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1 Introduction

Let X : ¥ — R""! be an isometrically immersed hypersurface in Euclidean space. One
of the most fundamental geometric quantity of ¥ is the mean curvature which is given
by the trace of the second fundamental form. In physical theoretic view point, the mean
curvature is also important since it arises from the first variation of the volume of 3. For
example, surfaces with constant mean curvature describe the shapes of interfaces between
two non mixing media such as soap films or bubbles. It is well known that a constraint
on the mean curvature restricts the geometric invariants of a hypersurface such as the
volume, the intrinsic or extrinsic diameter, or the first eigenvalue of the Laplacian (see
(2, 3, 5, 14, 20, 27] for instance).

On the other hand, over the past years, many authors considered the geometric prob-
lems involving the anisotropic mean curvature (see [8, 15, 17, 18, 19, 24, 28] for instance).
The setting is given as follows. Let v : S — Rsg be a smooth, positive function satisfying
the convexity condition

A, = (Hessin +~I), >0,

for any v € S™. Here, I denotes the identity operator on 7,,S™ and > 0 means the positivity
of self-adjoint operators. The anisotropic mean curvature of X is defined as the trace of
the composition of tensors A, oS, where S denotes the shape operator of 3. As in the
isotropic setting, the anisotropic mean curvature can be derived from the variation of
the anisotropic surface energy F,(X) = [ v(N)dX, where N is the unit normal vector
field on . The anisotropic surface energy is considered as the free energy of surfaces of
materials which have anisotropy such as crystals or nematic liquid crystals. For a function
~y satisfying A, > 0, we can consider a unique convex set W, called the Wulff shape of ,
the supporting function of which is ~.

In the recent years, lots of classical results for hypersurfaces with mean curvature
constraints have been generalized to the anisotropic case. For instance, Chodosh and Li
[8] considered the Bernstein problem for anisotropic minimal hypersurfaces in R* and they
showed that complete stable minimal hypersurface must be flat when ~ is close to 1 in C?
sense. In the case of closed hypersurfaces, Scheuer and Zhang [28] studied the quantitative
stability of Wulff shape for the anisotropic Heintze-Karcher inequality and the anisotropic
Alexandrov theorem.

The aim of this article is to obtain some anisotropic generalizations to the classical
results on hypersurfaces in Euclidean space.

In Section 2, we consider the Morse index of anisotropic minimal surfaces. The Morse
index is defined through the second variation of given functional and measures how unstable
a solution to the considering variational problem is. For minimal surfaces, the Gauss map
is used to relate the Morse index to the genus (see [3, 21, 30] for instance).

In this section, we study the behavior of the Gauss map of anisotropic minimal surfaces
with convex integrand - and apply it to obtain a Tysk [30] type upper bound and a



Nayatani [21] type lower bound of the Morse index. As an application of the latter lower
estimate of the Morse index, we also prove the instability of anisotropic minimal surfaces
with low genus.

In Section 3, we prove the Hasanis—Koutroufiotis [13] type inequality for the anisotropic
extrinsic radius of hypersurfaces in Euclidean space involving the anisotropic mean curva-
tures. We also study the equality case and proved that an almost extremal hypersurface
must be close to the Wulff shape in the sense of the Hausdorff distance.
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2 On the Gauss map of anisotropic minimal surfaces and
applications to the Morse index estimates

2.1 Introduction

Let v : S2 — Ry( be a smooth positive function on the unit sphere. For an isometric
immersion ¥ — R? from an oriented surface, the anisotropic surface energy Fy(E) is

defined by
FA(5) = [ 20z, (2.1)

where N is the unit normal vector field along > and d. is the area element of 3.

A surface ¥ is called a y-anisotropic minimal surface if it satisfies % 1o Fr(3¢) = 0 for
all compactly supported variations. We note that if we let v = 1 in (2.1), then F coincides
with the area functional. In this sense, we may consider anisotropic minimal surfaces as a
generalization of minimal surfaces.

The stability and the instability of solutions to the variational problem of given func-
tional is an important problem in differential geometry. For minimal surfaces, the Gauss
map is a fundamental tool in the study of the stability. Barbosa and Do Carmo [3] gave a
sufficient condition for stability of subdomains of minimal surfaces by studying the image
of Gauss map. Tysk [30] studied the spectrum of the Laplacian of covering manifolds and
applied it to the Gauss map of a minimal surface to get an upper bound of the Morse index
in terms of the total curvature. Nayatani [21] gave a lower bound for the Morse index by
considering the pre-image of a great circle in the unit sphere via the Gauss map.

In this section, we study the behavior of the Gauss map of anisotropic minimal surfaces
with convex integrand « and apply it to obtain an estimate of the Morse index. A positive
function ~ on the unit sphere is called convez if the second derivative A, = (VSQ)Q’y—F'yI of
v is positively definite. When ~ is convex, the Euler-Lagrange equation of the variation of
F, becomes an elliptic equation. Moreover, the Jacobi operator, which is defined through
the second variation of F,, becomes a second order linear elliptic operator and its Morse
index can be well-defined. For the behavior of the Gauss map, we obtain the following
result.

Theorem 2.1. Let ¥ C R? be a vy-anisotropic minimal surface. Assume vy is convex. Then
the critical set of the Gauss map of 3 has no accumulation points.

This result is a generalization of the well known fact for minimal surfaces. The discrete-
ness of the critical set of the Gauss map allows us to consider the Gauss map as a branched
covering map onto the unit sphere. In the anisotropic case, we define the anisotropic Gauss
map N, by the composition of the Gauss map N : ¥ — S? and ¢ : S? — R3 defined by
E(v) = VSQ’)/(V) +~(v)v for v € S?. Applying an argument in [30] to the anisotropic Gauss
map, we obtain the following index upper bound.



Theorem 2.2. Let ¥ C R? be a y-anisotropic minimal surface with convex integrand .
Then there exists a positive constant C(vy) which depends only on ~y such that

Ind(%) < C(y)deg(N,),
where deg(Ny) is the mapping degree of the anisotropic Gauss map N, on X.

Another application of Theorem?2.1 is the following generalization of Nayatani’s Morse
index lower bound in [21].

Theorem 2.3. Let ¥ C R? be a y-anisotropic minimal surface with convex integrand .
Let S be a great circle in the unit sphere S?. Then, the Morse index Ind(X) of ¥ satisfies

Ind(X) > b(N, N~}(S)) +1 — 2g,

where b(N, N=Y(S)) is the branching order of the Gauss map N with respect to N=1(S)
and g is the genus of X.

2.2 Geometry of anisotropic minimal surfaces

In this section, we prepare some basic properties of y-anisotropic minimal surfaces. We refer
to [17] and [18]. Let ¥ — R? be an immersion of an oriented surface. Let 7 : S? — Rsq be
a smooth positive function on the unit sphere. For any variation ¥; of ¥, the first variation
of the anisotropic surface energy ., defined by (2.1) is given by

4
dt

Fo(S) = — / Houds, (2.2)
t=0 b

where u is the normal component of given variation and H, is the anisotropic mean cur-
vature. As a consequence of (2.2), we see that ¥ is a critical point of the functional F, if
and only if its anisotropic mean curvature vanishes identically.

The integrand + is called convex or elliptic if the hessian A, = (VS2)27 + I of v
(extended 1-homogeneously) satisfies A, > 0. Geometrically speaking, the convexity of
implies that « is the support function of the convex body

() {z € R3|(z,v) < y(v)}. (2.3)
ves?
The boundary W, of the convex set (2.3) is called the Wulff shape of v. We note that if v

is convex, the Wulff shape W, has a parametrization
W’Y = 5(82)7
where ¢ is the map, which is called the Cahn-Hoffman map for v (see [17] for details),

defined by £(v) = VS'y(v) + v(v)v from $? to W,. The following fact is a fundamental
property for the Cahn—Hoffman map (see [29]).



Lemma 2.1. Let v : S — Ryg be a smooth positive function on S®>. Then the Cahn—
Hoffman map € for ~ satisfies (d&,(X),v) =0 for any v € S? and X € T,S?.

By Lemma 2.1, the tangent planes T,,S? at v € S? and Te)Wy at £(v) € W, are parallel.
In particular, we may consider the differential d§¢ = A, at v € S? of the Cahn-Hoffman
map ¢ as an endomorphism on 7, S?.

For a surface X, the map Ny = { ov from X to W, is called the anisotropic Gauss
map. Since the planes T, at p € X and Ty, Wy at N,(p) € W, are parallel, we may
consider the differential dIV, = —A,S as an endomorphism on 7),3. Here, S denotes the
usual shape operator of ¥. Hence, the anisotropic mean curvature can be written as

H, = tr(—dN,) = tr(A,S). (2.4)

Let us assume that X is a y-anisotropic minimal surface with convex integrand ~. We
give a local expression of (2.4). Given p € %, choose a frame {e;}; diagonalizing the second
fundamental form A and let {x;}; be the principal curvatures. We set a; = (A-e;, ;). Note
that a; and ag are positive by the convexity of 7v. Under these notations, we have

I’I7 = a1K1 + azK9. (2.5)

Using (2.5), the Gaussian curvature K> of ¥ is given by

KE = K1k = —ﬂ/{12 S 0. (26)
a2
Here, we used the convexity of 7. Therefore, a y-anisotropic minimal surface has nonposi-
tive Gaussian curvature.
Before showing Theorem 2.1, we consider a graphical surface. Let u = u(z,y) be a
smooth function on a domain Q C R?. Since the unit normal N of Graph,, is given by

(—ux,—uy,l)
V14 Va2’

the anisotropic energy F, of Graph, becomes

F,(Graph,,) = / Y(N)V1+ |Vul|? dedy = / Y(—ug, —uy, 1) dzdy. (2.7)
Q Q

Taking a variation of (2.7), we obtain the y-anisotropic minimal surface equation:

2
Z ’_y,;j(—Vu, 1)’U,Z'j =0. (2.8)

ij=1



We next show a curvature estimate for graphical surfaces. Using (z,y) as local coordi-
nates on Graph,,, the induced metric g and its inverse g~! can be written as

g= L+u?  uguy ol 1 L+ul  —uguy
Uz Uy 1"‘“3 ’ 1+ [Vu|? \ —uzuy 1+ul)”

Since the eigenvalues of g are 1 and 1+ |Vu|?, g~ satisfies the following inequality as a

symmetric matrix
1
——I<g'<I 2.9
1+ |vu2 =9 = (2.9)

Similarly, the second fundamental form A in the coordinate (z,y) is expressed as

A — 1 (um:r uxy)
(1+ \Vu|2)% Uzy Uy
The norm squared of A is given by |A|> = A;; Ay g"*¢’!. Hence the matrix inequality (2.9)

yields the following curvature estimate:

|Hess,|? 5 _ |Hess,|?
— <A < ———. 2.10
(1+Vul?)3 = A" < L+ [Vul? (2:10)
Finally, we recall the following fact from [9].

Lemma 2.2. Let ¥ C R? be an immersed surface with

16s%sup [A] < 1
by

for some s > 0. If 29 € & and dist® (g, dX) > 2s, then By.(zo) can be written as a graph
of a functtion u over a domain of Ty, with |Vu| < 1 and v/2|Hess,| < 1.

Proof of Therorem?2.1. Let p € ¥ be a point in ¥ such that K*(p) = 0. Let ; be the i-th
principal curvature of ¥ at p. It follows from (2.6) that

2
a as al\ a1 ao a1

AP =ri+ri=ri+ Sri= (= +— ) —ri=(—" +— ) (=K"),
ay al as as ay a

so |[A*(p) = 0.

Up to translation and rotation, we may assume that p = 0, T,X = {z3 = 0}, and
N(p) = (0,0,1).

Since |A[*(0) = 0, there exists a § > 0 such that |A|> < 1 on B§(0). Rescaling the
canonical metric on R? by factor A > 0, we have

- 1
AP < 55 on BX(0),



where A denotes the second fundamental form of ¥ given by the rescaled metric. Choosing
A > 0 large, we may assume that

1
|A|2 < G on BE(O).

6
By Lemma 2.2 the geodesic disk BQE(O) can be written as a graph of a function u over a
domain in R? = 7,3 with |Vu| < 1 and [Hess,| < %

Since ¥ is y-minimal, u satisfies a quasilinear elliptic equation (2.8) with bounded coeffi-
cients. Up to linear transform of local coordinate, we may assume that 7;;(—Vu(0), 1) = &;;.
In this coordinate, u satisfies Au = 0 at p.

By the theorem of Bers [4], there exists a homogeneous polynomial P of degree n and
a constant ¢ € (0, 1) such that

u(x) = P(x) + O(|z]""*),
ui(z) = Pi(z) + O(|z[* 1), i=1,2,
uij(z) = Pij(z) + O(|lz|" ™€), 1<i,j<2,

and
AP =0 (2.11)
hold around 0. Since u(0) = 0 and Vu(0) = 0, it follows that n > 2.
Moreover, by (2.10), we have
[Hess,|* < (1+ |Vul?)’|A]” < 8|A,

which implies u;;(0) = 0 and hence n > 3.

We now introduce the complex coordinate z on R? = T,,% by z = 1 + v/—1xa. The
harmonicity (2.11) of P yields P,z = 0. Hence, the function P, is holomorphic.

Since P is a polynomial of degree n > 3 and P, is holomorphic, there exists a holomor-
phic function G around 0 such that

P..(2) = 2"2G(z) and G(0)# 0.
Assume that there exists a sequence {zj}r such that z; — 0 and |A|(zx) = 0. Then
uij(z) = 0 for each k, and hence u.,(z;) = 0.
On the other hand, we have
Uzz = Paz + O(|2["73F)
=2""2(G(2) + O(Iz[)).
For each z;, we get
0= uzz(2r) = 2772 (Glar) + O(|2[)).
Since n > 3, this implies G(z;) = O(|zk|?) which contradicts the fact that G(0) # 0.

Therefore, the set {p € ¥|K>(p) = 0} has no accumulation points, which proves the
theorem. 0



2.3 Index upper bound for anisotropic minimal surfaces

Let 3 be a complete, oriented y-anisotropic minimal surface. Recall that the second vari-
ation formula for the anisotropic surface energy JF, is given by

Fy= —/ uLud,
t=0 X

where L is the Jacobi operator given by L = div*(A,V®) + tr(A,S?). For relatively
compact domain © C ¥, we define Ind(€2) as the number of negative eigenvalues (counted
with multiplicity) of the Dirichlet eigenvalue problem

d2
de?

Lu+ X =0in 2, wu =0 on 0.

Note that the number Ind(€2) is always finite by the theory of elliptic operators. The Morse
indez Ind(X) of ¥ is defined as the supremum of the numbers Ind(§2) over all relatively
compact domains in . The associated quadratic form to L is given by

Q(u) = /Z(<A7V2u, VZ2u) — tr(A,S5%)u?)dx.

We set

Ay =min min (Ayv,v), A, =max max (A,v,v).
T vestoeT, =1 T T T vestver,S2 =1 |

By the convexity of v, we have
0<MI<A, <A, (2.12)

where I denotes the identity matrix.
To estimate the quadratic form, we define the anisotropic Gaussian curvature K, by

K., = det(—dN,) = det(A,S) = det(A,) K> (2.13)

Lemma 2.3. Let X be a y-anisotropic minimal surface with convex integrand ~v. We have

2 9 2
_Ai,yK,y S tr(AWS ) S _TVK’Y
Proof. Let k; be the principal curvature. Using the identity aixi + aske = 0, we have
2 _ 2 2 _ _ o S v tr(4y)
tr(A,S%) = a1k17+aske” = —ask1Ka—ai1k1ke = —(a1+a2) K= = —tr(A,) K~ = Jet. Ko
7y

If we let p1 and pg be the eigenvalues of A,, we have

tr(A + 1 1
('y)_ﬂl M2_7+

detA, T Bl 2

10



Moreover, since (2.12) gives A\, < pq, 2 < A, we obtain

2 tr(A,) 2
— < < —.
A, 7 detA, T A,

By Lemma 2.3, the quadratic form () can be estimated below by

Qu) = /E (A V5, VR0 — tr(A, S2)u2)dS)

> / <)\7|Vzu|2 + )\2K7u2) dx
b Y
WA 214)

where we defined Q(u) = [ (|V2u|2 + %Kwﬂ) d>, which is the quadratic form cor-
responding to the elliptic operator L, = A* — %Kw By (2.14), if u satisfies Q(u) < 0,
it also follows that Q~(u) < 0. This implies that the Morse index can be bounded from
above by the number of negative eigenvalues Neg(L-) of L.

We now assume that ¥ has finite total curvature. Since the Gaussian curvature of 7-
anisotropic minimal surface is nonpositive by (2.6), the theorem of Osserman [23, Theorem
9.1] asserts that there exists a compact surface % such that ¥ is conformally diffeomorphic
to ¥\ {p1,---pr}. By the theorem of White [31], the Gauss map N can be extended
continuously to 3. Thus, it follows from Theorem?2.1 that the set C' = {p € L|K>(p) = 0}
is a finite set. Since C' is the critical set of N, N is locally diffeomorphic outside of C.
Letting B = N(C) C S?, we obtain the following:

Lemma 2.4. The restricted Gauss map N : S\ NYB) — S\ B is a covering map.
Moreover, N : ¥ — S? is surjective.

Since 7 is convex, (2.13) asserts that the critical set of IV, coincides with C. Hence,
the anisotropic Gauss map N, : 3\ N~1(B) — W, \ £(B) is also a covering map onto the
Wulff shape W,.

Now, let h be the metric on W, induced from the immersion W, — R3. In the case
of minimal surfaces, the pullback metric from S? via the Gauss map is conformal to the
original one. Since the index form for the Jacobi operator on a minimal surface is invariant
under conformal changes, we may relate the Morse index with the eigenvalue problem of
the Laplacian on S?. Motivated by these facts, we consider the energy density of given
function with respect to the pullback metric Nj; h on 3.

Lemma 2.5 (cf. Lemma 3.10 in [3]). Let ¥ be a y-anisotropic minimal surface with convex
integrand v. Assume that p is a point at which N is reqular. Then there exists a constant
c(y) > 0 which depends only on ~y such that it follows for any smooth function u on ¥ that

—ela) ™ g () < s 9) < o) - dufo).

11



Proof. Let {e;}; be an orthonormal frame around p. Since the tangent planes 7,% and
Ty, (p)W5 are parallel, we may consider {e;(p)}; as an orthonormal basis of Ty (,W,. In
this basis, the metric NJh is expressed as

(N¥Rh)ij = (AN, (e:),dN,(e))) = (A, Sei, Ay Sej) = (SALS);.

To obtain the last equality, we used the symmetry of A, and S.

Note that the matrix S’A%S is symmetric. Choose {e;(p)}; so that it diagonalizes SA%S
and let A; and A2 be the corresponding eigenvalues. Since N, is regular at p, the matrix
SA%S is invertible. Hence, we have

’duﬁv;h(P) = ((SA3S) ™ du, du) = M~ 'uf + Ao~ Hu.
This equality yields

AL+ Ao

A1 A2

auft tr(SA25S)
tr(SA25S)

e 2
- det(SA?YS)\du]. (2.15)

1

. 2 : 2 2 2
Since AA/ satisfies AWI < A7 < AWI , we have
2 A2 2/ a2
(SAZSv,v) = (A5Sv, Sv) < AJ(S%v,v),

for any vector v € T,X. Hence,

tr(SAZS) < A2tr(S?) = A, |A? = —A7 (Zj * 2) K

S_A?Y<A'7_|_/\7>KE
Ay A,

AN2 /A, A
< (X)) (22 M) g
o (/\’Y> (A’Y+A’Y> K
:_C<V)KW7

by (2.13). Combining this with (2.15), we obtain
() ol < [duPgy, < —ey) - lduP.
K, = 1IN = K,

O]

Before the proof of the index upper bound, we prepare the following notation. For any
second order linear differential operator A and any subdomain Q of ¥, let Ny (A, Q) be the
number of the eigenvalues of A less than A on €.

12



Proof of Theorem 2.2. If the degree of N, is infinity, there are nothing to prove. Assume
that the degree of IV, is finite.
Since

—Ai/EKZdz < deg(N,) < —Aiészz,

by (2.12), the finiteness of deg(IV, ) implies the finiteness of total curvature. Thus, it follows
from Lemma 2.4 that N, is a branched covering map from ¥ to W,.

For each € > 0, let Q. be the subset of ¥ subtracting the e-neighborhood of N~1(B).
By Lemma 2.5, we have

Q- (u) = /E <|du\2 + EQKW?) dy.

Y

_ 2
2/ (—C(’Y) LG |dulRs, + )\ng“2> dx
X g

=" [ (1l - 550 ) (i)

_ 2¢(7)

— 1 2 _ 2 *
=)™ [ (1l = 5502 ) s
for any function u with compact support in .. This implies that

NO(L% QE) < Nc’(’y) (AN::ha Q.),

where ¢(y) = 20(7))\;2 and AN is the Laplacian with respect to NJh. Letting € — 0,
we obtain

Ind(E) < No(Ly, 8) < Ny (ANPD).

We now estimate the number of eigenvalues of AM".  Let {\;}; and {u;}; be the
eigenvalues of the Laplacians AN and AW~ Since N, is a branched covering map from
¥ to Wy, we may apply Tysk’s heat trace estimate [30] to N, and obtain for any ¢ > 0

that
Z e it < deg(N,) Z e Hit,
i i
Combining this with the heat kernel estimate by Cheng and Li [8], we have

Ny (ANt )= > 1
Ai<e/(7)

/ —\.
¢ ()t Z e Ait

A< ()

IN

(2.16)



where C'(W,,) is the Sobolev constant of W,. Taking a minimum of the right hand side of
(2.16), we finally obtain that

Ind(2) < ¢(7)7'C(W,)deg(N,) = C(y)deg(N,).

2.4 Index lower bound for anisotropic minimal surfaces

In this section, we assume that ¥ — R3 is an embedded, complete, non-planner y-minimal
surface.

Proposition 2.1. Assume Ind(X) is finite. Let u is a nontrivial solution to the equation
Lu =0 and let N, be the number of connected components of ¥\ u=1(0). Then it follows
that

md(Z) > N, — 1.

Proof. Let I =Ind(X). Then u is an (I 4 1)-th eigenfunction of L. By the Courant nodal
domain theorem, the number of nodal domains of u is not greater than I + 1. Therefore,
I>N, -1 O

The following lemma asserts that nontrivial solutions of Lu = 0 can be constructed by
the Gauss map N.

Lemma 2.6. Let ¥ be a v-minimal surface in R? and let a € R3 be a non-zero fized vector.
Then the function ¢, = (N, a) satisfies the equation Lu = 0.

Proof. Under the variation X; = X + ta of a y-minimal immersion X : ¥ — R3, it is clear
that the anisotropic mean curvature H, does not change. Differentiating H, in ¢ gives

Lo, = 0. O

Let us consider the nodal set ¢, 1(0) of ¢,. If z € ¢;1(0), we have (N (z),a) = ¢o(z) =
0. This implies that N (x) is contained in the great circle in S? determined as the intersection
of S? and the plane which is normal to a. Therefore, the nodal set of ¢, is given by the
inverse image by N of a great circle.

We observe the behavior of N around critical points. Pick any point p in the critical
set C' of N. By Theorem2.1, we may choose a local coordinate neighborhood U around p
which has no other points of C. Let D C S? be a coordinate disk centered at N(p). Up to a
linear transformation on U, we may assume that N(p) = 0. Since N satisfies the equation
LN =0, we may also assume that AN + tr(4,S*)N =0 at p.

By the theorem of Aronszajn [1], the vanishing order of N at p is finite. Hence, by
the theorem of Bers [4], there exists a homogeneous polynomial P of order b(p) + 1 and a
constant ¢ € (0,1) such that

N(z,y) = P(z,y) + O(r"WH1+),

14



where (x,y) denotes the local coordinate around p. By Lemma2.4 of [6], there exists a
Cl-diffeomorphism ¥ around p such that N = P o W. Hence, for any regular value ¢’ of N
in D, we have #N~1(¢') = b(p) + 1.

Thus, we may define the branching order of p € C' by the number b(p) defined as above.
Considering a triangulation of S? and its pullback on ¥ via N, we obtain a Riemann-
Hurwitz type formula.

Proposition 2.2. For any y-anisotropic minimal surface 3 which has finite total curvature
with A, > 0, it follows that

X(E) = 2deg(N) = > b(p).

pei

Let S be a great circle in S2. The following lemma asserts that the nodal set N~!(5)
forms a pseudograph on X.

Lemma 2.7. N~Y(S) forms a pseudograph on .

Proof. Let q1,--- ,qs be singular values of NV on S. We may assume that ¢, - ,¢s lie on
S in thig order.' For each ¢;, we set {pi, - ,pj.} = N=Y(g). Set t =3, t; and b = z” b5,
where b% = b(p5).

Consider a local disk around pz By the above argument, the arc ¢;q;+1 is lifted to
bé» + 1 curves starting from pé and the terminal points are among pzﬁl, e péjfl (here we
interpreted as gs4+1 = q1, etc.). Since N is local homeomorphism away from its critical sets,
each edge has no self-intersections and any two edges do not intersect at their interiors.
Thus, N~!(S) forms an embedded pseudograph on ¥ consisting of t-vertices and b + t-
edges. O

For a subset A of X, we define the branching order b(N, A) of N with respect to A by

b(N,A) =) b(p).

peEA
To show an index lower estimate, we need the following graph theoretic lemma (see [21]).

Lemma 2.8. Let I' be an embedded pseudograph on the compact surface S of genus g.
Suppose T' has v-vertices and e-edges, and S\ T' has N-components. Then

v—e+ N >2—2g.

proof of Theorem 2.3. Let > be the compactification of ¥.. By Lemma 2.7, N~1(S) forms
a pseudograph on ¥ consisting of t-vertices and b + t-edges where b and ¢ are the numbers
defined in the proof of the lemma. Notice that N~1(S) coincides with the nodal set of
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the Jacobi function ¢, where a is a unit vector in R?® which is orthogonal to S. Hence, by
Lemma 2.8, we obtain
Ny, > b+2—2g.

Since b is the total branching order b(N, N~1(S)), it follows from Proposition 2.1 that
Ind(X) > Ny, — 1> b(N,N"HS)) +1—2g.
O

Corollary 2.1. Let X be a ~y-anisotropic minimal surface which has finite total curvature
with A, > 0. If the image of critical points N(C) is contained in some great circle in S,
it follows that

1
Ind(¥) > —— / K¥dy — 1.
2w »

Proof. Let S be a great circle which contains the image of critical set N(C'). By Proposition
2.2, we obtain

b(N =) b(p) = 2deg(N) + 29 — 2.
pEZ

Since the absolute total curvature of ¥ coincides with 4wdeg(NV), it follows from Theorem
2.3 that

1
Ind(E)22deg(N)+2g—2+1—2g:—2/KEdZ—l.
TJs
O

Using Theorem 2.3, we may prove the instability of anisotropic minimal surface with
low genus.

Corollary 2.2. Let X be a y-anisotropic minimal surface which has finite total curvature
with A, > 0. If the genus g of ¥ is 0 or 1, then X is unstable.

Proof. If g =0, Theorem 2.3 gives Ind(3) > 1
Assume that ¢ = 1. Since X is not a plain, the mapping degree of the Gauss map
deg(N) is greater than 0. It follows from Proposition 2.2 that

Zb = 2deg(N) +2g—2>2g=2.
pEE

This implies the existence of a great circle S which contains at least two branch points
(counted with multiplicity). Hence, we have b(N, N=1(S)) > 2. Thus, Theorem 2.3 gives
Ind($)>2+1-2=1. O
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3 Anisotropic extrinsic radius pinching for hypersurfaces and
the stability of the Wulff shape

3.1 Introduction

Let X : ¥® — R"*! be a closed, isometrically immersed hypersurface. The extrinsic radius
of ¥ is defined as the smallest radius of balls containing ». It is well-known that the
extrinsic radius of ¥ can be bounded from below in terms of the mean curvature. Namely,
T. Hasanis and D. Koutroufiotis [13] showed that

Rext||H||oo > 1, (3.1)

where Reyt and H denote the extrinsic radius and the mean curvature of ¥ respectively.
For closed hypersurfaces, this inequality can be proved from an L?-estimate of the radius

as follows (see [2]):
(/Z HP)% (/E X — Xo|2>é > Vol(%), (3.2)

where X is the center of mass of ¥ which is defined by Xy = V%(E) Js X and Vol(%) is
the volume of . Moreover, the equality holds in (3.2) (hence in (3.1)) if and only if ¥ is
the n-dimensional sphere of radius 1/||H||» centered at Xy € R™+1L,

The aim of this section is to obtain an anisotropic generalization of the extrinsic radius
estimate (3.2) and quantitative and qualitative stability results proved in [2, 5, 26] for the
isotropic setting.

To state our main results, we need some notations. Let v : S* — Rsg be a smooth,
positive function satisfying the convexity condition

A, = (Hessin +~I), >0, (3.3)

for any v € S™. Here, I denotes the identity operator on 7,,S™ and > 0 means the positivity
of self-adjoint operators. We consider the map given by

£: S — Rrtl
v o— )+ V().

The image W, = £(S") is called the Wulff shape with respect to 7. Note that W, is a
convex hypersurface in R"*! by the convexity condition (3.3).

The Wulff shape W, can be seen as the "round sphere” for an anisotropic norm on
R"*1. Namely, if we introduce the Minkowski norm v* : R** — Rsq by

Y(x)= sup (z,2), (3.4)
|2 ()<t
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then W, can be represented as W, = {7* = 1} (see [29] for details). For a positive s > 0,
we call the set sW,, = {v* = s} the Wulff shape of radius s. We now define the anisotropic

extrinsic radius RY,, for a closed, isometrically immersed hypersurface X : X" — R"*1 by

Yo * _
Req = Inf  maxy (X(p) — z0). (3.5)

We note that R

oxt 15 a natural anisotropic generalization of Rey. Indeed, we have that

R, =inf{s > 0| C Int(sW,) + 29 for some zo € R""}

ext —

Throughout of this paper, we let Xg € R™*! denote a point at which minimizes the right
hand side of (3.5).

The anisotropic shape operator S, of X is defined be S, = A, o S, where S denotes
the usual shape operator of Y. We define the anisotropic mean curvature H, by H, =
(=1/n)trS,. It is known that the Wulff shape W, is a stable constant anisotropic mean
curvature hypersurface with H, = 1, like a round sphere in the isotropic setting (see for
example [17, 24]).

Finally, we define the L? norm of a function f on X by

1= (5755 /. !f\”v(N)>;,

where F,(X) = [;7(N) is the anisotropic surface energy of ¥ and N is the unit normal
vector field along .
Our first result is the following anisotropic version of the extrinsic radius estimate.

Theorem 3.1. Let X : X" — R™! be a closed, isometrically immersed hypersurface. Let
v :S™ — Ry be a smooth positive function satisfying the convezity condition (3.3). Then,
it follows that

[ Hy (2]l (X = Xo)l|2 > 1. (3.6)
In particular, the anisotropic extrinsic radius of 3 satisfies

| H, || oo R, > 1. (3.7)

ext =

Moreover, equality occurs in (3.6) or (3.7) if and only if ¥ is the Wulff shape with respect

to v of radius RY, up to translations.

A natural question related to the equality case in (3.6) is the following: If the equality
almost holds in (3.6) (or (3.7)), is ¥ close to a rescaled Wulff shape || H,||; W, in a certain
sense? More precisely, we consider the following pinching condition for p > 2 and € > O:

[HA [lplly*(X = Xo)lla < 1 +e. (Pp.e)
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In recent years, many authors study generalizations of classical pinching results for
geometric invariants of hypersurfaces to the anisotropic case. In [11], De Rosa and Gioffre
studied the anisotropic almost totally umbilical hypersurfaces and proved the stability of
the Wulff shapes. More precisely, they proved that if the LP norm of the trace-free part of
the anisotropic second fundamental form of a hypersurface ¥ is sufficiently small, then X
must be close to the Wulff shape in the Sobolev W?2P sense. Roth [27] used their results to
prove that a convex hypersurface with almost constant anisotropic mean curvatures of the
first and the second order must be close to the Wulff shape. Recently, Scheuer and Zhang
[28] studied the quantitative stability of Wulff shape for the anisotropic Heintze—Karcher
inequality and the anisotropic Alexandrov theorem.

Our next result shows that, when ||S,||; is bounded for some ¢ > n, the pinching
condition (P, .) implies that ¥ is close to W, with respect to the Hausdorff distance.

Theorem 3.2. Let X : X" — R™! be a closed, isometrically immersed hypersurface. Let
v : 8™ = Rsg be a smooth positive function satisfying the convexity condition. Let ¢ > n,
p > 2, and A > 0 be some real constants. Assume that the anisotropic shape operator
satisfies Fo(2)Y"||S,|lq < A. Then there exists some positive constants C = C(n,p,q, A, )
and o = «(n, q) such that if ¥ satisfies (P,.), then we have

1
VX —Xp) = || <Ot (3.8)
||H7H2 oo ||H7H2
and for any r € [1,p) there exists some positive D = D(n,p,q,r, A,~y) such that
a(p—r)
[ Hy = [|Hyll2l» < Der®=0 | Hy||2. (3.9)

Moreover, given g > 0, there exist a positive e = (n,p,q, A, 7, || Hy| oo, €0) such that the
pinching condition (P, ) implies dy (3, | H, |3 W,) < €0, where dyy denotes the Hausdor(f
distance.

3.2 Preliminaries

Let X : ¥" — R"! be a closed, isometrically immersed hypersurface and let N be the
unit normal vector field along ¥. Let (-,-) and V denote the canonical Riemannian metric
and the connection on R™*! respectively. Let V> be the connection on ¥ with respect the
induced Riemannian metric from (-,-). The shape operator S of ¥ is a (1,1)-tensor on ¥
defined by Sv =V, N.

Let v : S — R<g be a smooth positive function on S™ satisfying the convexity condition
(3.3). We define the anisotropic shape operator S, by Sy = A, o S. The anisotropic mean
curvature H, is given by Hy = —(1/n)trS,.
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In [15], He and Li proved that the anisotropic mean curvature satisfies the Hsiung—
Minkowski type formula [16] given by

/Z (v(N) + H. (X, N)) = 0. (3.10)

Such an integral formula plays an important role in the rigidity results involving anisotropic
mean curvatures (see [15, 17, 24] for example).

Let us now consider the Wulff shape W, for 7. Let v* be the dual of v defined by (3.4).
We extend v 1-homogeneously to R"*! by letting

) = ke ()

As an immediate consequence of the definition of v*, we have the Fenchel inequality given
by

(z,y) < v (2)7(y) (3.11)

for z,y € R*1. Moreover, since v is the supporting function of W, the equality holds
in (3.11) if and only if = is perpendicular to the tangent plane of W, at ’Y*L(?J) € W,. We
now fix a point x and let v be the unit normal vector to W, at 'y*i(m) Differentiating the
function G(z) = y(v)y*(x) — (v, z) as in [22], we can obtain the gradient of v* as

Vy(z) = ——. (3.12)
Proof of Theorem 3.1. By the Hsiung—Minkowski formula (3.10) and the Fenchel inequality
(3.11), we have

1

ClE®

[ mx - xa N>] <55 [V = Xl (V) < el (X = Xl

which concludes the inequality.

Assume the equality holds. Set X« = %. We have the equality of the Fenchel
inequality (3.11), which implies that the unit normal N is perpendicular to the tangent
space of W, at X,-. Moreover, by (3.12), we have V*v*(X — X;) = 0, which implies that

v*(X — Xp) is constant. Therefore, we have ¥ = H,Y_II/VV + Xo. O

3.3 Upper bound on the anisotropic extrinsic radius

For hypersurfaces, we have the following Michael-Simon Sobolev inequality [20]:
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n—1

</zmnnl> - <0 (/Z‘szH/E!Hf\)- (3.13)

Let {e;} be an orthonormal frame along ¥ which diagonalizes A, and set a; = (A e;, €;).
By the Cauchy—Schwartz inequality, we have

1 1 . 1
H = - Z(Sei,ei> = EZ<AV Syei, €)= - Zai (Syei,es)

) %

. (Z) (Z |<Swei,ei>rz>

1

(ST

IN

1
< X|S’Y|7

where A is a positive constant given by

A= min A (V)u,u).
VES”,uEViJu\:l( ’Y( ) ’ >

Combining this with (3.13), we have

1]z, < CA)FE) 7 (I F 11 + (11841 Fll)- (3.14)

To obtain the inequality (3.8), we prove the following estimate, which is an anisotropic
version of [2, Theorem 1.6].

Proposition 3.1. Let ¢ > n be a real. There exists a constant C = C(n,q,7y) > 0 such
that for any isometrically immersed hypersurface X : ¥ — R we have

1
X = Xolly )

70X = X0) = "X = o)l < R (2318, 1) (= o)l (1 - LGS

where B = %.

Proof. Up to translation, we may assume that Xo = 0. We set ¢ = |[y*(X) — ||[7*(X)||2]-
For a positive a > 0, we have |V>¢??| < 2(minv)~'¢??~! by (3.12). Letting f = ©%® in
(3.14), we have
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el Zen < Cn,m)F5(2)2allelza=1 + 1118y 1™ 1)
< C(n,7)F,(2)2allel371 + 154 lq lebaql)
< C(n, ) Fy () 2allel 6, + 18y llalle] zaq)

qg—1
< C(n,7)F (2)(2a + 1|55 lgllelloo) 11 Tty 11 (3.15)
q—1
We set v = 2a=1) and @ = ak + where agq1 = vag + ;%7 and ag = q Plugging
(n—1)q 1 -1

them into (3.15) gives

Lhtl gq—1 m L)
|’S0||ak+1>uk+1 1% +1 ( [l \ ¥
<3O, F (B | ——— + (155l -
< [@lloo ! 1plloo o [plloo

Since ¢ > n then v and

T‘D
o~

converges to ag + qu—n and we have

< () T {zomm @k (s +1s \q)}l’“

. e
lellao \2 77 ' 1
< [ oi" {20077, ()% 115l
lel) L1 Mol
1200\ 1 K=w
a 1 -
ZC(q,n,7)< ° ) {a(z)n( IS, ||q)}
lolloe E
2(q—1) n(q 1)

<cn) (152) T {RE (G rish) )

hence we have

1 1 Q(t?fn)

_B_
We set § = 5oy I [[9lloo > 11551lg IH3||50||z§”3 then
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lelle < Clann {73 (= + 1, uq)}ﬁuwug

|<f>Hoo
LS lolly ™ + 115, ]10))° Il
w155 110) (1154l 7 +uw||*> Il
w185 10) P (I (X >u;ﬂ 12l T llgls
218,10 7 GO [l

where we have used 1 < ||H,||2[|7*(X)|l2 < |S4ll¢l|7*(X)]|2. Since we have

< C(gq,n,7)(Fy (X
< Clg;n, ) (F (2
< C( ’7)(]:7 Y
)

el = lI7*(X) = lI7* () L21l3 = 2l (X)]l2 (1 H’Y EQU

the desired inequality follows.
5

IR
If l@lloo < [ISyllg 7 Nl ™, the result follows immediately from the above expression
of ||¢]l2 and the fact that ||.S,[/4||7*(X)|]2 > 1. O

Proof of (3.8). We may assume that Xo = 0. From the Hsiung-Minkowski formula (3.10),
it follows that 1 < || H,|[p|[v*(X)|| _»_. By the Hélder inequality and the pinching condition
=

(Ppe), we have

* * * 1-2 * :
5[l (X2 < 1+ < (L4 e)[Hyllpll7" (Xl 2 < L+ ) [ [l (XM “vllz

hence

*
[CC.9] TR WY SN

1—
7 (X)l2 (1+e)p2  p—2

Combining this inequality with Proposition 3.1, we obtain

1
17 (X) = 17" (X) ll2lloo < C(n, 9,4, ) (Fy (E)NS5 1) 17 (X) | 262059

1 1
< C(n,p,q,7)A? €20+8)
[ Hy |2

Here, we used ||H||2||7*(X)|l2 < 14 ¢ < 2 to get the second inequality.
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Letting o = m, we obtain

700 = | <70 = Ol + i 0 = |

a

e
< CA?
AT A
Ea
S C(n)p7q7A7’Y)7'
[ [l2

O]

Proof of (3.9). By the Hsiung-Minkowski formula (3.10) and the Fenchel inequality (3.11),
we have

AV (X)) (N).

Using this and (P,.), we have

‘H | 2 * 2 1 2 1 *
x| = R+ -, - H, o (X)1(N)
MMb 2 R TELEAE®
1
<X s
T H
<(1- L Voo
- (1+e¢ " 2
< 3elr* (D)
hence
V2 = [[EL 20 < IE2 = 5+ O 131 + Iy GO 1S — 12 121
ﬂm%ﬂmﬁ—wm2+¢wﬁ—l>
N i 1 il
| |
gmwﬂ — )| ol rear = oo+
M \|| 7, s 2 LAF

« 1
§H4<\/£7 LA )(V n >
| Hy 2 7 (X2 A 7" (X2 A

< C(n,p,q,A,7)e®| Hyll3.

Therefore, we obtain

L | — 1| Hy 131

< Ce®| Hy |2
[ ]l2 !

”|Hv’ - HH7||2H1 <
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Moreover, we have
[Hy]| = [ Hyll2llp < 201 HA[lp < 2[[Hy ll2[[7* (X2l Hyllp < 4] Hyll2

by (Pp). Hence, for any r € [1,p), we obtain

p— p(r—1)

| = 1 Hy 2l < Y= I 2l Ny = (2

a(p—r)
< D(n,p, g1, A, 7)e 0D || H, .

3.4 Proof of the Hausdorff closeness

In this section, we prove the Hausdorff closeness in Theorem 3.2. To prove this, we need
an anisotropic version of the lemma due to B. Colbois and J. -F. Grosjean [5, Lemma 3.2].

Lemma 3.1. For any R > 0 and p € (0,1), there exists a positive n = n(R, p,n,y) > 0
satisfying the following property: Let zg € RW, and let vy be the outer unit normal vector
to RW, at z9. Let X : ¥ — R™ be a closed hypersurface isometrically immersed in
(R+n)Wy \ (R—n)W,) \ By(20). If there exists a point p € ¥ with (X (p),vg) > 0, then
there exists a point ¢ € ¥ such that |[H(q)| > ﬁ

Before proving Lemma 3.1, we prepare some notations. For v € S™ and t > 0, we set
IL(v) = v+ + tv, where v+ denote the n-dimensional subspace of R"*! which is perpen-
dicular to v. Let zp = R{(v) € RW,,.

We now let to(r) = max{t > 0|II;(v) N (0B,(z0) N RW,) # 0}. Note that for every
t € [0,to(v)], the set W(v,t) = RW, N1I(v) is convex. Considering W(v,t) as a convex
hypersurface in R”, we let SW*!) and K;;/V(V’t) be the shape operator of W (v, t) and the i-th
principal curvature of W (v, t) respectively. Set Hy ) - tr(A,SW¥?). Since the function
hY : [0,t0(v)] > t = maxyy(y H};V(V’t) € Rsg is non-decreasing we have h”(to(v)) =
max h”. We now define

Ho = maxh”(to(v)) € (0,00).

Similarly, we set

W (v,t)

Ko = max max{s,
n

veS

()|t € [0,to(v)],x € W(r,t),1 <i<mn-—1}.

Proof of Lemma 3.1. For n € (0,p) and t € [0,t0(1p)], consider the family of smooth maps

D, W(y,t) xSt — R
(z,8) — x —ncosON(x) + nsin Oy + tuy,
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where N(z) denotes the unit normal vector of W (r,t) C R™ at x. Let S,; denote the
image of ®,) ;.

We calculate the curvature of S, ;. Let {ei};‘:_ll be the orthonormal frame which diag-
onalize SW (01 at . We have

Q; = dP, (e;) = (1 —ncosbk; Wt ))ei,
®y = d®,;(0p) = n(sin N (x) + cos Ovy).

Note that there exists a positive pg € (0, p) such that S, ; is an embedded hypersurface for
€ (0,p0). Since the outer unit normal vector field of S, ; is given by N = —cosON +

sin O, the anisotropic shape operator Sfyg"’t of S;+ can be calculated by

Simte; = —cosBA,SW e, 5T 9y = —pTl AL By,

St

Since (®;, ®;) = 0;; and (P;, Pg) = 0, the anisotropic mean curvature Hy™" is given by
Hy™ = ——t Sy
_ _7<S’Y " 849’89 nzl Snteuez
TRl n PR
(A, Pp) 1 z_: cos (A, SWode, e;)
ne|eol? n = (1—-ncos HKW(VO’ ))
A (n—1)H,

~ o n(l—nko)?
We now let n = min {ﬁ, m,po}, then

A
7 i —
2nn
Since there exists a point p € 3 so that (X (p), ) by assumption, we can ﬁnd t €

[0,20(vp)] and a point ¢ € ¥ which is a contact point with S, ;. Therefore |H,(q)| > 2m] O

Hausdorff closeness in Theorem 3.2. Let B.(||H,||; W) denote the e-neighborhood of || F, ||5 ' W,.
Assume a positive g9 > 0 is given. If ¥ satisfies (P, ) for a small > 0, by (3.8), it follows
for a small ¢ € (0, ) that © C B.(|H, |3 W) € Be(||[H, |5 W,).

Assume ¥ C B.(||H, |3 ' W) \ Bsy(y) occurs for some y € ||H, || W,. Choosing e
so small that ¢ < min{n,n/||H,|/~}, where n is a positive as in Lemma 3.1, it follows
from Lemma 3.1 that there exists a point ¢ € ¥ such that H,(q) > |[H||c/2, which is a
contradiction.

Hence, we have dy (%, | H, |3 'W,) < 0. O
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