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Abstract

It is a celebrated fact that a simple random walk on Z and Z? returns to the initial vertex v infinitely
many times during infinitely many transitions, it is called recurrent, while it returns to v only finite times
on Z% for d > 3, it is called transient. On the other hand, it is evident that random walks on finite regions
of Z¢ are recurrent for any d = 1,2, 3, . ... Two results lead to the following question: are random walks
on growing graphs recurrent or transient? A question for growing graphs is also significant concerning
utilizing changing graphs for our lives like social media and algorithms. The recurrence and transience
of random walks on growing graphs is determined by growing speed. In particular, it is also known
that a simple random walk on a growing region on Z? can be recurrent depending on the increasing
speed of any fixed d and the recurrence and transience of random walks on growing graphs under the
assumptions of a random walk being lazy, growing speed being slow, and a growing graph having a
uniformly bounded are determined by the growing speed. These results can be derived using various
techniques such as Brownian motion, evolving sets and Cheeger constant. In this paper, we show that
random walks on growing graphs can be recurrent depending on the growing speed by focusing on
coupling techniques. Specifically, we introduce the notion of less-homesick as graph growing (LHaGG),
which is a natural property of random walks on growing graphs. An LHaGG follows the property that
the slower the growing speed, the greater the return probability to the origin. Then, we show that random
walks on growing graphs satisfy LHaGG by coupling method. As a result, we give the recurrence
and transience of random walks on growing graphs such as growing complete k-ary tree, growing box,
and {0,1}" with an increasing n. Likewise, we consider a lazy random walk on {0, ..., N}" with an
increasing n. It is challenging to show that a - lazy random walk on {0, ..., N}" with an increasing
n satisfies LHaGG. Therefore, we extend LHaGG to weakly less-homesick as graph growing (weakly
LHaGG). A weakly LHaGG follows the property: the slower the growing speed, the greater the expected
number of returning to the origin. However, it is also hard to prove that random walks on growing graphs
satisfy weakly LHaGG using the same coupling as LHaGG. To address this problem, we introduce a new
coupling technique, (pausing coupling). This approach extends the coupling technique of the previous
work regarding the Bernoulli Growth Random Walk (BGRW) and provides the sufficient conditions for
the recurrence and transience of a %— lazy random walk on {0, ..., N}", spider trees, and random trees.
This paper contains various contributions as this approach is simpler than the previous works, can remove
the assumptions for the existing works, and can be applied to bipartite graphs with reversible such trees
and {0,1}".

*Graduate School of Mathematical Science, Kyushu University
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1 Introduction

The recurrence or transience is a classical and fundamental topic of random walks on infinite graphs, see
e.g., [20, 21, 49]: let X, X1, Xo, ... be a random walk (or a Markov chain)! on a countable state space V,
e.g.,V =27, with Xo = v for v € V. For convenience, let

R(t) = Pr[X; = v] (=Pr[X: =v| Xy =0])

denote the probability that a random walk returns to the initial state at time step ¢ (¢ = 1,2,...), and then
the initial point v is recurrent by the random walk if

D R(t) =0 €))

t=1

holds, otherwise it is transient. Intuitively, (1) means that the random walk is “expected” to return to the
initial state infinitely many times. It is well known that a simple random walk on Z is recurrent for d = 1, 2,
while it is transient for d > 3, cf. [20, 21, 49]. Another celebrated fact is that a simple random walk on an
infinite k-ary tree is transient [38, 40].

Analysis of random walks on dynamic graphs has been developed in several contexts. In probability
theory, random walks in random environments are a major topic, where self-interacting random walks in-
cluding reinforced random walks and excited random walks have been intensively investigated as a relatively
tractable non-Markovian process, see e.g., [13, 7, 19, 50, 51, 32, 23]. The recurrence or transience of a ran-
dom walk in a random environment is a major topic there, particularly random walks on growing subgraphs
of Z< or on infinitely growing trees are the major targets [24, 15, 16, 27, 2]. In distributed computing, analy-
sis of algorithms, including random walk, on dynamic graph attracts increasing attention due to the fact that
real networks are often dynamic [10, 33, 4, 45]. Searching or covering networks, related to hitting or cover
times of random walks, are major topics there [11, 5, 18, 6, 37, 8, 31].

1.1 Existing works and contribution of the paper

The recurrence/transience of random walks on dynamic graphs has been mainly developed in the context
of random walks in random environments including reinforced random walks and excited walks. Here
we briefly review some existing works concerning the recurrence of a random walk on Z¢ and infinite (or
infinitely growing) trees, directly related to this paper.

Random walks on (asymptotically) Z?. It is a celebrated fact that the initial point, say origin 0, in
the infinite integer grid Z¢ is recurrent when d = 1 and 2 by a simple random walk, and it is transient for
d > 3, see e.g., [20, 21, 49]. On the other hand, it is known that a random walk on the finite region in 7% is
recurrent forany d = 1,2, 3, .. ..

Amir et al. [2] introduced random walks in changing environments model, and investigated the recur-
rence and transience of random walks in the model. They focused on the condition for recurrence and
transience of a random walk in a changing environment on N and Z?, and got the sufficient condition by
comparing a random walk in a changing environment to a random walk on an infinite graph. Additionally,
they provided a conjecture regarding the relationship between a random walk in a changing environment and
a random walk on an infinite graph such that the recurrence and transience of a random walk on a growing
graph depends on the recurrence and transience of a random walk on an infinite graph. In 2024, Park and Ray

'This paper is concerned with discrete time and space processes. We will be mainly concerned with time-inhomogeneous
Markov chains, but here you may assume a time-homogeneous chain, i.e., the transition probability Pr[X;11 = v | X; = u] is
independent of the time ¢, but depends on u, v.



investigated the sufficient condition for a recurrence and transience of a random walk in slowly changing en-
vironments [48]. They claimed that a recurrence and transience of random walks in changing environments
with non-decrease conductance depends on the origin graph, and hence this result is a little different from
the conjecture by Amir et al [2]. Furthermore, they gave a sufficient condition for a recurrence and tran-
sience of a simple random walk in changing environments such as depending on infinite graphs. This result
is similar to the conjecture by Amir et al [2]. Their result extends prior work [2] concerning generalizing
graphs instead of slowly changing conductance.

Dembo et al. [16] investigated a random walk on an infinitely growing subgraph of Z¢, and gave a
phase transition, that is roughly speaking a random walk is recurrent if and only if ", 7(0) = oo holds
under a certain condition, where m; denotes the stationary distribution of the transition matrix at time ¢. The
proofs are based on coupling, Brownian motion, and the central limit theorem, on the assumption that the
growing region at time ¢ is sandwiched between the two different growing balls for any ¢ > 0 that have
the same growing speed. In the same year, Dembo et al. [15] focused on the recurrence and transience of
a simple random walk on monotone interaction growing graphs which is about the growth by visiting the
graph boundary (they call open-by-touch). Additionally, they considered the recurrence and transience of
a general open-by-touch model (they call expanding glassy spheres), the growth depends on the number
of visiting the graph boundary. They provided a bound of the return probability of a growing graph by
comparing it to the return probability on an infinite graph with uniformly bounded, and hence they obtained
sufficient conditions for the recurrence and transience of random walks on monotone interaction growing
graphs with uniformly bounded. This growth model depends on the walker as opposed to [16] and our
models. In 2017, Dembo et al. [14] provided a tight upper bound by heat kernel for lazy random walks
on graphs with changing conductance as a new approach (it is called evolving sets) and Cheeger constant.
To obtain a bound for the mixing time and the heat kernel for an irreducible Markov chain on a countable
state space, this new approach was utilized by Morris and Peres [46, 47]. Since their technique focused
mainly on random walks on graphs with non-decrease conductance in Z?, they assumed the condition that
AD(z,y) € [C_l, C} holds for any ¢, = € V; and (x,y) € F (it is called uniformly bounded), where
) (z,y) be a random walk in time-varying edge conductance and C' is a positive constant for t. As a
result, they extended the prior work [16] and proved a part of the conjecture by Amir et al. [2]. In 2019,
Dembo et al. [17] focused on the bound for the heat kernel of random walks on graphs with changing finite
conductance. They obtained the bound by the heat kernel on the condition that a random walk on graphs
% < Cyforany x € V,r > 0and ¢t > 0, where
v(+) is non-decreasing, v(2r) < C,v(r) and v(0) = v(1) = 1 (they call uniform volume growth with v(r)
doubling), and uniform Poincaré inequality (this inequality is the relation for the eigenvalue of the transition
probability matrix). As a result, they extended the previous works [14, 27].

Huang [27] extended the argument of [14, 16] and gave a similar or essentially the same phase transition
for more general graphs. The proofs are based on the Cheeger constant, Evolving sets, and Radon-Nikodyn
density, on the assumption that every vertex of the growing graph has a degree at most constant to time
(or the size of the graph), and the random walk is “lazy” such that it has at least a constant probability of
self-loops at every vertex. In the same year, Huang [28] discussed a random walk on a growing Internal
Diffusion Limited Aggregation (IDLA) in Z¢. He provided the Cheeger constant on an IDLA by using a
growing IDLA characteristic which a growing IDLA sandwiched between the two balls at a sufficiently
large enough time. By his previous technique [27], he proved that a random walk on a growing IDLA is
recurrent for any d > 3.

with non-decrease conductance satisfy C L <

Random walks on infinitely growing trees.  Lyons [38] studied sufficient conditions for a random
walk to be recurrent/transient, see also [40]. Roughly speaking, the initial point, say the root r, is recurrent
if and only if the random walk is enough homesick, meaning that a random walk probabilistically tends to



Table 1: The previous works about the recurrence and transience of a random walk on Z¢
Author: —Condition / Assumption ——Result

The recurrence and transience
depends on infinite graph
and give the Conjecture

Random walk on N and Z2 /

Amir et al. [2] changing conductance

Simple random walk on
an infinitely growing subgraph of Z¢ /
Dembo et al. [16] sandwiched between
the two different growing balls
and slow growth
Lazy random walk on

v is recurrent if and only if

2 mi(v) = o0

graphs with changing conductance / Obtain the upper bound of
Dembo et al. [14] non-decrease conductance, the heat kernel and
uniformly bounded extend the previous work [16]

and slow growth
Random walk on
graphs with changing conductance /

Obtain the bound for
non-decrease conductance, the heat kernel
Dembo et al. [14] uniformly bounded, and extent

uniformly volume growth
with v(r) doubling
and uniform Poincare inequality
Lazy random walk on growing graph /
Huang [27] uniform bounded degree,
slow growth and Radon-Nikodyn density
Random walk on growing IDLA in Z% /
sandwiched between the two balls

the previous work [14, 27]

v is recurrent if and only if

> om(v) = 00

Huang [28] Recurrent for any d > 3

choose the direction to the root.

Amir et al. [2] introduced random walks in changing environments model, and investigated the recur-
rence and transience of a random walk in the model. Their technique compares a random walk in a changing
environment with a random walk on an infinite graph. As a result, they gave a conjecture about the condi-
tions for the recurrence and transience regarding a changing graph and an infinite graph and proved it for
trees. Their result led to the beginning of the analysis of the recurrence and transience of a random walk in a
changing environment. Huang’s work [27], which we mentioned above, implies that a simple random walk
starting from a vertex v on a growing k-ary tree is recurrent if and only if }  7;(v) = oo, that is similar to
or essentially the same as the main result of this paper under a certain condition. We remark that a k-ary
tree with height n is not an (edge-induced) subgraph of Z? for a constant d. Figueiredo et al. [22] studied
the recurrence and transience of the Bernoulli Growth Random Walk (BGRW), BGRW is a random walk
on a growing graph such that the start graph is a finite tree and a new leaf is added to the current location
with probability p every steps. They proved that BGRW is transient for any 0 < p < 1 by coupling and
central limit theorem. Their approach is a special technique that compares the two walkers with different
time scales. They are enabled by focusing on the tree feature of no cycles.

There is a lot of work on the recurrence or transience of a random walk on a growing tree, related to
self-interacting random walks including reinforced random walks and excited random walks, e.g., [3, 9, 29,
22, 30]. They are non-Markovian processes, and in a bit different line from [16, 2, 27] and this paper.



Table 2: The previous works about the recurrence and transience of a random walk on a tree

Author: Condition / Assumption Result

The recurrence and transience
depends on infinite graph
and gives the Conjecture

Random walk on infinite tree /

Amir et al. [2] changing conductance

Lazy random walk on growing graph / v is recurrent if and only if

Huang [27] uniform bounded degree, T m(v) = 0
slow growth and Radon-Nikodyn density AN
Figueiredo et al. [22] BGRW / Tree Transient forany 0 < p <1

Other Related works - Temporal graph Mertzios et al. focused on a temporal graph [41, 42]. This
graph contains the nature number label for every edge and this edge of the graph can only be used at the
labeling times. It is interesting to obtain the path between two different nodes (it is called a journey) since
temporal graphs appear or disappear from the edge for the time change. They investigated an algorithm to
compute the foremost journey, which contains the minimum arriving time, for a temporal graph.

Michail surveyed a result on the temporal graph and temporal graph problems [43] and investigated
the random temporal graphs, in which the edge labels are chosen randomly in {1,...,r}. He proved that
random temporal graphs contain a journey of length 4 if » > 4. One year later, Michail and Spirakis [44]
investigated the traveling salesman problems on temporal graphs. They focused on the temporal exploration
problem and claimed that it is difficult to approximate in polynomial time unless P = N P. Then, they gave
an approximation algorithm for the traveling salesman problems on the complete graph with weight {1, 2}.

Other Related works - The cover time of a random walk on a changing graph Related to the
cover time, is another major topic on random walks, Avin et al. [5] investigated the cover time of a simple
random walk on dynamic undirected graphs, which edges are inserted or deleted for every step. They gave
an upper and lower bound for the cover time of a dynamic undirected graph. Then, they proved that the
cover time for the simple random walk on the Bernoulli evolving graph satisfies O(n> log n), the maximum
hitting time for the simple random walk on the Bernoulli evolving graph satisfies O(n?) and the cover time
for the simple random walk on d-regular evolving graph satisfies O(d?n?log? n). In 2018, Avin et al. [6]
investigated the cover time and the mixing time of simple random walks on dynamic undirected graphs.
They gave the mixing time of a lazy random walk on dynamic undirected graphs on the assumption that
there is a unique stationary distribution and extended the previous work [5] by focusing on the maximum
value of the degree in the dynamic graphs. Then, they gave a bound for the cover time, hitting time, and
mixing time of a special case, such as the Bernoulli evolving graph and d-regular dynamic graphs. Cooper
and Frieze [11] investigated the covering rate of a random walk on the “web-graph” model, where the graph
grows at a constant speed. Kijima et al. [31] introduced the RWoGG model, where the growing (inverse)
speed of a graph is parameterized by 0: Z>¢ — Z>(, and they investigated its covering rate.

1.2 Objective, contribution and result of this paper

This paper is concerned with a specific model of random walks on growing graphs (RWoGG) [31]. The
network gradually grows such that the growing network keeps its shape G(n) for d(n) steps, then changes
the shape to G(n + 1) by adding some vertices to G(n) (see Section 2.2 for detail), and gives a phase
transition by the growing speed regarding a random walk being recurrent/transient. The phase transition is
very similar to or essentially the same as [16, 27], while this paper contains mainly six contributions.

In the first of this paper, we show the fact that a simple random walk on an infinitely growing complete



k-ary tree can be recurrent depending on the growing speed of the tree, while a simple random walk on
an infinite k-ary tree is transient (see [38]). Then, we show a phase transition between the recurrence and
transience of a random walk on a growing complete k-ary tree, regarding the growing speed of the graph (see
Section 4, ). For proof, this work develops the notion of less-homesick as graph growing (LHaGG), which is
a quite natural property of RWoGG, and gives a simple proof by a coupling argument, which is an elementary
technique of random walks or Markov chains based on a comparison method. This work employs a coupling
argument while the existing works are based on Cheeger constant, evolving sets, Brownian motion, and a
central limit theorem. Since the coupling technique is relatively simple, we can drop three assumptions
in the previous works, namely a random walk being lazy, growing speed being slow, and a growing graph
having a uniformly bounded, which is naturally required in the Cheeger constant argument to make the
arguments simple; this is the first contribution. Furthermore, this paper is mainly concerned with reversible
random walks of period 2, which contains simple random walks on undirected bipartite graphs; this is the
second contribution. We show sufficient conditions for an LHaGG RWoGG to be recurrent (Lemma. 3.2)
or transient (Lemma. 3.4). Then, we apply LHaGG lemmas to growing a complete k-ary tree and give the
threshold "7 | 9(k)p(k) = oo of the phase transition (Theorem 4.2), where p(k) denote an even stationary
distribution of 0 € G(k). We also show some other examples of the phase transition, including as a random
walk on {0, 1}" with infinitely growing n (see Section 6). This growing graph is not uniformly bounded
degree since the degree of a vertex is O(n). Then, we get the threshold > ;2 , 9(k)p(k) = oo of the phase
transition (Theorem 6.1). Additionally, to claim that we apply LHaGG theory to a lazy random walk and
compare my result and the prior work [16], we investigate a random walk on a growing box (see Section 5).
Then, we have the threshold of the phase transition (Theorem 5.1).

However, the coupling technique is not simply applicable to a % - lazy random walk on {0,..., N}
with an increasing n (and a fixed N). As a result, we introduce a weakly less-homesick as graph growing
(weakly LHaGG), which is an extension of LHaGG and a natural property of RWoGG. It is difficult for
us to prove that this growing graph satisfies weakly LHaGG using the LHaGG coupling technique. As a
result, to use weakly LHaGG, we introduce the new coupling technique (write pausing coupling), which is
based on the coupling technique [22]. Our coupling techniques compare the two growing graphs with the
different growing speeds. For this reason, we can apply the coupling technique of [22] to another growing
graph such as a lazy random walk on {0, ..., N}" with increasing n, growing spider tree, and random
tree. In particular, a lazy random walk on {0, ..., N}" with increasing n has a cycle and does not use
a tree property; this is the third contribution. Additionally, we also show an example of random walk on
{0,..., N}"™ with increasing n, where the (maximum) degree of the dynamic graph, that is n, infinitely
grows; this is the fourth contribution. In the middle of this paper, we show sufficient conditions for a weakly
LHaGG RWoGG to be recurrent (Theorem. 7.3) or transient (Theorem. 7.8). Then, we apply weakly LHaGG
theorems to {0, ..., N}" with increasing n and give the threshold >"7>, 9(k)/(2N)* = oo of the phase
transition (Theorem 8.1). Additionally, we cover the other application examples of weakly LHaGG such
as random walks on growing spider trees and random trees. A growing spider tree is a distinctive example
since each vertex has a different condition for recurrence and transience. In detail, the root r is always
recurrent (Theorem 9.1). But the adjacent vertex to r (write v1) has the threshold > ;7 9(k)7i(1) = oo
of the phase transition (Theorem 9.3), where 7 (1) be an even stationary distribution of v; in G(k). It is
interesting to obtain the sufficient condition for recurrence and transience of a random walk on a growing
random tree since these growing graphs are the generalization of a growing complete k - ary tree. Then,
we give the sufficient condition for recurrence, if lim,, o p(n) > j_; 9(n) = oo holds, then the root r is
recurrent (Theorem 9.10). We cannot give the threshold of recurrence and transience since random trees
cannot be regarded as another graph that satisfies the assumption of general theorems for mixing time.

In the last of this paper, we analyze a recurrence and transience from a slightly different point of view.
We discuss the recurrence and transience of a random walk on a growing added box (see Section 10). This
growing graph is a characteristic example in which the growth occurs at the internal node and edge. This

n



implies that a coupling argument and graph growing in the internals are not compatible since the monotone
logic is easy to drop. This implies that it is not necessarily that we can get the threshold of recurrence and
transience by using the same approach as complete k -ary tree and {0, ..., N}". However, it is possible
to break through this problem by using an extension of the Dembo coupling technique [16] and LHaGG;
this is the fifth contribution. Then, we obtain the threshold > ;2 , 9(k)p(k) = oo of the phase transition.
Finally, we discuss the condition for a null recurrence and positive recurrence of a random walk on a growing
complete graph (see Section 11). It is known that a random walk on the infinite region (such as an infinite
tree and Z3) is transient and a finite region (such as a finite tree and boxes) is recurrent, that is the motivation
for studying the recurrence and transience of random walks on growing graphs. This is true for the first
return time of growing graphs. Although we can construct the assumption that depends on growing speed, it
is difficult to evaluate the expectation of the first return time since the estimation of the first return probability
on a growing graph is hard. For this reason, we consider a random walk on a growing complete graph since it
is easy to get the first return probability and we can utilize LHaGG. Then, we obtain the sufficient condition
for a null recurrence and positive recurrence by the LHaGG coupling technique such that if 9(n) = 1 for
any n > 1 then the origin vertex is null recurrent if 9(n) > 1 for any n > 1 then the origin vertex is positive
recurrent (Theorem 11); this is the sixth contribution.

While the coupling technique is relatively easy, it often selects the applicable target. The results by
[16, 27] are widely applied to the general setting as far as it satisfies appropriate assumptions, while our
result is limited to specific targets. Such an argument about conductance and coupling seems known as an
implicit knowledge in the literature of mixing time analysis, cf. [36, 25, 46, 47]. However, we emphasize
that the coupling technique often gives easy proof of interesting phenomena, as this paper shows.

1.3 Organization

As a preliminary, we describe the model of random walks on growing graphs (RWoGG) in Section 2.2.
Section 3 introduces the notion of less homesickness as graph growing (LHaGG), and presents some general
theorems for sufficient conditions of a RWoGG being recurrent/transient. Section 4 shows a phase transition
between the recurrence and transience of a random walk on a growing k-ary tree. Section 5 shows the
sufficient condition for the recurrence and transience of a lazy random walk on a growing box. Section 6
shows a phase transition for a random walk on {0, 1}" with an increasing n. Section 7 introduces the notion
of weakly LHaGG, and presents some general theorems for sufficient conditions that a weakly LHaGG
RWOoGG is recurrent/transient. Section 8 shows a phase transition between the recurrence and transience of
alazy simple random walk on {0, . . ., N }" with an increasing n. Section 9 gives a sufficient condition of the
recurrence and transience of a random walk on a growing spider tree and a random tree by weakly LHaGG.
Section 10 shows a phase transition between recurrence and transience of a random walk on growing added
boxes. Section 11 shows a phase transition between null recurrence and positive recurrence of a random
walk on a growing complete graph.

2 Preliminaries

2.1 Terminology
In this section, we introduce the terminology of this thesis, following [1], [26], [39], [40] and [52].
Markov chain, transition probability and stationary distribution A sequence of random variables

(Xo, X1,...) is a Markov chain with a countable state space V and transition probability matrix P :
(V,V) = [0,1]ifforall z,y € V,all t > 1, and all events H;_; = ﬂi;% {Xs = z,} satisfying Pr(H;_1 N



{X¢ =z}) > 0, we have
Pr[X;11 = y|Hi 1 N{X; = x}] = Pr (X1 = y| Xy = 2] = P(z,y).

An expectation of a random variable X (denoted by E(X)) is defined by E(X) := > 2 Pr(X >t]. A
probability distribution 7 on a finite state space V' is a stationary distribution if it satisfies ) _,, 7m(v) =1
and ), m(u)P(u,v) = m(v). A random walk is reversible if there exists a positive function p: V' —
R~ such that

p(u)Pu,v) = p(v) P(v, u) (2)

hold for all u, v € V. We call the equation (2) a detailed balance equation. By the detailed balance equation,
we get the following proposition.

Proposition 2.1 ([39]). Let P be the transition matrix of a Markov chain with state space V. Any distribution
w satisfying (2) is a stationary distribution for P.
Proof. By summing the left-hand side of (2), we get

S nw)Plu,v) = 3 pw) P(v,u) = (o),

ueV ueV

and hence the distribution p satisfies the definition of the stationary distribution. O

A transition matrix P is irreducible if Yu,v € V, 3t > 0, (P')(u,v) > 0. The period of P is given by
period(P) = min,ey ged{t > 0 : (P*)(v,v) > 0}. It is well known that gcd{t > 0 : (P*)(v,v) > 0} is
common for any v € V if P is irreducible. If period(P) = 1 then P is said to be aperiodic. By using an
irreducible and aperiodic, we get the following propositions.

Proposition 2.2 ([26], [39]). Let P be a transition matrix of an irreducible and aperiodic Markov chain on
a finite space V. There exists at least one stationary distribution .

Proof. Let X, be arandom variable with P. Let @ (y) := Y oo Pr[X; = y, 757 > t| X = 2], where 71 :=
min {t > 1; X; = z}. Then, we get

Z w(x)P(z,y) = Z ZPr [Xy ==, 7 > t|Xo = 2] P(z,y)
eV zeV t=0

[o¢]
Pr [Xt-i-l =y, Tj zt—l-l‘XO:z] :ZPr [Xt:y, Tj zt}Xo :z]
t=1

o

~+
Il
(=)

=-Pr[Xo=y 7 20|Xg=2]+> Pr[X; =y, r >t|Xy=2]
t=0

o0
= —Pr [ony, T 20|X0:z] +2Pr [Xt:y, Tj >t‘X0:z}

=0
oo
—I—ZPr [Xt =y, 7 = t|X0 = z]
t=0
— —Pr[Xo = y|Xo = 2] + 7(y) + Pr | X+ = y‘Xo = 2] 3)

fory e V.Ify # z,then 3) = -0+ 7(y) + 0 = 7(y) holds fory € V' \ {z}.
If y = 2, then (3) = —1 4 @(y) + 1 = @(y) holds. Therefore, we obtain )y, 7(u)P(u,v) = 7(v).
Since Y, oy T(u) = Yo7y Pr(r > t|Xo = 2] = E. []] hold, we give >, oy, 7(u)P(u,v) = 7(v) and

> uev T(u), where 7(v) = % Therefore, we obtain the claim. O

10



Proposition 2.3 ([26], [39]). Let P be a transition matrix of an irreducible and aperiodic Markov chain

on V. There exists an unique stationary distribution 7 satisfying 7w(z) = B (1T+) for any z, where T} :=
z z

min{t > 1; Z; = z} and Z; is a random walk on V according to P.

Proof. Let w and 7’ respectively be a stationary distribution for P. We must prove that 7 = 7/. We get
|7" = 7|lrv = [|7'P* — 7||rv < sup, |[|uP" — 7|7y = d(t) by 7' P* = «’ and Proposition 2.8. Since

P is an irreducible and aperiodic, we have limy_, || — 7||7y = ||7" — 7||rv < limyoo d(t) = O by
Proposition 2.11. Therefore, 7 = 7’.
By Proposition 2.2, w(z) = ﬁ holds for any z € V. Thus, we obtain the claim. O

Total variation distance and coupling To evaluate a return probability, we consider the total variation
distance. The fotal variation distance between p and v is defined by

= vllry o= 5 3 n(w) — v(@)]

zeV

By total variation distance, we get the following propositions.

Proposition 2.4 ([26], [39], [52]). Let i and v be two probability distributions on V. Then, we get
— = A) —v(A)].
I = vlirv = max |u(A) — v(A)

Proof. Let B :={z €V ; p(x) > v(z)}. Then,

5 ) — vl@)] = 3 [u(B) — v(B) + v(B) — u(B)] @
zeV

p(A) ~ v(A) < u(AN B) ~ v (AN B) < u(B) ~ v(B) ©

V(A) — n(A) < v (AN BY) — (AN BY) < u(B°) — pu(B°) ©

hold for any A C V. This means that maxacy |u(A) — v(A4)| = max {u(B) — v(B),v(B°) — u(B)}
Since

u(B) + (B = 1
v(B)+v(B°) =1

hold for any two probability distribution p and v on V', we have
1(B) = v(B) = v(B%) — u(B°).

Then, we obtain (4) = u(B) — v(B) = v(B¢) — u(B¢) = maxacv |(A) — v(A)|. Thus, we obtain the
claim. t

Proposition 2.5 ([26], [39]). Let u, v and 1 be probability distributions on V. We obtain

[l —vllrv < |l =nllev +[n —v||rv.

Proof. By triangle inequality, we obtain

53 ) — vl = 5 3 () — n(a) + n(x) — wia)|

zeV zeV

< % > lul@) = ()| + % 2 nw) = v}l = llp = nllzy +lln = vllzv.
zEV eV

11



To discuss a total variation distance, we focus on the coupling. A coupling of two probability distri-
butions p and v is a pair of random variables (X,Y") defined on a single probability space such that the
marginal distribution of X is x and the marginal distribution of Y is v. That is, a coupling (X, Y") satisfies
P{X =z} = p(x) and P{Y =y} = v(y). By using the coupling, we obtain the following.

Proposition 2.6 ([26], [39], [52]). Let p and v be two probability distributions on V. Then,
llw—v||lry =inf {P{X #Y} ; (X,Y) isacoupling of pand v } . @)
Proof. First, we note that for any coupling (X,Y") of y and v and any event A C V,
pw(A) —v(A)=P{X € A} — P{Y € A}
<P{XeAY ¢A}
<P{X¢Y}.
It immediately follows that
l|w —v|lry <inf{P{X #Y} ; (X,Y)isacouplingof pand v }.

It will suffice to construct a coupling for which P {X # Y} is exactly equal || — v||7y. We will do so
by forcing X and Y to be equal as often as they possibly can be. Let B := {z € V'; pu(x) > v(x)} Re-
gion I has area ;(B) — v(B). Region II has area v(B¢) — p(B€). Region III, bounded by p(z) A v(z) =
min {p(z), v(z)}, can be seen as the overlap between the two distributions. Informally, our coupling pro-
ceeds by choosing a point in the union of regions I and III, and setting X to be the z-coordinate of this point.
If the point is in III, we set Y = X and if it is in I, then we choose independently a point at random from
region II, and set Y to be the x-coordinate of the newly selected point. In the second scenario, X =Y,
since the two regions are disjoint. More formally, we use the following procedure to general X and Y. Let

pi= 3 u(@) Av(a).

zeV
Write
S ) Avie)= S )+ v(x).
z€V zeV,u(z)<v(z) zeV,u(z)>v(z)

Adding and subtracting 3. 2)>u() p(x) to the right-hand side above shows that

Su@av@)=1- 3 [u) - vi)).

zeV zeVu(z)>v(x)

Since er‘/’,p(x)>u(m) [,U,(l') - V(.Zl:‘)] = H:u - VHTV’ we give
Y u@) Av(@) =1~ |lu—vliry =p.
z€V

Flip a coin with probability of heads equal to p. (i) If the coin comes up heads, then choose a value Z
according to the probability distribution

() = p(z) 2 V(x)’

12



andset X =Y = Z.

(ii) If the coin comes up tails, choose X according to the probability distribution

plz)—v(z) e >
'YI(w) = {HNVHTV if p(z) > v(z),

®)
0 otherwise,
and independently choose Y according to the probability distribution

vie)—p@) v(z) > p(z),
() = {(I)u—wv

Note that 41 and vy are probability distributions.
Clearly,

&)
otherwise.

pyr + (L= p)y = w,
py+ (L= p)yp = v,
so that the distribution of X is y and the distribution of Y is v. Note that in the case that the coin lands tails
up, X # Y since 71 and vy are positive on disjoint subsets of V. Thus X = Y if and only if the coin toss
is heads. We conclude that

P{X#Y}=|u—vllrv.

O
In particular, let d(t) and d(t) respectively denote d(t) := maxgey ||P!(
maxg yey |[P(z, ) -

cl X, ) — 7THTV and E(t)
Pi(y,)||rv. d(t) and d(t) satisfy the following propositions

Proposition 2.7 ([26], [39], [52]). Suppose P is irreducible and aperiodic. d(t) and d(t) satisfy

d(t) < d(t) < 2d(t).
Proof. Using Proposition 2.5, we get

1P (z,) = Py, lrv < ||P'(=,)

=7y + 117 () = Py, )llrv
d(t) < H%%/XHPt(x, N —

7()llrv +max|[P(y, ) = 7()llrv = 2d(7).
Therefore, d(t) < 2d(t) holds.

d(t
Since 7T(A) > pey (@) Pt(x, A), we obtain

P! (2, A) = m(A)| = | ) w(@) [Pz, A) = Py, A)]

zeV

<Z (z)|| P! (z, A) —

Py, A)||rv < d(t).
zeV

Therefore, d(t) < d(t) holds, and hence we obtain the claim

]
Proposition 2.8 ([39]). d(t) and d(t) satisfy

d(t) = sup||uP* —7[|rv
o

E(t) = sup HuPt — l/PtHTv,
wv

where p and v vary over probability distributions on V.

13



Proof. By the definition of the total variation distance, we get

P!~ allry = 5 3 uP'(w) — 7(v)

veV
= SIS u@) P 0) — 3 ey (o)]
veV zeV zeV
< LY @) P ) 7o)
veV xzeV
1
=3 nl@)y S IP (@ v) 7o)
zeV veV
=Y pw@)||P () = 7llrv
zeV
< Pl (z,-) — Pty ) —
max|| ) = llrv Y plw) = max|[P'(z, ) = 7llry

zeV

for any . Therefore, we have

sup HuPt — 7|y < maxHPt(w, ) = 7|y = d(t).
m zeV

The opposite inequality holds, since the set of probabilities on V' includes the point masses.
Similarly, if o and (8 are two probabilities on V', we give

1
laP" — BP||ry = B > laPi(z) = ) Blw)Pl(w,2)

zeV weV
:%Z ZB( YaP!(z ZB VP (w, 2)
zeV lweV weV
<z Z > Bw)|aP(z) - Plw, 2)]
zGVwEV
:Zﬂ Z]aPt — PY(w, 2)|
weV zEV
=Y B)llaP’ = P'(w,")|lrv
weV

< Pt — Ptw. - _ Pt ptw.. ‘
< max|[o (w, Nlrv D Bw) max ||o (w, )l

weV

Thus, applying (11) to a = p and 8 = v gives that
HMPL—vPWhVngg}HuPt—fﬁQhJHTV-

Applying (11) to a = 9, where §,(z) = 17,_,1, and 5 = p shows that
y y {z=y}
1P*(y,-) — uPllrv < gleagllpt(y, ) = P, )|l

Combining (12) and (13) shows that

sup [|uP" —vP'|rv < max ||PY(z,) = Py, )llrv = d(?).
v )

The opposite inequality also holds, and hence we obtain the claim.

14
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Proposition 2.9 ([39], [52]). Let P be the transition matrix of a Markov chain with state space V and let 11
and v be any two distributions on V. We can prove that

[|uP —vP||lry < ||lp—vl|Tv,

and hence d(t + 1) < d(t) and d(t + 1) < d(t) hold for any t > 0.

Proof. By the definition of the total variation distance, we get

P~ vPllry = 3 3 InP(x) — vP(a)|
zeV

- é > u)Py,z) = > v(y)Py,x)

z€V |yev yev

_ % > Ply,z)[uly) - v(y)]

zeV |yeV

% S Ply,2)luy) - v(y)|

zeV yeV

= % Y luly) vy Y Py,

yev zeV

:*Z\M y)| = [l —vllrv.

yev

IN

Thus, we obtain the claim. O]

Proposition 2.10 ([39], [52]). Suppose P is irreducible and aperiodic. d(t) satisfies

d(s+t) < d(t)d(s).
Proof. Let Xog = x and Yy = y. By Proposition 2.6, there exist a coupling of Xy ¢ and Y;; such that
Pr{X; # Yi} =|P"(z,) = P'(y,)llv.

We then construct a coupling of X;;s and Y;1, as follows: (i) If Xy = Y; then set X¢y; = Y;y; for
1=20,1,...,s. (i) Otherwise, let X; = 2’ and Y; = 3/ # 2’. Use Proposition 2.6 to couple the distributions
of X¢4s and Yz, conditioned on X; = 2’ and Y; = 3/, such that

Pr[Xiys # Yias| Xy =2/ Vi =] = [|P*(z,-) = P*(y,)||rv < d(s).
The last inequality holds by the definition of d(s). We now have

[P (@, ) = P(y, )l lrv < Pri{Xes # Yirs}
< d(s)[|P'(z,-) = P!y, )l|rv
< d(s)d(t).

Since this holds for all z and y, we get d(s +t) < d(s)d(t). O

Proposition 2.11 ([26], [39], [52]). Suppose P is irreducible and aperiodic. We have lim;_, . d(t) = 0.

15



To prove Proposition 2.11, we must prove Proposition 2.12.

Proposition 2.12 ([26], [39], [52]). Suppose P is irreducible and aperiodic. There is a finite t such that
d(t) < 1 holds.

Proof. By assumption, there exists ¢o such that Pt(x,y) > 0 for any z,y € V and t > to. Meaning that
d(tg) < 1, and hence the proposition follows. O

Proof of Proposition 2.11. Fix s, s’ € N. By Proposition 2.7, 2.9, 2.10 and 2.12, we give

din+s')<d(n+s")  (ByProposition 2.7)
<d( ng s+s) (By Proposition 2.9)
< d(s")d( ng s)  (By Proposition 2.10)
< d(s")d(s)L5!

By Proposition 2.12, there exist a finite s such that d(s) < 1. Meaning that we have

lim d(t) = lim d(n +s") <d(s') lim E(S)L%J =0.

t—o0 n—o00 n—00

Thus, we obtain the claim. O

Graph and tree In this paragraph, we introduce the terminology of graphs and trees. A graph G =
(V, E)) consists of a vertex set V' and edge set E, where the elements of E are unordered pairs of vertices:
E c {{z,y} ; v,y € V,x #y}. When {z,y} € E, we write x ~ y and say that y is a neighbor of z
(and also that z is a neighbor of y). The degree of a vertex x € V deg(x) is the number of neighbors of
x. More precisely, we defined by deg(z) := [{y; = ~y}|. A graph G = (V, E) is connected when, for
two vertices « and y of G, there exists a sequence of vertices xg, x1, . . ., T} such that xg = x, 2, = y and
{zi,xiy1} € Efor0 < i < k—1. AgraphT = (V,E) is a tree if T does not contain a cycle and is
connected. A leafis a vertex of degree 1 in the tree. We define a simple random walk on G to be the Markov
chain with a state space V' and transition matrix

1 .

—— ify~uzx

P(z,y) = { dee@) (14)
(@9) {0 otherwise.

Mixing time In this paragraph, we introduce the mixing time and coupling. The mixing time of P is
given by

7(e) :=min{t ; t € Z>o, d(t) < €} (15)
fore € (0,1).
Remark 2.13 ([39], [52]). Let m, be a stationary distributionono € V. Ift > 7 (%) then

To

d(t) < 2d (T (%)) <3 (16)

holds.
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Proof. For convenience, set t = 7(Z2) + s for s > 0. It is known that d(t) < d(t) (Proposition 2.7). By
the submultiplicativity of d (Proposition 2.10 [39]), d(¢) < d (7(%)) d(s) holds. Since d(s) < 1 clearly,
d (7(Z2))d(s) < d(7(%)) holds. Since d(t') < 2d(t') by Proposition 2.7, d (7(%)) < 2d (7(%)). Since
d (T(%2)) < Ze by definition, we obtain d(t) < Tp. O

7(€) satisfies the following Lemma.

Lemma 2.14 ([39], [52]). Suppose P is irreducible and aperiodic. The mixing time 7(€) satisfies

() < Mo 7 7).

Proof. By Proposition 2.7 and 2.10, we get

dir(p) <dur() < drQ) < (2ar()) <27

1

By ! =logy €™, we provide d (10g2 6_17'(%)) < e. Therefore, we obtain the claim. O

Theorem 2.15 ([39], [52]). Let {(X4, Yt)}tzo be a coupling satisfying
if Xs =Ysthen Xy =Y, fort > s
forwhich Xo = x and Yy = y. Let Tooypie be the coalescence time of the chains:
Teouple = min{t ; Xy =Y, forall s > t}.

Suppose X, and Y, are irreducible and aperiodic. Then

d(t) S Px,y {Tcouple > t} .
Proof. Notice that P!(z, 2) = P, {X; = 2} and P'(y, 2) = P, {Y; = z}. Proposition 2.6 implies that
1P*(x,) = P(y, )7y < Poy {Xe # Y3}

By the definition of the coupling of X and Y, P, , {X; # Y;} = Py y {Tcoupte > t} holds. Therefore, we
obtain the claim. O

Corollary 2.16 ([39], [52]). Suppose P is irreducible and aperiodic. d(t) satisfies

d(t) < Dyex Poy {Teoupte > 1},

and hence we get

T(E) S 4HOg2 671—| H%ZZX Eclf,y (Tcouple) .
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2.2 Model : growing graph

A growing graph is a sequence of (static) graphs G = Go, G1,Ga, ... where G, = (Vy, &) fort = 0,1,2, ...
denotes a graph? with a finite vertex set V; and an edge set & C (Zt) For simplicity, this paper assumes>
Vi C Viy1. In this paper, we assume |Voo| = 00, otherwise the subject (recurrence) is trivial. A random
walk on a growing graph is a Markovian series X; € V; (t =0,1,2,...).

In particular, this paper is concerned with a specific model, described as follows, cf. [31]. A random
walk on a growing graph (RWoGG), in this paper, is formally characterized by a 3-tuple of functions D =
(0,G, P). The function d: Z~g — Z>( denotes the duration. For convenience, let 79 = > "  d(4)
forn = 1,2,...* and T = 0. We call the time interval [T°_;,T?] phase n forn = 1,2,...; thus
= Z?:_ll 0(1) is the beginning of the n-th phase, but we also say that 7)0_, is the end of the (n — 1)-
st phase, for convenience. The function G: Z~o — & represents the graph G(n) = (V(n), E(n)) for
the phase n, where & denotes the set of all (static) graphs, i.e., our growing graph G satisfies G; = G(n)
for t € [T?_,,T°). Similarly, the function P: Z~o — 9 is a function that represents the “transition
probability” of a random walk on graph G(n) where 9t denotes the set of all stochastic matrices.

A RWoGG X, (t = 0,1,2,...) characterized by D, = (9, G, P) is temporally a time-homogeneous
finite Markov chain according to P(n) with the state space V (n) during the time interval [T?_,, T?]; pre-
cisely, a transition from X; to X1 follows P(n) for any ¢t € [T2_,,T?) (see Figure 1). We specially
remark for ¢t = T that X; € V(n) C V(n + 1), meaning that X; is a state of V' (n + 1) but actually X;
must be in V' (n) by the definition of the transition. Suppose Xy = v for v € V/(1).

4o 6(2) 6(3)
P P(2) » P(3)
—> <+ > <+ > <« _¢—> 47¢: 47¢4> <« »
0 1 » 0 1 2 0 1 2 3
(1) | 3(2) | 3(3) |
| | ] | >
0 Shor0(k) T 0k) ORI

Figure 1: Random walks on growing graphs

We define the return probability at v by

Ry(t) = Pr[X; =v] (=Pr[Xy =v | Xo =0]) (17)
ateach time ¢t = 0,1,2,.... We say v is recurrent by RWoGG D, = (0, G, P) if
o
D Ry(t) =0 (18)
t=1

holds, otherwise, i.e., Y .o, Ry(t) is finite, v is transient by D,. Furthermore, suppose v is recurrent by
RWoGG D, = (0, G, P). We call v is null recurrent if

Eyfr] = oo (19)

v

holds, otherwise, i.e., E,[7,"] is finite, v is positive recurrent by Dj.

2Every static graph is simple and undirected in this paper, for simplicity of the arguments.
3Thus, the current position does not disappear in the next step.
*We do not exclude 70, = T7;if o(n) = O then T}, = T,.
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2.3 Terminology on time-homogeneous Markov chains

We here briefly introduce some terminology for random walks on static graphs, or time-homogeneous
Markov chains, according to [39].

Ergodic random walks A transition matrix P is ergodic if it is irreducible and aperiodic. We say a
random walk is (y-)lazy if P(v,v) > ~ holds for any v € V for a constant v (0 < v < 1). A lazy random
walk is aperiodic.

Proposition 2.17 ([39]). If P is irreducible, reversible and % - lazy then m(v) < P (v,v) < P'(v,v) for
anyt=0,1,2,...

Proof. Define () = 2P — I. Enlarge the state space by adding a new state m, = m,,. for each pair of state
x,y € V with Q(x,y) > 0.
On the larger state space Vi define a transition matrix K by

K(xam:ny) = Q(z,y) forz,y eV
K(mmyaw) = K(mxya y) for x 7é Yy
K(mgz,z) =1 for all z

other transitions having K - probability 0. Then K is reversible with stationary measure 7wy given by
m(z)

T (x) = =~ forz € V and
m(@)Q(z,y) ifz#y
T (Mgy) = 20
(may) {Tr(az) Q(g’y) ifz=y. (20)
Clearly K2(z,y) = P(x,y) forz,y € V, so K*'(x,y) = P!(z,y). Applying K to Proposition 2.21,
Pl(v,v) > P (w,0) > ... > n(v)
foranyv € Vandt =0,1,2, ..., and hence we obtain the claim. O

2.4 Random walk with period 2

A simple random walk (or “busy” simple random walk) on an undirected graph G = (V| E) is given by
P(u,v) = 1/deg(u) for {u,v} € E where deg(u) denotes the degree of u € V on G. This paper is mainly
concerned with bipartite graphs, such as trees, integer grids, and 0-1 hypercubes, and then the most targeted
random walks are irreducible and reversible, but not aperiodic.

Observation 2.18. If P is reversible then its period is at most 2.

Suppose P is irreducible and reversible, and it has period 2. Then, the underlying graph is a connected
bipartite (U, U; E), where U = {u € V ; 3t', P?* (v,u) # 0} forany v € U, U = {u ; Vt, P*(v,u) =
0},ie., U=V \U,and E = {{u,v} € V?; P(u,v) > 0}. Notice that E' does not contain any self-loop,
otherwise, P is aperiodic. Let E = {{u,v} € U%; P2(u,v) > 0}

Proposition 2.19 ([39]). A random walk on (U, E) with the transition probability matrix Q(u,v) = P%(u,v)
for any u,v € U satisfies irreducible and aperiodic.

Proof. By the definition of U, there exists an integer ¢ (with respected to « and v) such that P2 (u,v) =
Q'(u,v) > 0 for any u,v € U. Therefore, a random walk on (U, E) with the transition probability matrix
@ is irreducible.
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Since P is irreducible and it has period 2, there exists a vertex y such that P(x,y)P(y,z) > 0 for any
x € V. This implies that, for any u € U, there exists a v € U such that P?(u,u) > P(u,v)P(v,u) > 0.
Therefore, Q(u,u) > 0 holds, and hence a random walk on (U, E) with the transition probability matrix Q
is aperiodic. O

Here, we introduce some unfamiliar terminology for periodic Markov chains. We say & € R‘;O is even-
time distribution if it satisfies >, i, @(v) = 1 and &(u) = 0 for any u € U. We say 7 € Rgo is even-time
stationary distribution if it is an even-time distribution and satisfies 7 P? = 7.

Proposition 2.20 (limit distribution). Suppose P is irreducible and reversible, and it has period 2. Then, P
has an unique even-time stationary distribution 7, and lim,_,~, £ P = 7 for any even-time distribution .

Proof. Let 7 be a stationary distribution according to P. Consider a random walk on (U, E) which has the
transition probability matrix Q(u,v) = P?(u,v) for any u,v € U. By Proposition 2.3 and Proposition 2.19,
there exists a unique stationary distribution 7 such that 7 = 7Q). Let 7’ denote

7' (u) = () 1)

0 (ifu e U)
(if u € U).

vEUﬂ—(’U)
Since Y, m(z)P?(z,y) = w(y) forany y € U, Y.,y 7' (z)P?*(2,y) = 7'(y) holds for any y € U.

Therefore,

> #(w)Qu,v) = #(v)and > #(u) =1

uelU uelU

hold for any v € U, where 7(u) = ZW% O

velU TI’(U)

By Proposition 2.19 and 2.20, we get the following corollaries.

Corollary 2.21. Let X; denote a random walk on (U, E) with the transition probability matrix ). Then, we
can apply X to Proposition 2.1 — Corollary 2.16

Corollary 2.22. Suppose P is irreducible, a simple random walk on a bipartite graph G = (V, E) and

period 2. Then, 7(u) = de|gE(|") holds.

Proof. By Proposition 2.20, we provide

s {o (ifu e ) )
)= deg(u) :
Zue(deg(v) (ifu € U).

By assumption, the all edges {x,y} € E satisfy z € U andy € U, orz € U and y € U. Therefore,

> deg(v) =|{(x,y) eE; €U,y T}

velU
holds. Furthermore, we get

{(@y)eE;2eUyclUt|=|{yx)eE;yclUzelU}|=|E]

Thus, we obtain 7 (u) = dng(rL). O
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We define the even mixing-time of P by
7(€) = min {Qt’ ; t' € Zso, mag[(HPZt,(u, ) =7y < e} (23)
ue

for e € (0,1). We remark that the even mixing-time of P is equal to the twice of the mixing time of P?[U],
where P2[U] denotes the submatrix of P induced by U. Thus, we can use some standard arguments, e.g.,
coupling technique, about the even mixing time of P. Finally, we remark on a proposition, that plays a key
role in our analysis.

Proposition 2.23 ([39]). If P is reversible then 7w(v) < P?*2(v,v) < P¥(v,v) foranyt =0,1,2,. ...
Proof. Since P?'*2(x,z) = Zy,zex Pt(z,y)P%(y, 2) P!(z, ), we have
m(x) P (z,2) = > Py, x)m(y) P2y, 2) Pl (z,2) = D ¢(y, 2)¢(2,y),
Y2EX Y2EX

where ¥ (y, 2) = P(y, x)\/7(y)P2(y, z). By Cauchy-Schwarz, we obtain

D )e(zy) < D b2 = Y [Py, ) r(y)

Y,2EX Y,2EX Y,2EX
= > [P'y,= =Y Pl(y,2)n(y)P'(y,z)
Y,2€EX YEX
=Y Pl(y,2)n(z)P'(x,y) = n(x) P* (2, ).
YyEX

Therefore, P?*2(z, 2) < P?(z,x) holds for any ¢ > 1. This means that we have

P(z,x) > P2 (z,2) > ... > lim P*(z,2) = 7(z).

t—o00

2.5 Coupon collector

To prove the mixing time of random walk on {0, 1}", we consider the coupon collector (This section follows
[39]). “A company issues n different types of coupons. A collector desires a complete set. We suppose each
coupon he acquires is equally likely to be each of the n types. How many coupons must he obtain so that
his collection contains all n types? * Let X; denote the number of collecting coupons at time ¢. Suppose
that X; = k. There exists a n — k type of coupon which does not get yet. This implies

n—=k
n

Pr [Xt—i-l =k+ HXt = k] =

Pr [Xt_|_1 = k’Xt = k]

B\PT

The time of collecting an all coupon is the same as the time ¢ which satisfies X; = n. Therefore, we consider
the time ¢ which X; = n.

Proposition 2.24 ([39], [52]). Let 7 := min {t ; X; = n}. Then
[7] = nzn: 1 = O(nlogn)
k
k=1
holds for any n > 1.
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Proof. This proof follows [39]. Let 73, be the time at which the collector gets k difference coupon. Then

T=Tp=m1+(—71)+ ...+ (T — Tn-1)

holds. Furthermore, 7, — 75— is a geometric random variable with success probability ”‘T’“H: after col-

lecting 71 coupons, there are n — k + 1 types missing from the collection. Each subsequent coupon drawn
has the same probablhty n= k+1 of being a type not already collected, until a new type is finally drawn. Thus
E(Tk—kal) n—k+1 and

ZE k_Tkl_nZn—kH-l Z

k=1

= O(nlogn),

?r'\}—‘

where 79 = 0. Thus, we obtain the claim. ]

3 Analytical Framework: LHaGG

This section introduces the notion of less homesickness as graph growing (LHaGG), and presents general
theorems (Lemmas 3.2 and 3.4) describing some sufficient conditions for an RWoGG to be recurrent or
transient. See the following sections for specific RWoGGs, namely, a random walk on a growing k-ary tree
in Section 4, a random walk on a growing box in Section 5, a random walk on {0, 1}" hypercube skeleton
with increasing n in Section 6, etc.

3.1 Less-homesick as graph growing

Let D = (f,G,P) and D' = (f',G’, P') be RWoGG, and let R(t) and R'(t) respectively denote their
return probabilities to respective initial vertices at time ¢ = 1,2,.... We say D is less-homesick than
D' = (f,G, P)attimetif R(t) < R/(t) holds.

In particular, this paper is mainly concerned with the less-homesick relationship between Dy = (f, G, P)
and Dy = (g, G, P) with the same P, G and the initial vertex v. We say (-, G, P) is less-homesick as graph
growing (LHaGG)’ if D, = (g, G, P) is less-homesick than for any Dy = (f, G, P) satisfying that

Z fi) > Z g(3) (24)

for any n € Z~(. The condition (24) intuitively implies that the graph in D, grows faster than D;. For
instance, we will prove that the simple random walk on growing k-regular tree is LHaGG, in Section 4.

Lemma 3.1. Suppose RWoGG (-, G, P) is LHaGG. Let X; (t = 0,1,2,...) be a RWoGG according to
Dy = (f,G, P) with Xo =v € V(1). Let Yy (t = 0,1,2,...) be a random walk on (a static graph) G(n)
according to P(n) with Yy = v, where G, P and v are common with D t. Then, Yy is less-homesick than X,
at any time t € [T,{,TnJrl] ie, R¢(t) > Ry(t) holds fort € [T,{,TnJrl] where Ry(t) = Pr[X; = v] and
Ry(t) = Pr[Y; = o]

Proof. Let
0 (i <n),
9(i) = A X, fG) (i=n),
f(@) (i >n).

3Strictly speaking, LHaGG should be a property of the sequence of transition matrices P (1), P(2), P(3),.. .. For the conve-
nience of the notation, we say (-, G, P) is LHaGG, in this paper.
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Then, the static random walk Y; on G(n) also follows Dy = (g, G, P) for t < Tf: 41- Clearly, > | f(i) >
> iy g(2) for any n. Since D is LHaGG by the hypothesis, R¢(t) > Ry(t). O

We remark that if all P, takes period 2 then R (t) = R,4(t) = 0 for any odd ¢.

3.2 Recurrent - irreducible and periodic 2

We prove the following lemma, presenting a sufficient condition for a RWoGG to be recurrent.

Lemma 3.2. Suppose that RWoGG (-, G, P) is LHaGG, and that every P(n) = P, (n = 1,2,...) is
irreducible, reversible and period(P,) = 2. Let p(n) = m,(v) where T, denote the even-time stationary
distribution of P,. If 0 satisfies

> ((n) = 1)p(n) = o0 (25)

then v is recurrent by D,.

Proof. Let f(n) =2 L%")J, i.e., f(n) =0(n)if 0(n) is even, otherwise f(n) = d(n) — 1. For convenience,
let T] = S°_, f(k) forn = 1,2,..., and let T/ = 0. Let X, (resp. X}) fort = 0,1,2,... be a
RWoGG according to Dy = (9, G, P) (resp. Dy = (f, G, P)), and let Ry(t) (resp. Rs(t)) denote the return
probability of X (resp. X/). The hypothesis LHaGG implies Ry(t) > R¢(t). Let Y;" (t = 0,1, ... T
be a time-homogeneous random walk according to P(n), and let R'(¢) (t = 1,... ,T) denote the return
probability of Y,. The hypothesis LHaGG and Lemma 3.1 implies

Ry(t) > Ry (1) (26)

fort € (Tf T,{ |. Then, we obtain

n—1’

[e.o] o0

D Ro(t) =) Ry(t) (By LHaGG)

>y > Ry (By (26))

- Z Z RZ(TJA + 1) (Recall T = Tj:_l + f(n))
- Z Z RZ(TfJ + 2i") (Notice that R%(TTLl 12 —1) =0)

o0
> Z p(n) (By Proposition 2.23)
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> 53 0(n) — 1)(n). @)

n=1

If (25) holds then (27) is oo, meaning that v is recurrent by D. ]

3.2.1 Recurrent-irreducible and aperiodic

We get also the sufficient condition for the recurrence over irreducible and aperiodic.

Lemma 3.3. Suppose that RWoGG (-, G, P) is LHaGG, and that every P(n) = P, (n = 1,2,...) is
irreducible, reversible and period(P,) = 1. Let p(n) = m,(v) where m, denote the stationary distribution
of P,. If 0 satisfies

Z o(n)p(n) = oo (28)
n=1

then v is recurrent by Dy.

Proof. Let X, fort =0,1,2,...be aRWoGG according to D, = (9, G, P), and let Ry(t) denote the return
probability of X;. Let Y;” (t = 0,1,...,T°) be a time-homogeneous random walk according to P(n), and
let R!'(t) (t = 1,...,T?) denote the return probability of Y;”. The hypothesis LHaGG and Lemma 3.1
implies

Ry(t) > Ry (t) (29)
fort € (T®_,, T?]. By Proposition 2.17, R!"(¢) > p(n) holds for ¢t € (T°_,,T}]. Therefore, we obtain the
claim using the similar technique as Lemma 3.2. O

3.3 Transient - irreducible and period 2

This section establishes the following lemma, which suggests Lemma 3.2 is nearly optimal. We will pro-
vide an example of a random walk on a growing k-ary tree in Section 4, which shows a tight example of
Lemma 3.2.

Lemma 3.4. Suppose that a RWoGG (-, G, P) is LHaGG, and that every P(n) = P, (n = 1,2,...)
is irreducible and reversible with period(P,) = 2. Let p(n) = m,(v) where T, denote the even-time
stationary distribution of P,,. Let T,,(¢€) denote the even mixing-time of P(n), and let

t(n) =%, (15(4”)>

max {0(1),¥(1)} + > max {d(n), {(n)} p(n — 1) < 00 (30)
n=2

forn=23 .. If

holds then v is transient by D.

Proof. Let

g(n) = max {d(n), t(n)}
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forn =1,2,3,.... Let Ry(t) and R,(t) respectively denote the return probabilities of Dy = (0, G, P) and
Dy = (g9,G, P). Clearly, g(n) > 9(n) for any n, LHaGG implies

Ry(t) > Ry(t) 31)
forany ¢ = 0,1, 2, . ... For convenience, let
n
T =" g(k) (32)
k=1
forn=1,2,....

We carry a tricky argument in the following: roughly speaking we compare D, with P,_; in the n-th
round, i.e., [TY_,, T3], forn = 2,3,.... Let

n—1>
fn—l(k) = {g(k) (k‘ <n-— 2)

forn = 2,3,.... Let Zt("_l) (t =0,1,2,...) denote a RWoGG (f,,—1,G, P), where Zé"_l) = v. Let
"’ _,(t) denote the return probability of Zt("_l). Clearly, > 7_; g(i) < >7_; fn—1(¢) holds for any j,
hence the LHaGG assumption implies

no1(t) > Ry(t) (33)

n—1

foranyt=0,1,2...andn = 2,3,.. ..

Notice that Zt(”_l) for t € [TY_,,Ty] is nothing but a time-homogeneous random walk according to
P,,_1 with the “initial state” ZT{2 =vforn=2,3,.... Since

T =T ,+ > T9 4 in—1) = T9_, + 5,y (P 34

n—1~— *n—-2 g(n - ) - “n—2 + t(n - ) - fn—-2 + Tn—1 T ( )

Zt(n_l) mixes well for ¢ > T _,, meaning that, by Remark 2.13, |Pr[Zt(n_1) =] —p(n—1)] < @
for any even t € (T?

9, TY]. This implies

Pl - 3y (39)

noa(t) = Pr(z{" ™Y = ] < p(n - 1) + B >

n—1

hold © for t € (TY_,,T}]], where we remark that R, (t) = 0 for any odd t. Then,

n—1»
Y Ra(t) <D Ry(t) (by (31))
t=1 t=1
1S9 T4

SWe remark this argument requires only point-wise additive error bound, instead of total variation. Clearly, a point-wise additive
error is upper bounded by total variation. We here use the mixing time for total variation just because it has been better analyzed
than the other.
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<gM+YS D RiL0 (by (33))

SRS DI DI ) (by (35))

3
=g(1)+5 D> g(n)p(n—1)
n=2
holds. Now it is easy to see that (30) implies Y ,~; Ry(t) < oo, meaning that v is transient by Dj. O

It is simple to see that a similar proposition holds for lazy random walks.

3.3.1 Transient - irreducible and aperiodic

In this section, we provides the sufficient condition for the transience of random walks on growing graphs
which is irreducible and aperiodic.

Lemma 3.5. Suppose that a RWoGG (-, G, P) is LHaGG, irreducible and period(P,) = 1. Let p(n) =
(V) where T, denote the stationary distribution of P,,. Let 7, (€) denote the mixing-time of P(n), and let

7 (1)

max {0(1), (1)} + Y _ max {d(n), t(n)} p(n — 1) < oo (36)
n=2

forn=23 .. If

holds then v is transient by Dy.

Proof. We consider {(n) = t(n) and p(n) = p(n) in Lemma 3.4. Obviously, (31), (33) and (34) hold. By
irreducible and aperiodic, this case satisfies (35) for t € (TY_,,T5]. Therefore, the lemma follows by the
same proof as Lemma 3.4. O

4 Random walk on a growing complete k-ary tree

Lyons gave sufficient conditions that a random walk on an infinite tree gets recurrent or transient at the root
(initial point), cf. [38, 40], as a consequence, it is a celebrated fact that a simple random walk on an infinite
k-ary tree is transient. This section shows that a simple random walk on a moderately growing complete
k-ary tree is recurrent at the root.

4.1 Result summary

Let k be an integer greater than one, and let G,, = (V,,, E,) denote a complete k-ary tree with height n
forn =1,2,..,1e, [V,] = >0 k= kn]j_l; L every internal node (including the root) has exactly k
children, and every leaf places the same height n. Let » € V,, denote the root, that is the unique vertex of
height 0. For convenience, let h(v) denote the height of vertex v € V,,, i.e., h(r) = 0, and h(v) = n if and

only if v is a leaf of G,,. Let

U,={veV,|h(v) =0 (mod 2)} 37)
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denote the vertices of even heights, and thus U, =V, \ U, is the vertices of odd heights. Clearly, G,, =
(U,n,Up; Ey) is a bipartite graph. See [12] for a standard terminology about a complete k-ary tree, e.g.,
parent, child, root, internal node, leaf, height.

Next, we define a transition probability of a random walk over G,, according to [38, 40]. Let A be a
fixed positive real’, and we define a transition probability on the k-ary tree G, with height n by

% if u = r and v is a child of u,
st ifu#randvis achild of u,
P, (u,v) = /\—ik if w is an internal node and v is the parent of u, (38)
1 if u is a leaf and v is the parent of u,
0 otherwise,

for u,v € V,,. Notice that (38) denotes a simple random walk over I, when A = 1. We also remark that A
and k are constants to n. As a consequence of [38], we know the following fact about a random walk on an

infinite k-ary tree 1.

Proposition 4.1 ([38, 40]). If A > k (resp. A\ < k) then the root r is recurrent (resp. transient) by Puo.

G(1) G(2) G(3)

O

a(1 d
| (D | (2) | 9(3)
| =

| R
| -
0 Ti=10(k) Yk=10(k) Yi=10(k) t

Figure 2: growing complete 2-ary tree

Then, we are concerned with a RWoGG D;F = (0, G, P) (see Figure 2) starting from the root  where
G(n) = G, and P(n) = P,. Our goal of the section is to establish the following theorem.

Theorem 4.2. Let k > 2 and \ > 0 be constants to n. Then, the root 1 is recurrent by Dy if

gjla(m () == (39)

"For simplicity of notation, Lyons [38] and Lyons and Peres [40] assume A > 1, but many arguments are naturally extended to
A > 0 by modifications with some bothering notations.
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holds, otherwise, transient.

For instance, Theorem 4.2 implies the following corollary, about a simple random walk on an infinitely
growing k-ary tree.

Corollary 4.3. Let A = 1, i.e., every P, denotes a simple random walk on the complete k-ary tree T,,. If
o(n) = Q(k"/(nlogn)) then r is recurrent by DE. If 0(1) < oo and d(n) = O(k"/(n(logn)t*e)) for
n > 2 with a constant € > 0 then r is transient by Dy .

Proof. Supposed(n) > ck™/(nlogn) for some constant ¢ > 0. Then, Yo% ; 0(n)(3)" > D00, nlogn(%)n =

n=1

ey, @ >cfy° nk}gn = c[loglog n|5° = oo, and Theorem 4.2 implies that r is recurrent.
Suppose ?(n) < k"/(n(logn)'*<)for some constant ¢ > 0. Then, ZOO o) ()™ < o(1) +
[e.e]

n=1

k" 1 1 00 1 _ 1
Z?LOZQ Cln(logn)l‘*'e (E)n < 0(1)+Cl 2(log 2)1+e +c f2 z(log z)1+e dr = a(l)+C 2(log 2)1""6 +ck [ (logz)€}2 <
o0, and Theorem 4.2 implies that r is transient. O

4.2 Proof of Theorem 4.2

We prove Theorem 4.2. As a preliminary step, we remark on the following two facts.

Lemma 4.4. (i) Every P, (n = 1,2,...) is reversible: precisely, let

AL—H@ ifh(v) =0 (i.e,v=r)
p(v) =AM 0 < h(v) < n, (40)
/\+k)\ " ifh(v) = n (ie., v is a leaf).

Then, the detailed balance equation
P(u) Po(u,v) = ¢(v) Py (v, u)

holds for any u,v € V,,. (ii) Every P, is irreducible and period(P,,) = 2. Thus the even-time stationary
distribution of P, is

. ¢(v)
V)= 41
i ( ) ZuGUn gzﬁ(u)
forany v € U,
Let p(n) = m,(r), then
_k
— S if 7 is odd,
() = { FEESE) “2)

if n is even

by (40) and (41) considering the fact [{v € V,, | h(v) = i}| = k' fori =0,1,...,n

A n+1 by n—1
() s ()

Lemma 4.5. If A < k, then



Proof. Firstly, we prove the upper bound of (43). When n is odd,

k

== 1 1 A\ 2Lz A\
pn) = Atk < . < = () = ( )
5] 2 [5] 2i 2|5
o+ 22 (%) o+ i (%) (5)™ k k

and we obtain the upper bound in the case. When n is even, similarly,

p(n) =

k k k k

p(n) = Atk > Atk _ Atk _ Xtk
ok 31 (k2 T (2] 2l a2\ B (g
T i (%) 1+37:21 (5) w %
e (%) -1

k k k
o 2tk Ak 2k
p(n) = 1 2i n = 21 2i n (k"2
R NG R R
kY-
holds. In both cases,
Kk 5 1
Ak k k
p(n) > (E)’rrl*?_l = Mk ((X) - 1) PN 1
T (3 -
A
k k\2 1 kea [ A mH
Zm((x)—1> oz = k%
(%)
holds and we obtain the lower bound. O

The following lemma is a key of the proof of Theorem, 4.2.
Lemma 4.6. If A\ < k then (-, G, P) is LHaGG.

Proof. Let f and g satisfy > 1" | f(i) > > " | g(i) foranyn =1,2,...,and let X; and Y; (¢t = 0,1,2,...)
respectively follow (f,G, P) and (g,G, P), i.e., the tree of (f,G, P) grows faster than (g, G, P). Let
Xo =Yy =, and we prove Pr[X; = r] > Pr[Y; = r|forany t = 1,2, ... (recall Section 3.1 for LHaGG).

We construct a coupling of X = {X;};>0 and Y = {Y¥;}+>0 such that h(X;) < h(Y}:) holds for any
t =1,2,.... The proof is an induction concerning ¢. Clearly, h(X(y) = h(Yy) = 0. Inductively assuming
h(X:) < h(Y:), we prove h(Xi+1) < h(Yit1). If h(X:) < h(Y;) then h(X;) < h(Y;) — 2 since every P,
is period(P,) = 2 forn = 1,2,.... Itis easy to see that h(X;11) < h(Xy) + 1 < h(Y:) — 1 < h(Yiq1),
and we obtain h(X;y1) < h(Yi41) in the case.

Suppose h(X;) = h(Y;). We consider four cases: (i) X; = Y; = r, (ii) both X; and Y; are internal
nodes, (iii) both X; and Y; are leaves, i.e., both trees of (f, G, P) and(g, G, P) take the same height at time
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t, (iv) X is not a leaf but Y; is a leaf, i.e., the tree of (g, G, P) is higher than that of (f, G, P) at time ¢. In
the case (1),

Pr{h(Xi11) = h(X;) + 1] = Prfa(Yii1) = h(Yy) + 1] = 1

hold, and hence we can couple them to satisfy ~A(X;y1) = h(Yi+1). In the case (ii), since both X; and Y;
are internal nodes,

Pr{A(Xy11) = h(Xy) — 1] = Pr[a(Yip1) = h(Yy) — 1] = kiA
and
PriA(Xet1) = h(Xe) + 1] = Pr{a(Yip1) = h(Yy) + 1] = kiA

hold, and hence we can couple them to satisfy A(X;y1) = h(Y;41). In the case (iii), since both X; and Y;
are leaves,

Pr{h(Xiq1) = h(Xy) — 1] = Pr{a(Yiq1) = h(Yy) — 1] =1

holds, and hence we can couple them to satisfy h(X;41) = h(Y;41). In the case (iv), since X is not a leaf
but Y; is a leaf,

A

Prlh(Xee1) = h(Xe) = 1] =1 2 Prh(Yemn) = h(Vy) —1] = 7

holds, and hence we can couple them to satisfy h(X; 1) < h(Yiy1).

Now we obtain a coupling of X = {X;}+>0 and Y = {Y;}+>0 such that h(X;) < h(Y}) hold for any
t =1,2,..., which implies that h(Y;) = 0 as long as h(X;) = 0. This means that Pr[X; = r| > Pr[Y; = r]
for any ¢ = 1,2, .... We obtain the claim. O

By Lemma 3.2 with Lemma 4.6, we get a sufficient condition for recurrence in Theorem 4.2. On the
other hand, we cannot directly apply Lemma 3.4 to the sufficient condition for transient in Theorem 4.2,
because the “mixing time” of P, is proportional to k", see e.g., [39]. Then, we estimate R(t) by another
random walk.

Let Z; = h(X;), where X, is a random walk on a growing k-ary tree Dy = (9, G, P). Then Z; is a
RWoGG D} = (v, L, Q) where L(n) = ({0,1,...,n}, {{i,i+1} | i =0,1,2,...,n — 1}) is a path graph
of length n, and the transition probability matrix Q(n) = @, is given by

k

Qn(
Qn(z,z+1)—m fori=1,2,...,n—1,
@n(
@n(

Z,zfl) o fori=1,2,...,n—1,
=1

The following Lemmas 4.7 and 4.8 are easy to observe.

Lemma 4.7. Let X, (resp. Z) follow DT (f G, P) (resp. D% = (f,L,Q)). Let R(t) = Pr[X; = 7]
(resp. R'(t) = Pr[Z; = r]), and let Ty, ( resp 7. ) denote the even-time stationary distribution of P, (resp.
Qn). Then, R(t) = R/(t) foranyt = 1,2,..., as well as w,(r) = 7, (r).

n

Lemma 4.8. If \ < k then (-, L, Q) is LHaGG.
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The following lemma about the mixing time of (),, is easily obtained by a standard coupling argument
for the mixing time, and we here omit the proof.

Lemma 4.9. Let 7),(€) denote the even mixing-time of Qy, then 7 (€) < 4n? (logy e + 1).

Proof. By a standard coupling argument for the mixing time and Corollary 2.16, it is easy to see that
7 (€) < 4n? (logy e + 1) where n? is the hitting time of a unbiased random walk on a path of length

TTL
n. O

Then, we can prove the condition for Dy, being transient from Lemma 3.4.
Lemma 4.10. If\ < kand ) | O(n)(%)” < oc then 0 is transient by DY.

Proof. Let p(n) = 7, (r) and p'(n) = 7;,(r), then p(n) = p'(n) by Lemma 4.7. By Lemma 4.9, t'(n)

' n(B(n—1)) < 4n? (log(p(n — 1)) + 1)n§ 4n? (log((2)™) +1) < ¢/n3, and hence 5 ' (n)p(n—1)

32 ()1 < oo, IS, () ()" < oo, then Y3 max{a(n), ¥(n)bpn — 1) < Y3, (0(n)
t(n))(2)""! < oo, which implies >3 | R/(t) < oo by Lemma 3.4 with Lemma 4.8.

O+ IA

Now, we are ready to prove Theorem 4.2.

Proof of Theorem 4.2. First, we consider the (interesting) case A < k.
(Recurrent) Assuming Y °° 1 9(n)(2)" = oo, we prove Y oo, (d(n) — 1)p(n) = oo. Notice that
Yoy B(n) < e Y ()" = 1,1% <oo.LetC =3 2, p(n), then 3 72, ((n)—1)p(n) = 3 52, 2(n)p(n)—

cC>%r, D(n)c(%)” — C, which is co from the assumption. Thus, 7 is recurrent by Lemma 3.2.

(Transient) By Lemma 4.7, Y52, R(t) = .02, R'(t). If 300 9(n)(2)" < oo then 352, R/(t) < o0
by Lemma 4.10, meaning that r is transient.

In the case of \ > k, it is always recurrent. The proof follows that of Lemma 3.2, but here we omit the
proof. O

S Random walk on a growing box

Dembo et al. [16] investigated sufficient conditions for the recurrence and transience of random walks on
infinitely growing subgraphs of Z¢ under the assumption of being sandwiched between the two growing
balls with different sizes. This section examines a random walk on a growing box in terms of the coupling.
As aresult, we give the same sufficient conditions without the assumption.

5.1 Definition and main result

Let G, = (V,,, E,,) be a graph given by

no
Vi, = {U: (Ul,...,vno) YA ;U E ﬂvz,n}

=1
En={{z,y} ; 2,y € Vo, |z —ylh = 1}

where n is a positive integer, the function a;(n) satisfies a;(1) = N (N > 2) and a;(n) is non-decrease to
nforany i € {1,...,n0}, and the set V; ,, given by

Vin={v=(0v',...,0™) € 2™ ; v; €{0,...,a;(n)}}
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fori € {1,...,np}. Let o denote the origin. Let P, for n > 1 denote a transition probability of a random
walk on a static graph G,,, where

;5 (fz=y)
L B . , .
P, y) = % (%f |z =yl =1, a:Z # y’ and a:Z Z {0,a;(n)})
e (fflz—yli=1, 2' #y and 2" € {0,a;(n)})
(otherwise)
forz,y € Vyandi € {1,...,np}. Let a(n) := max {a1(n),...,an,(n)}. Then, we are concerned with a

RWoGG X; = (X}, ..., X}") according to D, = (9, G, P), where G(n) = G, (see Figure 3).

G() G(2) G(3)
(N+2,N+2,N+2)
1
(N+1,N+1,N+1) :
1
1 N+2 t
(N,N,N) y ! !
1 + 1
‘ . N+1 X X
1 1 1
N 1 1 1
1 1 1
1 1 1
' : N2 ]
N AF el Nl
// // 7
. . .
0 N 0 N+1 0 N+2
a(1) a(2) a(3)
| | | ]
I I [ [ >
0 Yhk=100k) Yi=100k) Yio10(k)

Figure 3: growing box

Theorem 5.1. If D, satisfies

k)

; 20 T ai(k)

o is recurrent. If Dy satisfies

i max {0(k),8(no)3a?(k) log, (2a(k))}
270 [[;2y ai(k — 1)

k=2

< 00,

o is transient.

5.2 Proof of Theorem 5.1

To prove Theorem 5.1, we must prove the following lemmas.

Lemma 5.2. A random walk on a growing box satisfies LHaGG.
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Proof. Let f and g satisfy > - | f(i) > > ;g(i) forn =1,2,..., and let X; and V; (¢t = 0,1,2,...)
respectively follow (f,G, P) and (g,G, P). For convenience, let ng := 0 and n{ =n—1fort €
(T,{ 1 Ih ! ]. Clearly, we get n{ < nf for any t > 0 by hypothesis of f and g. Let Xy = Y = o, and we
prove Pr[X; = 0] > Pr[Y; = 0] foranyt =1,2,....Let ] : N — {1,...,np}and J : N — {1,...,no}
respectively denote the random variables which are selected by changing from X;_; to X; and from Y;_; to
Y;. We can construction a coupling of X = {X;}+>0and Y = {Y;};>0 such that X; < Y forany ¢ > 0 and
i € {1,...,n0}. The proof is an induction concerning ¢. Clearly, X} < Y{ holds for any i € {1,...,no}.

Inductively assuming X; < Y;' holds for any i € {1,...,n0}, we prove X;,; < Y/ ;. We consider
four cases: (i) X, < Y\, () X7, = Y, =0, (iii) X; = Y} = a;(n{) and (iv) X; = Y;" and
X5 Y #0,a:(nd). In case (i), since

Pr[I(t) = i] = Pr[J(t) = i] = nlo
Pr[|Xiy — Xil = 0| 1) = i) = Pr [V, ~ Vi1 = 1] J(0) =] = 5
Pr [|XEay — Xi| = 1| 1(t) = i) = Pr [[¥isy {1 =0 | J() =] =
hold for any ¢ € {1,...,mg}, it follows that there exist two cases: (i-a)|X;,; — X;| = 1 as long as

Y, =Y/, and (i-b):X},; = X/ as long as |V}, ; — Y}| = 1. Recall that X; < Y;" implies X} +1 < Y}
and X; <Y — 1. This means that if (i-a) then X;,; < X{ +1 < Y = YJrl and if (i-b) then XtJrl =
Xi<Yi-1<Y] ', 1> and hence we obtain the coupling of X and Y such that X} 11 < Y} ‘1 in (D).

In case (ii), since

Pr(I(t) = i] = Pr[J(t) = i] :io
PrX/,, —X/=0[I(t)=i,X;=0=Pr[Y}, —Y/=0|J(t)=iY=0] =

N =D =

PriX/,, —X/=1[I(t)=i,X;=0=Pr[Y/, - Y/ =1|J(t)=iY=0] =

hold for any i € {1,...,ng}, we construct the coupling of X and Y such that X}, | < Y;ZH
f

In case (iii), it follows that there exist two cases: (iii-a) nt = nt and (iii-b) n; < nt. For (iii-a), since
Xie {0, . ,n{}, Vi€ {0,...,nd} and nf =n?, we provide

1
Pr(I(t) =i =Pr[J(t) =i = —
ng
Pr|Xjoy — X[ =0 1() =i, X[ = ai(n])| = Pr [V}, =¥ = 0] J(1) =i, Vi = ai(n)] = 5
[ 4 ) . ) 1
Pr|Xjyy = X{ = —1|1(t) = i, X} = ai(nf)] = Pr Yy =¥/ = 1| J() =0,¥] = as(n})] = 5

forany i € {1,...,no}. Then, we provide the coupling of X and Y such that X7, = Y, | in (iii-a).
For (iii-b), since X} € {0, . ,n{} Yi € {0,...,nd} and n < nY, we have

Pr[I(t) =i =Pr[J(t)=i] = —

no

7 7 ) 7 . % 1
Pr[ t+1_Xt:0’I<)—ZX —al(nt)] Pr[Y;_H Yi=0[J({) =1iY, :ai(nf)]:i
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Pr[Yi, — Y =—1]1(t) =i, Y] = ai(n])]

Pr (Y, — Y = 1] I(t) = i, Y} = ay(nf)]

Pr(X{,, — X/ =-1|J() =i,X]=a(n))]

for any i € {1,...,n0}. Then, we give the coupling of X and Y such that X} 41 < Y} ' 1 in (iii-b). By
(iii-a) and (iii- b) we can construct the coupling of X and Y such that Xt 1 <Y in (i),
In case (iv), since

Pr[I(t) = i]::PrL]@)::i}::Jé
Pr Xy~ Xi =0 (1) =] =Pr [y~ ¥ =0 J() =] = |
PrX{,, —X{=1[I(t)=i]=Pr[Y/, —Y/ =1|J(t) = ]:i
1

Pr[Xj,y — Xi = —1] I(1)

i] = Pr Vi, — ¥ = —1]J@) =i] = ;

hold for any i € {1,...,7n0}, we can construct the coupling of X and Y such that X} 1 < Y;SZ+1 in (iv). By
(1), (ii), (iii), and (iv), we obtain X} < Y} forany ¢t > Oandi € {1,...,n0}.

Now we obtain a coupling of X and Y such that X} 1 < Ytz+1 This means that Y; = o as long as
X; = oforany t > 0, and hence we get Pr[X; = 0] > Pr[Y; = 0] forany ¢t = 1,2, .... Thus, we obtain the
claim. O

Lemma 5.3. G, satisfies

Proof. Let my(x) (x € V,,) denote
1

where W, := [{i € {1,...,n0} ; 2" € {0,a;(n)}} |. m, satisfies

S (@) Pla,y) = maly),

€V,
Z mn(z) = 1.
z€VR
This means that 7, is a stationary distribution on G,, = (V,,, E,). O

Lemma 5.4 ([39]). G, satisfies t(n) < 8(ng)3a®(n)log, (2a(n)).
As a preliminary of proving Lemma 5.4, the graph Ly = (V};, E'y) is given by

Vi i={z;2€Z 0<z<N} and Ey:={{z,y};z,yc Vi, lt—yl=1},
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where N € N. The transition probability matrix of a random walk on L, denoted by P}, is defined as

pi ifj=i+1,
. g ifj=i-1,
Pr(ig) =4 =g (44)
3 — Uy

0 otherwise,

where we have set

1 . . 1 . .
5 if1 =0, =z if e 0,N},
- g g0 5 ifie {0,N},
pii=9q3 ifi¢{0,N}, ,q:=q5 ifi=N, , T = ) (45)
) ) 0 otherwise.
0 otherwise, 0 otherwise,

Then, we give the Lemma 5.5.

Lemma 5.5 ([39]). Let X; and Y; denote random walks on Ly given by (44), where Xg = xg and Yy = yo.

Set TcLoZple :=min{t > 0; X; =Y;}. Then, we obtain
Ex,y [Tc[;ﬁple} < 2N2' (46)

To show Lemma 5.5, we prove the following Lemma 5.6.

Lemma 5.6 ([39]). Let Z; be a random walk on L with the transition probability matrix P]’V. Set 1, :=
min {t; Z;, = x}. Then, we have

B [n] =2(20-1) (47)
forle{1,...,N}. Therefore,
Eg [rn] = 2N? (48)
holds for any N > 1.

Proof. The proof follows [39]. We first show that (47). Let Z] be a random walk on L; with the transition
probability matrix P/. Set

i ::min{t; Z, :x} and 7.t = min{t >1; 7 :x}.
Consider the expectation for return time at the vertex [ € V//. We give

E[n ] =1-Pr(Zl=1|Z=0+Q+E[n)Pr|Zi, =1-1]Z =]

1 1 1
=5 +5 (Lr B [r]) =1+ 5B [7] (49)

since Pr[Z],; =1|Z,=1] =% andPr[Z],, =1—1| Z] =1] = § hold. By Lemma 5.3,

7 ifo<z<l
W[(l‘) =31 .
5 fx=0,1
hold. Notice that m(I) = - (i“”) (see Proposition 2.3), it follows that
I\
B[] =2@-1) (50)
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by (49). Recall that P/ (v,v—1) = Py (v,v—1) forv € {1, — 1}, P/(v,v) = Py(v,v) and P|(v,v+1) =
Py (v,v + 1) hold for v € {0,1 — 1}, this implies

E i [n]=E_i[7] =2@20-1)

by (50), and hence (47) is proved.
We next show that (48). Since Ey [Tn] = le\; 1 B[], it follows that

N
ZEl 1[n) =) _2(21—1) =2N?
=1

by (47), and hence (48) is proved. ]

Proof of Lemma 5.5. Let X; and Y; denote random walks on Ly with transition probability matrix Py,
Without loss of generality, we assume xo < yo. We first show that there is a coupling of X = {X;}+>0 and
Y = {Y;}+>0 such that X; <Y} for any ¢t > 0. The proof is by induction on ¢. Clearly we get Xy < Yj.
Inductively assuming X; < Y;, we prove X¢41 < Yi41. We consider two transitions X; to Xy and Y;
to Y;y1. There are four cases: (i) X; < Y3, (i) Xy = Y, =0, (iii)) Xy = Y, = N, (iv) X; = Y; and
X, Y, ¢ {0, N}. In case (i), since

Pr (| Xis1 — Xo| = 1] = Pr[Yips — i = 0] = =
1
Pr[Xi41 — Xy = 0] = Pr[|Yi1 — Vil = 1] =
hold, it follows that there exist two cases: (a) | Xy11 — X¢| = 1 as long as Y311 = Y;. (b) X411 = X; as
long as |Yi41 — Y;| = 1. Recall that X; < Y; implies X; + 1 < Y; and X; < Y; — 1. This means that if
(a) then X471 < Xy +1 <Y; =Y,41 and if (b) then X;41 = X; <Y; — 1 < Y11, and hence we get the
coupling of X and Y such that X1 < Yy
In case (ii), since X; = Y; =0,

Pr[Xis = Xi+ 1] = PrlYis = Vi 4 1] =
Pr(X; 1 —X; =0]=Pr[Yiy — Y, =0] :%
hold, and hence we give the coupling of X and Y such that X1 = Y;4.
In case (iii), since X; = Y; = N,
Pr(Xp 1 =X, — 1] =Pr[Viy =Y, — 1] :%
PriX;1 —X; =0 =Pr[Yiy; - Y, =0] :%

hold, and hence we provide the coupling of X and Y such that X1 = Y;41.
In case (iv), since X; = Y; and X, Y; # {0, N},

PriX;pi=Xie+1]=PrYip =Y+ 1] =

Pr(Xp1 =X, —1]=Pr[Yiy =Y, — 1] =

DO = s =] =

Pr(Xe — Xy =0 =Pr[Viy, — Y, =0] =

36



hold, and hence we construct the coupling of X and Y such that X; 1 = Yi41.
Now we get a coupling of X and Y such that X; < Y for any £ > 0, which implies that Y; = N as
long as Xy = N. Therefore, we obtain

Ln
Ery (7he) < Fxo (1) < Fo () = 22 (51)
by Lemma 5.6, and the lemma follows. O

Proof of Lemma 5.4. The proof follows [39]. Let X; and Y; denote random walks on GG,,. Let

Tooupte = Wi {t > 05 Xy = Yi}, (52)
and we estimate the upper bound of E, ,[T. C(éuple] Let Tir=min{t > 0; X; =Y/} fori € {1,...,no}.

’L( )

Then, it is not difficult to see that £, ,(7;) < noE(T, ). Using Lemma 5.5, we give

couple
i(n) 2
Ey (1) < noE(T, COuple) < 2ngpas(n). (53)
Notice that 7, Oqu% . = max {71,..., Ty, }, this means that 7, cou?)le < Yo, 7. As aresult, it follows that

ai(n)
couple Z Ex Y Tz < Z maXE cmZplne)
- Z E co(;,(;‘l)e — (n0)2a2 (n)

by (53). Recall that t(n) = (%)) then we obtain

G
( )< 4E 7?/ col(;%e IOgQ

( z 1 al >‘|
no
G
= 4E:B Co’gr;le 10g2 <2n0 (I@ )
=1

ng
G( )
<4FE,, cou?)le log, | 2™° l_IaZ )

G(n)

couple

<AE, [T |logy (2™a™(n))
G(n
= 4ng By y 1o 110g; (2a(n))
< 8(ng)’a*(n) log, (2a(n))
for any n > 1, and the lemma follows. UJ

Proof of Theorem 5.1. 1f D, = (0, G, P) satisfies
= (k)
Z 9n0 Hno Gi(k) = o0,
k=1 =17

o is recurrent by Lemma 3.3. If D, = (0, G, P) satisfies

°. max {D(k), 8(no)3a?(k) log, (2a(k‘))}
2 20 10, as(k — 1)

o is transient by Lemma 3.4 and Lemma 5.4. O

< o0,
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6 Random walk on {0, 1}" with increasing n

6.1 Definition and main result

This section shows an interesting example. Let C,, = (V},, E;,) where

Vn ={0,1}" (54)
By = {{uv} € (§) | u-vls =1} (55)
forn =1,2,.... Let 0 € V,, denote the (common) origin vertex (0, ...,0) for each n. Let
1 .
= if lu—v|1 =1,
P(u,v)=<" 56
n ) {O otherwise, (56)

for w,v € V. Then, we are concerned with D = (0, G, P) starting from 0 where G(n) = C,, and
P(n) = P, (see Figure 4).

G@3
o (1,1,1)

6(2) ,
l (11) l
1 @ il t

G

1
a(1) I a(2) | a(3)

]
I I I [ f

0 2’1(=1 6(k) 2%:1 a(k) Zi:1a(k)

Figure 4: growing dimension hypercube

Theorem 6.1. If Dg satisfies

Y Déz) = (57)

n=1
then 0 is recurrent, otherwise 0 is transient.
The following lemma is not very difficult, but nontrivial.
Lemma 6.2. (-,G, P) is LHaGG.

Proof. Let f and g satisfy > | f(i) > > i, g(i) foranyn =1,2,.. ,andlet X; and Y; (¢t = 0,1,2,...)
respectively follow (f,G, P) and (g, G, P), i.e., the box of (g, G, P) grows faster than (f,G, P). For
convenience, let ng = 0 and n{ =mn—1fort € (Tgﬁl,T,{ ]. and then notice that n{ < nf hold
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for any t = 0,1,... by the assumption that (g, G, P) grows faster. Let Xo = Yy = 0, and we prove
Pr[X; =0] > Pr[Y; = 0] forany t = 1,2, .. ..

Let h(u) = |{i € {1,...,n}; w; = 1}| foru = (u},...,u") € V,. We construct a coupling of
X = {Xi}is0and Y = {Y;};>0 such that h(X;) < h(Y}) holds for any ¢ = 1,2,.... The proof is an
induction concerning ¢. Clearly, h(Xy) = h(Yp) = 0. Inductively assuming h(X;) < h(Y;), we prove
h(Xig1) < h(Yig1). If (X)) < h(Y:) then h(X;) — 2 < h(Y:) since every P, is period(P,) = 2
forn = 1,2,.... Itis easy to see that h(X;y1) < h(X;) +1 < A(Y;) — 1 < h(Yi4+1), and we obtain
h(Xt41) < h(Yi41) in the case. Suppose h(X;) = h(Y;). Then,

h(Xy) _ h(Yr)

Pr{A(Xein) = h(X,) ~ 1] = =51 > 250 = Prlh(Ye) = h(¥) - 1], and
il (i) = 1) +1] = 1= O <1 = P00 pugnviy v+ 1

hold, which implies that a coupling exists such that h(X;y1) < h(Yii1).
Now we obtain a coupling of X = {X;};>0 and Y = {Y;};>¢ satistying h(X;) < h(Y;) for any
0

for any t = 1,2, .... We obtain the claim. O
The following two lemmas are well known.
Lemma 6.3. Then, 7,(¢) = O(nlog(n)logy(e~1)) holds for any n > 1.

Proof. Let X; = (X},..., X)) € {0,1}" and YV; = (YV}},...,Y*) € {0,1}" respectively denote a
random walk on G, where Xg = xo, Yo = yo and h(xo) = h(yo) = 0 (mod 2). Let C(t) =
{i; |IX{ =Y!|l1 =1} = {co,c1,- .-, ¢icq)—1} Suppose that h(Xg) < h(Yp). We consider the following
coupling of X; and Y; : () If X} # X/, and i ¢ C(t) then Y}’ # Y . (ii) If X{ # X}, € C(t) and
c; = 1 then thcj+l %+ Y;:ﬁrl, where Clc(t)| = Co-

In case (i), since

Pr[i ¢ O(t) = Pr[i ¢ C(t)] = ”"nC(t)‘ (58)
i i | i i | 1
PrXi# Xinli¢ CO) =Pr[Y/ #¥inli ¢ CO) = o —5m
hold for any ¢ ¢ C(t), we obtain the coupling of X; and Y; such that (i) holds.
In case (ii), since
Prli € C(t)] = Prli € C(t)] = ’C:” (59)
. _— Cint i1 1
PrX;#X{,|i=c; € C(t)] =Pr [V,7" £V |i=c; € C(t)] = ol

holds for any i = ¢; € C(t), we get the coupling of X and Y such that (ii) holds.
We repeat (i) and (ii) until |C(¢)| = 0 since |C(t)| = 0 implies X; = ¥; but X; does not always satisfy
h(X¢) =0 (mod 2). Therefore, we provide

Equy[t0n 1< Epymin{t; |C(t)] = 0}] + 1.

couple
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In (59), |C(t)| decreases 2 for once coupling, and |C(t)| < n, and |C(t)] is an even number for any ¢. This
implies that 7 in Proposition 2.24 is greater than or equal to {¢ ; |C(¢)| = 0}. Hence,

Eyymin{t; [C(t)] = 0}] < O(nlog(n))
holds for any =,y € {0,1}". Therefore, we obtain
7a(€) < O(nlog(n) logy(e™"))
by Corollary 2.16 and 2.21. O

Lemma 6.4. p(n) = 5 = 27"+,

2

Proof. By Corollary 2.22, we get p(n) = degiT) = By =27t O
Proof of Theorem 6.1. (Recurrence) By Lemma 6.2, DDC is LHaGG. Since p(n) = 27! by Lemma 6.4,
Lemma 3.2 implies that if > DSZ) = oo then O is recurrent.

(Transience) By Lemma 6.3, {(n) = 7,(p(n — 1)) < nlognlog, p(n — 1) < nlog(n )10g2(2n—2) <
¢'n?logn, and hence 357 t(n)p(n — 1) < 300 ¢/n? logngny < oo. If Y00 1022 < o0, then

S max{d(n), t(n)}p(n — 1) < 3°°°,(d(n) + t(n))5 < oo, which implies Y52, R(t) < oo by
Lemma 3.4 with Lemma 6.2. O

6.2 An Interesting fact: every finite point becomes recurrent

We can easily observe the following fact from Theorem 6.1.
Corollary 6.5. If0(n) = (2" /n) then 0 is recurrent. If 0(n) = O(2"/n'T¢) then 0 is transient.

Notice that the maximum degree of GG(n) is unbounded asymptotic to n. Nevertheless, we can see the
following interesting facts.

Proposition 6.6. If0(n) = Q(n2") then DY starting from O visits v € Vi, infinitely many times for any
m < Q.

Proof Notice that 7,,(27""1) = O(nlog(n2"*!)) = O(n?logn) by Lemma 6.3. Thus, in the n-th phase,
e, [T®_,,T?], the random walk X visits v € V,, with probability at least 27! in every O(n?logn)

steps (even if v € U, here we omit the proof). Thus the probability that X never visit v during the n-th
phase is at most (1 — 2~ 1)n2""!/n*logn < oy ). This implies that the probability that X never

nlogn
visits v € V,,, forever is at most [[°° exp(—nlggn) = exp(— Yo, nk}gn) < exp(— [ xlogxdw) =
exp(—[loglog z]2°) = exp(—o0) = 0. This means that the RWoGG X visits v € V,,, at least once in finite
steps with probability 1.
Once we know that X visits v in a finite steps, the claim is trivial thanks to the vertex transitivity of the
hypercube skeleton. O

We think that the hypothesis of Proposition 6.6 can be relaxed from Q(n2") to (2" /n), but we are not
sure.

7 Recurrence and Transience - weakly LHaGG
It is very difficult to prove that growing graphs such as a random walk on {0, ..., N}" with an increasing

n and random tree satisfy LHaGG. Therefore, we introduce the new notion of weakly LHaGG and give the
sufficient condition for the recurrence and transience.
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7.1 Recurrence - irreducible and period 2

In this section, we give sufficient conditions for the recurrence of random walks on growing graphs with
irreducible and periodic 2.

Theorem 7.1. Suppose that RWoGG D = (-, G, P) is
D Hk)p(k) < oo, (60)
k=1

and that every P(n) = P, (n = 1,2,...) is irreducible and period(P,) = 2. Let p(n) = 7,(0) where m,
denote the even-time stationary distribution of P,,. If 0 satisfies

> (k) - 3)p(k) = o0 (61)

k=1

then the origin vertex o is recurrent by Dy.
To prove Theorem 7.1, we must provide Lemma 7.2.

Lemma 7.2. D, satisfies
- 1 . 1 o,y
D Ra(t) = 7> (F(R) = 2)p(k) — 5 D Uk)B(K) (62)
t=1 k=1 k=1
forn =1,2,..., where f(n) = ZL@j

Proof. We prove the claim by induction for n. For n = 1, we must prove

77 f(1) 1 )
DB =) B(t) > 7 (f(1) —2-11)) (D). (63)
t=1 t=1

We consider two cases whether f(1) < £(1) or not. If (1) < (1) then the right-hand side of (62) < 0. The
left-hand side of (62) > 0, and we obtain (62). If f(1) > {(1) then

(1) F(1) F(1)
Ro(t)=> Ro(t) > > Rylt)
=1 t=1 t=i(1)
- x f(1) (1)
: 1< 1/f1) {1 1 )
— = Ry(2t) > B t_;(l)p(l) =5 <2 - 2) p(1) = 1 (f(l) — ’t(l))p(l)

hold by Remark 2.13. Then, we obtain (63), and hence (62) holds in case for n = 1.
Inductively assuming (62) holds for n, we prove it for n + 1. Noting that T} | = T3 +9(n + 1),

Tnia T3 2(n+1)
ZRa(t) :ZRa(t)‘f‘ Z Ro(Ty +1)
t=1 t=1 t=1

41



n d(n+1)

(F(k) =2)B(k) = 3 > _HR)B(R) + D Rol(T3 +1) (64)
k=1 k=1 t=1

S
—

>

I

hold since Zgl Ro(t) > 330 1 fR)p(k) — 330y t(k)p(k) holds by the inductive assumption. We
consider two cases: (i) 77 is even and (ii) 77 is odd. In case (i), concerning the third term of (64),

o(n+1) 1
z:: Ro(T? +t) > Z(f(n+1)—2—t(n+1)) pn+1)

holds similar to (63). Then, we get

(64) =

| =
(]
p—

(F(k) = 2) (k) = 7 3 _tR)B(R) + 7 (f(n+1) =2 =Hn+1)) p(n +1)
k=1 k=1

1 n+1 1 3
=12 (FR) = 2)p(k) = 5 D tk)p(k).

=
Il
—
=~
Il
—

Thus, we obtain the claim in case (i).
In case (ii), we consider the third term of (64). Since 77 is an odd number,

(n+1) d(n+1)—1 L%J
Z Ry(TR+t)= > Re(Tp+1+i)= >  Ro(TP+1+2i)
t=1 t=0 t=0
La(n+2l)7lj f(n2+1)_1
> Y R(TR+1+42)> > Ry(TP +1+2i) (65)
= Hnt ) = Hont)
2 2

holds since {wj > |AntD) "H )|—1= f("QH) —1. We consider two cases whether f(n+1)—2 < {(n+1)

ornot. If f(n+1)—2 < t(n + 1) then (f(n+1)—2— t(n + 1)) w < 0. The left-hand side of
(65) > 0, and we obtain (62). If f(n + 1) — 2 > t(n + 1) then we have

f(n-‘rl)

(65) > %:1) g ”; D) <f("2+ DR t?) p(”; D _ (f(n+1)—2—i(n+1)) p(”j D)
=73
and hence (62) holds for case (ii). Thus, we obtain the claim. ]
Proof of Theorem 7.1. Recall (60), meaning that
& 1 AN RN
; Ry(t) > 5 z_j (F(k) = 2)p(k) — 5 kZﬂ tk)p(k)  (ByLemma7.2)

k=1
> 2300 =25 — 3 S UREE) ERAR) = 0 for any

(f(k) =2)p(k) — Cy (By assumption)



3

> 2N (k) = 3)pk) — C1 (f(k) > 0(k) — 1 forany k) (66)

k=1

N

hold, where C} is a positive constant. Note that we have >~ , (3(k) — 3) p(k) = oo by the hypothesis,
then (66) with n — oo implies ) ;~; Ry(t) = oo holds, and hence we obtain the claim. O

7.2 Recurrence-irreducible and aperiodic

By utilizing the same technique as irreducible and periodic 2, we give sufficient conditions for o being
recurrent by D, with irreducible and aperiodic.

Theorem 7.3. Suppose that RWoGG D = (-,G, P) is

t(k)p(k) < oo, (67)
k=1

and that every P(n) = P, (n = 1,2,...) is irreducible and period(P,) = 1. Let p(n) = m,(0) where m,
denote the stationary distribution of P,. If 0 satisfies

> o(k)p(k) = oo (68)
k=1

then the origin vertex o is recurrent by Dy.

Proof of Theorem 7.3. Using the same logic as Lemma 7.2, we can prove that D, satisfies

T n n
- 1 1
D Balt) = 5 Y (k) — 5 > tk)p(k) (69)
t=1 k=1 k=1
forn =1,2,..., and hence we obtain the claim performing the same transformation as (66). O

7.3 Weakly less-homesick as graph growing

Before giving sufficient conditions for the transience, we introduce the notion of weakly less-homesickness
as graph growing, which is a relation between RWoGGs playing an important role in our analysis. Let
Dy = (f,G,P)and Dy = (f',G’, P') be RWoGG, and let X; and Y; respectively denote a random walk
on growing graph according to Dy and Dy, where X = zg and Yy = yo We say Dy = (f',G', P') is
weakly less-homesick than Dy = (f, G, P) at time T if

T T
> PrX; = o] Z r[Y; = yol (70)

holds.

In particular, this paper is mainly concerned with the weakly less-homesick relation between Dy =
(f,G,P)and D, = (g,G, P) with the same P (and G). we say (-, G, P) is weakly less-homesick as graph
growing (weakly LHaGG)® if D, = (g, G, P) is weakly less-homesick than Dy = (f, G, P) whenever

Zf > g(k) (71)

k=1

8Strictly speaking, weakly LHaGG should be a property of the sequence of transition matrices P(1), P(2), P(3), .. .. For the
convenience of the notation, we say D = (f, G, P) is weakly LHaGG, in this paper.
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holds for any n € Z-~, where we remark that G and PP are common in Dy and D,. The condition (71)
implies the graph in D, grows faster than Dy, intuitively.

7.4 Transience - irreducible and periodic 2

Using weakly LHaGG, we provide sufficient conditions for the transience of random walks on growing
graphs with irreducible and periodic 2.

Theorem 7.4. Suppose RWoGG (-, G, P) is weakly LHaGG, irreducible and period(P,) = 2. And it
satisfies 72, H(k)p(k — 1) < oo. If 0 satisfies

> a(k)p(k — 1) < oo (72)
k=2

then the origin vertex o is transient by D,.

Remark 7.5. We can regard the assumption of 37, t(k)p(k—1) < oo as >p>, t(k)p(k) < oo in Theorem
7.4 if C1p(k) < p(k — 1) < Cop(k) hold for k > 1, where Cy and Cs are positive constants for k.

To prove Theorem 7.4, we prove Lemma 7.6.
Lemma 7.6. Suppose RWoGG (-, G, P) is weakly LHaGG, irreducible and period(P,) = 2. Let
g(k) == max {o(k), t(k)} (73)

fork=1,2,.... Dy = (0,G, P) satisfies

TS TS n T
RSP R( =3 3 R0 <o)+ o> k)it 1) (74)

k=11=T¢  +1 k=2
forn=23 ...
To prove Lemma 7.6, we must prove Lemma 7.7.

Lemma 7.7. Suppose RWoGG (-, G, P) is weakly LHaGG, irreducible and period(P,) = 2. Dy satisfies

T S

e 3
D Be(t) < Y Ry(t) + Sg(n)p(n — 1) (75)
t=1 t=1

foranyn =23,...
Proof of Lemma 7.7. Let

g(k) (k<n-2)

76
oo (k=n-1 (76)

fn—l(k) = {

Let Zt(n_l) (t=0,1,2,...)denote a RWoGG Dy, , = (fn—1,G, P), where Zén_l) =wv. Let R!!_,(t)
denote the return probability of Zt("fl). By the definition of f,,_;, we obtain
n-1(t) = Ry (1) (77)
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fort € [0,77_,] and n = 2,3, .... Clearly, 25:1 g(i) < ZLI frn—1(7) holds for j = 1,2,..., and hence

the weakly LHaGG assumption implies

T

T
DR () =D Ry()

t=1 t=1

forT =1,2,...and n = 2,3,.... By the proof of Lemma 3.4,

1) =Priz ) = o < 1)+ P = B

hold for t € (TY_,,T}], where we remark that R _, (t) = 0 for any odd ¢. This implies that

T T
SRy <Y R () By (78))
t=1 t=1

Ty T3
= Z Ry () + Z ()
t=1 t=T7_,+1
Ty 4 T3
=Y Ryt)+ Y, Ri(t)  By(adD)
t=1 t=T9_,+1
Ty, T3 3
<D R)+ Y Spn—1)  By(@9)
t=1 t=T9 | +1
T,
= D Ry(t) + 59(n)i(n — 1)
t=1

hold for any n = 2, 3, .. .. Therefore, Lemma 7.7 holds.

(78)

(79)

O]

Proof of Lemma 7.6. Clearly, T? > T? holds for s = 1,2,..., and hence the weakly LHaGG assumption

implies

T

T
Y Ralt) <) Ry(t)
t=1

t=1

forT'=1,2,.... By Lemma 7.7 forn = 2, 3, ..., we obtain

7 s
Y Ro(t) <Y Ry(t)  (By(80)
t=1 t=1

T
3
< Z Ry(t) + §g(n)p(n -1) (By Lemma 7.7 for n )
t=1
Ty s
3 . 3 .
< Z Ry(t) + ig(n —1p(n —2) + §g(n)p(n - 1) (By Lemma 7.7 forn — 1)
t=1
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TS n
<D Ry (k)p(k —1)
t=1 k=3
Ty n
<D Ryl (k)p(k — 1)
t=1 k=2
3 @ .
<g()+5 D g(k)p(k —1)
k=2
forn = 2, 3,.... Therefore, Lemma 7.6 holds.

(By Lemma 7.7 for 3)

(By Lemma 7.7 for 2)

Proof of Theorem 7.4. Since Y32, t(k)p(k — 1) < oo and t(k) > 2 for any k =
Y pey P(k) < co. We calculate Z;Ffl Ry (t) using Lemma 7.6:

T T T
D Folt) =) Rolt) < Ry(t)
t=1 t=1 t=1

£ 5 gkilk -
k=2

+%§:ﬂ@ﬂk—
k=2

MU+1+HU+Z§5M@(k
k=2

<Mn+1+ﬂn+;§iwmmk
k=2

IA
N W

3k)p(k — 1) + C
k=2

hold. Now it is easy to see that (72) implies > ;= Ry(t) < oo by n — 0o, meaning that D =

transient.

(By the definition of weakly LHaGG)

(By Lemma 7.6)

n

3
Zp -1) +§
k=2
3 oo
E:p ~1+5
k=2

t(k)p(

t(k)(

O]

., we provide

8D

k—1)

k—1)

(By X3, Uk)p(k — 1) < oo and Y332, (k) < o0)

7.5 Transience - irreducible and aperiodic

(0,G,P)is

O]

By using a similar approach as irreducible and periodic 2, we provide sufficient conditions for the transience
of random walks on growing graphs with irreducible and aperiodic.

Theorem 7.8. Suppose RWoGG (-, G, P) is weakly LHaGG, irreducible and period(P,) =
satisfies Y pe o t(k)p(k — 1) < oco. If 0 satisfies

> o(k)p(k —
k=2

then the initial vertex o is transient by Dy.

< 00

Remark 7.9. This case satisfies the same statement as Remark 7.5.
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Proof of Theorem 7.8. By the same theory as Lemma 7.6 and 7.7, we can prove that D, satisfies

T3 n
S Ro(t) < g(1) + 5 3 gkp(k — 1)
t=1 k=2

forn = 2,3,..., where g(k) := max {9(k), t(k)}. Performing the similar technique as Theorem 7.4, we
provide

T3 3 n
;Ra(t) < 3 kZ;D(k:)p(k -1 +C

for n = 2,3,.... Now it is easy to see that (82) implies Y ;°; Ry(t) < oo by n — oo, meaning that
D, = (9, G, P) is transient. O
8 Random walk on {0, ..., N}" with an increasing n

8.1 Definition and main result
This section is concerned with a % - lazy random walk on {0, ..., N}" with an increasing n. Let G, =
(Vi, Ey,) be a graph given by

V, :={0,...,N}yrotn-t

Ep = {{z,y} ; 2,y € Vi, [z —ylL =1}

where n and N are (fixed) positive integers. Let o = (0,...,0) denote the origin. Let P, forn = 1,2, ...
denote the transition probability of a random walk on a static graph G,,, where

3 (if = y)
Pn(ﬂf y) = m (lf”l"*ynl =1, 7é Y and ¢ {OaN})
m (if [|# —ylli =1, x # yp and zj, € {0, N'})

0 (otherwise)

for x,y € V,,. Then, we are concerned with a RWoGG X according to D, = (0, G, P) (see Figure 5), where
G(n) = Gy, If the graph grows at time ¢, we assume X; = (21, ..., Zngtn-1) = (%1, .., Tng4n—1,0).

Theorem 8.1. If D, = (0, G, P) satisfies

o~ (k)
Z (2N)k = %%

k=1

o is recurrent, otherwise o is transient.

8.2 Proof of Theorem 8.1

We will prove Theorem 8.1 based on Theorem 7.3 and 7.8. For this purpose, we prove that a % - lazy random
walk on {0, ..., N}" with an increasing n satisfies Lemma 8.2 and 8.3.
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G(1)
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0 Tk=10(k) Yi=10(k) Yi=1000)

Figure 5: growing dimension box

Lemma 8.2 ([39]). G(n) satisfies

1
p(n) = @N)rotn 1 (83)
t(n) < 8N?%logy (2N) (ng +n —1)3 (84)

for any n > 1. Therefore, D = (-, G, P) satisfies (67).
We obtain Lemma 8.2 using Lemma 5.3 and 5.4.
Lemma 8.3. A % - lazy random walk on {0, . .., N }" with an increasing n is weakly LHaGG.

Here we define an essential symbol to prove Lemma 8.3 Let X; (¢t = 0,1,2,...) be a random walk
on {0,...,N}" with an increasing n according to Dy = (f,G, P), and let Rs(t) (¢ = 1,2,...) denote
the return probability of X;. Let X = X, X1, ..., for convenience. Similarly, let Y; (t = 0,1,2,...)bea
random walk on {0, ..., N }" with an increasing n according to Dy = (g, G, P),and let Ry(t) (t =1,2,...)
denote the return probability of Y;. Let Y = Yy, Y1, .. .. For convenience, let ng := 0 and n{ :=n — 1 for

f f
t € (TY_,,T). Note that Xo = (X%,...,X°7™) = (0,...,0) = oand X; = (X},..., X" for
t > 1. Suppose that
n n
> FER) =D gk) (85)
k=1 k=1

foranyn > 1. Let A: N — {—1,0_1,0;,1} and A’ : N — {—1,0_1,05,1}. Let S/ := {1,...,ng +n}
and 5¢ := {1,...,ng+nY}. LetI : N — S/ and J : N — 7 respectively denote the random variables
which are selected by changing from X;_; to X; and from Y;_; to Y;. The transition of X and Y can

be respectively represented by the random variables sequence (A1, I1), (Ag, I2),... € [j2; At x It and
(A, ), (AL, Ja), ... € T[72, A} x Ji. We use the following Lemma 8.4 to prove Lemma 8.3.
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Lemma 8.4. Suppose X and'Y satisfy
Xt =0, }/;f’ =0
for0 <t <t and min {¢} = co. There is a coupling of X andY such that

X < TY, (86)

where 7% := min{r; r >0, Xyy, = 0} and 7¥° := min{r; r > 0, Yy, = o}, i.e., X returns to the
origin vertex o in a fewer steps than 'Y .
To show Lemma 8.4, we must prove the following lemmas.

Lemma 8.5. Suppose that (85) holds. We can construct a coupling of I and J such that Jy, s ¢ Sfl 4 Jor
s=1,...,T(1) = Land Jy, 7y = Ity +1, where t1 < ta and T'(1) is uniformly chosen on N U {oo}.

To prove Lemma 8.5, we must prove Lemma 8.6.

Lemma 8.6. Suppose that g = 0and 0 < o; < 1 for any i € N. Then, we have

t—1 00

o0
Zat (1—-0oy) = Hlfa]

o~
Il
—
<.
Il
o
<.
o

M t-1 M M
a[[a-e)=> Ba-B)=5—-Bu=1-]]1-0ay)
t=1  j=0 t=1 j=0
holds, and the lemma follows by letting M — oo. O

Proof of Lemma 8.5. Clearly, I, 11 € Stf1 +1- Then, we have
1

Pr [It1+1 = a] =
|S 1+1|

Aset ¥, (St 41) is given by

well2 t2+z;wj/¢5£+1forj’<jand wjeStle} (if j € N)

(5 41) = | -
! weHizlStQH;wjfgéSleforj’Zl} (if 7 = o0).
Then, we get
1 41l e
157,411 . (ifj =1y
158, 41 1ri—1 15;, 411 e _
Pr|{Jusidicy,.. € U5(S0)] = § e THS (1 - |s9f|> (ifj#landjEeN)  (87)

\ \ o
I2 (1 - S?H) (ifj=00.)
By Lemma 8.6, we have

Z Pr |:{Jt2+i}i:1,. €V, (Stﬁl)}

jeENU{co}
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JEN i=1 =1
:1_H(1_O‘j)+H(l_ai) (by Lemma 8.6 )
§=0 i=1
= 17
where ag = 0 and «; = “ S”““ Then, we obtain
t2+z
Z Pr {Jt2+1 ¢ Stfl+p R P - Stfl+17 Jiorr(1) = a} (88)
T(1)eNU{oco}
= > Pr({Jusiticr.. € OS] 1)) Pr sy = a[{Juritior. € U5(S]40)
r to+ifi=1,... A Ul Jtg+j = A\ Jtatifi=1,.. i 98 11
JENU{oo}
1 f 1
= Tof Z Pr ({Jtz-i-i}i:l,... € ‘I’j(StlJrl)) =
|St1+1| jENU{oo} |S 1+1|

where Pr [Jt2+oo = a){JtQH}i:lwm € \I!OO(Sle)] \Sf N . Hence
ty+

1
Prilj 41 =a] = Z Pr |:Jt2+1 ¢ S£+17 s Jiry—1 € St1+1, Jiorr(1) = It1+1} =
T(1)eNU{oo} 18]l Lol

for any a € S,'fl“. This means that J;, ;s ¢ Stle for s < T'(1) and Jy, (1) = I141 aslong as Iy, 11 = a,
and the lemma follows. 0

Lemma 8.7. Suppose that X,fl < Ytg holds for 1 € Stfl, where t1 < to. There is a coupling of X and Y
such that

Xtil < Y;fiz-i-s and Xti1+1 < Y;Q-&-T( 1)
hold for s < T(1), where T'(1) is given by Lemma 8.5.

Proof. Lemma 8.5 implies

Y?Q =T Y?'QJrT(l)fl (89)

fori € Sf Then, by Xt < Yt , we have th < Yt2+s for s < T'(1). We consider two cases whether
th = Y?Q or not.
(i) For th = Yt’2 We prove that

X, =Y, = =Y ) (©0)
t41 = Yt;ml)- 1)

Clearly, we get (90) by (89) and X/ = Y;'. Then, we give

Pr{Ay 1= 2| Xy, Ity11 =1 =Pr [AQQJFT( ) =2 | Yorr)-1 Joyr() = ’6}
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for' z € {—1?0_1,01,1}. Recgll that X; = Y} =...= Y';?J“T.(l)_l' The goupling impli'es Xi =
Xi,+2=Y, .pq)-1 T2 =Y, pq hold, where X + 01 := X} +0and Xj, +0_; := Xj, +0. Thus,
we obtain (91).

(i)For X < Y. We prove that

Xt <Y =...=Y) rq) 1, 92)
X1 <Yy ©3)

We get (92) by (89) and X/, < V.. Recall that

) 1
PriAy =01 Xy, I =i] = 1’
) 1
PriAy 1 =01 | Xy, Ity 1 =] = 7
) 1
Pr [At1+1 =1 | Xtu It1+1 = Z} = Z’
1

Pr [Atﬁ-l =-1 | Xt17 It1+1 = Z] = Z’

Pr | AL ra) =01 ) Yiprr()-15 Jrarr(1) = Z} T4

Pr :A:terT(l) =01 ‘ Yiprr()-15 Jiosr(1) = Z] =T
Pr :A;2+T(1) =1 ’ Yiorr)-15 Jivr() = Z] = i,
Pr :A;2+T(1) =-1 ‘ Yigrr()-15 Jio4r(1) = Z} = %
hold. Then, we can couple the transitions X}, — X/ | and Yt; 1)1 7 Yt’2 +7(1) such that

Pr(Ay41 =01 | Xy, Iy41 =i =Pr [A22+T(1) =1 ‘ Yiorr()-15 Jiar(1) = Z}
Pr [AtlJrl =0 | Xt17 It1+1 = Z] =Pr |:A22+T(1) =-1

Yi,ir)-15 Jeprr) = Z]
PriAyy1=1[Xy, i1 =14 =Pr [A22+T(1) =0 ‘ Yigrr()-1> Jratr(1) = Z}
Pr{Ay 41 =1 Xy, Ity41 =1 =Pr [AQQJFT(D =0_1

Yior—15 Jopgr(1) = Z]

hold. Recall that Xiy <Y =... - ¥i+T(1)—1 implies X7, 1 = X, +An 11 <Y gy +A% 1) =
Yt;JrT(l). The coupling implies X | < Yté+T(1)' Thus, we obtain (93). O

Proof of Lemma 8.4. We consider the two cases: (i) 7% = 1 and (ii) 7¥ > 1.
Part (i): Clearly, we get

1
Pr [At+1 = 071,01|Xt = 0] = 5

Pr [At+1 = 1|Xt = 0] =

N |

for any ¢ > 1. On the other hands, we obtain

1
Pr [ :ﬁ’_;,.l - 0—1701‘Yt’ = 0] — 5
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1
Pr[Aj = 1Yy = o] = 9
for any ¢’ > 1. Hence

Pr [At+1 = 0,1,01|)(1L = 0] =Pr [A2/+1 = 071, 01‘}/1&’ = 0]
Pr [TX = 1‘Xt = 0} =Pr [TY = 1‘Yt/ = 0]
for any 0 < ¢ < #'. This means that we can construct a coupling of X and Y such that 7% = 7 = 1.
Part(ii): Since

1
PI' [At+1 = ].‘Xt = O] = PI' [A;’—f—l = 1‘}@/ = 0] = 57

we obtain
1
Pr (| X 1] = 11X, = o] = Pr[[¥irsa| = 1% = o] =
i
forany 0 < ¢ < t'. Therefore, without loss of generality we can assume that® X, = (th,,, Xt%,, .. ,XZ,L,O Jm‘”) =
g
(17 07 ey 0) and Y;f”’ = (th}//v Y;%/’ s 7}Qﬁ?+ntm) = (1, 0, . ,O), where ¢ 1= ¢ + 1 and t .=t + 1. Let
§; denote
é—j := min {7’ ;> 0, Jt”’-i—T(j—l)—i—'r S ngurj}’
where T'(0) := 0 and T'(j) := ?;1 &.
Let J
. Is s)
Ay (X[, = YTJ(Tngl )
0, Gfx!s, < Y3é3511 and Ay = —1)
Agi=1q01  (f X, <Ypi? and Ay =1) (94)
. Jr(s
-1 (f Xk, < YT(T;)jl and Ay =0_1)
. Jrs
L GFXGE, <Yy, and Ay = 0r).
Let

oo

At”,TX = {W = {wi}iEN S H (IZ X AZ) ; W1 = (Qt//+1, At//Jrl)’ cey Wy x = (9t//+TX’At//+TX)} s
i=1

Bt,”:gl’“ngX

e {UJ == {wi}ieN S H (JZ X A;) N wt///+T(1) = (Gt”—f—l) At’/+1)7 [ ,wt///+T(TX) = (et//+TX, At”—i—‘rx)} 5
i=1

o0
Csp = {w = {witien € H (Ji x A}) 3 Yy = 0} )

i=1

Csj = {w = {witien € H (Ji x A}) ;Y #0,...,Yepjo1 #0, Yoy = 0} :

i=1

’Suppose that |Y;| = |Y/| = 1. Let Y’ = Y} = 1. There is the coupling of ¥ and Y’ such that Y; = o if and only if Y/ = o.
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By Lemma 8.5, we obtain
[ It”—'—j? Atll+] (Gt//_’_j, At”-f—])“[t//-‘rj—l) At”-‘r]—l]
= P [It”"r] — et”-‘r‘]{‘[t”—‘r‘]—l? At//+j_1:| Pr [At//-‘r] p— At/l+]‘lt//+] == 9t1/+‘7i|

Z Pr |:Jt/”+T(jfl)+§j = Ht”—i-j ‘Jt///+T(]’71), A;f///+T(jfl):|
£5E€NU{oo}

. PI' |:A2/N+T(j71)+§j = At"+j‘Jt”’+T(j—l)+fj = Ht//+jj|

Z Pl" |:(Jt/”+T(j*1)+£j7 A;,,,J’_T(j_l)_‘rgj) = (et//_;’_j, At”-ﬁ‘j)“]t/”ﬁ*T(j*l)? AQ,H"‘T(]‘_I)}

£5€NU{oo}
for j =1,...,7%. Repeated application of Lemma 8.5 shows that
Pr [At”,TX |Xt = o, {At+1 = 1}] = Z Pr |:Bt”’,€1,...,§7_x ‘}/;/ = o, {A{‘/—l-l = 1}i|

{1 ,...,fTX GNU{OO}

for any 7% > 1. Recall that XZ,, < Yt,,,, Lemma 8.7 implies

i _ i
Xinyjor < Yonirgony = - = Yiuipg)a

XZHJFJ < Yl//_;’_T(J)

for j =1,...,7%. This means that Yy, 1 #ofors =1,...,T(7X). Since
+

Z Pr [Ct”ur:r ’Yt' =0, { A1 =1}, B, X}

J€{0}UNU{o0}

= Z Pr [Y;t”’—l-T(TX) 7& o,... 7Y;€”’+T(TX)+j = O‘Y;f’”—i-T(TX)} = 17
j€{0}UNU{o}

we provide

Z Z Pr |:Bt/ll 1, ﬂ Ct”’+T TX)j ’th/ = o, {At/+1 = 1}:|
FE{0}UNU{o0} £1,...,€, x ENU{oo}

= Z Z Pr [Bt///,£17-~-,§7_x ‘}/t’ = 0, {A2/+1 = 1}} Pr [Ct///JrT(TX)’j‘thmg X:|
JE{0YUNU{o0} £1.....€, x ENU{o0}

= Z Pr |:Bt”'7§1,--~,§.rx ’Y}/ = 0, {A:f’—f—l = 1}} =Pr [At”,TX }Xt = 0, {At—H = 1}] .
51,...,57_)( GNU{OO}

Thus, we obtain
Pr [{At+1 = 1} N At”,TX |Xt = 0:|

— Z Z [{A i1 =1} N Byng, e« NConypirx) ‘Yt = 0}

jE{O}UNU{OO} éh"'vé.,—X ENU{OO}
forany 0 <t < t' and 7X > 1. Furthermore, since ¢t < ' and ¥ < T(TX ), we get
t”—|—7‘X S t”’—|—T(7’X) S tw—l—T(TX) —|-j — t”/—{—TY.

This means that we can construct a coupling of X and Y such that 7% < 7V
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Lemma8.8. Let Z,(X) := >, Lix,—oy and Z(Y') = S Liy,—o}- Let 7X(n) ;= min {t; Z;(X) = n}
and 7Y (n) := min{t; Z;(Y) =n}. There is a coupling of X and Y such that 7.¥(n) < 7Y (n) for
n=01,2,...

Proof. The proof is by induction on n.
(1) For n = 0. It is clear that 7:X (0) < 7. (0) since 7:X(0) = 0 and 7 (0) = 0. Therefore, the lemma
follows for n = 0.
(2) Assuming Lemma 8.8 to hold for n, we will prove it for n 4 1. By assumption, 7.X (n) < 7Y (n).
(a)For 7.X(n + 1) = 75 (n) + 1. By Lemma 8.4, we obtain

Pr [TOX(TL +1)=75(n) + 1] =Pr [Ang(n)Jrl =0_q, 01}

_ [ 1 = 0_1,01} —Pr[r (n+1) =" (n)+1].
Recall that 7% (n) < 7Y (n) implies 7.5 (n + 1) = 7.X(n) + 1 < 77 (n) + 1 = 77 (n + 1), and hence the
lemma follows for (a).

(b)For 7.X(n+1) > 75(n) + 1. If 7Y (n + 1) = oo we have 7.5 (n + 1) < 77 (n + 1) clearly, and we

obtain the claim in this case. Then, we consider 7}’ (n + 1) < co. By Lemma 8.4, we get

Pr HAT(?((n)H = 1} NAx Tg((n)}

= > > Pr H Y+ = 1} N By m)érn,x (O (+1(r%).5
JE{O}UNU{ oo} £1,...,6_x ENU{oo0}

().

This implies that 70 (n + 1) = 7Y (n) + T(7X) +j > 75(n) + ¥ = 7X(n + 1) by .5 (n) < 7Y (n).
Hence the lemma follows for (b). Therefore, we obtain the claim. ]

Proof of Lemma 8.3. Lemma 8.8 implies there is a coupling of X and Y such that Zp(X) > n as long as
Zr(Y) >nforany 0 <n < T and T > 1. This means that

Pr[Zp(X) > n] > Pr[Zp(Y) > n]

forn=0,...,Tand T = 1,2,..., and hence it follows that £ [Z7(X)] > E [Z7(Y)]. Therefore, we have

T T
> lixi=o) > 1m:o}]
t=1 t=1
T T
Y Ellixi=a) =Y E[ly,—0)]
t=1

E >F

for any T' > 1 since Z7(X) = Z;‘FZI 1¢x,=0}» and the proof is complete. O

Proof of Theorem 8.1. By Lemma 8.2,

Cip(n) < p(n —1) < Cop(n) (95)
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hold for any n = 2, 3,.. ., where C'; and C5 are positive constants to n. Since D, satisfies Lemma 8.2 and
Lemma 8.3, if D, satisfies

> o(k)p(k)

k=1

v

(k)
Cl; @N)F =%

o is recurrent by Theorem 7.3, and if D, satisfies

Y o(k)p(k—1) < Co Y a(k)p(k)  (by (95)) (96)
k=2 k=2
(k)
<
- CQZ (2N)k < 0,
k=1
o is transient by Theorem 7.8. We obtain the claim. 0

9 Other example of weakly LHaGG

9.1 Random walk on a growing spider tree

This section is concerned with a random walk on a growing spider tree. This example of application is dif-
ferent recurrence and transience for each vertex. Let C,, = (V},, E),) be a tree which has the height n, where
Vi = {r,v1} and E; = {{r,v1}}. For convenience, let h(v) denote the height of vertex v € V,,,i.e., h(r) =

0, and h(vy) = 1. Let H,, := {v € Cy, ; h(v) =n}. And let Ltf = {v €C r; deg{(v) =1,v# r}. By
t
using V,,, E,, and w, we inductively construct C,,+1 = (Vj41, Ej+1) such that

Vi1 := Vo, UV,
Epi1:=E,UE,

for n > 1, where

k" n
Eni=J {{roi}} U {{v),vjn}}
i=1 j=1
for n > 1, where £ > 2. We consider the recurrence of a simple random walk on a growing spider tree
D, = (0,C, P) (see Figure 6).
Theorem 9.1. 7 is always recurrent.
To prove Theorem 9.1, we must prove Lemma 9.2.

Lemma 9.2. Let X, be a simple random walk on a growing spider tree according to Dy = (0, C, P) Let Z;
be a random walk on Z.. Then, we obtain

Pr(X; =r|Xo=r|>Pr[Z; =02y = 0]

foranyt > 0.
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G(1) G(2)

Height 3
Degree k?(= 22)

Degree k(= 21)

a(1) | 9(2) | a9(3) |
I I I I t

0 Zk=10(k) Yi=100k) Xi10(k)

Figure 6: growing spider tree (k=2)

Proof. To prove the lemma, we prove that there is a coupling of X = {X;};>0 and Z = {Z;};>0 such
that h(X;) < |Z;| for any ¢t > 0. The proof is by induction on ¢. Clearly h(Xy) = |Zy| = 0. Inductively
assuming h(X;) < |Zy|, we prove h(X;y1) < [Zip1]. I h(X3) > |Zy| then h(X};) + 2 < |Zy| since a
random walk on D, and Z are periodic 2. It is easy to see that h(X¢y1) < h(Xy) +1 < |Z¢] — 1 < | Zi41],
and hence we obtain h(X;) < |Zy|.

Suppose that h(X;) = | Z;|. We consider three cases: (i) h(X;) = |Z;| = 0, (ii) X} is internal nodes and
(ii1) Xy is a leaf. In case (i), since

Pr [h(Xt-l—l) = h(Xt) + 1] = Pr [|Zt+1‘ == ’Zt| + 1] =1
hold, we get a coupling of X and Z such that h(Xy11) = |Zi41]. In case (ii), since
Prii(Xip1) = M(Xe) +1] = Pr{|Zea| = [Z] + 1] =

Pr{h(Xip1) = h(Xy) — 1 =Pr[|Zia] = 2] - 1] =

N =N =

hold, we construct a coupling of X and Z such that A(X;11) = |Zi41]. In case (iii), since
Pr [h(Xt+1) = h(Xt) - 1] =1
Pr(|Zia| =[Z] +1] =

Pr(|Zi1] = |Z] — 1] =

N — DN

hold, we give a coupling of X and Z such that h(X;y1) < |Zi41].
Now we obtain a coupling of X and Z satisfying h(X;) < |Z;| for any ¢ > 0. This means that
Pr[X; = r] > Pr[Z; = 0] for any ¢t > 0. Thus, we obtain the claim. O
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Proof of Theorem 9.1 . Since a random walk on Z is recurrent, we have

d PriXy=r]>> Pr(Z,=0] =00
t=0 t=0

by Lemma 9.2. Thus, we obtain the claim. 0

Next, we consider the recurrence and transience at v.

Theorem 9.3. Let 7, (1) be an even stationary distribution at vy in C,,. If 0 satisfies

> o(k)ii(1) = oo
k=1

then v1 is recurrent, otherwise v1 is transient.
To prove Theorem 9.3, we must prove the following lemmas.
Lemma 9.4. A simple random walk on a growing spider tree according to (-,C, P) satisfies 7,(1) =

ngl}ﬂ' This implies that Cy7y, (1) < 7,—1(1) < Comp(1) forn = 1,2, ..., where Cy and Cy are

positive constants to n.
Proof. By Corollary 2.22, we get

(1) = deg(v1) 1 _ (k—1)°
B, Y ikt kn{n(k—1) -1} +1

forn=1,2,...and k= 2,3,.... ]

Lemma 9.5. A simple random walk on a growing spider tree according to (-, C, P) satisfies S0 | ft,(1)t(n) <
0.

To prove Lemma 9.5, we must prove Lemma 9.6.

Lemma 9.6. Let %gzpl . be an even coupling time of a simple random walk on G,. Then,

E, 78 1<n?+1

couple

holds for any n > 1.

Proof. Let X; and Y; respectively denote random walks on G,,, where Xy = x, Yo = yo and h(xg) =
h(yo) (mod 2). Suppose that h(zg) < h(yp). By the definition of 7°'CGOZ Je» We can regard as %CGOZple =
min {2t ; Xo; = Yo;}. We consider the following coupling of X = {X;};>0 and Y = {Yi}i>0: () If
X and Y are the different heights, two particles perform respectively the independent transitions until the
two particles are the same heights. (ii) If X and Y are the same height vertex, X and Y perform the same

directions. We repeat (i) and (ii). Then, we can construct the coupling of X and Y such that
h(Xt) < h(Y;f)7 X =Y, =7

hold for any ¢ < 7, where 7, := min {t; Y; = r}. Suppose 7, is an even number. Then, we get %CGOZpl e <

Tr. Suppose 7, is an even number. Then, we give i"c(gzpl . < 7 + 1. Therefore, we obtain

Ew,y[%Gn ] < By, [Tr] +1

couple

<Epln]+1=n"+1

forn =1,2,.... Thus, we obtain the claim. ]
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Proof of Lemma 9.5. By Corollary 2.16, Corollary 2.21 and Lemma 9.4, we obtain

i(n) < O(n? logy(#a(1) ™)
= O(n? log, (k")) = O(n® log, (k).

Therefore, we provide

where (' is a positive constant to n. Thus, we obtain the claim. O
Lemma 9.7. A simple random walk on a growing spider tree is weakly LHaGG.
To prove Lemma 9.7, we must prove the following lemmas.

Lemma 9.8. Let X; (t = 0,1,2,...) be a simple random walk on a growing spider tree according to
Dy = (f,C, P), where Xg = vy, and let R¢(t) (t = 1,2, ...) denote the return probability of X;. Similarly,
let Yy (t =0,1,2,...) be a simple random walk on a growing spider tree according to Dy = (g,C, P),
where Yo = vy, and let Ry(t) (t = 1,2,...) denote the return probability of Y;. Let X = {X;};>0 and
Y = {Yi}i>0, for convenience. Suppose that

n

P GOESINI) 97)
k=1

k=1

forn=1,2,..., X andY satisfy
Xi=v1,Yy =u
Sort <t and min {¢} = oo. There is a coupling of X and'Y such that
min{s; s >0, Xy1s=v1} <min{s; s >0, Ypy.s =01}, (98)

i.e., X returns to the origin vertex r in a fewer steps than Y .

Proof. For convenience, let ng := 0 and n{ :=n—1fort e (Tf:ﬁl, T7{] Let degf (v) be a degree of the

vertex v at time ¢ in Dy. Equation (97) means that the leaf in D, is higher than D for any time. We write
the coupling as follows: (i) If Y locates the same height vertex at X except of root r and leaf, X and YV
perform the same directions. (ii) If X transits from root r to the adjacent vertex, Y transits from root r to the
same or another adjacent vertex which is deeper than a leaf of X. (iii) If X and Y are the same heights and
X only locates leaf, X transits from leaf node to parent node and pause until Y returns to the same height
as X. In case (i), since

1
Pr Xy 41 = 0| Xy, =v] = ,
deg{ (v)
1 1
Pr [V = 0" |V, =0"] = = (v and v are internal nodes and not root r)

~ degf (v") deg{ (v)
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hold for any ¢; < to, h(v) = h(v") and h(v') = h(v""), we have
Pr [thJrl = U/‘th = ’U] =Pr [Y;f2+1 = ’U,”‘Y;g2 = UH]
for any t; < to. This implies that we get the coupling of X and Y such that h(X;, 1) = h(Yi,+1).

In case (ii), X satisfies

1
PriXy+1=vXy, =r]= ———
deg] (r)

for any t; > 0 and v € H;. On the other hands, Y satisfies

1

Pr[Yy, 1 = 0|V, = 7]+ _
deg] (r)

/
Pr }/;52_1_1 =V € Vn§2 \Vn{I

1
— }/t = 7":| =
deg/, (r) ’

for any t; < to and v € H;. This implies that we provide the coupling of X and Y such that (ii) holds.
In case (iii), X satisfies

Pr[Xyi1 =0 | Xy, =v] =1

for any v € L{ cand {v,v'} € E, ;- We consider the transition probability of Y from v to v’. Let 7'3? o =

YtQ:v} — 1 for

min {'; Y;,++ = v'}. By the definition of TKU/, we provide ZSGNU{OO} Pr |:7'3Tv/ =5

any v € Lf , and {v,v'} € E ;. This implies that we construct the coupling of X and Y" such that (iii)
holds. t

We repeat this coupling until Y returns to the vertex v;. Furthermore, Y cannot go to the root vy without
going to v’ via v. Meaning that Y does not go to the root v; among case (iii) at all. Two particles of the cost
of time in case (i) and (ii) are the same but in case (iii), the time of Y is longer than or equal to X. Thus, we
obtain the claim. O

Lemma9.9. Let Z;(X) := >\, Lix,—vy and Zy(Y') = St Liy,—o,}- Let 75 (n) := min {t ; Z;(X) = n}
and 7Y (n) := min{t; Z,(Y) =n}. There is a coupling of X and Y such that 7\ (n) < 1) (n) for
n=20,1,...

Proof. The proof is by induction on n. (1) For n = 0. It is clear that 7;\ (0) < 7.} (0) since 7;\ (0) = 0 and
7o (0) = 0, and hence Lemma 9.9 follows for n = 0.

(2) Assuming Lemma 9.9 to hold for n, we will prove it for n + 1. If Tq}g (n+ 1) = oo we have
TX(n+1) < 7 (n+ 1) clearly, and we get the claim in this case. Then, we consider 7}, (n + 1) < co. By
assumption, 7;\ (n) < 7.7 (n) holds, and hence we give

min {5 ;s> 07X7'5§(n)+5} < min {8 ;8> an'rgfl(n)—‘,-s}

by Lemma 9.8. This implies that Tif (n+1) < 7'3; (n+ 1). Hence the lemma follows for n + 1. Therefore,
we obtain the claim. O

Proof of Lemma 9.7. Using the same proof as Lemma 8.3, we obtain

T
D Rs(t) =) Ry(t)
t=1 t=1
forT'=1,2,..., and the proof is complete. O
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Proof of Theorem 9.3. Since Lemma 9.5 holds, by Theorem 7.1, we can prove that v; is recurrent by D, if

Z o(k)m(1) =
k=1

holds. Using Theorem 7.4, Lemma 9.4 and Lemma 9.7, we can prove that v; is transient in Dj if

o0
D a(k)ir(1) < oo
k=1
holds. Thus, we obtain the claim. OJ

9.2 Random walk on a growing random tree

This section is concerned with a random walk on a growing random tree. This tree is a generalization of a
complete k- ary tree. Let G, = (V,,, E,) be a tree which has the height n, where V; = {r, v1,...,vny} and
Er = Y, {{r,v;}}. For convenience, let h(v) denote the height at v € V,,, i.e., h(r) = 0, and h(v) = n
if and only if v is a leaf of G,,. Let Hy, := {v € G, ; h(v) =n}. Andletw : V — {1,..., N’} be an
uniformly chosen on {1,..., N'}. Using V,,, E, and w, we inductively construct Gp,11 = (Vyt1, Ent1)
such that

Vi1 := Vo UV,
Epi1:=E,UE,
for n > 1, where

w(t)

Vi = U U {i;}

i€Hy j=1
} w(t)
E,:=J Ui
i€H,, j=1

for n > 1. To consider the recurrence of a simple random walk on a growing random tree D, = (0, G, P)
(see Figure 7), we give Theorem 9.10.

Theorem 9.10. If D, satisfies
n
lim o(k
then the origin vertex o is recurrent.

To prove Theorem 9.10, we must prove the following lemmas.

Lemma 9.11. Suppose RWoGG (-, G, P) is weakly LHaGG with irreducible, reversible and period 2. Then,
D, satisfies

n

ZRa > C1p( )ZD(/{:)

k=1

foranyn =1,2,..., where C1 is a positive constant with respect to n.

60



w(vi) =2

w(vsz) =1

a
l W |

a(2) | |

| I f T
0 Si_,a(k) ¥2_, k) i 0(k)

Figure 7: growing random tree (N=3, N’=3)

Proof. Let
0 (i < n),
on (i) := 4 22521 007)  (i=mn),
0(17) (i >mn)

Obviously, T’ S, > Tg,” holds forn = 1,2,...and n/ = 1,2, ..., and hence the weakly LHaGG assumption
implies

ST Ry(0) > Y Bo ()
t=1 t=1

for any n > 1. Since Dy, regards as a random walk on a static graph G(n) at the duration from 1 to 70",
we provide Ry, () > p(n) by Lemma 2.4. Meaning that

T

o 1% B o 0
Y Bo,lt Z Ry, (2t) > ) p(n) =p(n) Y 1=p(n)| 5| > Cip(n) Y a(i)
t=1 t=1 t=1 i=1
hold forn = 1,2, ..., where (] is a positive constant with respected to n. Thus, we obtain the claim. [

Lemma 9.12. A random walk on a growing random tree (-, G, P) is weakly LHaGG.
To prove Lemma 9.12, we must prove the following lemmas.

Lemma 9.13. Let X; (t = 0,1,2,...) be a random walk on a growing random tree according to Dy =
(f,G,P), andlet Ry(t) (t = 1,2,...) denote the return probability of X;. Similarly, letY; (t = 0,1,2,...)

61



be a random walk on a growing random tree according to Dy = (g,G, P), and let Ry(t) (t = 1,2,...)
denote the return probability of Yy. Let X = {X;}i>0 and Y = {Y; }1>0. Suppose that

n

D fk) =) (k) (99)
k=1

k=1
forn=1,2,.., min{¢} = oo and
Xi=rYy=r,
where t < t'. There is a coupling of X and'Y such that
min{s; s >0, Xyys =7} <min{s; s >0, Yy s =1}, (100)
i.e., X returns to the origin vertex r in a fewer steps than 'Y .

Proof. For convenience, let n(’; .= 0andnf :=n—1fort e (Tg_l, T1]. Let deg/ (v) be a degree of the
vertex v at time ¢t on G| - Equation (99) means that the leaf in D, is deeper than Dy for any time. We write
the coupling as follows: (i) If Y locates no leaf vertex, X and Y perform the same transitions. (ii) If X
and Y are same heights and X only locates leaf, X transits from leaf node to parent node and pause until Y
returns to the same vertex as X.

In case (i), since

1 1
Pr Xt 1 =12 Xt = V1] = =
[ 1+ | 1 ] deg{l (Ul) w(vl) +1
1 1
Pr[Yi,41 = 02 | Vi, = vi] = - is a internal node.
r[Yi,+1 = va | Vi, = v1] deg? (o)~ w(on) + 1 (v is a internal node.)

hold for any v; € an and {v1,v9} € Enf , where t1 < to, we have
tq tq

Pr[Xy, 41 = vo | Xyy = v1] = Pr[Yi, 1 = v2 | Yy, = v1]

for any ¢; < ?5. This means that there is a coupling of X and Y such that X; 11 = Y;, 41 = va.
In case (ii), X satisfies

PriXypp=v'€H_ | Xy =veH, |=1
t1 t1

foranyv € H { Consider the transition probability of Y from v to v’. Let 7'3/: o i=min{t’; Y, 4p =0}

By the definition of TZU,, we get > enyfooy PT [TZU, = s‘YtQ = v} =1.

We repeat this coupling by visiting the root r. Furthermore, Y cannot go to the root r without going to
v’ via v. Meaning that Y does not go to the root 7 among case (ii) at all. Two particles of the cost of time
in case (i) are the same but in case (ii), the time of Y is longer than or equal to X. Thus, we obtain the
claim. O

Proof of Lemma 9.12. Performing the similar proof as Lemma 9.9, we can construct the coupling of X
and Y such that ;¥ (n) < 7Y (n) forn = 0,1,2, ..., where 7;X(n) := min {t; >’ _, 1{x,—r} =n} and
Y

7, (n) := min {t ; Zizo Liy,=r} = n} Using the same proof as Lemma 9.7, we obtain
T T
D Rs(t) =D Ry(t)
t=1 t=1
forT'=1,2,..., and the proof is complete. O
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Proof of Theorem 9.10. By Lemma 9.11 and 9.12, we provide

n

0o T,DL
D Bo(t) = lim > Ro(t) > Cy lim fi(n) Y 0(0).
t=1 t=1

n—00 ¢
=1

Therefore, we obtain the claim. O

We cannot apply the weakly LHaGG theorems (Theorem 7.1 and 7.4) to a growing random tree since a
random walk on a static random tree cannot be regarded as other graphs satisfying (60) and (72). For this
reason, we obtain only the sufficient condition for the recurrence.

10 Random walk on a growing added box

10.1 Definition and main result

This section is concerned with a random walk on a growing added box. Let G,, = (V},, E},) be a graph given
by

Vo=Vo1 | {x+2nl_1}

€V 1\{N}

1
Bu={{e} s 2w € Vi e =l = s |

where n and N are (fixed) positive integers and V) = {0}. Let G/, = (V,!, E!) denote
Gl =G xGy...x Gy (ng times)

Let Dy = (9, G, P) be a random walk on a growing added box, where G(n) = G/,. Let o denote the origin.
Let P, for n > 1 denote a transition probability of a random walk on a static graph G/, where
L Gfr=y)

= (if {x,y} € E, xx #ypand z; € {0, N})

(otherwise)
for z,y € V,,. Then, we are concerned with a RWoGG X according to D, = (9, G, P) (see Figure 8).
Theorem 10.1. Suppose that ng > 3. If Dy = (0, G, P) satisfies
= o(k)
— =0
Z (Qk N)no ’
k=1

o is recurrent, otherwise o is transient.

10.2 Proof of Theorem 10.1

We can immediately prove the sufficient condition for the recurrent by using Theorem 7.3. Therefore, we
need to give a new technique for getting the transience. To prove the transience, we must prove the following
lemmas.
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G(1) G(2) e

l 1) l 12 1,1)
1 ® 1 ? ®
| H 1 :
: ....... O e
11/2,1/2) (1/2: 1/2) i
O———=—-@-———--012 -—0-9 -0--
1/2 H H
| H |

A I a2) | 2(3)
| 1
| I~ I | t

0 Zi=10(k) Zi=10(k) Zi=10(k)

Figure 8: growing added box (N=1)

Lemma 10.2. G/, satisfies

1
P =

t(n) < 8N?nd(2" 1?2 {n +logy N} .
Therefore, Dy = (0, G, P) satisfies (67) and (95).
Proof. By Lemma 5.3 and 5.4, we obtain the claim. O

Lemma 10.3. Let Y; be a random walk on a growing box D = (0,G", P"), where G"(n) = {0,..., N2"~1}™.
Let R} (t) denote the return probability of Y;. Then, we obtain Ry(t) < Rj(t) for anyt > 1.

Proof. For convenience, let ng :=0and n{ :=n—1fort € (T,{_l, T Let D(X}) :=min {s; X/, , =0}
and D(Y}") := min {s; Y}, = 0}. We construct a coupling of X = {X;},.,and Y = {Y;}, such that
D(X}) > D(Y}) holds for any 1 < i < ng and ¢t > 1. The proof is an induction concerning t. Let
I:N—{1,...,n0}and J : N — {1,... ng} respectively denote the random variables which are selected
by changing from X;_; to X; and from Y;_; to Y;.

Clearly, D(X{) = D(Y{) = 0 for any 1 < i < ng. Inductively assuming D(X}) > D(Y}!), we prove

D(X{,;) = D(Y},;). We consider four cases: (i) D(X}) > D(Y}), (ii) D(X]) = D(Y}) = 0, (iii)
D(X}) = D(Y{) = N2 and (iv) D(X}) = D(Y;) and D(X}), D(Y}) ¢ {0, Nowt } In case (i), since

Pr[|D(X{1) = D(X{)| = 1] Iepr =] = Pr[|[D(Yy,) = DY) =0 i1 =] =

N =N =

Pr[|D(Xi,y) = DX = 0| Ipyr = i] = Pr{|D(Vy,) = DY) = 1| Jipa =] =

hold, it follows that there exists a two cases coupling of X and Y such that : (a) |D(X{,,) — D(X})| =1
as long as D(Y} ;) = D(Y}). (b) D(X}, ) = D(X{) as long as |[D(Y{, ;) — D(Y})| = 1. Recall
that D(X}) > D(Y}) implies D(X}) — 1 > D(Y}) and D(X}) > D(Y}) + 1. This means that if (a) then
D(X},y) = D(X})~1 > D(Y;) = D(Y;,,) andif (b) then D(X},,) = D(X}) > D(¥{)+1 > D(Y;,,),
and hence we construct the coupling of X and Y such that D(X},,) > D(Y},,).
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In case (ii), since D(X}) = D(Y}}) =0,

Pr [D(Xf1) = DIX]) 41| Tun =] = Pr [D(Viyy) = DOG) +1 | s =] =
Pr [D(Xfy1) = DOX{) = 0| Tun =] = Pr [D(Vyy) = DY) = 0| s =] =
hold, and hence we provide the coupling of X and Y such that D(X}, ;) = D(Y/",).
In case (iii), since D(X?) = D(Y}}) = N2",
Pr [D(Xfy1) = D(X)) 1| Ton =] = Pr [D(Viyy) = DOG) ~1 | s =] =
Pr [D(X}y1) ~ D(X]) = 0| Ty =] = Pr[D(Vyy) — DY) = 0| s =] =
hold, and hence we get the coupling of X and Y such that D(X/, ;) = D(Y},,).
In case (iv), since D(X?) = D(Y;) and D(X}), D(Y}) ¢ {0, N2 }
Pr [D(X},1) = D) + 1] Tir =] = Pr[D(Viey) = DY) 41| S =] = ¢
Pr[D(X{y) = D(X]) = 1| Iy1 = i] = Pr [D(Y},1) = D(Y}) = 1| 1 = i) = i
Pr[D(X{,) = D(X{) =0 Ij1 =] = Pr[D(Y},) = D(Y/) =0 | Juy1 = i] = %

hold, and hence we give the coupling of X and Y such that D(X}, ;) = D(Y}").

Now we obtain a coupling of X and Y such that D(X}) > D(Y}) forany ¢t > 0 and 1 < i < ng, which
implies that D(Y;') = 0 as long as D(X}) = 0. Meaning that Ry(t) < Rj(t) for any ¢ > 1, and hence the
lemma follows O

Proof of Theorem 10.1 . By Theorem 7.3 and Lemma 10.2, o is recurrent by D, if 9 satisfies

Utilizing Theorem 7.8, Lemma 10.2 and Lemma 5.2, if 9 satisfies
(o]
> o(k)p(k) < o0 (101)
k=1

then ;2 R} (t) < oo. This means that if (101) holds, we obtain

o0 o
D Ro(t) <> Ry(t) < o0
t=1 t=1
by Lemma 10.3. Thus, we obtain the claim. 0
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11 The threshold of the null recurrence and positive recurrence of a random
walk on a growing complete graph

This section focuses on the null recurrence and positive recurrence of a random walk on a growing complete
graph. Let G,, = (V,,, E},) be a graph given by
Vo:={1,....,N +n}
E, = {{xay} ;T Y€ V’fl}a
where N > 2. We define the transition probability on G,, by
1

ifz,y eV,
Py (z,y) = Nt» ’
n(®,y) { 0 otherwise

for x,y € V,,. We consider a random walk on a growing complete graph D, = (0, G, P) (see Figure 9),
whereo =1 € V,,.

G G(2) G(3)

) | (2) | a(3)
| ]
[ | | | t

0 Ti=10(k) Xi=1000) Xi=10(k)

Figure 9: growing complete graph (N=2)

Theorem 11.1. [f0(n) = 1 forn = 1,2,... then o is null recurrent by Dy. Ifo(n) > 1forn = 1,2,...
then o is positive recurrent by D,.

To prove the theorem, we must prove the following lemmas.

Lemma 11.2. Let X; be a random walk on a growing complete graph according to Dy = (f, G, P). Let
Y; be a random walk on a growing complete graph according to Dy = (g,G, P). Let D(X}) and D(Y}')
respectively denote the distances from o to Xy and o to Y;. Suppose that

n

D fk) =D glk)
k=1

k=1

forn =1,2,.... We can construct the coupling of X = {X;}t>0 and Y = {Y;}+>0 such that D(X}) <
D(Y}) foranyt > 1.

66



Proof. For convenience, let ng = 0 and n,{ =n—1fort € (T, ,{,17T7{ |. The proof is an induction

concerning ¢. Clearly D(X{) = D(Y;j) = 0. Inductively assuming D(X}) < D(Y}), we prove D(X}, ;) <

D(Y{,,). Since Y7, f(k) > Sp_, g(k), we obtain n{ < nf for any t > 0. Suppose that D(X}) <
D(Y}) then D(X}) = 0 and D(Y}') = 1. Since

A A .
Pr | D(X! — 0l DIX)=0] = ——
(DO =01 D) =0] =
. A .
PTD(11)20|D(YZ):1:7
(DY, f ] N
A ‘ N+nf -1
Pr [D(thﬂ):llD(Xg):o]:itf
N +ny
' ‘ N+nf—1
Pr[D(V) = 1] DY) = 1] =~
t

we get

Pr[D(X};,) = 0| D(X}) = 0] > Pr [D(¥{},) = 0| D(Y})
Pr [D(X},,) = 1| D(X]) = 0] < Pr [D(¥{,,) = 1| D(Y;)

]

1
1].

This mean that there is a coupling of X and Y such that D(X} ;) < D(Y}, ).

Suppose that D(X}) = D(Y}}). We consider two cases: (i) D(X}) = D(Y}) = 0 and (ii) D(X}) =
D(Y}") = 1. In case (i), since

) . 1
Pr | D(X?! =0|DX}) =0 = —
[D(X{,1) | D(X{) =0] Ntnl
. . 1
Pr [D(Ytz—i-l) =0|D(Y}) = 0} TN+Ad
t
. . N+nf —1
Pr[D(X{,,) = 1| D(X}) =0] = W
t
, , N+nf—1
Pr[D(Y{,)=1]D(Y{) =0] = W
t

hold, we give
Pr[D(X{y,) = 0| D(X]) =
Pr[D(X;,) =1]D(X}) =

Therefore, we obtain D(X, ;) < D(Y/’,).
In case (ii), since

) . 1
Pr | D(X! =0 D(X)=1| =
[D(X{1)=0|D(X{)=1] Nl
) ) 1
Pr[D(Yi,,)=0|D(Yj)=1] = —
[ t+1 t ] N_'_ng
. : N+nf -1
Pr[D(X{,,)=1|D(X{)=1] = W
t
i i N+nf—1
PT[DMH):HD(}Q):HZW
t
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hold, we have

Pr[D(Xjy,) =0 D(X]) = 1] > Pr[D(Y}) = 0| D(Y}) =1]
Pr[D(Xiy,) = 1| D(X]) =1] <Pr[D(Y/;) =1|D(Y}) =1].
Therefore, we obtain D(X/, ;) < D(Y/’,), and hence the lemma follows. O

By Lemma 11.2, we get the following corollaries.
Corollary 11.3. Suppose that
n

D Fk) =) (k)

k=1 k=1
forn =1,2,.... There is a coupling of X and'Y such that

min{t >0; X; =0} <min{t >0; Y; = o}.

Corollary 11.4. A random walk on a growing graph (-, G, P) is LHaGG.

Lemma 11.5. Let Fy(t) denote the first return probability at time t on Dy. Suppose that 9(n) = 1 for
n=12 ... Then,

N -1

K10 R T G —

holds for any t > 1.

Proof. Let X; be a random walk on a growing graph according to D, = (0, G, P), where 0(n) = 1 for
n =1,2,.... By the definition of F;(t), we get

Fy(t)=Pr[X1#o0,..., X1 # 0, Xy = 0| Xy = 0]
N-1 N  N+4t-3 1
N N+1 N+t—2 N+t—1
N -1
(N+t—2)(N+t—1)

forany ¢t > 1. O

Lemma 11.6. Suppose that 9(n) = 2 forn =1,2,.... Then,

(N-1)? o
- — (ift = 2k)
Ry(t) = { SR (102)
ez oven =2k + 1)

hold for any t > 1.

Proof. Let X, be arandom walk on a growing complete graph according to Dy = (0, G, P), where d(n) = 2
forn = 1,2,.... By the definition of F;(t), we get

2
k=1 ( N+i—2 N+k—2 1 ey
[Tiet (N+§—1) ) Nte-1 N1 (f = 2k)

Fb(t) B k N+i—2 2 1 .
Hz‘:l <N+i—1) > Ntk (ift=2k+1)

(103)
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for any ¢ > 1. This implies that we obtain

N-1) o
( — (ift = 2Kk)
Fy(t) = {‘N”?NQ_)%%*’“ " (104)
ey (ft=2k+1)

Lemma 11.7. Let Z; denote a random walk on a growing complete graph according to Dy = (9, G, P).
Suppose thatd(n) = 1 forn =1,2,.... Then,

1
Pr|Z;=0= ——
r [ t O] N T 1
holds for any t > 1. Therefore, the origin vertex o is recurrent by D.
Proof. Since Pr[Z;, = o|Z;_1 = x] = ﬁ foranyt > landz € G,» , we get
Pr([Z, =o] = Z Pr([Zi—1 = x|Zy = o|Pr[Z; = 0| Z;—1 = 1]
IEEVna
t—1
1 1
= P Z 1 = Z = =
o1 2 Prlde=alZo=o = pmy
erngil
for any ¢ > 1. Thus, we obtain the claim. O

Proof of Theorem 11.1. Let Z; denote a random walk on a growing complete graph according to D, =
(0,G, P), where d(n) > 1 forn = 1,2,.... Let Z] denote a random walk on a growing complete graph
according to Dy = (', G, P), where '(n) = 2 forn = 1,2, .... By Lemma 11.4, we obtain

Pr[Z, = o] > Pr[Z; = o

for any t > 1. Therefore, we provide

o0 oo
ZPr [Z{=0] > ZPI“[Z,: =o0] =00
t=1 t=1

by Lemma 11.7. This means that if 9(n) > 1 then o is recurrent by D,. Let Z} denote a random walk on a
growing complete graph according to Dy = (0", G, P), where 9”(n) > 2 forn = 1,2, .... Using Lemma
11.5 and 11.6, we get

o

| T N -1 | o
Eo[mln{t>0,Zt—o}]—;(N+t_2)(N+t_1) t201t21t+1_
E, [min{t>0; Z =o}] = itFau (t)
t=1
| 2k(N —1)2 (2k + 1)(N —1)2
_;{(N+k—2)(]\7+k—1)2+(N+k—1)2(N+k)}
=1
SCQI;W<OO,

where C and C5 are a positive constants with respect to ¢ and k. By Corollary 11.3, we obtain
E, [min{t >0; 2z zo}] <E, [min{t >0; Z :o}] < 00.

Therefore, if 9(n) > 2 forn = 1,2,.. ., o is positive recurrent by Dy. If 0(n) = 1 forn = 1,2,..., 0 is null
recurrent by D,. O
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12 Conclusion and Future work

In this paper, we have introduced a coupling method to prove the recurrence and transience of random
walks on growing graphs by defining the notion of LHaGG and weakly LHaGG. Then, we showed the
phase transition between the recurrence and transience of random walks on growing graphs such as k-ary
tree (Theorem 4.2) and on {0, ..., N}" with an increasing n (Theorem 8.1). We also have other examples
of growing graphs, such as box (Theorem 5.1), {0,1}" with an increasing n (Theorem 6.1), spider tree
(Theorem 9.1 and 9.3), growing random tree (Theorem 9.10), added box (Theorem 10.1) and complete
graph (Theorem 11.1). It is a future work to develop an extended technique to prove the phase transitions
for more general growing graphs.
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