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Abstract

The number of zeros and the distribution of the real part of non-real zeros
of the derivatives of the Riemann zeta function have been investigated by Berndt,
Levinson, Montgomery, and Akatsuka. Berndt, Levinson, and Montgomery studied
the general case, meanwhile Akatsuka gave sharper estimates for the first derivative
of the Riemann zeta function under the truth of the Riemann hypothesis. In this
paper, we generalize the results of Akatsuka to the k-th derivative (for positive
integer k) of the Riemann zeta function.

1 Introduction

The theory of the Riemann zeta function ((s) has been studied for over 150 years.
Among the topics of research, the study of its zeros has been one of the main subject of
interest, in particular, the study of the zeros of its derivatives has also been part of the
research area. In fact, in 1970, Berndt [2, Theorem] proved that

T T T
Ni(T) = —log— — — 4+ O(log T 1.1
K(T) = 5-log = — o~ + O(logT) (1.1)
where Ni(7T) denotes the number of zeros of the k-th derivative of the Riemann zeta
function ¢ (s), with 0 < Im (s) < T, counted with multiplicity, for any positive integer
k. And in 1974, Levinson and Montgomery [7, Theorem 10] showed that for any positive
integer k,

1 kT T 1 /1
*) _ 2 ) =2 Joglog — + — [ =log2 — kloglog2 | T
(m%# . (5 2) or BE T T oo (2 ©8 0808
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where the sum is counted with multiplicity and
Todt
Li(z) := —.
5 logt
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In addition to the above result (1.2), Levinson and Montgomery [7] also studied the
location of the zeros of (*)(s). There are many other papers on the zeros of (*)(s); for
example, Conrey and Ghosh [4, Theorem 1] in 1989, studied the zeros of ((*)(s) near the
critical line.

In 2012, Akatsuka [1, Theorems 1 and 3] improved each of the error term of the results
obtained by Berndt and by Levinson and Montgomery mentioned above (see (1.1) and
(1.2)) for the case k = 1 under the assumption of the truth of the Riemann hypothesis.
More precisely, he showed that

1\ T T 1 (1
'~ 2) = loglog o + — ( =log2 —loglog2 | T
Z‘ <5 2) o BB T or <2 08208108 )
p'=B'+iy,
¢(¢)=0, 055 <1

L (Z) +O((loglog T)?)
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and T T T logT
og

Ny(T) = — log — — — 081

(1) or 4r  2m <(loglogT)1/2)

if the Riemann hypothesis is true. In this paper, we generalize these two results of
Akatsuka for any positive integer k. Before we introduce our results, we define some
notation.

We denote by Z, R, and C the set of all rational integers, the set of all real numbers,
and the set of all complex numbers, respectively. Throughout this paper, the letter k
is used as a fixed positive integer, unless otherwise specified. Next, let p = 3 + iy and
p®) = ) 1 i~(*) be the nontrivial zeros of the Riemann zeta function and the non-real
zeros of the k-th derivative of the Riemann zeta function, respectively. Then we define
N(T) and Ni(T') as follows:

Definition 1.1. For T' > 0, we define
N(T) =f{p=B+iv[0 <y <T}

and
Nu(T) == #{p® = 8" 1 ir® 0 <4 < T}

where #' means the number of elements counted with multiplicity.

The following results generalize of Theorem 1, Corollary 2, and Theorem 3 of [1],
respectively. Note that each sum counts the non-real zeros of (*)(s) with multiplicity
and that the implicit constant in O(-) depends only on k.

Theorem 1. Assume that the Riemann hypothesis is true. Then for any T > 21, we
have

1 kT T 1 /1
*k) _ 2 ) = Joglog — + — [ =log?2 — kloglog?2 | T
Z <ﬁ 2) 5 loglog o + o~ (2 0g og log
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Corollary 2 (Cf. [7, Theorem 3]). Assume that the Riemann hypothesis is true. Then
for 0 < U < T (where T is restricted to satisfy T > 2w ), we have

1 kU T I /1
®) — —) = ——loglog — + — ( = log2 — kloglog 2
> <5 2) 5 loglog o— + o~ (2 0g oglog2 | U

p(6) = B(k) 4y (k)
T<y®<T+U

U? 9
+0 (TlogT) + Ok ((loglog T')7).

U2
TlogT

Here the implicit constant in the error term O ( ) does not depend on any parameter.

Theorem 3. Assume that the Riemann hypothesis is true. Then for T > 3, we have

T T T log T
Ny(T)=—log— — — 4+ 0 | ———5 | -
«(T) or % ur 27r+ k((loglogT)1/2)

We write Re(s) and Im(s) (for any s € C) as o and ¢, respectively. We abbreviate
the Riemann hypothesis as RH, and finally, we define two functions F'(s) and G(s) as
follows:

Definition 1.2.
K 2
(log 2)*

By the above definition of F'(s), we can check easily that the functional equation for ¢(s)
states

¢M(s).

F(s) :=2°7%"'sin <%S>T(1 —5s), Gg(s) = (-1)

((s) = F(s)(1— ). (1.3)

Remark 1. The function F'(s) appeared in [1] and [7, Section 3] and the function G(s)
is the (®)-version of the function G(s) in [1], which is denoted by Z(s) in [7, Section 3].
Most of the symbols used in this paper follow those used in [1].

Before we move to the next section, we intend to give a brief outline of the proofs.
Nevertheless, since the steps of our proofs basically follow those given in [1] with a few
crucial modifications, instead of the outline of the proofs, we present only the main needed
modifications related to the proofs.

First of all, condition 2 of Lemma 2.1 of [1] is related to the functional equation for
¢’(s). In our case, we need to consider (*)(s) for any positive integer k. Thus, we obtain
a function which consists of terms that are not logarithmic derivatives of some functions
so we cannot easily follow the case of (’(s). In the present paper, we take care of these
terms in a way that does not involve any calculation on logarithmic derivatives.

Secondly, similar to condition 2, in condition 3 of Lemma 2.1 of [1], the factor to

be estimated was %(s) which is just the logarithmic derivative of F'(s), whereas in the

present paper, we need to take care of #(3) which is not a logarithmic derivative of
any function. Thus, as in condition 2, we estimate this term for any k in a way which
does not require any calculation on logarithmic derivatives, and hence we need to take a
suitable logarithmic branch of the function log #(s)
The next is condition 4 of Lemma 2.1 of [1]. For (’(s), the term we need to esti-
%

mate was = (s) which is just the logarithmic derivative of ((s). In [1], the inequality

3



Re (%(s)) < 0 was obtained, however for ((*)(s), the sign of Re (@(Q) does not seem

to stay unchanged in any region defined by =z < ¢ < %, t > y for some r < —1 and

large y > 0. Nevertheless, since it is sufficient to show that %(s) is holomorphic and
non-zero, and has bounded argument in some region of the above kind, we shall modify
the condition in such a way.
Furthermore, with the modifications of these conditions of the first lemma, the choice
Lo
) ¢
2.2 (which generalizes Proposition 2.2 in [1]) must be taken more carefully so that
these conditions can be used in our calculations. In order to evaluate the function

log L,C%(S)%(s)), we first define the functions log (ﬁ@%(s)), log #(s), and
F F

of logarithmic branch of the function log< (s)) in the proof of Proposition

log %(s) independently. Then using the continuities of arg <ﬁ()$(s)), arg #(s),
(s

and arg %(5), we observe the difference

1 (W F k) ¢k
arg (W(SQ)T<S)> — (— arg T<S) + arg T(s))

F

in the region under evaluation (see the evaluation of I5 in Proposition 2.2).

Finally, the region 2 < ¢ < a considered in Lemma 2.3 of [1] does not work well

2
for %(s) The reason is that the current best estimate of %(s) depends on the usage
of Cauchy’s integral formula, hence we need to keep a certain distance between % and
the infimum of ¢ in the region. Therefore, we put here a small distance €y > 0 (see the

statement of our Lemma 2.3).

2 Proof of Theorem 1 and Corollary 2

In this section we give the proofs of Theorem 1 and Corollary 2. For that purpose,
we need a few lemmas and a proposition which are analogues of those in [1].

The following lemma is a generalization of Lemma 2.1 of [1] for the case of ((¥)(s).

Lemma 2.1. Assume RH. Then there exist a, > 10, o, < —1, and t;, > max {a}, —o}
such that the following conditions are satisfied:

1 /92 /2
1. |Gk(8) - ]'| < 5 (g) ’ f07" any o > Ay

<27, foro<opandt>2;

ko /k - ()
2. 1> ( ,)(—1)] F(%()%(l —5)

J

F (k)
3. T(s) > 1 holds in the region o < o0 < %, t >t — 1. Furthermore, we can
(k)

take the logarithmic branch of log T(s) wn that region such that it ws holomorphic
there and )

QLT F ﬁkﬂ'

— < <

5 arg — (s) 5



holds, where

(5,7) if k is odd,

(aw, Br) = {(_17 1) if k is even;

(k)
4. %<8) = 0 holds in the region o < 0 < %, t >t — 1. Furthermore, we can take
(k)
the logarithmic branch of log %(5) in that region such that it is holomorphic there
and w
k 3k
% < arg %(s) < TW

holds;
5. Clo+ity) #0, (W (o +ity) #0, forall o € R.
Proof. 1. See [7, (3.2) (p. 54)].

2. We start by estimating -2, = J)( s)(j=1,2,--- k) in the region o < 1, t > 2. We set
f(s) == (2 —s) (log (1 —s) —log (27) + ZI) + s + O(1), where f(s) is an analytic
function and

fis)=—log(1=5)+0(1), fIs)=0(1) (j=2).

As in [7, pp. 54-55], we can write

F(s) = exp(f(s)).
Using methods similar to [6, Lemma 6 (p. 133)] and [7, pp. 54-55], we can show

that .
F9(s)=F(s)(f'(s)) 1 — 2.1
) =FE e (140 (o)) 2.)
holds for any positive integer j. In consequence, for j = 1,2,--- , k, we have
Fk) : 1
0] =7 (10 () )|

> (log |1 — s|)? ‘O(log\l—s\)ﬂ 1)‘

Certainly, this also holds in the region o < —1, ¢ > 2, so for any positive integer
k, we can take oy, < —1 sufficiently small (i.e. sufficiently large in the negative
direction) so that for any s with o < o, and t > 2, we have

F®) 1 1 :
()] 2 gt = sl > g os (1 = o)) 22)
Next we estimate %(1 —s)(j=1,2,--+ k). In the region 0 < —1, ¢t > 2, we
have
: log 2)7 = (logn)’| 1 : > (log x)’
W1 _ (log g 1 - g
cD(1 - 9)| < ‘ = nz; | < 5(log2)2 +/2 e




and
=1 =1 2
1—s)[>1— 1-Y = =2-=
C-9z1=3 o] 213 =2
Thus,
. y —1 ]l
C(J) o . J (10g2)3 Y
‘T(l—s) <o 2(1og2)ﬂ+z ( 0>l+(1 ) (2.3)
6 1=0

(e —a-y

=N Fa(s) ¢
k
k CJ)
= Z <]) ’ ) ’ ‘ —5)
=1 70 (
- J J l ]'
2k k 1 (log 2)
<2° s (log 2)/ |
- 2_%2j=1 <9) (log (1 —0))/ < o8 +IZ l+1 )
Since for any positive integer k,
b J j—1_g!
2k k 1 1 . (log 2) G
hm T — 10 2 J + e g _ 07
a—>—002—%2 ; <]) (10g(1—0'))_] <2< g ) ; (_0>l+1

we can take oy < oy, (< —1) so that

N S SR N -
2—%Z<J’)m<§<l®g2) +ZW) <1

j=1 1=0

holds for any o < o. This implies that

ok 1 ©)
> <j)(—1)j_ W()%(l—s) <

j=1 F(k—3)

holds for o < gy, t > 2.

Now with the above o, we are going to find ¢, > max {az, —oy} for which
conditions 3 to 5 hold.

3. We start by examining condition 3. We first consider the region o}, < o < %, t > 99.
It follows from (2.1) that in this region,

F®(s) = F(s)(—1log (1 —s) + O(1))k (1 +0 (@)) (2.4)



holds. This gives us,

F (k)

—(9)] 2 [(log (1 = 9))"| = [0y, ((log )" )| = (log t)* — [0, ((log )" )|

and t > 99. Thus, for any integer k£ > 1, we can take t;, > 100 such

F (k)
’T(S)

forop, <o <
that

> 1 (2.5)

for o), <o < 5 and t > t, — 1.

We note from (2.4) that #(s) = (—1)*(logt)*+ O((log t)**) when o), < o < 1
and t > 99. Consequently, for odd integer £ > 1, we can find sufficiently large
ty, = 100 such that

5% F®) T
F < arg T(S) < F

holds for 05, < o < % and ¢t > t;m — 1. Similarly, when k£ is even, we can also find
sufficiently large ¢, > 100 such that

T k)
—— <arg—(s) <

s
6 F 6

holds for o < 0 < L and t > ty, — 1. Since all zeros and poles of F(s) lie on

2
R, %(s) has no poles for ¢ > 0. This along with (2.5) implies that log %(s) is

holomorphic in the region with this branch. Thus setting

(5,7), if k is odd,
(—=1,1), if k is even;

(aw, Br) = {

and

; b if k is odd,
ke 1= P
? by if k is even;

we find that log #(3) is holomorphic and that

QT - F®) Io7%1s
—— < ar
6 &F

holds in the region o, < 0 < %, t>ty, — 1.

By the above calculations, we see that max {ty,, tx,, as, —o} is a candidate for
tr. Thus we have proven that ¢, > max{a?, —o;} for which condition 3 holds
exists. Since we want t; to also satisfy conditions 4 and 5, we need to examine
those conditions to completely prove the existence of t.

. Referring to [7, Corollary of Theorem 7 (p. 51)], we know that RH implies that
for any positive integer j, (V)(s) has at most a finite number of non-real zeros
1 1

in 0 < . Hence we can number all the non-real zeros of (V)(s) in o < 1 as

pgj),pgj),pgj), e ,p%i (pl(j) = Bl(j) + ifyl(j)) for some integer m; > 2 (note that if

7



& (p(j)) = 0, then ¢V (W) =0, so m; > 2) in the order such that %(j) < 71(1)1
for all 1 <1 < m; — 1. Therefore, (¥)(s) # 0 when o < % and t > *y,(fb]) + 1. We set

o ) 19
s 1121%)% (fymj + 2), then for all j =1,2,--- , k, we have

¢9(s) #0 (2.6)
in the region o < %, >t — 1.

Next we show that we can take the logarithmic branch of log % (s) in the region
o, <o < %, t > t, — 1 for some t;, > 100, so that it is holomorphic there and

km ¢k 3km
5 <arg T(s) <5

holds there by first claiming that we can find some ¢, > t;, for which
¢ 1

holds for all j = 1,2,---, k. We first note that for any j = 1,2,--- , k, %(s) is

holomorphic and has no zeros in the region defined by o < 1 and ¢ > t;, — 1.

To show this, we refer to [7, pp. 64-65] and we can show that for any j =
17 27 ) k:a

¢ )
Re (5557(6)) < =3 loelsl + 0 1)

holds when o, < 0 < %, and t > tx, — 1. Thus, we can take t;, > ti, such that
(2.7) holds for all j =1,2,--- k.

The above immediately implies that for each j = 1,2,--- ,k, there exists an
integer [; such that
C(j)

+ 217 < arg m(s) <

™

2

3

5+ 2 (2.8)

holds for g, < 0 < %, t > ty, — 1. We then choose the logarithmic branch of each

of log Cgi)n (s) such that each [; in (2.8) is zero and take the logarithmic branch of
log @(s) so that
¢
k .
¢k ¢
arg T(S) = Z arg m(s)
j=1

holds in the region o), < 0 < 3, t > t;, —1. Note that from (2.6) and the analyticity
of (™(s) in o < 1 (also note that we are assuming RH thus ((s) # 0 when o < 3

and t > tg, — 1), log ?(s) is holomorphic in this region with this branch. We then
obtain a holomorphic function log L:)(3) with inequalities
km ¢k 3km

- < argT(s) <5



in the region o < 0o < %, t >t — 1.

Combining the proof of condition 3 and the above calculations, we find that
max{ty,, tr,, tr,, a3, —01} is a candidate for ¢;. Therefore we have proven that
tr, > max {a;, —o}} for which conditions 3 and 4 hold exists.

5. Now we set ty, := max {tg,, thy, try, A2, —Ok }-

e Since we are assuming RH, ((o + it) # 0 for any ¢ > 0 if o # 3.

e According to [10, Table 1 (p. 678)], ('(c +it) # 0 for any ¢t € R if 0 > 3 and
("(o+it) #0 for any t € Rif 0 > 5. According to [10, Theorem 1], for k > 3,
(W (o +1it) # 0 for any t € Rif ¢ > Tk + 2. Indeed, we can check that for
k=1, E + 2> 3 and for k = 2, % + 2 > 5, thus for any positive integer k,

(Wo+it) 40 (0> £k+2, t € R).

e Since ty, > ty,, from (2.6), we have (W (o +it) # 0 for o < 3 and ¢ > t,.

Hence, for any positive integer k, we only need to find t; € [ty + 1,y +2] for which
1 W 1 7
¢ §+ztk # 0 and "o +itg) #0 for§§0§1k+2

hold. Note that this is possible by the identity theorem for complex analytic func-
tions. Thus, we have shown that ¢;, defined above satisfies t;, > max {a?, —0}} and
also conditions 3 to 5.

O

Remark 2. For £ = 1 and k = 2, more precise results are known. Refer to [1] and [12],
respectively. These results are obtained based on the works of Speiser [8], Spira [11], and
Yildirim [15] (also [16]) on the zeros of {'(s) and ¢"(s).

Proposition 2.2. Assume RH. Take ay and t;, which satisfy all conditions of Lemma
2.1. Then for T >t which satisfies (¥ (o +iT) # 0 and ((o +iT) # 0 for any o € R,
we have

1\ kT T 1 (1 T
®) _—) = —loglog— + — [ =log2 — kloglog2 | T — kLi [ —
2 <6 2) or 8085 T on (2 °8 0808 "\ or

p(E) =g (k) i (k)
o<y <T
1 [

+§ (—arg (o +iT) + arg Gy (o + iT)) do + Ok(1),
1/2

where the logarithmic branches are taken so thatlog ((s) andlog Gi(s) tend to 0 as o — 0o
and are holomorphic in C\{p + X\|{(p) = 0 or co, A < 0} and C\{p® + \| ¢ (p)) =
0 or oo, A < 0}, respectively.

Proof. The steps of the proof generally follow the proof of Proposition 2.2 of [1]. We
first take ay, o, and t; as in Lemma 2.1 and fix them. Then, we take T" > t;, such
that (¥ (o +4T) # 0 and ((o +4T) # 0 (Yo € R). We also let 6 € (0,1/2] and put
b:= % — 0. We consider the rectangle with vertices b + ity, ax + itx, ax + 71", and b+ T,



and then we apply Littlewood’s lemma (cf. [13, pp. 132-133]) to Gj(s) there. By taking
the imaginary part, we obtain

T T
o Y (6(k)—b):/ log|Gk(b+it)|dt—/ log |G (ay, + it)|dt
pE) =3 (k) i (R) b t
ty<yF<T

ag ag
- / arg Gy.(o + ity)do + / arg G(o +iT)do
b b
ag
=hL+1L+1;+ / arg G(o +iT)do (2.9)
b

where the sum is counted with multiplicity. By the same reasoning as in [1, p. 2246], we
have

[2 = Oak<1)7 [3 = Oa/mtk(l)'

Now we only need to estimate I;. From the functional equation for ((s) (see (1.3)),
we can deduce that

b } ()
C(k)(s) = F(k)(s)g(l —35) <1 — Z (k) (_1)1—1F(%C_(1 — s))

j=1 J m(s) ¢
F) 1

Hence,

T T 2b )
I :/ log |G (b + it dt:/ log ¢ (b+at)|dt
v= [ om0+l = | 1o s O i)

’ 2° k)
= log —— dt+/ log [CY/ (b + it)|dt
/tk oL Wb+ it)

= (blog2 — kloglog2)(T — t;.) + /tTlog|F(b+it)|dt+ /tTlog %(lﬂrit) dt
' '
T
+/tk log |¢(1 — b — it)|dt
—i—/Tlog - zk: (k)(—mjl;dj)a —b—it)|at
" =\ L (b+it) €
=: ((blog2 — kloglog2)T + Oy (1)) + Lz + L3 + L4 + L. (2.10)

As shown in [1, pp. 2247-2249],

1 T
I, = (5 - b) (Tlog% - T) + Otk(]‘)7

ag
114 e —/ argg(cr + 'LT)dU + Oak,tk(l)’
1-b

Below we estimate [;3 and [;5.

10



We begin with the estimation of I13. We consider for 0 < o < % and ¢ > 100. We
first show that

PO = PO (140 (o) 10 () ) @

holds in the region o < 1, ¢ > 100. It is obvious that the above error estimate is more
precise than that in (2.1). The proof is similar to the proof of condition 2 of Lemma 2.1.
We begin by taking the logarithmic branch of log (sm —) as

TS TS e . e
1 ( —):___1 2 __E:
og sm2 5 og +2 2.

TINs

(2.12)

in the region 0 < ¢ < 1,¢ > 2 and analytically continue it to the region o < 1,
t > 2. Next, we apply Stirling’s formula to I'(1 — s) in the region —§ < arg (1 —s) < 7.
Substituting these into F'(s), we obtain

F(s) = exp (%i_H (%_5) o 2_7r8)i totOET)+0 <|1|)>

eTins .

for o < 1 and t > 100, where the term O(e™") comes from the term »_ °

n (2.12)
and the term O (ﬁ) originates from the Stirling’s formula.

We now write f(s) := (3 — s) log (1 S)Z +s+0(e)+0 (ﬁ) and differentiate it with
respect to s to obtain

(1 s)i 1 B 1
m Tag—g TOE)FO (|s|2)

f'(s) = —log

and
796 = 0 ) +0 ()

for j > 2. (2.11) immediately follows. As a consequence to (2.11),

F® t4 (1 —10)i 1 1\ "

(140 (sere) )

(o BB, (1)

2(( )2+ )t

1
1
1 — ).
(0 (et
F®)

log —— 7 (b+zt)—kloglog2—+klog( 1)
221 —=b)((1 =0+t ( 1 ))
i+ 0

2((1 = b)2 + t?)tlog = t2logt

This gives us

+ klog (1 —

11



i)

t
= k:loglogz— + klog(—1)—k
T

1
O(—).
+0 ()
Consequently we have

Re (1 F b klogl ! O !
T (b+it)) = — ).
e(og 7 ( +z)) oglog o— + (t(logt)Q)

2 —2(1—0b)((1 —b)2+12).
2(1— b2+ 2)tlog £

Hence,
(k)

T F T i)
L3 :/ log | ——(b +it) dt:/ Re ( log ——(b+it) ) dt
tr F tr F

T t T at
:k/ loglo —dt+0</ 7)
£ 598 or ¢, t(logt)?

T (T
= kT log log 5~ 2mk Li (%> + Oy, (1).

Finally, we estimate ;5. Again from the functional equation for ((s) (see (1.3)), we
have

0y — 70—y (1S~ (F) L D
¢(s) = P (s)C(1 )(1 ;21 <j)( 1) FUNEN, (1 ))
F®) Lyes 1 v )
= —(5)((s 1—5 (=1 ————(1—s
which gives us
Fg) (s) € b=t j=1 <j)( Y FP;l:i)J) (s) ¢ ! ) 213

It follows from condition 2 of Lemma 2.1 that the right hand side of (2.13) is holo-
morphic and has no zeros in the region defined by ¢ < o5 and ¢t > 2. Moreover from
conditions 3 and 4 of Lemma 2.1, the left hand side of (2.13) is holomorphic and has
no zeros in the region defined by o, < 0 < % and t > t; — 1. Thus, we can determine
log <1 — Zle (l;.)(—l)j_l — = %(1 — 5)) so that it tends to 0 as o0 — —oo which fol-

F(k—J)
lows from condition 2 of Lemma 2.1, and is holomorphic in the region o < %, t >t — 1.

Now we consider the trapezoid C' with vertices b+ ity, b+¢T, =T 4T, and —t; + ity

(as in [1, p. 2247]). Then by Cauchy’s integral theorem,

Yk R B
/Clog <1—;(j)(—1) EZONPR, (1 s)>ds_o. (2.14)

F(k—3)

12



By using condition 2 of Lemma 2.1, we can also show that (cf. [1, p. 2248])
—T+4T —tp it oK Fity
Lo o #))
ox+iT —T+iT —tp+itg
k .
k . 1 ¢
j=1 F(k—3)
Next we estimate the integral from oy, + ity to b+ it; trivially and we obtain

btity, k I o . C(j) )
[ <1 -3 () gmgteo- S>>d8 = 0u (D)

j=1 F(k—3)

Substituting the above two equations into (2.14) and taking the imaginary part, we

obtain
T k i
k , 1 ¢
115:/ log |1 — <,)(—1)3_1+—(1—b—it)
t ; j L (b +it) €

Y ko /1 . 1 ) .
— /U arg (1 -y <]) (-1) mT(l —0— zT)) do + Oy, (1)

j=1 F—7)

b (k)
2.13 1 .

dt

Now we determine the logarithmic branch of log #(s) and log %(s) in the region
or <o < %, t > t, — 1 as in conditions 3 and 4, respectively, of Lemma 2.1. Note that

F (k)
T(S)

. W (k)
¢ %@)

@ <

F

log (s)| = —log + log

holds in the region o, < 0 < 3,t > t; — 1. Furthermore, since log (éﬂ(s))

W () ¢

k i G) (k) *®)
(= log (1 = a1 (’;)(—1)] '—5 - CT(l — s))), log £ (s), and log CT(s) are holo-

morphic in this region, we know that arg (F(,})( )%(s)), arg %(s), and arg $(s) are
s

continuous there. Since the region o, < 0 < %, t > t, — 1 is connected, there exists a
constant n € Z such that

arg <%’C)1(s) %(s)) = —arg ?(s) + arg %(s) + 2nmw

holds in o), < 0 < 5, ¢t > t), — 1.
From this choice of logarithmic branch, we have

2 1 ¢ (o +iT)
T+2nm<arg| ————————(0 +1 <
E2 (o +iT) ¢

(3k — B)
6

(9]€ — Oék)

a— +2nm (2.15)
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for o, <o < % Here, oy, and S are the constants given in Lemma 2.1, that is,

(5,7), if k is odd,
(—1,1), if k is even.

(aw, Br) = {

Since n does not depend on s, n = O(1). Therefore
1 ¢k »
arg <—$(a ) T(a + zT)) = Og(1).
From this, we can easily show that
L5 = O(1),
for o and t; are fixed constants that depend only on k.
Inserting the estimates of 1o, I13, [14, and I35 into (2.10), we obtain

1 T T T
I, = (blog2 — kloglog2)T + | = —b ) | T'log— — T | + kT loglog — — 2km Li | —
2 2 2 2

L

ag

— / arg ((o + iT)do + Ok(1),
1-b

since ay and t; are fixed constants that depend only on k.

To finalize the proof of Proposition 2.2, we insert the estimates of I;, I, and I3 into
(2.9) to obtain

T (T
2 Z (B®) —b) = kT loglog o + (blog2 — kloglog2)T — 2kx Li (2—)

™
pF) =gk) i (k)

o<~yB<T
1 T a’“ ,
+ <— — b) (Tlog— — T) —/ arg ((o +iT)do
2 2 1—b

+/ arg G (o + iT)do + Og(1).
b

Taking the limit 6 — 0, we have b — %, thus

1 kT T 1 /1 T
®) _ 2 ) = = loglog — 4+ — [ =log2 — kloglog2 | T — kLi [ —
2 (6 2) o OB T oy (2 °8 8708 "\ or

pF) =BR) iy ()
o<y <T

1 Ok
o / (= arg C(o +iT) + arg Gu(o + iT))do + Ox(1).

O

Remark 3. The proof of Proposition 2.2 (and thus of Proposition 2.2 of [1]) actually,
more or less, follows the proof of Theorem 10 given in [7, Section 3]. One obvious difference
is that we did not estimate the fourth integral in (2.9) while Levinson and Montgomery
estimated the corresponding integral (the fourth integral in (3.1) of [7, Section 3]) as
O(logT). As in Akatsuka’s [1] did, it turns out that this term contributes to the integral
appearing in Proposition 2.2 which will be estimated in the following few lemmas. This
integral will contribute to the error term in Theorem 1 and in the proofs of the following
lemmas, we shall use the assumption of RH to reduce the upper bound of this integral.
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Remark 4. In contrast to the proof of Theorem 10 of [7], in this paper (and in [1] as

well), we describe some important estimates, such as those on Gy(s), #(s), and %(s),
which are related to the existence of fixed constants ay, o, and t; in Lemma 2.1 for the
sake of clarity. Furthermore, we also explicitly state Proposition 2.2 since it clearly points
out the main terms of Theorem 1 and thus this gives the readers clear information of the
term that in the current research contributes to the error term which is to be possibly

improved in future research.

To complete the proof of Theorem 1, we need to estimate

ﬂak(— arg ((o +iT) + arg Gg(o +iT))do

in Proposition 2.2. For that purpose, similar to the method taken in [1], below we give
two bounds for —arg (o +iT") + arg Gi(o +iT"). We write

—arg((o +iT) + arg Gi(o +iT) = arg %(aJriT)

where the argument on the right hand side is taken so that log %(s) tends to 0 as 0 — 00
and is holomorphic in C\{z + A | (¢"™/¢)(2) = 0 or oo, A < 0}.

Lemma 2.3. Assume RH and let T > t;.. Then for any ey > 0 satisfying €y <
(since T'> t;, > 100, ¢y < %), we have for % + e < o < ayg,

Gr, | . log #E%
arg ?k(cr +1T) = Og, 1, <0170 .

_1
2logT

Proof. To begin with, we note that %(s) is uniformly convergent to 1 as ¢ — oo for

t € R, so we can take a number ¢;, € R satisfying a;, +1 < ¢ < %’“ and % < Re <%(s)) <

3

2 (when ¢ > ¢;). In fact, we can check that taking ¢, = 10 4+ &? is enough.

The proof also proceeds similarly to the proof of Lemma 2.3 of [1]. We let o €

(1/2 + €0, ax] and let qg,/c = qa,/c(0,T) denote the number of times Re (%(u + zT))

vanishes in u € [0, ¢x]. Then, |arg %(a + zT)‘ < (gayyc +1) .

Now we estimate qg, /c. For that purpose, we set

Sk (3 44T Gk (y — 4T
Hi(s) = Hige) = o DE T (g

and ng, (r) == #{z € C| Hy(2) = 0,]|z — cx| < r}. Then, we have qg, c < np,(cy — o) for
%+eo < o < ay. For each o € (1/2+ ¢, ax), we take € = ¢, 1 satisfying 0 < e < cr—%—eo,
then Hy(z) is holomorphic in the region {z € C| |z —c¢;| < ¢y —o+¢€}. Asin [1, p. 2250],
by using Jensen’s theorem (cf. [13, pp. 125-126]), we can show that

1 RTT (1)
— < kN 7
nm, (cx — o) < 016/0 . r

15



1 1 2

. 1
= log |H — do — — log |H.
Crean |, og |Hi(ck + (cx — o +€)e”))| Cre og | Hr(ck)|

for some constant C; > 0, which by our choice of ¢, gives us
(2.16)

2

1 1 . 1
np, (cx — o) < 0—16% i log |Hi(cx + (¢ — o + 6)6“9)|d0 + EO%tk(l).

Finally we estimate .= [" log |[Hy(c, + (cx — 0 + €)e?)[df. From [14, Theorems 9.2
and 9.6(A)] (similar to what stated in [1, p. 2250]),

! logT
§<ai¢t):o<°gl)
¢ 0—3
holdsfor%<a§20kand%§t§2T. Thus,for%+eo<a§20kand%§t§2T,we
have . oo T
£(crj:z't):o(og ) (2.17)
¢ €o

With this estimate, we show that

¢k (log T)*

TO=0Ta
0

holds for % + € < o < 2¢, and % < |t| < 2T. We use induction on k in the equation.

For k =1, %(a +it) =0 <1°€LOT> follows from (2.17). Suppose that %(s) =0 ( o
hold in the region % + 6 < 0 < 20, % < |t| < 2T for a positive integer n, then

C2(2) (log m) | o1

¢® ! ! : B
(7o) =z [ e o (B

Meanwhile,

Qs /_C(n+1)8—<(n)$<—,8
(€<>)— )-S5

holds in the region.
Therefore, by (2.18) and by the induction hypothesis,

Cl0= (L) + e =o (LB o (Cal)
oty

holds for % < o0 < 2¢, and % < |t| < 2T. Hence, by induction, we find that

o (W)

k

¢ €0

16



holds in the region defined by % 4+ €y < 0 < 2¢, and % < |[t| < 27T. This immediately
gives us

- log T)*
|Hy(cr, + (cx — o + €)e™)]| Lap,ty %a
0

and so oo Tk
4 0

|Hy(cr + (cxp — o + 6)62€)| < Cg(ak,tk)( gék )

0

for some constant Cy > 0 which depends only on a; and t;. Thus,

logT logT
& Lty lOg & .
€o €o

1 2m )
2—/ log |Hy(cp + (cr, — o + €)e)|df < log Cy(ax, ti,) + klog
m™Jo
Applying this to (2.16), we obtain

1 logT
np, (cp — o) = EO%tk (log & )

€0

which implies

G 1 log T
arg ?k(o +iT") = EOak’tk (log og ) :

€0

Taking € = % (a — % — 60) (< o— % — 60), we obtain

aQ lo logT
arg ?k(g' + ZT) = ()%715]C (A )

o— % — €
O
Lemma 2.4. Assume RH and let A > 2 be fized. Then there exists a constant Cy > 0
such that (log 7201
‘C(k)(o' + zt)‘ < exp (C’O (W + (log T)l/lo))
holdsforTZtk,%gtSQT, %—WSOSA.

Proof. Referring to [14, (14.14.2), (14.14.5), and the first equation on p. 384] (cf. [1, pp.
2251-2252]), we know that

2(1—0)
|C(o +it)] < exp ((73 (%) + (log T)l/w) (2.19)

holds for § — @ <o < A+1, % < t < 3T for some constant Cs > 0.

Applying Cauchy’s integral formula, we see that

k! ((2) 1
(k) - _S\=) . -
G =5 /|z_s|e (z — S)’““dz o Usess

holds in the region defined by % — W <o < Aand % <t < 2T. Applying (2.19) and

by taking e = < %), we obtain Lemma 2.4.

. (
2(loglog T)1/*
]
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Lemma 2.5. Assume RH and let T > ty. Then for any % <o <3 we have

1’
<10g T)Q(l—a) )

g Gulo +iT) = On, <(log log T')1/2

Proof. The proof proceeds in the same way as the proof of Lemma 2.4 of [1]. Refer to [1,
pp. 2252-2253] for the detailed proof and use Lemma 2.4 above in place of Lemma 2.6
of [1].

O

Remark 5. The restrictions of the lower bound of T" we gave in Lemmas 2.3, 2.4, and
2.5 are not essential, but they are sufficient for our needs. We may let T' be any positive
number in Lemmas 2.3, 2.4, and 2.5, however in that case, we need to modify some cal-
culations in the proofs. Thus we used these restrictions for our convenience.

Proof of Theorem 1. First of all, we consider for T > t, which satisfies (*) (g +iT) # 0
and ((o 4 iT) # 0 for any o € R. By Lemma 2.3, we have

ag lo logT

[e57 G
/ arg — (o +iT)do <, 4, / ———do <, log
1
3

+2¢0 1420 0 — 3 — €0 €0

logT 1
log —.
€0

Next, by Lemma 2.5,

(log T)2(1—o)
(loglog T')1/2

B~ w

arg Gg(o +iT) = O,, < ) for % <o<

and from (2.23) of [1, p. 2251] (cf. [14, (14.14.3) and (14.14.5)]), RH implies that

(log T)2(10))

arg((c +1T7) =0 < loglog T

holds uniformly for % <og< %. Thus,

o g log T
k . 0og
/; arg T(O’ + ’LT)dO' <<(1k WGO.

2

Now we take ¢ = @ << %@), then we have

ag Gk . )
arg ?(cr +iT)do <, 1, (loglogT)”.

1

M

Applying this to Proposition 2.2 and noting that a; and ¢, are fixed constants that depend
only on k, we have

1 kT T 1 /1 T
®) _ 2 ) = Z—loglog — + — | =log2 — kloglog2 | T — kLi( —
2 (6 2) o V80T T or (2 o8 0808 "\ or

pB) =B(k) Ly (k)
o<y <T

+ O((loglog T)?).
(2.20)
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Secondly, for 27 < T < t;, we are adding some finite number of terms which depend
on t;, and thus depend only on k so this can be included in the error term.

Thirdly, for T' > t;, such that (*) (¢ +iT) = 0 or ((o +4T) = 0 for some o € R, there
is some increment in the value of Zp(k):ﬁ(k)_i_i,y(k)’ (ﬁ(k) — %) as much as

o<~yB<T

3 (5@) _ l) _
pF) =p(K) i (k) 2
~®) =T

Now we estimate this and we show that this can be included in the error term of (2.20).
We start by taking a small 0 < e < 1 such that (®)(oc+i(T=+e)) # 0 and ((o+i(T=*e)) # 0
for any o € R. According to (2.20),

Z (/B(k)_l)zwloglogT—i_€_’_i<l

—log2 — kloglogQ) (T +¢)
p() =B (k) iy (k) 2 27 27 21

2

0<yF) <T+e
T+ € )
—kLi + O((loglog T)%),
2w
1 k(T —€) T—¢ 1 /1
B(k) _ _) = ——loglog + — (— log2 — kloglogQ) (T —¢)
p(k)ﬁ(;,_m(k)7 2 2m 2m 21 \ 2
0<y)<T—e
T —¢€ )
— kLi + Oy ((loglog T)?).
2w
Thus,
1\ _ KT +¢ T+e KT —e) T— ¢
W — 2 ) ==%—logl — log1
> (s 2) 9 jog1og TEE - BT =9 100 T

pE) =g (k) i (k)
T—e<'y(k)§T+e

1
+ < <—log2—kloglog2)
™\ 2

T+e T —¢€
- L. . . 2
k( 1( 5 ) L1( 5 )) + O((loglog T)%)
k 1
‘ +£(—log2—kloglog2)
T\ 2

M Jog log - +
= — 10 O _— e —
T BB 7log =

ke o= + Ou((loglog T)?)
— oglo
mlog &= TlogT RIO8 108
k T 1
:—eloglog——i—E —log2 — kloglog2 | + Ox((loglog T)?).
s 2r  w\ 2

This gives us

> (6%~ 3) = Oulttoglog

p(¥) =R iy (k)
T—e<yF)<T+e
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which implies

> (8%-3) = Oultioglog ),

pR) =B (F) i (F)
~E) =T

Therefore, this increment can also be included in the error term.

Hence,

1 kT T 1 /1
Z Bk _ 5) = 10g10g + <§ log 2 — kloglog 2) T

2r 27
POBCIONFNON
o<y <T

— kL (2T ) + Ox((log log T)?)

holds for any T > 27.
]

Proof of Corollary 2. This is an immediate consequence of Theorem 1. For the proof,
refer to [7, p. 58 (the ending part of Section 3)].
O

3 Proof of Theorem 3

In this section we give the proof of Theorem 3. We first show the following proposition.

Proposition 3.1. Assume RH. Then for T > 2 which satisfies ((o + iT) # 0 and
(W (g +4T) # 0 for all o € R, we have

T T T 1 1 1 1
No(T) = —log — — — 4 — ST ) 4+ — T) + 0.1
W) =g log o — o+ o argG’“(QH )+2 argg( +1 )+ k(1)

where the arguments are taken as in Proposition 2.2.

Proof. The steps of the proof also follow those of the proof of Proposition 3.1 of [1]. We
take ay, ak, ty, T, 6, and b as in the beginning of the proof of Proposition 2.2. We let
b := % — 2. Replacing b by ' in (2.9), we have

T T
o Y (6(’“)—b’):/t log|Gk(b’+z't)|dt—/t log |G (ay + it)|dt

p(B) =g (k) iy (k)
o<~yB<T
ag

ay
- / arg Gy (o + ity,)do + / arg Gy (o + 1) do.
b v
Subtracting this from (2.9), we have
T T
TS (NR(T) — N(t)) = / log |G (b + i) | di — / log |Ga( -+ it)|dt

tk tk

v v
- / arg Gy (o + ity,)do + / arg Gg(o +iT)do
b b
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b/
=: Jl + JQ + Jg + / argGk(a + ZT)dO’ (31)
b

Referring to the estimate of I3 in the proof of Proposition 2.2 (cf. [1, p. 2246]), we
can easily show that

Jg - Otk ((S)

Now we estimate J; + Jo. From (2.10), we have
T T
J1+ Jy = / log|Gk(b+it)|dt—/ log|Gk(b'+z’t)|dt
ti g

= ((b—"b")1og2)(T — tx) + /t (log |F'(b+it)| — log | F'(b' + it)|)dt
(k)

(k) F
T(b’ +z’t)D dt

—(b+ zt)‘ —log

J (e
+ log
ty

F
T
—i—/ (log|C(1 —b—it)| —log|C(1 =V —it)])dt

T k A ()
+/t <log 1-— (k.)(—l)]_lp(k);g—](l_b_it)

=1 \J A (b+it) €
k A 1 ¢ .
—log|1 — () Sl =X (1—W —at)] |dt
; J =) LSV + it) C( )

J
=: <(—§ log 2) T+ Otk(d)) + Ji2 + Jis + Ju + Jis.

Referring to [1, pp. 2255-2256], we have

) T
J12 = 5 (Tlog% — T) + Otk(a),

1-b
Jig = / arg (o +iT)do + Oy, (9).
1-v/

We only need to estimate Ji3 and J;5. We begin with the estimation of Ji3. We

determine the logarithmic branch of log %(s) for 0 <o < sandt >t —1asin

condition 3 of Lemma 2.1. We then have arg #(s) € (aym/6, Br/6), where the pair
(cvg, Px) is defined as in Lemma 2.1.

Asin [1, p. 2255], we apply Cauchy’s integral theorem to log %(s) on the rectangle
with vertices b + ity, b’ + ity, V' + T, and b+ iT and take the imaginary part, then we
obtain

Vo Vo k)
Jiz = / arg —— (o + ity )do —/ arg —— (o + i1)do = O(0).
b r b F

Finally, we estimate J;5. We determine the logarithmic branch of

(R L9
k’g(l Z()( Vam et )>
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in the same manner as that in the estimation of I15 in the proof of Proposition 2.2, then
it is holomorphic in the region 0 < o < %, t > t;. — 1. Applying Cauchy’s integral theorem
to it on the path taken for estimating Ji3, we have

b k , ()

7=y (0 + ity) ¢

j=1
' k u 1 o) |
— 1 — —1)7 T R P

Again using (2.13),
Jis = /b/ arg (éﬂ(a + ztk)> do — /b/ arg (éﬁ(a + zT)) do.
b #(a—l—itk) ¢ b #(a—l—iT) ¢
Applying (2.15), we obtain
J15 = Og(9).

Hence, since ¢ is a fixed constant that depends only on k,

T 1-b
Jl—l—ngé Tlog— —T —|—/ arg ((o + iT)do + O (9).
2 47 1—b

Inserting the estimates of J; + J5 and J; into (3.1), we have

T T T 1

1-b b
Ni(T) = o log yow + - </1_b, arg (o + iT)do + /b arg G (o + zT)da) + O (1).
(3.2)

Taking the limit 6 — 0 and applying the mean value theorem,

1 . 1 1.
hm—5 arg((o +iT)do = — arg( §+2T
1

0—0 v b 27T

by noting that b = % —dand b == — g. And similarly,

1
2

i 1
1m —
5—0 o

b/
1 1
/ arg G(o + iT)do = — arg Gy, (— + iT).
b 2 2

Substituting these into (3.2), we have

T T T 1 1 1 1
Ne(T) = —log— — — + —argGy | = +iT | + —arg( | = +T | + Ox(1).
T T 2 2T 2

If 2 < T < ty, then Ni(T') < Ni(ty) = Oy, (1) = Og(1). Hence the above equation
holds for any 7" > 2 which satisfies the conditions of Proposition 3.1.
O
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Proof of Theorem 3. Firstly we consider for T > 3 which satisfies ((¥) (o + iT) # 0
and ((o 4+ iT) # 0 for any o € R. By Lemma 2.5,

1 log T
ST = =S
arg G (2 +1 ) O, ((log logT)1/2>

and again from equation (2.23) of [1, p. 2251], we have

log T
T — .
argg“( o ) O(loglogT)

Substituting these into Proposition 3.1, we obtain

T T T log T
Ne(T)=—log— — — 4+ O | ———5 | -
o(T) or ®ur  2n O ((loglogT)l/Q)

Next, if (o +iT) = 0 or (¥ (o +4T) = 0 for some 0 € R (T > 3), then we again
take a small 0 < € < 1 such that ((®¥)(o + (T £ ¢€)) # 0 and (o +i(T % €)) # 0 for any
o € R as in the proof of Theorem 1. Then similarly, we can show that the increment of
the value of Ni(T") can be included in the error term of the above equation.

Therefore - - T e T
og
N (T)= —log— — — 4+ 0, | ——————
k() 27 8 A om + Ok ((loglogT)1/2>

holds for any 7" > 3.
O

Remark 6. It is well-known that in the case of the Riemann zeta function ((s), the
number N (T') of zeros of ((s) is estimated as

T T T 1
= og — — — -
o7 ®or  or +S()+O(T)’
where S(T) = L arg ¢ (1 + ¢T) with a standard branch (cf. [14, Theorem 9.3]). Thus, the
function S(T") determines the error term in the estimate of N(7'). Under RH, we have

S(T) =0 (1;;%) (3.3)

N(T) =

(cf. [14, (14.13.1) of Theorem 14.13]). In comparison to the above estimate, the term
that determines the error term of Ny (T') is

1 1 . 1 1
—argGy | =+ | + —arg( —HT
27 2 2

by Proposition 3.1 and under RH, they are currently estimated as follows:

1 B log T 1 log T

This estimate of arg Gy, (% +4T ) determines the error term of Ni(7T') and it results in
Ni(T) having error term slightly greater in magnitude than that of N (7). However, this
is the best known estimate on Ny (7') under RH at present.

Furthermore, the size of the implied O-constant in (3.3) has been studied in many
papers, such as [3] and [5]. In contrast to this, we currently have no information about
the implied O-constant in the first equation of (3.4).
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