 2. By
Lemma1.4.2,¢; = c;ifand onlyif D(A;) = D(A)+ker p%. By Lemma1.4.2,ifc; < ¢, then
D(A;) € D(A) + ker p? and D(A,) = D(A) + ker p. In this case, if | DS(A;,) | = £ +1, by
Proposition 1.3.7 Case (1), it is evident that ¢; < ¢, = d; or d3. By Theorem 1.1.4, we have
max{d,, ds} < c¢1, which is a contradiction. Thus, if c; < c; we have | DS(A;,)| = € + 2.

As a conclusion, [Ap,nm,| > 2 if and only if either D(A;) = D(A) + ker p% and ¢; = ¢, or
|IDS(A12)| =€ +2and ¢; < cp.

By Proposition 1.3.7, we have | DS(A; )| < £ + 2 when ¢ = 3. Combining with Theo-
rem 1.3.8, we successfully conclude the proof of the theorem. The rest part in Theo-
rem 1.1.8 Case (2.1) is from Lemma 1.4.2 Case (1). O

Remark 1.4.3. As demonstrated in Theorem 1.1.8 Case (2.1), it is evident that A; , is not
necessarily SPOG.

Now we would like to provide some examples to apply Theorem 1.1.8.
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H5IX1—X3:0
H1:x1:0
H6Z.X'2—X1:O H3IX3:0

H7IX2—X3:0

Figure 1.2: Free arrangement A in P2

Hy:x34+x1=0

Hyi:x3+x1+2x% =0

H2IX1:0

Hs:x1+x, =0

H8:x3—x1:0

H7IX3+X2:0 H92X3+X1+XZZO

Figure 1.3: Free arrangement A in P2

Example 1.4.4. Let

Q(A) = x12x0x3(x1 — x2) (21 — x3)(X2 — x3) (X1 + X2 — X3).

Then, A is free with exp(A) = (1,3, 3). See Figure 1.2.
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By Theorem 1.1.4, it follows that A, and As both are plus-one generated with expo-
nents (1,3,3) and level 3. By Theorem 1.1.8, we have A, is plus-one generated with
POexp(Ays) = (1,2,3) and level 3.

Example 1.4.5. Let
Q(A) =x1x2x3(x1 + x2)(x1 — x2)(x1 + x3)(x1 — x3)(x2 + X3)
(Xl + X + x3)(x1 + 2% + X3)(X1 — 2%y + X3).
Then, A is free with exp(A) = (1,5, 5). See Figure 1.3.

By Theorem 1.1.4, it is easy to see that A;, As and A are free with exponent (1,4, 5),
As and Ay are SPOG with POexp(A3) = POexp(As) = (1,5,5) and level 6, and the
remaining A; are all SPOG with POexp(A;) = (1,5,5) and level 5. By Theorem 1.1.8,
this implies the following results:

(1) Note that A, and Aj; are not free, and [Ap,nm,, | = 2, we may get that DS(A11) =
(1,5,5,5,5), and the minimal free resolution of D(A,11) has the following forms:

0 — S[-6]* = S[-5]*® S[-1] — D(Az11) — O.

(2) Note that A; and Ay are SPOG with level 6, and [Ap,nn,| > 2, we may get that
D(As4) is not SPOG, DS(A34) = (1,5,5,5), and the minimal free resolution of
D(Aj3 4) has the following forms:

0 — S[-7] — S[-5)° ® S[-1] — D(Asz4) — 0.

(3) Note that A5 and A; are SPOG with level 5, and |Ap,nm,| > 2, we may get that
As,7 is SPOG with POexp(As7) = (1,4, 5) and level 5.

(4) Note that Ajz is SPOG with level 6 and As is SPOG with level 5, and [Ay,qp,| > 2,
we may get that DS(Aj35) = (1, 5,5, 5, 5), and the minimal free resolution of D(Aj 5)
has the following forms:

0 — S[-6]* = S[-5]* @ S[-1] — D(Aj35) — O.

Theorem 1.1.4 by Abe shows that NT-free-1 arrangements that are non-free are SPOG.
It is known that the converse does not hold in general [15, 26]. Using our result, we
give such an example. First, recall the following result:

Proposition 1.4.6 (Theorem 6.2 of [1]). Let C be SPOG with a minimal set of homogeneous
generators {y1,..., v, @} for D(C), where @ is a level element with a level coefficient a. Suppose
there exists a free addition B = C U {H} of C. If deg @ > degy; foranyi € {1,2,...,{}, then
H = ker a.

The following is a SPOG arrangement that does not admit a free addition.

Example 1.4.7. Let
Q(A) = x1x2x3(x1 — x2) (21 + x2)(x1 + 2x2)(2x1 + x2)(3x1 + X2)(x2 + x3)(3x1 + X2 + X3),

and let H; = {x; = 0} and H, = {x, = 0}. By computer, A is free with exp(A) = (1,3, 6).
We may assume that {01, 0, 03} is a basis for D(A). By Theorem 1.1.8, A, is SPOG
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with POexp(Ai,) = (d1 = 1,d> = 3,¢c1—1 = 5) with level d3 = 6. By Proposition 1.3.7, we
have a minimal generator set for D(A; ) as {01, 02, 03, @}, where a,¢ is a level element
for D(A;). Note that 0 is the level element of A; , with the level coefficient a = x; + x3.
Since ker o € A, », by Proposition 1.4.6, it follows that A; , does not admit free addition.

Example 1.4.8. We give two arrangements 8 and C such that L(B) = L(C) but DS(8) #
DS(C). Their defining polynomials are

Qg = x120x3(x2 — 3x3)(x2 + 3x3)(x1 — x3) (21 + x3) (X1 + x2) (X1 + X2 — 3x3) (X1 + X2 + 3x3)
Qc = x122x3(x2 — 3x3)(x2 + 3x3)(x1 — x3) (X1 + x3)(x1 + x2)(x1 + X2 — 4x3)(x1 + X2 + 3x3).

Their derivation degree sequences are

DS(B) = (1,5, 6,6)
DS(C) = (1,6,6,6,6,6).

Such a pair is now called the Ziegler pair and a kind of important object to study. This
is one example of such pairs. It shows the intricate nature of the derivation degree
sequence that depends not only on the combinatorics but also on the geometry of the
arrangement.

1.5 Future Work

There remain several promising directions that naturally extend the present study. A
longstanding open problem, articulated most recently by Abe, is to formulate an ana-
logue of the classical Addition—Deletion Theorem for SPOG arrangements. Proving
such a result would supply a recursive framework for constructing SPOG arrange-
ments from smaller ones, just as the ordinary Addition-Deletion Theorem does for
hyperplane arrangements. In turn, it would yield inductive formulas for the character-
istic polynomial and other combinatorial invariants, offer a route toward a classification
of SPOG arrangements, illuminate connections with Terao’s conjecture and freeness cri-
teria, and open further avenues of investigation.

By establishing an Addition—-Deletion Theorem tailored to SPOG arrangements we ex-
pect to unlock a cascade of results—mirroring the rich interplay between combinatorics,
topology, and algebra that the classical theorem has already provided for hyperplane ar-
rangements—ultimately deepening our understanding of both theories and expanding
the toolkit available for future research.
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Chapter 2

Polynomial interpolation of a vector
field on a convex polygonal domain

Although the theory of hyperplane arrangements has attracted considerable attention,
its applications are still limited. In this chapter, we explore how the logarithmic deriva-
tion module can be used to solve a classical fitting problem in physical sciences and
data analysis. Specifically, we introduce a method for interpolating a sampled vector
field confined within a convex polyhedral domain of arbitrary dimension using a poly-
nomial vector field, under a no-penetration (slip) boundary condition. For a prescribed
integer k, our algorithm computes a degree-k polynomial vector field that best fits the
samples in the least-squares sense while exactly respecting the boundary constraint.
Notably, the defining condition of the logarithmic derivation module is precisely the
required tangency, which naturally links the theory of arrangements to our problem.
By leveraging known structural results on logarithmic derivation modules, we resolve
the fitting task efficiently.

The results in this section are based on [7].

2.1 Introduction

The study of hyperplane arrangements has played a central role in algebraic geometry,
combinatorics, and singularity theory. While much of the existing literature empha-
sizes the theoretical properties of such arrangements—ranging from their combinato-
rial invariants to the structure of associated derivation modules—applications of this
theory, particularly in data-driven contexts, have remained comparatively underex-
plored.

In this chapter, we present a novel approach that leverages the theory of logarithmic
derivation modules to solve a class of constrained vector field fitting problems. Specif-
ically, given a convex polytope £ C R? and a finite set of vector-valued samples within
it, our objective is to construct a polynomial vector field that (i) fits the given data,
and (ii) satisfies a no-penetration (slip) boundary condition along the boundary of the
polytope. Such a scenario is common in modeling the dynamics of fluidic materials or
particles confined within a rigid container of shape $°, where only sparse velocity mea-
surements are available. Enforcing the boundary condition exactly poses a significant
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challenge, yet it is crucial in applications where physical conservation laws—such as
volume preservation—must be upheld.

A key insight of this work is the realization that the slip boundary condition is, in fact,
equivalent to the tangency condition that defines the logarithmic derivation module
associated with a hyperplane arrangement. Here, an arrangement arises naturally from
the affine hyperplanes supporting the facets of the polytope. This equivalence allows
us to reframe the original fitting problem in purely algebraic terms. More precisely, our
method proceeds as follows:

1. Represent P as the intersection of finitely many half-spaces.

2. Homogenize the defining affine hyperplanes to obtain a central arrangement P
in R,

3. Establish an explicit bijection between tangential polynomial vector fields on ¥
(degree < k) and homogeneous degree-k vector fields on R?*! that are tangent to

every hyperplane of  and parallel to the slice x, = 0.

4. Identify the latter space with the syzygy module of the Jacobian ideal of the
defining polynomial of #.

5. Use Grobner-basis techniques (Schreyer’s algorithm) to compute a basis and
perform least-squares fitting.

From a practical standpoint, our method provides, to the best of our knowledge, the
first algorithm that guarantees the exact satisfaction of the tangency boundary condi-
tion for polynomial vector field interpolation on convex polyhedral domains. From a
theoretical perspective, our framework bridges seemingly disparate areas by employ-
ing algebro-geometric techniques to address a classical approximation problem, thus
demonstrating the effectiveness of modern mathematical tools in applied settings.

2.2 Previous work

Vector field reconstruction in R? was explored in [19] as a generalisation of scalar
function interpolation using basis expansions. A method using a partition of unity
to patch polynomial vector fields over planar domains is described in [17], while
approaches employing radial basis functions are proposed in [29, 30]. These works do
not consider boundary constraints.

Alternative formulations of the reconstruction problem have also been studied. For
instance, [14, 33, 27] examine vector field reconstruction from streamlines in two and
three dimensions. Reconstruction from scalar-valued observations sampled along tra-
jectories is addressed in [13].

Beyond fluid dynamics, tangential vector fields on convex polytopes in R® have been
investigated from a topological perspective in [23], which classifies homotopy types
of such fields with motivations stemming from the modelling of nematic liquid crys-
tals.

To our knowledge, with the exception of [23] which focuses on classification rather
than construction, there are no existing studies that address the reconstruction of vec-
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tor fields subject to no-penetration (slip) boundary conditions on convex polyhedral
domains.

2.3 Polynomial Interpolation of Vector Fields

In this section, we establish notation and formulate the main problem.

Definition 2.3.1. A (possibly non-compact) convex polyhedral space in R? (d > 1), associ-
ated with face normals {a; € R? | 1 < i < m} and offsets {{; € R | 1 < i < m]}, is defined
as the intersection of m half-spaces:

P = ﬂ{x e R | {a;,x) + € <0},
i=1

where (, ) denotes the standard inner product on R?. The hyperplane H; = {x € R |
(aj, x) + €; = 0} is called a supporting hyperplane of , and F; = H; N dP is called a facet
(if it is (d — 1)-dimensional). We denote by #; the affine linear function

d
Bi(x) = (i, x) + 6= ) (@)gxy + &,

g=1
which defines the hyperplane H;.

We assume throughout that none of the m supporting hyperplanes are redundant; that
is,
Pc()lxeR! | {a;x) + 6 <0)
i#]j
for any j. By abuse of notation, we often identify # with its set of supporting hyper-
planes {H;}, assuming the orientations of the half-spaces are implicitly specified.

We set P = R when m = 0.
We now define the relevant spaces of polynomial vector fields on .

Definition 2.3.2. A homogeneous polynomial vector field of degree k on ¥ is a map
E:P -5 R represented by a tuple of homogeneous polynomials (fi, f2,..., fi), where
each f, € R[xy,...,x4] has deg(f,) = k for 1 < q < d. Denote by Poly(#), the space of
such vector fields. Similarly, denote by Poly(?)_, the space of vector fields where each
fq is a polynomial of degree at most k. )

The subspace of Poly(#), (respectively, Poly(#)_,) consisting of vector fields tangent to
the boundary of # is defined by

Poly,(P), = {£ € Poly(P), | (€(x),a;) = Oforallx € F;, 1 <i <m}. (2.3.1)

In other words, the direction of ¢ € Poly;(#), at any point on a facet F; is orthog-
onal to the normal vector a;. The space Polyy(P)_, is defined analogously for non-
homogeneous vector fields.

The space Polys(P) = UisoPolys(P),, of non-homogeneous polynomial tangential
tields and the space Poly,(P),,,, = 69120 Poly;(P), of homogeneous polynomial tan-
gential fields are both R[xy,...,x;]-modules under componentwise multiplication of
vector fields by polynomials.
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Figure 2.1: Examples of convex polyhedral spaces in R? and a tangential vector field
defined on them.

The following example illustrates the distinction between homogeneous and non-
homogeneous polynomial tangential fields.

Example 2.3.3. Consider the cased = 2. Let a; = (1,0), @, = (0,1), and a3 = (1, 1), with
=6 =0and ¢; =1, so that h; = x1, h, = x,, and h3 = x1 + x, + 1. Define

Pr={x|h(x) <0, ho(x) <0, —h3(x) <0}, Po={x]|hi(x) <0, hy(x) <0, hz(x) <0}.

Then $; is compact, and P, is non-compact. Both are convex polyhedral spaces in R?,
as illustrated in Figure 2.1.

For either $; or P,, the vector field & = (x1xp, x% + x7) is a non-homogeneous tangential
tield. We verify the tangency condition facet by facet:

- On F; (defined by x; = 0), £(0,x;) = (0, x% + x;), and a; = (1,0),s0 (&, a1) = 0.

- On F; (defined by x; = 0), &(x1,0) = (0,0), and a» = (0,1), so (&, az) = 0.

-On F; (defined by x; + x, +1 =0, or x; = =1 — x), the normal is a3 = (1, 1), and
E(-1=2,%) = (-1 = 22)x2, X5+ X2), (& a3) = —X2— X5 + 25 + X%, = 0.

Thus, & is tangent to all three facets.

Note that the degree-one component of &, namely (0, x»), is not tangential to F3, since
((0,x2),(1,1)) = x, # 0 in general. This demonstrates that @];:0 Polys(P) s Polyy(P),
in general, making a degree-wise analysis of Polyy(#)_, more intricate.

A vector field & = (f1, fo,..., fa) acts on a polynomial 1 € R[xy,...,x,] via the Lie
derivative:

d
E[h] = (Vi &) = ; qu—;. (2.3.2)
For brevity, we denote aixq by d,.
We now formulate our main goal. Suppose we are given a set of observations
{(xs,us) ePxR|se O},
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indexed by a finite set O. The central problem addressed in this chapter is the follow-
ing:

Problem 2.3.4. Given a natural number k, find & € Polyy(P)_, that minimises the sum
of squared errors:

&EE,0) = Z |ECxs) — sl (2.3.3)

seO

This problem seeks a polynomial vector field of degree at most k that best fits the ob-
served data in the least-squares sense while satisfying the tangency boundary condition
exactly. Note that the choice of k governs a trade-off between approximation accuracy
and model complexity.

2.4 Identity Theorem for Polynomial Vector Fields

It is straightforward to verify that any polynomial vector field defined on # can be
uniquely extended to a polynomial vector field on all of R?, so that Poly(#), = Poly(IR?),.
In this section, we establish an analogous result for tangential vector fields.

We begin by recalling a classical fact: a polynomial function is uniquely determined by
its values on a sufficiently large finite set.

Lemma 2.4.1. Let k € Nand d > 1, and let f,g € R[xy,...,x4] be polynomials of degree at
most k. Suppose X = C1 X --- X Cy C R?, where each C, C R satisfies |Cy| > k. Then f = g if
and only if f(x) = g(x) for all x € X. Consequently, two vector fields &,y € Poly(RY), coincide
globally if and only if £(x) = y(x) for all x € X.

Proof. Replacing f — g with f, it suffices to show that a polynomial f of degree at most
k vanishes identically if f(x) = 0 for all x € X.

We proceed by induction on d. The base case d = 1 follows from the classical fact that
a univariate polynomial of degree at most k with more than k zeros must be identically
zero. Assume the result holds for d — 1. For a fixed (xy,...,x4-1) € C; X --- X Cy_q,
consider the univariate polynomial

p(t) = f(x1,...,%4-1,1).

Since p vanishes on C;, which contains more than k > deg p points, we conclude p = 0.
Thus, all coefficients of powers of x; in f vanish as polynomials in x,...,x;-1. By the
induction hypothesis, f = 0. O

Corollary 2.4.2. Let H C RY be a hyperplane with normal vector a. A polynomial vector field
& € Poly(IRY), is tangent to H if and only if (£(x), a) = 0 on any open subset of H.

Consequently, every & € Polyy(P), admits a unique extension to a polynomial vector field in
Poly(RY), that is tangent to all supporting hyperplanes of the polyhedral domain P.

Proof. Apply Lemma Lemma 2.4.1 to the polynomial (£(x), @). |

By Corollary 2.4.2, the space Polyy(P)_, can be identified with the solution space of
a linear system. However, in the next section, we introduce a more sophisticated
approach for computing Polyy(P)_,.
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2.5 Space of Tangent Fields

Problem 2.3.4 reduces to a standard least-squares problem, provided a basis for Poly;(P)_,
is available. Our key idea is to recast the boundary condition as a module membership
problem in a polynomial ring, and to identify Poly,(#)_, with the syzygy module of a
Jacobianideal, which can be effectively computed using Grébner basis techniques.

We begin with a simple observation that translates the tangency condition into an
algebraic one.

Lemma 2.5.1. Let h € R[xy,...,x4] be a degree-one polynomial defining the hyperplane
H = {x € R? | h(x) = 0}. A polynomial vector field & on R? is tangent to H if and only if
E[h] € (h), where (h) is the principal ideal generated by h in the ring R[x, ..., x4].

Proof. Write h(x) = {(a, x) + € so that Vi = a. By (2.3.1) and (2.3.2), £ is tangent to H if
and only if

= (@, &(x)) =(Vh,é(v)) = E[hl(x) YxeH.

Hence

& tangentto H < 5[h]| =0 & {[h] e I(V(h)),

V(h)

where we write H as the variety V(h) defined by h, and I(V(h)) is the vanishing ideal
of the variety V(h). Since / is a nonzero degree-one polynomial, the ideal (k) is prime.
Therefore, the assertion follows by the Nullstellensatz I (V(h)) = /(h) = (h). O

To utilise algebraic machinery, it is more convenient to work with linear subspaces than
with affine subspaces H;. For this, we embed % into one dimension higher space by
appending one more spatial variable x,.

Definition 2.5.2. For a convex polyhedral space  c R?, its cone P is the (non-compact)
convex polyhedral space in R**! defined by the following supporting hyperplanes

d
H = {SE: (x0, X1, - .., xq) € R | Lixy + Z(“i)qxq = O}'

g=1
We denote byﬁi the corresponding linear form. See fig. 2.2.

All the facets of ? meet at the origin, and the original convex polyhedral space P is
embedded in # at the slice xo = 1, hence the name “cone”. We will see that there is also
a correspondence between certain tangential polynomial vector fields of ¥ and P. Let

Polya(?’)k be the subspace of Polya(?’)k consisting of those fields parallel to the plane

defined by x; = 0. That is, the first coordinate of an element of Polya(ﬂD)k is the zero
polynomial.

Lemma 2.5.3. We have an isomorphism of vector spaces
Poly;(P)., = Poly,,(P).
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Figure 2.2: The cone PinR3 corresponding to a trapezoid £ in IR?. First, P is embedded
into R? on the plane x; = 1. By joining the origin with each facet of $, we obtain
hyperplanes in R® that share the origin as the apex. An element of Polyy(®) can be

extended to a field tangent to P simply by scaling by the “height” x;. The field thus
obtained is parallel to the plane xo = 0. Conversely, any homogeneous tangential

field to £ can be made parallel to xp = 0 by subtracting an R[x;,...,xs]-multiple of
& = (x1,...,x5), which is a “radial” vector field that is tangent to any plane going
through the origin. By restricting the parallel field to xy = 1, we obtain an element of

Poly,(P).

Proof. The degree-k homogenenisation of f € R[xy,...,x;] with deg f < k is given by
f=xEf(x1/x0,...,xa/x) with deg f; = k. Define a map W from Poly,(P)_, to Poly,(P)
by

(fl/fZ/ .. '/fd) = (O/flleI‘ . '/fd)'

We will check the image of W is indeed contained in Polya(ﬁ)k. Since (fi, f2, ..., fa) is
tangent to every H; for 1 <i < n, we have

d
Z(oci)qfq(x) =0, forany x € H,.

=1

By Lemma 2.5.1, we may assume that ijl(ai)qfq = h;g for some g € R[xy,...,x4]. It
follows that

d d
Y (@efy = Y (@) fyer /%o, -, X/ X0))
g=1 g=1

d

= x} Z(ai)qfq(xl/xO/ -+, Xa/Xo)

=1
= xghix1/xo, - .., Xa/ x0)g (X1 /%0, - - -, Xa/Xo)
:E(xg, ... ,xd)xﬁ_lg(xl/xg, cee, Xq/X0).
Since deg g < k—1, we deduce that x5~ ¢(x;/xo soee s X /xo) is a homogeneous polynomial
of degree k — 1. This implies that Zgzl(ozi)q fq € (iz:-) and we have (0, ]?1\, j}z\,...,ﬁ) €
Poly ,(P)x.
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Conversely, define a map @ from Poly 3(5);( to Poly,(P), by

O, fi, for s f) = (o foreeos S

where ﬁis homogenous polynomial in R[xg,x,...,xs] with degﬁ =k, and f; €
R[x1,...,x4] with deg f; < k are obtained by evaluating ﬁat xo = 1. We will check
that (f1, f2,..., fa) € Polyy(P),. Assume (0, ﬁ,fg\, e ,E) is tangent to every ﬁi € 5 for
1 < i < n. Since the normal vector of H; is @; = &, (@, - .., (a)q), it follows that

d

Z(ozi)qj?;@ =0, forany ¥ € H..

g=1

By restricting at xp = 1, we have

d
Z(ai)qfq(x) =0, for any x € H;

g=1
and (fi, f2, ..., fa) is tangent to every H;. Since both @ o W and W o @ are the identities,

the assertion follows. m|

Let S = R[xo, x1, . . ., x4] be the polynomial ring with d + 1 variables, and S be its degree
k component. By abuse of notation, we use X to denote both a point in R%*! and the
coordinate function. The space Poly(IR%*!) of the polynomial vector fields over R%*! is
endowed with the structure of a graded S-module.

We now introduce algebraic objects that will enable an efficient computation of Poly,(¥) ;..

A small but important trick is to add a special plane Hy = {x, = 0}, which plays a role
in Theorem 2.5.9.

Definition 2.5.4. Let;z\o = xp and

and define the graded S-module

D(P) = {¢ € Poly(R™) | £[Q7] € (Q7))

called the logarithmic derivation module, where (Qz) is the principal ideal of S generated
by Q.

The submodule of D(ﬁ) consisting of those vector fields parallel to the hyperplane
xo = 0 is denoted by D(P): An element of its degree k component is represented by a
tuple (0, f1, f2, ..., fa) of homogeneous degree k polynomials f;.

The simultaneous tangency to multiple hyperplanes {H} is described as a module
membership condition.
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Proposition 2.5.5 ([21, Chap. 4]). We have

m

DP) = (){& € Poly(R™) | &[] € ()}

i=0

Proof. First, we see for any & € Z)(@), it holds that E[E] € (E) for any i. Since

5[Q¢]=5(T Q”J E[h]iA a(%)ﬁ-

and £[Q5] € (Qp) € (E), we have é(%)’h\l € (E). As (E) is prime and % ¢ (E), we have
El) € ().
Conversely, we show 5[Q7;] € (Qp) if &[h] € () for any i. We have

ELQp] = &llo - Ty-r T
= 5[}10' P 1]’1 +5[hm]h0 hin
= (&l T2V tyy-sy + Elh 1T - Tr-alts) + Elhl o s

e
Z [ ]hi € (Q)

as required. m|

Combining Lemma 2.5.3 and Proposition 2.5.5, we obtain the following:

Corollary 2.5.6. A vector field & € Poly(]Rd”) is tangent to every I Hep fori=0,.
(with Hy = {xo = 0}) }) if and only if & € D( P) That is, Poly,;(?’) (P) Moreover
Poly,(#).,, = Poly,(P)x = D(P)x.

Let J(Qz) be the Jacobian ideal of Q3 in S, which is generated by the partial derivatives

)
2,Q5 = Q —Lfor0<qg<d.
g

Lemma 2.5.7. When ﬂiﬁi = {0}, the set {0;,Q5 | 0 < q < d} forms a minimal generating set
of J(Qp). By abuse of notation, we denote the tuple (80Q¢, Q5 -+, &dQﬁ) also by J(Qz)-

Proof. Assume otherwise. Since d,Q have the same total degree for all g, they have
a RR-linear relation ijo ;0,05 = 0 for some c € R?*1. This means the directional
derivative of Q5 in ¢ vanishes and Q3 is constant in the direction. Because (; ﬁi = {0},

there must be some ﬁi that does not contain ¢. As Q5(x) = 0 for any x € ﬁi, and ﬁi and
¢ span the whole R**! we have Q¢ = 0, which is a contradiction. ]

Consider a graded S-free resolution (see [10, Chap. 1] for the basics of free resolu-
tions)

0= Ny =5 -+ 25 N3 25 Ny = ™1 25 5 — §/](Q5) — 0, (2.5.1)
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where ¢; maps the generators of 5! to d,Q for 0 < g < d. Recall that N, = 0 for
p > d + 1 by Hilbert’s syzygy theorem and ker ¢, is called the syzygy module of J(Q3),
and denoted by Syz(J(Qz)). More concretely,

Syz(J(Qp)) = {[fo\ . falest

d
o, fal JQp) = Y Fi04Q5 = 0}. (25.2)

q=0
Its degree-k component is denoted by Syz(J(Qz))x-

There exists a “radial” field that is tangent to any cone. This special field plays a role
in proving our main theorem.

Lemma 2.5.8. Let &g = (xg, X1, ...,X5). We have

£e(f) = deg(ﬁj’f\
for any homogeneous polynomial ]?e S. In particular, &g € Polya(ﬁ) for any P.

Proof. The first assertion is trivial for monomials, and the general case follows from
linearity. The second assertion is a consequence of the first and Lemma 2.5.1. |
The following isomorphism is essential to our scheme.

Theorem 2.5.9. We have an isomorphism of R-vector spaces:
Polys(P) ;. = Syz(J(Qp))k-

Proof. By Corollary 2.5.6, we have only to prove the map ¢ : DP) — Syz(J(Qz)«
defined by

o
qj(f):[o,fl;---/fd]_ﬁg)gﬁ

is an isomorphism of R-vector spaces, where ]?z O, ﬁ, .. .,f;) € 5(5);(. Note that we

represent elements both in D(P) and Syz(J(Qp)) by (d + 1)-tuples of polynomials in S,
but with different parentheses.

[xOI X1seeey xd]

By the definition of the action of a vector field (2.3.2), we have
—_ d —_
f(Qﬁ) = quana
g=1

which is divisible by Q5 by Definition 2.5.4. Also, we have
—_ —_ d —_ —_
[0, fi- s fi- JQp) = ) f104Q5 = F(Qp).
g=1

We have [xo, x1,..., %] - J(Qp) = ZZZO x,0,Q5 = deg(Q5)Q5 by Lemma 2.5.8. Therefore,
q)(ﬁ € Syz(J(Qp))k by (2.5.2), and the map ¢ is well-defined.
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Conversely, define

—_

w@=@,---,’g2)—i—jeg

forg=1[g0,..., 94l € Syz(J(Qp)x-
Since g € Syz(J(Qp)), we have

d
T JQp) = ) %9.Q5 =0.
q=0

This means, (3, ---,80)(Qp) = Yi-08:9:Qp = 0 and (3o, ..., %) € D(P). We see gy =

(g0, - - -, 84)(x0) € (x0) by Proposition 2.5.5 so that s Therefore,

Xo

PERQp) = G0, - Z)(Qp) — i—jdeg(@@@; € Q).

—_

Since the first coordinate of %&; is go, we have ¢(g)o = 0 and () € 5(5);(.
0

Finally, we verify ¢ o ¢ is the identity as follows:

po q)(ﬁ = IP([OJ?;---/J?;] - &Voﬂhm,xd})
pIp
N P £(Q5) ~f(Qp)
= ((Orfh---rfd) - m(xo,xl, - --/xd)] - mxo&s
-7
Similarly, we can easily verify ¢ o 1 is the identity. |

This theorem identifies the space Poly,(#)_, with the syzygy module of the Jacobian
ideal of Q, which is computable using Grobner basis by Schreyer’s algorithm [28].
This enables us to obtain a basis of Polyy()_,. Note that the elements of Poly,;(P)., that
are vector fields with degree at most k correspond to the elements of the homogeneous
degree k component of Syz(J(Q)).

2.6 Algorithm

Our construction in Section 2.5 can be implemented as an explicit algorithm as in
Algorithm 1. An accompanying implementation is available in SageMath at https:
//github.com/jcwjmz/LogarithmicDerivationModule.

We may also ask for the lowest possible degree polynomial vector field that meets a
specified error bound.

Problem 2.6.1. Given an error tolerance € > 0, find a polynomial vector field & €

Poly,(#) of minimum degree j such that )., [1&(xs) — ug)® < e.
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Algorithm 1 Find a polynomial vector field in Polyy(#)_, with minimal error

1: procedure FindPolyTangentialWithDegreeBound(k, {(xs, us) | s € O})
Require: k > 0, observation data {(x;, #s)}sco-

2: Compute a set of minimal homogeneous generators for the R[xg,x, ..., x4]-
module Syz(J(Qz))-

3: From these generators, construct an IR-basis {(f)f };‘]: , of degree up to k.

4: Dehomogenise the basis by setting xy = 1: ¢/(xy, ..., x4) := ¢/(1,x1, ..., xy).

5: Form the matrix A where A, ; = I (xs).

6: Form the vector b from ;.

7: Find coefficients ¢ = (¢/) that minimize ||Ac — b||* (least-squares problem).

8: Let the resulting vector field be £(x) = }:;\il ci! ().

9: return &
10: end procedure

Estimating this minimum degree analytically is challenging and related to algebraic
properties of the underlying polynomial modules (e.g., regularity), for which only lim-
ited results are known (e.g., [32, 5, 6]). However, since solving the least-squares problem
for a fixed degree is often computationally cheaper, we can adopt a straightforward
iterative strategy, as outlined in Algorithm 2.

Algorithm 2 Find a polynomial field in Poly,(#) meeting a specified error bound

1. procedure FindPolyTangentialWithErrorBound(e, {(x;, us) | s € O})
Require: Error tolerance € > 0, observation data {(x;, us)}sco-
2: k « 0;

3: Initialise & « 0 (the zero vector field).
4: Initialise ‘error’ « Y .o |lus|* (error for & = 0).
5: while ‘error’ > € do
6: Construct an R-basis {¢ ]-}1].\2‘1 for Polys(P) ;-
7: Find &5 € Poly,(P)_, that minimizes Y. ., [IErs(xs) — ug|[* using the basis {pi}.
8: ‘error” « Y0 l1ELs(xs) — us||%.
9: &« &rs.
10: k—k+1;
11: end while
12: return ¢&;

13: end procedure

The following proposition ensures that Algorithm 2 terminates because for € = 0 (exact
interpolation), a solution exists with a sufficiently high polynomial degree.

Proposition 2.6.2. Let
{(xS/ Z/ls) | Xs € 7), Us € ]Rd}seo

be a finite set of observations, where each point x; is distinct and belongs to the polytope P, and
each associated vector u; € RY. Suppose that for any x, lying on a boundary facet F; of P, the
vector u, is tangent to F;. Then, there exists a polynomial vector field & € Polyy(P) (i.e., & €
Poly(P), for some k) such that £(xs) = us for all s € O. Consequently, Problem Problem 2.6.1
has a solution for any € > 0.
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Proof. The proof is constructive. We build the polynomial vector field & by first sat-
isfying the interpolation conditions on the boundary facets and then addressing the
conditions in the interior of the polytope P.

Let the set of observation indices O be partitioned based on the location of the points
X'

e Let O,y = {s € O] xs € int(P)}.
e For each boundary facet F; of # (wWhere j=1,...,m),letO; = {s € O | x; € Fj}.

For each facet F;, we construct a polynomial vector field &; € Poly,(#) that interpolates
the data in O; and is tangent to all facets of P.

Let {xs}seoj be the set of observation points on facet F;. As these points are distinct,
we can define Lagrange basis polynomials L)(x) for s € O; on the affine subspace
containing F;, such that ng)(xt) = Oy for alls,t € O;.

To ensure that ¢; is tangent to all other facets F; for I # j, we define the polynomial

Qi(x) = Hlij hi(x). This polynomial vanishes on every facet except F;. We then define
the vector field &;(x) as:

) Us
&i(x) = Q’(x)sez():L( oIea)

Note that for x, € F;, we have x; ¢ F; for [ # j, so hj(x) # 0 and thus Q;(x,) # 0, making
the expression well-defined.

The vector field &; has the following properties:

e Interpolation on F: Forany ¢ € Oj,

i) = Qilm Y, 1w g

s€0; ( )

Uy _
= Qj(xt) (1 : Qj(xt)) = Us.

e Tangency to F; (I # j): For any x € F;, ij(x) = 0, which implies Q;(x) = 0. Thus,
&j(x) = 0 on F;, which ensures (&;(x), a;) = 0.

e Tangency to F;: By hypothesis, (u,, ;) = 0 for all s € O;. Since Q;(x) and Lij)(x) are

(us,aj) ~0.

scalar polynomials, we have (&;(x), a;) = Q;(x) ZSEO L ])( )Q o =

Thus, &; is tangent to all facets of P.

Let &pna(x) = ZT:] &j(x). We now define new target vectors u; for the interior points
s € O;,; to account for the contribution of &ppg:

=Us — ébnd(xs) =Us — Z é]("CS)
j=1

We need to find a polynomial vector field &;,; such that & (xs) = u/ for all s € O;,; and
which is tangent to all boundary facets. To ensure tangency, we construct &;,; to vanish
on the entire boundary J%. Let H(x) = H;”:l hj(x). H(x) is zero on 0.
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Let L (x) be the Lagrange basis polynomials for the interior points {X}s«0,,- We define

Eint(x) as:
g
H(x;)

En(¥) = HE) ) L)

SGOim

Since x; € int(P), H(xs) # 0, so this is well-defined. The field &;,;(x) vanishes on all
facets F; (since H(x)|;; = 0) and thus is tangent to the boundary. By construction, it
interpolates the modified vectors: &;,(xs) = ul for all s € Ojy.

The final interpolating vector field £(x) is the sum of the boundary and interior com-
ponents:

E() = &) + Eona(0) = Enl®) + ) ()
j=1

We verify that £(x) satisfies all interpolation conditions:

e For an interior point x; with t € Oy

E(xp) = Eine(xr) + Epna(xe) = Uy + Epna(Xr) = (U = Epna (1)) + Epnalxe) = uy.

e For a boundary point x; with t € Oy for some facet Fy: &;i(x) = 0 since x; € IP.
For any j # k, £i(x;) = 0 since x; € Fx implies h(x;) = 0, and h(x) is a factor of
Qj(x). Therefore:

E() = &) + E(r) + Y &) = 0+ 1 +0 = uy,

j#k

The final field £(x) is tangent to the boundary of  because it is a sum of vector fields (&,
and all &) that are each tangent to the boundary. This completes the construction. O

Remark 2.6.3. A natural question arises regarding whether a Weierstrass-type approx-
imation theorem holds in this setting. Specifically, given a continuous vector field
Ewrue ON P and an error tolerance € > 0, can we always find a polynomial vector field
Epoly € Poly,(P) such that [Eirue — Epotyl < € under an appropriate norm? The choice of
norm is crucial and depends on the geometric properties of . For compact domains,
the L*(#) norm provides uniform approximation, while for non-compact settings,
weighted L*(#) norms or Sobolev norms may be more appropriate.

2.7 Example

We illustrate our method with a regular pentagon as the domain £ ¢ R? with d =
2.

Let # be the convex hull of five points forming a regular pentagon centered at the

origin:
P = conv {(cos (@), sin(@)) |i=1,2,3, 4,5}.
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Its m = 5 supporting hyperplanes are given by

2i 2i .
H, = {x eR?| cos%xl +sin%x2 —cosg - 0} (i=1,2,3,4,5).

By taking the cone,

—~ 2i 2i
HZ-:{xe]R3|cos%x1+sin%xz—cosgxo:0}

and by Definition 2.5.4,

5
2iTt . 2im T
X()H cos—x1 +SID?X2 —COS§XO
i=1

A:Iw

Qp =

The syzygy module of the Jacobian ideal, Syz(J(Qz)), can be computed by Schreyer’s
algorithm. In our codes!, we rely on the implementation in a computer algebra system
Singular through its Sage interface. In this example, we find Syz(J(Q5)) is generated
as an R[xg, x4, ..., xs]-module by five degree-four elements.

We compute the R-basis of Polys(#)_, for degree k = 4 and k = 5 using Theorem 2.5.9.
In particular, we find

dim(Poly,s(P)_,) =5, dim(Polyy(P)_;) = 12.

Consider the observations {(x,, )} C P x R?, with

xs1 = (=1/3, =0.7), ug = (3, 0),
xs = (1/4, 1/10), usp = (0, 0),
xs3 = (=0.8, 0), ug = (=2, 4),
xsa = (1/3, 0.7), Uy = (2, 0),
x5 = (1/5, =0.5), us = (2, -1),
X6 = (1/5, 0.5), us = (0, 0).

Here, (xs1,us1) = ((-1/3, —0.7), (3, 0)) means the observed value of the vector field
at (-1/3, =0.7) € P is (3, 0). Note that (xs, us) = ((1/4,1/10), (0,0)) is a singular
point.

We solve the least-squares problem Problem 2.3.4 to find a best fitting tangential poly-
nomial field of degree at most k; that is, to find an element in Poly,(#)_, which best
interpolates the observations.

The figures below show the results for various choices of degree and number of obser-
vations.

1https ://github.com/jcwjmz/LogarithmicDerivationModule
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Figure 2.3: The best fitting vector field for the first four observations at x1,..., X
(indicated by red arrows), using degree 4 (left) and degree 5 (right). For degree 4,
the fit exhibits noticeable deviation from the observations, as reflected in the higher
error value (2.3.3) around 2.7. In contrast, with degree 5, the fitted vector field exactly
interpolates the observations, resulting in zero error.

Figure 2.4: We gradually increase the number of observation points and compute the
best fitting fields of degree 5. The error is zero for every case.
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2.8 Future Work

The main problem Problem 2.3.4 can be extended to finding vector fields within specific
R-vector subspaces of Poly(#)_, that also satisfy the tangency condition. Of particular
importance are the following three classes, especially in relation to the Helmholtz
decomposition.

Define:

DivFree(P) = {5 =(fi,..., fa) € Poly(P) | V

L

as the space of divergence-free polynomial vector fields,

ﬁ_ﬁzol Vls;f),qu}
dx, IJx,

= {& € Poly(P) | there exists a polynomial @ such that & = VO}

RotFree(P) = {5 = (f1,..., fa) € Poly(P)

as the space of rotation-free (curl-free or irrotational) polynomial vector fields, and
Harm(P) = {& = (fi,..., f1) € Poly(P) | AL = (Afi, ..., Afy) = 0}

as the space of harmonic polynomial vector fields, where A = ¥/ is the Laplacian

=1 a o
operator.

Proposition 2.8.1 (Helmholtz Decomposition; c.f. [12]). Let P be a convex polyhedral
domain in RY. Any polynomial vector field & € Poly(P) can be decomposed as

E=VO +w,

where @ is a polynomial scalar potential and w € DivFree(P) is a polynomial vector field that
is divergence-free. If & has components of degree at most k, then ® can be chosen as a polynomial
of degree at most k + 1, and the components of w will have degree at most k. This decomposition
can be made unique by imposing an additional condition on @, such as ®(x,) = 0 for some fixed
Xp € P.

Furthermore, by Poincaré’s lemma,

1. Since P is simply connected, a polynomial vector field & € Poly(P) is in RotFree(P)
(curl-free) if and only if it is the gradient of a polynomial scalar potential ®.

2. Since P is contractible, a polynomial vector field & € DivFree(P) (divergence-free) can
be expressed using potentials:

e Ford =3, & =V X A for some polynomial vector potential A.

e Ford =2,if & = (f1, fo), then there exists a polynomial stream function \V such that
f1 = 82‘11 and fz = —81\11

The intersection RotFree(P) N DivFree(P) consists of vector fields & = VO where @ is a
harmonic polynomial (i.e., A® = 0), so such fields & are also harmonic vector fields, i.e.,
¢ € Harm(P).

For these classes, we define DivFrees(P)., = DivFree(#) N Polys(P)_,, RotFrees(P), =
RotFree($) N Polyy(P)_,, and Harmy(P), = Harm(#P) N Polys(P)_,-
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Problem 2.8.2. Solve Problem 2.3.4 with the additional constraint that £ must belong
to one of the spaces DivFree;(P).,, RotFree;(P).,, or Harmy(P),.

Our method straightforwardly extends to this setting (see Figure 2.5).

rotation free divergence free harmonic

Figure 2.5: Example of Problem 2.8.2.

Observations need not be restricted to direct vector values; they can also involve other
quantities derived from the vector fields. For example, one can consider reconstructing
vector fields from sampled vorticity:

Problem 2.8.3. Given a natural number k, find & = (fy,..., fa) € Polys(P)_, that min-
imises Y., [I(V X &)(xs) — us||*>. Here, (V X &) denotes the curl of &.

e Ford =2,V x ¢ isidentified with the scalar field w = d; f, — d2f1, and u; € R. The

norm || - || is the absolute value.
e Ford =3,VX& = (dafs—03fa, d3f1 — 1 fs, d1f2—af1) is a vector field, and u, € IR3.
The norm || - || is the standard Euclidean norm.

e Ford > 3,V x & can be defined as the bivector field dw:, where wy is the 1-form
associated with &. The observations u; would then be bivectors.

Finally, there are important theoretical questions regarding the dimensions of the spaces
DivFree(®), RotFree(P), and Harm(P).

Problem 2.8.4. Give a cohomological identification of the dimension of the space of
divergence-free (or rotation-free, or harmonic) polynomial vector fields of degree at
most k on P.

42



Chapter 3

Generalization of Saito’s criterion

Saito’s criterion is a foundational result that offers a concrete test for determining
when the module of logarithmic derivations along a divisor is free. In the context of
hyperplane arrangements, the specialized version of this criterion (Theorem 1.2.5) has
been especially influential, serving as a cornerstone in the study of freeness via the
structure of the logarithmic derivation module.

Recent advances have extended Saito’s original insight to broader settings. For instance,
a generalized version of Saito’s criterion for modules of higher-order A-differential
operators appears in Holm’s thesis [16, Proposition III 5.8], with a detailed proof
provided by Abe and Nakashima [2, Theorem 2.10]. Furthermore, Daniele, Marcos,
and William [11, Theorem 4.5] develop a generalization for assessing the freeness of
toric logarithmic sheaves, enriching the geometric scope of the theory.

Motivated by the study of non-free arrangements, this chapter proposes a conjecture
that extends Saito’s criterion to the non-free case. Following this line of inquiry, we
establish a theorem that determines minimal generators for logarithmic derivation
modules of arrangements with projective dimension one. As a corollary, we confirm
that this generalized version of Saito’s criterion holds for arrangements in dimension
three. This result offers new insight into the structure of non-free arrangements and
opens avenues for further investigation into their algebraic and combinatorial proper-
ties.

3.1 Preliminaries

In this section, we follow the notations and conventions established in Section 1.2.
In particular, we adopt the definitions and results regarding hyperplane arrange-
ments, logarithmic derivation modules, and projective dimension as previously in-
troduced.

We first fix some additional notations.
1. Ais a central arrangement in K’.
2. Q=0Q(A),and 6; € D(A) fori=2,...,0+ 1.
3. M =M[0y,...,01], where M(i, j) = Oi(xj), i=1,...,(+1and j=1,..., L.
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A

4. M; =M|[04,...,0;,...,0p1]fori=1,...,{+1.

5. Aj=(-1)detM;fori=1,...,¢+1.

6. A= (A1,..., Ap1).

7. Since A; € QS for eachi, wecanwrite A; = g;Q forsome g; € S, wherei =1, ..., {+1.
To simplify the discussion, we introduce the following definition.

Definition 3.1.1. We say that the relation in D(A)

fi01 4+ frs10p0 =0

is of minimal degree (or primitive) if the polynomials fi,..., frs1 have no nonunit
common divisor.

3.2 Main theorem

Before presenting the main theorem, we first establish several auxiliary results.

Lemma 3.2.1. We have
101+ + §¢110p1 = 0.

Proof. Note that M is a (£ + 1) X ¢ matrix over ring S. We may consider the following
composition:

Sf%s€+lﬁ>s

The i-th entry of the composite map AM is }; A;M(j,7), that is, k times the Laplace
expansion of the determinant of a (£ + 1) X (¢ + 1) matrix obtained from M by repeating
its i-th column. However, since any matrix with a repeated column has a determinant
of zero, it follows that AM = 0. (see Lemma 3.7 in [10]).

It follows that
MO1(x;) + -+ + A1 O (x;) = 0

foralli=1,...,{. Notethat A; = g;Qfori=1,...,£+ 1. Since S is a domain, we have
§101(x;) + -+ + gr110p41(x;) = 0.

For any f € S we have

dx, f
Oy,
0i(f) = (Qi(x1), 0i(x2), -+, Gi(xt’)) :f :
I, f
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Then

01(f)

0
(§101 + -+ + §e110041)(f) = (gl,gz,--- ,gm) 2.(f)

9[+; (f)
a3€1f

O,
= (gl,ng"' ,gm)M f

dx f
axlf
+1 {+1 {+1 8Xzf
= (ijl gi0i(x1), ij] gi0j(x2), -, Zj:l ngj(xg)) :
dx.f
=0.

It follows that
§101 + -+ 410,41 = 0.

As a consequence of Lemma 3.2.1, we obtain the following property.
Proposition 3.2.2. If g;11 # 0, then
(1) g¢an € SOy + -+ + SO, for any n € D(A).
(2) Moreover, the coefficients f; € Sfori=1,...,¢in
fi01+ -+ fiOr + gean =0,
is uniquely determined by I'; = fiQ , where I'; = (=1)' det M[0;, ..., éi, ..., 0¢1]

Proof. (1) Since

j=1
then
0, o,
62 axz
= M€+1 .
6[ aXf

By Cramer’s rule, we have (detM;1)d;; = det M/, where M/ the ¢ x ¢ matrix

01
. 0>
obtained from M, by replacing its j-th columnby| . [. It follows that g;.1 Qo'?xj €

O¢
S50; + -+ 4+ 50,. Then for any 1 € D(A), there exists h; € S such that

10N =601 +--- + heOy.
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Since 01, ...,0,,1n € D(A), we have I'; € QS. Since

A

g{’+lQri = (_1)igf+lQ detM[@l, ceey 61'/ sy Qf/ T]]
= (_1)i detM[Ql, ceey éi/ ceey 66/ g€+1Q77]

A

= (-1)'detM[64,...,0;,...,0.h6]]
= (—1)€hi det M€+1
= _hz‘gf+1Q/

this implies that —1;¢,11Q = g¢+1QL; € gr+1Q?S. Hence Q|h; for all i. This shows
that gr1n € SO;1 + -+ + 50, for all n € D(A).

(2) Letu; = —h;/Q € S. We have

M161 + -+ ugeg + Qe+11 = 0.

Since
f161 + - +fz’9€ + g4 =0,

it follows that
(fi—u)01+ -+ (fe —ue)0e = 0.

Since detM,; # 0 and 0;,...,0; are S-independent, fi = u; foralli = 1,...,¢.
Since I'; = —h; = u;QQ, we obtain the assertion.

We say fi,..., f, have a common divisor # modulo f when f; € (h, f) for all i.

Proposition 3.2.3. If 04, ..., O¢1 form a minimal generating set for D(A) and satisfy a unique
relation

f191 + -+ f(+195+1 =0 (321)
of minimal degree, then there exists ¢ € K* such that A; = cf,Q foralli=1,...,{+ 1.
Moreover, if i1 # 0, then fi, ..., fr have no nonunit common divisor modulo fe.1.

Proof. By Lemma 3.2.1, we have

101 + -+ 410,41 = 0.

The first assertion follows from the uniqueness.

Suppose, for contradiction, that the second assertion is not true. Then we may assume

that
fi= ff+ fenh

for some f/, h; € S and f € S50 \ {0}. Since Equation (3.2.1) is primitive, it follows that f
and fr1 have no nonunit common divisor.

Let
0 =0 + Z hiQi S D(ﬂ)

i<t
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Substituting into Equation (3.2.1), we obtain

fROL+ -+ ff0c+ fe10 = 0. (32.2)

Let 0 = f0’. Thenboth fr.10” and f0’ belong to D(A). Since f and f.1 have no nonunit
common divisor, this implies that 6’ € D(A), this contradicts that 0;’s are minimal
generators.

O

The following lemma only involves 0y, ...,0,, but we retain the same notation for
consistency.

Lemma 3.2.4. Assume g1 € S1\ {0}. If A is free, there exists k € {1,...,¢} and n € D(A)
such that gesn € KO + ). iy 1<, SO and

61/ ey 6k—l/ n/ 6k+1/ ey Qf
form a basis of D(A).

Proof. Assume that 17 = O, 1y, ..., 1, form a basis of D(A). Let deg 0, = d;, degn; = e;
with di—l < di, i1 < ¢ for i = 2,...,{). Then e1+:--t+e = |ﬂ| Since detMg.,.l =
(-1)1¢/,1Q is not zero and g4 € S1, we have

di+-+dy=|A+1=e +--+e +1. (3.2.3)

Let k = min{i : d; # ¢;}. Thend; = ¢, for alli < k. Since 0y, ...,0, are S-independent
since det My,1 # 0, we may assume that n; = 0; for all i < kand Oy € S1j; + - - - + S1j,. But
dr # ey, then di > e,. By Equation (3.2.3), we have

1+ +dep < e+ +ep

If d; = e; for all i > k, then dy = ¢, + 1, and we may let an, = 0 and n; = 0; for some
a€Sandi=1,...,k—1,k+1,...,¢. Thus

61/ ey 6k—l/ Mks 6k+l/ sy 65

are S-independent. By Theorem 1.2.5, they form a basis of D(A).

Ifd; + e; forsomei >k, letky = min{i : d; > e;,i >k} and k, = min{i : d; < e;, i > k}.
Then we may assume that 0; = n; for i # k, ki, k, and i < max{ky, k2}. If k, > k;, then
dy < dy, < dy, < e,,. We may assume that

’
Qk = E miGi + MmN + M 1,
i<k2
izk, k;

’
le = E Tll@i + M + N 1y,
i<k2
i#k, ky

ka = Z 1/[1‘91‘ + Ung + M,T]kl-

i<k2
ik, ky
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It follows that 01, ..., O, are S-dependent, which is a contradiction. Therefore, k; < k;.
Then k; < k; and di < di, < er,. We may assume that

O = Z m;0; + mny,
i<k2
ik
Ok, = Z u;0; + un.
i<k2
ik
It follows that 0, ..., Ok, are S-dependent, which is also a contradiction.
O
If some g; € K*, then A is free by Theorem 1.2.5. We now consider the following
lemma.
Lemma 3.2.5. Assume that g;,1 € S1\ {0}, and that g1,..., 8¢ € S-o have no nonunit common
divisor modulo g¢.1. Then A is not free.

Proof. 1f A is free, then by Lemma 3.2.4, we may assume that g,.1n = 6, + ), i<t 10, and
that

61/ ey 66’—1/ n
form a basis of D(A). Let 0,1 = f'n + Zjd fj’6j. By Lemma 3.2.1, we have a relation

g161 + -+ gg+195+1 =0. (324)

Substituting the expressions for 0;,1 and 0, we obtain
Z(gj = 8efi+ 8e+1f))0j + e (e + f)n = 0.
j<t

Since 01, ..., 0,1, 1 are S-independent, it follows that

8i=8tfi—genf forj=1,..,6-1,

which contradicts the assumption that gj,..., g, have no nonunit common divisor
modulo g¢41. Thus, A is not free.

O
Theorem 3.2.6. Assume that g,1 € S1 \ {0}, and that g1,...,8; € Sso have no nonunit
common divisor modulo gr.1.

If pds D(A) < 1, then 01, ..., 0,1 form a minimal generating set for D(A), and A is SPOG
with a relation

101+ -+ gr110:1 = 0.

Proof. By Lemma 3.2.5, we have pds D(A) = 1.

Extend {0y,...,0,} to a generating set G = {0y,..., 0,11, ...,1My} of D(A) such that
nj€S(G\{0;})forallj=C+1,...,p.
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We will prove 0; ¢ S(G\ {0,}) fori = 1,...,{ so that G is a minimal generating set.
Assume the contrary, that there exists i € {1, ..., £} such that

4 p
0 = Z piti+ Z hinj,  (pj € S, hj € So). (3.2.5)

j#i, =1 j=t+1
By Proposition 3.2.2, forany j={+1,...,p,
Qennj =801+ + g0, (3.2.6)

where

g/Q = (1) detM[61, -+, 6., 60,11
If hjgf # 0, then gf must be in K" by degree reasons. However, this cannot happen by
Theorem 1.2.5, since A is not free. Multiplying (3.2.5) by g1 # 0 and substituting with
(3.2.6), we see that 0y, ..., O, are S-dependent, which contradicts Ag,q # 0. Therefore, G
is a minimal set of generators of D(A).

Now, we will show |G| = £ + 1. Since pds D(A) = 1, we have a minimal free resolution

w P
0— @ S[-ei] S @ S[-d:] = D(A) — 0, (3.2.7)
i=t+1 i=1
where d;’s are the degrees of minimal generators and ¢;’s are those of minimal relations.
We see w = p since D(A) is of rank £. Since {01, ..., 0} is S-independent, all relations
should involve some 7;. Also, each 7; should appear in some relation. Hence, by
reordering, we can assume ¢; > degn; for j = £ +1,...,p. By Theorem 1.2.11 and

Y, deg6; = deg(g/+1Q) = |Al + 1, we have

{ 14 P p
\A| = Zdeg@i + Z degn; — Z ej=|A+1- Z (ej — deg ).
i=1 j=t+1 j=t+1 j=t+l

Therefore, we have p = £ + 1. The unique relation is given by (3.2.6) with j = £ + 1.

We claim that {0, ..., 0, 041} forms a minimal generating set for D(A). By Lemma3.2.1,
we have a relation

8101+ -+ 410,41 = 0.
If Op41 € SO1 + -+ - + 50, + K'1¢41, we are done. Otherwise, we may assume that
Opr1 = 101 + -+ + uO¢ + uney,
withu € 5.\ {0}. Similar to the proof in Lemma 3.2.5, we arrive at the contradiction that
g1, - .., 8¢ have no nonunit common divisor modulo g.;. This completes the proof. O
When ¢ = 3, we have pds D(A) < { — 2 = 1. By Proposition 3.2.3 and Theorem 3.2.6, it

implies the following:

Theorem 3.2.7. Let £ = 3. A is SPOG, and the set {01, ..., 04} forms a minimal generating
set for D(A), satisfying a unique relation

g191+"'+g464:0

of minimal degree if and only if g4 € S1 \ {0}, and g1, $2, g3 € S>o have no nonunit common
divisor modulo g4.
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3.3

Future Work

We outline several directions related to this chapter that we believe are both promising
and feasible:

(1)

(2)

©)

We consider two possible extensions of Theorem 3.2.6.
Dropping the condition pds D(A) < 1:
Conjecture 3.3.1. Ais SPOG, and the set {0, ..., O¢.1} forms a minimal generating

set for D(A), satisfying the unique relation

101+ -+ gr410p41 =0,

of minimal degree if and only if g/,1 € S1\{0},and g1, ..., ¢ € S-0 have no nonunit
common divisor modulo g..1.

Dropping the condition g1 € Si:

Conjecture 3.3.2. When pds D(A) = 1, there is a minimal free resolution of the
following form:

p p
0— @ S[-d; — 1] — Q_? S[-d;] — D(A) — 0.

i=0+1

More generally, it is natural to ask how one can characterize the condition under
which {0; € D(A) | i € I} forms a set of (minimal) generators of D(A), in terms
of the ideal A; generated by det M;, where M; denotes the (£ X {)-matrix whose
columns are {0; | j € J} for subsets | C I with []| = £.

For example, at the opposite extreme from the free case, we conjecture:

Conjecture 3.3.3. Let G = {0; € D(A) | i € I}. The ideal A; equals S5Q, where
k=({-1)(A-€-1)

if and only if A is generic and G forms a minimal generating set of D(A).
The projective dimension of the restriction:
Conjecture 3.3.4. Let H € A, and A be free. Then pds D(AY) < 1.

For instance, this property was observed in all counterexamples to Orlik’s con-
jecture that we studied in Chapter 1.

The exact sequence of Proposition 1.2.3, together with Conjectures 3.3.1 and 3.3.2,
would provide powerful tools for studying D(AM).

Webelieve that pursuing these directions will deepen the understanding of the algebraic
and geometric structures studied in this thesis.
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