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Abstract: In previous research, the definition of the n-th order limit language, as introduced by Goode and Pixton, has
been refined from a rules perspective. Initially, the n-th order limit language, denoted as Ln, involved the deletion of
transient words in L_(n-1). Subsequent research extended this by emphasizing the quantity of initial strings and rules
within the splicing system. However, these findings were derived from a splicing system model aimed at preserving
biological splicing characteristics through the process of cutting and pasting genetic material (DNA) in the presence of
restriction enzymes and ligase. This study shifts focus to a model based on the Chomsky hierarchy for language generation
due to limitations in the biological-based model, which restricts language production to regular language only.
Modifications were applied, such as varying the splicing system's variables, to adapt the definition to a widely used
framework in language generation research, achieving a higher hierarchy of language production by the splicing system.
Previously, the n-th order limit language was generalized using the biological-based splicing system, the Head splicing
system S=(A,1,B,C) which was limited to the generation of languages to regular and context-free language only. To
address this limitation, a revised definition of the n-th order limit language was _formulated using the extended H splicing
system y=(V,TAm,Rp), characterized by an infinite number of rules and axioms to extend the generation of language to
context-free and context-sensitive by modifying grammar. This paper investigates how the new definition, based on the
Paun splicing system, enhances the computational power of n-th order limit languages. By imposing a few restrictions
and considering various cases, we aim to increase computational power. We have proved that the new definition increases
the computational power of the languages produced by the extended H splicing system.

Keywords: Formal language theory; Splicing system; n-th order limit language; computational power.

1. INTRODUCTION expanded the computational scope of splicing systems,
making them relevant for applications beyond theoretical
studies.

There are some methods to increase the computational

Formal language theory provides a foundational
framework for the study of symbolic sequences, offering
key insights into computational models, automata theory,

and structural properties of languages [1]. One significant power of splicing system 'basc'ed on past‘ studies.
extension of this framework is the splicing system Previously, many researchers in this field have increased

introduced by Head (1987) in [2], which models the the computational power of the Turing machine, which
; the language by introducing a new splicing system

inspired from the existing splicing system such as fuzzy
splicing system [6], [7], [8], bonded parallel insertion-
deletion systems [9], time-varying distributed H (TVDH)
system and enhanced time-varying distributed H

process of DNA recombination through formal string
operations. Splicing systems manipulate strings by
cutting and recombining based on predefined splicing
rules, reflecting natural biological mechanisms such as

restriction enzyme activity, ligation, and site-specific TVDH 10T, stick L1 1121, 113
recombination [3]. As a result, splicing systems serve as (¢ ) system [10], sticker system [11], [12], [13],

a bridge between theoretical computer science and and probabilistic splicing system [13], [14], [15].
molecular  biology, offering insights into both However, some researchers did a number of limitations

biocomputing and formal language classification. on Fhe application pf rules in t.he existing splicing system,
Over the past decades, significant research has been which “would  raise .the hierarchy of the language
dedicated to understanding the computational power of produced and overall inerease the compu.tatlonal' power.
splicing systems. Various models, including finite, For example, by'and deletion rules,' the higher hierarchy
circular, iterated, and reflexive splicing systems, have Qf langgage will be prodt;cedl.n? [9]. Usually, fby
been introduced to explore their expressive capabilities introducing a new type of splicing system, a few

and generative limits. These systems have been used to I'CS'[I'ICthl’lS. on the‘ process of sphqng toproduce
establish relations with the Chomsky hierarchy, where language will result in a higher computation power of the

certain variants have been proven to generate regular, 1ang1111age. Hozveve;, \yhen dls(;ﬂ?gt ! estr1(.:t1t(.)ns arfhapplled
context-free, and even recursively enumerable languages 0 all computing devices and theil variations, there are

[4]. Notably, some splicing systems have been shown to certain llmlte}tlons on computatlonal power [15]. .
exhibit Turing universality, suggesting their This study aims to provide a comprehensive analysis of

computational equivalence to classical models such as the computational power of splicing systems within the
Turing machines and Lindenmayer systems [5]. framewf) rk of f°‘f‘“a.' language theory..S.pemﬁcally, the
Furthermore, the introduction of control mechanisms, generative capacity in the selected splicing language is

weight-based splicing, and probabilistic approaches has examined , placement within complexity classes, and
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potential applications in molecular computation and
artificial intelligence. By rigorously classifying the
computational properties of splicing systems, this work
contributes to a deeper understanding of their role as both
a biologically inspired computing model and a formal
system with broad theoretical and practical significance.

2. LITERATURE REVIEW

Noam Chomsky introduced the Chomsky hierarchy in
1956 as a formal classification of languages based on
their generative power and computational complexity
[16]. This hierarchy has since become fundamental in
theoretical computer science, computational linguistics,
and compiler design. The hierarchy consists of four
classes: regular languages, context-free languages
(CFLs), context-sensitive languages (CSLs), and
unrestricted languages, each associated with a specific
type of grammar and automaton. The classification of
formal language classes is presented below.

2.1 Classification of Formal Languages

Regular languages are the simplest class in the formal
language hierarchy. They are defined by regular
expressions or generated by regular grammars, where
every production rule takes the form A - aB or A = a,
with A and B being non-terminal symbols, and a being a
terminal symbol. These languages are recognized by
finite automata, which can be either deterministic or non-
deterministic. Regular languages exhibit several
important properties such as they are closed under
operations such as union, intersection, concatenation, and
the Kleene star. However, they lack the capability to
count arbitrarily long sequences, meaning they cannot
recognize patterns like {a™b™ |n =0} . Common
examples of regular languages include strings composed
only of the characters 'a' and 'b' that end with the substring
"ab", and binary strings that contain an even number of
zeros. Regular languages have practical applications in
areas such as lexical analysis in compilers and pattern
matching in text processing.

Secondly, Context-Free Languages (CFLs) are defined
by Context-Free Grammars (CFGs), where each
production rule has the form A — y with A representing
a single non-terminal symbol and y being a string
composed of terminals and/or non-terminals. These
languages are recognized by pushdown automata, which
are computational models that use a stack to provide
additional memory. CFLs have several notable properties
such as they are closed under union, concatenation, and
the Kleene star, but not under intersection or complement.
They are particularly well-suited for representing
hierarchical structures, such as nested parentheses or
HTML tags. Examples of CFLs include the language
{a"b™ | n = 0}, which contains equal numbers of 'a's
followed by 'b's, and the set of strings consisting of well-
formed sequences of parentheses. These languages are
widely used in parsing within compilers and in syntax
analysis for programming languages.

Thirdly, Context-Sensitive Languages (CSLs) are
defined by Context-Sensitive Grammars (CSGs), where
the production rules must satisfy the condition | a [<] 1,
meaning that the length of the left-hand side («) is less
than or equal to the length of the right-hand side (f).
These languages are recognized by Linear Bounded
Automata (LBAs), which are Turing machines with
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memory constrained by the size of the input. CSLs are
closed under all standard operations, including union,
intersection, complement, concatenation, and Kleene star.
They are more expressive than Context-Free Languages
but are generally less practical due to their higher
computational complexity. A typical example of a
context-sensitive language is {a"b"c™ | n = 0}, which
requires equal numbers of the symbols 'a’, 'b', and 'c".
Other examples include languages that require contextual
validation, such as certain syntax rules found in natural
languages. Applications of CSLs include advanced
compiler optimizations and complex pattern recognition
tasks.

Unrestricted languages, also known as Recursively
Enumerable Languages (RELs), are the most powerful
class in the Chomsky hierarchy. They are produced by
Unrestricted Grammars, which impose no specific
constraints on production rules. These languages are
recognized by Turing Machines which computational
models capable of simulating any algorithm. RELs
encompass all computable languages and are the most
expressive in the hierarchy. However, they also include
undecidable problems, such as the Halting Problem,
where no general solution exists to determine if an input
will be accepted. Examples include any algorithmically
describable language, even if it lacks an efficient
recognition method. RELs are essential in theoretical
computer science, particularly in studying computation,
undecidability and complexity theory. The levels of the
Chomsky hierarchy are illustrated in Figure 1.

grammars (generat ors) automata (acceptors)

recursively
enumerable

Turing
machine

linear bounded
automaton

context-
sensitive

!

context-
free

push-down
automaton

regular finite
grammar automaton

Fig. 1. Chomsky Hierarchy Levels. Source: [17]

Then, grammar plays a fundamental role in formal
language theory, serving as a set of rules that define the
structure of valid strings within a language [18]. In
computational theory, grammars are essential for
classifying languages, analyzing their syntactic
properties, and designing efficient parsing algorithms.
The study of grammars has applications in compiler
design, natural language processing (NLP), artificial
intelligence, and formal verification.

2.2 Grammar

The concept of formal grammar was first introduced by
Noam Chomsky in 1956, leading to the development of
the Chomsky hierarchy which defines a framework that
classifies grammars based on their generative power and
computational complexity. Given below is the hierarchy
consists of four main types of grammars.

« more complex
« more powerful
« less restrictod



A. A Regular Grammar consists of the following
components:
G=(N,Z2PS)
Where:
e N = afinite set of non-terminal symbols
e Y =a finite set of terminal symbols, where N N
=0
e P = A finite set of production rules, following a
specific regular form
e S € N is the start symbol
It consists of a set of production rules where each rule has
a single non-terminal symbol on the left-hand side and,
on the right-hand side, either a terminal symbol followed
by a non-terminal, a single terminal, or the empty string.
The rules must conform to a specific pattern, typically
either right-linear or left-linear, meaning non-terminals
appear consistently on one side of the terminal in each
production.
B. A Context-Free Grammar is a 4-tuple:
G=(N,2,PS)
where:
e N = afinite set of non-terminal symbols
e Y =a finite set of terminal symbols
e P =aset of production rules of the form:
A—->yA ,where A€V,andy € (NUX)*
e S € N is the start symbol
It consists of a set of production rules that describe how
strings in the language can be generated from a start
symbol. Each production rule in a CFG has a single non-
terminal symbol on the left-hand side and a string of
terminals and/or non-terminals on the right-hand side.
The key characteristic of a CFG is that the left-hand side
of every production rule consists of only one non-
terminal, meaning the rule can be applied regardless of
the surrounding context in the string.
C. A context-sensitive grammar (CSG) consists of the
following components
G=(N,2PS)
where:
e N = a finite set of non-terminal symbols
e Y= a finite set of terminal symbols, with N N
I=0
e P =aset of production rules of the form:
e S € N is the start symbol
The key restriction for production rules in a context-
sensitive grammar is that each rule must be length-
increasing, meaning the number of symbols on the left-
hand side is less than or equal to the number on the right-
hand side (| a |<| f|for each rule @ — f) except for the
special case where S — ¢ is allowed only if € (the empty
string) is part of the language and S does not appear on
the right-hand side of any rule. In CSGs, productions can
include context around the non-terminal being replaced,
allowing the rules to be sensitive to neighbouring
symbols.
In the next section, the preliminaries is presented.

3. PRELIMINARIES

This section outlines key definitions related to formal
language theory, including the concept of the n-th order
limit language.

Definition 1: Alphabets, [1]
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The alphabet, represented by the symbol, X, refers to a
fundamental concept in formal language theory, serving
as the primary set of symbols utilised to create strings in
a language. It establishes the basis for defining the
grammar rules as well as the syntax pertaining to a
language.

Definition 2: Strings, [1]

A string represents a finite sequence of characters or
symbols selected from a particular alphabet, expressed as
wl.

Definition 3: Language, [1]

L is expressed as a set of possibly finite sets of strings
pertaining to some finite alphabet. Here, X * denotes the
set of all possible strings of a finite alphabet X. Note that,
LeX«.

Definition 4: The n-th Order Limit Language from
the Generation of Language Perspectives, [19]
Suppose y = (V,T,A,R) is an EH splicing system in
which V is an alphabet of the system, T € V denotes a
terminal alphabet, A  V* represents a set of axioms,
while R refers to a set of rules over A, where R, 1 <
n < k. We define L(y) = c*(A)NT" %= Ln(y) =
0*(A) N T* and L, can be obtained in L(y) by removing
string that can be spliced using rules.

Suppose L(y) represents the splicing language from the
splicing system. Then, we express L,(y) given that n
represents the limit language order that is defined by the
number of rules utilised in the splicing system. Thus, the
rule must be different from each other, and the length of
the rule must be the same. The language formed by

splicing system is L(y) = d" (A) N T* . Therefore,
L,(y) is different from the set of string
Lys1(¥), Lpyo(¥), ..., provided that Ni-,L; with
Liy) & L(y) ... & La(¥)-

Then, the following section presents the past results
where the computational power of n-th order limit
languages were being increased to one level according to
the Chomsky hierarchy.

4. RESULT

The generalization of the n-th order limit language is
previously proven by the cases given in [20] and they are
summarised as Table 1 b below.

Cas | Order of | Langu | Language type | Method
e the limit | age after increasing
language type the
[21] computational
power
1 I Regul | Context free Regular
ar expressi
langua on >
ge CFG >
CFL
2 ond Conte | Context Modify
xt free | sensitive gramma
r from
CFG to
CSG
3 3rd Conte | Context Modify
xt free | sensitive gramma
r from




CFG to
CSG

Modify
gramma
r from
CFG to
CSG

Modify
gramma
r from
CFG to
CSG

Modify
gramma
r from
CFG to
CSG

Context
sensitive

Conte
xt free

Context
sensitive

Conte
xt free

Context
sensitive

Conte
xt free

In this paper, the following theorems are discussed
where, Theorem 1: Let S be a splicing system that
generates a regular language where the splicing operation
is limited to a single rule application (i.e., of order n=1).
If the splicing system is modified to allow context-free
grammar, then the resulting system can generate a
language context-free language.

Proof: To increase the computational power from a
regular language to a context-free language, first
represent the splicing language using a regular
expression. Then, convert the regular expression into a
context-free grammar to generate the desired context-free
language.

Case 1:

Lety = ({a, b}, {a, b},{ab},{a# b}) be an extended H
splicing system that contains one axiom and a rule. The
first order limit language, L;(y), produced is L, (y) =
{aa, bb} [21]. The language produced is regular because
it results from regular grammar, as presented below.

The grammar G, = ({S, A4, B}a, b},{S}, P) which P
givenas P = {§ — al|Aa|b|Bb,A - aand B — b}.
From here, the language generated by L(G,) = {aa, bb}
is a regular language and also can represent as regular
expression as (aa|bb) . The regular expression (aalbb)
describes a language containing only two strings: "aa"
and "bb". The equivalent set of strings is: {aa, bb}.
Then, to increase the computational power up to context
free language, we must convert the grammar into CFG.
Let G; = ({S}H{a,b},{S},P) which P given as P =
{S 5 aaand S - bb} . From here, the language
generated by L(G{) = {aa, bb}. The grammar conforms
to the format of a context-free grammar, where each

production has a single non-terminal on the left-hand side.

The language is finite and simple, making it expressible
as a CFG. Then, the language generated by CFG is
context free language.

We can see that the language produced is still the same
but the grammar production, P , is different. The
differences are given in the table as follows.

Table 1. Comparison of Grammar, G; and G;.

Gramma | G; Gy
r = ({S,A,BHa, b}, {S}] = ({SHa b}, {5},
Producti

.| P p
on m S — alAal|b|Bb,
Gramma | _ _(S—aaand

=3 A- aand = { }
r S — bb
B - b
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Type of
Gramma
r that
Generate
s the
Languag
e
Languag
e
Produce
d

Type of
Languag
e

Context-free

Regular grammar
grammar

{aa! bb} {aa, bb}

Context-free

Regular language language

Theorem 2: Let S be a splicing system that generates a
context free language where the splicing operation is
limited to a multiple rules application (i.e., of order n>2).
If the splicing system is modified to allow context-
sensitive grammar, then the resulting system can generate
a language context-free language.

Proof: To increase the computational power from a
context-free language to a context-sensitive language, the
grammar must be modified from a context-free grammar
(CFG) to a context-sensitive grammar (CSG). This
modification allows the generation of context-sensitive
languages. In [21], there is a theorem shows that all the
n-th order limit language produced from the extended-H
system using a finite number of initial strings, m and a
finite set of rules, n will produce context-free language.
Let Case 2 summarized the second order limit language
until n-th order limit language.

Case 2

Let y =
({c, x1,d, g, x5, h}, {c, h}, {cx dgx,h}, {cttx,dSg#x,h})
be an extended H splicing system containing one axiom
and two rules. As previously stated, for the generalization
of an n-th order limit language, the case where two rules
are used can also generalize the n-th order limit language.
The generalization of the limit language, L,, , L, (y) =
{ab™c,ab™a, cb™c} [21].

The grammar G, = ({S,X,a,b,cHa,b,c},{S},P),
where P is given by P = {S - aXc|aXa|cXc| and
X — ble}. From here, the language generated by
grammar, L(G,) = {ab*c,ab*a,cb*c}, is a context-free
language since it is generated by a regular and context-
free grammar. The language can be summarise as L,, =
{ab™c | n = 1}. Since the language has been generalize
into L, = {ab™c | n = 1}, the grammar also can be
generalize into simplest grammar production. The
grammar G, = ({S,}a, b, c},{S}, P), where P is given
byP = S—>aBc,B—>bBandB - €.

Previously, we defined the n-th order limit language as
L, ={ab™c | n = 1}, as our initial focus was solely on
the combination of languages produced by limit
languages. In this study, we aim to explore the types of
languages based on their generative properties. To
broaden our analysis, we also consider both left and right
patterns. Accordingly, we modify the limit language to
L," ={a"b"c™ |n =1}, while still preserving the
underlying structure produced by the splicing system.
This modification demonstrates that by adjusting the
form of the generated language, it is possible to obtain a



context-sensitive language from the n-th order limit
language.

Then, to increase the computational power up to context
sensitive language, we must convert the grammar into
CSG. Let G; = ({S,A,B,C, X Y,Z}Ha, b, c},{S}, P) such
that P is given as P =S — aSBC|abc,CB -
BC,aB - ab, bB - bb,bC —» bcand cC - cc
From here, the language generated by L,," = {a™b™c™" |
n > 1}. The grammar conforms to the format of a
context-sensitive grammar and this pattern requires
matching three symbol counts, a, b, c which cannot be
done with a context-free grammar and it requires context-
sensitive production rules. Hence, the context-sensitive
grammar above is used to generate such strings and
produce context sensitive language.

Apart from Case 1, we observe that the language is
slightly altered, but we still consider it as n-th order limit
language. The differences are given in the table as
follows.

Table 2. Comparison of Grammar, G, and G,.

Gramm | G, G
ar = ({S’ }{a’ b' C}F {5 = ({Sl AB,C }{a, b, C},
Product
ion in p p
Gramm S — aSBC | abc,
S - aBc,
ar CB - BC,
=1 B - bB,and
B — € = aB - abr
bB - bb,
t bC - bcand
cC > cc
Type of
Gramm
ar that -
Generat Context-free Context-sensitive
es the grammar grammar
Langua
ge
Langua
Ig’:oduc {ab™c In =1} {a"b"c™ | n = 1}
ed
Type of —
Laneua Context-free Context-sensitive
ge £ language language

5. CONCLUSION

The results of the two theorems demonstrate how the
computational power of a splicing system can be
progressively enhanced by modifying its underlying
grammatical framework. Initially, a splicing system
restricted to a single rule application (order n=1) and
based on regular language principles can be extended by
incorporating context-free grammar rules. This allows
the system to generate context-free languages, which are
capable of expressing recursive and nested structures by
modifying the grammar.

Furthermore, by increasing the rule application (e.g.,
n>2), the system can model more complex dependencies
such as modifying the grammar that go beyond the
capabilities of context-free grammars. As a result, the
language generated by the system becomes context-
sensitive.

These findings highlight a hierarchical relationship
which starting from regular languages, one can move to
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context-free, and then to context-sensitive languages by
gradually increasing the structural complexity of the
grammar and the operational power of the splicing
system. This progression reflects the well-known
Chomsky hierarchy and shows that splicing systems,
when suitably enhanced, can simulate increasingly
complex classes of formal languages.
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