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Abstract

We explore solutions for fairly allocating indivisible items among agents assigned
weights representing their entitlements. Our fairness goal is weighted-envy-freeness
(WEF), where each agent deems their allocated portion relative to their entitlement at
least as favorable as any other’s relative to their own. Often, achieving WEF necessi-
tates monetary transfers, which can be modeled as third-party subsidies. The goal is to
attain WEF with bounded subsidies.

Previous work relied on characterizations of unweighted envy-freeness (EF), that
fail in the weighted setting. This makes our new setting challenging. We present
polynomial-time algorithms that compute WEF allocations with a guaranteed upper
bound on total subsidy for monotone valuations and various subclasses thereof.

We also present an efficient algorithm to compute a fair allocation of items and
money, when the budget is not enough to make the allocation WEF. This algorithm is
new even for the unweighted setting.

arXiv:2502.09006v5 [cs.GT] 6 Mar 2025

1 Introduction

The mathematical theory of fair item allocation among agents has practical applications,
such as inheritance and partnership dissolutions. When agents have equal entitlements,

“This article combines two works (Aziz et all (2024); [Klein Elmalem et al! (2024)), both set to appear as
extended abstracts at AAMAS.
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each expects a share at least as good as others’, known as an envy-free (EF) allocation. For
indivisible items, an EF allocation might not exist. A common solution is using money
to compensate for envy. Recent studies assume a hypothetical third-party provides a non-
negative subsidy for each agent, and focus on minimizing the fotal subsidy needed for envy-
freeness.

Halpern and Shah (2019) showed that for any allocation, there exists a permutation of
bundles that is envy-freeable (EF-able), meaning it can be made EF with subsidies. They
proved the required subsidy is at most (n — 1)mV/, where m is the number of items, n
the number of agents, and V' the maximum item value, and this bound is tight when the
allocation is given. [Brustle et al. (2020) presented an algorithm using iterative maximum
matching, that computes an EF-able allocation with subsidy at most (n — 1)V, also tight.
We extend the study to agents with different entitlements, or weights, as in partnership
dissolutions, where agents hold varying numbers of shares. For example, an agent with
twice the entitlement of another expects a bundle worth at least twice as much.

Formally, an allocation is weighted envy-free (WEF) (see e.g., Robertson and Webb
(1998); Zeng (2000); (Chakraborty et al. (2021a)) if, for any two agents ¢ and 7, w% times the
utility ¢ assigns to their own bundle is at least w% times the utility ¢ assigns to j’s bundle,
where w; and w; are their entitlements.

We define weighted envy-freeability (WEF-ability) analogously to EF-ability: An allo-
cation is WEF-able if it can be made WEF with subsidies. Specifically, for any two agents
i and j, w% times the sum of the utility that ¢ assigns to his own bundle and the subsidy he
receives is at least as high as w% times the sum of the utility that ¢ assigns to the bundle of j
and the subsidy j receives. Here, we assume quasi-linear utilities.

To illustrate the challenges in the generalized setting of unequal entitlements, we demon-
strate that the results from [Halpern and Shah (2019); Brustle et al. (2020) for additive valu-
ations fail when agents have different entitlements.

Example 1.1 (No permutation of bundles is WEF-able). There are two items 01, 0 and two
agents i1, 12, with weights w; = 1, wo = 10 and valuation functions

01 02
i1 9 7
i 10 8

Consider the bundles X; = {01} and X9 = {02}, where i; receives X7 and iy receives
Xo. Let p; and po represent the subsidies for 41 and i, respectively. The utility of i; for
their own bundle is 5 + p;, and for i2’s bundle, it is 7 4+ po. To satisfy WEF, we need:
Stp1 > THp2 - which implies ps < 43 + 10p;. Similarly, for agent i5, WEF requires:

1 10 °
SJ{g 2 > 101”” L which implies po > 92 4+ 10p;. These two conditions are contradictory,

so no subsidies can make this allocation WEF. Next, consider the permutation where i,



receives Xo and 29 receives Xi. In this case, WEF requires 7+p L > 5J{§’ 2 which implies

po < 65 + 10p1, and for 7s: 101% > 8+1p1, which implies po 2 70 + 10p;. Again, these
conditions are contradictory, proving that no permutation of bundles is WEF-able.

Examplell.1]also implies that the Iferated Maximum Matching algorithm (Brustle et al.
(2020)) does not guarantee WEF, as that algorithm yields an allocation where all agents
receive the same number of items.

When valuations are not additive, even more results from the unweighted setting fail to
hold.

Example 1.2 (Welfare-maximizing allocation is not WEF-able). There are two agents with
weights w; = 1,wy = 3. There are two identical items. The agents have unit demand: agent
1 values any bundle with at least one item at 30, and agent 2 at 90. We show that, contrary
to the result in[Halpern and Shah (2019), the allocation maximizing the social welfare (sum
of utilities) is not WEF-able.

The social welfare is maximized by allocating one item to each agent. Note that this is
also the only allocation that is non-wasteful (Definition[2.3). WEF requires 30+p L > 30"§p 2
which implies ps < 3p; + 60; and 90% > 90#, which implies py > 3p1 + 180 — a
contradiction.

These examples demonstrate that the weighted case is more challenging than the un-
weighted case and requires new ideas.

Of course, since the unweighted case is equivalent to the weighted case where each
weight w; = 1/n, all negative results from the unweighted setting extend to the weighted
case. In particular, it is NP-hard to compute the minimum subsidy required to achieve
(weighted) envy-freeness, even in the binary additive case, assuming the allocation is non-
wasteful (as shown in (Halpern and Shah, 2019, Corollary 1)). Thus, following previous
work, we develop polynomial-time algorithms that, while not necessarily optimal, guarantee
an upper bound on the total subsidy.

1.1 Our Results

Our subsidy bounds for achieving WEF allocations are expressed as functions of n (number
of agents), m (number of items), wyj, (smallest agent weight), and V' (maximum item
value); see Section [2] for definitions.

For general monotone valuations, we show that a total subsidy of %Uﬁ — 1) mV is
sufficient for WEF, and that this bound is tight in the worst case (Section

For supermodular and superadditive valuations, we further show that WEF can be at-
tained simultaneously with maximizing the social welfare and truthfulness (Section 4.

For additive valuations, assuming all weights are integers, we further show an upper
bound that is independent of m: it is vgc_(f(”v':)i“ V', where gcd(w) is the greatest common
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divisor of all weights — largest number d such that w; /d is an integer for all i € N (Sec-
tion [3). Our algorithm extends the one in Brustle et all (2020); when all entitlements are
equal it guarantees the same upper bound (n — 1)V.

We also study WEF relaxations introduced for the setting without subsidy: WEF(z, y)
Chakraborty et all (2022) and WWEF1 (Chakraborty et al| (2021b). We prove that WEF-
ability is incompatible with WWEF1 or with WEF(z, y) for = + y < 2, but show an algo-
rithm for two agents that finds a WEF-able and WEF(1, 1) allocation (Section [5.1)).

For identical additive valuations (Section [6), we compute a WEF-able and WEF(0, 1)
allocation with total subsidy at most (n — 1)V, which is tight even in the unweighted case.

For binary additive valuations, we adapt the General Yankee Swap algorithm (Viswanathan and Zick
(2023a)) to compute a WEF-able and WEF(0, 1) allocation with total subsidy at most

W_ _ 1, reducing to n — 1 for equal weights (Section [7). For matroidal valuations, we

Wmin

show a linear lower bound in m (Section [Z.1)).

For identical items, we derive an almost tight bound of V' Z2Si§n (wi Zlg j<i w%),
where agents are sorted by descending order of their value for a single-item (Section[8)). In
particular, with nearly equal but different weights, the required subsidy may be in Q(n?V),
unlike the O(nV") bound for equal weights. Additionally, we present a polynomial-time al-
gorithm for computing a WEF-able allocation that requires the smallest possible amount of
subsidy for each specific instance. This is in contrast to the other sub-cases of additive val-
uations (binary additive and identical additive), in which computing the minimum subsidy
per instance is known to be NP-hard.

Finally, we address scenarios with limited subsidy budgets (e.g., leftover cash in part-
nership dissolutions), exploring relaxed fairness under subsidy constraints (Section [9)).

Our contributions are summarized in Table

In Section we present preliminary experiments on the required subsidy in random
instances and compare our algorithms with theoretical bounds.

1.2 Related Work

Equal entitlements. [Steinhaus (1948) initiated fair allocation with the cake-cutting prob-
lem, followed by [Foley (1966) advocacy for envy-free resource allocation. Challenges with
indivisible items were outlined by [Schmeidler and Yaari (1971)).

Fair allocation with Monetary Transfers. The concept of compensating an indivisible
resource allocation with money has been explored in the literature ever since [Demange et al.
(1986) introduced an ascending auction for envy-free allocation using monetary payments
for unit demand agents.

Recently, the topic of multi-demand fair division with subsidies has attracted significant
attention (see, e.g., a survey article [Liu et al. (2024)). Halpern and Shah (2019) showed



Table 1: Upper and lower bounds on worst-case total subsidy in weighted envy-freeable
allocations. All subsidy upper bounds are attainable by polynomial-time algorithms. Here,

wy represents the second-smallest weight.

Valuation Lower bound Upper bound
General,
superadditive, (wW — 1) mV (wW — 1) mV
supermodular
[ Theorem [3.8]] [ Theorem [3.8]]
oy 1%.74 W —wWmin
Additive (wmm . 1) 1% Do
[ Theorem [ Lemma
Identical additive (n—1)V (n—1)V
[ Theorem [ Theorem [6.6]]
Binary additive w% — wzn -1
[ Proposition [ Theorem
Matroidal = (wW — n) <wW — 1) m
[ Theorem [ Theorem
Additive, 1 1
identical items Z Vw; Z w; Z Vw, Z W
2<i<n 1<5<1 J 2<i<n 1<<s J
[ Theorem [8.2]] [ Theorem [8.4]]

that an allocation is envy-freeable with money if and only if the agents cannot increase
social welfare by permuting bundles. [Brustle et all (2020) study the more general class of
monotone valuations. They demonstrate that a total subsidy of 2(n — 1)2V is sufficient
to guarantee the existence of an envy-freeable allocation. Moreover, they showed that for
additive valuations where the value of each item is at most V, giving at most ' to each agent
(i.e., a total subsidy of at most (n — 1)V)) is sufficient to eliminate envies. [Kawase et al.
(2024) improved this bound to %



Caragiannis and Ioannidis (2021)) developed an algorithm that approximates the mini-
mum subsidies with any required accuracy for a constant number of agents, though with
increased running time. However, for a super-constant number of agents, they showed that
minimizing subsidies for envy-freeness is both hard to compute exactly and difficult to ap-
proximate.

Aziz (2021) presented a sufficient condition and an algorithm to achieve envy-freeness
and equitability (every agent should get the same utility) when monetary transfers are al-
lowed for agents with quasi-linear utilities and superadditive valuations (positive or nega-
tive).

Barman et al. (2022) studied agents with dichotomous valuations (agents whose marginal
value for any good is either zero or one), without any additivity requirement. They proved
that, for n agents, there exists an allocation that achieves envy-freeness with total required
subsidy of at most n — 1, which is tight even for additive valuations.

Goko et al. (2024)) study an algorithm for an envy-free allocation with subsidy, that is
also truthful, when agents have submodular binary valuations. The subsidy per agent is at
most V' = 1. Their algorithm works only for agents with equal entitlements.

The case where multiple items can be allocated to each agent while the agents pay
some amount of money to the mechanism designer, is extensively studied in combinatorial
auctions (Cramton et al., [2006). A representative mechanism is the well-known Vickrey-
Clarke-Groves (VCG) mechanism ([Clarke (1971)); (Groves (1973); [Vickrey (1961)), which
is truthful and maximizes social welfare. Envy-freeness is not a central issue in combinato-
rial auctions, with a notable exception presented by [Pdpai (2003).

Different entitlements. In the past few years, several researchers have examined a more
general model in which different agents may have different entitlements, included weighted
fairness models like weighted maximin share fairness (WMMS) and weighted proportional-
ity up to one item (WPROP1 ) (Chakraborty et all (2021b); Babaioff et al. (2024);|Aziz et al.
(2019)). [Chakraborty et al! (2021a) established maximum weighted Nash welfare (MWNW)
satisfies Pareto optimality and introduced a weighted extension of EF1. [Suksompong and Teh
(2022) demonstrated MWNW properties under binary additive valuations and its polynomial-
time computability. They further extended these findings to various valuation types.

Different entitlements with subsidies. There is a long-standing tradition in fair division
to revisit settings and extend them to the case of weighted entitlements. In a classic book by
Brams and Taylor (1996), many algorithms and results are extended to the cases of weighted
entitlements. This tradition continues in the context of the allocation of indivisible items.
Wu et all (2023) presented a polynomial-time algorithm for computing a PROP allocation
of chores among agents with additive valuations, with total subsidy at most 2, which is
tight. For agents with different entitlements, they compute a WPROP allocation with total



subsidy at most w In a subsequent work (Wu and Zhou (2024)), they further improved
this bound to (% — $)V.

As far as we know, weighted envy-freeness with subsides has not been studied yet. Our
paper aims to fill this gap.

Matroid-rank valuations. Recent studies have considered matroid-rank valuation (bi-
nary submodular). Montanari et al. (2024} introduce a new family of weighted envy-freeness
notions based on the concept of transferability and provide an algorithm for computing
transferable allocations that maximize welfare. |Babaioff et al| (2021)) design truthful allo-
cation mechanisms that maximize welfare and are fair. Particularly relevant to our work
is a recent work by [Viswanathan and Zick (2023b), who devised a fair allocation method
inspired by Yankee Swap, achieving efficient and fair allocations when agents have sub-
modular binary valuations. We use some of their techniques in our algorithms. Later,
Viswanathan and Zick (2023a) generalize the Yankee Swap algorithm to efficiently com-
pute allocations that maximize any fairness objective, called General Yankee Swap.

2 Model

Agents and valuations. Let [t] = {1,2,...,t} for any positive integer ¢t. We consider n
agents in N and m items in M. Each agent i € N has a valuation function v; : 2M —
Rar , specifying a non-negative real value v;(A) for a given bundle A C M. We write
vi(01, ..., 0) instead of v;({01, ..., 0¢ }).

We assume that the valuation functions v; are normalized, that is v;()) = 0 foralli € N
(Suksompong and Teh (2023)), and monotone, i.e., foreachi € N and A C B C M,
vi(A) < v;(B). We denote V' := max M Note that when the valuations are

iEN,ACM,A%D |A|

additive, V equals to max vi(o) Also, maxv;(M) <m-V.
i€N,oeM iEN

An allocation X = (Xy,...,X,) is a partitioning of the items into n bundles where
X, is the bundle allocated to agent . We assume allocation X must be complete, i.e.,
Uien Xi = M holds;

An outcome is a pair consisting of the allocation and the subsidies received by the
agents, that is, a pair (X, p) is the allocation that specifies bundle X; C M for agent ¢ and
p € (R{)™ specifies the subsidy p; received by agent 4.

An agent 4’s utility for a bundle-subsidy pair (X, p;) is v;(X;) + p;. In other words,
we assume quasi-linear utilities.

'In previous work it was assumed that V' = 1.



Envy. An outcome (X, p) is envy-free (EF) if for all i, j € N, it holds that
vZ(XZ) + p; > ’UZ'(XJ') +pj.

An allocation X is envy-freeable (EF-able) if there exists a subsidy vector p such that
(X,p) is EE.

Entitlements. Each agent ¢ € N is endowed with a fixed entitlement w; € R~y. We also
refer to entitlement as weight. We assume, without loss of generality, that the entitlements
are ordered in increasing order, i.e., Wyin = w1 < w2 < ... < W, = Wpax. We denote

Definition 2.1 (Weighted envy-freeability). Anoutcome (X, p) is weighted envy-free (WEF)
ifforall¢,j € N:

vi(Xi) + pi S vi(X;) + pj

ws ZUj

An allocation X is weighted envy-freeable (WEF-able) if there is subsidy vector p, such
that (X, p) is WEF.

The term % represents the value per unit entitlement for agent ¢ in their alloca-
tion. The WEF condition ensures that this value is at least as high as —vify)(_j ), denoting the
corresponding value per unit entitlement for agent j in the same allocation. WEF seam-
lessly reduces to envy-free (EF) concept when entitlements are equal, i.e., w; = w); for all

1,7 € N.
Efficiency concepts.

Definition 2.2 (Pareto efficiency). We say allocation X dominates another allocation X’
if Vi € N,vi(X;) > vi(X]) and 3j € N, v;(X;) > vj(X]) hold. We say X is Pareto
efficient if it is not dominated by any other allocation.

Definition 2.3 (Non-wastefulness). We say allocation X is non-wasteful if Vi € N, Vo €
X, if v;(X;) = v;(X; \ {o}) holds, then v;(X; U {o}) = v;(Xj) for all j # .

In other words, no item can be transferred from one agent to another, and the transfer
results in a Pareto improvement.

For S C N and A C M, let X4 denote all possible allocations of A among S. For
an allocation X and a subset S C NV of agents, the social welfare among the agents in S is
defined as SW9(X) := >, g vi(X;).



Definition 2.4 (Maximizing social welfare allocation (MSW)). We say allocation X 54 ¢
X%4 maximizing social welfare with respect to S and A (MSWS4) if SW9(X54) >
SW*(X) holds for any X € x4 )

Any MSW allocation is Pareto efficient, but not vice versa.
Weighted envy-freeability and non-wastefulness are generally incompatible (Example[1.2)).
To address this, we propose a weaker efficiency property:

Definition 2.5 (Non-zero social welfare). We say allocation X satisfies non-zero social
welfare property if SW (X) = 0, then for any other allocation X', SW (X’) = 0 holds.

This property allows choosing an allocation X such that SW™ (X) = 0 only if social
welfare is zero for all allocations.

Pareto efficiency implies both non-wastefulness and non-zero social welfare, but the re-
verse is not true. Non-wastefulness and non-zero social welfare are independent properties.

3 Characterization for General Monotone Valuations

In this section we allow agents to have arbitrary monotone valuations. We give a char-
acterization of WEF-able allocations. For the characterization, we generalize a couple of
previously studied mathematical objects to the weighted case.

Definition 3.1 (Weighted reassignment-stability). We say that an allocation X is weighted
reassignment-stable if

V; XZ Ui(Xﬂ 7 )
3 (X:) o 3 (i) 0
: wj “ Wi (s
iEN ieN m(9)
for all permutations 7 of V.

With equal weights, reassignment-stability implies that X maximizes the sum of utili-
ties. But with different weights, it does not imply that X maximizes any function.

Definition 3.2 (Weighted envy-graph). For any given allocation X, the corresponding weighted
envy-graph, G x ,, is a complete directed graph with vertex set IV, each assigned a weight
ws.

For any pair of agents i,j € N, costx(i,7) is the cost of edge (i, j) in Gx ., which
presents the fact that agent ¢ has envy toward agent j under the allocation X:

vi(Xj)  vil(Xi)
ZUj ws '

costx(i,j) =

If S = N and A = M, we omit “with respect to N and M” and just say a maximizing social welfare
(MSW) allocation.



Note that costx can take negative values. For any path or cycle C' in the graph, costx(C')
is the cost of the C' under allocation X, which is the sum of costs of edges along C'in G'x ;.

With these definitions, ¢; ;(X) represents the cost of the maximum-cost path from i to
jin Gx y, and 4;(X) = costx (P;(X)) represents cost of the maximum-cost path in Gx 4,
starting at 7, denoted as P;(X).

Similar to the previous work of [Halpern and Shah (2019) (in the unweighted setup), we
provide necessary and sufficient conditions for a WEF-able allocation:

Theorem 3.3. The following are equivalent for allocation X :
1. X is WEF-able;
2. X is weighted reassignment-stable;
3. The graph G x 4, has no positive-cost cycle.

Proof. 1 = 2. Suppose the allocation X is WEF-able. Then, there exists a subsidy vector p

UZ(X )+pz > vi(X; J)-irp] Equivalently, ()jj) . Uigu)fi) < Z_ii_ Z_JJ

such that for all agents i, j
Consider any permutation 7 of N Then,

(5 )< (e- )

jen N Wn() iEN Wr (i)

The last entry is zero as all the weighted subsidies are considered twice, and they cancel out
each other. Hence the allocation X is weighted reassignment-stable.

2 = 3. Suppose some allocation X has a corresponding weighted envy-graph with a
cycle C = (iy,...,14,) of strictly positive cost. Then consider a permutation 7, defined for
each agent i, € IV as follows:

W(ik): Tht1, kE{l,...,T—l}.
il k=r

In that case 0 < costx(C) & > icn U‘w)fz < ien w:,(z)) which means that X is not
weighted reassignment-stable.

3 = 1. Suppose (3) holds. As there are no positive-weight cycles in G'x ,, we can
define, for each agent ¢, the maximum cost of any path in the weighted envy-graph that starts

at i. We denote this path by £;(X). Let each agent i’s subsidy be p; = £;(X) - w;. Then for
any other agent j # i € N, Bt = £,(X) > costx(i,j) + £;(X) = %)j]) - %)52) + 5}—3]

This implies that (X, p) is WEF, and hence X is WEF-able. O
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Theorem presents an effective method for verifying whether a given allocation is
WEF-able.

Proposition 3.4. Given an allocation X, it can be checked in polynomial time whether X
is WEF-able.

Proof. According to Theorem [3.3] determining whether X is is WEF-able is equivalent to
verifying if X is weighted reassignment-stable. To analyze this, consider a complete bipar-
tite graph GG with [N nodes on each side. The weight of each edge connecting ¢ on the left to
7 on the right is defined as %)fj) This graph can be constructed in O(mn+n?) time. Next,
the maximum-value matching for G' can be computed in O(n?) time (Edmonds and Karp
(1972)). If the value of the matching that contains edge (¢,7) for all i € N is equal to

the maximum value, it follows that 3, wulXi) > Y ieN Mfi’(’g’))

w; -
m : N — N. This condition aligns with the definition of weighted reassignment-stability.
The total running time is O (mn + n?).

Another approach involves verifying the absence of positive-cost cycles in the weighted
envy-graph Gx .. This can be achieved by transforming the graph by negating all edge
weights and then checking for the presence of negative-cost cycles. Using the Floyd-
Warshall algorithm (Weisstein (2008); Wimmer and Lammich (2017)) on the graph ob-
tained by negating all edge cost in Gy, requires O(n?) time. Constructing the initial
graph G'x ., takes O(mn) time, resulting in an overall complexity of O(mn + n?). O

for any permutation

Deciding that an allocation X is WEF-able is not enough. we also need to find a min-
imal subsidy vector, p, that ensures WEF for (X, p). The following theorem is similar to
(Halpern and Shah, 2019, Theorem 2), which states the minimum subsidy required when
given a WEF-able allocation.

Theorem 3.5. For any WEF-able allocation X, let p* be a subsidy vector defined by p; :=
wili(X), forall i € N. Then

1. (X,p*) is WEF;

2. Any other subsidy vector p, such that (X, p) is WEE, satisfies p; < p; foralli € N;
3. p* can be computed in O(nm + n?) time;

4. There exists at least one agent i € N for whom p; = 0.

Proof. 1. The establishment of condition [3] implying condition [I] in Theorem has
already demonstrated that (X, p*) is WEF.

11



2. Let p be a subsidy vector, such that (X, p) is WEF, and i € N be fixed. Consider
the highest-cost path originating from 4 in the graph G x ., P;(X) = (i = i1, ..., ir),
with costx (P;(X)) = £;(X) = &

w; "
Due to the WEF nature of (X, p), it follows that for each k € [r — 1], the following
inequality holds:
Ulk(Xlk) + Piy > Uiy, (Xikﬂ) + Pipa N Dy, M >
Wi, Wiy, 4y Wi, Wi 4
Uiy, (Xik+1) Uiy, (XZ )

‘ ‘ = COStx(ik,ik+1).
Wiy Wiy,

Summing this inequality over all k& € [r — 1], the following relation is obtained:

&_pi:&_pizcostx(ﬂ()()):p_lj&Zp_l_Fpsz_l'
ws ws Wiy ws Wy Wy ws ws Wy

T

T T

The final transition is valid due to the non-negativity of subsidies and weights, that is,
w2 0.

3. The computation of p* can be executed as follows: Initially, the Floyd-Marshall al-
gorithm (Weisstein (2008), [Wimmer and Lammich (2017)) is applied to the graph
derived by negating all edge costs in G'x ,, (This has a linear time solution since there
are no cycles with positive costs in the graph). Hence, determining the longest path
cost between any two agents, accomplished in O(nm + n?) time. Subsequently, the
longest path starting at each agent is identified in O(n?) time.

4. Assume, for the sake of contradiction, that p; > 0 for every agent ¢ € N. This
implies that ¢;(X) > 0, since w; > 0. Starting from an arbitrary agent i, we trace
the highest-cost path starting at ¢; and arrive at some agent io; then we trace the
highest-cost path starting at 79 and arrive at some agent ¢3; and so on. Because the
number of agents is finite, eventually we will arrive at an agent we already visited.
We will then have a cycle with positive cost in G x ,,, contradicting Theorem

Therefore, there must be at least one agent whose subsidy under p* is 0.
O

Now we can find the minimum subsidy needed in the worst-case scenario for agents
with different entitlements, whether the allocation is given or can be chosen.

Theorem 3.6. For every weight vector and every given WEF-able allocation X, letting

pi = p; = wil;(X), the total subsidy Zpi is at most <% — 1) mV. This bound is
1EN

tight in the worst case.
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Proof. The proofs extend those of Halpern and Shah (2019). By Theorem [3.3] to bound the
subsidy required for 7, we bound the highest cost of a path starting at . We prove that, for
every WEF-able allocation X and agent ¢, the highest cost of a path from i in G'x ,, is at
most 22,

Wmi

For e:/ery path P in G x 4,

costx (P) = Z costx(i,7) = Z uilXy) vl <

(i.j)eP Gpep We
> vi(Xj) <y V- X <
(f)eP Wmin (f)eP Wmin Wmin

Therefore, the cost of every path is at most % so agent ¢ needs a subsidy of at most
w; 2~ By part (4) of Theorem at least one agent has a subsidy of 0. This implies a

1 R
Wmin

total subsidy of at most %mv = ( W _ 1) mV.

min Wmin

To establish tightness, let us assume all agent has an all-or-nothing valuation for M,
such that such that v1 (M) = mV and v;(M) = mV — ¢ for i # 1. Consider the allocation
X, which assigns all items to a single agent 1 (with the minimum entitlement wyy;y). It’s ev-
ident that: (1) X is WEF-able, (2) satisfies non-zero social welfare property, (3) X is MSW
(and hence, Pareto efficient) and (4) its optimal subsidy vector p satisfies p; = 0 and p; =

i ) 1 W —wpin _ w
o= (mV —g) for i # 1. Therefore, we require =_-20ix (mV —¢) = (wmin - 1) (mV —¢
in total. As € can be arbitrarily small, we get a lower bound of (—w‘:n — 1) mV. U

In the unweighted case W/wy,;, = n, so the upper bound on the subsidy becomes
(n — 1)mV. This is the same upper bound proved by Halpern and Shah (2019) for the
unweighted case and additive valuations.

The following lemma is useful for showing weighed envy-freeability and the subsidy
bounds.

Lemma 3.7. For an allocation X, if for all i,j € N, v;(X;) > v;(X;) holds, then X is
v (X5)  ui(X5)
w;

w;

WEF-able, and the cost of any path from agent i to j is at most

Proof. 1. It is sufficient to show that X satisfies reassignment-stability. Indeed, for any
permutation 7, let 7~! be the inverse permutation. Then the condition in the lemma
implies

Xi)

Z v; (X;) > Z Vr-1(3) ( .

w
ieEN ¢ ieEN v

13



By re-ordering the summands in the right-hand side we get the reassignment-stability
condition:

w W (s
ieN b ien (@)

2. For any path P from i to j in the weighted envy-graph,

costx(P)= Y costx(hk)= Y UthXk)_UthXh)S
(h,k)eP nmep Wk h

Z vk(Xk) _ ’Uh(Xh)
(hk)epP Wk Wh
The latter expression is a telescopic sum that simplifies to the difference of two ele-
ments:

v (X5)  vi(Xy)
ZUj Wy ’

We now prove the main positive result of this section.

Theorem 3.8. For every instance with monotone valuations, there exists a WEF-able, non-

zero-social-welfare allocation with total subsidy at most ( wW- — 1) mV. This bound is
min

tight in the worst case.

Proof. Let i* be an an agent for whom v;« (M) is largest. Let X be the allocation in which
all items are allocated to ¢*. It is clear that this allocation satisfies non-zero social welfare
property. Also, v;(X;) > v;(X;) holds for any 4, € N. Thus, by Lemma[3.7] the alloca-
tion is WEF-able. To eliminate envy, agent ¢* should receive no subsidy, while any other
agent i # ¢* € N should receive a subsidy of —“-v;(M) < —=—v;(M). For any agent j,

Wi* Wmin

vj(M) < mV by definition of V. Therefore, the total subsidy is at most ( W_ 1) mV.

Wmin
To prove tightness, we use the same example as in the tightness proof of Theorem

Every non-zero-social-welfare allocation must allocate all items to a single agent. There-
fore, the situation is identical to allocating a single item. The only WEF-able allocation is
the one giving all items to agent assigning the highest value to M, who is agent 1 (with
the lowest entitlement). Therefore, the subsidy must be (% — 1) (mV — ¢€) for any

e > 0. O
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Importantly, the maximum worst-case subsidy in the weighted setting depends on the
proportion of wy,i, in the total weight W, which can be much larger than the number of
agents n used in the unweighted setting bounds.

Theorem [3.8] guarantees only a very weak efficiency notion: non-zero-welfare. We do
not know if WEF is compatible with Pareto-efficiency for general monotone valuations.
However, for the large sub-class of superadditive valuations, we prove in the following
section that every allocation maximizing the sum of utilities (maximizing social welfare or
MSW) is WEF-able. In particular, a Pareto-efficient WEF allocation always exists. More-
over, we prove that such an allocation can always be attained by a truthful mechanism —
which induces agents to reveal their true utility functions.

4 Superadditive and Supermodular Valuations

A monotone valuation v; is called
* Superadditive — if forany X, Y C M with XNY = 0, v;(X)+v;(V) < v;(XUY).
* Supermodular — if for any X, Y C M holds v;(X)+v;(Y) < v;(XUY)+v;(XNY).

Every additive valuation is supermodular, and every supermodular valuation is superaddi-
tive.
The lower bound for monotone valuations (in the proof of Theorem [3.8)) is attained by
supermodular valuations, so it applies to supermodular and superadditive valuations too.
In this section we prove that, for superadditive valuations (hence also for supermodu-
lar and additive valuations), the same upper bound of Theorem [3.8§] can be attained by an
allocation that maximizes the social welfare.

Theorem 4.1. When valuations are superadditive, any MSW allocation is WEF-able.

Proof. We show that for an MSW allocation X, v;(X;) > v;(X;) holds for any i, j € N.
For the sake of contradiction, assume v;(X;) < v;(X;) holds. In this case, we can construct
another allocation X', where for all k # i,j, X; = Xj, X/ =0, X]’- = X;UX;,. In
other words, we reassign X; from ¢ to j. By the definition of superadditivity, we have
vj(X}) = vi(X; U Xj) > vj(Xi) + v;(X;). Therefore, the total social welfare under
allocation X" is

SWN(X') =0 (X)) + ) we(Xe) > 0i(X0) +v(X5) + > op(Xp) = SWN(X).
k#i,j k#i,j
However, this contradicts the fact that X is a MSW allocation. From Lemma it

follows that X is WEF-able. Theorem implies that a subsidy of (% — 1) mV is
sufficient. U
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Example [I.2] shows that the theorem does not hold without the superadditivity assump-
tion.

A mechanism is a function from the profile of declared agents’ valuation functions to an
outcome. We say a mechanism is truthful if no agent can obtain a strictly better outcome by
misreporting its valuation function.

Definition 4.2 (VCG mechanism (Vickrey (1961)); IClarke (1971); |Groves (1973))). The
VCG mechanism chooses an allocation X which maximizes SW* (X) among all alloca-
tions of M to N.

Agent 4, who is allocated X;, pays a price equal to SWN\U}(X") — SWN\}(X),
where X’ maximizes SW™\{*} among all allocations of M to N \ {i}.

Theorem 4.3. When valuations are superadditive, the VCG mechanism with a large up-
front subsidy (i.e.,we first distribute C - wj; to agent i, and if agent i obtains a bundle, it pays
the VCG payment from C' - w;) is WEF;, Pareto efficient, and truthful.

Proof. Truthfulness and Pareto efficiency are clear. We show that it is WEF. We first show
that in the VCG, for each agent ¢ who obtains X; and pays ¢;, ¢; > v;(X;) holds for any
j # 4. For the sake of contradiction, assume ¢; = SWN\H(X7) — SWVMIH(X) < v;( X))
holds. Then, SWN\H(X") < v;(X;) + SWN\(X) holds. However, if we consider an
allocation of M to agents except for i, we can first allocate M \ X; optimally among N\ {i},
then allocate X; additionally to agent j. Then, the total valuation of this allocation is at least
v;(X;) + SWNMH(X) due to superadditivity. This contradicts the fact that SW N\ (X7)
is the total valuation when allocating M optimally among agents except for ¢. Also, it is
known that VCG is individually rational, which means that v;(X;) > ¢; holds for all i € V.
Combining both inequalities leads to

vj(Xj)—i—C"wj—qj>C-wj:C:C-wi>vj(Xi)+C'w,-—qi
Wy o wy w; Ww; ’
which is the WEF condition. O

A similar mechanism is presented by |Goko et all (2024} for the unweighted case.

To guarantee that all subsidies are non-negative, C' should be an upper bound on the
payment of each agent. As the payment of each agent is at most the social welfare in an
allocation, which is at most mV, we can simply take C' := mV /wyp.

5 Additive Valuation

The valuation function of an agent i is called Additive if foreachi € N and A, B C M such
that ANB = 0, v;(AUB) = v;(A)+v;(B). Without loss of generality, we assume that each
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item is valued positively by at least one agent; items that are valued at 0 by all agents can be
allocated arbitrarily without affecting the envy. [Halpern and Shah (2019) prove that, with
additive valuations, the minimum subsidy required in the worst case is at least (n — 1)V,
even for binary valuations, when the allocation can be chosen. We generalize their results
as follows.

Lemma 5.1. Suppose there are n agents, and only one item o which the agents value posi-
tively. Then an allocation is WEF-able iff o is given to an agent i with the highest v;(0).

Proof. By Theorem it is sufficient to check the cycles in the weighted envy-graph. If
o is given to %, then i’s envy is — UZ(O) , and the envy of every other agent j in ¢ is #
All other envies are 0. The only potentlal positive-weight cycles are cycles of length 2

involving agent ¢. The weight of such a cycle is positive iff %f) — (0) > 0, which holds
iff v;(0) > v;(0). Therefore, there are no positive-weight cycles iff vl( ) is maximum. [J

Theorem 5.2. For every weights w and n > 2, no algorithm can guarantee a total subsidy
smaller than ( 1) V.

Proof. Consider an instance with n agents and one item o with valuations v;(0) = V and
vi(0) =V —efori > 2.

By Lemma 3.1l the only WEF-able allocation is to give o to agent 1. In this case, the
minimum subsidy is p; = 0 and p; = w; vilo) — = wj; (U] . Summing all subsidies leads to

wl’nll’) wl’nll’)
— W — Wi w
PR w“““(v—e):< —1>(V—e).
Wmin Wmin Wmin
i>2
As € can be arbitrarily small, we get a lower bound of (— — 1) V. U

In Example[L. 1] we showed that the iterated-maximum-matching algorithm (Brustle et al.
(2020)) might produce an allocation that is not WEF-able.

We now introduce a new algorithm, Algorithm[Il which extends the iterated-maximum-
matching approach to the weighted setting, assuming all weights are integers. The algorithm
finds a one-to-many maximum matching between agents and items, ensuring that each agent
1 € N receives exactly w; items. If the number of items remaining in a round is less than W,
we add dummy items (valued at O by all agents) so that the total number of items becomes
W . In Example we add 9 dummy items, and perform a one-to-many maximum-value
matching between agent and items, resulting in a WEF-able allocation: X; = (), Xy =
{01 , 02 }

The algorithm runs in [m /W] rounds. In each round ¢, the algorithm computes a one-
to-many maximum-value matching {X!};cn between all agents and unallocated items Oy,
where each agent 7 € N receives exactly w; items.
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To achieve this, we reduce the problem to the minimum-cost network flow problem
(Goldberg et all (1989)) by constructing a flow network and computing the maximum inte-
gral flow of minimum cost. The flow network is defined as follows:

» Layer 1 (Source Node). a single source node s.

* Layer 2 (Agents). a node for each agent ¢ € IV, with an arc from s to ¢, having cost
0 and capacity w;.

* Layer 3 (Unallocated Items). a node for each unallocated item o € O;, with an arc
from each agent i € N to item o, having cost —v;(0) and capacity 1.

* Layer 4 (Sink Node). a single sink node ¢, with an arc from each item o € O; to t,
having 0 cost and capacity 1.

Any integral maximum flow in this network corresponds to a valid matching where each
agent ¢ € N receives exactly w; items from O, and each item is assigned to exactly one
agent, the result is a minimum-cost one-to-many matching based on the costs in the con-
structed network. Because we negate the original costs in our construction, the obtained
matching { X! };cy maximizes the total value with respect to the original valuations. After
at most [m /W] valuations, all items are allocated.

Proposition 5.3. For each round t in Algorithm[I) X' is WEF-able.

Proof. We prove that, in every round %, the total cost added to any directed cycle in the
weighted-envy graph is non-positive. Combined with Theorem [3.3] this shows that X* is
WEF-able for every round ¢t € T'.

Let X! the allocation computed by Algorithm [I] at iteration ¢. Note that Algorithm
is deterministic. Let C' be any directed cycle in G x: ,,, and denote C' = (iy,...,%,). To
simplify notation, we consider 41 as ,41.

Given the allocation X* and the cycle C, we construct a random alternative allocation
B! as follows: for each agent i; € C, we choose one item ogjﬂ uniformly from i;,1’s
bundle and transfer it to 4;’s bundle B. The expected value of v;, (0§j+1), the value of the
item removed from 7;’s bundle, can be computed as the average value of all items in Xl-tj:

Doext vij(0) 4 (xt)
1 = — 1" Similarly, the expected value of i, (ot- ), the value of the item

’Ll),LJ UJZj Zj
. . Uij (Xf i+1 . t t
added the 7;’s bundle, is wij Thus, the expected change in value between B* and X
1j+1

3Recall that at each iteration, each agent i; receives exactly w; , items.
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ALGORITHM 1: Weighted Sequence Protocol For Additive Valuations and Integer weights

Input: Instance (N, M, v, w) with additive valuations.
Output: WEF-able allocation X with total required subsidy of at most (W — wy;n) V.
X, « 0,Vie N;
t<+ 1,01 + M,
while O; # 0 do
Construct the flow network G’ = (V' E'):

o define V! = NUO, U {s,t}.

* Add arcs with the following properties:

— From s to each agent 7 € N with cost 0 and capacity w;.

— From each agent i € N to each unallocated item o € Oy, with cost —v;(0) and
capacity 1.

— From each unallocated item o € Oy to ¢ with cost 0 and capacity 1.

Compute an integral maximum flow of minimum cost on G, resulting in the one to many
matching { X! }ien;
Set X; + X; U X/, foralli € N;
Set Oy y1 Ot\ Uien Xf;
t+t+1
end
return X

18

ieEN i;eC
Z UZJ (Xllt]+1) vl] (Xltj)
- Wij1a Wi,

This is exactly the total cost of cycle C. According to Algorithm [l X* maximizes the total
value among all allocations in which each agent ¢ receives exactly w; items. Therefore, the
left-hand side of the above expression, which is the difference between the sum of values
in B! and the sum of values in X*, must be at most 0. But the right-hand side of the same
expression is exactly the total cost of C'. Therefore,

0>E |3 (0(B) — (X)) | = costxi(O),
1EN

so the cost of every directed cycle is at most 0, as required. O
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As the allocation in each iteration is WEF-able, the output allocation X is WEF-able
too.

To compute an upper bound on the subsidy, we adapt the proof technique in/Brustle et al.
(2020).

Lemma 5.4. Let X be a WEF-able allocation. For any positive number z, if costx (i, k) >
—z for every edge (i, k) in Gx , then the maximum subsidy required is at most w;z per
agent i € N.

Proof. Assume P;(X) = (i...j) is the highest-cost path from ¢ in Gx,. Note that
l;(X) = costx(P;(X)). Then it holds for the cycle C' = (i...j) that costx(C) =
0;(X) + costx(j,). By Theorem [3.3] costx (C) < 0, thus, 4;(X) < —costx(j,i) < z.
Therefore, p; = w;l;(X) < w;z. O

In most allocations, including the one resulting from Algorithm (1] it is not always true
that costx (i, k) > —V for every edge (i, k). We use Lemmal[5.4 with a modified valuation
function v;, derived from the weighted valuation %)fl)

We prove that an allocation that is WEF-able for the original valuations is also WEF-
able for the modified valuations (Proposition 5.6)), and that the maximum subsidy required
by each agent for the original valuations is bounded by the subsidy required for the modified
valuations (Proposition [5.7)).

Next, we demonstrate that under the modified valuations, the cost of each edge is at least
—V. Finally, by Lemmal[5.4] we conclude that the maximum subsidy required for any agent
1 € N is w;V for the modified valuation v (Proposition [3.8)) and for the original valuations
v as well.

Let X be the output allocation from Algorithm [T, computed in iteration ¢. For each

3 € N, we define the modified valuation function as follow:

_”isjff) j=1
W(XT . .
ui(X5) = % J#Lt=T

v (XE) v (X

J
x (U MEE) At <T

Under the modified valuations, for any two agents ¢,j € NN, the modified-cost assigned to
the edge (7, 7) in the envy graph (with unit weights) is defined as costx (i,7) = 0;(X;) —
0;(X). Moreover, the modified-cost of a path (i1, ..., i) is
k—1
costx (i1, ...,15) = Z costx (ij,1j41)-
j=1

observation 5.5. For agent i € N and round t € [T it holds that:
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Ww;

2. Foragent j #1i € N, v;(X}) > %)j”) hence T;(X%) — 0;(X}) > % — wlX)

Jj Wi

Proposition 5.6. Assume X is WEF-able under the original valuations v. Then, X is EF-
able (i.e., WEF-able with unit weights) under the modified valuations v.

Proof. By Theorem [3.3] it is sufficient to prove that all directed cycles in the envy graph
(with the modified valuations and unit weights) have non-positive total cost.

We prove a stronger claim: in every round ¢, the total modified-cost added to every
directed cycle C' is non-positive.

Let X' be the allocation computed by Algorithm [I] at iteration ¢. Suppose, contrary
to our assumption, that there exists a cycle C' = (i1, ...,%,) and a round ¢ in which the
modified-cost added to C' is positive. To simplify notation, we consider ¢; as ¢,41. This
implies that

S v (XE,) > > 0 (X). ()
j=1 j=1

There are several cases to consider.
Case 1: All arcs 7; — 4541 in C have

— t _ J 1541
vij (X’ij+1) - le
J

(in particular, this holds for ¢ = T'). In this case, inequality (2) implies

r Vi XZ/ Vi ; Xf
costx:(C) =) ) vl J)>o.

Wij 4 Wi

=1

Combined with Theorem [3.3] this contradicts Proposition[5.3] which states that X is WEF-
able.
Case 2: All arcs 7; — 4541 in C have

In this case, inequality (2)) implies

r . +1 r ) t
Z Vi (Xij ) Ui (X'j).

W i
j=1 K j=1 7



Notice that all the items in X]t-;rl, - X;fjl are available at iteration ¢, which contradicts the
optimality of {X!}ien.

Case 3: Some arcs 7; — 4,41 in C satisfy Case 1 and the other arcs satisfy Case 2.

Let I > 1 be the number of arcs in C' that satisfy Case 2. We decompose C' into a
sequence of [ edge-disjoint paths, denoted P, ..., P, such that the last node of each path is
the first node of the next path, and in each path, only the last edge satisfies Case 2.

Formally, suppose that some path contains k£ > 1 agents, denoted as i1, ..., ix, and k — 1
arcs. Thenforeach 1 < j <k — 2,

and

Since costx:(C') > 0, there exits a path P = (i1, ...,4;) where costx¢(P) > 0, which
implies that:

k—1 k—2 . t . t t+1 t
0< 3 (o, (XE,,) — 0, (X0)) = ) ) g e B
14 ; 15 i -
st J Lj+1 J 15 = u)ijJr1 w,-j Wiy, _ 4 Wiy,

The rest of the proof is similar to the proof of Proposition [5.3] We construct another alloca-
tion B! randomly as follows:

t

1. For each agent 1 < j < k — 1, we choose one item 041

bundle and transfer it to ¢;’s bundle.

uniformly from 4;,1’s

2. We choose one item o} uniformly from 7;’s bundle to remove.

t+1

3. We choose one item 0, uniformly from X it:i and add it to ¢;_1 s bundle.

Thus, the expected change in value between B and X is

£ |3 ((st) - ()] -

ieN

> (o eh)] < o (oh)]) + 2 [on )] ~E o0}, )] =
1<j<k—2

Z UZJ( Z'tijl) Vi (Xlt) Vi 1(Xf:—11) Vi, 1(X1tk 1)
1<j<k—2 Uj+1 Wi Wiy, _y Wiy,



This is exactly the cost of P which by assumption is greater than 0. However, according to
Algorithm[Il X’ maximizes the value of an allocation where each agent i receives w; items
among the set of O items. Therefore,

0<E | (0i(B)) —vi(X}]))| = costx:(P)
1€EN
leading to a contradiction.

To sum up, X* is WEF-able under the original valuations v (with weights w), and under
the modified valuations ¥ (with unit weights). O

Proposition 5.7. For the allocation X computed by Algorithmll the subsidy required by an
agent given v (with weights w) is at most the subsidy required given v (with unit weights).

Proof. Given Observation foreachi,j € N,
vi(Xj)  vil(Xi)
wj ws '

v(X;) — 0i(X;) >

Thus, the cost of any path in the envy graph under the modified function and unit weights
is at least the cost of the same path in the weighted envy-graph with the original valuations.
O

Proposition 5.8. For the allocation X computed by Algorithm[l] the subsidy to each agent

is at most w;V for the modified valuation profile v.

Proof. By Proposition the allocation X is WEF-able under the valuations v. Together
with Lemma [5.4] if for each ¢, j € N it holds that v;(X;) — 7;(X;) > —V, the subsidy
required for agent ¢ € N is at most w;V for v.

5(X5) —oi(Xy) = > (XD = > wi(X]) =

te[T] te[T]

vi(XF) v (X! Ui(XJT) vi(X;
S Oy 0O |

9
wy Wy
te[T—1] J ¢

3 w(X(T) uXg) 3 )

ter—1 Wi e
v(XF) X)) | w(x)
(o w; w; '
Since X} contains exactly w; items, —v;(X}) > —w;V. Hence, 0;(X;) — 4;(X;) >
—wV =y, O
w;
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We are now prepared to prove the main theorem.

Theorem 5.9. For additive valuations and integer entitlements, Algorithm [l computes in
polynomial time a WEF-able allocation where the subsidy to each agent is at most w;V and
the total subsidy is at most (W — win)V.

Proof. For the runtime analysis, the most computationally intensive step in Algorithm [1lis
solving the maximum integral flow of minimum cost in G’. The flow network G’ consists
of at most n + m + 2 nodes and at most n + m + mn arcs. By|Goldberg and Tarjan (1989),
this can be done in time polynomial in n, m:
O ((n+m+2)(n+m+mn)log (n+m+2)minf{log (n+m+2)V),(n+m+mn)log(n+m+2)}).
By Proposition [5.3] X is WEF-able under the original valuations. Combined with
Proposition and Proposition 3.8, X is also WEF-able under the modified valuations
and requires a subsidy of at most w; V" for each agent 7 € N.
Proposition implies that under the original valuations, the required subsidy for each
agent ¢ € N is at most w;V. By Theorem there is at least one agent who requires no
subsidy, so the required total subsidy is at most (W — wyin) V. O

The WEF condition is invariant to multiplying the weight vector by a scalar. This can
be used in two ways:

(1) If the weights are not integers, but their ratios are integers, we can still use Algo-
rithm [Il For example, if w; = 1/3 and we = 2/3 (or even if w;’s are irrational numbers
such as w1 = v/2 and wy = 2v/2), Algorithm 1 works correctly by resetting w; = 1 and
wo = 2.

(2) If the weights are integers with greatest common divisor (gcd) larger than 1, we can
divide all weights by the gcd to get a better subsidy bound.

Lemma 5.10. For additive valuations and integer entitlements, there exists an algorithm
that computes in polynomial time a WEF-able allocation where the subsidy to each agent
is at most w;V/ gcd(w) and the total subsidy is at most (W — wyin)V/ ged(w), where
ged(w) is the greatest common divisor of all the w;.

Proof. Algorithm [I] works correctly, even if we divide each w; by the greatest common
divisor of w;’s. In other words, letting d = ged(wy, ..., wy, ), W, = w;/d, W' = W/d, and
running Algorithm 1 with w}’s, we get the bound (W’ — w/ . )V of the total subsidy. O

A discussion about the tightness of the bound can be found in Appendix

5.1 Combining WEF-able and Approximate-WEF

In the setting without money and additive valuations, WEF can be relaxed by allowing envy
up to an upper bound based on item values. We adopt the generalization of allowable envy,
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WEF (z,y), proposed by [Chakraborty et al. (2022) H, as well as another relaxation of WEF,
WWEF 1, introduced in (Chakraborty et al. (2021a).

Definition 5.11 (Chakraborty et all (2022)). For =,y € [0,1], an allocation X is said to

satisfy WEF(x,y) if for any i,j € N, there exists B C X; with |[B| < 1 such that
vi(Xi)+yvi(B) ~ vi(Xj)—avi(B)
w; — wj .

WEF(z, y) captures various conditions related to WEF:
* WEF(0, 0) corresponds to WEF.

* WEEF(1,0) coincides with (strong) weighted envy-freeness up to one item (WEF1)
(Chakraborty et all (20214)).

* WEF(1,1) coincides with weighted envy-free up to one item transfer (WEF1-T)
(Aziz et al. (2023); Hoefer et al. (2024)).

Definition 5.12 (Chakraborty et al. (2021a)). An allocation X is said to be weakly weighted

envy-free up to one item (WWEF1) if for any pair of agents 7, j with X; # 0, there exists
vilXe) 5 viX\op) J.vi(Xiu{o}h) - wilX;)
w; w; .

an item o € X such that either - = :
w; w;

Halpern and Shah proved in [Halpern and Shah (2019) that, if an allocation X is EF-
able and EF1, the total subsidy of at most (n — 1)2V is sufficient. The following theorem
generalizes this result to the weighted setting.

Theorem 5.13. Let X be both WEF-able and WEF (x,y) for some x,y € [0,1]. Then
there exists a subsidy vector p, such that (X, p) WEF, with total subsidy at most (x +

y)< w —1) (n—1)V.

Wmin

Proof. X is WEF(z,y), so for all 4, j € N, there exists B C X; with |B| < 1 where

vi(X;)  vi(X5) < yvi(B) n

wy Wy Wy Wy Wmin Wmin Wmin

xv;(B) < yv;(B) N rvi(B) (x4 y)v(B) <

(z+y) v

Wmin

Any path contains at most n — 1 arcs, that is, p; = wil; < (v +y)z2-(n — 1)V.

min

By Theorem[3.3] there is at least one agent that requires no subsidy, so the required total
Wettnin (i~ 1)V = (2 +y) (G~ 1) (n = DV O

Wmin Wmin

subsidy is at most (z + y)

“The definition of WEF(z, ) does not apply to non-additive valuations. Montanari et al! (2024) introduced
two extensions to this definition; but they are outside the scope of our paper.
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Brustle et al. (2020) proved that the allocation resulting from their algorithm satisfies
both EF and EF1. However, in the weighted setup, a WEF-able allocation may not satisfy
WEF(z,y) for any x,y with x + y < 2. This also holds for the allocation produced by
Algorithm

Proposition 5.14. For any x,y > 0 with x + y < 2, there exists a weight vector and an
instance with additive valuations in which that every WEF-able allocation fails to satisfy
WEF(x,y) or WWEF1.

Proof. Consider an instance with two identical items and two agents with weights w; < ws.
Agent 1 values each item at 1 and agent 2 values each item at 2.
The only WEF-able allocation is the one giving both items to agent 2: X; = (), Xo =

{01, 02}. (If we allocate one item to each agent, the cost of the cycle between those agents

would be (w% — w%) (va(0) — v1(0)), which is positive).

For this allocation to be WEF(z, y), it must satisfy

v1(X1) + yv1(01) - v1(X2) — zv1(01) . Y > 2—x
w1 w2 w1 w2

w
<= x+—2y22.
w1y

Hence, if x + y < 2 and Zﬂ—f is sufficiently close to 1, then X fails WEF(x, y).

Moreover, X does not satisfy WWEF1, as 0 = X)) - wXe\Moh) _ ¢ ang w% =

w1 wo
v1 (X71U{o}) < u (X2)
w1 wa

= w%, for any o € X5, whenever wy < 2w;. |

We also observe that even for 2 agents, the Weighted Picking Sequence Protocol (Chakraborty et al.
(2021a)), which outputs a WEF(1, 0) allocation for any number of agents with additive val-
uations, is not WEF-able:

Example 5.15. Suppose there is one item 0 and v (0) = 2, v3(0) = 1, w1 = 1, and wy = 4.
Agent 2 gets the first turn and gets 0. Agent 2 gets the first turn and gets o. The envy of
agent 1 toward agent 2 is 2/4, while the envy of agent 2 toward agent 1 is —1/4. Thus, the
cycle between these agents has a positive cost: 2/4 —1/4 = 1/4 > 0. By Theorem[3.3] the
resulting allocation is not WEF-able.

Biased Weighted Adjusted Winner Procedure Proposition [5.14]is partly complemented
by the result below (Theorem that states that WEF-ability and WEF(1,1) are compat-
ible for two agents having additive valuations. The theorem uses a particular version of the
Weighted Adjusted Winner procedure (Chakraborty et al. (2021a)). The original procedure
finds a WEF(1, 0) and Pareto efficient allocation. We call our variant Biased Weighted Ad-
Jjusted Winner Procedure, as it is biased towards the agent who expresses a higher value for
a ‘contested’ item. The resulting allocation may not be WEF(1, 0), but it is WEF(1, 1) and
WEF-able.
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We first observe that for two agents, the WEF condition for each agent ¢ is equivalent to
the weighted proportionality (WPROP) condition: v;(X;) > 3+ - v;(M).

1. Normalize the valuations so that the sum of values over all items is 1 for both agents.
v1(o01) v1(02) S>> v1(om)
va(0o1) = wa(o2) = = valom)"

Sort the items such that

2. Letd € {1,2, ..., m} be the unique number satisfying w% Zf;% vi(op) < w% St gvi(or)

and w% Zle vi(op) > w% >t gp1v1(or). We call o4 the contested object.

3. Denote L := {o01,...,04-1} and R := {0441,...,0m} (the “Left” and “Right”
parts); note that each of them might be empty. Give L to agent 1 and R to agent 2.

4. Finally, give o, to the agent ¢ with largest v;(0,4) (break ties arbitrarily).

Theorem 5.16. The outcome of the Biased Weighted Adjusted Winner Procedure is both
WEF(1, 1) and WEF-able.

Proof. The WEF(1, 1) for agent 1 follows immediately from the definition of og4, as

L (LU {odd) > 0 (R).
w1 w9

If o4 is allocated to 1 then 1 does not envy at all, otherwise 1 stops envying after oy is
transferred to him.
As for agent 2, the item ordering implies that

’Ul(R U {Od}) UQ(R U {Od}) > V1 (R U {Od})
va(R U {o4}) va(L) - vy (L)

vi(L)
V2 (L)

>

By the definition of oy, % < lw”—; Combining this with the above inequality implies

va(RU{o4}) = w2 1 1
Tl > o = w_gv2(RU {o4}) > w—1v2(L).
An analogous argument to that used for agent 1 shows that the WEF(1, 1) condition is
satisfied for 2 too.

Next, we prove that the outcome is WEF-able.

Suppose o4 is given to agent 2, that is, va(04) > v1(04). By definition of o4, there exists
a fraction r € [0, 2] such that

o)+ 7 vifoa) = (1 (RU foa)).
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Let the subsidy to agent 1 be p; := r - v1(04), and the subsidy to agent 2 be py := 0. The
resulting allocation is WEF for agent 1 by definition.
As for agent 2, the item ordering implies

v1(L) + rvy(0q) ! (RU{oq})
va(L) + rva(og) — va(RU{og})

v2(RU {oq})
v1(RU {oa})
- Z—;UQ(RU {oa}).

= va(L) + rva(og) < (v1(L) +rvi(0q))

As v1(0g) < va(0g4), agent 2 values agent 1’s bundle at
UQ(L) +p1 = UQ(L) +7r- vl(od) < UQ(L) +r- vg(Od),

which by the above inequality is at most ;v (R U{oq}). Hence, the allocation is WEF for
agent 2 too.
The case that oq4 is allocated to agent 1 can be proved in a similar way. O

It remains open whether weighted envy-freeability and WEF(1,1) are compatible for
n > 3 agents.

6 Identical Additive Valuation

This section deals with the case where all agents have identical valuations, that is, v; =
v for all i € N. With identical valuations, any allocation is WEF-able by Lemma [3.71
Furthermore, all allocations are non-wasteful. We present a polynomial-time algorithm for
finding a WEF-able allocation with a subsidy bounded by V' per agent and a total subsidy
bounded by (n — 1)V The following shows that this bound is tight for any weight vector:

Theorem 6.1. For identical additive valuations, for any integer weights vector, there exists
an instance where, for any WEF-able allocation, at least one agent requires subsidy at least
V., and the total subsidy is at least (n — 1)V.

Proof. Consider n agents with integer weights wy < --- < wjpandm = 1+, (w; — 1)
items all valued at V.

To avoid envy, each agent ¢ should receive a total utility of w;V/, so the sum of all agents’
utilities would be WV

As the sum of all values is (W — (n — 1))V, a total subsidy of at least (n — 1)V is
required (to minimize the subsidy per agent, each agent ¢ € IV should receive w; — 1 items,
except for the agent with the highest entitlement (agent n), who should receive w,, items.

The value per unit entitlement of each agent ¢ < n is V (w; — 1) /w;, and for agent n it is
V. Therefore, to avoid envy, each agent ¢ < n should receive a subsidy of w; [ 1 — “’{U—_1> V=

V and the total subsidy required is (n — 1)V. O
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Algorithm 2] presents our WEF-able allocation method with bounded subsidy.

The algorithm traverses the items in an arbitrary order. At each iteration it selects the
agent that minimizes the expression W, with ties broken in favor of the agent with
the larger w;, and allocates the next item to that agent. Intuitively, this selection minimizes
the likelihood that weighted envy is generated.

ALGORITHM 2: Weighted Sequence Protocol For Additive Identical Valuations
Input: Instance (N, M, v, w) with additive identical valuations.

Output: WEF-able allocation X with total required subsidy of at most (n — 1)V
X; + 0,Vi € N,

foro:1tomdo

U < argmin;en 71)(){15{0});
u — max;ey (1);
Addoto X,

end

return X

The following example illustrates Algorithm

Example 6.2. Consider two agents, denoted as ¢; and 7o, with corresponding weights w; =
1 and wy = %, and three items, namely 01, 02, 03, with valuations v(01) = v(02) = v(03) =
1, Algorithm [2]is executed as follows:

1. for the first iteration, the algorithm compares % — land o) — % Consequently,
1 w2

the algorithm allocates item o7 to agent 45, resulting in X7 = () and X5 = {01 }.

v(02) _ 1 gng UX2U{o2}) _

2. for the second iteration, the algorithm compares == =2 = %.
2

[ wa
Subsequently, the algorithm allocates item o9 to agent i, resulting in X; = () and
X2 = {01, 02}.

3. for the third iteration, the algorithm compares =

wor) _ 1 gnd MORULesh)
w1 w2

ol o
|

g, Consequently, item o3 is allocated to agent is, resulting in X; = () and Xy =

{017 02, 03}'
: : . v(X v(X1) _ 3 _ 6
Now, agent 7; envies agent i by an amount of (w—;) — (w—ll) =T=7% and conversely,
agent 79 envies agent i1 by v(w—Xll) — U%Q) = —g In order to mitigate envy, p; = g and

p2 = 0.

We start by observing that, with identical valuations, the cost of any path in the weighted
envy graph is determined only by the agents at the endpoints of that path.
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observation 6.3. Given an instance with identical valuations, let X be any allocation, and
denote by P any path in the weighted envy-graph of X between agents i,j € N.

costx (P) = -

This is because the path cost is 3, e p costx (h, k) =32, pyep v(f:) — YXn) - and the

wp
latter sum is a telescopic sum that reduces to the difference of its last and first element.

Example illustrates that the resulting allocation may not be WEF(1,0) — Algo-
rithm [2] might allocate all items to the agent with the highest entitlement. However, the
outcome is always WEF(0, 1):

Proposition 6.4. For additive identical valuations, Algorithm 21 computes a WEF(0, 1) al-
location.

Proof. We prove by induction that at each iteration, X satisfies WEF(0, 1). The claim is
straightforward for the first iteration. Assume the claim holds for the (¢ — 1)-th iteration, and
prove it for the ¢-th iteration. Let o be the item assigned in this iteration and u be the agent
receiving this item. Agent u satisfies WEF(0, 1) due to the induction hypothesis. For i # u,
by the selection rule, v(i)i“) < uXi Z_{O}). This is exactly the definition of WEF(0,1). O

- w.

Proposition 6.5. With identical additive valuations, for every WEF(0, 1) allocation X,
(i(X) < X, foralli € N.

Proof. For each agent ¢« € N, denote the highest-cost path starting at ¢ in that graph by

P;(X) = (i,...,j) for some agent j € N. Then by Observation[6.3] ¢;,(X) = costx (P;(X)) =

v(X,)  u(Xi)

w w;

j
From the definition of WEF(0, 1), Proposition [6.4]implies that this difference is at most
%(z) for some object o € X;. Therefore, the difference is at most wlz O

Theorem 6.6. For identical additive valuation, there exists a polynomial time algorithm to
find a WEF-able and non-wasteful allocation such that the subsidy per agent is at most V.
Therefore, the total subsidy required is at most (n — 1)V.

Proof. Tt is clear that Algorithm P2lruns in polynomial time.
Let X be the output of Algorithm [2l First notice that X is WEF-able and non-wasteful.
Proposition [6.3]implies that, to achieve weighted-envy-freeness under identical additive
valuations for the allocation computed by Algorithm 2] the required subsidy per agent i € N
is at most w; wll = V. In combination with Theorem[3.3] the total required subsidy is at most
(n—1)V. O
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Note that W > nwy,. Therefore, this bound is better than the one proved in Theo-
rem [3.9] for integer weights: (W — w;)V > (n—1)w;V > (n—1) V.

The upper bound of (n — 1)V is tight even for equal entitlements (Halpern and Shah
(2019)). Interestingly, when either the valuations or the entitlements are identical, the worst-
case upper bound depends on n, whereas when both valuations and entitlements are differ-
ent, the bound depends on W,

7 Binary Additive Valuation

In this section we focus on the special case of agents with binary additive valuations. We
assume v;(0) € {0,1} forall i € N and o € M. We start with a lower bound.

Proposition 7.1. For every n > 2 and weight vector w, there is an instance with n agents
with binary valuations in which the total subsidy in any WEF allocation is at least u% — L

Proof. There is one item. Agents 1 and 2 value the item at 1 and the others at 0. If agent
i € {1,2} gets the item, then the other agent j # i € {1, 2} must get subsidy —L. To ensure
that other agents do not envy j’s subsidy, every other agent k& ¢ {1,2} must get subs1dy

The total subsidy i 1s — 1. The subs1dy is minimized by giving the item to agent 2, since
wy > wy. This glves a lower bound of & wy 1. O

Below, we show how to compute a WEF able allocation where the subsidy given to
each agent i € N is at most —=—V = is at most 22— — 1.

In the case of binary Valuatlons Algorlthmﬂ]ls inefficient in three ways: ( l)mtlﬁe maximum-
value matching does not always prioritize agents with higher entitlements, (2) there may be
situations where an agent prefers items already allocated in previous iterations, while the
agent holding those items could instead take unallocated ones, and (3) it works only for
agents with integer weights.

We address these issues by adapting the General Yankee Swap (GYS) algorithm intro-
duced by [Viswanathan and Zick (20234).

GYS starts with an empty allocation for all agents. We add a dummy agent 7 and
assume that all items are initially assigned to ig: X;, = M.

Algorithm [3] presents our approach for finding a WEF-able allocation with a bounded
subsidy. The algorithm runs in 7 iterations. We denote by X’ the allocation at the end of
iteration ¢ € [T']. Throughout this algorithm, we divide the agents into two sets:

1. R: The agents remaining in the game at the beginning of the iteration ¢.

2. N\ R: The agents who were removed from the game in earlier iteration ' < ¢. Agents
are removed from the game when the algorithm deduces that their utility cannot be
improved.
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As long as not all the objects have been allocated, at every iteration ¢, the algorithm
looks for the agents maximizing the gain function (|Viswanathan and Zick (20234d)) among
R, i.e., the agents remaining in the game at this iteration.

We use the gain function: ﬁ, which selects agents with the minimal potential
for increasing envy. If multiple agelnts have the same value, we select one arbitrarily.

The selected agent then chooses either to acquire an unallocated item or take an item
from another agent. In either case, their utility increases by 1. If the agent takes an item
from another, the affected agent must decide whether to take an unallocated item or another
allocated item to preserve their utility, and so on. This process creates a transfer path from
agent 7 to the dummy agent ¢y , where items are passed until an unallocated item is reached.
Formally, we represent this as a directed graph, where nodes are agents, and an edge (7, j)
if and only if there exists an item in j’s bundle that 7 values positively. A transfer path is
any directed path in that graph, that ends at the dummy agent 7.

When an agent is selected, the algorithm attempts to find a transfer path from that agent,
preserving utilities for all agents except the initiator, whose utility increases by 1. If no path
is found, the agent is removed from the game. We use the polynomial-time method by
Viswanathan and Zick (2023a) to find transfer paths.

Algorithm [3] differs from GY'S in the following way: at the beginning of iteration ¢,
the algorithm first removes all agents without a transfer path originating from them (line [3)).
Then, it selects an agent based on the gain function to allocate a new item to that agent. For
convenience, we denote by R(t) the agents who have a transfer path originating from them
at the beginning of iteration ¢ (line [3)).

The following example demonstrates Algorithm

Example 7.2. Consider two agents with weights w; = 1 and we = 2, and five items. The
valuation functions are:

The algorithm is executed as follows:

1. For t = 1, the algorithm compares w% = %, w% = % Consequently, the algorithm
searches for a transfer path starting at i and ending at 7o, and finds the path (iz, ig).
The algorithm transfers the item o5 to agent 75 from 7¢’s bundle, resulting in X 11 =0
and X3 = {o1}.

1
2. For t = 2, the algorithm compares L = % and %22)“

o = % Since those values
are equal, the algorithm arbitrarily selects agent 2 and searches for a transfer path
starting at i and ending at 4, and finds the path (42, 79). The algorithm transfers the

item 05 to agent iy, yielding X? = () and X2 = {01, 00}.
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ALGORITHM 3: Weighted Sequence Protocol For Additive Binary Valuations

Input: Instance (N, M, v, w) with additive binary valuations.

Output: WEF-able allocation X with total required subsidy of at most % —1.

X, + M,and X? < () foreachi € N /+ All items initially are
unassigned */

t+—1;

R+ N;
while R # () do

U 4— arg max;cpr (

Remove from R all agents who do not have a transfer path starting from them ;

vi(Xf*1)+1) /* Choose the agent who maximizes the gain

function */

Find a transfer path starting at w /« For example, one can use the BFS

algorithm to find a shortest path from uw to 4o. */
Transfer the items along the path and update the allocation X?;
t—t+1
end
return X!

3. For t = 3, the algorithm compares w_1 = 1 and % = % As a result, the
algorithm searches for a transfer path starting at 7; and ending at 79, and finds the
path (i1,70). The algorithm transfers the item o3 to agent i1, producing X7 = {03}
and X3 = {01,090}

3 3

4. For t = 4, the algorithm compares % = 2 and % = % Thus, the
algorithm searches for a transfer path starting at 75 and ending at 7g, and finds the
path (i2,g). The algorithm transfers the item o4 to agent 4o, leading X{ = {03} and
Xél = {01, 09, 04}.

4

5. For t = 5, the algorithm compares % =2and % = % = 2. Since those
values are equal, the algorithm arbitrarily selects agent ¢5 and searches for a transfer
path starting at i and ending at iy, and finds the path (io,i1,79). The algorithm
transfers the item o3 to agent io from ¢;’s bundle and the item o5 to agent ¢; from é¢’s
bundle, leading X7 = {05} and X35 = {01, 02, 03,04}.

6. Agent 1 envies agent 2 by 5 — % = 1, while agent 2 envies agent 1 by 0 — % < 0.

7. In order to mitigate envy, p; = 1 and p2 = 0.

Definition 7.3 (Viswanathan and Zick (20234)). An allocation X is said to be non-redundant
if for all i € NV, we have v;(X;) = | X;|.
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That s, v;(X;) < |X;| = v;(X;) forevery i, j € N, and therefore, every non-redundant
allocation is also WEF-able by Lemma[3.7l Lemma 3.1 in |[Viswanathan and Zick (2023a)
shows that the allocation produced by GYS is non-redundant. The same is true for our
variant:

Lemma 7.4. At the end of any iteration t of Algorithm 3} the allocation X' is non-redundant.

Proof. We prove by induction that at the end of each iteration ¢, X* remains non-redundant.

For the base case, X" is an empty allocation and is therefore non-redundant. Now,
assume that at the end of iteration t — 1, X*~! is non-redundant.

If X! = X', meaning no agent received a new item, the process is complete. Oth-
erwise, let u be the agent who receives new item. Agent v obtains an item via the transfer
path P = (u = iy,...,4;). Foreach 1 < j < k, agent i; receives the item o; from the
bundle of 41, given that v;, (0;) = 1. Agent i, receives a new item oy, from the bundle of
i, with v;, (o) = 1.

Additionally, for each 1 < j < k, item 0;_1 is removed from agent i;’s bundle where
v, (0j—1) = 1, since X'~ is non-redundant.

For agents not on the transfer path P, their bundles remain unchanged. Thus, for each
agent i € N, it holds that v;(X}) = v;(X!™) = |X!7Y = |X!|, confirming that X* is
non-redundant. U

Based on Lemma [7.4]it is established that at the end of every iteration ¢ € [T], X! is
WEF-able. The remaining task is to establish subsidy bounds.

We focus on two groups: R and N \ R.

The selection rule simplifies limit-setting for R and ensures a subsidy bound of 1
(Proposition [Z.7). However, understanding the dynamics of the second group, N \ R,
presents challenges, as the selection rule is not applicable for them. For an agenti € N \ R,

we prove a subsidy bound of w; - wi for some j € R. In particular, the bound is at most
J
w;

Wnin
observation 7.5. Let X be any non-redundant allocation. Let P = (i, ..., j) be a path in
Gx . Then costx (P) < %—" - %

J k2

X5 IXH o

Lemma 7.6. Let j € N be any agent, if i € R(t), then o T e Sy
Proof. If j has never been selected to receive an item, then |X]t| = 0 and the lemma is
trivial.
Otherwise, let t' < t be the latest iteration in which j was selected. As agents can not be
t'—1 ’_
v (X 7)+1 < Uz(Xf H+
w; — w;

added to R and by the selection rule, ! Then by non-redundancy,

34
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i
and | X?| > |X?'|, the lemma follows. O

From Lemmal[7.6] we can conclude the following:
Proposition 7.7. Ifi € R(t), then £;(X") < .

Proof. Assume P; = (i,...,7) is the path with the highest total cost starting at i in the

t
Gxt, 1., costy:(P;) = £;(X"). Observation [Z.3] implies £;(X") < lij—j‘ — lii—f‘ As
t
i € R(t), Lemma[Z6limplies % - %—{‘ < w% O

To prove this upper bound, we need to establish several claims about agents removed
from the game. First, we show that an agent removed from the game does not desire any
item held by an agent who remains in the game (Proposition [Z.8]). As a result, these removed
agents will not be included in any transfer path (Proposition [7.9)).

Next, we demonstrate that if the cost of a path originating from one of these removed
agents at the end of iteration ¢ exceeds the cost at the end of iteration ¢’ < ¢ — the iteration
when the agent was removed — then there exists an edge in this path, (i;,%;41), such that
v; (X]t) = 0 (Proposition[Z.10). Based on these claims, we prove that if at the end of iteration
t, the cost of the maximum-cost path starting from agent removed from the game at t' < ¢

exceeds its cost at ¢/, we can upper-bound it by — L

Proposition 7.8. Let i be an agent removed from the game at the start of iteration t'. Then
forall j € R(t), v;(X!) = 0.
Moreover, for all t > t' and all j € R(t), vi(X}) = 0.

Proof. Suppose that v,-(th-’) # 0. This implies there exists some item o € X]t-/ such that
v;(0) = 1. We consider two cases:

1. o€ X;fl_l. In this case, at the start of iteration ¢/, there exists a transfer path from ¢ to
j. Moreover, there is a transfer path from j to 7 at the start of iteration ¢’ (otherwise,
j would have been removed from the game at ¢’ as well). Concatenating these paths
gives a transfer path from s to 7g.

2.0¢ th-/_l, that is, j received item o during iteration ¢’, from some other agent j’
(where j' = iq is possible). At the start of iteration t’, there exists a transfer path
from 7 to j'. Moreover, there is a transfer path from j’ to i, which is used to transfer
the newly allocated item. Concatenating these paths gives a transfer path from ¢ to 4.

Both cases contradict the assumption that ¢ was removed at ¢'.
To prove the claim for ¢t > ¢/, we use induction over ¢.
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We assume the claim holds for iteration ¢ — 1 > ¢’ and prove it for iteration t. Assume,
contrary to the claim, that there exists an agent ¢ who was removed at the start of iteration
t’, and an agent j € R(t), such that ’u,-(X;f) # 0. By the induction hypothesis and the fact

that an agent can not be added to R, we have vi(X;f_l) = (. Therefore, during iteration ¢,
J must have received a new item o; that 7 values at 1.

If 0; was part of ig’s bundle at the start of iteration t’, then the transfer path starting at
i, (i,10), must have already existed at the start of iteration ¢'.

Alternatively, if o; was originally in another agent’s bundle at the start of iteration ¢/,
say agent k € N, then there must have been an iteration between ¢’ and ¢ in which o; has
been transferred from k to another agent, while agent & is compensated by some other item
ok, that agent k wants.

If o5, was part of i’s bundle at the start of iteration ¢’, then the transfer path starting at i,
(i, k,10), must have existed at the start of iteration t’'. Otherwise, o5, was in another agent’s
bundle at ¢, and it, too, would be transferred to a different bundle in a later iteration.

Since the number of items is finite, this process must eventually lead to an item that was

in X f(;, forming a transfer path starting at ¢ at the start of iteration ¢’ — a contradiction. [J

Proposition 7.9. Let i be an agent removed from the game at the start of iteration t'. Then,
forall t > t', i will not be included in any transfer path.

Proof. First, note that vi(XitO) = 0; otherwise, ¢+ would not have been removed at the start
of iteration t’. Next, any agent j, who receives an item from 4y’s bundle at iteration ¢, must
be in R(t). By Proposition ’u,-(X]t-) = 0, which means that 7 can not receive any item
from j, who in R(t), as compensation for another item from their own bundle. Thus, any
transfer path in iteration ¢ includes only agents in R(t). U

Proposition 7.10. Consider an iteration t and an agent i ¢ R(t), who was removed from the
game at the start of iterationt'’ < t. Let P = (i =11, . .. 1)) be a path in the weighted envy
graph starting at i. If costx+(P) > cost yv_1(P), then there must exist j € {1,...,k—1}
such that i; ¢ Ratt, ij11 € R(t) att, and v;; (ijﬂ) =0.
Proof. Lett > t' be the earliest iteration in which cost x¢(P) > cost y_1 (P). This implies
that there is at least one agent, say 1 < j' < k — 1, such that agent i,/ has received a new
item that 7;/ desires. In other words, 7;/1; was part of a transfer path at the start of iteration
t, and by Proposition[7.9] i;.1 € R(t) (in particular, j' > 2).

Since i1 ¢ R(t) and i;,41 € R(t), there must exist some 1 < p < j' + 1 such that
ip ¢ R(t) att and i) € R(t). By Proposition[Z.8] v;, (X! ) =0. O

tp+1 )
Proposition 7.11. Let i ¢ R(t), be an agent who was removed from the game at the start
of iteration t' < t. Then, for X" the resulting allocation from iteration t, £;( X*') < L

— Wmnin
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Proof. Denote by Pf,_l7 P! the highest-cost paths starting from i at iterations #' — 1 (before
agent ¢ removed) and ¢, correspondingly. In particular, cost s, (P!) < cost i1 (P _1)
xe

/ . 1 Xl t -1
£;(X¥~1). Moreover, by Observation [Z.3 we have cost y.iv_, (P} ') < —k— — X |

= wgy w;

when iy, is the last agent in Pitl_l. Combined with Lemma[Z.6] this gives ¢;(X t/_l) < w%
Therefore, if cost xt(P!) = £;(X*) < £;(X"~1), then we are done.

Assume now that £;(X*) > £;(X*~1). Denote the path P! by (i =iy, ... ,iz).

From Proposition [Z.10] there exists j € {1,...,k—1} suchthati; ¢ R(t), ;41 € R(t)
and v;; (X} ) = 0. Then, by Observation 7.3}

1541

Ci(XY) = costxt(iy ..., i) + costxe(ij,ij1) + costxi (i, oy ig) <

< XLl 1x + 0——|ij +0 (XY <
B Wi W; Wy AR B

f L (X, 3)

tj+1

Since i1 € R(t), it follows from (3)) and Proposition [7.7] that

LX< ¢,

O

Theorem 7.12. For additive binary valuations, Algorithm lcomputes a WEF -able alloca-
tion where the subsidy to each agent 1€ENI

the total subsidy is bounded by -~ rr—— 1.

Proof. Together Proposition and Proposition establish that for every ¢ € N and
t e [T], 6;(Xt) < ﬁ Along with Lemma [7.4] Algorithm [3] cornputes a WEF-able
allocation X7 where the required subsidy per agent i € N is at most ———. As there is at
least one agent who requires no subsidy (see Theorem [3.3), the total requlred subsidy is at
most % =W _q

We cr(r;rrﬁplete tflnell proof of Theorem [Z.12] by demonstrating that Algorithm [3] runs in
polynomial-time.

We represent the valuations using a binary matrix A where v;(0;) = 1 <= A(i,j) = 1.
Hence, the allocation of items to the bundle of i( at line 1 can be accomplished in O(mn)
time.

At each iteration ¢ of the while loop, either X;, or R reduced by 1, ensuring that the
loop runs at most m + n times.

Let T, represent the complexity of computing the value of a bundle of items, and T}

denote the complexity of computing the gain function. Both are polynomial in m.
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According to|Viswanathan and Zick (2023a), finding a transfer path starting from agent
i € N (or determining that no such path exists) takes O(7T;, log m). Removing agents at
the start of each iteration incurs a complexity of O(nT;, logm). Furthermore, as stated
in [Viswanathan and Zick (2023d), identifying u requires O(nT,). Updating the allocation
based on the transfer path, according to the same source, takes O(m).

Thus, each iteration has a total complexity of O(nT, logm + nT, + T, logm + m) =
O (nT,logm +m).

In conclusion, Algorithm[3]runs in O ((m + n) (nT), log m 4+ m)), which is polynomial
in both m and n. O

In Appendix [A.3] we present a tighter bound that is closer to the lower bound, along
with a detailed discussion on its tightness.

Notice that since the output allocation from Algorithm [3] is non-redundant, X maxi-
mizes the social welfare. Moreover, as shown in Example X might not be WEF(1,0)
(No matter which item is removed from ¢5’s bundle, i1 still envies). However, it is WEF (0,1 ).

Proposition 7.13. For additive binary valuations, Algorithm[3|computes a WEF (0, 1) allo-
cation.

Proof. We prove by induction that at the end of each iteration ¢ € [T'] X" satisfies WEF(0, 1).
This means that for every 7,5 € IV, there exists a set of items B C X]t- of size at most 1

vi(XH+vi(B) o vi(XE)
such that o > =

The claim is straightforvéard for the first iteration. We assume the claim holds for the
(t — 1)-th iteration and prove it for the ¢-th iteration. Note that v;(X!™') < v;(X}).

1. X; = X;f_1 and X! = X!~ the claim holds due to the induction step.

2. vi(X Jt) = fu,-(X;f_l): This is the case where j was not included in a transfer path, or

was included but was not the first agent in the path, and exchanged an item for a new
one, both having the same value for ¢. By the induction assumption, there exists some

. _ (Xt (Bt—1 (X1 (X ¢

singleton Bt=1 C X!! such that viX, )fvl(B ) > uil L ) = il ‘J). There
] w; wj lg] Bt

exists some singleton B' C X!, with v;(B") = v;(B'"!). Hence, % >

X DB o w5 wilX))
w; = wj T wy

3. vi(X;f) < vi(X;f_l): This is the case where j was included in a transfer path but
vi(X})+vi(B)
w;j

>

exchanged an item ¢ values for an item ¢ does not value. Then

vi(XIH40i(B)  wiX)TY) wil(XY)
w; w;j > w,

> foraset B C X;f of size at most 1.

4, ’u,-(X;f) > fu,-(X;f_l): there are two subcases:
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(a) If j is the first agent in the transfer path and received a new item o such that
vi(X] 41 > vi(X; T+

vi(0) = 1, then > oo due to the selection rule, and o
J J
J(XETH 4
% due to non-redundancy.
J
t—1 (xt—1 (vt
We can conclude that 2 (XDHL o w41 v X )+ il ). The
w; = w; = w; w;

claim holds for B = {o} C X.

(b) If 7 was not the first agent in the path, but exchanged an item that ¢ does not
value for an item o that ¢ values, v;(0) = 1. Let ¢ < ¢ represent the most
recent iteration in which agent 7 was selected and received a new item. Note

vi(XO)41  wi(XYHa1 v (XY T4
that - > o > o

w;

due to the selection rule.

(Xt
< Ulgj). Then,

J

w(XD +1 _ulXy) v(X5) (X))

Assume to the contrary that

Wy ZUj ZUj ZUj
’Uj(X;f H+1 < vi(XZ-t/_l) +1 < vi(XH +1

wy w; w;

Uz‘(Xf)""l > vZ(X;)
i - J

a contradiction. Hence,
t
X ;e

and the claim holds for B = {o} C

O

7.1 Matroidal Valuation

Another valuation class, slightly more general than binary additive, is the class of matroidal
valuations, also called matroid rank valuations (Barman and Verma (2020);Benabbou et al.
(2021)). In this section we prove that the subsidy bound provided by Algorithm [3lfor agents
with binary additive valuations, which is wW 1 (Theorem [1.12), is not applicable for

min

agents with matroidal valuations. Specifically, we show a lower bound of * (w‘fﬁn — n),
which is linearly increasing with m.

A matroidal valuation is based on a matroid J over M Pl Then, the value of each subset
A C M equals maxper |[AN F|.

Note that a matroidal valuation is submodular, but not necessarily additive. A binary
additive valuation is a special case of a matroidal valuation, in which each agent ¢ has

Fi={F | F C B;}, where B; :={o ]| 0o € M,v;(0) = 1}.

>Formally, F is a family of subsets of M such that § € F, F' C F € F implies F’ € F, and for any
F,F' € F where |F| > |F’|, there exists an item o € F'\ F' s.t. F' U {0} € F.
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We demonstrate that the total subsidy bound derived by Algorithm [3| for agents with
binary additive valuations might not hold for agents with matroidal valuations.

Theorem 7.14. There exists an instance with matroidal valuations for which, in any WEF
non-wasteful allocation, the subsidy for some agent i € N is at least ™* (=~ — 1), and the
min

total subsidy is at least ™ (i — n>
n wmll’l

Proof. Assume there are n agents with weights w; < ... < w,,. There are m = nk items,
and the valuation of each agent ¢ for bundle X; is given by min(k, |X;|), i,e., each agent
values at most k items (We can assume that the feasible bundles are defined as F = {F |
F C M,|F| <k}).

In this setting, the only non-wasteful allocation is one in which each agent is allocated
exactly k items. An agent ¢ € N envies another agent j # ¢ € N by amount given
by wﬁ] — wﬁz Equivalently, the cost of any path P = (i,...,7) for some j # i € N
is k (w% — i) . The maximum-cost path starting from agent 7 ends at agent 1, and its

Ww;

cost is k <w1, — 7%) . To eliminate envy, each agent ¢+ € N must receive a subsidy of
k <wL — 1) =0 (w“’? — 1) . The total subsidy required is
, , W — W
> m( wi _1> S m( wi _1> :E<ﬂ_(n_1)> _
1<i<n 1\ Wmin 1<i<n N\ Wmin n Wmin

3 (e )
— —-—nij.
.\ Wmin
|
w

Importantly, whereas the upper bound for binary additive valuations —=—
pendent of m, the lower bound for matroidal valuations is increasing with m.

— 1 1is inde-

8 Additive Valuations and Identical Items

With a slight abuse of notation, we denote by v; the value of agent ¢ to a single item. Thus,
for an allocation X, if | X;| = m;, then v;(X;) = v;m;. We denote an allocation by a tuple
of integers (mq,ma,...,my), representing the numbers of items allocated to the agents.
Note that m = mq + - -+ +my,.

In this section, for simplicity, we order the agents in descending order of their value
rather than their weight, that is, we sort the agents so that (V' >) v; > vy > ... > vy,.

We show matching upper and lower bounds on the subsidy per agent and on the total
subsidy.
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The following lemma states that weighted envy-freeability can be characterized by the
weighted reassignment-stability condition for swapping only a pair of two agents.

Lemma 8.1. For additive valuations with identical items, an allocation X = (my,ma ..., my,)

is WEF-able if and only if for each 1 < i, j < n with v; < v; we have m? <™

_,wj

Proof. We first show the only-if part. Assume that (mq,...,m,) is WEF-able. Then, by
Theorem it is weighted reassignment-stable. For the permutation that only swaps ¢ and
4, inequality () in the definition of weighted reassignment-stability implies that ”ZU)—T“ +
vﬁ;:” > UZwT] + UJ ™ When v; < vj, this implies that ml < mj

We now show the if part. WLOG, we can assume when ¢ > jand v; = vj, My Jw; >
m;j/w; holds (otherwise we can rename agents’ identifiers). We will show that for any i > j

we have

costx (i,7) < costx(iyi—1)+costx(i—1,i—2)+---+costx(j+1,5) (4)

Once this is done, we can show that any cycle in the weighted envy-graph has a non-
positive cost as follows. Let C be a cycle in the weighted envy-graph. We partition the set
of edges of C' into the two sets of “ascending” edges and “descending” edges:

E(C) = E+(C) UE_(O),
where
E+(C) = {(i,4) € B(C) | i > j} and E_(C) = {(j,i) € B(C) | i > j}.

To show C has non-positive cost is to show

Z costx (i,7) + Z costx(j,1) <0

(i,5)€E+(C) (1)eE-(C)

The inequality @) implies
Z costx (i,7) < Z (costx(i,i—1)+---+costx(j+1,7)).

(1.4)€E+(C) (1,4)€E+(C)
Let E’, (C) be a multiset of edges of C' defined as
EQ_(C) = U(i,j)€E+(C){(i7i - 1)7 (Z o 2)7 ) (] + 17])}

Then it suffices to show that

Z costx(i,j) + Z costx(j,i) < 0.

(1,7)€E (O) (U1)eE-(C)
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Now, to each edge (jo,i0) € E_(C'), we assign the subset of edges {(ig, 70 — 1), ..., (jo +
1,jo)} from E’ (C); this assignment partitions E’, (C') into disjoint subsets, since C' is a
cycle.

Then it suffices to show that the sum of costs of “ascending” edges assigned to (jo, i9) €
E_(C) plus the cost of (jo, i) itself (i.e., costx (ig,i0 — 1) + costx(ip — 1,49 — 2) +
-+ 4 costx (jo + 1, jo) + costx (jo, ip)) is non-positive, since Z(z‘,j)eE;(C) costx(i,7) +
> (ji)eE-(c) costx (j, 1) is the sum of these values.

Indeed, we have

costx(i,i — 1)+ -+ costx(j+1,7) + costx(j,1)

My m; m; M, m; M,
i1 __l>+...+vj+1 <_J_J_+1>+Uj <_l__J>

W;—1 w; wy Wj41 w; w;

m;—1 m; m; mi+1 m; my
Wi—1 w; wy Wj41 w; wy
J

. . . m Mk41 i i ;
where we use the fact that v;...v;11 < v; and w—: > W1 fori < k < j—1inthe

inequality. Therefore, any cycle in the weighted envy-graph has a non-positive cost, and the
allocation is WEF-able by Theorem 3.3

It remains to prove the inequality (). We show this by induction on j — 4. If i — j = 1,
then costx (i,j) = costx(i,i — 1) holds trivially.

Assume ¢ — j > 1. By the inductive hypothesis, we have

costx(i,7 +1) < costx(i,i —1) +costx(i — 1,1 —2) +--- +costx(j +2,5+1).

Hence, it suffices to show that costx (i,j) < costx(i,j + 1) 4+ costx(j + 1,7). Indeed,

.. m; o m; m; Myl mir1 My
costx (i,j) = v; <—]——>:vi <—]—j—>+vi< =
wj Wy wj ZUj_H wj+1 ws

<041 <_3 _ ]_H> +; <3_+1 _ _Z> = COStx(j +1,7) + COStx(Z,j +1),

wj - Wi+l Wi+l Wi
where we use the fact that v; < v;;1 and Z’Z]—E < % in the inequality. O
J J

Using this Lemma[8.1] we first prove a lower bound.

Theorem 8.2. Even with additive valuations and identical items, it is impossible to guar-
antee that the subsidy per agent is smaller than Vw; Zlg j<i L or that the total subsidy

wj
is smaller than V') .., (w,- > 1<j<i u%)
x> > Jj

42



Remark 8.3. Theorem [5.2] shows a lower bound for general additive valuations, which is
worse than the lower bound of Theorem[8.2]for identical additive valuations. This is because
the bound of Theorem [5.2 holds for any weight vector, whereas the bound of Theorem [8.2]
holds only for weight vectors where weights are not integer multiples of adjacent weights
(see the proof).

Proof. We construct an instance in which v; = V' + (n — i) - € for some small ¢ > 0. Note

that v; > --- > v,. The weights are in the same order, that is, Wyax = Wy > -+ > Wy =
Win > 2.
The smallest weight w,, is an integer. For any i € {2,...,n}, w; = (k; — €) w;_1, for

some integer k; > 2 and some small € > 0.

We aim to determine the number of items m = ) .. m; such that agent n receives
exactly w, items, and each agent i € {2,...,n} envies agent i — 1.

By the WEF property, each agent ¢+ must achieve a total utility of approximately w;v; ~
w; V. Therefore, the total subsidy required is given by:

W =m)V=> " (w;—m;)V,
1EN

The term mV accounts for the utility generated by allocating m items to the agents.

Our goal is to find values my, . . . , m,, such that agent i receives a subsidy of (w; —m;) V.
First, note that for each i € {2,...,n}, we have k; = wffjl + e~ w?il, where ¢ is
small.

We proceed by allocating items to agents as follows:

1. Agent 1 receives mj = wy items, as assumed, and receives no subsidy.

w2

2. Agent 2 receives mgo = ko (mq — 1) ~ "

(m1 — 1) = wy — 12 items. The subsidy

for agent 2 is wov9 (% - 73—5) ~ ngw%.

3. Agent 3 receives m3 = k3 (mg — 1) ~ 38 (mg — 1) = w3 — 312 — 2. The subsidy

w Wn

for agent 3 is ws (v2 <7£—11 — 73—22) + v3 (:1'”)‘—22 — 73_;5)) ~ Vws (w% + le)
4. In general, for any agent i € {2,...,n}, the number of items they receive is: m; =
ki (mi—q—1) ~ = (Mo — 1) = w; — <wi di<i<i w%) . The subsidy for agent

.. 1
1S ~ V’UJZ zl§j<i w—J

By Lemma[8.1] we can not remove any item from any agent i € {1,...,n— 1} because:

miy1  kip1 (my — 1) S Wir1mi — I m;y—1

Wi41 Wi4-1 w;  Wi—1 wy
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ALGORITHM 4: Weighted Sequence Protocol For Additive Valuations and identical items

Input: Instance (N, M, v, w) with additive valuations and identical items.
Output: WEF-able allocation (my, . . ., m,,) with required subsidy of at most

Vw; 321 <j<; »; Per agent, and total subsidy at most V35, (wl Yicj<i w%)
m; < 0 foreach? € N,
Sort the agents such that vy > -+ - > v,,.;
foro: 1t mdo
Let N/« {i e {2,...,n}| Hw—m <G PU{l} /x We always have 1€N' «x/
Let u < max;cn- i
My, — My + 1;
end
return (maq,...,my,)

This inequality ensures that reducing the number of items allocated to any agent would
violate the WEF condition.

Thus, this allocation satisfies WEF with the smallest possible subsidy, as required, and
the total required subsidy is

1
v ml
2<i<n 1<5<e
O
We now establish a matching upper bound on the subsidy. Our algorithm is defined in

Algorithm H First, the agents are sorted by their valuations such that vy > vy > ... >
v,. The number of items of each agent ¢ is initialized to m; = 0. Then, while there are

unallocated items, the algorithm finds the agent i € {2,...,n} with the maximum index
such that % < :’U”—:ll If no such agent exists, the algorithm, selects agent 1. The chosen

agent ¢ € N receives a new item, i.e., m; increases by 1.

1
wy

Theorem 8.4. Algorithmd|outputs a WEF allocation with subsidy at most w;V’ Zlg j<i

. 1
for each agent, and total subsidy at most V' o, (wi di<j<i w—})
Proof. We first prove that the allocation output by Algorithmd]is WEF-able by Lemma[8.11
The definition of N’ ensures that, if agent u > 2 receives an item, then after the update,
My My —

T < U=t Therefore, this condition holds throughout the algorithm for all adjacent pairs
u u—1

of agents. By transitivity, :’U"”—Z < :’;—JJ forallu > j > 1.
We prove that while running the algorithm, the cost of the highest-cost path is always
bounded by V'3, <.
=J =t Wj
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From the proof of Lemma [8.]] WLOG, we can assume the highest-cost path from
each agent i is P; = (i, — 1,...,1), since costx(j,j — 1) is non-negative, costx(j, k)
where j < k is non-positive, and there exists no positive cycle. Also, costx (i, ) where
Jj > i+ 2 is smaller than or equal to »_, ;. costx(k,k — 1). In other words, ¢;(X) =
> 1<j<icostx (5,7 — 1).

Now, we prove for each agenti € N, 4;(X) <V Zlg j<i w% The proof is by induction
over the iteration.

When there is no allocated item, this must be true. Now, suppose that the algorithm
allocates an item to agent u. We consider three cases.

Case 1: u > 4. The cost of the highest-cost path starting at  is not affected by allocating
the item to w in this iteration, as (;(X) = > ;_;; costx(j,j — 1). By the induction
assumption, £;(X) <V 37 .o, wi]

Case2: 1 > i > wu. Then costx(u + 1,u) increases by at most =t (or does not
increase at all if u = 1), while costx (u,u — 1) decreases by v-~. The costs of all other
edges remain unchanged. Thus, the total path cost weakly decreases By the induction
assumption, £;(X) <V >3, ., w%

Case 3: u = 1. Then, by the fact that the algorithm chose 1, before the allocation we
must have 1+m2 > mz 11 for each ¢ > 1. Otherwise, the algorithm would have chosen some
agent¢ > 1 to allocate the item.

Thus, for each 7 > 1, before the allocation,

ViMi—1 VM 1+m; my v; \%
— < V; —.
Wi—1 W; W; Wi W;

costx(i,i —1) =

This implies that before allocating the item to agent 1: £;(X) = >, ., costx(j,j —1) <
Y j<i wi] After allocating the item to agent 1, the path cost increases by at most wll
Therefore, £;(X) <V > ;o w%

Now we can conclude that the cost of a highest-cost path is bounded by V' Zlg j<i w%

Thus, the subsidy for agent 7 is at most w; <Z1< j<i i) .

>t wy

Note that agent 2 receives a subsidy of ps = vows (’Z}L—ll — Zf—j) , which ensures that

Vamg + P2 V2M2 n Va1 V2Ma  U2am

() wo w1 w2 w1

Thus, agent 1 must receive no subsidy, because otherwise, the subsidy po would not elimi-
nate the envy of agent 2 towards agent 1.

Therefore, the total subsidy is at most V/ 2295” (wi > <j<i L) . O

wj

Brustle et al. (2020) proved that when the weights are equal, the total subsidy required
for agents with additive valuations is bounded by (n — 1)V. The following proposition
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demonstrates that with different weights, even when the weights are nearly equal, the total

subsidy bound can be linear in n?.

Proposition 8.5. Even when the weights are nearly equal, the total subsidy lower bound
2

for agents with additive valuations and identical items is linear in n~°.
Proof. Assume that w; = 2n and w; = w41 —eforeach: € 2,...,n—1, withe > 0.
Note that all weights are positive, nearly equal, and w; > ws > ... > wy,.
Letm; = wyandm; = m;_1—1fori € {2,...,n}. Letm := ) . m; = n-(3n+1)/2.
By Lemmal8.1] agent ¢ € 2, ..., n can receive at most m; = m;_1 — 1 items. Thus, the
subsidy for agent i € {2,...,n}is at least w;V 3 1, w% ~ (i — 1)V. Hence, the total

. . . . n—1)(n—2
subsidy is atleast ~ V'3 o i—1=V 3, ji= %V = Q(n2V). O

8.1 Optimal Algorithm for a Special Case of Additive Valuations and Identi-
cal Items

In most settings studied in this paper, computing the optimal subsidy is NP-hard. However,
in the special case of identical items and additive valuations, we have a polynomial-time
algorithm.

Here, for convenience, we assume that v; < vo < --- < vy, contrary to the assumption
in the previous subsection. We propose an algorithm based on dynamic programming that
computes an allocation with the minimum total subsidy.

We say that an allocation (my, ..., my,) is feasible if my + - - - + m,, = m.

Forl <i:<n,0<j<mand0 < m; < m,letT(i,j,m;) be defined as the
minimum total subsidy when

* the agents are restricted to 1,2, ... 1,
* the number of items is j, and
* the number of items allocated to agent ¢ is m;.
Then the minimum total subsidy we want to compute equals ming <, <, 1'(n, m, m;).

Lemma 8.6. The following recursive formula holds.

0 i=1andj=m;
= m; m
. . . i bi—1 . w . .
T(i,j,m;) = min TG —1,5—mimi—1)+ E wy | - (—L - ) Vi1 i > 2and > Wi g <m; <j
2 Js .- w,
Ogmhlgmin(j—rm.w’w 1m1> i—1 wy Wi—1 il =1 Wil
i
00 otherwise.

®)
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Proof. When ¢ = 1, i.e., the number of agents in the market is one, an allocation is feasible
iff j = k, and the total subsidy is zero for the feasible allocation.

Assume that 7 > 2. when agent ¢ is added to the market with ¢ — 1 agents, if m;
(resp., m;—1) items are allocated to i (resp., @ — 1), then the cost of edge (i — 1,4) in the

mi—1

P ) v;—1. Since a highest-cost path from agent i’ (< ) is

weighted-envy graph is (% —

(', +1,...,n) from the proof of Theorem[8.4] 3", wy times the cost of edge (i — 1,1)
is added to the total subsidy. Moreover, since the cost of the edges before ¢ does not affect
any highest-cost path path starting from i, allocations for agents i’ < i — 2 achieving
T(i — 1,5 — m;,m;—1) do not affect the subsidies for agents i > 7 — 1. Hence, one
can optimize the subsidies for agents i’ < i —2in T(: — 1,j — k, k") and Equation [3] is
correct.

We note that by Lemma@ :Z_Z > % Hence, if m; < ﬁ 74, then for an
allocation to be WEF-able, >, _, m; should be less than j and thus there exists no WEF-

able and feasible allocation. Therefore, we require m; > % 7 in the second case of

il =1 w,r

Equation [5l Moreover, for an allocation to be WEF-able, m;_; should be less than or equal

to —==Lm; and thus we require m;_1 < w;j m; in the second case of Equation [3 O

wWq—

w;
Theorem 8.7. There exists a polynomial time algorithm to compute an allocation with the
minimum total subsidy for additive valuations and identical items if the valuations of each
agent are all different.

Proof. The minimum subsidy equals min; <x<,, T'(n, m, k) from Lemma 8.6 We can also
compute an allocation achieving the minimum by keeping the value m;_; attaining the
minimum in Equation 5l The size of the table 7" is O(nm?), and it takes O(m) time to fill
each cell of the table. Therefore, the total running time is O (nm?). O

9 Monetary Weighted Envy-Freeness

In practice, the available subsidy may be smaller than what’s required for WEF. A natural
question is what relaxation of fairness can be achieved. One solution is to allocate the
subsidy only to agents whom nobody envies, preventing additional envy. This motivates the
following concept:

Definition 9.1. An outcome (X, p) is called monetarily weighted envy-free (MWEF) if
pj = Oforall j € N such that some agent i € N has weighted envy towards j.

Note that the definition avoids the issue of whether the indivisible item allocation is fair.
MWETF formalizes the idea that a limited subsidy is used effectively to improve fairness,
regardless of whether the allocation X is “good” or “bad”. Denote the total amount of
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money available for subsidy by d. If d = 0, so there is no subsidy at all (p; = 0 for
all 7 € N), then the allocation is vacuously MWEF. Also, every WEF allocation (with or
without subsidy) is MWEF.

Our main result in this section is that MWEF can be achieved using any WEF-able
allocation and any total subsidy amount d. As far as we know, this algorithm is new even
for the unweighted setting.

Theorem 9.2. There is a polynomial-time algorithm that, for any instance with monotone
valuations, given any WEF-able allocation X and any amount of money d, finds a subsidy
vector p with ), p; = d, such that (X, p) is MWEF.

Proof. For any given outcome (X, p), the corresponding weighted envy-graph respecting

the subsidy, denoted G'x ,; p, is a complete directed graph with vertex set N. For any pair
vi(X;)+p;  vi(Xe)+pi
wy w;y

of agents i,j € N, costx(i,7) = , represents the envy agent ¢ has
for agent j under (X, p).

Let ¢;(X') be the maximum cost of any path in the weighted envy-graph G x ,, that starts
from 3.

If the total money d is at exactly 3, £;(X) - w;, we can let each agent 7’s subsidy be
p; = £;(X) - w;. The outcome is WEF by Theorem hence also MWEF.

Ifd >3 nli(X) - w;, we first allocate p; = ¢;(X) - w;, and then allocate the surplus
amount in proportion to the weights of the agents, which is WEF as well.

The challenging case is if d < ), £i(X) - w;. In this case, we initialize p; = 0 for
all ¢« € N, and then gradually increase the subsidies of some agents as follows.

Let ¢;(X, p) be the maximum cost of any path in the weighted envy-graph G'x 4, p that
starts at 7. We identify the set of agents N* who have the highest ;( X, p).

Note that there is no agent j outside N* who has zero or positive edge to any agent
in N* because if this is the case, j would be in N*. Therefore, any agent ¢ € N* can be
given a tiny amount of money without leading some agent outside N* to become envious.
Moreover, no agent ¢ € N* has a strictly positive edge to k € N* or else k£ would not be a
part of N*.

When we allocate the money in proportion to the weights, all the ¢;(X, p) for i € N*
decrease at the same rate (so they remain maximum), and ¢;(X,p) for j ¢ N* might
increase.

As we do this, the set N* may increase. Eventually, all the money is allocated. O

10 Experiments
In this section, we compare the minimum subsidy required for weighted envy-free allo-

cation and the subsidy obtained by our proposed algorithms, along with their theoretical
guarantees. We generate synthetic data for our experiments. We consider n € {5,8,10}
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agents and choose the number of items m € {n,2n,3n,4n,5n} and fix the weight vec-
tor w = (1,2,...,n). For each agent-item pair (i,0) € N x M, the valuation v;(0) €
{Discrete Uniform(5, 6), Bernoulli(0.5)} is randomly generated [ We assume the additive
valuations.

For each realization of the random instance, we solved the following integer linear pro-
gramming (ILP) problem using the Gurobi Optimizer solver (version 11.0.3) to compute the
minimum subsidy and also we computed the total subsidy obtained by our Algorithms
We repeated the experiment 50 times and reported the average total subsidy in Table 2]-[5

min Zpi
1€EN
st 3 Ulio b by S 2ilOM0 TR ey
Wy ZUj
oeM oeM
Z Tio=1Voe M
1EN
Tio €{0,1} Yoe M
p; > 0Vie N.

*Discrete Uniform(5, 6) meaning we uniformly sampled from the set {5, 6} and Bernoulli(0.5) means values
are sampled from the set {0,1} each with probability 0.5.
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Table 2: The table shows the minimum subsidies obtained by solving the ILP problem,
subsidies obtained by Algorithm [Il and subsidies theoretically guaranteed by Algorithm []
for n € {5,8, 10} respectively. The valuation function is v;(0) ~ Discrete Uniform(5, 6).

Number of Total subsidy
items Algorithm [1] | Minimum | Theoretical bound
5 62.5 10.3 84
10 35.02 7.615 84
15 7.84 2.085 84
20 55.06 3.42 84
25 29.2 5.555 84
Number of Total subsidy
items Algorithm 1] | Minimum | Theoretical bound
8 171.7800 15.78 210
16 128.24 7.9529 210
24 84.06 9.6214 210
32 40.08 4.5557 210
40 176.1 3.7569 210
Number of Total subsidy
items Algorithm[1] | Minimum | Theoretical bound
10 275 14.7583 324
20 220.24 14.3654 324
30 165.06 11.476 324
40 109.9 10.2745 324
50 55.06 3.5088 324
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Table 3: The table shows the minimum subsidies obtained by solving the ILP problem,
subsidies obtained by Algorithm 2] and subsidies theoretically guaranteed by Algorithm
for n € {5,8,10} respectively. The valuation function is v(0) ~ Discrete Uniform(1, 2).

Number of Total subsidy
items Algorithm 2] | Minimum | Theoretical bound
5 3.515 2.17 8
10 4.24 1.455 8
15 3.85 2.005 8
20 4.02 1.68 8
25 4.205 2.14 8
Number of Total subsidy
items Algorithm 2] | Minimum | Theoretical bound
8 6.5531 3.9654 14
16 6.9571 3.6863 14
24 7.7911 2.1414 14
32 6.0966 3.9274 14
40 6.6254 3.8506 14
Number of Total subsidy
items Algorithm Minimum | Theoretical bound
10 8.5921 4.4552 18
20 9.5916 4.5768 18
30 8.9475 5.843 18
40 9.1292 3.9327 18
50 8.8797 49171 18
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Table 4: The table shows the minimum subsidies obtained by solving the ILP problem,
subsidies obtained by Algorithm 3| and subsidies theoretically guaranteed by Algorithm
for n € {5,8, 10} respectively. The valuation function is v;(0) ~ Bernoulli(0.5).

Number of Total subsidy
items Algorithm 3] | Minimum | Theoretical bound
5 1.69033 1.48699 14
10 0.98299 0.23533 14
15 0.370666 0 14
20 0.29333 0 14
25 0.422 0 14
Number of Total subsidy
items Algorithm 3] | Minimum | Theoretical bound
8 3.1364 2.4306 35
16 1.8120 0.5452 35
24 1.0444 0.0688 35
32 1.1500 0 35
40 0.2393 0 35
Number of Total subsidy
items Algorithm Minimum | Theoretical bound
10 3.5305 3.0417 44
20 3.9967 0.7505 44
30 1.9807 0.1652 44
40 0.9708 0 44
50 2.2950 0 44
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Table 5: The table shows the minimum subsidies obtained by solving the ILP problem,
subsidies obtained by Algorithm [, and subsidies theoretically guaranteed by Algorithm [4]
for n € {5,8,10} respectively. The valuation function is v;(0) ~ Discrete Uniform(5,6).
Here, an agent has valuation identical for all items.

Number of Total subsidy
items Algorithm 4] | Minimum | Theoretical bound
5 70.8417 26.1153 169.5
10 98.3267 23.2863 169.5
15 85.0533 0 169.5
20 98.8933 25.0247 169.5
25 102.16 22.494 169.5
Number of Total subsidy
items Algorithm 4l | Minimum | Theoretical bound
8 228.1196 51.0788 497.0574
16 265.4938 59.0252 497.0574
24 274.1384 50.6484 497.0574
32 324.5231 20 497.0574
40 344.4849 45.7897 497.0574
Number of Total subsidy
items Algorithm 4] | Minimum | Theoretical bound
10 374.8001 75.628 825.5598
20 413.9721 104.0536 825.5598
30 489.8345 93.5287 825.5598
40 496.2941 68.3228 825.5598
50 529.3542 25 825.5598

From Tables we observe that our algorithm consistently provides a lower average
subsidy than theoretically obtained bound, while it is larger than the ILP computed mini-
mum subsidy.

11 Future Work

Although several important techniques from the unweighted setting do not work in the
weighted setting, we have managed to develop new techniques and used them to prove
that WEF allocations with subsidies can be computed for agents with general monotone
valuations. We even proved a worst-case upper bound on the amount of subsidy required
to attain WEF. Our bounds are tight for general monotone valuations, superadditive and su-
permodular valuations, and identical additive valuations; however, for additive and binary
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valuations our bounds are not tight. Tightening these bounds is one of the main problems
left open by the present paper.

Preliminary simulation experiments (Section show that our algorithms require less
subsidy than the worst-case bound, but more than the optimal amount. We plan to perform
more comprehensive experiments in the future.

Moreover, it remains an open problem to find a WEF-able allocation for additive val-
uations when the ratios between the agents’ weights are non-integer, as well as to find a
WEF-able allocation for identical items with a minimum subsidy.
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APPENDIX
A Tightness of the Subsidy Bounds

A.1 Subsidy Bound of Algorithm [

As Theorem [5.9]implies, Algorithm [Ilcomputes a WEF-able allocation with a total subsidy
of at most (W — wmn,in)V. However, this bound is not tight. To understand why, consider
the case of 2 items, each valued at V by agenti € {1,...,n — 1}, who has an entitlement
of w; > 2, and V' — e by all other agents. Our algorithm will allocate all the items to agent
1, resulting in a subsidy of Z—ZZ(V — €) by each other agent j # ¢ € N, leading to a total

subsidy of (W — wi)m, for arbitrarily small € > 0.

w;
In general, a WEF-able allocation can achieve a lower subsidy by allocating one item to
another agent with higher index j > 4, i.e, w; > w;. For instance, if one item is allocated

to such agent j, agent ¢ envies agent j by wl — wl < 0, and agent j envies agent ¢ by
J [

w;y wy w;y

Vee Voe o 20V=9 ¢ % - % < 0, then no subsidy is required. Otherwise, the
i j

subsidy required by agent j is (b — b) wj < % . 2(V — €). The subsidy required

w; w; w;
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by each other agent k # 1, j is significantly lower than wy, - —2 C2AV=9 2(V —e).

w; w;
Therefore, the required total subsidy is significantly lower than (W —w;)——

In both cases, the resulting total subsidy bound is better than the bound obtained by
allocating all items to agent .

A.2 Subsidy Bound of Algorithm 2]

Example A.1. Consider 2 agents with weights w; = 1 and we = 2, and 2 items o; and
02, where v(01) = ¥ and v(02) = V. The allocation X output by Algorithm R2lis X =
(0, {o1,02}) with total subsidy %V. On the other hand, total subsidy needed for allocation
({o1}, {o2}) is zero. Hence, Algorithm [2] does not necessarily output an allocation with
minimum total subsidy and the upper bound on the total subsidy given in Theorem is
not always optimal.

A.3 Subsidy Bound of Algorithm 3|

As Theorem-implies Algorithmlcomputes a WEF able allocation with a total subsidy
of at most W
There are two cases to con81der

1. Agent 1 with the minimum entitlement receives a positive subsidy. Together
Proposition [Z.7] and Proposition [Z.11] imply that p; <
Since agent 1 does receive a positive subsidy, and by Theorem [3.3] there exists at

least one agent who requires no subsidy, the total required subsidy is bounded by
W —wao

Wmin

2. Agent 1 with the minimum entitlement receives no subsidy. We can modify
Proposition [Z11] in the following way: for each agent i ¢ R(t), where t € [T,
;(X") < —-. By the proof of Proposition .11} £;(X*) < £;,,, (X"). If ij41 = i1,
then ¢;(X t) < £y, (X") < 0 (because agent 1 requires no subsidy). Otherwise,
G(XY) < 4, (XY < ﬁ < 2= Overall, the subsidy required by each agent is
bounded by ﬂ , and by Tr{eorem [3.3] there exists at least one agent who requires no

subsidy. Therefore the total required subsidy is bounded by M

W—wpin, W— w2}

w2 ? Wmin

To sum up, the total required subsidy is at most max {

A.4 Subsidy Bound of Algorithm [4|

The following example shows that Algorithm 4] does not necessarily output an allocation
with minimum total subsidy:
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Example A.2. Consider 3 agents with weights w; = wy = ws = 1 and 4 identical items,
where v1 > v9 > v3. The allocation X output by Algorithm 4]is X = (2,1, 1) with total
subsidy 2v2. On the other hand, total subsidy needed for allocation (2, 2, 0) is 2v1, which is
smaller than 2vs.

This raises an important question that remains open: with identical items and additive
valuations, is it possible to find a WEF allocation with minimum subsidy in polynomial
time?
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