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An ergodic value distribution of certain meromorphic
functions

Junghun Lee and Ade Irma Suriajaya

ABSTRACT. We calculate a certain mean-value of meromorphic functions by
using specific ergodic transformations, which we call affine Boolean transfor-
mations. We use Birkhoff’s ergodic theorem to transform the mean-value into
a computable integral which allows us to completely determine the mean-value
of this ergodic type. As examples, we introduce some applications to zeta func-
tions and L-functions. We also prove an equivalence of the Lindel6f hypothesis
of the Riemann zeta function in terms of its certain ergodic value distribution
associated with affine Boolean transformations.

1. Introduction

In [LW09], M. Lifshitz and M. Weber investigated the value distribution of the
Riemann zeta function ((s) by using the Cauchy random walk. They proved that
almost surely

N
, 12 I (log N)*
JVI%N"_1<<5+ZS">_1+O<W

holds for any b > 2 where {S,,}72, is the Cauchy random walk. This result implies
that most of the values of ((s) on the critical line are quite small. Analogous to
[ILWO09], T. Srichan investigated the value distributions of Dirichlet L-functions
and Hurwitz zeta functions by using the Cauchy random walk in [Sril5].

The first approach to investigate the ergodic value distribution of ((s) was
done by J. Steuding. In [Stel2], he studied the ergodic value distribution of {(s)
on vertical lines under the Boolean transformation.

We are interested in studying the ergodic value distribution of a larger class
of meromorphic functions which includes but is not limited to the Selberg class
(of ¢-functions and L-functions) and their derivatives, on vertical lines under more
general Boolean transformations, which we shall call affine Boolean transformation
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Tap: R — R given by

afx+p « '
(1.1) Top(x) = 2 ( a 3:—[3) ’ ©7 B
B, r=0

for an @ > 0 and a 8 € R. Below is our main theorem. For a given ¢ € R,
we shall denote by H, and L. the half-plane {z € C | Re(z) > ¢} and the line
{z € C| Re(z) = c}.

THEOREM 1.1. Let f be a meromorphic function on H. satisfying the following
conditions.

(1) There exists an M >0 and a ¢’ > ¢ such that for any t € R, we have
lf({o+it|o>c})| <M.

(2) There exists a non-increasing continuous function v : (¢,00) — R such
that if o is sufficiently near ¢ then v(o) < 14 ¢ — o, and that for any
small € > 0, f(o +it) < e |t/ as [t| — oo.

(3) f has at most one pole of order m in H. at s = sg = o¢ + itg, that is, we
can write its Laurent expansion near s = So as

G, O
(s —s0)™ (s—s9)™ ! 5 —

—l—ao—l—Zans—so)

n=1

(1.2)

for m >0, where we set m =0 if f has no pole in H..

Then for any s € H.\Ly,, we have

. 1 . o fls+ir)
(1.3) Jim = n; f s +iTlpr) = 2 | ey e

for almost all x € R.
We denote the right-hand side of the above formula by lo g(s). If f has no pole
wmn He,

(1.4) la,p(s) = f(s + a+ip)
for all s € H.. If f has a pole at s = so = o¢ + ito,
f(s+a+if)+ Bn(so), c¢<Re(s)<oo,s7#s0—a—if;

(1.5)  lap(s) = HZ_O(_(;;;)”, ¢ < Re(s) < 00,8 =50 — a—if;
fls+a+ip), Re(s) > op;

where

m a_ m
Bm(so)zzzn(ﬁ—i—la—zs—so Z:: _20‘_’(5_50))”'

n=1
Moreover when m = 1, we can extend the result in (L3) to the line L,, by setting
a1

(1.6) lap(oo +it) = floo +a+ilt+ B) = G 5y

for any t € R.
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In the next section, we first give a few examples as applications of our main the-
orem, Theorem [[.T], to the Riemann zeta function, Dirichlet L-functions, Dedekind
zeta functions, Hurwitz zeta functions, and their derivatives. We will briefly re-
view some basics of ergodic theory and see an ergodic property of affine Boolean
transformations in Section Bl In Section ] we will complete the proof of Theorem

T

2. Some applications to zeta functions and L-functions

In the following examples, we write f(°) to express f itself and we define

(—1)Fk! 1 1
Ap(s) = — —
k( ) gk+1 (B—'—ZOZ—’L(S— 1))/€+1 (ﬁ—ZOZ—Z(S— 1))k+l
for any non-negative integer k.

EXAMPLE 2.1 (The Riemann zeta function). For any k£ > 0 and s € H_; 5\Ly,
we have

1 . a ¢®) (s +iT)
il (k) n _ ¢ STy
lim HZZO M (s +iT] g) = el Ry e dr

for almost all z € R.
Denoting the right-hand side of the above formula by lg%(s), we have

(W) (s +a+iB)+ Ap(s), —1/2<Re(s)<1,s#1—a—if;

1) () k k! R _ o
a”@(s)_ (1) %—Wa —1/2 <Re(s) <l,s=1-a—if;
M) (s +a+iB), Re(s) > 1
where

N k k41
L log"n log"™" N
e (oY)

If K =0, we can extend the result to the line IL; by setting

(1 +it) = (O +a+i(t+8) - -

Remark that Steuding showed Example 2Tl when &k = 0, « = 1, and 8 = 0 thus
Example 2] is a generalization of [Stel2] Theorem 1.1].

Proor oF ExaMPLE 21l We first note that for any k& > 0, (*)(s) has an
absolute convergent Dirichlet series expression when Re(s) > 1. Thus condition
(1) of Theorem [[T]is satisfied for any ¢/ > 1. From the Laurent expansion of ((s)
near its pole s = 1 (see [Bri55| Theorem]), we can deduce the Laurent expansion
of ¢¥)(s) for any k > 0 near s = 1:

(—1)’%! n e
C(k)(s): (S_l)k-i-l +Z n_k_:;rl(s_l) .

Thus for k > 0, (*)(s) has a pole of order k + 1 at s = 1. Moreover, we can show
by using [Tit86l pp. 95-96] that

(2.1) (B (o +it) < [t T
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holds with

0 if o > 1;
plo) << (1—-0)/2 f0<o<1;
1/2—0  ifo<0;
for any k > 0. Therefore we can apply Theorem [[I] with ¢ = —1/2, so = 1, and
m=k+1to (F(s). O

We can also show that this ergodic mean-value is related to the Lindelof hy-
pothesis. We first show that the Lindel6f hypothesis can be rewritten in terms of

(™ (s).
THEOREM 2.2. Let k € N. The Lindeldf hypothesis: For any € > 0,

2
holds if only if, for any € > 0,

1
¢ <— +it> L Jt]¢ as|t| = o0

1
¢k (5 +it> e |t as [t] = o0
holds.

The above theorem implies that we can restate the Lindelof hypothesis as:
1
For any € > 0, ¢ (5 + it) Lpe [t|© as |t = oo
for any non-negative integer k.

PROOF OF THEOREM Suppose that the Lindelof hypothesis is true. Thus
by using the functional equation for {(s),

Clo +it) < [t]He)Fe/?

holds for any € > 0 with

0 ifo>1/2;
uo) < .
1/2—0 ifo<1/2.

Then by Cauchy’s integral theorem, for any k¥ € N we have
1. k! ¢(2)
B (2 4it) =— d
¢ <2 T > omi /7 (z—1/2—ik+1">
where v, := {2 € C| |z —1/2 —it| = r}. Taking r = ¢/2,

1
¢ (5 * Zt)} < / [z — 1|/<2(Z—)|it|k+1 |dz| < [t + /2P /2me/2e/2
Yr

<<€ |t|ﬂ(1/2—6/2)+6/2 S |t|1/2—(1/2—6/2)+e/2 _ |t|€

Now suppose that for some k € N,

1
C(k) (5 —I—it) Che |t|€
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holds for any e > 0. Then (%) (o + it) <y [t|*(D)Fe for ¢ > 1/2. Note that

¢t (% -H't)’ < ‘C(k_l)(?)—i—it)‘ +/1

This implies

3+it

¢0 (=) e e 11

/2+it

1
’C (5 +it>’ < [t]°.
O

We can then reformulate the Lindel6f hypothesis in terms of ergodic value
distribution of ¢((*)(s) on vertical lines under affine Boolean transformations as
follows:

THEOREM 2.3. Let k be a non-negative integer. The Lindeldf hypothesis is true
if and only if, there exist a > 0, B € R such that for any | € N,

1

N-1 21
. k -
(2.2) lim E_O: ’g‘( ) (1/2—|—ZTO¢”33:)}

exists for almost all x € R.

PRrROOF OF THEOREM [2.3]l From Theorem 2.2] we can restate the Lindelof hy-
pothesis as

1
(2.3) ¢® (5 —|—it> ke [t as|t| = oo

for any non-negative integer k. We then show that the hypothesis in the form (23)
is equivalent to the existence of the limit in (Z2).

Replacing the function ¢(s) by ¢*)(s) in the proof of Theorem 4.1 in [Stel2],
we can easily show the necessary condition for the Lindelof hypothesis (in the form

@3)).
To show the sufficient condition for the Lindelof hypothesis, we note that
K)o\ pe1 [T 2] +1/2 k-1 (=1)"k!
C( )(s) =(-1) /1 ?(log;v) (—slogz + k) dz + m

so that |CF+1)(1/2 +it)| < C|t| holds for any [t| > 1 for some Cj, > 0 which may
depend only on k. Further, for 7 > 1,
1 1 1 1
= >Cap— 2 Cap—7
2+ (—p2 A+ (a/r)2+2B/r+B/r2) ~ P TP
for some C,,g > 0 that depends only on a and 5. Then again we can replace
the function ¢(s) by ¢((*)(s) in the proof of Theorem 4.1 in [Ste12] to obtain the
sufficient condition for the Lindel6f hypothesis (in the form (23])). This completes
our proof of Theorem O

EXAMPLE 2.4 (Dirichlet L-functions). Let L(s, x) be the Dirichlet L-function
associated with Dirichlet character .
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(i) If x is non-principal, for any s € H_; /5, we have

L¥) (s +iT,x)
lim — S L®) (s 4T a/—d
i Z (s+iTismx) = | g

= LW (s+a+if, x)

for almost all x € R.
(i) If x = xo is principal, for any s € H_; /5\LL1, we have
a [ LM (s+ir,x0)
Nlinoo— Z L® (s +iT3 5, x0) = W/Rmd

for almost all z € R. Denoting the right-hand side of the above formula
by lfj;(s, Xo0), we have

L®) (s 4+ a +if, x0) +7-1(x0) Ar(s),
—1/2<Re(s) <1,s#A1—a—iB;
klv-1(xo0)

(s, x0) = w00) = Ty

L
<

—1/2<Re(s) <l,s=1—a—1if;
L® (s + a + 1B, xo),
Re(s) > 1;

where v_1(x0), 7&(x0)’s are constants that depend only on xo. They are
coefficients of the Laurent expansion of L) (s, xo) near s = 1. If k = 0,
we can also show the result on L; by setting

av-1(xo)
a?+(t+p)*

PRrROOF OF EXAMPLE [2.4]. As in the proof of Example2.1] for any non-negative
integer k, L(k)(s, X) has an absolute convergent Dirichlet series expression when
Re(s) > 1. Referring to [Red82, Lemma 2], we know that L) (s, x) also satisfies
an inequality similar to ([2.1]).

If x is non-principal, L(¥) (s, x) is entire for all k£ > 0. Thus L) (s, x) satisfies
(L.4) of Theorem [L.T]for all s € H_ /5.

Otherwise (that is, when x = x0), L*)(s, x0) (k > 1) has a pole of order k+1 at
s = 1. Hence we can also apply Theorem [Tl with c = —1/2, sp =1, and m = k+1
to L) (s, xo) with the Laurent coefficients as discussed in [TK99, Theorem 2]. [

10,1+ it xo) = LO( + a+i(t+ ), xo) -

ExXAMPLE 2.5 (Dedekind {-functions). Let (x(s) be the Dedekind (-function of
a number field K over Q of degree dx. Then for any & > 0 and s € Hj/5_1,4, \LL1,
we have

1 (k) .
. 1 (k) . o« Cx (s +1iT)
J\/lgnooNch (s +1T557) = ™ Ra2+(7—ﬂ)2dT

for almost all x € R.
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Denoting the right-hand side of the above formula by lKgf)B

(s + a+iB) +7-1(K)Ax(s),
1/2 —1/dg < Re(s) <1,s # 1 — o —if;

(s), we have

klv_1(K)
1 ®) (5) = kv (K) — W,
1/2—=1/dg <Re(s) <1,s =1—a—if;

B (s +a+ip),

Re(s) > 1;
where y_1(K), v (K)’s are constants that depend only on K. They are coefficients
of the Laurent expansion of Cﬁ(gk)(s) near s = 1. If k = 0, we can also show the
result on L; by setting

ay-1(K)
a? 4+ (t+ )2
PRrOOF OF ExXAMPLE 2.5 We refer to [Ste03] Theorem 2] for the bound of the

form ([ZI) and to [HIKWO04, pp. 496-497] for the Laurent coefficients of Cﬂ(gk)(s)
near its pole at s = 1. The rest of the proof proceeds as in the proof of Example
I with ¢ =1/2 —-1/dg, so =1, and m =k + 1. O

01+ it) = (O (L + a+i(t +5)) -

REMARK 2.6. We can also show results analogous to Theorems and 2.3 for
Dirichlet L-functions associated with primitive Dirichlet characters and Dedekind
zeta functions, if we formulate the extended Lindeldf hypothesis as:

1
For any e > 0, f (5 + it) Lse |l as|t| = o

for these functions (f is any of these (-functions and L-functions). We do not
discuss this further but we remark that we can show these analogous results by
using methods similar to the methods used in proving Theorems and

EXAMPLE 2.7 (Hurwitz zeta functions). For non-negative integer k, 0 < a <1,

and any s satisfying Re(s) > —1/2 and Re(s) # 1, we have
N-1 .
1 , a [ (W (s+it,a)
lim — (k) Vs == | Z———2d
N ;C (s +iT557: ) T Jr 0?2+ (17— f)? 4

for almost all  in R.

Denoting the right-hand side of the above formula by lg%(s, a), we have

(M (s+a+ip,a)+ A(s),
—1/2<Re(s) <1,s#1—a—iB;

k!
k! _
o0 = {0~ Gayr
—1/2<Re(s) < l,s=1—a—1ip;

C®) (s +a+iB, a),

Re(s) > 1;
where N
C(=DE log" (n+a) log"™ (N +a)
7k(8) = k! N <z_: n+a k+1
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is a coeflicient of the Laurent expansion of Cﬂ(g) (s) near s = 1. If kK = 0, we can also
show the result on IL; by setting

1001 +it,a) = CO 1+ a+i(t+ ), a)

«
o+ (t+ )%

ProoOF oF EXAMPLE 27l The proof also follows that of Example 1] where
we put ¢ = —1/2, s = 1, and m = k + 1. Here, we refer to [Red82| Lemma 2] for
the bound of the form (Z1]) and to [Ber72| Theorem 1] for the Laurent coefficients
of ¢®) (s, a) near its pole at s = 1. O

3. Affine Boolean transformations

In this section, we will show the ergodicity of T, g defined in (ILI)) with respect
to a proper measure. To state our main theorem, let us recall some basic notation.
We denote by B and v the Borel o-algebra on R and the Lebesgue measure on B.
For a given a > 0, 8 € R, let us define the function p., g by

o} dr
ap(Ad)=— | ——==
Ha,8(A) 7T/AOzQ+(7'—ﬂ)Q
for any A € B. One can easily check that p, g is a probability on B and

(3.1) pos) =2 [ aﬂdi_m < [ -

for any A € B. In particular, this implies that uq g(A) =0 if v(A) =0.

THEOREM 3.1. For given o > 0,8 € R, T, 3 : R = R is measure preserving
with respect to a5, that is, for any A € B, we have

tia,8(Ty h(A)) = pa,s(A).
Moreover, it is ergodic, that is, if T;;,(A) = A, then either pio,5(A) or pa, g(X\A)
15 0.
Applying Birkhoff’s ergodic theorem, we have an ergodic mean-value of an

integrable function. Let us denote by Ty s the n-th iteration of T, g, that is,
Top=TapoTapo---0Tap.

o

n times
COROLLARY 3.2. If f : R — R is integrable with respect to piqa,g, then
N-1
1 n o« f(r)dr
(32) iy 2 STl = Lareap

for almost all x € R.

See [EW11], Theorem 2.30] for the proof of Birkhoft’s ergodic theorem. Corol-
lary follows immediately from Birkhoff’s ergodic theorem and Theorem [B.11

Birkhofl’s ergodic theorem describes the relation between the space average of
a function and the time average along the orbit. In the next section, we will apply
Corollary [3:2] to transform a mean-value of ergodic type into a computable integral.

In the rest of this section, we complete the proof of Theorem B3Il We first recall
the famous result given by R. Adler and B. Weiss.

LEMMA 3.3. The Boolean transformation Ti o is measure preserving with re-
spect to v. Moreover, it is ergodic.
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See [AW3, Theorem and Main Theorem] for the proof of Lemma B3]

PRrROOF OF THEOREM [3.1]1 We first check that T' := T o is measure preserving
and ergodic with respect to p := pq,0. Let us denote by x4 the indicator function
of A C R. It follows from a simple calculation that

ILL(Til(A)) — l /R XA(T(T))dT

T 1472
_ 1 [ xa(T(7)dT(r) _
- W/R rTeE A

for any A € B. Thus T is measure preserving with respect to p. If T71(A) = A, it
follows from Lemma that either v(A) or v(X\A) is 0. Hence, by B, either
w(A) or u(X\A) must be 0.

Next, let us consider the general case. Defining the affine transformation ¢, 3 :
R — R by ¢a s(x) := ax + §, we can easily check that

Tap = QapsoTlo ¢;15
and
fiap(A) = (e, )5 (A)).

Since T is measure preserving with respect to u, we have
o (T, 5(A)) = u<<z>;z<T;;<A>>
(b5 (bap (T8 5(A))))
(T~ (o, 5(A)))
(b5 (A) = ha,s(A).

7

Moreover, if Tojé(A) = A, we have
T g 5(A) = 65 5(T, 5(A)) = o5 5(A).

Since T is ergodic with respect to p, either piq,g(A) = u(qﬁ;lﬁ(A)) or i, g(X\A) =
H(X\¢y 5(A)) s 0. O

4. Proof of the main theorem

ProOOF OF THEOREM [I1l It follows from Corollary [3.2] that (I3]) holds. For
the case m = 1, we set the values of the integrand to be the principal value on the
line L, and since this is integrable, as we shall see below in Case 3 of the evaluation
of l,,3, we can now apply Corollary for all s € H,.. In the rest of this section,
we evaluate [, g to complete the proof of Theorem [I1]

Suppose that f has no pole in H.. The poles of the integrand in [, g in H,
are coming only from the zeros of o? + (1 — 8)2. For any s = o + it € H,, we
consider the counterclockwise oriented semicircle I'p of a sufficiently large radius
R > |s| + a+ |B| centered at the origin. Then applying Cauchy’s integral theorem,

we have
« fls+ir)

laﬁ(S) = ; . de

_af. IACE L I _flstir)
_W(RIEEO/F e QMRGST“’WaQJr(T—B)?)'
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Note that we can find a ¢’ € (¢, o) sufficiently near c. Setting e = (¢/ — ¢)/2, we
have

f(s+i7) B I f(s+iRe®) .,
L avossmr =] wrmoogpre

1 57 /4 /4 27 )
<a,8 5 / +/ -I—/ |f(s + iRe™)|do
R T 57 /4 /4
1

— — Rsinf +i(t + Rcos 6
< R<9€[7r,57r}n4]%)[(77r/4,27r]|f(0 st +Z( +eos ))|

06[531/2?%/4} |f(c — Rsin® +i(t + R cos 9))|)

1 .
<= ( max |t+Rcos€|”(U_Rbm0)+€+M)
R \6¢e[r,5m/4)U[7r /4,27
1 /
<= ( max |t + Rcos@|tte° +€+M>
R \6¢e[r,5m/4)U[7r /4,27

- |t| 14c—0o'+e M
Lpe R Z 41 —,
f, (R + )

thus the integral on I'g vanishes as R tends to co. By simple calculations, we find
that

flstir) . ' flo247)
" Resr—g_ia 2+ (r—f2 Tigrﬂia(T — B +ia) x 2+ (r— B2
- _flsratif)
- —2ai '

Hence we obtain (L4) for all s € H,.

Suppose that f has a pole at s = sg = o9 + ity and o9 > c¢. Now for
s = o + it € H,, the integrand has three simple poles: 7 = 5 +ia, 7 =  — i, and
T =1(s — s9). Here we divide the proof into three cases according to the condition
whether the pole 7 = i(s — s¢) is below (¢ < o < 09), above (o > 0gy), or on the
real line (o = o) of the 7-plane.

Case 1: Im(i(s — s9)) < 0.
We first consider when i(s — s9) # § — i and let 'y be the counterclockwise

oriented semicircle of a large radius R > |s| + |so| + o+ || centered at the origin.

Again by applying Cauchy’s integral theorem, we can show that

a f(s+iT)

la,B(S) = p e 02+ (1 — B)2

= 21 <ResT_3_ia

dr

ot f(s+1
ﬁ + Res,—i(s-s0) ﬁ) |

Substituting ([@.1]) into the above, we obtain

las(s) = f(s + @ + i) — 20 Res,Zi(s— ) %



ERGODIC VALUE DISTRIBUTION 11
From the Laurent expansion (L2) of f, we can calculate

fls+ir) i@ = (t—i(s —s0))" B = (1 —i(s—s0))"
a2+ (1-p)2 2a <HZ_O (B +ia—i(s—sg))nt! Z (B —ia—i(s— so))"+1>

n=0

X Z ani™ (T — (s — s0))".

Thus
(s +iT)
— B)?

—201 Res;—i(s— ) b ar—I

we obtain

a f(s+ir)
log(s) == | =—F—%3
T Jr @+ (1= B)
This is the first equation of (LI]).
Now suppose that i(s — sg) = 8 —ia. This case only appears when o9 —a > c.

By calculations similar to the above, we have
a f(s+ir) . f(s i)
lap(s)=— | =———-=dr=—-20iResS;—p_jn ——"—.

CA i A ey i &+ (- BP

We consider the Laurent expansion of the integrand near 7 = 8 — ia = i(s — sp):

s+t - n . \n
e P

n=—m

dr = f(s+a+1i8) + Bmn(so)-

X ! X ! X !
T—fB+4ia —20i 11— =Pt

2a8
1 1 1 n Y

= X X g n -
oai ¥ T BT < T TpEm 2. wi'(T-B+ia)

200 n=-—-m

oo

o0

1 1 = (7 —B+ia\" . C\n
__QC”T—B—i—za;( 20 ) Z Qanl (T_ﬁ+ZOZ) .

n=—m

Hence,

m

and so we obtain the second equation of ([L3)).

Case 2: Im(i(s — s0)) > 0.
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In this case, the integrand of 4 g(s) has only one pole in the lower half-plane.
Thus by a method similar to the case when f has no pole in H,, we can show that

f(s+ir) B _ - f(s+it) @ . fls+a+ip)
& de = —2mi Res‘r:ﬁ—la m = —2m X T
= gf(s—l—oz—l—iﬂ).
Thus
log(s) = & [ LB rshatip).

w Je o+ (B
This is the third equation of (LH).

Case 3: Im(i(s — sp)) = 0 (only for the case m = 1).

Since Im(i(s — s9)) = 0 (so = 0o + ito), s satisfies Re(s) = gy in this case. For
convenience, we write s = oy + ¢t. In this case, we take the principal value of the
integrand as in [Stel2] p. 367] and so we obtain

=t (L L) e

floo+i(t+ 1))
a2+ (r—p8)2 "7

where Cg and C. are the counterclockwise oriented semicircles of radius R (R >

1+|s|+a+]3]) and € centered at T = ¢y —t located in the lower half of the 7-plane.

As the other cases, the integral along C'z vanishes as R tends to co. On the
other hand, the integral along C. is evaluated as

floo+i(t+7) , [P floo+i(to+ee?) . 4
B Ll M e e el

—2mi Resr—g—ia

6

2m .
B a—1 ice
B /7T (ieew + 0(1)) a? + (tg — t + ee®® — B)2 40

hence
floo+i(t+ 1)) a_1m
lim 5 T = .
=0t Jo. a2+ (17— )32 a+ (tg—t—P)?

Again from (@),

floo+it+7))  floo+a+i(t+5)
a?+ (r—p)? —2i '

These imply that (LG) holds. O

Resr:ﬂ—ia

Remark that the method used in Case 3 in the proof does not work if m > 1.

Acknowledgements

The authors would like to express their gratitude to Prof. Kohji Matsumoto,
Prof. Jorn Steuding, Prof. Takashi Nakamura, and Dr. Lukasz Pankowski for their
valuable advice.



[AWT3]
[BerT72]
[Bri55]
[EW11]

[HIKWO04]

[1K99]
[LW09)]
[Red82]
[Sri15]
[Ste03]
[Ste12]

[Tit86]

ERGODIC VALUE DISTRIBUTION 13

References

R. L. Adler and B. Weiss, The Ergodic Infinite Measure Preserving Transformation
of Boole, Israel J. Math. 16 (1973), 263-278.

B. C. Berndt, On the Hurwitz zeta-function, Rocky Mountain J. Math. 2 (1972),
151-157.

W. E. Briggs, Some constants associated with the Riemann zeta-function, Michigan
Math. J. 3 (1955/56), 117-121.

M. Einsiedler and T. Ward, Ergodic Theory with a view towards Number Theory,
Springer, New York, 2011.

Y. Hashimoto, Y. Iijima, N. Kurokawa, and M. Wakayama, Fuler’s constants for the
Selberg and the Dedekind zeta functions, Bull. Belg. Math. Soc. Simon Stevin 11
(2004), 493-516.

M. Ishibashi and S. Kanemitsu, Dirichlet series with periodic coefficients, Res. Math.
35 (1999), 70-88.

M. Lifshitz and M. Weber, Sampling the Lindelof Hypothesis with the Cauchy random
walk, Proc. London Math. Soc. 98 (2009), 241-270.

D. Redmond, A generalization of a theorem of Ayoub and Chowla, Proc. Amer. Math.
Soc. 86 (1982), 574-580.

T. Srichan, Sampling the Lindeldf hypothesis for Dirichlet L-functions by the Cauchy
random walk, Eur. J. Math. 1 (2015), 351-366.

J. Steuding, On the value-distribution of L-functions, Fiz. Mat. Fak. Moksl. Semin.
Darb. 6 (2003), 87-119.

J. Steuding, Sampling the Lindeldf hypothesis with an ergodic transformation, RIMS
Kokytiroku Bessatsu B34 (2012), 361-381.

E. C. Titchmarsh, The theory of the Riemann zeta-function, second ed. (revised by
D. R. Heath-Brown), Oxford Univ. Press, 1986.

GRADUATE SCHOOL OF MATHEMATICS, NAGOYA UNIVERSITY, FURO-CHO, CHIKUSA-KU, NAGOYA
464-8602, JAPAN
E-mail address: m12003v@math.nagoya-u.ac.jp

GRADUATE SCHOOL OF MATHEMATICS, NAGOYA UNIVERSITY, FURO-CHO, CHIKUSA-KU, NAGOYA
464-8602, JAPAN
E-mail address: m12026a@math.nagoya-u.ac.jp



	1. Introduction
	2. Some applications to zeta functions and L-functions
	3. Affine Boolean transformations
	4. Proof of the main theorem
	Acknowledgements
	References

