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Abstract: Hybrid ferrofluid (HFF) contains magnetic nanoparticles that improve fluid flow and heat transfer, making 
them important for medical research. The study aims to investigate the behaviour of HFF flowing past an extending plate. 
The HFF is formed by combining ferrite and cobalt ferrite nanoparticles. Dispersing the HFF in a biopolymer solution 
of ethylene glycol (EG) mixed with water enhances its biocompatibility. The presence of a magnetic dipole as a source of 
magnetic fields introduces both magnetic field-dependent viscosity (MFDV) and ferrohydrodynamic (FHD) effects. The 
heat transfer problem is initially formulated using partial differential equations and then simplified into ordinary 
differential equations through a similarity transformation. These equations are solved using the Keller box method. The 
MFDV effect enhances fluid velocity but reduces the temperature profile. In contrast, the FHD effect decreases the 
velocity while increasing the fluid temperature. This study provides valuable insights for improving nanoparticle 
utilisation in biomedical applications. 
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1. INTRODUCTION  
Hybrid ferrofluid (HFF) is an advanced form of ferrofluid 
(FF) and a specialised type of hybrid nanofluid (HNF), 
known for its enhanced thermal and magnetic properties 
[1]. It consists of magnetic nanoparticles dispersed in a 
base fluid [2]. The inclusion of these magnetic 
nanoparticles imparts magnetic characteristics and 
significantly improves the fluid's thermal performance. 
This fluid has numerous potential applications in 
technical, industrial, and scientific fields, particularly in 
biomedical engineering, such as cancer treatment, 
magnetic resonance imaging (MRI), and targeted drug 
delivery [3-5]. For instance, the ability of magnetic 
nanoparticles to literally drag drug molecules to their 
target location when magnetic fields are applied makes 
them highly valuable for use as carriers of drugs, as 
shown in Fig. 1 [6]. The effectiveness of such magnetic 
nanoparticles has been further explored by Alam et al. 
[insert ref], who conducted a numerical analysis on 
nanofluid flow containing magnetic particles near a 
stretched cylinder in the presence of a magnetic dipole. 
Their findings underscore the potential of magnetic fields 
to enhance flow control and heat transfer, offering 
valuable insights for biomedical applications such as 
targeted therapy and thermal treatment. The other review 
on ferrite or magnetic nanoparticles can be found in the 
work reported by Protik et al. [8].  
 

 
Fig.1 Targeted drug delivery system 

 
It is important to note that Anderson and Valnes [9] were 
the first researchers to investigate the behaviour of FF 
flow over an extending plate. The FF flow is subjected to 
saturation under the influence of a magnetic dipole, 
which serves as the source of the magnetic field. The 
dipole is positioned at a certain distance beneath the flow 
and generates magnetic fields aligned with the flow 
direction, specifically in the positive 𝑥 − direction. A 
magnetic dipole refers to a magnet or magnetic material 
with distinct north and south poles at opposite ends [10]. 
A compact spherical magnet generates stronger magnetic 
fields due to its closely spaced dipoles, resulting in a 
more intense magnetic field in its surrounding area. 
Neuringer and Rosensweig [11] stated that the 
application of magnetic fields to FF induces a response 
known as the ferrohydrodynamic (FHD) effect. This 
interaction between the FF and the magnetic field 
introduces additional complexities to the flow behaviour. 
Their findings revealed that the FHD effect decreases the 
velocity profile while increasing the thermal boundary 
layer thickness along the extending plate. As a result, 
FHD HFF flow over an extending plate has attracted 
considerable research interest due to its significant 
influence on velocity, temperature distributions, and 
related physical parameters. 
Yang et al. [12] studied a HFF composed of ferrite 
(𝐹𝑒3𝑂4) , manganese zinc ferrite (𝑀𝑛𝑍𝑛𝐹𝑒2𝑂4) 
dispersed in both water and refrigerant-134A. They 
found that heat transfer in the HFF improves with 
increasing concentration of magnetic nanoparticles in the 
base fluid. Additionally, the temperature profile 
increased with higher viscous dissipation values [13], 
attributed to the heat generated by the FHD effect in the 
HFF. The velocity profile was observed to decrease more 
rapidly in the 𝑀𝑛𝑍𝑛𝐹𝑒2𝑂4/𝐹𝑒3𝑂4 hybrid compared to 
𝑀𝑛𝑍𝑛𝐹𝑒2𝑂4 alone. Tahir et al. [14] further investigated 
the FHD behaviour of HFFs containing nickel zinc ferrite 
(𝑁𝑖𝐹𝑒2𝑂4) and 𝑀𝑛𝑍𝑛𝐹𝑒2𝑂4 dispersed in kerosene and 
engine oil. The FHD effect in HFF flow has been 
extensively studied, as reported in recent research [15,16]. 
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Additionally, the effect of magnetohydrodynamics 
(MHD) on HFF composed of 𝐹𝑒3𝑂4  and cobalt ferrite 
(𝐶𝑜𝐹𝑒2𝑂4) dispersed in water, without the influence of a 
magnetic dipole, has been studied by Idris et al. [2] and 
Zainodin et al. [17], and Nisar et al. [18]. 
 
The interaction between magnetic nanoparticles in a FF 
and an external magnetic field causes a significant 
change in the fluid’s viscosity [19]. Viscosity, which 
measures a fluid’s resistance to flow or deformation, 

reflects its “thickness” or “stickiness” [20]. Both 
theoretical and experimental studies have shown that 
magnetic fields influence the dynamic viscosity of fluids 
containing suspended magnetic nanoparticles [21, 22]. 
This behaviour is known as the magnetic field-dependent 
viscosity (MFDV) effect [23]. 
Khan et al. [24] investigated the MFDV effect in a FF 
flow over a squeezing, contracting disc. They defined the 
magnetic flux of the FF as the sum of magnetisation and 
magnetic field, following Rosensweig’s formulation [25]. 
Their findings indicated that an increased MFDV effect 
leads to greater fluid resistance, thereby altering the 
velocity profiles near the disc surfaces. Furthermore, 
Khan et al. [26] extended the previous study by Khan et 
al. [24] by analysing the MFDV effect in FHD FF flow 
within rotating channels, incorporating viscous 
dissipation. Unlike the earlier study, they observed a 
decreasing trend in the Nusselt number. The results 
showed that the MFDV effect reduces the velocity near 
the bottom plate while increasing it near the upper plate. 
Shah et al. [27] studied the MFDV effect and radiative 
heat flux in FF flow over a rotating disc, considering 
suction and injection at the lower surface. Their findings 
showed a significant reduction in shear stress with 
increasing MFDV parameters. Similarly, Izadi et al. [22] 
analyzed the MFDV effect in micropolar nano-FF flow 
over a linear permeable extending plate. In a related study, 
Mehryan et al. [28] investigated a HFF composed of 
multi-walled carbon nanotubes (MWCNTs) and 𝐹𝑒3𝑂4 
nanoparticles suspended in water through a porous 
medium. They reported that the presence of the MFDV 
effect led to an increase in the Nusselt number. 
Based on the reviewed literature, there is a noticeable 
lack of studies addressing the magnetic field-dependent 
viscosity (MFDV) effect in ferrofluid (FF) flows. 
Moreover, to the best of the authors’ knowledge, no prior 

research has explored the influence of the MFDV effect 
on hybrid ferrofluid (HFF) flow in the presence of a 
magnetic dipole. Inspired by the findings of Izadi et al. 
[22], Shah et al. [27], and Mehryan et al. [28] the present 
study aims to address this gap by analysing the effect of 
MFDV on HFF flow. A magnetic dipole configuration, 
as described in [12, 13], is incorporated to account for the 
ferrohydrodynamic (FHD) influence. 
The partial differential equations (PDEs) governing the 
FHD HFF flow with the MFDV effect are first 
established. These equations are then reduced to a system 
of ordinary differential equations (ODEs) using 
appropriate similarity transformations. Numerical 
solutions are obtained using the Keller box method in 
MATLAB. The analysis focuses on the effects of key 
physical parameters, evaluated through temperature and 
velocity profiles as well as critical engineering quantities. 
The main objectives of the present study are. 

i. To investigate the effect of MFDV on the behaviour 
of FHD magnetised HFF. 

ii. To examine the influence of ferrohydrodynamic 
(FHD) effects induced by a magnetic dipole on the 
magnetised HFF flow. 

 
2. MATHEMATICAL FORMULATION 
The present study considers steady, two-dimensional, 
incompressible, electrically non-conducting and laminar 
viscous hybrid ferrofluid (HFF) flow over an extending 
plate with a magnetic dipole in the presence of the 
magnetic field-dependent viscosity (MFDV) effect. The 
HFF is formed by dispersing ferrite and cobalt ferrite 
nanoparticles in a base fluid consisting of a 50%:50% 
mixture of ethylene glycol (EG) and water. The 
assumptions of the study are as follows. 
i. The HFF flow is generated by the plate extending in 

the 𝑥 −direction with a velocity 𝑈𝑤 = 𝑐𝑥, where 𝑐 is 
a positive extending rate. The 𝑦 −axis is taken as 
perpendicular to the plate [13]. 

ii. The plate surface is maintained at a constant 
temperature 𝑇𝑤  , while 𝑇∞ denotes the ambient 
temperature. The inclusion of magnetic nanoparticles 
introduces a characteristic temperature known as the 
Curie temperature 𝑇𝑐. The temperature of the HFF is 
represented by 𝑇 . The temperature of the HFF is 
assumed to satisfy the condition 𝑇 < 𝑇𝑤 < 𝑇∞ < 𝑇𝑐 
[12]. 

iii. A magnetic dipole, positioned below the 𝑥 − axis 
with its center aligned along the 𝑦 −axis, generates 
the magnetic field. The vertical distance between the 
dipole and the sheet is denoted by 𝑑. The magnetic 
moment is directed along the positive 𝑥 −axis (from 
the north to the south pole, as illustrated in Fig. 2), 
producing a magnetic field strong enough to saturate 
the HFF [13]. Since the HFF is electrically non-
conducting, the magnetohydrodynamic (MHD) effect 
is neglected in this study. Thus, the mathematical 
modeling of the HFF is [13, 28]  
 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (1) 

𝜌ℎ𝑓𝑓 (𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = 𝑀𝜇0

𝜕𝐻

𝜕𝑥
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𝜕2𝑢
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+
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𝜕𝑀
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𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
) 

+𝜚ℎ𝑓𝑓 [2 (
𝜕𝑢

𝜕𝑥
)

2

+ 2 (
𝜕𝑣

𝜕𝑦
)

2

+ (
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
)

2

]. 

 
 
 

(3) 

The governing PDEs (1) to (3) are subjected to the 
boundary conditions [9, 12, 13] 

𝑦 = 0:  𝑢 − 𝑈𝑤 = 0, 𝑣 = 0, 𝑇 = 𝑇𝑤 , (4) 
𝑦 → ∞:  𝑢 → 0, 𝑇 → 𝑇𝑐 . (5) 

Equation (1) represents the continuity equation, while 
Equation (2) corresponds to the Navier–Stokes 
momentum equation with the term 𝑀𝜇0

𝜕𝐻

𝜕𝑥
 represents the 

magnetic body force per unit volume [9]. The 
magnetization 𝑀  in Equation (2) is assumed to vary 
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linearly with temperature and is defined as                       
𝑀 = 𝐾(𝑇𝑐 − 𝑇), where 𝐾 is thermomagnetic effect [9]. 
The vector ⟨

𝜕𝐻

𝜕𝑥
,

𝜕𝐻

𝜕𝑦
⟩  represents the components of 

magnetic field gradient ∇𝑯 which are derived from the 
magnetic scalar potential. Further details can be found in 
the work by Anderson and Valnes [9]. These components 
are given by 𝜕𝐻

𝜕𝑥
= −

𝛾1

2𝜋

2𝑥

(𝑦+𝑑)4,  and 𝜕𝐻

𝜕𝑦
=

𝛾1

2𝜋
(−

2

(𝑦+𝑑)3 +

4𝑥2

(𝑦+𝑑)5) [9].  
The term 𝜚ℎ𝑓𝑓 appears in both Equations (2) and (3) to 
account for the MFDV effect. This viscosity is defined as 
𝜚ℎ𝑓𝑓 = 𝜇ℎ𝑓𝑓(1 + 𝜹 ∙ 𝑩), where 𝜇ℎ𝑓𝑓  denotes the 
dynamic viscosity of the HFF, modelled based on the 
Tiwari and Das approach [28, 29]. The viscosity variation 
coefficient 𝛿  is assumed to be isotropic, such that       
𝛿𝑥 = 𝛿𝑦 = 𝛿 [24, 26, 28]. The magnetic flux density (or 
magnetic induction) 𝐵 is determined by the relationship 
𝐵 = 𝜇0(𝑀 + 𝐻) where 𝑀 is the magnetisation, 𝐻 is the 
applied magnetic field, and 𝜇0  is the magnetic 
permeability of free space [24, 26, 28]. For simplicity, a 
linear approximation is used in which 𝐵 = 𝜇0(𝑀0 + 𝐻0), 
representing constant magnetisation and magnetic field 
values [24, 26, 28]. Thus, the MFDV effect in the HFF 
flow is finally expressed as 𝜚ℎ𝑓𝑓 = 𝜇ℎ𝑓𝑓[1 + 𝛿𝜇0(𝑀0 +

𝐻0)] [24, 26, 28]. 
 

 
 

 Fig. 2 Physical geometry 
 
The complex PDEs (1) to (3) and boundary conditions (4) 
and (5) are simplified into ODEs using similarity 
transformations with the variables given below [13] 

𝜓(𝜉, 𝜂) = 𝜈𝑓𝜉𝑓(𝜂),  

(𝜉, 𝜂) = ((
𝑐

𝜈𝑓

)

1
2

𝑥, (
𝑐

𝜈𝑓

)

1
2

𝑦) 

𝜃(𝜉, 𝜂) =
𝑇𝑐 − 𝑇

𝑇𝑐 − 𝑇𝑤

= 𝜃1(𝜂) + 𝜉2𝜃2(𝜂). 

(6) 

Here, 𝑓(𝜂) is the similarity function, and 𝜈𝑓 =
𝜇

𝜌
 denotes 

the kinematic viscosity. The dimensionless temperature 
is represented by 𝜃(𝜉, 𝜂), while the stream function is 
denoted by 𝜓(𝜉, 𝜂) , both depending on the variables 
(𝜉, 𝜂). Notably, the stream function 𝜓(𝜉, 𝜂) satisfies the 
continuity equation (1). The velocity components of the 
HFF flow in the 𝑥 −  and 𝑦 − directions are given by 
(𝑢, 𝑣) = (−(𝑐𝜈𝑓

−1)
0.5

𝑓(𝜂), 𝑐𝑥𝑓′(𝜂)). 
Substituting Equation (6) into the governing PDEs (2) 
and (3) yields the following reduced form. 

𝛿𝑚𝑓𝑓′′′ − (
𝜌ℎ𝑓𝑓

𝜌𝑐𝑓

) (
𝜇𝑐𝑓

𝜇ℎ𝑓𝑓

) [(−𝑓′2 + 𝑓𝑓′′)] − 

2 (
𝜇𝑐𝑓

𝜇ℎ𝑓𝑓

)
𝛽𝜃1

(𝜂 + 𝛼)4
= 0, 

(7) 

(
𝑘ℎ𝑓𝑓

𝑘𝑐𝑓

) (𝜃1
′′ + 2𝜃2) + (

(𝜌𝐶𝑝)
ℎ𝑓𝑓

(𝜌𝐶𝑝)
𝑐𝑓

) 𝑃𝑟𝑓𝜃1
′ + 

2𝜒𝛽𝑓(𝜃1 − 𝜀)

(𝜂 + 𝛼)3
− (

𝜇ℎ𝑓𝑓

𝜇𝑐𝑓

) 4𝛿𝑚𝑓𝜒𝑓′2 = 0, 

(8) 

(
𝑘ℎ𝑓𝑓

𝑘𝑐𝑓

) 𝜃2
′′ − (

(𝜌𝐶𝑝)
ℎ𝑓𝑓

(𝜌𝐶𝑝)
𝑐𝑓

) 𝑃𝑟(2𝑓′𝜃2 − 𝑓𝜃2
′ ) + 

2𝜒𝛽𝑓𝜃2

(𝜂 + 𝛼)3
− (

𝜇ℎ𝑓𝑓

𝜇𝑐𝑓

) 𝜒𝛿𝑚𝑓𝑓′′2 

−𝜆𝛽(𝜃1 − 𝜀) [
2𝑓′

(𝜂 + 𝛼)4
+

4𝑓

(𝜂 + 𝛼)5
] = 0. 

(9) 

 at 𝜂 = 0: 𝑓(𝜂) = 0, 𝑓′(𝜂) = 1, 𝜃1(𝜂) = 1,
𝜃2(𝜂) = 0, (10) 

at 𝜂 → ∞: 𝑓′(𝜂) → 0, 𝜃1(𝜂) → 0, 𝜃2(𝜂) → 0. (11) 
 
The non-dimensional parameters are Prandtl number, 
𝑃𝑟 =

𝜇𝐶𝜌

𝑘
, Curie temperature, 𝜀 =

𝑇𝑐

𝑇𝑐−𝑇𝑤
,  viscous 

dissipation,  𝜒 =
𝑐𝜇2

𝜌𝑘(𝑇𝑐−𝑇𝑤)
,  dimensionless distance,      

𝛼 = √
𝑐𝜌

𝜇
𝑑,  FHD effect, 𝛽 =

𝛾

2𝜋

𝜇0𝐾(𝑇𝑐−𝑇𝑤)𝜌

𝜇2  and MFDV 

effect,  
𝛿𝑚𝑓 = 1 + 𝛿𝜇0(𝑀0 + 𝐻0). 
The dimensionless expressions for skin friction, 𝐶𝑓 and 
Nusselt number, 𝑁𝑢𝑥  with respect to the Reynolds 

number, 𝑅𝑒 = 𝑈𝑤 (
𝑥

𝜈𝑓
), are [12]  

𝐶𝑓𝑅𝑒𝑥

1
2 = −

2

𝜇ℎ𝑓𝑓

𝑓′′(0) and  

𝑁𝑢𝑥𝑅𝑒𝑥

−
1
2 = −

𝑘ℎ𝑓𝑓

𝑘𝑐𝑓

[𝜃1
′(0) + 𝜉2𝜃2

′ (0)]. 

 
The constant values of ferrite nanoparticles and base fluid 
can be seen in Table 1 [17, 18]  
 

Table 1. The thermophysical traits of HFF  

Properties 𝐹𝑒3𝑂4  𝐶𝑜𝐹𝑒2𝑂4 
EG with 

water 
(50%:50%) 

𝜌(𝑘𝑔𝑚−3) 5180  4907  1056  

𝐶𝑝(𝐽𝑘𝑔−1𝐾−1) 670  700  3.288  

𝑘(𝑊𝑚−1𝐾−1) 9.7  3.7  0.425  

𝛽
× 10−5(𝐾−1) 0.5 1.3 0.00341 

𝑃𝑟 - - 
29.86 

 
𝜌ℎ𝑓𝑓 , (𝜌𝐶𝑝)

ℎ𝑓𝑓
, (𝜌𝛽∗)ℎ𝑓𝑓 , 𝜇ℎ𝑓𝑓  and 𝑘ℎ𝑓𝑓  are density, 

specific heat capacity, thermal expansion coefficient, and 
thermal conductivity, respectively. These 
thermophysical properties with nanoparticles’ 

concentration of 𝜙 are defined below [13]  
𝜌ℎ𝑓𝑓 = (1 − 𝜙𝐶𝑜𝐹𝑒2𝑂4

) 
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[(1 − 𝜙𝐹𝑒3𝑂4
)𝜌𝐸𝐺+𝑤𝑎𝑡𝑒𝑟 + 𝜙𝐹𝑒3𝑂4

𝜌𝐹𝑒3𝑂4
]

+ 𝜙𝐶𝑜𝐹𝑒2𝑂4
𝜌𝐶𝑜𝐹𝑒2𝑂4

, 
 

(𝜌𝐶𝑝)
ℎ𝑓𝑓

= (1 − 𝜙𝐶𝑜𝐹𝑒2𝑂4
) 

[
(1 − 𝜙𝐹𝑒3𝑂4

)(𝜌𝐶𝑝)
𝐸𝐺+𝑤𝑎𝑡𝑒𝑟

+

𝜙𝐹𝑒3𝑂4
(𝜌𝐶𝑝)

𝐹𝑒3𝑂4

] + 

𝜙𝐶𝑜𝐹𝑒2𝑂4
(𝜌𝐶𝑝)

𝐶𝑜𝐹𝑒2𝑂4
, 

(𝜌𝛽∗)ℎ𝑓𝑓 = (1 − 𝜙𝐶𝑜𝐹𝑒2𝑂4
) 

[
(1 − 𝜙𝐹𝑒3𝑂4

)(𝜌𝛽∗)𝐸𝐺+𝑤𝑎𝑡𝑒𝑟 +

𝜙𝐹𝑒3𝑂4
(𝜌𝛽∗)𝐹𝑒3𝑂4

] + 

𝜙𝐶𝑜𝐹𝑒2𝑂4
(𝜌𝛽∗)𝐶𝑜𝐹𝑒2𝑂4

, 

𝜇ℎ𝑓𝑓 =
𝜇𝐸𝐺+𝑤𝑎𝑡𝑒𝑟

(1 − 𝜙𝐹𝑒3𝑂4
)

2.5
(1 − 𝜙𝐶𝑜𝐹𝑒2𝑂4

)
2.5, 

𝑘ℎ𝑓𝑓

𝑘𝐹𝑒3𝑂4

= 

𝑘𝐶𝑜𝐹𝑒2𝑂4
+ 2𝑘𝐹𝑒3𝑂4

− 2𝜙𝐶𝑜𝐹𝑒2𝑂4
(

𝑘𝐹𝑒3𝑂4
−

𝑘𝐶𝑜𝐹𝑒2𝑂4

)

𝑘𝐶𝑜𝐹𝑒2𝑂4
+ 2𝑘𝐹𝑒3𝑂4

+ 𝜙𝐶𝑜𝐹𝑒2𝑂4
(

𝑘𝐹𝑒3𝑂4
−

𝑘𝐶𝑜𝐹𝑒2𝑂4

)

 

where 
𝑘𝐹𝑒3𝑂4

𝑘𝐸𝐺+𝑤𝑎𝑡𝑒𝑟

= 

𝑘𝐹𝑒3𝑂4
+ 2𝑘𝐸𝐺+𝑤𝑎𝑡𝑒𝑟 − 2𝜙𝐶𝑜𝐹𝑒2𝑂4

(
𝑘𝐸𝐺+𝑤𝑎𝑡𝑒𝑟 −

𝑘𝐹𝑒3𝑂4

)

𝑘𝐹𝑒3𝑂4
+ 2𝑘𝐸𝐺+𝑤𝑎𝑡𝑒𝑟 + 𝜙𝐶𝑜𝐹𝑒2𝑂4

(
𝑘𝐸𝐺+𝑤𝑎𝑡𝑒𝑟 −

𝑘𝐹𝑒3𝑂4

)

 

 
3. NUMERICAL METHOD 
The system of ODEs is solved using the Keller box 
method, a well-established technique for solving 
nonlinear parabolic problems. This method is known for 
its unconditional stability and second-order accuracy [30]. 
The main steps are as follows: 
i. The governing higher-order equations are rewritten 

as a system of first-order differential equations. 
ii. The domain is divided into uniform grid points, and 

central difference approximations are applied at 
each midpoint. 

iii. The equations are converted into finite difference 
form using the box scheme, which improves 
accuracy and stability. 

iv. Nonlinear terms are linearised using Newton’s 

method to allow for iterative solutions. 
v. The resulting linear algebraic system is solved using 

the block tridiagonal elimination method at each 
iteration step. 

vi. The process is repeated until the solution converges 
within a specified tolerance. 

The Keller box method is implemented using MATLAB 
to carry out the numerical computations. Further details 
on the Keller box method can be found in references [31, 
32]. 
 
4. RESULTS AND DISCUSSION 
Table 2 demonstrates the comparison with studies 
reported by Khan and Pop [33] and Chouban and 
Chaudhary [13]. Both [13, 33] studied the FHD effect on 
the FF flow. The numerical results for −𝜃1

′(0) 
demonstrates good agreement with the published results. 
This has increased the reliability of the current study. 
 

 
Table 2. Comparison of −𝜃1

′(0) for parameter of 𝑃𝑟 
when 𝛿𝑚𝑓 = 1 and 𝛽 = 𝛼 = 𝜀 = 𝜙1 = 𝜙2 = 0 

𝑃𝑟 Khan and 
Pop [33] 

Chouban and 
Chaudhary 

[13]  

Present 
study 

0.70 0.4539 0.4540 0.4538 
2.00 0.9113 0.9113 0.9112 
3.00 - 1.1653 1.1651 
7.00 1.8954 1.8954 1.8953 
10.0 - 2.3080 2.3079 
20.0 3.3539 3.3539 3.3539 
70.0 6.4621 6.4622 6.4622 

 

 
 

Fig. 3. MFDV effect over 𝑓′(𝜂) 
 

 
Fig. 4. MFDV effect over 𝜃1(𝜂) 

 
The MFDV effect of parameter 𝛿𝑚𝑓 , arises due to the 
interaction of the HFF with the magnetic fields generated 
by the magnetic dipole. Fig. 3 presents the effect of the 
parameter 𝛿𝑚𝑓 on the profile of 𝑓′(𝜂) of the HFF. The 
increment of the parameter 𝛿𝑚𝑓  from 0.25 to 2.00 
reduces the viscosity of the HFF. The reduction in 
viscosity results in an increased 𝑓′(𝜂), allowing the HFF 
to move more freely and enhancing the thickness of the 
momentum boundary layer. The behaviour of 𝑓′(𝜂) 
aligns with the findings of Izadi et al. [22], which 
investigated the MFDV effect in FF flow. The current 
study shows that the MFDV effect has increased the 
profile of 𝑓′(𝜂) for the HFF flow. 
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A variational change in 𝜃1(𝜂) due to the parameter 𝛿𝑚𝑓 
is plotted in Fig. 4. When the parameter 𝛿𝑚𝑓 is elevated, 
then the profile of 𝜃1(𝜂) is reduced. When the profile of 
𝑓′(𝜂) increases, it enhances convection within the fluid 
while reducing conduction between the fluid and the wall 
of the sheet. As a result, the fluid temperature reduces and 
causing the thermal boundary layer to decrease near the 
sheet. 
 

 
Fig. 5. FHD effect over 𝑓′(𝜂) 

 
The interaction between HFF and magnetic fields leads 
to the FHD effect presented by parameter 𝛽. The profile 
of 𝑓′(𝜂)  under the effect of parameter 𝛽 is depicted in 
Fig. 5. The FHD effect is enhanced as the values of 
parameter 𝛽 expand from 0.0 to 5.0. The graph reveals 
that an increase in the parameter 𝛽 leads to a reduction in 
the profile of 𝑓′(𝜂). The magnetic field induced by the 
magnetic dipole interacts with the HFF. This causes the 
saturation of the fluid and tends to escalate the 
development of magnetic chains or clusters. These chains 
or clusters change the viscosity of the fluid, which raises 
the effective viscosity of the HFF, thus, the fluid 
encounters more flow resistance. As a result, the 
movement of the HFF and momentum boundary layer 
thickness are reduced. 

 

 
Fig. 6. FHD effect over 𝜃1(𝜂) 

 
The FHD effect positively influences the temperature 
profile of 𝜃1(𝜂), as seen in Fig. 6. As the fluid flows 
slowly, greater heat transfer occurs from the sheet to the 
fluid. Consequently, the temperature profile of 𝜃1(𝜂) and 
the thermal boundary layer thickness increases. These 

findings align with the conclusions presented by 
Chouban and Chaudhary [13] who examined the FHD 
effect in the HFF flow. 
 

Table 3. The values of −𝐶𝑓𝑅𝑒𝑥

1

2 and −𝑁𝑢𝑥𝑅𝑒
𝑥

−
1

2 for 
various  𝛿𝑚𝑓 

𝛿𝑚𝑓 −𝐶𝑓𝑅𝑒𝑥

1
2 −𝑁𝑢𝑥𝑅𝑒

𝑥

−
1
2 

0.25 2.7100 3.3718 
0.50 1.7831 3.6573 
1.00 1.1922 3.8477 
2.00 0.8089 3.9829 

 
Table 3 presents the numerical results for the values of 

𝐶𝑓𝑅𝑒𝑥

1

2  , as the parameter 𝛿𝑚𝑓  increases. The values of 

𝐶𝑓𝑅𝑒𝑥

1

2  decrease with increasing parameter 𝛿𝑚𝑓 . The 
parameter 𝛿𝑚𝑓 reduces the viscosity of the fluid, which 
decreases the shear stress at the wall. 

The change in the behaviour of 𝑁𝑢𝑥𝑅𝑒𝑥

−
1

2  due to the 
parameter 𝛿𝑚𝑓 increases is displayed in Table 5. It can be 
seen that the enhancement of the parameter 𝛿𝑚𝑓 

increases the values of 𝑁𝑢𝑥𝑅𝑒𝑥

−
1

2 . The increased 𝑓′(𝜂) 
indicates more vigorous fluid flow. This enhances 
convection within the fluid, while conduction between 
the wall and the fluid is reduced. These behaviours of 

𝐶𝑓𝑅𝑒𝑥

1

2and 𝑁𝑢𝑥𝑅𝑒𝑥

−
1

2 for the HFF aligns with the findings 
on the MFDV effect on HFF flow reported by Khan et al. 
[24] and Shah et al. [27]. 
 
5. CONCLUSION 
This study explores the influence of magnetic field-
dependent viscosity (MFDV) arising from the interaction 
between ferrohydrodynamic (FHD) effects and ferrite-
based nanoparticles within hybrid ferrofluid (HFF) flow 
over an extending plate. The HFF is composed of 
magnetised nanoparticles, specifically ferrite (𝐹𝑒3𝑂4) 
and cobalt ferrite (𝐶𝑜𝐹𝑒2𝑂4) dispersed in a biopolymer-
based fluid consisting of ethylene glycol (EG) mixed 
with water. The governing equations are solved using the 
Keller box method implemented in MATLAB. A 
comprehensive investigation and discussion of the 
relevant parameters are presented, highlighting 
significant findings such as 
i. both the velocity and temperature distributions of 

the HFF increase as the MFDV effect increases, 
ii. the MFDV parameter has a stronger effect on the 

velocity field than on the temperature field, 
iii. the velocity profile decreases, while the temperature 

profile increases as a result of the FHD effect. 
The presence of MFDV and FHD effects plays a crucial 
role in optimising the efficiency of cancer therapy. 
Controlling the MFDV effect during treatment is 
essential to ensure effective drug accumulation at the 
cancer site. A magnetic dipole can direct drug-coated 
HFF toward the targeted area by influencing its motion 
in response to the magnetic field. The current findings 
offer valuable insights into optimising nanoparticle use 
within the HFF to maintain a therapeutic temperature.  
In this study, the HFF is modelled as a Newtonian fluid. 
However, many real-world fluids, such as blood, 
polymer-based solutions, and nanofluid used in drug 
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delivery, exhibit non-Newtonian behaviour, meaning 
their viscosity varies with shear rate. Future studies could 
explore hybrid ferrofluid flow using non-Newtonian 
models, such as Casson fluid [34], which accounts for 
yield stress effects and is often applied in blood flow 
studies. 
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