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Abstract: This paper investigates the behavior of second grade fluid in a system involving rotation and a Riga plate. As
is well known, second grade fluid is a type of non-Newtonian fluid with exceptionally high viscosity. Therefore, to mitigate
the significant effects of this viscosity, rotational and magnetic forces (generated by the Riga plate) are applied to the
fluid system, with both forces aligned with the flow direction of the fluid. What is more intriguing is that such a study has
never been conducted by other researchers. Hence, this study aims to explore Unsteady Second Grade Fluid through the
Riga Plate with the rotation effect, using both analytical and statistical approaches to formulate an initial hypothesis. The
governing dimensionless equations, along with the initial and boundary conditions, will be derived based on the
Boussinesq approximation assumption and relevant physical diagrams. These equations will then be translated into a
dimensionless form using appropriate dimensionless variables. The Laplace transform is subsequently applied to solve
the momentum equations and obtain the output velocity profiles. The results will be presented graphically to examine
changes in velocity as a function of the involved parameters. The Response Surface Methodology (RSM) is employed to
identify the dominant and optimum rotational or magnetic parameters in determining the velocity rate. This study also
aims to serve as an important benchmark for future numerical and experimental studies.
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1. INTRODUCTION Hayat et al. [7] extepded their work.by incorporating the
Hall current effect into the magnetic analysis. Later, in
2008, Hayat et al. [8] introduced a porous medium into
the model, which increased the complexity of the
mathematical equations but sufficiently captured all the
body forces in the fluid flow system. These studies were
solved analytically using the Laplace transform method,
offering a benchmark for validating numerical and
experimental approaches.

Second grade fluids are classified as non-Newtonian
fluids because their properties do not conform to
Newton’s Law of Viscosity, where shear stress is
perpendicular to the deformation of velocity. As a result,
the viscosity of these fluids is elevated even when high
shear stress is applied to their surface. The concept of
second grade fluids was introduced by Coleman and Noll
in 1960, initially observed in polymer fluids. Their
research revealed that these fluids not only possess high
viscosity but also exhibit elastic properties, making them
viscoelastic fluids. Examples include polymers, honey,
and ketchup [1]. In mathematical modeling, second grade

fluids are among the most complex to analyze, yet their hat altering th dit licated the solui
solutions are invaluable in practical applications, such as that altering these conditions complicated the solution

blood flow, lubricants, liquid metals, alloys, and paints and increased the fluid flow speed compared to static or
[2-3] ’ ’ ’ ’ moving boundaries. Their findings highlighted

fluctuating velocity profiles due to the viscous and elastic
characteristics of second grade fluids. Expanding on this,
Imran et al. [10] and Zafar et al. [11] explored oscillating
boundary conditions while focusing on classical and
fractional derivatives. Subsequent studies, such as the
one by Mohamad et al. [12], investigated new body force
effects, such as convection, using the Laplace transform
method. However, none of these studies incorporated the
Riga plate.

Building on this foundation, Khan et al. [9] furthered
Hayat et al. [8] work by modifying the boundary
conditions. They analyzed fluid behavior with constant
and variable acceleration boundary conditions, finding

Given the diverse range of applications, second grade
fluids have been extensively studied, particularly in
theoretical research. Several studies have explored the
impact of rotational forces on viscosity reduction and
enhanced fluid movement. Modeling of rotating flow is
crucial across a wide range of scientific, engineering, and
product design applications, enabling the design of
products such as jet engines, pumps, and vacuum
cleaners, as well as providing valuable insights for
modeling geophysical flows [4]. Pioneers in this area,
Hayat and Hutter [5] and Hayat et al. [6], examined the
effect of rotation in second grade fluids, considering their
electrical conductivity and magnetic effects. In 2005,

The Riga plate, first discovered by Gailitis and Lielausis
as actuators made of alternating magnets and electrodes
[13], shares similarities with magnetohydrodynamics
(MHD) because it generates Lorentz force through
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electrically conducting fluids. However, unlike MHD,
where the force direction opposes fluid flow, the force
generated by the Riga plate aligns with the fluid flow.
This unique feature makes the Riga plate crucial for
enhancing fluid flow velocity. Its precise control allows
for manipulation of fluid flow and force, making it
applicable  in  various  industries, including
magnetohydrodynamic power generation, flow control,
propulsion, and fluid mixing [14-16]. Anjum et al. [17]
examined the Riga plate’s effect in second grade fluid
systems, solving the problem using the approximate
homotopic method. Ghulam Rasool et al. [18] extended
this research by investigating the impact of nanoparticles
under zero mass flux conditions. Their study showed that
the Lorentz force generated by the Riga plate exceeded
the fluid velocity. Ghulam Rasool et al. [19] continued
their research by incorporating Buongiorno’s nanofluid
model, while Hassan Waqas et al. [20] explored the
effects of bio-convection in the presence of the Riga plate,
using BVP4C in MATLAB. Additionally, Al-Zubaidi et
al. [21] analyzed the behavior of second grade fluid in a
squeezing Riga plate using numerical methods. Kotha
Gangadhar et al. [22] referenced Ghulam Rasool et al.'s
work to study the impact of radiation effects, showing
that the flow rate increased with the addition of this effect.
Wasfi et al. [23] conducted a new study on second grade
fluid in a slandering vertical Riga sheet, also using
BVPA4C. Other related studies by Najihah et al. [24] and
Sohail et al. [25] also used numerical approaches, but
none utilized an analytical method to explore the impact
of the Riga plate on second grade fluid. Notably, no
studies have investigated the effects of rotating second
grade fluid in the presence of the Riga plate.

Thus, this study aims to conduct an analytical
investigation of unsteady rotating second grade fluid
through the Riga plate using the Laplace transform
method. It excludes heat effects, nanofluids, and other
body forces, opting for a non-moving boundary condition.
The goal is to pioneer future research while addressing
gaps in previous studies. This study will examine
whether the rotation effect, Riga effect, or both enhance
second grade fluid movement, as both are forces acting
within the fluid system. The physical diagram and
Boussinesq approximation assumptions are employed to
derive the governing dimensionless equations, along with
the initial and boundary conditions. These equations will
be translated into a dimensionless form using appropriate
variables. The Laplace transform will be applied to solve
the momentum equations and obtain velocity profiles,
which will be presented graphically to analyze changes
in velocity based on the involved parameters.
Furthermore, the Response Surface Methodology (RSM),
as referenced by Wahid et al. [26] and Abu Bakar et al.
[27], will be used to identify the dominant rotational or
magnetic parameters for optimizing velocity rates. This
study aims to serve as an important benchmark for future
numerical and experimental research.

2. RESEARCH METHODOLOGY

The unsteady flow of an incompressible second grade
fluid over a Riga plate, considering the effects of rotation,
will be modeled by formulating the dimensional partial
differential equations for momentum, along with the
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corresponding initial and Riga-type boundary conditions,
extended and derived from Hayat et al. [8]. The Riga
plate variable will follow the model proposed by Reyaz
et al. [14] and Hakeem et al. [28]. Appropriate
dimensionless variables will be introduced to transform
the governing equations, initial conditions, and boundary
conditions into dimensionless form. Through this process,
the relevant dimensionless fluid parameters will be
identified.

Subsequently, the Laplace transform method will be
applied to solve the resulting equations, yielding exact
solutions for the velocity profiles. This technique is
considered suitable, as it can be effectively applied to
linear equations involving rotating geometries and time-
dependent conditions. The exact solutions will be plotted
graphically using Mathcad software to analyze the
influence of various dimensionless parameters on the
velocity profiles.

In addition, numerical values for skin friction will be
evaluated and incorporated into a Response Surface
Methodology (RSM) framework to assess the optimal
influence of fluid parameters on the rate of velocity
change. The overall operational framework for the
research methodology is illustrated in Figure 1.

Formulate governing

1 equationwithimposed
conditions
2 Dimensionless process
3 Laplace transform
5 Graphicalresults
6 Response Surface
Methodology
Fig. 1. Operational framework for the research
methodology

3. MATHEMATICAL FORMULATION

Consider the unsteady flow of a rotating, incompressible
second grade fluid past an infinite vertical Riga plate. The
x-axis is oriented upward along the plate, and the z-axis
is normal to the plate. Initially, both the plate and the fluid
are at rest at time =0. For £~0t, the fluid begins a solid
body rotation with a constant angular velocity < parallel
to the z-axis, and the Riga plate starts to induce an
electromagnetic field. This results in the generation of a
Lorentz force, F, which acts upward in the x-direction.
The physical setup of the problem is illustrated in Figure
2.
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Fig. 2. Physical configuration of the rotating second
grade fluid flow through infinite vertical Riga plate

Taking into account the Boussinesq approximation,
relevant literature, and the physical configuration and
assumptions presented in Figure 2, the governing
momentum equation in the form of a partial differential
equation (PDE) for this research problem can be
formulated as follows [8,14,28]:
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together with selected initial and Riga boundary
conditions as

(D

F'(z,0=0 ; z >0,
F'(0,t)=0 ; t >0, )
F'(0,t") -0 ; ¢ >0.

Let F =F (y,t)=u'(y,{)+iv (y',f') be the complex velocity,
u'(y,t) the primary velocity, and V(YL t) the

secondary velocity. Leti denote the imaginary unit, U
the kinematic viscosity, a; the second grade fluid
parameter, p the fluid density, Jo the applied current
density, M, the magnitude of magnetization of the
magnets, and / the length of the electrodes and magnets.
Equations (1) and (2) are presented in dimensional form,
expressed using SI units. Therefore, to eliminate the units
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and transform the governing equations into a
dimensionless form, suitable dimensionless variables are
introduced and defined as follows:

t . (3)

Thus, by substituting the dimensionless variables from
equation (3) into equations (1) and (2), the dimensionless
momentum equations and boundary conditions can be
obtained as follows:

or O°F O’F

—+2iwF = +a +Eexp(—iz 4

o o g R @
and

F(z,0)=0 ; z=0,

FO,r)=0 ; t>0, (5)
F(o,t) —0 ; >0,

where the dimensionless flow parameter through this
dimensionless process can be obtained as

Name of Parameter Dimensioless Parameter

Rotation vQ)
w = —
UO
Second Grade fluid alU(f
= e
Modified Hartman moJ M,
number E= 8 pUg

3.1 Laplace Transform

Now, the momentum equation needs to be solved in order
to obtain the velocity profiles of the fluid flow problem.
The partial differential equation (PDE) in equation (4)
needs to be transformed into an ordinary differential
equation (ODE) by applying the Laplace transform,
subject to the initial condition given in equation (5),
yielding:

d’F (s+2i0) 5
- F=——— ) 6
dz* [as+1) s(as+l)eXp( ?) ©
and together with Laplace boundary condition
F(0,5)=0,
_ (7
F(0,5)=0.

Here, s is the Laplace transform variable. By applying the
homogeneous and particular solutions subject to the
boundary conditions in equation (7), the velocity in the
Laplace domain can be obtained as:

F(z,5) = E (s)x F,(z,5) (8)

where,



= a
F(s)=—
S—a
= 1 s+2iw | 1
F,(z,5)=—-exp —«/a ——exp(—iz
: s "W os+a s (-E).
in which
1 2
a=—, ay=aE, a5=1"—-aq,,
o
. a a
a, =2iva, —a)l*, as=-%, ag=—+
43 4

3.2 Inverse Laplace Transform

Finally, to obtain the solution for the velocity profile, the
inverse Laplace transform is applied to equation (8) using
the method of compound functions.

F(z,t) = F{ (1)< F,(z,t) )
and convolution theorem
F(z,t)sz(t—r)XFZ(z,r)dr (10)
0

which obtained as
F(t—r)=a exp(a6 (t— r))
F,(z,r)= exp(—z\/a) —exp (—lz) +

1 2
ZWITuﬁexp[—%—als—ujx

2= 0011(2 a7us)duds

where a; = 2iw. The skin friction of the flow problem is

2y
ot ) oz

to determine the velocity gradient at the boundary layer
of the Riga plate at z = 0, which significantly affects the
fluid flow parameters, equation (10) is substituted into
equation (11). The resulting expression is then utilized in
the Response Surface Methodology (RSM) for statistical
analysis to identify the most dominant parameters, as
discussed in the following section.

expressed as

r(z,t)=[1+a an

z=0

4. RESULTS AND DISSCUSSION

In this section, the velocity profiles and skin friction
results obtained from Eqs. (10) and (11) will be analyzed
graphically using Mathcad and Minitab. Subsequently,
the profiles corresponding to distinct values of each
parameter will be examined in detail.

The effect of rotation on fluid velocity is clearly
illustrated in Figure 3, which depicts the behavior of both
primary and secondary velocities for two different
rotation (w) rates. Observations of the primary velocity
show that an increase in the rotation rate leads to a
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significant decrease in velocity. This phenomenon aligns
with the principles of rotating fluid dynamics, where the
Coriolis force is a deflective force resulting from the
rotating system which acts to resist the flow's original
direction. This force becomes more dominant as the
rotation rate increases, progressively slowing down the
primary flow. Interestingly, although the primary
velocity decreases, the Coriolis force directly drives the
formation of secondary velocity. In a rotating system, the
interaction between the primary velocity and the Coriolis
force generates a perpendicular flow component known
as secondary velocity. Thus, an increase in the rotation
rate also results in a significant rise in the secondary
velocity, as shown in the figure. However, within the
range 4<z<5, fluctuations in the velocity profile are
observed, which are believed to be caused by
disturbances in the magnetic field generated by the Riga
plate. These disturbances affect the flow stability in that
zone. Overall, the effect of rotation not only slows down
the primary velocity through the influence of the Coriolis
force but also triggers the development of secondary
velocity, making the fluid flow more complex,
comprehensive, and dynamic.

Meanwhile, the effect of the magnetic field generated by
the Riga plate is illustrated in Figure 4 through the
influence of the modified Hartmann number (F).
Consistent with the observations in Figure 3, Figure 4
shows the velocity profiles for cases involving the Riga
plate (E=1) and without the Riga plate (£E=0) for both
primary and secondary velocity components. It is evident
from the figure that the presence of the Riga plate has a
significant effect on increasing the fluid velocity. The
fluid flowing through the Riga plate exhibits higher
velocities compared to the flow without the Riga plate.
As explained in the formulation section, the Riga plate
generates a Lorentz force aligned with the direction of the
fluid flow. In this context, the force is represented
through the modified Hartmann number parameter. This
Lorentz force acts as an additional driving mechanism
that accelerates the fluid motion through electromagnetic
thrust. Therefore, the fluid flow is influenced not only by
the effect of rotation but also enhanced by the
electromagnetic interaction produced by the Riga plate.

As been discussed earlier, the fluid investigated in this
study is a second grade fluid, a type of non-Newtonian
fluid that exhibits complex rheological behavior. This
fluid is characterized by a key parameter, denoted as a,
which plays a significant role in determining the flow
behavior. The effect of the o parameter on velocity is
shown in Figure 5, where both primary and secondary
velocities display notable fluctuation patterns. For
example, fluctuations in primary velocity are clearly
visible within the range 3<z<4, while the secondary
velocity experiences significant changes around z=7.
This pattern indicates the presence of both viscous and
elastic characteristics within the fluid flow. As is well
known, second grade fluids possess high viscosity and
exhibit two main properties which are viscous and elastic.
The flow behavior illustrated in the figure confirms that
these properties interact dynamically which an initial
increase in the a value leads to a decrease in velocity,
which is later followed by an increase at a certain point.
This transition reflects a shift from viscous dominance to



an elastic response within the flow system. Overall, the
parameter not only influences the stability and velocity
profiles but also highlights the transition of the fluid’s
physical nature from viscous to elastic behavior which is
a critical phenomenon for understanding the flow
mechanisms of second grade fluids in depth. Furthermore,
the presence of the Riga plate also slightly alters the
fluid's motion and viscosity behavior.

Next, the fluctuation behavior observed in Figure 5 is
also reflected in Figure 6 when there is an increase in the
time parameter (f). However, the pattern of velocity
variation in this case shows some differences. Unlike the
case involving the second grade fluid parameter, the
velocity in Figure 6 initially increases before undergoing
a significant decrease. This phenomenon indicates that,
at the early stage, the fluid experiences substantial
acceleration due to the combined effects of the magnetic
field from the Riga plate and the system’s rotation. These
two factors act together to drive the fluid motion,
resulting in an increase in velocity. However, as the effect
of the fluid’s viscosity begins to dominate, particularly
due to the viscoelastic nature of the second grade fluid,
the velocity starts to decrease. This transition signifies a
shift in dominance from external forces to the fluid’s
intrinsic properties. This observation further reinforces
the finding that all parameters involved in the system
which including the magnetic field, rotation rate, time
parameter, and rheological properties of the fluid,
interact in a complex and comprehensive manner to
influence the flow dynamics. Additionally, analysis of
the entire figure shows that the velocity reaches a steady
state when the axial value z>10, where velocity changes
become nearly zero. This demonstrates that the flow
system achieves full stability at a certain distance along
the channel which an important characteristic for
managing and predicting fluid behavior in practical
applications.

The change in the contour plot of skin friction (SF) with
respect to £ and o is illustrated in Figure 7. The
parameter o is set to 5.5. As depicted, the highest SF
value (greater than 0.075) is represented by the darkest
green, while the lowest SF value (0.00) is indicated by
the brightest green. It is observed that the lowest SF
values are obtained at the lowest w values (between 1 and
3), regardless of the value of E. However, when w
exceeds 3, an increase in £ is also observed, resulting in
a more significant SF level. When both @ and E exceed
7, located on the right side of the graph, the highest SF
value (dark green) is reached. It can be concluded that the
SF value is strongly dependent on w, and is also
influenced by E, particularly when both parameters are
high.

Next, the contour plot comparing o and w with respect to
the SF value at a fixed E is presented in Figure 8. It is
clearly shown that at low w values (between 1 and 3), low
SF values are obtained regardless of the magnitude of a,
indicating that o has a significant effect within this range.
A notable increase in SF is observed when @ exceeds 53,
although a remains within low to medium values
(between 1 and 6). It is further observed that the increase
in SF occurs more gradually when both @ is high and «
exceeds a value of 7. The highest SF values are achieved
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when a high @ is combined with a low a. This suggests
that a non-linear interaction between @ and a plays a
critical role in determining the SF value when EEE is
maintained at 5.5.

In contrast, the diagram in Figure 9 is shown with two
primary color gradients which are blue and green where
dark blue represents the lowest SF value, while dark
green indicates the highest. It is observed that the SF
value increases as the £ value increases and the o value
decreases. The lowest SF values, including negative
values (represented in blue), are displayed in the upper
left region of the plot, corresponding to low £ and high a.
A nearly linear gradient of SF values is observed,
forming an oblique contour pattern extending from the
top left to the bottom right.

From the observation of these graphs, it can be concluded
that the rotational parameter w is more dominant
compared to the modified Hartmann number £ and the
second-grade fluid parameter a.

Velocity

- ocityw =1 = =

y Velocity w=2

Fig. 3. Primary (a) and secondary (b) velocity profile for
different values of rotation parameter.

0.006

Velocity

Fig. 4. Primary (a) and secondary (b) velocity profile for
different values of magnetic Hartman number parameter.
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Fig. 5. Primary (a) and secondary (b) velocity profile for
different values of second grade fluid parameters.

0.004

Velocity

Primary Velocity t=2

= = = Secondary Velocityt=1 = — = Seconda ocity =2

Fig. 6. Primary (a) and secondary (b) velocity profile for
different values of suction parameters.
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Fig. 7. Statistical analysis on contour plot for skin friction
between rotation and modified Hartman number.
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Fig. 8. Statistical analysis on contour plot for skin friction
between rotation and second grade fluid parameter.
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Contour Plot of SFvs o, E
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Fig. 8. Statistical analysis on contour plot for skin friction
between modified Hartman number and second grade
fluid parameter.

5. CONCLUSION

In this paper, the exact analytical and statistical solutions
for the flow of a rotating second-grade fluid over an
infinite vertical Riga plate are investigated.

1. The dimensional momentum partial differential
equation is formulated based on the Boussinesq
approximation, relevant literature, the physical
configuration and assumptions presented in
Figure 2, along with selected initial and
boundary conditions.

2. Suitable dimensionless variables are introduced
to obtain the dimensionless form of the
equations and boundary conditions.

3. The Laplace and inverse Laplace transforms are
applied to derive the velocity profiles of the
flow problem.

4. Skin friction is analyzed based on the velocity
profiles using Response Surface Methodology
(RSM) for statistical analysis.

5. An increase in the rotation parameter reduces
the primary velocity and increases the
secondary velocity due to the Coriolis force.

6. The velocity is higher in the presence of the
Riga plate (Modified Hartmann number E=1)
and lower in its absence (£=0).

7. The velocity profiles of the second-grade fluid
and the time parameter show similar fluctuating
behavior due to viscous, elastic, and magnetic
effects.

8. Statistical analysis shows that the parameter
rotation w is the most dominant.

9. The findings of this study not only provide
theoretical insights but also offer potential
applications in engineering and industrial
processes involving fluid flow control and heat
transfer enhancement.

For future research, this problem can be verified, and the
experimental results analyzed, as shown in [29].
Furthermore, it can also be considered for medical
applications, as the properties of this second-grade fluid
can be categorized as those of blood flow through arterial
stenosis [30], with rotational effects induced by a
rotatable medical device [31].
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