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Abstract

Topology, originally a branch of pure mathematics, has become an essential tool in
physics since the latter half of the 20th century. One of its most significant applications
is in band topology, which emerged from the study of the quantum Hall effect. This
framework classifies band structures using topological invariants, such as the Chern
number, which encode the connectivity of wave functions in the Brillouin zone. While
the quantum Hall effect relies on broken time-reversal symmetry, it is now well under-
stood that topological phases can also arise in time-reversal-invariant systems, enabled
by adopting spin-orbit couplings, crystalline symmetries, and so on.

The concept of band topology is applicable not only to conventional solid-state elec-
tronic systems but also to unconventional solid-state analogs. For example, photonic
crystals, which consist of periodic variations in the refractive index, support photonic
modes that can be characterized by wave vectors within the Brillouin zone. Conse-
quently, the principles of band topology can be applied to photonic crystals, leading to
the realization of topological photonic systems exhibiting nontrivial topology in their
photonic modes.

Studying band topology in unconventional solid-state systems offers several advan-
tages. Unlike traditional electronic systems, these platforms allow for the realization of
models with exotic hopping terms or in dimensions that would be challenging to achieve
in real materials. Additionally, since these systems generally do not require ultralow
temperatures, they offer better experimental control and enable direct observation of
edge states.

This study aims to establish a theoretical framework of topological crystalline insu-
lators which can be applicable to classical systems, such as photonic crystals, without
relying on solid-state-specific interactions like spin-orbit coupling. Furthermore, the
goal is to construct models that are widely applicable and experimentally accessible.
To achieve this, we focus on tight-binding models with only real hopping terms, ensuring
feasibility in photonic crystal implementations using simple dielectric rods.

The first key result concerns a model on a chiral honeycomb lattice. We developed a
minimal model that describes systems with broken mirror symmetry. Our model is an
extension of the Wu–Hu model, which was originally proposed as a minimal model that
realizes quantum pseudo spin Hall effect. By incorporating next-nearest-neighbour
hopping, the system lose both sublattice and mirror symmetries, and thus becomes
topologically distinct from the original Wu-Hu model. Using Dirac Hamiltonian analysis
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and Wilson loop calculations, we detected the topological nontriviality of the system.
Furthermore, by mapping the model onto a classical mass-spring system, we investigated
edge currents and found that a novel asymmetric edge currents attributable to chirality
can be excited.

The second key result pertains to the study of the topological quadrupole phase
using an extra-site model. We begin with the well-known BBH model, a prototypical
model of higher-order topological insulators known to exhibit a topological quadrupole
phase. This model fundamentally relies on the sign flip of certain hopping terms. We
introduced an extra-site model as a systematic approach to realizing such sign flips and
analyzed its properties. Using analytical calculations based on the Brillouin-Wigner
formalism and numerical simulations, we demonstrated band inversion analogous to
that in the BBH model. Furthermore, numerical calculations confirmed the emergence
of corner-localized modes.
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Chapter 1

Background and Motivation

In this chapter, we provide a review of topological materials. While the study
of topological phases originates from electronic systems, the concept of band topology
extends beyond these electronic systems, and can be applied to unconventional “solids”.
Finally, we clarify the standpoint of our research.

1.1 Topological phase in electronic systems

The discovery of the integer quantum Hall effect (IQHE) and the subsequent devel-
opment of topological insulator theories have profoundly influenced condensed matter
physics. These phenomena represent a bridge between quantum mechanics and topol-
ogy. In this section, we briefly review topological phases in electronic systems.

1.1.1 Quantum Hall insulators

The IQHE is a quantum mechanical phenomenon observed in two-dimensional elec-
tron systems subjected to strong magnetic fields [1, 2]. This effect was first identified
in experiments involving two-dimensional electron gases formed at semiconductor het-
erojunction surfaces [1]. Since its discovery, the IQHE has been extensively studied as
a profound link between topology and quantum mechanics in physics [3].

Within specific ranges of magnetic field strength at low temperatures, the longitu-
dinal conductivity vanishes, σxx = 0, while the Hall conductivity is quantized in integer
multiples of e2/h:

σxy =
e2

h
C. (1.1)

Here e is the elementary charge, h is Planck’s constant, and the integer C corresponds
to the filling factor of the Landau levels. This quantization is universal, remaining
independent of system-specific details like sample size or geometry.

The mechanism underlying this quantized Hall conductivity lies in the concept of
band topology. In two-dimensional systems, the band structure can be represented as a
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8 CHAPTER 1. BACKGROUND AND MOTIVATION

mapping from the crystal momentum, k (defined on a torus), to the Bloch Hamiltonian
H(k). Gapped band structures are topologically classified based on equivalence classes
of H(k), which can be continuously deformed into one another without closing the
energy gap. In the absence of the time-reversal symmetry, the topological nature of
such classes is characterized by a topological invariant, known as the (first) Chern
number, and the above integer C is expressed as

C =
∑
n

chn. (1.2)

Here the quantity chn, the Chern number of the n-th band, is an integer, and the
summation n extends over all states below the Fermi level. This relationship is rooted
in reference [4, 5], known as the TKNN formula. The Chern number is originated in
fiber bundles theory [3], and, in this case, can be expressed in terms of Berry phase [6],
i.e.,

chn =

∫
BZ

d2k

2π
bzn(k), bzn(k) :=

(
∂ayn(k)

∂kx
− ∂axn(k)

∂ky

)
, (1.3)

where bzn(k) is known as the Berry curvature, and an(k), known as the Berry connection,
is defined as

an(k) := −i ⟨un(k)| ∇k |un(k)⟩ . (1.4)

Here |un(k)⟩ is the periodic part of the Bloch wavefunction. Although the above dis-
cussion of Hall conductivity and the Chern number has been conducted using only bulk
information, it is known that the integer C corresponds to the number of edge states
localized at the system’s boundaries (bulk-edge correspondence [7, 8]). Consequently,
when C is nonzero, chiral, gapless edge states emerge.

We have discussed setups involving two-dimensional electron systems under an ex-
ternal magnetic field. In 1988, however, Haldane proposed that the quantum Hall effect
can also be realized in the absence of such fields, i.e. without the Landau levels [9]. The
model introduced by Haldane is defined on a honeycomb lattice, and its Hamiltonian
in the second-quantized form is given by

HHaldane =
∑
i

∆ϵic
†
ici +

∑
⟨i,j⟩

t1c
†
icj +

∑
⟨⟨i,j⟩⟩

eiφt2νijc
†
icj. (1.5)

Here ci (c
†
i ) is the annihilation (creation) operator for electrons at atomic site i. ϵi = ±1

As shown in the Figure 1.1(a), each site on the honeycomb lattice is classified into
white sites (A sites) and gray sites (B sites). Each A site has an onsite potential ∆
(i.e. ϵi = 1), while each B site has an onsite potential −∆ (i.e. ϵi = −1). t1 is the
nearest-neighbor (NN) hopping term, where ⟨i, j⟩ denotes a pair of the NN sites i and
j. Similarly, eiφt2 describes the next-nearest-neighbor (NNN) hopping term, where
⟨⟨i, j⟩⟩ denotes a pair of the NNN sites i and j. The NNN hopping term is assigned
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a factor νij, where νij = +1 if the hopping follows the direction of the arrows in the
hexagon shown in Figure 1.1(a), and νij = −1 if the hopping occurs in the opposite
direction. In momentum space, the Hamiltonian is expressed as

HHaldane(k) =

(
R3(k) R1(k)− iR2(k)

R1(k) + iR2(k) −R3(k)

)
, (1.6)

where

R1(k) := t1(1 + cos(k · (a1 + a2)) + cos(k · a2)), (1.7)

R2(k) := t1(sin(k · (a1 + a2)) + sin(k · a2)), (1.8)

R3(k) := ∆ + 2t2 sin(φ)(sin(k · (a1 − a2))− sin(k · a1)− sin(k · a2)). (1.9)

Here the unit vectors are a1 = a0(1, 0)
T and a2 = a0(−1/2,

√
3/2)T , where we denote

the lattice constant as a0. When t2 = 0, this Hamiltonian reduces to a minimal model
used to describe nonmagnetic systems, such as monolayer graphene (∆ = 0) or boron
nitride (∆ ̸= 0). However, when t2 ̸= 0, the phase of the hopping term introduces a
sign change via complex conjugation, and thus breaks time-reversal symmetry. In this
case, the phase diagram of the topological phases in this model has been determined
(see FIG. 1.1(b)), and it is known that the Chern number takes finite values in the
parameter regions satisfying ∣∣∣∣∆t2

∣∣∣∣ < 3
√
3 sinφ. (1.10)

1.1.2 Quantum spin Hall insulators

In the previous subsection, we have reviewed the IQHE, where the key feature lies
in the breaking of time-reversal symmetry, leading to a nonzero Chern number. This
naturally prompts a question: what kinds of topological phases can arise in systems
where time-reversal symmetry is preserved? A breakthrough in this field was the the-
oretical proposal by Kane and Mele concerning the quantum spin Hall effect (QSHE)
[10].

The fundamental idea of the QSHE is to construct a system that restores time-
reversal symmetry by combining two time-reversed quantum Hall insulators [10]. This
scheme is naively implemented by including spin degrees of freedom and stacking two
Haldane models, as depicted in FIG 1.2(a). Thus, the Hamiltonian reads

HKM =
∑
⟨i,j⟩,α

t1c
†
iαcjα +

∑
⟨⟨i,j⟩⟩,α,β

it2νijσ
z
αβc

†
iαcjβ, (1.11)

or, in momentum space,

HKM(k) =

(
HHaldane,↑(k) 0

0 H∗
Haldane,↓(−k)

)
. (1.12)
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∆
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B

Figure 1.1: (a) Schematic illustration of the Haldane model. The on-site potential
∆ (−∆) are denoted by black (white) circle. The NN hoppings inside unit cells are
denoted by t1 (black solid lines), and the NN hoppings between unit cells are denoted
by t2 (green arrows). (b) The topological phase diagram of the Haldane model.

Here, α, β =↑, ↓ represent spin degrees of freedom, and σz is the z-component of the
Pauli matrices. Compared to the Haldane model, this system can be understood as
introducing intrinsic spin-orbit coupling into graphene (∆ = 0 and φ = π/2) , which
opens a gap at the Dirac cone. It should be noted that this system preserves time-
reversal symmetry, i.e.

T−1HKM(−k)T = HKM(k), (1.13)

where

T = −isyK =

(
0 −I2×2

I2×2 0

)
K. (1.14)

Here, sy is the y-component of spin operator, K is the complex conjugate operator.
Moreover, since the system combines two Haldane models, it is expected to exhibit
helical edge states, where spin-up and spin-down currents flow in opposite directions
in equal amounts. Indeed, as shown in FIG 1.2 (b), numerical calculations with open
boundary conditions confirm the presence of gapless energy dispersions at zero energy,
corresponding to helical edge states. In addition, the spin Hall conductivity in this
model is quantized, satisfying

σs
xy =

e

2π
. (1.15)

In topological classification, the Chern number C↑ (C↓) can be defined separately for
the spin-up (spin-down) sector. By combining these, the Z2 invariant can be introduced
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Quantum Hall states

Quantum spin Hall states

Figure 1.2: (a) Schematic illustration of the quantum spin Hall insulators. A time-
reversal-invariant quantum spin Hall insulator can be constructed by pairing a quan-
tum Hall insulator of spin-up electrons with its time-reversed counterpart for spin-down
electrons. (b) The energy band structure of a quantum spin Hall insulator under open
boundary conditions with t2 = 0.03t1 and a0 = 1, calculated for a zigzag edge configu-
ration, in which the boundary runs along one of the crystallographic directions of the
honeycomb lattice, exposing one type of sublattice atoms at the edge.

as

ν =
C↑ − C↓

2
mod 2. (1.16)

This Z2 invariant distinguishes topologically trivial and nontrivial phases, where ν = 1
corresponds to a topological insulator (quantum spin Hall phase), and ν = 0 corresponds
to a trivial insulator.

Kane and Mele’s work [10, 11] was pivotal in demonstrating that insulators with
time-reversal symmetry could possess nontrivial band topology. However, experimental
verification of their theory in real graphene was challenging due to the weak spin-orbit
interaction in graphene. Despite this difficulty, the concept of time-reversal-symmetric
topological phases turns out to be experimentally accessible. In 2006, Bernevig, Hughes,
and Zhang (BHZ) proposed a practical model (BHZ model) [12] based on the band
structure of HgTe, which is a zero-gap semiconductor. They showed that such a sys-
tem could exhibit nontrivial Z2 topology. This was experimentally confirmed in a
CdTe/HgTe/CdTe quantum well structure [13], where the 2D electron system in HgTe
forms a gapped topological phase, leading to the emergence of 1D edge states.

The idea of quantum spin Hall insulators has also been extended to 3D systems
[14, 15]. In fact, diamond lattice models and Bi2Se3-based systems have been proposed
in theoretical framework [16]. Experimentally, the surface Dirac cone, which is charac-
teristic surface states of 3D Z2 topological phases, has been confirmed in several mate-
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rials, such as Bi2Se3, Bi2Te3, Sb2Te3, using angle-resolved photoemission spectroscopy
(ARPES1) [17, 18, 19].

1.1.3 Topological phase in one-dimensional systems

As anothor concrete example of topological insulators, we also introduce the Su-
Schrieffer-Heeger (SSH) model [20], which is a minimal one-dimensional lattice model
describing the electronic states of polyacetylene. As shown in FIG. 1.3, this model is
characterized by alternating hopping strengths. Denoting the intra-unit-cell hopping
by t1 and the inter-unit-cell hopping by t2, the Hamiltonian is expressed as

HSSH =
∑
i

t1(c
†
iAciB + h.c.) +

∑
i

t2(c
†
iBci+1A + h.c.). (1.17)

Here, i labels the unit cells. Within the unit cell, we denote the left sublattice as A
and the right sublattice as B. The Bloch Hamiltonian is given by

HSSH(kx) =

(
0 t1 + t2e

−ikx

t1 + t2e
ikx 0

)
. (1.18)

Here, the lattice constant a0 is set to a0 = 1. In the SSH model, hoppings exist
only between different sublattices, ensuring the presence of sublattice symmetry. This
symmetry is essential for topological classification of SSH model (see Chapter 2).

To understand how edge states emerge, we impose open boundary conditions and
examine specific cases. The topological classification will be addressed in Chapter 2;
for now, let us develop an intuitive understanding of the presence of edge states. In
the extreme case of t2 = 0, all eigenstates split into bonding and antibonding states,
resulting in a trivial insulating ground state (see FIG. 1.3(b)). In contrast, for t1 = 0,
isolated edge sites remain unsplit, leading to zero-energy edge modes and indicating a
topologically nontrivial ground state (see FIG. 1.3(c)).

The above considerations can also be confirmed through numerical calculations.
Figure 1.4 shows the energy dispersion plotted for different values of t1 and t2. The
band gap closes at t1 = t2, and opens on t1 ̸= t2, which imply that a topological
phase transition between |t1| < |t2| (non-trivial) and |t1| > |t2| (trivial). Indeed, by
computing the energy spectrum of a finite-length SSH model, we find that when t1 < t2,
in-gap states appear at zero energy (FIG. 1.5(a)). These states are doubly degenerate,
and their spatial distributions show that one eigenstate is localized at the left edge
(FIG. 1.5(b)), while the other is localized at the right edge (FIG. 1.5(c)), confirming
the presence of edge states.

1Angle-resolved photoemission spectroscopy (ARPES) is an experimental technique that provides
direct insight into the distribution of electrons in the momentum space of a solid, specifically the
density of single-particle electronic excitations. As an improvement of conventional photoemission
spectroscopy, ARPES involves analyzing photoelectrons emitted when the sample is exposed to soft
X-rays. This technique is considered one of the most direct methods for studying the electronic
structure of solid surfaces.
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(b)

(a)

t1 t2 t1 t2 t1 t2 t1

t1 t1 t1 t1

t2 t2 t2

(c)

A B

Figure 1.3: (a) Schematic illustration of the SSH model. The unit cell, indicated by a
rectangle in the figure, consists of one A and one B sublattice site. The intra-unit-cell
hoppings are denoted by t1 (black solid lines), and the inter-unit-cell hoppings between
unit cells are denoted by t2 (red solid lines). (b) For the case where t2 = 0. (c) For the
case where t1 = 0.

(a) (b) (c)

Figure 1.4: Energy dispersions for the SSH model given by Eq. (1.18): (a) t1 = 0.5t2,
(b) t1 = t2, (c) t1 = 1.5t2.
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Figure 1.5: (a) the energy spectrum of the SSH model with open boundaries, plotted as
a function of t1/t2. (b, c) the spatial distribution of the zero-energy states at t1 = 0.5t2.
In all panels, the numerical calculations are performed for a system with 100 unit cells
(200 sites).

1.1.4 Topological crystalline insulators

Topological crystalline insulators (TCIs) extend the concept of topological phases
by utilizing crystalline symmetries, such as mirror or rotational symmetries, to protect
edge states. Unlike quantum spin Hall states, which rely only on time-reversal sym-
metry, TCIs are characterized by symmetry-protected edge states that depend on the
underlying crystal structure.

The theoretical framework for TCIs was first established by considering the role
of mirror Chern numbers, which generalize the topological invariants in systems with
mirror symmetry [21]. Indeed, Hsieh et al. [22] proposed SnTe-based model as a
candidate material for TCI behavior due to its strong spin-orbit coupling and mirror-
symmetric crystal structure. In addition, experimental confirmation [23] came from
ARPES measurements, which revealed gapless surface states on specific crystal planes
of SnTe and related compounds.

In the rest of this subsection, as an example of TCIs, we review Wu-Hu model
[24], which is a key concept exploited in chapter 3 and chapter 4. This model is
constructed on a honeycomb lattice, and Wu and Hu adopt a hexagonal unit cell as its
fundamental building block. Indeed, the model includes six sublattices per unit cell,
as depicted in FIG. 1.6. The hopping scheme involves two types of processes: intra-
hexagon hopping, which links NN sites within the same hexagon, and inter-hexagon
hopping, which connects NN sites across different hexagons. Then, the Hamiltonian
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reads

HWu−Hu =
∑
⟨i,j⟩

t0c
†
icj +

∑
⟨i′,j′⟩

t1c
†
i′cj′ . (1.19)

Here t0 and t1 represent the intra- and inter-hexagon hopping respectively, and we define
el(k) := eik·al (l = 1, 2). The unit vectors for the modulated honeycomb lattice are
a1 = (3a0/2,

√
3a0/2)

T and a2 = (−3a0/2,
√
3a0/2)

T . In momentum space, the Bloch
Hamiltonian becomes

HWu−Hu(k) =

(
0 D(k)

D†(k) 0

)
, (1.20)

D(k) =

t1e∗1(k)e∗2(k) t0 t0
t0 t1e1(k) t0
t0 t0 t1e2(k)

 . (1.21)

For later convenience, we first focus on the eigenstates of HWu−Hu(k = 0). These eigen-
states can be understood in terms of the irreducible representations of group theory
[25]. Since this model possesses the crystalline point group symmetry C6v, the eigen-
functions at the Γ point become the basis of its irreducible representation. Thus, the
six eigenstates decompose into four irreducible representations: A1, B2, E1, E2, which
correspond to physical orbitals s, fy(3x2−y2), px,y, dx2−y2,xy, respectively. The explicit
expression for these orbitals are given as

|s⟩ = (1, 1, 1, 1, 1, 1)T/
√
6,

|fy(3x2−y2)⟩ = (−1,−1,−1, 1, 1, 1)T/
√
6,

|px⟩ = (0,−1, 1, 0, 1,−1)T/2,

|py⟩ = (2,−1,−1,−2, 1, 1)T/2
√
3,

|dx2−y2⟩ = (−2, 1, 1,−2, 1, 1)T/2
√
3,

|dxy⟩ = (0, 1,−1, 0, 1,−1)T/2. (1.22)

Furthermore, using these orbitals, we construct pseudospin modes as follows:

|p±⟩ =
1√
2
(px ± ipy), |d±⟩ =

1√
2
(dx2−y2 ± idxy). (1.23)

Here the + (−) sign corresponds to the pseudospin up (down) state [24]. These pseu-
dospin modes are directly related to the current density within a hexagon. In fact,
in this case, the current density between two sites inside the hexagon is given by
Iij = (i/ℏ)[t0c†icj − t0c

†
jci] (i, j are site indices), and the current distribution eval-

uated by using the pseudospin up (down) state exhibits a anticlockwise (clockwise)
circulating current, as shown in FIG. 1.7.

Let us now consider the band structures. When t1 = t0, this model takes a form
of the minimal model of graphene. The Dirac cones initially located at the K and K ′
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Figure 1.6: Schematic illustration of the Wu-Hu model. The unit cell consists of six
sites, where the intra-hexagon hopping is denoted by t0 (black solid lines) and the inter-
hexagon hopping is denoted by t1 (red solid lines).

Figure 1.7: Current densities of (a) the pseudospin-up states and (b) pseudospin-down
states respectively. These figures are cited from [24].
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Figure 1.8: Energy dispersions for the system given by Eq.(1.20). (a) t1 = 0.9t0, (b)
t1 = t0, (c) t1 = 1.1t0. The color maps are for the values of | ⟨un(k)|d+⟩ |. |p±⟩ and |d±⟩
are pseudo-spin modes.

points are folded onto the Γ point, resulting in the appearance of the double Dirac cone
at Γ point (FIG. 1.8 (b)). Next, when t1 ̸= t0, this modulation breaks the degeneracy of
the Dirac cone, and band gaps open at the Γ point (FIG. 1.8 (a, c)). From the viewpoint
of group theory, the four states near the zero energy originate from the representation
E1 and E2. As shown in Fig. 1.8, the band inversion, which means the swapping of E1

and E2, occurs between t1 = 0.9t0 and t1 = 1.1t0. This can also be analyzed from the
perspective of the effective model. By using {|p±⟩ , |d±⟩} as a basis and expanding the
Hamiltonian to first order in momentum [26], the effective Hamiltonian becomes

H(eff)
Wu−Hu(kx, ky) ≃

(
H(eff)

Wu−Hu,+(kx, ky) 0

0 H(eff)
Wu−Hu,−(kx, ky)

)
, (1.24)

where

H(eff)
Wu−Hu,±(kx, ky) := (t0 − t1)σz +

t1|a1|
2

(±kxσx + kyσy). (1.25)

which takes the form of a Dirac Hamiltonian. Here σi (i = x, y, z) are Pauli matrices.
The parameter m := t0 − t1 functions as the Dirac mass term, governing the bandgap
and indicating the transition between topologically trivial and non-trivial phases. Fur-
thermore, the effective Hamiltonian satisfies the pseudo-time-reversal symmetry

T −1H(eff)
Wu−Hu(−kx,−ky)T = H(eff)

Wu−Hu(kx, ky), (1.26)
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where

T =

(
0 −I2×2

I2×2 0

)
K. (1.27)

This symmetry resembles the time-reversal symmetry of QSHE in Eq.(1.13), and sug-
gests the realization of quantum pseudo spin Hall states.

To examine the emergence of edge states, let us also consider the boundary. Here,
let the Dirac mass be uniform along x-axis, making kx a good quantum number. On
the other hand, in y-axis, we introduce the boundary at y = 0, and set t0 − t1 = m0 for
y > 0 and t0− t1 = −m0 for y < 0. In addition, we apply the continuous approximation
ky → −i∂y. Then, the eigenvalue equation of H(eff)

Wu−Hu,± is(
m0sgn(y) v(±kx − ∂y)
v(±kx + ∂y) −m0sgn(y)

)(
ϕ1

ϕ2

)
= E

(
ϕ1

ϕ2

)
, (1.28)

where v := t1|a1|/2. Their physical solutions are given by

E± = ±vkx,
(
ϕ±,1

ϕ±,2

)
=

(
1
−1

)
exp

(
−m0

v
|y|
)
. (1.29)

These results suggest that, when interpreting the eigenstate from H(eff)
Wu−Hu,+ as pseudo

spin-up and H(eff)
Wu−Hu,− as pseudo spin-down, the propagation direction depends on the

pseudo spin orientation (see FIG. 1.9). Thus, from the viewpoint of edge states, it has
been verified that the quantum pseudo spin state is successfully implemented.

E
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x

(a) (b)

m0

−m0

Figure 1.9: (a) Schematic illustration of the edge band structure obtained from
Eq.(1.29). (b) Schematic illustration of the edge states. The propagation directions
of the edge states are opposite, reflecting the group velocity.
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The above discussion is based on the effective model using the Dirac Hamiltonian.
In general, however, topological phases are fundamentally characterized by the global
structure of the Bloch wavefunctions, and often expressed via topological indices. In
this model, sublattice symmetry allows the definition of a mirror winding number [27],
complementing the Dirac equation analysis (see also Chater 2).

While the present discussion is framed within a tight-binding model, this method-
ology applies to other systems beyond electronic systems. In fact, for systems with the
same symmetry, an effective continuum model can be constructed based on the E1, E2

states [28], leading to the Dirac equation. This perspective is particularly significant
when one analyzes the photonic crystal analog of the Wu-Hu model, which will be
discussed in Sec. 1.2.3.

1.1.5 Higher-order topological insulators

We have reviewed the concept of topological insulators. A key feature of a d-
dimensional topological insulators is the presence of gapless boundary states in d − 1
dimensions. Recently, however, the concept of topological insulators has been expanded
to include a new class known as higher-order topological insulators (HOTIs) [29, 30,
31, 32, 33, 34, 35]. Unlike conventional topological insulators, d-dimensional HOTI lack
gapless boundary states in d − 1 dimensions. Instead, they exhibit localized states on
boundaries that are two or more dimensions lower than the bulk. For instance, systems
with states localized in d − 2 dimensions are d-dimensional second-order topological
insulators (see FIG. 1.10 (b)), while those with states in d − 3 dimensions are called
d-dimensional third-order topological insulators (see FIG. 1.10 (c)). The boundary
states are also categorized by their dimensionality: 0-dimensional zero-energy states
are known as corner states [29], and 1-dimensional boundary states are referred to as
hinge states [36].

There are two main approaches to constructing HOTIs. The first involves extending
SSH model to higher dimensions [29, 33, 37, 38]. In this class of systems, a quantity
known as the Wannier center becomes quantized, playing the role of a topological
insulators. These systems are often referred to as Wannier-type HOTIs [37, 38]. The
second approach involves adding a new mass term to the Hamiltonian of a topological
insulator [30, 32, 39, 40]. For example, it is known that introducing a mass term by
applying a tilted magnetic field to the BHZ model enables the implementation of a
3-dimensional second-order topological insulator [40].

In the rest of this subsection, as an example of Wannier-type HOTIs, we review
Benalcazar-Bernevig-Hughes (BBH) model [29], which is a key concept discussed in
chapter 5. Benalcazar et al. consider a two-dimensional tight-binding model on a
square lattice with NN hoppings. The primitive unit cell is a square containing four
sites. As NN hoppings, they introduced both intra-square hopping γ and inter-square
hopping λ, as depicted in FIG 1.11. Here, to make this system an insulator, they
assigned a negative sign to the hopping terms to ensure that the accumulated phase
around each plaquette sums to π, effectively introducing a π-flux per plaquette in the
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Figure 1.10: Schematic illustration of HOTIs. (a) First order, (b) second order, (c)
third order HOTIs.
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system.
The emergence of corner states can be grasped intuitively, much like in the SSH

model. To preliminarily investigate corner states, we consider a system under open
boundary conditions. We use the parameter γ/λ to characterize this system. Let us
first discuss the case of γ/λ → ∞ (λ → 0) . In this case, energy eigenstates within
each unit cell split into bonding and antibonding states, resulting in a trivial insulating
ground state where all bonding states are occupied. Conversely, when, γ/λ→ 0 (γ → 0)
isolated sites appear at the corners of the system, and these sites exhibit no energy
splitting. This leads to the presence of zero-energy modes at the corners, indicating a
topologically nontrivial ground state.

Although we have focused on the extreme cases of γ/λ → 0,∞, the topological
properties of the system should remain invariant under small changes to the value
of γ/λ. Therefore, the next task is to determine where topological phase transition
between γ/λ→ 0 and γ/λ→ ∞ occurs, that is, where the band gap closes. The Bloch
Hamiltonian of this model reads

HBBH(k) = (γ + λ cos(k · a1))Γ4 + λ sin(k · a1)Γ3 + (γ + λ cos(k · a2))Γ2 + λ sin(k · a2)Γ1.
(1.30)

Here the unit vectors are a1 = a0(1, 0)
T and a2 = a0(0, 1)

T , and we use Γ matrices,
which is defined as

Γi :=

(
0 σi

−σi 0

)
. (1.31)

The eigenenergies are

E±(k) = ±
√

2λ2 + 2γ2 + 2λγ[cos(k · a1) + cos(k · a2)] (1.32)

with twofold degenerate, as shown in FIG. 1.12. From the expression for the energy
eigenvalues, it can be seen that the bulk energy gap arises at the X point for γ/λ = 1
(and at the Γ point for γ/λ = −1). This suggests that the topological phase transitions
occur at γ/λ = ±1. Indeed, this is confirmed numerically, as shown in FIG. 1.12, where
band inversion occurs at γ/λ = 1.

The assertion for the emergence of topological phase can also be verified through
numerical calculations for a system with open boundary conditions in both the x- and
y-directions. By computing the energy eigenvalues and eigenstates of this quantum
many-body system, it is found that, for |γ/λ| < 1, zero-energy states localized at the
corners appear within the band gap (FIG. 1.13 (a)). Additionally, when |γ/λ| < 1,
this system exhibits a quantized corner charge (FIG. 1.13 (b)), while, for |γ/λ| > 1,
the corner charge disappears. Thus, we refer to the phase with −1 < γ/λ < 1 as the
nontrivial quadrupole phase and the phase with |γ/λ| > 1 as the trivial quadrupole
phase.

The remaining issue is how to characterize the band topology of this system. For
this purpose, a framework involving the Wilson loop is available (see Chapter 2).
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Figure 1.11: Schematic illustration of the BBH model. The intra-square hoppings are
denoted by γ , and the inter-square hoppings are denoted by λ. The sign flip of the
hoppings are indicated by dashed lines.
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Figure 1.12: Energy dispersions for the BBH model given by Eq. (1.32). (a) γ = 1.2λ.
(b) γ = λ. (c) γ = 0.8λ.



1.2. TOPOLOGICAL PHASE IN UNCONVENTIONAL “SOLIDS” 23

(a) (b)

E
n
er
gy

[λ
]

γ/λ

Figure 1.13: (a) The energy spectrum of the BBH model with open boundaries, plotted
as a function of γ/λ. The calculation is performed for a 20 × 20 unit cell system. For
|γ/λ| < 1, zero-energy states appear, as indicated by the red lines. (b) The spatial
distribution of the electron density at γ = 10−3λ. The calculation is performed for
a 5 × 5 unit cell system and under the assumption of half-filling, where there is one
electron per site.

1.2 Topological phase in unconventional “solids”

Topological physics has provided deep insights into the properties of various phys-
ical systems by connecting their global features to local behavior through topological
invariants. While initially developed for quantum many-body systems, the principles
of topological physics have been extended to unconventional settings. There are sev-
eral key motivations for studying topological phases in platforms beyond conventional
solid-state electronic systems:

• Engineering of exotic hopping processes:
These systems allow the realization of complex hopping terms that are difficult
to implement in solids, such as long-range tunneling, complex phase factors, and
synthetic gauge fields.

• Implementation of higher-dimensional models:
They enable the construction of models in dimensions that are inaccessible in
real materials, for instance, through the use of synthetic dimensions to realize
higher-dimensional quantum Hall effects.

• High controllability:
Experimental parameters, including lattice geometry, interaction strength, and



24 CHAPTER 1. BACKGROUND AND MOTIVATION

external fields, can be precisely controlled, often without requiring extreme con-
ditions such as cryogenic temperatures or strong magnetic fields.

• Direct observation of edge states:
Unlike in electronic systems where edge states are typically detected indirectly
via transport measurements, these platforms allow real-space imaging of edge
modes, such as density distributions in cold atom systems and light propagation
in photonic structures.

To provide a clearer understanding of these motivations, we next review such uncon-
ventional “solids” that serve as versatile platforms for realizing topological phases. The
content of this section is based on the review paper [41].

1.2.1 Ultracold atomic gases

Cold atomic systems refer to gases of atoms that are cooled to extremely low temper-
atures using methods like laser cooling [42, 43]. Most substances, except helium, solidify
near absolute zero. While cold atomic systems can temporarily exist in a metastable
(supercooled) gaseous phase, if confined as a gas for a sufficiently long time, they even-
tually crystallize into a solid state. Research in this field focuses on understanding the
metastable (supercooled) gaseous phases of cold atomic systems [44].

At these low temperatures, atoms prominently exhibit quantum mechanical behav-
iors, such as the wave-like nature of their motion and the superposition of their elec-
tronic states. The significance of cold atomic systems in condensed matter physics was
firmly established in 1995, with the realization of Bose-Einstein condensation (BEC)
in rubidium atoms [45]. BEC is known for the collective behavior of atoms acting as
a macroscopic wave [42, 43]. Since then, a wide range of experiments [46, 47, 48] have
investigated the properties of various atomic species by cooling them to temperatures
where phenomena like BEC and Fermi degeneracy become observable.

Atoms with reduced kinetic energy (lower speeds) can be trapped using coherent
laser light [49, 50, 51, 52, 53, 54]. A major milestone in this field was the development
of optical lattices [52, 53], which utilize the standing waves created by interfering laser
beams to periodically trap atoms. This periodic trapping structure gives rise to an
energy spectrum with a band structure, similar to electrons in crystal lattices. By care-
fully adjusting parameters such as the laser’s orientation, intensity, and phase, various
lattice geometries can be achieved [55]. Thus, optical lattices serve as an exceptional
platform for studying the physics of particles in lattice systems. In fact, in the context
of topological materials research, optical lattices have been used to realize a variety of
theoretical models [56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68].

A particularly notable research direction involves Floquet engineering of the Hal-
dane model [69, 70]. This idea can be summarized as follows: Let us consider a two-
dimensional honeycomb lattice that is periodically driven in a circular manner. The
oscillations cause particles within the lattice to experience centrifugal forces. Indeed, if
the driving frequency is ω and the magnitude of the force is F , F (t) = F (cosωt, sinωt)
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Figure 1.14: A schematic illustration of the stroboscopic picture in Floquet engineer-
ing. The red solid line schematically represents the actual dynamics in Hilbert space,
while the black dashed line illustrates the effective dynamics in a simplified or reduced
description.

acts on each lattice site. Then, the lattice model under this force can be described by
the following Hamiltonian:

H(t) =
∑
⟨i,j⟩

Jc†icj +
∑
i

F (t) · ric†ici, (1.33)

where ri denotes the position of site i. In general, the time evolution of this system is

formally written as U(t, 0) = T exp
(
−(i/ℏ)

∫ t

0
dt′H(t′)

)
, where T is the time-ordering

operator. However, in the regime of high driving frequencies, the period T = 2π/ω
becomes the shortest timescale of this system, making the micromotion within a single
cycle typically irrelevant, which can be intuitively understood as the contraction of
the dynamics represented by the red lines in FIG. 1.14 into the effective dynamics
indicated by the black dashed lines. Indeed, the effective dynamics of this system are
governed by an effective Hamiltonian Heff , which can be systematically derived through
a high-frequency expansion [71, 72, 73, 74, 75] in the high-frequency limit:

Heff :=
iℏ
T

logU(T, 0) ≃
∑
⟨i,j⟩

Jeffc
†
icj +

∑
⟨⟨m,n⟩⟩

iνmnJ
NNN
eff c†mcn, (1.34)

where Jeff = JJ0(Fd/ω), J
NNN
eff = (

√
3J2/ω)J 2

1 (Fd/ω). Here J0,1 denote Bessel func-
tions of the first kind and d is the lattice spacing. This effective Hamiltonian is identical
to the Haldane model with ∆ = 0 and φ = π/2, as introduced in Sec. 1.1.1. Following
this scheme, the Haldane model was implemented in ultracold atoms loaded into an
optical lattice, with the lattice being circularly shaken by piezoelectric actuators [62].
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1.2.2 Coupled cavity arrays

A cavity is a device designed to stably confine light [44], such as by placing two
mirrors facing each other (see FIG. 1.15 (a)). When the reflectivity of the mirrors is
perfect (i.e., 1), preventing any light from escaping, the electromagnetic field inside
the cavity forms a standing wave, with discrete resonance frequencies. If the spacing
between these frequencies is sufficiently large, the electromagnetic field within the cavity
can be approximated as a single mode by focusing on one specific frequency. For
simplicity, when the polarization degree of freedom is ignored, the Hamiltonian of a
single cavity can be expressed as

Hc = ω0a
†
0a0. (1.35)

Here, we adopt units where ℏ = 1, and a0 (a†0) is the annihilation (creation) operator
of the single photon mode. When two cavities are present and no light leaks out, the
Hamiltonian describing this system can be written as

Hcc =
∑
i=1,2

ω0a
†
i0ai0. (1.36)

Here, the subscripts 1 and 2 are labels used to distinguish between the cavities.

Mirror Mirror

λ = 2d

λ = d

λ = 2d/3

λ = d/2

d

(c)

(b)(a)

κ
ω0 ω0

κ

ω0 ω0

Figure 1.15: (a) Schematic illustration of an optical cavity. Two mirrors are arranged
at a distance that is an integer multiple of the wavelength, confining the standing wave
of light. (b) Schematic illustration of a weakly coupled optical cavity system. (c)
Schematic illustration of a ring optical cavity. A ring optical cavity consists of a closed
loop of optical paths formed by multiple mirrors, allowing light to circulate continuously
in one direction.
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Next, let us consider the case where the mirror reflectivity is less than 1, allowing
light to escape, and the two resonators are weakly coupled (see FIG. 1.15 (b, c)). The
treatment of electromagnetic field coupling in such a setup has been studied using
coupled-mode theory [76]. When considering coupling up to the lowest order, it is
known that the Hamiltonian can be expressed as

Hcc =
∑
i=1,2

ω0a
†
i0ai0 + κ(a†10a20 + h.c.), (1.37)

where κ is a coupling constant. Furthermore, by restricting the input to coherent light,
we can replace the operators with C-number-valued expectation values αj0 [41], and
the equations of motion for this system, derived from the Heisenberg equations, can be
written as

i
d

dt

(
α10

α20

)
=

(
ω0 κ
κ ω0

)(
α10

α20

)
, (1.38)

which is analogous to the Schrödinger equation for a two-site tight-binding model.
Extending this concept, coupling N cavities results in an N -site tight-binding model.
By varying the arrangement of the cavities, a wide range of lattice models can be
realized, and coupled cavity arrays provide an excellent platform for studying lattice
models [41].

A particularly important direction of research related to the topological phases of
cavities is the study of synthetic frequency dimensions2 [80, 81]. Let us briefly review
this topic based on Ref. [80]. While the previous discussion focused on a single mode
with frequency ω0, we now consider the degrees of freedom of modes near ω0 and denote
the Hamiltonian for an N -cavity system (see FIG. 1.16 (a)) as

H0 =
∑
im

ωma
†
imaim +

∑
im

(
κa†imai+1m + h.c.

)
. (1.39)

where a†im (aim) is the creation (annihilation) operator for the m-th mode at the i-
th cavity, ωm := ω0 + Ωm is the frequency for the m-th resonant mode, and κ is
the coupling constant. We assume that coupling occurs only between modes with
the same frequency, and that all such couplings share a common coupling constant
κ. Furthermore, we impose a time-periodic modulation on refractive index of cavities
with frequency Ω. This modulation induces coupling between modes with frequencies
differing by Ω, modifying the Hamiltonian as

H(t) =
∑
im

ωma
†
imaim +

∑
im

(
κa†imai+1m + 2g cos(Ωt+ ϕi)a

†
imaim+1 + h.c.

)
, (1.40)

2Here, we focus only on synthetic frequency dimensions. In general, however, the concept of syn-
thetic dimensions is frequently employed in setups beyond optical cavity systems [77, 78, 79].
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where g is the strength of modulation, and ϕi is the associated modulation phase at
the i-th cavity. Applying the rotating wave approximation to this Hamiltonian yields
an effective Hamiltonian

H̃(t) =
∑
im

(
κã†imãi+1m + geiϕi ã†imãim+1 + h.c.

)
, (1.41)

Here we have defined ãim := aime
−iωmt. We note that the hopping terms in this effective

Hamiltonian (1.41) acquire a phase. Consequently, arranging two or more cavities in a
linear configuration and considering the coupling between them enables the realization
of a two-dimensional lattice model, comprising one real spatial dimension and one syn-
thetic frequency dimension. By varying the phase ϕi across the cavities, it is possible
to introduce a synthetic gauge flux through each plaquette (see FIG. 1.16 (b)), thereby
realizing the Harper-Hofstadter model, which describes a tight-binding model under a
uniform magnetic field whose effect is incorporated as Peierls phases on the hopping
terms. This model provides a lattice implementation of the quantum Hall effect, cap-
turing its characteristic topological properties. Furthermore, by arranging resonators
in three real spatial dimensions and incorporating the synthetic frequency dimension, a
four-dimensional lattice model can be achieved. Therefore, this concept has been used
to realize a four-dimensional Harper-Hofstadter model, leading to theoretical proposals
for studying the four-dimensional quantum Hall effect.

1.2.3 Photonic crystals

Photonic crystals are materials with a periodic structure, typically formed by stack-
ing different types of dielectrics [82]. Figure 1.17 illustrates a schematic representation
of a photonic crystal, where two types of dielectric materials are stacked in an alter-
nating manner. Depending on the dimensionality of the periodic arrangement, these
structures are categorized as one-dimensional, two-dimensional, or three-dimensional
photonic crystals. In addition, the stacking period is commonly referred to as the lattice
constant due to its analogy with solid-state systems. The lattice constant of photonic
crystals is comparable to the wavelength of the electromagnetic waves involved [83, 84].
For instance, in photonic crystals operating in the visible light spectrum, the lattice
constant typically ranges from 0.2µm to 0.5µm [84].

One of the most remarkable properties of photonic crystals is their ability to prohibit
the propagation of light within specific frequency ranges, owing to their periodic struc-
ture [82]. This behavior can be understood by applying a concept similar to Bloch’s
theorem from solid-state physics. The periodicity of the photonic crystal enables the
classification of electromagnetic field modes and their associated frequencies within the
first Brillouin zone, forming photonic bands. Since photonic bands generally exhibit
band gaps, certain frequencies of light cannot propagate through the crystal.

To make the above statement concrete, let us discuss it in the framework of Maxwell’s
equations. By considering the electromagnetic fields E(r, t) and H(r, t), which de-
scribe mesoscale degrees of freedom in the system, we examine the constraints imposed
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Figure 1.16: (a) Schematic illustration of the implementation of the Harper-Hofstadter
model using a synthetic frequency dimension. Although the optical cavities are ar-
ranged in only one spatial dimension, careful engineering of coupling between frequency
modes allows the frequency modes to be used as an additional synthetic dimension. (b)
Schematic representation of the Hamiltonian Eq. (1.41) after applying the rotating wave
approximation. The phase modulation in the optical cavity plays the role of the Peierls
phase.

Figure 1.17: Schematic illustration of a photonic crystal. The color differences indicate
variations in the dielectric constant. This figure is cited from [85]

.
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on their solutions. Maxwell’s equations in this context are expressed as

∇ ·D = 0, ∇ ·B = 0, (1.42)

∇×E = −∂B
∂t

, ∇×H =
∂D

∂t
. (1.43)

For simplicity, we consider a situation where generic linear dielectrics are stacked pe-
riodically. Consequently, the displacement field D(r, t) and the magnetic flux density
B(r, t) can be expressed as

D = ϵ0ϵ(r)E, B = µ0H . (1.44)

Here, ϵ0 and µ0 are the vacuum permittivity and permeability, respectively, and we
denote the relative permittivity as ϵ(r). Thus, Maxwell’s equations become

∇ · (ϵE) = 0, ∇ ·H = 0, (1.45)

ϵ−1∇× (∇×E) = − 1

c2
∂2E

∂t2
, ∇×

(
ϵ−1∇×H

)
= − 1

c2
∂2H

∂t2
. (1.46)

Here c := 1/
√
ϵ0µ0 is the vacuum speed of light. For mathematical convenience, we use

complex-valued fields. The physical fields are obtained by taking the real part of these
complex-valued fields. Then, we can write electromagnetic fields using harmonic modes
as a spatial part times a complex exponential representing temporal variation:

H(r, t) = H(r)e−iωt,

E(r, t) = E(r)e−iωt.

This leads to eigenvalue equations for the electromagnetic field:

ΘE(r)E(r) =
ω2

c2
E(r), ΘE(r)E(r) := ϵ−1(r)∇× (∇×E(r)) (1.47)

or

ΘH(r)H(r) =
ω2

c2
H(r), ΘH(r)H(r) := ∇×

(
ϵ−1(r)∇×H(r)

)
. (1.48)

By incorporating the periodicity of the dielectric constant ϵ(r) = ϵ(r + R) with a
translation vector R, it follows that the operators ΘE and ΘH inherit this periodicity.
Consequently, the solutions to the eigenvalue problem, representing the frequencies and
modes of the electromagnetic field, can be classified based on the wavevector k within
the first Brillouin zone and band index n:

ΘE(r)Enk(r) =
(ωnk

c

)2
Enk(r), (1.49)

or

ΘH(r)Hnk(r) =
(ωnk

c

)2
Hnk(r). (1.50)
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Here we denote the frequencies as ωnk.
As shown above, photonic crystals exhibit photonic band structures. This structural

characteristic opens the door to investigating the topological properties of these bands.
The first theoretical proposal on the band topology of photonic crystals was presented
by Raghu and Haldane [86, 87]. They studied a two-dimensional gyroelectric photonic
crystal composed of dielectric rods arranged in a triangular lattice. By applying a static
magnetic field to break time-reversal symmetry, they proposed a mechanism to open a
gap in the Dirac cones present in the band structure (see FIG. 1.18 (a)). In fact, this
approach revealed that the Chern number, defined as

chn :=
1

2π

∫
d2k

(
∂Ay

n(k)

∂kx
− ∂Ax

n(k)

∂ky

)
, (1.51)

Ai
n(k) := −i ⟨Enk| ∂ki |Enk⟩ := −i

∫
d2rE∗

nk(r) · (ϵ(r)∂kiEnk(r)) , (1.52)

takes non-zero values in such systems. Although the model proposed by Raghu and Hal-
dane was challenging to realize experimentally, subsequent studies [88, 89] introduced
practical designs using gyromagnetic photonic crystals (see FIG. 1.18(b, c)). These
designs paved the way for experimental verification [89], significantly advancing the
understanding of photonic band topology.
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Figure 1.18: (a) Photonic band structure of the Raghu-Haldane model. When time-
reversal symmetry is preserved, a Dirac cone appears (black dashed line). However,
breaking time-reversal symmetry via the Faraday effect opens a gap (blue solid line). (b,
c) The photonic analog of the quantum Hall effect proposed by Wang et al. The system
corresponds to a photonic crystal realization of the Harper-Hofstadter model. Similar
to the Raghu-Haldane model, a Dirac cone emerges when time-reversal symmetry is
present (Figure (b)), while breaking time-reversal symmetry via the magneto-optical
effect opens a gap (Figure (c)). These figure are cited from [88].

Topological photonic crystals can also be realized through methods beyond the
quantum Hall insulator-like approach. A notable study in this context is the work of
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Wu and Hu [28], who proposed a quantum pseudo-spin Hall insulator-like topological
photonic crystal. The basic idea of this model can be understood in analogy with a
tight-binding model discussed in Sec. 1.1.4: The proposed design begins with a two-
dimensional photonic crystal consisting of dielectric rods arranged in a honeycomb
lattice (see FIG. 1.19 (a)). This arrangement, due to its symmetry, results in the
emergence of photonic Dirac cones at the K and K ′ points in the Brillouin zone. When
adopting a hexagonal cluster of rods as the unit cell, the Dirac cones at K and K ′

fold back to the Γ point (see FIG. 1.19 (c)), similar to the behavior observed in tight-
binding model. The next step involves modulating the positions of the dielectric rods.
When the rods are shifted inward, closer to the center of the hexagonal cluster, this
system corresponds to t0 > t1 case in the tight-binding model, which opens a trivial
band gap at the Dirac point (see FIG. 1.19 (b, d)). Conversely, if the rods are shifted
outward, away from the cluster center, this system corresponds to t0 < t1 case in the
tight-binding model, leading to a band inversion and the opening of a nontrivial gap at
the Dirac point. In this manner, quantum pseudo-spin states can also be generated in
photonic crystals.

(a)

(b) (c) (d)

Figure 1.19: (a) Schematic illustration of the Wu-Hu model. Dielectric rods with
ϵd = 11.7ϵ0 are arranged in a honeycomb lattice. Here ϵA = ϵ0. (b, c, d) Photonic band
structures of the Wu-Hu model. A band inversion, similar to that in the tight-binding
model, occurs. These figures are cited from [28].
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The eigenmodes at the Γ point must form a basis for the irreducible representation
of the point group C6v. Indeed, the spatial distributions of these eigenmodes possess
odd or even spatial parity, as shown in FIG. 1.20. Thus, similar to the tight-binding
model, these modes can be used to construct pseudo-spin modes p± and d±. In the
tight-binding system, pseudo-spin-up (down) modes correspond to counterclockwise
(clockwise) current flow, as discussed in Sec. 1.1.4. In the case of photonic crystals, the
pseudo-spin-up (dowm) modes exhibit right-handed (left-handed) circular polarization,
with the time average of the Poynting vector indicating counterclockwise (clockwise)
flow (see FIG. 1.21).

Figure 1.20: (a) Electric fields Ez of px(py) and dx2−y2(dxy) photonic orbitals at the Γ
point. (b) the corresponding magnetic fields associated with the pseudo spin modes p±
and d±. These figures are cited from [28].

The characteristics of these eigenmodes have a direct impact on transport at the
interface. In other words, this enables selective excitation of pseudo-spin modes by
injecting circularly polarized light at the edge of the system. Let us consider a sys-
tem composed of two topologically distinct regions, with an external source placed at
their interface to inject electromagnetic waves. When we place a harmonic source to
inject linearly polarized light, both counterclockwise and clockwise modes are excited
simultaneously, resulting in a symmetric distribution of electromagnetic energy along
the interface (see FIG. 1.22). On the other hand, when we use circularly polarized
light, either the counterclockwise or clockwise mode is selectively excited, leading to a
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Figure 1.21: Real-space distributions of the time- averaged Poynting vector associated
with the pseudospin-down state at the Γ point below the photonic gap: (a) a0/R = 3.125
in the trivial regime and a0/R = 2.9 in the topological regime. These figures are cited
from [28].

unidirectional propagation of the excited electromagnetic wave along the interface (see
FIG 1.22).

Figure 1.22: (a) Topological edge states excited by a harmonic source with linear polar-
ization. (b) and (c) Unidirectional energy propagations excited by sources generating
electromagnetic waves characterized by circular polarization. (d) Propagations of ex-
cited helical edge state along interfaces with sharp turning angles. These figures are
cited from [28].

The Wu-Hu model offers several advantages for studying topological phases in pho-
tonic crystals, notably its theoretical versatility and experimental feasibility. The quan-
tum Hall insulator-like approach requires breaking time-reversal symmetry, which often
involves using gyromagnetic photonic crystals and specialized materials. In contrast,
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the Wu-Hu model only involves simple arrangements of dielectric rods, eliminating the
need for exotic materials. This simplicity has enabled its implementation in various ex-
perimental platforms, including acoustic systems [90, 91], photonic systems [92, 93, 94],
and microwave setups [95].

1.3 Motivation for the research in this thesis

We have reviewed topological phases in solid-state electronic systems and unconven-
tional solids. Based on this foundation, the motivation behind the research presented
in this dissertation can be summarized as follows:

• A key objective is to develop theoretical frameworks that are applicable to classical
systems like photonic crystals. To this end, interactions unique to solid-state
electronic systems, such as spin-orbit coupling, are deliberately excluded.

• Our research aims to propose models that are versatile and experimentally prac-
tical. Taking inspiration from the tight-binding model introduced by Wu and
Hu, the focus is on systems incorporating only real-valued hopping terms. The
ultimate goal is to design models that can be realized using simple experimental
setups, such as arrays of dielectric rods.

1.4 Organization of this thesis

The rest of this thesis is organized as follows. In Chapter 2, we start with the theory
of Wilson loops and topological invariants. We provide a review of how topological
invariants have been formulated and utilized in previous research. In Chapter 3, as an
extension of Wu-Hu model, we delve into our study on a chiral honeycomb lattice model.
The proposed model is specifically designed with applications to soft matter systems
in mind, and has features of sublattice and mirror symmetry breaking. Consequently,
the resulting band topology exhibits notable differences from those presented in earlier
works. In Chapter 4, we present the study on a classical system. By mapping the model
introduced in Chapter 3 onto a classical system, one can analyze its classical dynamics.
In this system, an asymmetric edge current can be excited. In Chapter 5, we focus
on our study of HOTIs. By using an extra-site model, the topological quadrupole-like
phase can be implimented. In Chapter 6, we summarize this thesis.
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Chapter 2

Wilson loops and topological
invariants

The Wilson loop is a powerful concept in solid-state physics, particularly in the
study of topological properties of electronic bands. It originates from gauge theories in
high-energy physics, but has found profound applications in the theory of Berry phases
and topology in condensed matter systems. In this chapter, we shortly summarize
the concept of Wilson loops and the related topological invariants. Throughout this
chapter, we refer to and follow the discussions in [96, 97, 98].

2.1 Wilson loops

2.1.1 Definitions

In the context of solid-state physics, the Wilson loop refers to a path-ordered ex-
ponential of the Berry connection over a closed loop in momentum space. In general,
to accommodate degenerate band structures, we define the Berry connection matrix
A(k), which extends the concept of the Berry connection to multiple bands (see also
Sec. 1.1.1). The elements of A(k) are given by

Amn(k) := −i ⟨um(k)| ∇k |un(k)⟩ . (2.1)

where |um(k)⟩ and |un(k)⟩ are the periodic part of the Bloch function. Using this Berry
connection matrix, the Wilson loop is mathematically expressed as

WC = P exp

(
i

∮
C

A(k) · dk
)
, (2.2)

where P denotes path ordering, and C is a closed loop in momentum space.
In practice, the Wilson loop is computed by discretizing momentum space into a

grid. Let us descretize the loop C into N small segments with ki representing the
discrete momentum points along the path, such that i = 1, 2, · · · , N and kN+1 = k1.

37
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We approximate the momentum difference ∆ki := ki+1 − ki between adjacent points
be small. For each small segment of the path from ki to ki+1, the contribution to the
Wilson loop reads

exp

(
i

∫
ki→ki+1

A(k) · dk
)

≃ exp (iA(ki) ·∆ki) ≃ I + iA(ki) ·∆ki. (2.3)

Here I is the identity matrix, and we neglect higher-order terms of ∆ki. Furthermore,
these contribution are calculated from the overlap between Bloch wavefunctions at
neighboring points:

[exp (iA(ki) ·∆ki)]mn ≃ δmn + iAmn(ki) ·∆ki

= ⟨um(ki)|un(ki)⟩+ ⟨um(ki)| ∇ki
|un(ki)⟩ ·∆ki

≃ ⟨um(ki)|un(ki+1)⟩ =:
[
Mki→ki+1

]
mn
, (2.4)

where we have defined the overlap matrices Mki→ki+1
. Therefore, over the entire path

C, the path-ordered exponential becomes a product of these small contributions, i.e.

WC ≃
N∏
i=1

exp (iA(ki) ·∆ki) ≃
N∏
i=1

Mki→ki+1
. (2.5)

2.1.2 Hybrid Wannier centers

The Wilson loop is a quantity related to the expectation value of the electron posi-
tion. Let us briefly confirm this relationship. For simplicity, we take the path C to be
a line along the kx axis. Since we are working within the Brillouin zone, this path is
periodic, forming a closed loop as required by the definition of the Wilson loop. In this
case, the Wilson loop is computed as

Wx,⃗k :=
Nx∏
i=1

M(k0x+(i−1)∆kx ,⃗k)→(k0x+i∆kx ,⃗k)
, (2.6)

where we define k = (kx, k⃗) and ∆kx = 2π/Nx, with Nx (= N) being the number of
unit cells along the x-axis, determining the discretization of kx. Moreover, we assume
that there are Nocc occupied bands, and thus the Wilson line elements are defined as[
M(k0x+(i−1)∆kx ,⃗k)→(k0x+i∆kx ,⃗k)

]
mn

= ⟨um(kx, k⃗)|un(kx +∆kx, k⃗)⟩ (m,n = 1, · · · , Nocc),

(2.7)

considering only the occupied bands. We then diagonalize the Wilson loop as follows:

Wx,⃗k

∣∣∣νj
x,⃗k

〉
= exp

(
2πiνjx(k⃗)

) ∣∣∣νj
x,⃗k

〉
. (2.8)
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Here the index j (= 1, · · · , Nocc) labels the eigenstates of the Wilson loop, indicating

the corresponding eigenvalues νjx(k⃗) and their associated states
∣∣∣νj

x,⃗k

〉
. The eigenvalues

of this Wilson loop correspond to the hybrid Wannier centers (the expectation values
of the position operator for hybrid Wannier functions), as we shall see below. Using
the eigenvectors of the Wilson loop, the hybrid Wannier function is defined as∣∣∣Ψj

Rx ,⃗k

〉
=

1√
Nx

Nocc∑
n=1

∑
kx

∣∣∣ψn(kx, k⃗)
〉 [∣∣∣νj

x,⃗k

〉]n
e−ikxRx , (2.9)

where
∣∣∣ψn(kx, k⃗)

〉
is the Bloch wave function. Here we denote the n-th element of

vector
∣∣∣νj

x,⃗k

〉
as
[∣∣∣νj

x,⃗k

〉]n
(n = 1, · · · , Nocc). In general, the hybrid Wannier function

is localized around Rx in the x-direction but not localized in other directions1[97, 98].

Furthermore, it is known that the hybrid Wannier centers are nothing but νjx(k⃗) [98]:

(hybrid Wannier center) :=
〈
Ψj

Rx=0,⃗k

∣∣∣x ∣∣∣Ψj

Rx=0,⃗k

〉
= νjx(k⃗). (2.10)

By plotting νjx(k⃗) as a function of k⃗, we obtain the Wannier bands, which provide
crucial insight into the topology of the system, as we will see in this chapter.

In particular, for a one-dimensional k-space, one can construct the Wannier center
and Wannier functions from the Wilson loop, which allows the calculation of physical
quantities such as electric polarization. Indeed, according to the modern theory of
electric polarization, in a one-dimensional system with a single occupied band (j = 1),
the electric polarization px is given by

px = eνx. (2.11)

Here, since we are considering a one-dimensional system, the dependence on k⃗ disap-
pears.

2.2 Sublattice symmetry and winding number

To make the above discussion concrete, let us consider the SSH model. As we will
discuss in this section, SSH model exhibits sublattice symmetry, which plays a crucial
role in the emergence of its topological phase, making it one of the simplest examples
of such a system. In this section, the lattice constant is set to a0 = 1.

2.2.1 Basics

To begin, we first examine the topology of general one-dimensional 2× 2 Hermitian
matrices as a preliminary discussion. Such matrices can be expressed using the Pauli

1In contrast, conventional Wannier functions are localized in all spatial directions.
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matrices as follows:

H2×2(kx) = R(kx) · σ = Rx(kx)σx +Ry(kx)σy +Rz(kx)σz, (2.12)

where R(kx) = (Rx(kx), Ry(kx), Rz(kx)) represents the coefficients of expansion. Since
the term proportional to σ0 does not affect the topology, it is neglected for simplicity.
To study the topology of this system, we consider the trajectory of the normalized
expansion coefficient R̂(kx) := R(kx)/|R(kx)| as kx varies from −π to π. This corre-
sponds to considering continuous mappings from kx ∈ S1 = [0, 2π) (Brillouin zone) to
R̂(kx) ∈ S2 (the target space) and classifying them topologically.

Continuous mappings from S1 to a target space are classified by the first homotopy
group [99]. For the target space S2, however, such mappings can always be continuously
deformed to a single point, meaning only a trivial topological sector exists:

π1(S
2) = 0. (2.13)

As a result, one-dimensional lattice models without any symmetry are topologically
equivalent, and there are no distinct topological phases.

When symmetries are imposed, however, they restrict the possible deformations of
mappings, potentially leading to nontrivial topological sectors that cannot be connected
as long as the symmetry is preserved. A notable example is the imposition of sublat-
tice symmetry2. For 2 × 2 Hermitian matrices, the sublattice symmetry requires the
anticommutation relation

{H2×2(kx), σz} = 0, (2.14)

which eliminates the σz term from H2×2(kx), i.e.,

H2×2(kx) =

(
0 Rx(kx)− iRy(kx)

Rx(kx) + iRy(kx) 0

)
(2.15)

and reduce the degrees of freedom of R(kx). The resulting mapping now involves
kx ∈ S1 to R̂(kx) = (Rx, Ry)/

√
R2

x +R2
y ∈ S1, and thus its topological classification

under sublattice symmetry is given by

π1(S
1) = Z. (2.16)

This implies the existence of nontrivial topological sectors. In fact, these mappings are
classified by the winding number, which represents the number of times R̂(kx) wraps
around the origin. This winding number is expressed as

w = − 1

2π

∫ 2π

0

dkx

(
d

dkx
arg (q(kx))

)
, (2.17)

2In general, it is often referred to as chiral symmetry, which is a combination of time-reversal
symmetry and particle-hole symmetry; however, in this thesis, we use ”chiral” to describe mirror
symmetry breaking, and the combination of time-reversal symmetry and particle-hole symmetry will
not be discussed. Thus, we exclude its usage for the combination of time-reversal and particle-hole
symmetries, and only discuss the sublattice symmetry.
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where q(kx) := Rx(kx)− iRy(kx).
This framework extends naturally to general one-dimensional N×N Hermitian ma-

trices (where the N is even). In such cases, the Hamiltonian with sublattice symmetry
can be written as

HN×N(kx) =

(
0N/2×N/2 Q(kx)
Q(kx)

† 0N/2×N/2

)
, (2.18)

with a suitable choice of basis. Here, Q(kx) is an N/2 × N/2 complex matrix with a
nonzero determinant. Then, the winding number is defined as

w = − 1

2π

∫ 2π

0

dkx

(
d

dkx
arg (detQ(kx))

)
. (2.19)

2.2.2 Su-Schrieffer-Heeger model

As stated in Eq. (1.18), the Bloch Hamiltonian of SSH model is

HSSH(kx) =

(
0 t1 + t2e

−ikx

t1 + t2e
ikx 0

)
=:

(
0 q(kx)

q(kx)
∗ 0

)
, (2.20)

with eigenvalues and eigenstates given by

E±(kx) = ±|q(kx)|, |u±(kx)⟩ =
1√
2

(
ei arg(q(kx))

±1

)
. (2.21)

The winding number can be calculated as

w = − 1

2π

∫ 2π

0

dkx

(
d

dkx
arg (q(kx))

)
=

{
1 if |t1| < |t2|
0 if |t1| > |t2|

. (2.22)

This can be intuitively understood by considering the case of (t1, t2) = (0, 1), where
the unsplit zero-energy edge modes emerge. In this case, arg(q(kx)) = −kx, and thus
w = 1.

The winding number can also be derived through the Wilson loop. For the half-
filling case, the Wilson loop is expressed as

Wx =
Nx∏
i=1

Mkx+(i−1)∆kx→kx+i∆kx
continuum limit→ exp

(
i

∫ 2π

0

Ax
−−(kx)dkx

)
. (2.23)

where Nx represents the number of subdivisions of the Brillouin zone, with ∆kx =
2π/Nx, and the Berry connection reads

Ax
−−(kx) := −i ⟨u−(kx)| ∂kx |u−(kx)⟩ . (2.24)
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By using Eq. (2.21), the Berry connection is readly derived as

Ax
−−(kx) = −1

2

d

dkx
arg(q(kx)) (2.25)

Therefore, the Wilson loop becomes

Wx = exp

(
i

∫ 2π

0

Ax
−−(kx)dkx

)
= exp

(
i2π

w

2

)
, (2.26)

and the Wannier center is retrieved as νx = w/2. Therefore, the topological nontriviality
can also be detected by computing the Wilson loop and the associated Wannier centers.
The related polarization reads

px = eνx =

{
e/2 if |t1| < |t2|
0 if |t1| > |t2|

. (2.27)

We note that, in the continuum limit, the electric polarization can be expressed as a
Berry phase:

px =
e

2π

∫ 2π

0

Ax
−−(kx)dkx. (2.28)

2.3 Mirror symmetry and quadrupole moment

2.3.1 π-flux and mirror symmetry

Before delving into the discussion of topological quadrupole phase, let us examine
the symmetries of a system where a π-flux is introduced in the plaquettes. For simplicity,
we analyze a simple four-site model arranged at the vertices of a square, as shown in
Figure 2.1. The Hamiltonian of this system can be written as

H0 = γ


0 1 −1 0
1 0 0 1
−1 0 0 1
0 1 1 0

 . (2.29)

Here we use atomic orbitals {|ψi⟩}i=1,2,3,4, as shown in FIG. 2.1 In this configuration, the
hopping term for the bond between sites 1 and 3 has its sign flipped, which introduces π-
flux per plaquettes. The system exhibits mirror symmetry with respect toMy : y → −y,
i.e.

My :=


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , (2.30)
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and [H0,My] = 0. However, it does not retain symmetry under the mirror operation
Mx : x→ −x, i.e.

Mx :=


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 , (2.31)

and [H0,Mx] ̸= 0. In this sense, the system lacks conventional mirror symmetry about
the y-axis. Nevertheless, if we consider a generalized mirror operation that includes
a gauge transformation of the atomic orbitals, the system retains mirror symmetry.
Specifically, as shown in Figure 2.1, applying the mirror operation followed by a gauge
transformation, where |ψ2⟩ → − |ψ2⟩ and |ψ4⟩ → − |ψ4⟩, restores the system to its
original state. This process is described as

M̃x :=


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1



0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 . (2.32)

Thus, systems with a π-flux exhibit generalized mirror symmetry that incorporates the
gauge transformation.

|ψ4〉 |ψ2〉

|ψ3〉|ψ1〉
Mx

γ

−γ γ

γ |ψ4〉 → eiπ |ψ4〉
|ψ2〉 → eiπ |ψ2〉

1

2

3

4

Figure 2.1: A four-site toy model. Under the mirror operation Mx, the locations where
the sign flips occur are altered. However, by performing a gauge transformation on
the atomic orbitals, the sign-flipped regions can be restored to their original positions.
In this sense, when including gauge transformations of the atomic orbitals, the system
retains mirror symmetry.

For these generalized mirror operations, it can be seen that they do not commute
but instead anticommute, such that

{M̃x,My} = 0. (2.33)

The presence of such anticommuting mirror operations is a crucial feature for discussing
the topological quadrupole phase in the BBH model [29]. In fact, it is known that a
topological quadrupole moment cannot be realized if the mirror operations commute
[29]. Moreover, the gap in the Wannier bands only opens when the mirror operations
anticommute [29].
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2.3.2 Benalcazar-Bernevig-Hughes model

Let us now characterize the topological quadrupole phase in the BBH model us-
ing the Wilson loop. The discussion in this subsection is based on the proposal by
Benalcazar et al. [29]. In this section, the lattice constant is set to a0 = 1.

For the bulk Bloch Hamiltonian, assuming the band gap is open and the system is
at half-filling, the occupied bands correspond to the two bands below the band gap,
denoted as |um(k)⟩ (m = 1, 2) (see Sec. 1.1.5). The Wilson loop can be constructed
in the same manner of Eq. (2.6) and (2.7) (see FIG. 2.2 (a)), and diagonalized as

Wx,ky =
∑
j=±

exp
(
2πiνjx(ky)

) ∣∣∣νjx,ky〉〈νjx,ky ∣∣∣ (2.34)

with eigenvalues exp (2πiνjx(ky)) and the corresponding eigenvectors
∣∣∣νjx,ky〉 (Here we

choose the labeling of j such that ν−x (ky) ≤ ν+x (ky)). If the system is invariant under
the mirror operation My, the eigenvalues satisfy the constraint ν−x (ky) = −ν+x (ky), as
shown in FIG. 2.2 (b).

When the Wannier bands are gapped, it becomes possible to decompose the Bloch

wavefunctions into separate Wannier band sectors. The revised wavefunctions
∣∣∣w±

x,ky
(kx, ky)

〉
is then defined as ∣∣∣w±

x,ky
(kx, ky)

〉
:=
∑
n=1,2

|un(kx, ky)⟩
[
|ν±x,ky⟩

]n
. (2.35)

Here we denote the n-th element of vector |ν±x,ky⟩ as
[
|ν±x,ky⟩

]n
(n = 1, 2). The Wilson

loop can be recalculated for each Wannier sector as

W̃±
y,kx

:=

Ny∏
i=1

M̃±
(kx,ky+(i−1)∆ky)→(kx,ky+i∆ky)

. (2.36)

Here, the matrix M̃±
(kx,ky)→(kx,ky+∆ky)

is defined as

M̃±
(kx,ky)→(kx,ky+∆ky)

:= ⟨w±
x,ky

(kx, ky)|w±
x,ky+∆ky

(kx, ky +∆ky)⟩ . (2.37)

From this, the “polarization” for each Wannier sector, which is an analogy to polariza-
tion Eq. (2.28) in SSH model, can be determined as

pν
±
x

y = − i

2π

1

Nx

∑
kx

Log
[
W̃±

y,kx

]
continuum limit→ 1

(2π)2

∫
BZ

Ã±
y,kx

(kx, ky)d
2k. (2.38)

Here we define the Berry connection Ã±
y,kx

(kx, ky) := −i ⟨w±
x,ky

(kx, ky)| ∂ky |w±
x,ky

(kx, ky)⟩.
The same procedure can also be applied to the y-direction. Furthermore, the BBH
model possesses generalized mirror symmetries M̃x, My, as well as inversion symmetry
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I = M̃xMy, and thus these symmetries impose the constraints on the polarizations of
the Wannier band subspace, i.e.,

pν
+
x

y
M̃x= pν

−
x

y , pν
±
x

y

My
= −pν±xy , pν

+
x

y
I
= −pν−xy mod 1, (2.39)

which ensures that the polarization is quantized as

pν
±
x

y , pν
±
y

x

I,M̃x,My
= 0 or 1/2. (2.40)

This quantization enables a Z2 × Z2 classification of the system using (pν
±
x

y , p
ν±y
x ). In

fact, in the nontrivial phase |γ| < |λ|, the polarization values are (pν
±
x

y , p
ν±y
x ) = (1/2, 1/2),

while in the trivial phase, they are (pν
±
x

y , p
ν±y
x ) = (0, 0) (see FIG. 2.2 (c)). As a result,

the topological quadrupole invariant reads

qx,y = 2epν
±
y

x pν
±
x

y =

{
e/2 if |γ| < |λ|
0 if |γ| > |λ| . (2.41)

X M

Γ

ky

kx

Wx,ky

(a) (b) (c)

ky kx

ν x
(k

y
)

p̃
ν
± x

y
(k

x
)

ν+

ν−

Figure 2.2: (a) The calculation of the Wilson loop Wx,ky . We specify a path along
kx-axis in 2D Brillouin zone. (b) Wannier band structures. A Wannier band gap
opens as a consequence of mirror symmetry. (c) Calculation of the Z2 invariant. The
”polarization” is computed using Wannier functions and is quantized to 1/2 due to
symmetry constraints.
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2.4 Mirror winding number

The edge states of the Wu-Hu model discussed in Sec. 1.1.4 can also be analyzed
by combining the winding number, as discussed in the context of the SSH model, and
mirror symmetry. In this section, we interpret the Wu-Hu model as a honeycomb lattice
model with bond modulation, based on a minimal graphene model, and review the work
of Kariyado et al. [27], which characterizes the topological edge states using a mirror
winding number.

2.4.1 Edge states in honeycomb lattice model

Let us first revisit the case without bond modulation, where t0 = t1 (see FIG. 2.3
(b)). This simple tight-binding model has been extensively studied in the context of
graphene research, as it is the minimal model of graphene. When a zigzag edge is
considered and open boundary conditions are imposed, flat bands appear as edge states
in the band structure, plotted as a function of the wavevector k|| along the edge (see
FIG. 2.3 (b)). When bond modulation t0 ̸= t1 is induced, the Dirac mass term arises,
opening a bulk bandgap (see FIG. 2.3 (c)). However, the edge states persist due to the
preservation of sublattice symmetry under the bond modulation. Furthermore, when
systems with different signs of the mass term are joined together, edge states localized
at the interface emerge, corresponding to quantum pseudo-spin states (see Sec. 1.1.4
and FIG. 2.3 (d, e)).

2.4.2 Topological characterization of Wu-Hu model

Let us now characterize these edge states using a topological index. In this section,
we adopt the choice of unit cell as shown in FIG. 2.3(a, b), and define the unit vectors
as a1 = (3a0, 0), a2 = (3a0/2,

√
3a0/2). Then, the Hamiltonian can be written as

HWu−Hu(k) =

(
0 D(k)

D†(k) 0

)
, (2.42)

D(k) =

t1XY ∗ t0 t0
t0 t1X

∗ t0Y
∗

t0 t0 t1

 , (2.43)

where X := eik·a1 and Y := eik·a2 . This Hamiltonian still possesses the sublattice
symmetry, i.e.,

{HWu−Hu(k),Γ} = 0, Γ =

(
13×3 0
0 −13×3

)
, (2.44)

which enables the introduction of a winding number as

wk|| = − 1

2π

∫ 2π

0

dk2

(
d

dk2
arg
(
det(D(k||, k2)

))
. (2.45)



2.4. MIRROR WINDING NUMBER 47

Here we use the formula Eq. (2.19). We denote the momentum parallel to the edge as
k||, and treat it as a free parameter.

(a) (c) (d)

(e)

y

X

(b)
(f)

Figure 2.3: (a) The tight-binding model proposed by Wu and Hu [24] and the unit
vectors in the present discussion. The choice of basis vectors is illustrated schematically.
(b) The choice of unit cell (the region enclosed by the yellow square) adopted in the
present discussion. (c) Schematic illustration of edge band structure with t0 = t1. (d)
Schematic illustration of edge band structure with t0 ̸= t1. (e) Schematic pictures for
decorated edge and interface with different Dirac masses of opposite sign. (f) Schematic
illustration of edge band structure with different Dirac masses. All figures are cited from
[27].

At k|| = 0, in addition to the sublattice symmetry, the system also possesses mirror
symmetry under the mirror operation Mx : x→ −x, satisfying

[Γ,Mx] = 0. (2.46)

This is due to the fact that the mirror symmetry with respect to the plane perpendicular
to the zigzag edge is preserved even in the bond modulation (t0 ̸= t1) bond modulation.
Furthermore, for HWu−Hu(k||, k2), it can be confirmed that[

HWu−Hu(k|| = 0, k2),Mx

]
= 0. (2.47)

From these commutation relations, the Hamiltonian HWu−Hu(k|| = 0, k2) can be de-
composed into subspaces with even and odd parities under the mirror operation, while
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maintaining sublattice symmetry within each subspace. Consequently, winding num-
bers can be defined separately for these subspaces at k|| = 0, denoted as (w+, w−),
which are referred to as mirror winding numbers. Specifically, in the case of graphene
with zigzag edges, the matrix D(k) in Eq. (2.43) an be decomposed into

D+
k⊥

=

(
t1Y

∗
√
2t0√

2t0 t1 + t0Y
∗

)
, D−

k⊥
= t1 − t0Y

∗, (2.48)

leading to the mirror winding numbers as

(w+, w−) =

{
(1, 0) if |t0| < |t1|
(0, 1) if |t0| > |t1|

. (2.49)

Here we define Y := eik·a2 . This indicates that as the system transitions from |t0| < |t1|
to |t0| > |t1|, the mirror winding numbers change from (1, 0) to (0, 1), and these two
phases are topologically distinct, which is consistent with the analysis based on the
Dirac equation (see FIG. 2.4).
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Figure 2.4: (a) The band structures for a ribbon of graphene-zigzag edge with t1 = 1.1t0.
The corresponding winding number is (1, 0). (b) The band structures for a ribbon of
graphene-zigzag edge with t1 = 0.9t0. The corresponding winding number is (0, 1). (c)
The band structure for the interface between two regions t1 = 1.1t0 and t1 = 0.9t0 with
graphene-zigzag type boundary. All figures are cited from [27].



Chapter 3

Z2 phase in a chiral honeycomb
lattice

In this chapter, we discuss the topological phases of a model on a chiral honeycomb
lattice, characterized by broken mirror symmetry, as a natural extension of the Wu-
Hu model. When attempting to introduce mirror symmetry breaking in a Hermitian
manner to the Wu-Hu model, one must inevitably break sublattice symmetry (Sec. 3.2).
As a result, the argument based on the mirror winding number, which combines mirror
and sublattice symmetries, discussed in the previous section, can no longer be applied.
However, even in such cases, band inversion and edge states (Sec. 3.3, 3.4) emerge, and
a topological invariant can still be introduced by incorporating C2T symmetry (Sec.
3.5). The contents in this Chapter have been published in Ref. [100].

3.1 Introduction

First, let us clarify the usage of the term “chiral” in this thesis. An object is referred
to as “chiral” if it cannot be superimposed onto its mirror image, and this geometric
property is known as “chirality.” A familiar example of chirality is our hands. As shown
in FIG. 3.1, a right hand subjected to a mirror operation becomes a left hand, but the
left and right hands cannot be superimposed. In this sense, our hands are chiral objects.

Chirality and its associated physical phenomena frequently appear, especially in
classical systems such as soft matter. For example, in bacterial colonies, a representa-
tive case of active matter, individual bacteria are chiral objects due to their rotation at
the head and tail. This chirality manifests as directed flows in cylindrical boundary con-
ditions, as confirmed experimentally and theoretically [101, 102]. Similarly, in the blue
phase of liquid crystals, chiral vortex-like alignment structures called half-skyrmions
spontaneously form hexagonal lattices with C6 symmetry on the scale of hundreds of
nanometers [103].

Furthermore, topological phases are expected to emerge in principle even in these
systems. For instance, in active matter systems, artificial structures called topologi-

49
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Figure 3.1: Schematic illustration of chirality. Two enantiomers of a generic amino acid
that are chiral, as well as our hands. This figure is cited from Wikipedia.

cal active metamaterials that break time-reversal symmetry have been proposed, using
lattice channels filled with spontaneously flowing active liquids [104]. Although these
systems do not explicitly break mirror symmetry, their study reveals new topologi-
cal functionalities. In liquid crystals, while studies on topological phases are limited,
electromagnetic analyses of periodic structures in nematic and blue phases-conducted
mainly in the context of display design-hint at the potential realization of topological
photonic crystal phases [105].

With this context in mind, we have investigated topological phases on a chiral
honeycomb lattice as an extension of the Wu-Hu model. Our focus is on topological
phases in systems where mirror symmetry is broken. Typically, when considering band
topology in classical setups, lattice models corresponding to such systems implicitly
assume mirror symmetry, and it makes them unsuitable for discussing topological phases
in chiral classical systems. Thus, our research has focused on how to implement a
minimal model that describes chiral classical systems.

Breaking mirror symmetry is not only crucial for exploring classical systems but
also for addressing a fundamental issue inherent in the Wu-Hu model: how sublattice
symmetry breaking influences topological phases. As we will see below, breaking mir-
ror symmetry in a Hermitian framework minimally requires introducing next-nearest-
neighbor hopping in lattice models, which also breaks sublattice symmetry. Conse-
quently, our proposed model cannot be topologically trivial extension from the Wu-Hu
model that was understood through a combination of sublattice and mirror symme-
tries, as discussed in Sec. 2.4. This viewpoint is significant when discussing the Wu-Hu
model in real materials, as sublattice symmetry is generally broken in reality. Thus,
characterizing topological phases based on the sublattice symmetry is insufficient. We
address how these issues are resolved by employing the Dirac equation and Wilson loop
analysis.
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3.2 Model

We first consider a two-dimensional tight-binding model on a honeycomb lattice
with NN and NNN hoppings. Figure 3.2 presents the schematic illustration of the
model and the geometry. Due to the modulation in hoppings, the primitive unit cell is
a hexagon containing six sites instead of two in the pristine honeycomb lattice model.
Then, the unit vectors for the modulated honeycomb lattice are a1 = (3a0/2,

√
3a0/2)

T

and a2 = (−3a0/2,
√
3/2)T , where a0 is the lattice constant for the pristine case. The

Hamiltonian reads

H =
∑
⟨i,j⟩

tijc
†
icj +

∑
⟨⟨i′,j′⟩⟩

ti′j′c
†
i′cj′ . (3.1)

Here ⟨i, j⟩ denotes nearest neighbors, and ⟨⟨i′, j′⟩⟩ denotes next nearest neighbors. As
NN hoppings, we consider both intrahexagon hopping t0 and interhexagon hopping t1,
as depicted in FIG.3.2 by black bonds and red bonds respectively. On the other hand,
as NNN hoppings, we only consider interhexagon hopping. Furthermore, we classify
the interhexagon hoppings into two types, and respectively assign t2 and t3 to introduce
chirality on the system. The two types of hoppings are illustrated as green and orange
bonds in FIG.3.2.

The reflection symmetry breaking can be introduced by setting t2 unequal to t3.
Indeed, as depicted in FIG.3.3, the green bonds are the mirror image of the orange
bonds, where the reflection plane is on the blue line. This means that the system
becomes chiral when t2 ̸= t3, because the role of t2 and t3 are swapped before and after
the reflection operation.

In the following, we limit ourselves to the case with the real-valued hopping t0, t1, t2, t3,
unlike Haldane model [9]. This makes it straightforward to realize the model in any
artificial systems like photonic crystals. Without complex-valued hoppings, the time-
reversal symmetry is preserved in our setup. We emphasize that we handle the case of
t2 ̸= t3, in which the system becomes chiral.

3.3 Band structures and effective Hamiltonian

To elucidate the topological properties of our chiral model given by Hamiltonian
Eq. (3.1), we calculate its energy dispersion. By Fourier transforming Eq. (3.1), the
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Figure 3.2: Schematic illustration of the tight-binding model treated in this article.
The NN hoppings inside unit cells are denoted by t0 (black solid lines), and the NN
hoppings between unit cells are denoted by t1 (red solid lines). The NNN hoppings are
also introduced as t2 (green solid lines) and t3 (orange solid lines).

operationReflection

�

Figure 3.3: The system after the reflection operation. Due to the existence of NNN
hoppings t2 and t3 the reflected system can not be superposed onto the original one.
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Hamiltonian as a function of mementum k yields

H(k) =

(
F (k) D(k)

D(k)† F (k)T

)
,

D(k) =

t1e∗1(k)e∗2(k) t0 t0
t0 t1e1(k) t0
t0 t0 t1e2(k)

 , (3.2)

F (k) =

 0 t2e
∗
1(k) + t3e

∗
1(k)e

∗
2(k) t2e

∗
1(k)e

∗
2(k) + t3e

∗
2(k)

t2e1(k) + t3e1(k)e2(k) 0 t2e
∗
2(k) + t3e1(k)

t2e1(k)e2(k) + t3e2(k) t2e2(k) + t3e
∗
1(k) 0

 ,

(3.3)

where el(k) = eik·al (l = 1, 2).

Figure 3.4 shows plots of the energy dispersion for the Hamiltonian Eq. (3.3) by
setting the hopping energies t0, t1, t2, t3 to several typical values. Importantly, a band
inversion occurs by changing the value of t1 appropriately. This can be confirmed by
plotting the values of | ⟨unk|d+⟩ | as line colors, where |unk⟩ is the periodic part of Bloch
function labeled by index n and Bloch wave vector k. We see that the colors of the
band edges near E = 0 at the Γ-point are exchanged between Figs. 3.4(a) and 3.4(c).
For the system with t1 = t0 [Fig. 3.4(b)], double Dirac cones appear at E = 0.

−3

−2

−1

0

1

2

3

MΓK MΓK MΓK
d±

p±(a) (b) (c)

K
M

Γ

Figure 3.4: Energy dispersions for the system given by Eq.(3.3). In all panels, we set
t2 = 0.3t0 and t3 = −0.3t0: (a) t1 = 0.9t0, (b) t1 = t0, (c) t1 = 1.1t0. The color maps
are for the values of | ⟨unk|d+⟩ |. |p±⟩ and |d±⟩ are pseudo-spin modes.

In the low energy region around the Γ point, the effective Hamiltonian can be derived
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as

H(eff)(kx, ky) ≃
(
H+(kx, ky) 0

0 H−(kx, ky)

)
, (3.4)

where

H±(kx, ky) = −(t2 + t3)I + (t0 − t1)σz +
t1|a1|
2

(±kxσx + kyσy). (3.5)

The derivation is given in Appendix A. This Dirac Hamiltonian Eq. (3.5) clarifies the
origin of the band inversion in FIG. 3.4, where the band inversion is induced by varing
the hopping energy t1. In the context of the Dirac Hamiltonian, the sign of the Dirac
mass m := t0 − t1 can be flipped by changing t1, which explains the origin of the gap
and infers that the two states in Figs. 3.4(a) and 3.4(c) are topologically distinct with
each other. We note that, in this expansion up to first order in the wavevectors, t2 and
t3 only result in a constant energy shift and do not contribute to the band inversion.

For simplicity, we focus on the sign of the mass term m to pick up topological
characters of the system, namely we say two states with the opposite signs of m topo-
logically distinct. Strictly speaking, a topological index often requires information of
global structure of Bloch wave functions in the entire Brillouin zone (as the Chern
number), not only information of the band order at a single momentum (Γ-point in this
case). However, a description by a Dirac equation with spatial modulation in its mass
term gives a universal understanding of topologically protected edge/interface states.
This will be confirmed in the following analysis.

We note that a complementary view can be given by further analysis using C2T
symmetry. It has been shown that in crystals with C2T symmetry, the Wannier band
can be utilized to define a Z2 index [106]. While next-nearest-neighbor hopping terms
break sublattice symmetry in our model, C2T symmetry remains intact. Therefore,
rigorous Z2 classification can still be applied. We have included a discussion on Wilson
loops in Sec. 3.5.

3.4 Topological edge states

In this section, we analyze localized states at the boundary between two regions
with distinct topology. We begin with the analytical approach using the low-energy
effective Dirac theory. Let us consider a case where the periodic boundary condition is
imposed only in the x direction. There is a boundary normal to the y direction where
the sign of the mass term switches: t0 − t1 = m0 > 0 for y > 0 and t0 − t1 = −m0 for
y < 0. In the x direction, kx is a good quantum number because of the existence of
the periodic boundary condition. In the y direction, however, we apply a continuous
approximation by replacing ky with −i∂y to take into account the spatial dependence
of m. The eigenvalue equation of H+(kx, ky) then becomes(

−(t2 + t3) +m0sgn(y) v(kx − ∂y)
v(kx + ∂y) −(t2 + t3)−m0sgn(y)

)(
ϕ1

ϕ2

)
= E

(
ϕ1

ϕ2

)
, (3.6)
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where v := t1|a1|/2. Rewriting this equation in a new basis ϕ± = ϕ1±ϕ2, the eigenvalue
equation yields(

−(t2 + t3) + vkx m0sgn(y) + v∂y
m0sgn(y)− v∂y −(t2 + t3)− vkx

)(
ϕ+

ϕ−

)
= E

(
ϕ+

ϕ−

)
. (3.7)

When m0/v > 0, the solution obtained under the conditions that the wavefunction
converges at y = ±∞ and is continuous at y = 0 is

E+ = −(t2 + t3)− vkx,

(
ϕ+

ϕ−

)
∝
(

0
exp(−(m0/v)|y|)

)
. (3.8)

The eigenvalue equation for H− is obtained by simply replacing kx of Eq.(3.7) by −kx.
The eigenenergy and states become

E− = −(t2 + t3) + vkx,

(
ϕ+

ϕ−

)
∝
(

0
exp(−(m0/v)|y|)

)
. (3.9)

Thus, by solving the eigenvalue equations of H(eff), one obtains the solutions such
that the eigenenergies E± intersect linearly at E0 := −(t2 + t3). In addition, the
corresponding eigenstates are exponentially localized at the boundary y = 0. These
localized states are protected by the difference of topology, i.e. the difference of the
sign of mass term in Eq. (3.5), which confirms the usefulness of the mass-term based
topological classificaiton.

Next, we move on to the numerical approach using the tight-binding model. In
order to discuss boundary states, we consider a system where a region of t1 = 1.1t0 is
sandwiched between two regions of t1 = 0.9t0 as shown in FIG. 3.5(a). Note that a1

direction is horizontal in FIG. 3.5(a). Then, periodic boundary conditions are imposed
on a1 and a2 directions, respectively. With this construction of the interface, a2 remains
to be a unit vector, i.e., there is no superstructure in a2 direction, and we can calculate
energy dispersion as a function of the momentum along the interface k∥. The calculated
dispersion is in FIG. 3.5(b), showing new states in the bulk gap that intersect linearly
at k∥ = 0, which is consistent with the analytical discussions above. Plotting the square
norm of the corresponding wave function (FIG. 3.5(c)) also shows that it is localized
at the boundaries.

3.5 Berry bands and Z2 index

In this section, we present a complementary perspective to the Dirac equation-based
analysis developed in the previous sections, by discussing the Berry bands using the
Wilson loop framework. We consider a closed path L in momentum space, and define
the Wilson loop operator for L as

Ŵ
{n}
L (k1) := P̂ (k1)P̂ (kN) · · · P̂ (k2)P̂ (k1), (3.10)
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Figure 3.5: The hopping enegies of chirality are set to t2 = 0.3t0 and t3 = −0.3t0.
(a) Schematic illustration of the system being simulated, with a region of t1 = 1.1t0
bounded by two regions of t1 = 0.9t0. (b) energy dispersions (c) The square of wave
functions corresponding to A and B in (b). They have the same value because of time
reversal symmetry.

where P̂ (ki) is a projection operator onto a chosen subspace{n}:
P̂ (ki) :=

∑
n∈{n}

|un(ki)⟩ ⟨un(ki)| . (3.11)

Here, the sequence {ki}Ni=1 represents closely spaced points along L. The definition of
the Wilson loop operator used here is consistent with the one introduced in Chapter 2.
Indeed, in Chapter 2, we have discussed the matrix representation of the Wilson loop
operator.

The eigenvalues and engenstates of the Wilson loop operator are obtained as follows.
By using Bloch wave functions on the initial momentum k1, we can express it as a
unitary matrix:

[W {n}(k1)]ij := ⟨ui(k1)| Ŵ {n}
L (k1) |uj(k1)⟩ . (3.12)

The matrix W {n}(k1) can be diagonalized by a unitary matrix V (k1), which satisfies

[V †(k1)W
{n}(k1)V (k1)]ij = δij exp(iγi), (3.13)

where γi is a gauge-invariant geometric phase, also known as a Berry phase. Therefore,
the eigenstates of the Wilson loop are

|ũi(k1)⟩ =
∑
l

[V (k1)]il |ul(k1)⟩ , (3.14)
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with the corresponding eigenvalue being exp(iγi).

3.5.1 Berry bands

Let us now consider Wilson loops around an infinitesimally small path L′ which
enclose a point k. Hereafter, to elucidate the topological nature of our system, we
focus on the valence bands. First, we construct the Wilson loops as:

Ŵ val
L′ (k) := P̂val(k1)P̂val(kN) · · · P̂val(k2)P̂val(k1). (3.15)

Here we denote closely spaced points along the path L′ as {ki}Ni=1s, and P̂val(ki) is the
projection operator onto the full valence band space.

Since the Wilson loop operator is unitary, we can define an associated Hermitian
operator ĤF(k), given by

ĤF(k) := lim
A→0

[
−i log Ŵ val

L′ (k)

A

]
, (3.16)

where A is the area enclosed by L′. The matrix form of this Hermitian operator is

[HF(k)]ij = ⟨ui(k)| ĤF(k) |ui(k)⟩ = lim
A→0

[−i[logW val(k)]ij
A

]
, (3.17)

where

[W val(k)]ij := ⟨ui(k)| Ŵ val
L′ (k) |ui(k)⟩ . (3.18)

This matrix HF(k) is Hermitian, and can be diagonalized by a unitary matrix U(k)
satisfying

[U †(k)HF(k)U(k)]ij = δijFi(k), (3.19)

where Fi(k) is the non-Abelian Berry curvature. Thus, the eigenvalue problem reads

ĤF(k) |ũ′i(k)⟩ = Fi(k) |ũ′i(k)⟩ , (3.20)

and

|ũ′i(k)⟩ =
∑
l

[U(k)]il |ul(k)⟩ . (3.21)

Following Ref [106], we refer to these states as Berry bands.
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L′L(t)

tb2
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Figure 3.6: Schematic illustration of a path L(t) where Wilson loops are made on a
series of these paths. These paths sweep the Brillouin zone (shaded blue region) as
t : 0 → 1.

3.5.2 C2T -protected Z2 phase

We first consider the Wannier band structures1 of the Wilson loop built from pro-
jectors onto the three-dimensional valence bands in our model. We have calculated the
Wilson loops along a sequence of parallel paths, L(t), as depicted in FIG. 3.6, where
these paths gradually traverse the Brillouin zone as t progresses from t : 0 → 1.

The Wannier band structure, as shown in FIG.3.7, indicate that the total winding
of the Wannier band are zero. As mentioned in ref [106, 107], the total Chern number
of the valence bands is equivalent to the total spectral winding of Wannier bands, and
this result is consistent with the time-reversal symmetry. We note that even in time-
reversal symmetric systems, it is known that in topologically nontrivial cases—such
as the Kane-Mele model, where the spin degree of freedom is taken into account—the
spectral windings of the Wannier bands, modulo 2, correspond to the Z2 topological
invariant [97].

Alternatively, we can utilize the Berry bands introduced in the previous section. In
C2T -symmetric crystals2, the Hermitian operator ĤF(k) obeys the relation

(C2T )ĤF(k)(C2T )
−1 = −ĤF(k), (3.22)

which implies that each Berry curvature in a C2T -symmetric crystal is either zero or
forms a positive/negative pair, as depicted in FIG.3.8. This constraints allows for the
Z2 classification in C2T -symmetric systems [106].

1Here, the term ”Wannier bands” refers to the flow of hybrid Wannier centers in momentum space,
as introduced in Chapter 2.

2In the present context, we consider a spinless electronic system. Accordingly, the time-reversal
operator T is represented by complex conjugation, that is, T = K.
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Figure 3.7: Wannier band structures for the topological region made through the valence
bands. The total windings of these spectra are zero, as expected from time-reversal
symmetry.
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Figure 3.8: Berry curvature derived from the eigenvalue problem Eq.(3.20). As a result
of C2T symmetry, these values are either zero or occur as positive/negative pairs.
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Figure 3.9(a) shows the Wannier band structures of the Wilson loop made separately
through {|ũ′i(k)⟩}3i=1 for the same parameters as in FIG.3.7. The blue/red markers
correspond to the positive/negative parts of the Berry band, while the black markers
represent the zero part of the Berry band. There is no mixing, and the windings
of the individual spectra are {wnegative, wzero, wpositive} = {−1, 0,+1} mod 2. On the
other hand, for the trivial region, the windings are {wnegative, wzero, wpositive} = {0, 0, 0}
mod 2, as indicated in FIG.3.9(b).

(a) (b)

MΓ Γ MΓ Γ

zero section positive sectionnegative section

0

−π

π

0

−π

π

h
y
b
ri
d
W
a
n
n
ie
r
ce
n
te
rs

h
y
b
ri
d
W
a
n
n
ie
r
ce
n
te
rs

Figure 3.9: (a) Wannier band structure for the topological region made through the
Berry bands. These spectra present well-defined nontrivial windings. The correspond-
ing Z2 index is shown to be protected by C2T symmetry. (b) Wannier band structure
for the trivial region made through the Berry bands. These spectra present trivial zero
windings.

3.6 Short summary

We propose a novel tight-binding model to describe chiral systems and study its
properties using both analytical and numerical methods. First, we numerically com-
pute the bulk energy dispersion and demonstrate that band inversion occurs as the
model parameter, i.e., the hopping amplitude, is varied. By performing a perturbative
expansion of the Hamiltonian up to the first order in momentum, we show that the band
inversion can be understood as a sign change in the mass term of the Dirac equation.

Next, we consider a system composed of two regions with different topological prop-
erties and numerically demonstrate the emergence of topological states at their bound-
ary. Furthermore, for a system with a boundary, we analytically confirm the presence
of topological states using an effective model based on the Dirac equation.
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Finally, as a complementary approach to the Dirac equation analysis, we discussed
the Z2 topological invariant using the Wilson loop formalism. In the present case, the
system possesses C2T symmetry, which allows for a formulation based on Berry bands.
We demonstrated that the winding of the hybrid Wannier centers yields the appropriate
Z2 invariant.
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Chapter 4

Interface transport in the chiral
honeycomb lattice

In Chapter 3, we have proposed a chiral honeycomb lattice model and discussed its
topological phases, demonstrating that a Z2 topological phase can emerge even when
mirror symmetry and sublattice symmetry are broken. However, the remaining question
concerns how chirality influences physical responses. This is because, in the discussions
in Chapter 3, the effect of chirality was limited to inducing a constant shift in the energy
eigenvalues. In this chapter, we address this issue by mapping the tight-binding model
to a classical system and investigating interface transport phenomena. The contents in
this Chapter have been published in Ref. [100]

4.1 Introduction

To begin, we discuss how spring-mass systems can be associated with tight-binding
models. For simplicity, let us consider a coupled oscillation system with two masses.
We denote the spring constant of the spring connecting the masses as k1, and the spring
constant of the springs connecting each mass to a fixed wall as k0. The equation of
motion is given by

d2

dτ 2

(
x1(τ)
x2(τ)

)
= −

(
k0 + k1 −k1
−k1 k0 + k1

)(
x1(τ)
x2(τ)

)
=: −Γ

(
x1(τ)
x2(τ)

)
, (4.1)

where the mass of the particles is normalized to m = 1. Here we denote the position
coordinate of the particle as xi (i = 1, 2), and τ represents time. To determine the
normal modes and natural frequencies of this system, we assume a solution of the form
xi(τ) = eiωτ x̃i (i = 1, 2), which yields

Γ

(
x̃1
x̃2

)
= ω2

(
x̃1
x̃2

)
. (4.2)
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If we make the correspondence Γ ↔ H, E ↔ ω2 ψi ↔ x̃i (i = 1, 2), this equation can
be interpreted as the Hamiltonian of the tight-binding model in quantum systems:

H

(
ψ1

ψ2

)
= E

(
ψ1

ψ2

)
. (4.3)

This correspondence indicates that spring-mass systems provide an excellent plat-
form for simulating lattice models in classical systems. Indeed, they are an effective
tool for discussing band topology. For example, lattice models such as the SSH model
can be implemented relatively easily [44]. Moreover, by introducing perturbations that
break time-reversal symmetry, such as Coriolis forces, one can realize topological phases
characterized by the Chern number, analogous to quantum Hall insulators [108]. While
we introduced the spring-mass system here for its intuitive simplicity, it is also worth
noting that if we reinterpret the position of the masses as the charge stored in capacitors
and the spring constants as inductance, the system can also be viewed as an LC circuit
system [109].

4.2 Model

Let us now generalize the discussion of Sec. 4.1. Here we specifically consider a
mass-spring system in which potential energy can be written as

V {x} =
1

2

∑
i

∑
j>i

kij(xi − sijxj)
2 +

1

2

∑
i

ϵix
2
i , (4.4)

as a function of dynamical variables x. The number of components in x corresponds to
the number of degrees of freedom in a given system. The first term represents couplings
between different degrees of freedom, with spring constants kij > 0 and sij being +1
or −1. The way to choose ±1 for sijs in a spring-mass model is explained in FIG. 4.1.
When a spring stores elastic energy for anti-phase motion of two connected mass points,
sij = 1 for this spring, while when it stores elastic energy for in-phase motion of two
connected mass points, sij = −1 for this spring. The second term, introduced for
later convenience, is a local term that, in a spring-mass model, can be understood as
a connection between the mass and the ground. Here ϵi is positive. The dynamical
matrix of the system is given by

Γij =
∂2V

∂xi∂xj
=

(
ϵi +

∑
l

kil

)
δij − sijkij. (4.5)

By appropriately choosing ϵis, kijs and sijs such that ϵi +
∑

l kil is equal to a constant
ϵ independent of i, and that sijkij, which can be positive or negative, is equal to the
hopping energies of the quantum counterpart, the dynamical matrix Γ can be written
as

Γij = ϵδij − hij, (4.6)
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where hij is hopping energies in the Hamiltonian. By setting ϵ to be sufficiently large, Γ
can be positive definite. Thus, one can construct a classical system where its dynamical
matrix Γ is equal to H (with a constant shift of ϵ).

After establishing the mapping of Eq. (4.6), the band structure of the Hamiltonian
(3.1) has two interpretations: the energy spectra in the quantum system and the spec-
tra of the square of the frequency (modified by the constant shift ϵ) in the classical
system. For convenience, we have investigated the topological properties (see Chap-
ter 3) by using the Hamiltonian H, whereas we discuss the interface transport on a
classical ribbon structure with the dynamical matrix Γ (Sec. 4.3), since the coupling
with external forces can be understood more intuitively in classical systems.

(a) (b)

Figure 4.1: The physical meaning of sij in a spring-mass model. (a)sij = +1. The
masses are connected by a spring directly, then the spring acquires elastic energy for
anti -phase oscillation. (b)sij = −1. The pulleys change the coordinate axes, and sij is
now negative. In this case the spring acquires elastic energy for in-phase oscillation.

4.3 Interface transport

So far we have seen that the effect of chirality does not manifest itself in the topo-
logical classification or the existence of topological edge states, because unequal t2 and
t3 just lead to the constant shift of the eigenvalues of the effective Hamiltonian. In
this section, we discuss how chirality affects the interface transport by considering the
dynamics of a classical harmonic-oscillator system with boundaries at which energy
is injected [109]. One reason for using a classical system rather than a quantum one
is that the meaning of the energy injection can be much more intuitively caught in
a classical system as shown below (the energy injection is simply modeled by forced
oscillation). Another reason is that the study of modulated honeycomb lattice model
has been greatly developed in the context of classical systems like photonic crystals.

To calculate the interface transport, we denote dynamical variables by x = {xi}.
The equation of motion with respect to time τ is written as

d2x(τ)

dτ 2
= −Γx(τ) + f c cosΩτ. (4.7)

Here Γ is a positive-definite dynamical matrix. An external force f c cosΩτ is applied
to the system with a frequency Ω, and the phase of the force is set to be the same
at all sites. One can consider a variety of systems including spring-mass systems and
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LC-circuit systems, and the variables x and τ and the parameters are set dimensionless
after rescaling of the length and time according to the specific system to be considered.

To facilitate the physical interpretation, let us solve Eq. (4.7) by using the normal
mode decomposition [109]. By introducing an orthogonal matrix O that diagonalizes
Γ, Eq. (4.7) becomes

d2x̃(τ)

dτ 2
= −Gx̃(τ) + f̃ (c) cosΩτ, (4.8)

where G = OTΓO, x̃(τ) = OTx(τ) and f̃ (c) = OTf (c). The expression of Eq. (4.8) in
component form becomes

d2x̃l(τ)

dτ 2
= −ω2

l x̃l(τ) + f̃l
(c)

cosΩτ, (4.9)

where we label the normal modes by an integer l. The solution of Eq. (4.9) for the
initial condition x(τinit) = dx(τinit)/dτ = 0 is

x̃l(τ) = a
(c)
l cosΩτ + b

(c)
l cosωlτ, (4.10)

where

a
(c)
l =

f̃l
(c)

ω2
l − Ω2

, b
(c)
l = −a(c)l . (4.11)

By reconstructing x(τ) from these x̃l(τ), one can understand the dynamics of the
system.

Now, let us return to the interface transport, and consider a specific system illus-
trated in FIG. 4.2. We consider a ribbon structure of 10 hexagonal unit cells with
t1 = 1.2 cladded from both sides by 5 hexagonal unit cells with t1 = 0.8. We also set
t2 = −t3 = 0.3 in all region. To analyze the dynamics, we construct the dynamical ma-
trix of this ribbon structure by the procedure Eq. (4.6), and calculate time evolutions
of the intensity at each site i defined as

Ii =
1

2

[
Ω2x2i +

(
dxi
dτ

)2]
, (4.12)

using Eq. (4.7). Equation (4.12) is designed to eliminate the fast oscillation and focus
on effective propagation of energy in a long time scale. We also choose ϵ = 3.1 and
Ω =

√
ϵ. This choice makes Γ positive definite, and Ω is in the bulk gap of the dynamical

matrix Γ.
The obtained results are shown in FIG. 4.3. In FIG. 4.3(a), the lines labeled by

1-5 correspond to the intensities in the unit cells 1-5 defined in FIG. 4.2. The energy
is injected at the unit cell 1, and the unit cells 2 and 3 (and also 4 and 5) are located
at equal distances from the unit cell 1. The obtained difference between the intensities
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12 34 5

m0 > 0

m0 > 0

m0 < 0

Figure 4.2: Schematic illustration of the system consisting of regions with different
topology. we set t2 = −t3 = 0.3 in all region. For the mass term part, we set m0 = −0.2
for the m0 < 0 region and m0 = 0.2 for the m0 > 0 region. 20 unit cells are lined up in
the a1 and a2 directions with periodic boundary condition. We apply the external force
f (c) at the points of the boundary indicated by blue dots with the amplitude f0 = 1.

at 2 and 3 (4 and 5) reveals an asymmetric energy propagation caused by the effect of
chirality. This novel asymmetry is prohibited in the achiral case t2 = t3 = 0. It should
be noted that t2 and t3 are parameters that control the asymmetry. If the values of t2
and t3 are interchanged, an asymmetric energy propagation in the opposite direction
is observed. In addition, as can be seen from Eqs. (4.10) and (4.11), the contribution
of the modes with ωl close to the frequency Ω dominates the energy propagation. The
chirality effects of t2 and t3 manifest themselves in x(τ) and intensity Ii as a linear
combination of these multiple modes.

In the achiral case found in the literature, to select right-moving or left-moving in-
terface states, the phase shifts are required in input terminals [110]. Indeed, in photonic
crystals, it is necessary to input circularly polarized light in order to selectively excite
the pseudospin modes, as discussed in Sec. 1.2.3. In our case, no phase shift is assumed
in the forced oscillation term, which gives another way to control energy propagation.

4.4 Short summary and discussion

We numerically compute the energy flow by mapping our system to a classical
system, and have discovered a novel asymmetric edge current induced without any
phase tuning at input terminals. These considerations could be a building block in
exploring chiral topological materials.

As noted in Sec. 4.3, experimental realization of the system proposed in the present
study would be more promising in classical systems because the fabrication of the system
and the tuning of the interactions will be easier than for quantum systems. Photonic
crystal of a dielectric material [28, 111] could be one direction, and top-down fabrication
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Figure 4.3: (a) Time evolution of Intensity. The labels 1 to 5 correspond to those in
FIG.4.2. Intensity in this figure is the sum over the six sites in the blue hexagon in
FIG.4.2. (b) Real space plot of the propagation of Intensity Ii. We show snapshots at
τ = 15, 30, 45, 60. An asymmetric propagation is achieved due to chirality.

techniques now enable the realization of topological photonics in the visible wavelength
regime [112]. Careful fabrication of chiral structures would provide an ideal platform
for the experimental verification of the asymmetric transport discussed in Sec. 4.3. Self-
organization of chiral soft materials could also be used for the preparation of systems
that allows the investigation of chiral transport phenomena, and their ideal conditions
could be achieved by the tunability of the structural properties of the soft material by
external stimuli. Recently self-assembly of bowtie-shaped nanoparticles has been shown
to exhibit tunable chiral photonic properties [113]. Chiral liquid crystals [114] can also
offer a platform for self-organized tunable chiral structures, and a hexagonal lattice of
skyrmions exhibited by a chiral liquid crystal [103] could host asymmetric transport
phenomena in the visible wavelength regime. Classical mechanics of course provides
a clue to the realization of systems for chiral topological transport phenomena, such
as mass-spring systems discussed in Sec.4.3 [115], and spinning top systems [108]. We
hope that the present study will stimulate experimental studies towards the realization
and observation of asymmetric topological transport phenomena in a system with time-
reversal symmetry.



Chapter 5

Topological quadrupole-like phase
in an extra-site model

In this chapter, we discuss a perturbative method to realize the topological quadrupole
phase. In the BBH model, discussed in Sec. 1.1.5 and Sec. 2.3.2, the sign flip of hop-
ping terms plays a critical role in the emergence of the topological quadrupole phase.
Here, we demonstrate how introducing extra sites can effectively induce such sign flip,
thereby pseudo-replicating the characteristics of the topological quadrupole phase.

5.1 Introduction

A general scheme for inducing local sign flips of the hopping amplitudes is often
regarded as important in the study of topological insulators. This is because imple-
menting sign flips allows, in principle, the construction of models in which a π-flux is
effectively inserted into specific plaquettes using only real hopping terms. Such plaque-
ttes with inserted π-flux act as zero-dimensional defects and are known to be useful for
distinguishing between different topological phases [116].

From the perspective of inserting π-fluxes by flipping the signs of hopping terms, the
BBH model discussed in Sec. 1.1.5 can be viewed as a model in which all plaquettes are
threaded by a π-flux. As discussed in Sec. 2.3.2, the sign flip of the hopping terms is es-
sential for the emergence of the topological quadrupole phase. Realizing such a model,
which intrinsically involves both positive and negative hopping amplitudes, poses signif-
icant challenges in conventional solid-state systems. However, various platforms beyond
traditional electronic systems—such as photonic crystals [117], optical resonators [118],
acoustic systems [119], microwave setups [120], and electrical circuits [121]—offer flex-
ible means to implement sign flips, thereby enabling experimental realizations of the
BBH model.

Although these methods effectively invert hopping signs, they often rely heavily on
the symmetry of the underlying model. For example, in studies implementing the BBH
model in photonic crystals [117], the symmetry of the square lattice of the system has

69



70CHAPTER 5. TOPOLOGICAL QUADRUPOLE-LIKE PHASE IN AN EXTRA-SITEMODEL

been fully utilized by mixing of orbitals with distinct parity representations, such as s
and p orbitals.

In this work, we propose a different approach by introducing extra sites between
the target sites where the hopping sign needs to be reversed. This method leverages
perturbative corrections to achieve sign inversion. A notable advantage of this approach
is that it does not depend on specific symmetries of the system, making it a more
general and systematic method. In the following sections, we apply this framework to
the BBH model and evaluate whether it can exhibit behavior similar to the topological
quadrupole phase.

5.2 Model

−t

|ψ4〉|ψ3〉 |ψ2〉|ψ1〉

t′t′′ t′′

teff = −t

teff = −t′′2/t′

(a)

(c)(b)

t′ � t′′

t′′ =
√
tt′

t′

−t′

O
|ψ2〉|ψ1〉

|+

|

Figure 5.1: The basic idea of the Extra-site model. (a) The desired hopping config-
uration, where the hopping sign locally flips. (b) Insertion of extra-sites: When the
hopping t′ is significantly larger than t′′, perturbation theory applies, leading to an
effective sign inversion of the hopping. (c) Second-order perturbation process: The
hopping occurs via either a bonding or an antibonding orbital as an intermediate state.

We start by outlining the fundamental concept of the extra-site model. Suppose we
aim to implement a hopping term −t between two sites, labeled as 1 and 2. To achieve
the sign flip without directly flipping the sign of the bare hoppings, we consider the
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following scheme: let us introduce two extra sites, labeled as sites 3 and 4, and set the
hopping term between them as t′. The eigenstates of this two-site system split into
bonding and antibonding states, with eigenvalues:

E± = ±t′, |±⟩ = 1√
2
(|ψ3⟩ ± |ψ4⟩) (5.1)

Here, we denote the antibonding and bonding states as |+⟩ and |−⟩, respectively. Next,
we place the original sites 1 and 2 to the left of site 3 and to the right of site 4,
respectively, and weakly couple them with t′′ ≪ t′. Using second-order perturbation
theory, the effective hopping tij (i, j = 1, 2) can be evaluated as

t11 =
∑
α=±

⟨ψ1|Hsystem |α⟩ ⟨α|Hsystem |ψ1⟩
E1 − Eα

=
t′′2

2(−t′) +
t′′2

2t′
= 0, (5.2)

t12 =
∑
α=±

⟨ψ1|Hsystem |α⟩ ⟨α|Hsystem |ψ2⟩
E1 − Eα

=
t′′2

2(−t′) +
−t′′2
2t′

= −t
′′2

t′
, (5.3)

t21 =
∑
α=±

⟨ψ2|Hsystem |α⟩ ⟨α|Hsystem |ψ1⟩
E1 − Eα

=
t′′2

2(−t′) +
−t′′2
2t′

= −t
′′2

t′
, (5.4)

t22 =
∑
α=±

⟨ψ2|Hsystem |α⟩ ⟨α|Hsystem |ψ1⟩
E1 − Eα

=
t′′2

2(−t′) +
t′′2

2t′
= 0. (5.5)

For the on-site hopping terms t11, t22, the contributions from the bonding and anti-
bonding orbitals cancel each other out, resulting in zero. Furthermore, for the inter-site
hopping, with fine-tuning such that t′ =

√
tt′′, the effective hopping term becomes

teff := t12 = t21 ≃ −t. (5.6)

Thus, we can achieve an effective sign flip of the hopping term.
We now apply this concept to the BBH model. In this case, extra sites are inserted

between sites connected by bonds with hopping amplitude −γ and −λ. As depicted
in FIG. 5.2, for bonds with −γ, we add extra sites and assign hopping terms γ′′, γ′,
and γ′′ with γ′ =

√
γγ′′. Similarly, for bonds with −λ, we also add extra sites and

assign hopping terms λ′′, λ′, and λ′′ with λ′ =
√
λλ′′. Based on the above analysis,

this model is expected to effectively induce the inversion of hopping signs, thereby
pseudo-replicating the topological quadrupole phase.

Here, we note the symmetry of this modified model. The original BBH model
is invariant under generalized mirror operations M̃x and My, including the freedom
of gauge transformations. As discussed in Chapter 2, this symmetry guarantee the
emergence of the topological quadrupole phase, characterized by a Z2×Z2 classification.
When extra sites are added, however, the system no longer remains invariant under
the mirror operation M̃x. As a result, the original Z2 × Z2 classification is no longer
applicable. Nevertheless, the mirror symmetry My remains intact, and the structure of
the Wilson spectrum is preserved (see Sec. 5.5).
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Figure 5.2: BBH model based on the extra-site framework. The unit cell consists of
eight sites. The intra-square hoppings are denoted by γ, γ′, γ′′ , while the inter-square
hoppings are represented by λ, λ′, λ′′′. The region enclosed by the gray rectangle
represents the unit cell of the original BBH model, while the region enclosed by the
black dashed lines corresponds to the unit cell of our model.
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5.3 Band structures

We begin by discussing the structure of the bulk energy dispersions. Unlike the
original BBH model, our model contains eight sites per unit cell, resulting in eight
energy bands. Figure 5.3 shows the energy dispersion for the parameter set γ = 0.8λ,
γ′ = 100γ and λ′ = 100λ. With this choice of parameters, the low-energy region suc-
cessfully reproduces the energy dispersions of the original BBH model (in fact, in the
plot of Fig. 5.3, the dispersions overlap to the extent that they are visually indistin-
guishable). This indicates that the chosen parameter regime lies well within the domain
where perturbation theory remains valid.

Let us now explore whether the extra-site model we propose exhibits topological
properties. Figure 5.3 shows the energy dispersion of this Hamiltonian. In this plot, the
parameters are chosen such that the perturbative regime is valid: specifically, γ′ = 100γ
and λ′ = 100λ. We present energy dispersions for three cases: (a) γ = 1.2λ, (b) γ = λ,
(c) γ = 0.8λ, which correspond to the regime where the original BBH model undergoes
a topological phase transition. As shown in Figure 5.3, the bandgap closes at γ/λ = 1,
and reopens on for γ/λ ̸= 1, confirming the reproduction of the topological phase
transition.
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Figure 5.3: Band structure of the extra-site model. Reflecting the presence of eight
sites per unit cell, eight bands appear. The parameters are set as γ = 0.8λ, γ′ = 100γ
and λ′ = 100λ. The red dashed lines indicate the band structure of the original BBH
model for comparison.

Interestingly, even when the parameters γ′ and λ′ are chosen outside the perturbative
regime, the closure of the bandgap at γ/λ remains consistent (see FIG. 5.5, 5.6, 5.7).
For instance, as demonstrated in Figure 5.7, we computed the energy dispersion for
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Figure 5.4: Topological phase transition of the extra-site model. The parameters are
set as γ′ = 100γ and λ′ = 100λ. The red dashed lines indicate the band structure of
the original BBH model for comparison. (a) γ = 1.2λ. (b) γ = λ. (c) γ = 0.8λ.
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Figure 5.5: Topological phase transition of the extra-site model. The parameters are
set as γ′ = 50γ and λ′ = 50λ. The red dashed lines indicate the band structure of the
original BBH model for comparison. (a) γ = 1.2λ. (b) γ = λ. (c) γ = 0.8λ.
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Figure 5.6: Topological phase transition of the extra-site model. The parameters are
set as γ′ = 10γ and λ′ = 10λ. The red dashed lines indicate the band structure of the
original BBH model for comparison. (a) γ = 1.2λ. (b) γ = λ. (c) γ = 0.8λ.
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Figure 5.7: Topological phase transition of the extra-site model. The parameters are
set as γ′ = 2γ and λ′ = 2λ. The red dashed lines indicate the band structure of the
original BBH model for comparison. (a) γ = 1.2λ. (b) γ = λ. (c) γ = 0.8λ.
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γ′ = 2γ and λ′ = 2λ, considering the same three cases. The results again show that the
bandgap closes at γ/λ = 1, consistently reproducing the topological phase transition.

To better understand why the bandgap closes at γ/λ = 1, we analyze the system
using the Brillouin-Wigner formalism. In the unit cell, the sites can be categorized into
α-type sites, originating from the original BBH model, and β-type sites, which are the
extra sites we introduced. Using the label of atomic sites in FIG. 5.2, the Hamiltonian
can then be written as

Hextra−site(k) =

(
Hαα(k) Hαβ(k)
Hβα(k) Hββ(k)

)
, (5.7)

where

Hαα(k) =


0 0 γ + λz1 γ + λz2
0 0 0 γ + λz1

γ + λz1 0 0 0
γ + λz2 γ + λz1 0 0

 ,

Hββ(k) =


0 γ′ 0 0
γ′ 0 0 0
0 0 0 λ′

0 0 λ′ 0

 ,

Hαβ(k) =


0 0 0 0
γ′′ 0 0 λ′′z2
0 γ′′ λ′′ 0
0 0 0 0

 ,

Hβα(k) = Hαβ(k)
†.

(5.8)

Here we define z1 := eik·a1 and z2 := eik·a2 . The unit vectors are a1 = a0(1, 0)
T and

a2 = a0(0, 1)
T (see FIG. 5.2). We then consider projecting the Hamiltonian onto the

subspace spanned by the atomic orbitals belonging to the α-sector. The projected
Hamiltonian takes the form

Heff(z1, z2, ϵ) = Hαα +Hαβ(ϵ−Hββ)
−1Hβα. (5.9)

Here, ϵ represents the energy eigenvalue, and it directly enters the second term of the
Hamiltonian due to the projection onto the subspace. We denote this dependency in
the arguments of Heff . The eigenenergies are obtained as solutions of

Heff(z1, z2, ϵ) |ψ⟩ = ϵ |ψ⟩ , (5.10)

where we denote the eigenfunction as |ψ⟩. Thus, zero-energy solutions must satisfy

Heff(z1, z2, 0) |ψ⟩ = 0, (5.11)
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or equivalently,

det
(
Heff(z1, z2, 0)

)
= 0. (5.12)

Now, let us consider the case of γ/λ = 1, which we aimed to discuss. Note that the
hopping parameters are introduced following the scheme γ′ =

√
γγ′′ and λ′ =

√
λλ′′.

For k = (π, 0), we have

Heff(z1, z2, 0) = 04×4, i.e., det(Heff(z1, z2, 0)) = 0. (5.13)

Therefore, it follows that as long as the hopping scheme γ′ =
√
γγ′′ and λ′ =

√
λλ′′

is adopted, the bandgap generally closes at γ/λ = 1 for k = (π, 0), even in param-
eter regimes where perturbation theory breaks down. This indicates that the phase
transition universally occurs in our extra-site model without parameter dependence.

5.4 Corner states and electron density

Next, we discuss the emergence of corner states. By imposing open boundary condi-
tions along both the x- and y-axes, we calculated the energy eigenvalues and eigenstates.
Since the unit cell is chosen as shown in FIG. 5.2, the system with open boundary condi-
tions exhibits a structure with dangling sites at the edges, as illustrated in FIG. 5.9(a).
Figure 5.8 indicates that, even in our extra-site model, zero-energy states localized at
the corners appear within the bandgap when |γ/λ| < 1. We note that these corner
states persist even in parameter regimes where perturbation theory breaks down, such
as γ′ = 2γ and λ′ = 2λ, with zero-energy eigenstates emerging within the bandgap.

A distinguishing feature of our model compared to the original BBH model is the
electron density profile. In the parameter regime where perturbation theory is valid (see
FIG. 5.9), the electron density is well-localized at the corners, accurately reproducing
the behavior of the topological quadrupole phase. However, in parameter regimes where
perturbation theory fails (see FIG. 5.10, 5.11, 5.12), the electron density exhibits “leak-
age” from the corners into the bulk. This behavior is consistent with the absence of
mirror symmetry along Mx in this system, which prevents a Z2 × Z2 classification.

Thus, while the topological quadrupole phase picture breaks down in certain pa-
rameter regimes, the occurrence of band inversion and the emergence of zero-energy
eigenstates remain robust across all parameter regimes. This robustness suggests that
such features can be relatively easily realized in metamaterial setups, such as photonic
crystals.
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Figure 5.8: The energy spectrum of the BBH model with open boundaries, plotted as
a function of γ/λ. The parameters are set as γ′ = 100γ and λ′ = 100λ. The calculation
is performed for a 20×20 unit cell system.

(a) (b)

Figure 5.9: The spatial distribution of the electron density at γ = 10−3λ. The param-
eters are set as γ′ = 100γ and λ′ = 100λ. The calculation is performed for a 5 × 5
unit cell system. (a) A 2D plot of the electron density. Bonds containing extra-sites
are represented by thin lines. The circle size corresponds to the magnitude of the elec-
tron density, with orange circles indicating positive values and blue circles indicating
negative values. (b) The corresponding 3D plot of the electron density.
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(a) (b)

Figure 5.10: The spatial distribution of the electron density at γ = 10−3λ. The param-
eters are set as γ′ = 50γ and λ′ = 50λ. The calculation is performed for a 5 × 5 unit
cell system. (a) A 2D plot of the electron density. Bonds containing extra-sites are
represented by thin lines. The circle size corresponds to the magnitude of the electron
density, with orange circles indicating positive values and blue circles indicating nega-
tive values. (b) The corresponding 3D plot of the electron density.

(a) (b)

Figure 5.11: The spatial distribution of the electron density at γ = 10−3λ. The param-
eters are set as γ′ = 10γ and λ′ = 10λ. The calculation is performed for a 5 × 5 unit
cell system. (a) A 2D plot of the electron density. Bonds containing extra-sites are
represented by thin lines. The circle size corresponds to the magnitude of the electron
density, with orange circles indicating positive values and blue circles indicating nega-
tive values. (b) The corresponding 3D plot of the electron density.
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(a) (b)

Figure 5.12: The spatial distribution of the electron density at γ = 10−3λ. The param-
eters are set as γ′ = 2γ and λ′ = 2λ. The calculation is performed for a 5 × 5 unit
cell system. (a) A 2D plot of the electron density. Bonds containing extra-sites are
represented by thin lines. The circle size corresponds to the magnitude of the electron
density, with orange circles indicating positive values and blue circles indicating nega-
tive values. (b) The corresponding 3D plot of the electron density.

5.5 Wannier bands

Finally, we characterize the Wannier band structure of this system. As discussed in
the previous sections, the system lacks invariance under mirror symmetryMx. However,
it retains invariance under mirror symmetry My. As a result, a constraint still applies
to the hybrid Wannier centers:

ν+x (ky) = −ν+x (ky). (5.14)

This implies that the Wannier bands must consist of sectors where (i) positive and
negative values appear in pairs, denoted by ν±, or (ii) the values remain zero, denoted
by ν∅. Indeed, as shown in Figure 5.5, the Wannier band structures reveal both ν±
and ν∅ sectors. We note that the sector ν∅ originates from the additional energy bands
associated with the extra sites introduced in our model, and not from the bands near
the zero-energy region that are relevant to the topological phase transition. Therefore,
the topological features near zero energy are still captured by ν±, and, by focusing on
the Wannier band structure ν± originating from the bands near the zero-energy region,
we find that the gapped Wannier band structure is preserved even in the presence of
the extra sites in our model.
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Figure 5.13: Plots of the Wannier bands for the extra-site model. (a)γ′ = 100γ and
λ′ = 100λ. (b)γ′ = 50γ and λ′ = 50λ. (c) γ′ = 10γ and λ′ = 10λ. (d) γ′ = 2γ and
λ′ = 2λ.
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5.6 Short summary and future perspectives

We adopt the extra-site model, where sign inversion is implemented by introducing
additional sites, and study its properties as a higher-order topological insulator using
both analytical and numerical methods. First, we numerically compute the bulk energy
dispersion and demonstrate the occurrence of band inversion, which contributes to the
band topology. We also perform numerical calculations of the Wannier band structure,
showing that a gap opens in the Wannier bands even in the extra-site model. Fur-
thermore, by conducting numerical simulations for a finite system with open boundary
conditions, we confirm the emergence of corner states, a hallmark feature of higher-
order topological insulators. We have also demonstrated that, unlike the original BBH
model, the absence of mirror symmetry in our model leads to leakage of the electronic
density from the corners in the regime where perturbation theory breaks down.

While this study focused on the properties of the BBH model in the presence of
a uniform π-flux through each plaquette, it is natural to expect that the formulation
developed here will also be useful for analyzing models with local π-flux insertions. As
mentioned in Sec. 5.1, such local flux insertions have been shown to host in-gap states
that can serve as probes of the bulk topology. Therefore, extending our analysis to
systems where a π-flux is inserted as a defect would be a promising future direction.
Moreover, from an experimental perspective, especially in the context of topological
metamaterials, our scheme provides a systematic approach to implementing sign flips
in hopping amplitudes using only real parameters.



Chapter 6

Conclusion

In this work, we have explored the rich landscape of topological crystalline insulators,
emphasizing the role of crystalline symmetries in defining novel topological phases.
Through the study of Wilson loops, winding numbers, and other topological invariants,
we have provided a detailed characterization of various models that exhibit nontrivial
topology. Our works are summarized as follows:

Chiral honeycomb lattice model

We propose a novel tight-binding model to describe chiral systems and study its
properties using both analytical and numerical methods. First, we numerically com-
pute the bulk energy dispersion and demonstrate that band inversion occurs as the
model parameter, i.e., the hopping amplitude, is varied. By performing a perturbative
expansion of the Hamiltonian up to the first order in momentum, we show that the
band inversion can be understood as a sign change in the mass term of the Dirac equa-
tion. We also discuss the topological nontriviality of our system using the framework of
the Wilson loop. In addition, we consider a system composed of two regions with dif-
ferent topological properties and numerically demonstrate the emergence of topological
states at their boundaries. Furthermore, for a system with a boundary, we analytically
confirm the presence of topological states using an effective model based on the Dirac
equation.

Furthermore, we numerically compute the energy flow by mapping our system to a
classical system, and have discovered a novel asymmetric edge current induced without
any phase tuning at input terminals. These consideration could be a building block in
exploring chiral topological materials.

Extra-site model for HOTIs

We adopt the extra-site model, where sign inversion is implemented by introducing
additional sites, and study its properties as a higher-order topological insulator using
both analytical and numerical methods. First, we numerically compute the bulk energy
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dispersion and demonstrate the occurrence of band inversion, which contributes to the
band topology. We also perform numerical calculations of the Wannier band structure,
showing that a gap opens in the Wannier bands even in the extra-site model. Fur-
thermore, by conducting numerical simulations for a finite system with open boundary
conditions, we confirm the emergence of corner states, a hallmark feature of higher-order
topological insulators.
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Appendix A

Derivation of the effective
Hamiltonian

To derive the effective Hamiltonian Eq. (3.5), we focus on the eigenstates at the Γ
point, i.e. kΓ = 0. The following derivation is in parallel with the supplementary mate-
rials of the previous study [26], but any terms with t2 and t3 are new. The eigenstates
of H(k = kΓ) are given by

|fy(3x2−y2)⟩ = (−1,−1,−1, 1, 1, 1)T/
√
6,

|px⟩ = (0,−1, 1, 0, 1,−1)T/2,

|py⟩ = (2,−1,−1,−2, 1, 1)T/2
√
3,

|dx2−y2⟩ = (−2, 1, 1,−2, 1, 1)T/2
√
3,

|dxy⟩ = (0, 1,−1, 0, 1,−1)T/2,

|s⟩ = (1, 1, 1, 1, 1, 1)T/
√
6. (A.1)

We use the conventional notation of s, p, d and f atomic orbitals. The corresponding
eigenenergies are Efy(3x2−y2)

= −2t0−t1+2t2+2t3, Epx,py = t0−t1−t2−t3, Edx2−y2 ,dxy
=

t1 − t0 − t2 − t3 and Es = 2t0 + t1 + 2t2 + 2t3, respectively. In the following, we
consider the case Efy(3x2−y2)

< Epx,py ,dx2−y2 ,dxy
< Es. Based on these eigenstates, one

can construct a low-energy effective Hamiltonian around the Γ point. Since we focus
on the neighborhood of the Γ point where the bands are dominated by p and d states,
it is sufficient to use {|px⟩ , |py⟩ , |dx2−y2⟩ , |dxy⟩} as the basis in calculating the effective
Hamiltonian. By using these four eigenstates, we define the following pseudo-spin
modes:

|p±⟩ =
1√
2
(|px⟩ ± i |py⟩), (A.2)

|d±⟩ =
1√
2
(|dx2−y2⟩ ± i |dxy⟩). (A.3)

In order to consider the effective Hamiltonian, it is convenient to introduce the
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following basis:

|u±⟩ =
1√
2
(∓i |p±⟩ − |d∓⟩), (A.4)

|l±⟩ =
1√
2
(i |p±⟩ ∓ |d∓⟩). (A.5)

Here, the explicit expression of {|u−⟩ , |u+⟩ , |l−⟩ , |l+⟩} is

|u±⟩ =
(
|±⟩
0

)
, |l±⟩ =

(
0

± |±⟩

)
, (A.6)

where

|±⟩ =

 1
ω±
ω∓

 , ω± = −1

2
±

√
3

2
i. (A.7)

Now, let us first calculate the low-energy effective Hamiltonian by using {|u−⟩ , |u+⟩ , |l−⟩ , |l+⟩}.
Indeed, if we expand the Hamiltonian in the basis, the effective Hamiltonian becomes

H(eff)(kx, ky) =


⟨−|F |−⟩ ⟨−|F |+⟩ − ⟨−|D |−⟩ ⟨−|D |+⟩
⟨+|F |−⟩ ⟨+|F |+⟩ − ⟨+|D |−⟩ ⟨+|D |+⟩

− ⟨−|D† |−⟩ − ⟨−|D† |+⟩ ⟨−|F T |−⟩ ⟨−|F T |+⟩
⟨+|D† |−⟩ ⟨+|D† |+⟩ ⟨+|F T |−⟩ ⟨+|F T |+⟩

 . (A.8)

Then, we perform the Taylor expansion up to the first order of the wavevectors. The
effective Hamiltonian is approximated as

H(eff)(kx, ky) ≃ −(t2 + t3)I ⊗ I + (t0 − t1)σx ⊗ σz +
t1|a1|
2

σx ⊗ (k · σ), (A.9)

where I is the identity matrix and σi(i = x, y, z) is the Pauli matrices. We denote
the Kronecker product as ⊗. It is shown that Eq.(A.9) can be written as the Dirac
Hamiltonian by introducing the following new basis:

|1⟩ = i |p−⟩ =
|u−⟩+ |l−⟩√

2
, (A.10)

|2⟩ = − |d−⟩ =
|u+⟩+ |l+⟩√

2
, (A.11)

|3⟩ = −i |p+⟩ =
|u+⟩ − |l+⟩√

2
, (A.12)

|4⟩ = − |d+⟩ =
|u−⟩ − |l−⟩√

2
. (A.13)
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Using these new bases, the effective Hamiltonian is rewritten as

H(eff)(kx, ky) ≃
(
H+(kx, ky) 0

0 H−(kx, ky)

)
, (A.14)

where

H±(kx, ky) = −(t2 + t3)I + (t0 − t1)σz +
t1|a1|
2

(±kxσx + kyσy). (A.15)

Thus, we obtain the Dirac Hamiltonian Eq.(A.15) with the constant energy shift −(t2+
t3).
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[62] Gregor Jotzu, Michael Messer, Rémi Desbuquois, Martin Lebrat, Thomas
Uehlinger, Daniel Greif, and Tilman Esslinger. Experimental realization of the
topological haldane model with ultracold fermions. Nature, 515(7526):237–240,
2014.



96 BIBLIOGRAPHY

[63] N. Goldman, I. Satija, P. Nikolic, A. Bermudez, M. A. Martin-Delgado, M. Lewen-
stein, and I. B. Spielman. Realistic time-reversal invariant topological insulators
with neutral atoms. Phys. Rev. Lett., 105:255302, Dec 2010.

[64] Shi-Liang Zhu, Baigeng Wang, and L.-M. Duan. Simulation and detection of
dirac fermions with cold atoms in an optical lattice. Phys. Rev. Lett., 98:260402,
Jun 2007.

[65] Brandon M. Anderson, Gediminas Juzeliūnas, Victor M. Galitski, and I. B. Spiel-
man. Synthetic 3d spin-orbit coupling. Phys. Rev. Lett., 108:235301, Jun 2012.

[66] Leticia Tarruell, Daniel Greif, Thomas Uehlinger, Gregor Jotzu, and Tilman
Esslinger. Creating, moving and merging dirac points with a fermi gas in a
tunable honeycomb lattice. Nature, 483(7389):302–305, 2012.
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