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Abstract

The theory of quantum gravity has been extensively explored to understand phenomena
such as the early universe and black holes. Despite significant theoretical advancements,
no experimental evidence for quantum gravity has yet been obtained, and it remains the-
oretically possible that the gravitational field may not require quantization. Verifying the
quantum nature of gravity has long been regarded as a challenging problem due to the need
for high-energy experiments. However, recent advancements in quantum technologies have
opened new avenues for testing quantum gravity. One promising approach is investigating
quantum entanglement induced by gravitational interactions in the non-relativistic regime
proposed by Bose et al. and Marletto and Vedral. Since classical gravity alone cannot gen-
erate entanglement without introducing measurements, the observation of gravity-induced
entanglement would serve as critical evidence of the quantum nature of gravity. Further-
more, generating entanglement necessitates the presence of quantized dynamical degrees of
freedom in the gravitational field. Therefore, the experimental verification of entanglement
is a crucial step toward a deeper understanding of quantum gravity.

Since gravitational effects are extremely weak, verifying quantum gravity requires prepar-
ing quantum states in macroscopic objects. Optomechanical systems consisting of macro-
scopic mirrors and cavities are promising models for achieving macroscopic quantum systems.
Applying quantum control techniques makes it possible to suppress mechanical noise and
reduce fluctuations to the quantum level. This thesis explores the quantum nature of gravity
in optomechanical systems under quantum control based on the measurements. We examine
the entanglement generation between macroscopic objects in an interferometric setup. Two
macroscopic mirrors at the ends of the interferometer arms are controlled by the measure-
ments of output fields. A power-recycled mirror at the common mode makes the asymmetry
between common and differential modes, leading to quantum entanglement in the individual
cavity light fields. Consequently, entanglement is also generated between the macroscopic
mirrors coupled to the cavity light.

Subsequently, we investigate entanglement generation in optomechanical systems medi-
ated by gravitational interactions. The gravity affects the differential mode, which induces
an asymmetry between the common and differential modes and generates entanglement
between the center-of-mass modes of the mirrors. We derive the conditions required for
gravity-induced entanglement in real and Fourier spaces. Furthermore, we analyze the time

evolution of the optomechanical system in real space, providing estimates for the time scales



necessary to generate entanglement and for the signal-to-noise ratio to exceed unity. The re-
sults presented in this thesis provide essential theoretical foundations for testing the quantum

nature of gravity using macroscopic optomechanical systems.



Acknowledgements

I am deeply grateful to my supervisor, Prof. Kazuhiro Yamamoto, for his invaluable sup-
port, insightful advice, and countless fruitful discussions throughout both my master’s and
Ph.D. programs. His enthusiastic guidance and encouragement have been indispensable to
completing my research.

I would like to extend my heartfelt gratitude to Prof. Akira Matsumura. His sharp
insights and critical perspectives greatly assisted me whenever I encountered challenges in
my research. I am also profoundly thankful to Prof. Nobuyuki Matsumoto (Gakushuin
University) for his invaluable input and sharp observations, particularly from an experimental
point of view, which significantly improved my work.

I deeply appreciate the support and collaboration of the members of our research group.
In particular, I would like to thank Prof. Sugumi Kanno and Prof. Ken’ichiro Nakazato
for their thoughtful comments and constructive feedback on my research. I am also grateful
to Prof. Kensuke Gallock Yoshimura, Prof. Takano Taira, and Prof. Yui Kuramochi (now
at the University of Electro-Communications) for their valuable perspectives on quantum
information theory, which broadened my understanding of the field. Additionally, I would
like to thank my seniors, Dr. Akira Dohi, Dr. Kazushige Ueda, and Dr. Yuuki Sugiyama, for
their continuous advice, encouragement, and inspiration throughout my studies. I am also
indebted to Kosei Hatakeyama and Ryotaro Fukusumi for engaging in countless discussions
vital to my research’s progress.

I wish to express my sincere gratitude to Prof. Satoshi Iso (Theory Center, High En-
ergy Accelerator Research Organization (KEK)), Prof. Kiwamu Izumi (Institute of Space
and Astronautical Science), and Prof. Katsuta Sakai (Gakushuin University) for providing
valuable feedback and thoughtful suggestions on my research. I am also grateful to Prof.
Hiroshi Suzuki for his insightful comments and guidance.

I would also like to acknowledge the financial support I received during my Ph.D. program
from the JSPS DC1 Research Fellowship. This fellowship allowed me to dedicate myself fully
to my research without financial concerns, and I am deeply appreciative of this invaluable
support.

I am further grateful to the administrative staff of our physics department for their
assistance with travel arrangements and the processing of Grant-in-Aid for Scientific Research
specifications.

Finally, I would like to express my deepest gratitude to my parents and my friends.



Publication List

The work presented in this thesis is based on the following four publications [13].

[1] Daisuke Miki, Akira Matsumura, and Kazuhiro Yamamoto,
“Feasible generation of gravity-induced entanglement by using optomechanical systems”,
Phys. Rev. D 110, 024057 (2024), arXiv:2406.04361.

[2] Daisuke Miki, Akira Matsumura, and Kazuhiro Yamamoto,
“Quantum signature of gravity in optomechanical systems with conditional measurement”,
Phys. Rev. D 109, 064090 (2024), arXiv:2311.00563.

[3] Daisuke Miki, Nobuyuki Matsumoto, Akira Matsumura, Tomoya Shichijo, Yuuki Sugiyama,
Kazuhiro Yamamoto, and Naoki Yamamoto,
“Generating quantum entanglement between macroscopic objects with continuous
measurement and feedback control”,
Phys. Rev. A 107, 032410 (2023), arXiv:2210.13169.

The following six publications [4-H10] are not directly related to this thesis.

[4] Daisuke Miki, Akira Matsumura, and Kazuhiro Yamamoto,
“Negativity volume of the generalized Wigner function in gravitating hybrid system”,
arXiv:2311.10980.

[5] Masaki Tani, Kosei Hatakeyama, Daisuke Miki, Yuki Yamasaki,
and Kazuhiro Yamamoto,
“Violation of the two-time Leggett-Garg inequalities for a coarse-grained quantum field”,
Phys. Rev. A 109, 032213 (2024), arXiv:2311.02867.

[6] Kosei Hatakeyama, Daisuke Miki, Masaki Tani, Yuuki Yamasaki, Satoshi Iso,
Apriadi Salim Adam, Ar Rohim, and Kazuhiro Yamamoto,
“Violation of the two-time Leggett-Garg inequalities for a harmonic oscillator”,
Phys. Rev. A 110, 012223 (2024), arXiv:2310.16471.

[7] Tomoya Shichijo, Nobuyuki Matsumoto, Akira Matsumura, Daisuke Miki, Yuuki Sugiyama,
and Kazuhiro Yamamoto,
“Quantum state of a suspended mirror coupled to cavity light - Wiener filter analysis of
the pendulum and rotational modes - 7,
arXiv:2303.04511.



[8] Yuuki Sugiyama, Tomoya Shichijo, Nobuyuki Matsumoto, Akira Matsumura,
Daisuke Miki, and Kazuhiro Yamamoto,
“Effective description of a suspended mirror coupled to cavity light -Limitations of
Q-enhancement due to normal mode splitting by an optical spring-”,
Phys. Rev. A 107, 033515 (2023), arXiv:2212.11056.
[9] Daisuke Miki, Akira Matsumura, and Kazuhiro Yamamoto,
“Non-Gaussian entanglement in gravitating masses: the role of cumulants”,
Phys. Rev. D 105, 026011 (2022), arXiv:2108.00662.
[10] Daisuke Miki, Akira Matsumura, and Kazuhiro Yamamoto,
“Entanglement and decoherence of massive particles due to gravity”,

Phys. Rev. D 103, 026017 (2021), arXiv:2010.05159.



Contents

(1 _Introduction|

[2 Testing quantum nature of gravity|

2.1 COW experiment| . . . . . . . . . . . . . . ..
[2.2  Gravity-induced entanglement| . . . . . . . .. ...
[2.2.1 Two superposed particles|. . . . . . .. .. ... ... o0
2.2.2  Harmonic oscillatorsl . . . . . ... ... ... .00
[2.2.3  Schrodinger-Newton gravity| . . . . . . . . . . ... ...
23 Conclusiond . . . . . . . ..

[3  Macroscopic Quantum mechanics|

(3.1 Dynamics of optomechanics| . . . . . . ... ... ...
[3.1.1 Optomechanical interaction| . . . . . . ... ... ... ... ... ..
[3.1.2  Equation of motion of mechanical mirror and optical light| . . . . . .
[3.1.3  Optical spring eftects| . . . . . . . . .. ... ... ... ... ..
(3.1.4 Continuous measurement|. . . . . . . . . . .. ... L.
[3.1.5  Mechanical dissipation| . . . . . . . ... ... ... ...

[3.2  Quantum feedback control| . . . . ... ... o000
[3.2.1  Feedback based on output phase field . . . . . . ... ... ... ...
[3.2.2  Feedback based on output amplitude field| . . . . .. ... ... ...

[3.3  Quantum filtering| . . . . . . ...
[3.3.1  Quantum Wiener filtering| . . . . . ... ... 0oL
[3.3.2  Quantum Kalman filteringl . . . . . . .. ... ...
3.3.3  Retrodictionl. . . . . . . . ..

I;;,4 g:gl]l!:l!]SlQllSI ....................................

[4 Macroscopic entanglement|

4.1  Dynamics of the interferometer| . . . . . . . . ... ... ...
[4.1.1  Asymmetry due to power-recycled mirror|. . . . . . . .. .. ... ..
[4.1.2  Quantum filtering| . . . . . . .. .. ... L

4.2  Entanglement|

16
16
17
17
20
23
24

26
26
26

30
31
32
33
35
38
39
40
43
48
49



[4.2.2  Steady-state solution| . . . . . . .. ..o 56

M3 Conclusions . . . . . . . . . 65

[> Gravity-induced entanglement between mechanical mirrors 67
[>.1  Dynamics of gravitating optomechanical systems|. . . . . . . . ... .. ... 68
[5.1.1  Gravity-induced asymmetry| . . . . . . . . . . . ... 68

[5.1.2  Electromagnetic forces and other noises|. . . . . . . . .. .. ... .. 70

[>.2  Time domain analysis|. . . . . . . . . . . ... 71
[5.2.1  Time evolution of the entanglement| . . . . . . . . ... ... ... .. 73

[5.2.2  Purity and squeezing| . . . . . . . . ... Lo 7

[5.2.3  Signal-to-noise ratiol . . . ... ..o L 7

H.2.4  Conclusionsl . . . . . . . . . . 79

[>.3  Fourier domain analysis| . . . . . .. ... oo 80
[5.3.1  Wiener filter for optical phase measurement| . . . . . .. ... .. .. 80

[5.3.2  Entanglement in Fourier domain|. . . . . . .. ... ... ... ... 83

[6.3.3  Gravity-induced squeezing|. . . . . . ... ... L. 88

034 Conclusiond . . . . . . . .. 89
6__Conclusions and Future Workl 91
[A  Calculation of the causal part for Wiener filter| 94
(B Input-Output Relation for the Interferometer| 96
[C Exact formula of stationary entanglement in the interferometer| 98

(D  Gravity-induced entanglement between two output lights and squeezing |

[ of output lights| 100




1 Introduction

Unifying quantum mechanics with general relativity remains one of the most fundamental
and challenging problems in theoretical physics [11]. Quantum gravity theory is expected to
help us understand the beginning of the universe and the quantum aspects of black holes.
Among the various approaches, superstring theory is a promising candidate for quantum
gravity (e.g., [12]). However, we have found no empirical evidence of quantum gravity and
still need to complete a quantum gravity theory. One of the reasons for uncompleting quan-
tum gravity is that there are almost no experimental studies on quantum gravity due to the
extremely high energy required, corresponding to the Plank mass (1019 GeV). Consequently,
most research on quantum gravity has been restricted to theoretical frameworks. Only a few
experiments have been conducted to test quantum mechanics in a classical gravitational
field. The Collela-Overhauser-Werner (COW) experiment was the first to reveal that the
Earth’s gravitational field induces the quantum phase shifts in the wave function of a neutron
[13]. An experiment of a bouncing neutron in a uniform gravitational field has also helped
investigate quantum mechanics in a gravitational field (Refs. [14H16]). These experiments
showed that classical gravity affects the quantum systems, but thus far, whether gravity
follows quantum mechanics has not been answered.

In recent years, an intriguing possibility has emerged: testing the quantum nature of
gravity in low-energy, non-relativistic regimes. The key question, first discussed by Feynman
at the Chapel Hill conference, is how the gravitational field appears for a spatially superposed
particle. If gravity follows quantum mechanics, the gravitational field is generated as a
superposition. This insight led to the proposal of quantum gravity-induced entanglement
of masses (QGEM) protocol [17H19]. In this framework, two particles, each in a spatial
superposition state, interact gravitationally via the Newtonian gravitational potential

H, = —G—m2 (1.1)

Qa4 — QB
where G is the gravitational constant, m is the particle mass, and Q A/B 1s position operator.
This Newtonian potential operator is a natural result of the non-relativistic limit of a quan-
tum field theory of linearized gravity. The authors showed that two particles evolve into an
entangled state through the Newtonian potential operator, although classical gravity can-

not generate the entanglement. Hence, detecting gravity-induced entanglement may provide



evidence that gravity follows quantum mechanics. Gravity-induced entanglement has stim-
ulated several researches |10} [20-27]. For entanglement to emerge, the particles must satisfy
strict experimental conditions: a mass of approximately 10~ kg, a sizeable spatial super-
position of order 100um, and coherence times on the order of one-second [28-30]. Achieving
such conditions remains experimentally challenging due to decoherence effects, electromag-
netic interactions, and thermal noise. Various strategies have been proposed to mitigate
these issues, including enhanced isolation techniques |31, |32], suppression of decoherence
[33], and electromagnetic shielding |28, 34-36].

Parallel to these efforts, theoretical discussions regarding the quantum nature of gravity
have explored the role of gravitons and quantum field theory [37-44]. Refs. [37-39] ana-
lyze gravity-induced entanglement within the frameworks of complementarity in quantum
mechanics and causality in general relativity. They argue that inconsistencies arising from
gravitational superposition can be resolved through the vacuum fluctuation and the radia-
tion of the gravitational fields. Refs. |41, |42| clarified this statement based on the quantum
electrodynamics. The authors showed that the contradiction between complementarity and
causality due to the superposition of the electromagnetic field is resolved by the vacuum
fluctuation in the photon field and photon emission. Refs. [43, 44| extended the discus-
sion of the quantum electrodynamics to the gravitational field. Ref. [40] indicated that
gravity-induced entanglement could verify the quantized dynamical degree of freedom in the
gravitational field under unitarity and Lorentz invariance assumptions. Therefore, verifying
gravity-induced entanglement is the first step toward understanding quantum gravity and

one of the most facilitative approaches to experimental verification of quantum gravity.

Optomechanics.—A significant challenge in detecting gravity-induced entanglement lies in
the extremely weak nature of gravitational interactions. Cavity optomechanics is a promising
model for overcoming this challenge by enabling precise quantum control of mechanical
systems [45-48|. The interaction between a mechanical oscillator and an optical mode allows
us to prepare the quantum states of the oscillators. Ground-state cooling of mechanical
oscillators has been demonstrated using cavity detuning and feedback control techniques
[49]. Coulomb-induced entanglement between levitated nanospheres has also been proposed
for exploring quantum entanglement in mechanical systems [50]. Significant experimental
milestones have been achieved in optomechanical systems, including the demonstration of

entanglement between mechanical oscillators with masses as small as 70 picograms |51}



53| and the observation of quantum back-action noise in nanogram-scale oscillators [54].
Quantum squeezing of macroscopic mechanical mirrors near the quantum limit has been
reported for systems with masses of 7 milligrams [55-57]. Quantum correlations between
light and kilogram-scale mirrors in the Laser Interferometer Gravitational-Wave Observatory
(LIGO) have been measured, underscoring the feasibility of optomechanical systems for
probing quantum effects in macroscopic objects [58]. With advancements in quantum control
techniques, optomechanical systems are being explored as candidates for verifying gravity-
induced entanglement. Refs. |9} 59, 60| propose using single-photon interactions to generate
entanglement between mechanical mirrors and optical fields. Additionally, inverted harmonic
potentials have been shown to enhance optomechanical entanglement |61}, 62].

The present doctoral thesis investigates the quantum nature of gravity in optomechanical
systems under quantum control. The primary contributions of this work are the following two
topics: (i) Entanglement between macroscopic mirrors: In Chapter 4, we explore the feasibil-
ity of generating entanglement between macroscopic mirrors via quantum measurement and
feedback control [3|. While entanglement in picogram-scale systems has been demonstrated,
extending these results to heavier, milligram-scale objects remains an open challenge. The
measurement, of quantum phenomena on the milligram scale is also important for verify-
ing the quantum effects of gravity since the gravitational constant has experimentally been
measured using the 90-milligram objects [63]. Therefore, we discuss whether quantum entan-
glement can be generated between two macroscopic mirrors by quantum control based on the
measurement—the authors of Refs. [64-66| analyzed the entanglement in a comparable situa-
tion where the power-recycled mirror (PRM) asymmetrically makes the mechanical common
and differential modes. However, their analysis was limited to high-frequency regions, where
the mirrors were regarded as free mass. Namely, they only demonstrated entanglement gener-
ation between Fourier modes of the mechanical motions in high-frequency regions. Quantum
control of macroscopic mirrors around resonant frequencies is important for entanglement
generation (e.g., Refs. |67, 68]|). Then, our analysis is wider than high-frequency regions.

(ii) Gravity-induced entanglement in optomechanical systems: In Chapter 5, we investi-
gate gravity-induced entanglement between mechanical mirrors in optomechanical systems
[1, 2]. In Section 5.2, we consider the time evolution of gravity-induced entanglement [1].
We show that gravity-induced entanglement can be generated by reducing thermal noise
and realizing a quantum state through the quantum Kalman filtering process. The time

evolution of gravity-induced entanglement, which is important for evaluating the feasibility

10



of the experiment, has yet to be clarified. We also determine the optimized setup of an
experiment by investigating the signal-to-noise ratio. In Section 5.3, we focus on gravity-
induced entanglement in the Fourier domain [2|. Ref. [67] investigated the gravity-induced
entanglement between two output optical modes in the Fourier space, and the authors of
Ref. [68] investigated the gravity-induced squeezing of output lights in the Fourier space.
However, they do not discuss the quantum control of mechanical mirrors, and the entangle-
ment and the squeezing of the mechanical modes of mirrors in the Fourier space have yet to
be investigated. Therefore, we evaluate the gravity-induced entanglement between mirrors

and the squeezing of mirrors in the Fourier space.

Entanglement.—Quantum entanglement is one of the fundamental properties of quantum
mechanics. When two systems are in a quantum entangled state, a measurement on one
subsystem immediately affects the other. Unlike classical correlations, the state of each
system is not determined before the measurement, and quantum entanglement does not
disappear when the measurement basis is changed. Quantum entanglement is one of the
central researches in quantum information, which has been applied to quantum teleportation
[69-72].

We first introduce the general density matrix of a single system p = > q; [1);) (¥;], where
|1;) is the pure quantum state and ¢; is the non-negative value satisfying ZZ ¢ = 1. The
state is pure if and only if the one of ¢; is 1 and all others are 0, p = |¢) (|. The density
matrix is positive semi-definite, (¢| p|¢) > 0 for an arbitrary state |¢), and tr[p] = 1. Next,
we consider a system composed of subsystem A and subsystem B. If the system is separable

(not entangled), then the density matrix of the system is

p=> pibs @ i, (1.2)

7

where ﬁi‘ /B is the density matrix of the subsystem A/B and p; is the non-negative value

that satisfies ) ;,pi = 1. Taking the partially transposed state with subsystem A, we have
P = pili)T @ dp. (1.3)
i

Therefore, the partially transposed density matrix is positive semi-definite for any separable

state because the density matrix ﬁfq /B is positive semi-definite. However, the entangled state
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is defined as one that cannot be expressed in Eq. (1.2]). Considering the counterpart, if the
partially transposed density matrix is negative, the state is non-separable, i.e., entangled.
This is well-known as the positive partial transpose (PPT) criterion |73-75]. According to

this criterion, we investigate the entanglement by entanglement negativity defined as

N = uil, (1.4)

u; <0

where u; is the eigenvalue of the partial transposition of the density matrix. The system is
entangled if the negativity is a positive value. Positive entanglement negativity is generally
a sufficient condition for a state to be quantum entangled. However, it is a necessary and
sufficient condition, for instance, considering two qubits and two-mode Gaussian states [76].

It is well known that Local Operations and Classical Communication (LOCC) cannot
generate and increase the entanglement [73-75|. For instance, the local operation on the
subsystem A is expressed as pr4 = ZZ(/L ® i) pA(/L ® i) , where A; is the Kraus operator
satisfying » . fljflz — 1. Then, we consider the case that we get the measurement result
1o for the subsystem A and classically communicate with the subsystem B. Considering the
operation on the subsystem B based on the measurement result ig, the density matrix is

~
~

expressed as ,53-3 A= ZZ(AM ® BZO) p(Ai, ® éfo)T, where BZZO is the operation depended on the
o7

; E;O = 1. Since the whole system remains in the

measurement results 79 and satisfies ZZ B
product state throughout these operations, quantum entanglement is not caused by LOCC.

Additionally, we introduce separable operations

p=> (M@ Ny)p(M; @ Ny)T, (1.5)

1

where ZZ M;Mi ® ]\A/Z.TNZ' — 1 ® 1. The separable operations are the broad class of the
LOCC; every LOCC is the separable operation, but not every separable operation is LOCC.
The entanglement cannot occur in either operation, and we refer to both operations in the
present thesis simply as LOCC. Therefore, generating and increasing quantum entanglement
requires the non-LOCC operations. Using this property, detecting gravity-induced entan-
glement means that gravitational interaction is a non-LOCC operation. Assuming gravity
is based on a local theory, generating QGEM provides evidence that gravity is a quantum

entity explained by quantum communication.
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Gaussian state.—Here, we introduce the Gaussian state based on Ref. [76], whose wave
function is Gaussian and characterized by an expectation value and a covariance matrix.
Gaussian states are widely used in quantum optics and quantum information science, and
quantum entanglement in Gaussian states has been well studied [76-79).

We consider a second-order Hamiltonian, expressed as a second-order polynomial of po-
sition and momentum. We can generally write the second-order Hamiltonian as

N |
HezigTH§+s§T, (1.6)

where 8 = (4a,pa, B, Pp)" is the dimensionless operators satisfying [G;, p;] = i. s is the
4-dimensional real vector, and we can assume that the matrix H is the arbitrary symmetric
matrix because the anti-symmetric parts can be ignored. We henceforth restrict the Hamil-
tonian matrix to be positive definite H > 0, which corresponds to a stable system. Using

this second-order Hamiltonian, the general Gaussian state is defined as

—BH
G =——, (1.7)
tr[e—AH]
with a positive real value §, which corresponds to the inverse temperature f = 1/kpT with
a Boltzmann constant kp. Redefining the real vector as § = —H~'s, the Hamiltonian is
rewritten as H = $(8 — 8)TH(s — 8), where we ignore the constant. Then, we can derive

the expected value and the covariance matrix of the Gaussian state as

(8) = trlpgs] = 3 (1.8)
o = tifpe{(5—5). (5 - 5T =5 (@ m1) sT= | T ) (1)
Oap 9B

where S is the real symplectic group, which is defined SJST = J where J is the anti-
symmetric matrix defined as [8, 8%] = iJ. vj > 1 is the symplectic eigenvalues.

Next, we discuss the properties of the covariance matrix. The covariance matrix is the
symmetric matrix and positive definite o > 0. Moreover, from the uncertainty relation, we

derive the following inequality:

o+iJ >0, (1.10)

13



which is equivalent to v; > 1. We can also derive o > 0 from this inequality since vl Jv=0
for all real vector v. Therefore, since these conditions are based on the uncertainty principle,
the matrix o can be regarded as a covariance matrix of the physical state if and only if
these conditions are satisfied. The properties of Gaussian states are characterized only by
the expectation value and covariance matrix. Here, we introduce the purity, the Wigner
function, and quantum entanglement.

The purity is the indicator of the quantumness of the systems, defined by P = tr[p?].
We have P = 1 for the pure quantum state and P < 1 for the mixed state. For a Gaussian

state, the purity is

1
\/deta"

P = tr[p%] = (1.11)
and the Gaussian state is pure if and only if deto =1 (11 =19 = 1).

Next, we consider the Wigner function, which describes a distribution function in the
phase space. An interesting property of the Wigner function is that it can be negative in the
quantum state, whereas the classical phase distribution function is only positive. Therefore,
the Wigner function is commonly used in quantum optics as a quantum signature [80-82|.

The definition of the Wigner function is

/

1 v q, . q
W(gq,p) = g/ dq'e <q+§!p|q— 5% (1.12)
R

and for the Gaussian state, we have

4 T 1o =

Wea(s) = me—(s—5> o (s=8), (1.13)

The center of the function of the distribution is the location of the expected value s, and the

spread is characterized by the covariance matrix o. We plot the Wigner ellipses as a contour

satisfying W = e 'Wynax where Wiax is the maximum value of the Wigner function, i.e.,
(s —8)To"1(s—5) =1.

We then consider the entanglement criterion of two-mode Gaussian states. As we have

already described, the quantum entanglement can be evaluated from the eigenvalues of the

state after partial transposition. The operation of the partial transposition on the state

corresponds to o — T'oT in the covariance matrix, where T" = 1o @ o, with the 2 x 2

14



identity matrix 1 and the Pauli matrix o,. Then, we can derive the entanglement criterion:

the two-mode Gaussian state is entangled if and only if
ToT +1J < 0. (1.14)
To investigate the entanglement, we define the logarithmic negativity as
Ey = logy [|p"* 1 = max{0, — log, 7}, (1.15)

where ||p]|1 is the trace norm of p. 7 is the minimum symplectic eigenvalue of the partially
transposed covariance matrix ToT', given by
s Y—vVX2—ddeto

Do = 1.1

where ¥ = det 04 +det o — 2det o 45. The inequality (1.14]) is equivalent to 7 < 1, which
leads to Eny > 0.

Remainder of the present paper.—This thesis is organized as follows. In Chapter 2, we re-
view the models of gravity-induced entanglement using two superposed particles and two
harmonic oscillators. We explain that Newtonian gravitational potential generates the en-
tanglement of two masses as gravity obeys quantum mechanics. In Chapter 3, we introduce
the optomechanical systems consisting of the mechanical oscillating mirror and cavity light.
We also describe the quantum control of the mechanical mirror based on measurements. The
main parts of the present thesis are Chapters 4-5. In Chapter 4, we explore the macroscopic
quantum mechanics in optomechanical systems. We consider the entanglement between two
macroscopic masses in the Fabry-Pérot-Michelson interferometer. In Chapter 5, we discuss
gravity-induced entanglement in optomechanical systems under quantum control. We derive
the condition of generating the entanglement, and investigate the time scale of the gravita-
tional entanglement. In Appendix A, we compute the quantum Wiener filtering based on
the measurement of the optical output field. In Appendix B, we discuss the input-output re-
lation for the interferometer setup with a power-recycled mirror. In Appendix C, we present
an exact formula of the entanglement negativity in the power-recycled interferometer. In
Appendix D, we review the entanglement and squeezing of optical modes induced by gravi-

tational interaction.
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2 Testing quantum nature of gravity

The development of a complete theory of quantum gravity remains an ongoing challenge,
mainly due to the need for experimental validation. This difficulty stems from the challenges
of conducting experiments at extremely high energy scales where quantum gravitational
effects are expected to appear. However, recent advancements in quantum technology have
introduced new possibilities for testing quantum gravity. One promising approach involves
examining quantum gravity-induced entanglement of masses (QGEM). In this Chapter, we
briefly review gravity-induced entanglement between two superposed particles, proposed by
Bose et al. |17] and Marletto and Vedral [18].

2.1 COW experiment

Before starting the discussion of QGEM, we introduce the Collela-Overhauser-Werner (COW)
experiment [13], which is an experiment that showed the effect of a classical gravitational
field on a quantum system. The experiment setup is shown in Figure [} a neutron with
mass m and wavelength A is split into two paths, ACD and ABD, by the beam splitter at A.
The heights of the two paths differ by hsina, and neutrons passing through each path are
affected by different Earth’s gravitational fields. Finally, the neutron interferes at D, and we
measure the intensity difference d7. Since the energy of neutrons passing through each path
is conserved, we obtain
h’ky  hk?

om, = % + mgh sin Q, (2.1)

angle «
neutron

A

mass M
wave length )\

FIG 1: A schematic plot of the COW experiment. The interferometer is rotated by an angle
«, which causes the effect of the Earth’s gravitational field to be different in the two paths.

16



where g is the gravitational acceleration and k is the wavenumber. This indicates that the
kinetic energy is reduced on ACD by converting the gravitational potential energy. Therefore,
the difference of the two paths is

2
5:kg_kogN_)‘L

g .
hesin c. 2.2
2mh? (2:2)
Since the intensity difference AT is proportional to cos 8 in the Mach-Zehnder interferome-
ter, the Earth’s classical gravitational field affects the phase of the neutron wave function.

However, this experiment did not answer whether gravity follows quantum mechanics.

2.2 Gravity-induced entanglement

2.2.1 Two superposed particles

Here, we consider the two superposed particles interacting with the Newtonian potential
operator. As shown in Fig. , we can consider the linear setup in the original paper |17,
18] and the parallel setup |10, 25]. Although the expressions of both cases are almost
identical, Ref. |28] pointed out that the parallel setup makes it easier to reach the time scale
requirements than the linear case. Therefore, we focus on the parallel setup in this section.

Two particles of the same mass m are separated by a distance of d. Each particle is
initially prepared as the superposition of two spatially localized states separated by distance
L along the same direction. We use notations [t4,p) and |{4,p) to represent the states of

the particle at the left and right paths, respectively. We consider the case where the initial

(a) Linear setup (b) Parallel setup

FIG 2: Sketch of the two superposed particles: (a) in the linear setup, and (b) the parallel
setup. In both configurations, the particles are separated by d, and L separates the spatial
superpositions.
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state of the total system is separable state as

[W(0)) = |a(0)) @ [¢5(0)) (2.3)

where [0 4,5(0)) is the initial state

0a5(0)) = %m/m T lasm)). (2.4)

The initial state evolves under the gravitational interaction described by

~ AAB A B Gm2 1
H=—=5 0 ith A :—(1——), 2.5
9 o, o, Wi AB d e L2/d2 ( )
where we ignore the constant term proportional to the identity operator. Because we assume
that the wave packet of each particle does not spread, the kinetic term is neglected. The
state of the total system at time ¢ is [¥(t)) = e~“*/7|¥(0)). The density matrix of a given

pure state is

Aap AAB
1 et Th t et ™h t 1
A A
1] e 7% 1 1 eiThtt
— U _;2ABy _;BaBy (26)
e 'h 1 1 e 'h
SAAB AAB
1 et Th t et ™h t 1

We analyze the entanglement using the positive partial transpose (PPT) criterion introduced

in Chapter 1. The eigenvalues of the partial transposed matrix are

1 TAus 1 Aap
ui—j:§sm[Tt], vi—2(1icos[ 3 t]) (2.7)

u/ys are always positive, but either uy or u_ is always negative or zero. Therefore, the

negativity is

N = sin[A—;th} . (2.8)

1
2
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FIG 3: Behavior of the entanglement negativity N as a function of the dimensionless time
Aypt/mh for L/d = 1. The state of two particles is entangled except when N' = 0. The
blue curve is the case without the dissipation. The red dashed, purple dotted, and orange
dashed-dotted curves correspond to the case for 7T'/h/Aap = 0.1, 0.3, 0.6, respectively.

The blue curve in Fig. [3| shows A as a function of the dimensionless time A spt/mwh. The
state of the two particles periodically oscillates between the maximally entangled and non-
entangled states because the system is a pure quantum state.

In the previous analysis, We assumed a closed quantum system and did not consider the
influence of the environment. However, in experimental verification, the effect of decoherence
due to the environment has a significant impact. Refs. |29, 33| estimated the decoherence
effects of two particles due to the environment. Here, we review these studies. Assuming

the initial state is pure, given by Eq. (2.3)), the density matrix is given by

1 G4BTt S4BTt o2t
o 1 e—iigB t—Tt 1 o—2Tt e—iigBt—rt 29)
4 | —i=aBt-Tt e 20t 1 e—i=aBt-Tt |’ '
o—2Tt P S4BTt iS4B Tt 1

where I' is the dissipation rate. Then, the eigenvalues of the partially transposed density

matrix are
1 1 A
u’i = i Ze’” (ert + 2sin[—2Bt]> (2.10)
1 1 A
vl = 1 + Ze_Ft (6_Ft + 2 cos| 23 t]) . (2.11)

The red dashed, purple, and orange dashed-dotted curves in Fig. [3| show the entanglement

19



negativity with environmental dissipation. For quantum entanglement to occur, the timescale

of the gravitational interaction is faster than the timescale of the dissipation.

2.2.2 Harmonic oscillators

In this section, we briefly explain the model of generating gravity-induced entanglement
between two harmonic oscillators |23, 24]. Unlike the previous case of using two superposed
particles, gravity-induced entanglement occurs even in Gaussian states. The evaluation
of quantum entanglement in Gaussian states is well established, as introduced in Chapter
1, which simplifies the analysis. However, this model is very much affected by thermal
fluctuations. One useful way to reduce thermal noise is quantum control, which will be
introduced in Chapter 3. Gravity-induced entanglement under quantum control will be
discussed in Chapter 5. From another perspective, the realization of non-Gaussian states
in continuous variable systems may play an important role in the generation of quantum
entanglement [9, 23|, [55]. Non-Gaussian state realizations have been discussed in Ref. [83].
Here, we review gravity-induced entanglement between harmonic oscillators and thermal
noise, which is the basis of the analysis in Chapter 5.

The Hamiltonian of the system is

Gm?
d+Qa—Qp’

2 L a9 1 9n9 L a9 1 op2
H:_QA+§mQPA+%QB+§mQPB—

o (2.12)

where we assume the symmetric oscillators with the mass m and the frequency €2, and d
is a distance of two oscillators. Q4 /B and Py /B are the dimensional canonical operators
satisfying [Q 4 /B> Py /8] = ih. Assuming the mechanical displacement is much smaller than
the distance of two particles d, we can expand the gravitational potential as

- Gm? Gm? Gm? . A Gm?

HG:_d—l—QA—QB:_ d + a2 (QA_QB)_ d3

(Qa—Qp)*, (2.13)

where the first term is constant, and the second term is the local part that cannot increase the
entanglement between two oscillators. Hence, the third term generates the entanglement.
We ignored higher order terms after the third order because the position displacement is

small, which allows for analysis based on the Gaussian states.
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We can derive the Heisenberg equation of the two oscillators as

: 1 - A 1 .

Qa=—Ps, Qp=—Pp, (2.14)
) m m

Py =—-mQ?(1 — %)QA - mQZEQB —v (2.15)
Py = —mQ(1 - %)QB - Q%QA +v, (2.16)

where v = Gm?/d? is the constant and e is the gravitational coupling given by

4G'm
T B2

€

(2.17)

These equations are simple cases without thermal dissipation, but the macroscopic objects
are affected by environmental noises. Then, the system’s dynamics is given by the Langevin

equation (e.g., [84]). Considering the macroscopic quantum open systems, we have

: 1 - X 1 -

QA - EPAa QB = EPB’ (218)
Py = —mQ2(1 — %)QA - mfz?%@B — v — TPy + 2Pt (2.19)
Pp = —mQ2(1 — g)QB - Q%QA v TP+ Vorph (2.20)

where I' is the dissipation rate, and ]5;1}} p 1s the thermal fluctuation with zero mean value

(152} ) = 0 and its correlation function is

~ - *® dwmhw . , A
th th AN il —iw(t—t") _
(Payp(t) Py p(t)) /OO 5 5 lcoth <2kBT> 11 , (2.21)

where kp is the Boltzmann constant and 7' is the environmental temperature. Since we

have kgT/h ~ 10! s7! even for low temperature 7' = 1 K, we can use the approximation
({]52}}3(15), ]5151}}3(15’)}) ~ mhQ(2ne, + 1)0(t — '), where ng, = ("™/k3T _ 1)=1 ~ kpT/hQ is

the thermal occupation number. We here introduce the dimensionless operators as

. 2mf) R 2 .
Ga/p =\ =5 Qasp Pajp=\| —55La/p (2.22)
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that satisfy [G4,p,Pa/8] = 2i. Then, the Langevin equations are

Ga=a, s =B (2.23)
. €. . €. . .
pa=-—Q(1— §)QA — Q§qB —v —Tpg+ \/2I‘pf¢{l (2.24)
. €. . €. . .
pp = -1 = 3)ip — Q544 — v —Tpp + V2Ip, (2.25)

where v/ = v4/2/mh$) and ﬁjl/B = ]—2’2}}3\/2/th.

Introducing the vector of dimensionless operators © = (G4, P4, B, ﬁB)T, we rewrite the

Langevin equations as » = A7 + v, where

0 Q 0 0 0
Q1 —¢/2) T —Q¢/2 0 —v/ 4+ 2P
A= (1=¢/2) ¢/ o= | TUTYEPA L 000
0 0 0 Q 0
—Qe/2 0 —Q(—¢/2) -T v+ V2Tph

Then, the covariance matrix V' = ({# — (#) , (# — (#))T}) /2 follows the Lyapunov equation

as
V=AV + VAT + N, (2.27)
where IN describes the thermal noise defined as
N = diag{0, 2I'(2n¢, + 1), 0, 2I'(2n4, + 1) }. (2.28)

Solving the Lyapunov equation, we can derive the covariance matrix as
T t ! /
V() = eV (0)ed t + / dt' AT N () e A, (2.29)
0

The logarithmic negativity for the Gaussian state in Eq. can evaluate the entangle-
ment.

The left panel of Figure |4 shows the behavior of gravity-induced entanglement as a
function of time for initial vacuum state V'(0) = 14. Here the mechanical frequency Q /27 =

10~3 Hz, the mass density m/d® = 2 x 20 g/cm?, and the dissipation rate I'/27 = 107¢ Hz
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FIG 4: Behavior of logarithmic negativity for initial vacuum state (left panel) and initial
squeezed state (right panel). We fix the mechanical frequency /27 = 1073, the mass density
m/d® = 2x20 g/cm?, and the dissipation I'/27 = 107¢ Hz. Each curve correspond to ng, = 1
(blue solid curve), ny, = 10 (red dashed curve), and ny, = 30 (purple dotted curve).

are fixed. Each curve changes the effect of thermal noise, with the blue curve corresponding
to nyn = 1, the red dashed curve to ng, = 10, and the purple dotted curve to ny, = 30.
The time scale of generating maximum entanglement is estimated by ¢t ~ 7/2Q(1 — €/2),
where we assume the time scale of gravitational interaction is much faster than that of the
thermal decoherence. The right panel of Figure [ shows the behavior of the entanglement
for initial squeezed state V' (0) = diag{e =271, e?"sa ¢=2"sa ¢2"a} with a squeezing parameter
rsq = 1.73. Then, the time scale of maximum entanglement is ¢ ~ /e under the same
condition as the vacuum case. It can be seen that the entanglement for the initial squeezed
state is more resistant to thermal noise; the entanglement for the initial squeezed state is
larger and survives longer than that in initial vacuum state. However, the entanglement is
strongly lost if we consider the initial thermal state or initial thermal squeezed state. The
entanglement with initial thermal state is derived by En ~ (¢/2)/In2 —logy(2n4, + 1), while
the entanglement for initial thermal squeezed state is Ey ~ 2|rsq|/In2 —logy(2n4y, + 1). For
example, the entanglement does not occur in both cases if the initial thermal noise is set to

nip ~ 10. Therefore, we need extremely low temperatures and low dissipation rates.

2.2.3 Schroédinger-Newton gravity

Since quantum effects of gravity have not been observed to date, the possibility that gravity
is classical remains [85-87]. We here consider the mutual gravity in Schrédinger-Newton

(SN) theory for two objects |67, 85| |88} [89]. SN gravity is described by the expectation value
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of the Einstein equation

87G -
Guu = 6_4 <T,uu> 5 (230)

where G, is the Einstein tensor of classical spacetime, and T/w is the operator of the energy-
stress tensor. This means that the system is quantum, but gravity is classical. Considering
the non-relativistic regime, the Hamiltonian of SN gravity is

Gm

A Gm , . )
Hgn = —?(QA —qeB)? — ?WB — qea)?, (2.31)

where g.4/.p 1s the expectation value of the mechanical position. The first term represents
the effect of classical gravity with system A as the source of quantum system B, and the
second term is vice versa. It has been assumed that in many gravity-induced entanglement
models, the expectation value can always be prepared to zero ¢.4/.p = 0 and that no
SN-induced correlations appear between two objects because SN gravity is expressed by
LOCC. This is the correct description when we do not consider the measurement process.
However, when the measurement process is considered, the expected value changes due to
the wavefunction collapse. Ref. [88] showed that the difference in how the expectation value
is determined leads to differences in the behavior of classical gravity. In particular, when
considering SN gravity based on the causal estimation, the measurement process to system
A produces a change in the expectation value ¢.4, which in turn affects the motion of
system B. This has very similar effects to quantum gravity. We are currently working on a
theoretical model to distinguish the signature of SN and quantum gravity using time-delayed

measurement [90].

2.3 Conclusions

We briefly reviewed gravity-induced entanglement to test the quantum nature of gravity.
First, we described the COW experiment as an experimental validation of gravitational ef-
fects on quantum systems. In this experiment, we explained that Earth’s gravity causes a
phase shift of the neutron’s wavefunction. This is one of the gravitational effects on quantum
systems, but gravity itself is classical. Next, we explained gravity-induced entanglement mod-
els of spatially superposed particles and harmonic oscillators. We demonstrated the periodic

quantum entanglement based on the Schrédinger equation for pure quantum systems. How-
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ever, in both models, we need to consider the effect of environmental decoherence towards
the experimental verification. We simply showed the behavior of quantum entanglement
with environmental decoherence and the entanglement is very sensitive to thermal noise,
which requires a low-dissipation and low-temperature environment. Finally, we discussed
the semiclassical gravity in Schrodinger-Newton theory. The influence of classical gravity
has been neglected so far, but it may be necessary to consider its influence when considering
the measurement process. We have been working on the effects of semiclassical gravity now.
In the next Chapter, we discuss the realization of macroscopic quantum systems by quantum

control in optomechanical systems in order to reduce the influence of noises.
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3 Macroscopic Quantum mechanics

This section concisely reviews cavity optomechanical systems with a single movable mirror
under quantum control. This topic has gained significant attention for advancing macro-
scopic quantum phenomena [45-48|. These systems have been extensively investigated to
explore and realize quantum behaviors in macroscopic mechanical oscillators, offering in-
sights into the quantum-classical boundary. A theoretical framework for cooling mechanical
oscillators to their ground state through cavity detuning and feedback control was presented
in Ref. [49]. Additionally, References |64-66, 91| discussed a framework for quantum esti-
mation, employing a quantum filtering process to prepare and stabilize quantum states in
mechanical mirrors. These frameworks have laid the foundation for experimental advance-
ments in controlling mechanical systems at the quantum level. Recent experimental progress
has demonstrated the feasibility of bringing milligram-scale mirrors close to quantum states
by detuning, quantum feedback, and quantum filtering methods [55-57]. These advance-
ments pave the way for realizing quantum control over significantly larger masses, marking
substantial steps toward macroscopic quantum systems. These milestones underscore the
potential of optomechanical systems in entangling massive objects, essential for probing
fundamental questions in quantum mechanics. Realizing macroscopic quantum states in op-
tomechanical systems is pivotal for probing the boundaries between quantum and classical
physics and offers a promising platform to test the quantum nature of gravity. The follow-
ing sections delve into the dynamics of optomechanical systems and subsequently review
quantum feedback control and quantum filtering, which play critical roles in achieving and

sustaining quantum states in optomechanical systems.

3.1 Dynamics of optomechanics

3.1.1 Optomechanical interaction

We consider an optomechanical system consisting of an optical cavity with a single mechan-
ically movable end mirror, as depicted in Figure |5l In this system, the interaction between
the optical field inside the cavity and the mechanical mirror arises from radiation pressure
exerted by the intracavity light, which induces a displacement in the mirror’s position. When
the optical field is resonant with the cavity length ¢, the resonant frequency of the cavity
mode w, is given by w, = nmwc/l, where ¢ represents the speed of light and n is the mode

number of the cavity mode. As the radiation pressure from the intracavity photons displaces

26



input oL movable
MWW mirror
output frequency Qm
Mc

decay I'

FIG 5: A schematic plot of the optomechanical system with a cavity and a movable end
mirror.

the mirror by Q, the effective cavity length changes to £+ Q Consequently, this displacement
shifts the cavity’s frequency to

p nme We
w

TU—Q 1-Q

(3.1)

This frequency shift induces a coupling between the optical field within the cavity and the
mirror’s mechanical motion.
The Hamiltonian describing this optomechanical system can be expressed as
2

. P 1 R fuw ; ;
T T
m

The first and second terms describe the mechanical oscillator with mass m and resonant
frequency (2. Q and P denote the mechanical position and momentum operators, satisfying
the commutation relation[@, f’] = ih. The operators @ and a' are the cavity photon anni-
hilation and creation operators, with [é,a!] = 1. The third term is the Hamiltonian of the
cavity mode and the optomechanical coupling. The final term represents the input laser field
with frequency wy, and amplitude £ = \/m where P, is the input laser power, and
 is the cavity decay rate. When we consider a coherent laser with a large mean photon
number in the cavity, we can linearize the system around its stationary value. Decomposing
the classical stationary value and quantum fluctuation of the cavity field as a = a + da, we

can also linearize the mechanical position Q = Q + 6Q and momentum P = P + 6P. The
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third term in the Hamiltonian can be expanded to yield

A N2
%a*a ~ h% (1 + Z—Cj + ;%) (laf? + adal + a*6a + salsa)
~ h%(a&ﬁ +a*sa) + thTC|a|25Q
+ h=25at0a + hessQ(adal + a*oa) + h—<s|al?6Q° 3.3
¢ a'da + €20 Q(ada" +a*oa) + §3£2|a| Q°, (3.3)

where € = 1 — Q/f. As a result, the total Hamiltonian is expressed as a quadratic poly-
nomial of the quantum fluctuation operators. Since a Gaussian initial state will remain
Gaussian under a quadratic Hamiltonian, the quantum state of the system is Gaussian, fully
characterized by the mean values and the covariance matrix of the quantum fluctuation op-
erators. This property greatly simplifies the analysis of the system’s evolution, allowing for

comprehensive insights into its quantum dynamics.

3.1.2 Equation of motion of mechanical mirror and optical light

In a closed quantum system, the system dynamics can be fully derived from the Hamiltonian
in Eq. (3.2). However, it is essential to consider the effects of dissipation and fluctuation due
to interactions with the external environment for macroscopic systems. As we introduced in

Chapter 2, the dynamics of the mechanical mirror is explained by the Langevin equations as

p
) _
m

O
I

(3.4)

5P = —mQ2,6Q — T6P — ha(e5at + e=%5a) + VAT P, (3.5)

where a = w,|a|/&2¢ represents the optomechanical coupling strength, and @ = |a|e?%= denotes
the steady-state intracavity field amplitude. The term Q2, = Q2 +2hw,|a|?/m&3(? represents
the mechanical frequency, shifted due to the radiation pressure of quadratic position term
in Eq. . When the mechanical displacement is much smaller than the cavity length
Q < ¢, we have ¢ = 1 and ), = . This approximation is commonly used for conventional
optomechanical systems, but may be better not to use it for gravitationally interacting
optomechanical systems because the gravity effect is comparably small. Although we have
not discussed this effect in the present thesis, it may be necessary for precise prediction to

observe the weak effects of gravity.
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Next, we consider the equation of the intracavity light; the photon leakage from the
cavity results in dissipation of the intracavity field. Assuming perfect reflectivity at the
movable end mirror and all photon leakage at the fixed mirror, the equation of motion for

the intracavity field is

8a = iASa — iaeifa50) — gaa + VRa, (3.6)

where we have transformed a — e*~!g to the rotating frame. Here, A = wy, —w./¢ represents
the cavity detuning, which induces an optical spring effect, discussed in a later section. The

input noise operator a* satisfies the following correlation functions:
(@™ (0a™ (") = (Non +1)3(t = t'), (@™ ()a"™(t')) = Nend(t - '), (3.7)

where Ny, = (eh""c/ kel _ 1)~! denotes the equilibrium thermal photon number, which can
be assumed to be zero Ny, =~ 0 because the optical frequency is high hw./kpT > 1. To
further analyze the dynamics, we introduce the amplitude quadrature 6@ = e~ §a + =5

and the phase quadrature § = (e~"%§a — e%§al) /i, yielding the equations of motion:

53 = —A§j) — géﬁr + /rain (3.8)

5 = —2000 + A6z — gag R, (3.9)
where the input noise operators ™ and §™ satisfy
@m0 () = (" (0g" (") = @2Nw + 1)é(t — t'). (3.10)

The quadratures 0z and dy are Hermitian operators satisfying the commutation relation
[0, 0y] = 2i. In the resonant case (A = 0), the amplitude quadrature 6 becomes decoupled
from the phase quadrature 07, and the amplitude quadrature affects the mechanical position
displacement as radiation pressure. Then, the mechanical displacement changes the cavity
length, affecting the phase quadrature equation. In the detuning case, the mechanical dis-
placement affects both optical quadratures since the amplitude quadrature is coupled with
the phase quadrature. Hence, detuning is necessary to monitor mechanical motion by mea-
suring the amplitude quadrature, while the tuned cavity is good for monitoring mechanical

motion from the measurement of the phase quadrature. We note that homodyne detection is
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necessary to measure the phase quadrature, while we can measure the amplitude quadrature
by photon counting without the homodyne measurement in a linear treatment.

The classical stationary values can be derived as follows:

~ hwe

Q= _WMF (3.11)
P=0 (3.12)
_ 2F

These equations are inherently nonlinear since £ and A depend on the stationary position
Q. However, if Q remains small, Eq. (3.13)) yields a stationary amplitude @ that is effectively
independent of Q.

3.1.3 Optical spring effects

When the mechanical mirror is displaced from the resonant position of the optical cavity, it
experiences the optical spring effect [92]. This phenomenon arises because the intracavity
power varies with the displacement of the mirror, creating a position-dependent restoring
force. Specifically, when the cavity length extends beyond the resonance point, the intracav-
ity power decreases, inducing a restoring force that pulls the mirror back toward its original
position. Conversely, when the cavity length shortens, the increased intracavity power ex-
erts a force that pushes the mirror back. This optical spring effect effectively increases the
mechanical resonant frequency and enhances its quality factor. In this section, we analyze
how detuning affects the system dynamics based on the theoretical framework presented in
Ref. [49].
To analyze the optical spring effects, we use the Fourier transformation F'(w) = [ fooo dte™ F(t),

which yields the mechanical position in the Fourier domain as:

500) = ) (VTP = (g (= 20 0) — 20370) )

(k — 2iw)? + 4A2
(3.14)

. -1 . . ] e1e .
where xsp = (m(Q2 —ilgpw — wz)) is the effective susceptibility of the mirror. Here,

sp
Qgp(w) and I'gp(w) are the effective frequency and dissipation rate shifted by the detuning,
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given by

8ha?A(k? + 4A2% — 4w?)
_ 2 q
Lop(w) \/Qm * ml|(k — 2iw)? + 4A2|2 (3.15)
2ha?KkA
Tep(w) =T — 32ha”s (3.16)

m|(k — 2iw)? + 4A2|2

Assuming the tuned cavity A = 0, we have (s, = Qp, and 'y, =T

For the blue-detuned case (A > 0), the optical spring effect enhances the mechanical
frequency €),. This frequency shift, induced by radiation pressure, can substantially enhance
the quality factor for low-frequency mechanical mirrors. The quality factor, defined by
Qsq = Qsp/Tsp, is crucial as it determines how long the mechanical oscillator can sustain
coherent motion. However, the effective dissipation increases the thermal and radiation
pressure noises, scaling as 1/T's,. This is because the mechanical mirror is heated as it
receives energy from the cavity light. Thus, techniques such as quantum feedback cooling and
quantum filtering are necessary to mitigate these noises, as will be discussed in subsequent
sections.

For the red-detuned case (A < 0), the optical spring effect primarily increases the ef-
fective dissipation rate I's, while slightly reducing the effective frequency g,. Assuming
the systems with high bare mechanical frequency, the optical spring effects hardly affect the
mechanical frequency, i.e., s, ~ Q. However, the increased dissipation rate Iy, signifi-
cantly reduces thermal and radiation pressure noises by 1/Is, facilitating detuning-induced
cooling. Ground-state cooling can thus be achieved if the optomechanical coupling is suffi-
ciently strong to enhance the effective dissipation rate. It is important to note that stability

considerations constrain the detuning values in this regime [49].

3.1.4 Continuous measurement

In this sussection, we consider the adiabatic limit (k > w), where the cavity field dissipates
faster than the mechanical oscillation timescale. In this regime, information about mechan-
ical motion can be continuously monitored by measuring cavity output. This is called the

continuous measurement. Under this approximation, we can ignore the time derivative of
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A

the amplitude and the phase quadratures @ = §j = 0, yielding

8a A 260k AAVE 4y,

02 = ——— 50 — 1
v K2 4 4A2 Q+H2+4A2x /{2+4A2y (3.17)
dak A VANV 2K
) = — %) P4 g 1
& K2 4+ 4A2 @+ K2 + 4A2m K2 + 4A2y (3.18)

Then, we derive the effective mechanical frequency and the mechanical dissipation rate due

to detuning as {dsp >~ wy, and I's, >~ I" with

16g2A

where we redefine the optomechanical coupling

(3.20)

In this adiabatic limit, the optical spring effect primarily shifts in the mechanical frequency

while the dissipation rate remains close to its bare value I'.

3.1.5 Mechanical dissipation

Mechanical dissipation in optomechanical systems is commonly modeled using viscous and
structural damping. These dissipation mechanisms impact the system’s quality factor and
response.

We first introduce the viscous damping, primarily from collisions with air molecules and
the scattering, absorption, and emission of thermal photons |33|. These dissipative processes
are influenced by the environmental temperature 7" and the material properties of the system
but are independent of frequency. Assuming a sphere of radius Ry, each dissipation rates

are defined as

_8V2w PyR2\ /Mgy

Fair — 5 3.21

3 m\/kBT ( )
8
8 (kgT\ hRSC(9). re—172

[y = 8! , 22

89(ﬁc) mm Re[e+2] (3.22)
5
16 (kT )\~ hR3w e—1

Cap = Lo = — I , 2

b 189 ( he ) m L+2} (3.23)
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where Py is the pressure, ma;, is the mass of the molecules of the residual air, ¢(n) is the
Riemann zeta function, and € is the dielectric constant. Therefore, the total mechanical
damping is I' = Ipir + I'sc + Tap + Tem-

Next, we consider structural damping, a frequency-dependent dissipation due to inter-
nal friction |7, |8, 93, 94]. The mechanical dissipation rate for structural damping can be

expressed as
wl(w) = O (Q), (3.24)

where I'(Q,,,) is the damping rate at the mechanical resonant frequency €,,. This frequency
dependence is relevant in high-quality factor materials, where internal friction mechanisms
contribute to energy dissipation at different rates depending on the oscillation frequency. In
Chapter 4, we consider the theoretical model to test the entanglement between suspended

macroscopic mirrors with structural damping.

3.2 Quantum feedback control

In the previous section, we describe the increase or decrease in mechanical frequency and
mechanical dissipation rate due to the optical spring effect. In this section, we introduce
quantum feedback control based on linear measurement of the mechanical position to reduce
the noises [49} [57, 94, 95]. Since this control scheme primarily employs external optical fields
with a negligible thermal photon number, it effectively increases the mechanical dissipation
rate without introducing additional thermal noises. The feedback mechanism operates by
applying a force to the mirror, effectively reducing its velocity and thus damping its motion.

Here, we consider feedback control based on the measurement of either the phase quadra-
ture or the amplitude quadrature of the optical field. The setup of the optical field measure-
ment is shown in Fig. [f] The output optical field, which serves as the measurement signal,

can be obtained through input-output relations 46| 47, 96|, given by

O = " — \/kdZ (3.25)
§o = g™ — VK (3.26)

out

where £°" and 7°" represent the output amplitude and phase quadratures of the light field,

respectively. To account for imperfections in measurement, we introduce additional noise
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FIG 6: Configuration of the measurement of the output optical field. The moving mirror is
assumed to be perfectly reflective, and the light leaking from the fixed mirror of the cavity
with the dissipation rate x is measured by a detector.

iaadd’ ~add

terms ( y*9?), which represent vacuum noise from the detection process. The detected

output field quadratures, denoted by X and Y, are then given by

X = /02" + /1 — ppa2dd (3.27)
Y = g™ 4 /1=y, (3.28)

where 7, (ny) € [0, 1] denote the detection efficiencies for the amplitude and phase quadra-
tures, respectively. When 7;(n,) = 1, a perfect measurement is achieved, and we have
X — jout (}A/ _ Aout)_

The feedback force F}b is described by convolution of the measured signal with a causal

feedback function fg,(¢):

Fp = — / t dt’ fo, (t — t')I(t), (3.29)

— 00

where I represents the measured quadrature (X or ) and fg,(¢) is the causal filter function
that indicates the feedback response. For the ideal derivative feedback control model, fg,(t)
is proportional to the derivative of a Dirac delta function, i.e., fy,(t) = ggm, 0'(¢), where gg,
is the feedback gain. This form of feedback effectively applies a force proportional to the
velocity of the mirror, thereby enhancing its damping rate. The feedback force term Fq,

is incorporated into the equation of motion for the mirror’s momentum, resulting in an
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increased effective dissipation rate. This term increases the mechanical effective dissipation,
which reduces the thermal fluctuation. Therefore, the feedback control provides a pathway
toward achieving ground-state cooling in the macroscopic mechanical mirror. The following

sections will elaborate on how quantum feedback affects noise reduction.

3.2.1 Feedback based on output phase field

We first discuss feedback control based on measuring the phase quadrature of the optical

field. In the Fourier domain, the output phase quadrature Y can be expressed as:

v da(k — 2iw)\/f-£_ny5 - 4K /Ty sn _ (k2 — 4A2 + 40?) /iy
(k — 2iw)? + 4A2 (k — 2iw)? + 4A2 (k — 2iw)2 + 4A2

+ /1 —ni™d. (3.30)

The coefficient of 5@, known as the sensitivity coefficient, is optimized for a tuned cavity
(A =0). The mechanical position can be estimated by calibrating the measurement results.
A simple calibration method divides the measurement result by the sensitivity coefficient,
while optimal estimation techniques are discussed in the later section. The spectral density

of the output phase quadrature Y is given by:

1602 (k2 + 4w?)Kny

vy W) = o T Az

S6qoq(w) + 21y N + 1, (3.31)

where we define the spectral density for operators A and B as

A

216 (w — W) Sup = (Aw) BT (W) + BT (W) A(w)) /2. (3.32)
Once the mechanical position is estimated from the measurement results, a feedback force

Fly, is applied to control the mirror, increasing the dissipation rate and thereby effectively

lowering thermal noise by reducing the kinetic energy of the mirror. The equation of motion
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for the mirror’s position operator 6Q is obtained by

A . 2han/kK : :
Q = xpy | VTP - (5 - 2iw)i™ — 285™)
0 Xfby ( 2 (= 2iw)2 + 172 (k — 2iw) 7 i

, —4rAmy o —(RE = AN 4 4w?) gy add
Gy ( (k — 2iw)? + 4A2 " (k — 2iw)? + 4A2 AR ’
(3.33)
where we assume ideal derivative feedback f,y (w) = —1Wghy, With a positive feedback gain

gmy > 0. The effective susceptibility of the mechanical mirror under feedback control is
denoted by xmy = (m(Q%by — iy — w?))~1, with the effective frequency and dissipation

rate

Saw?(k? — 4A% + 4w?), /Ry,

Oy (w) = Q3 3.34

fby(w) sp+ m](ﬁ—in)2+4A2\2 Ytby ( )
dak(k? + 4A% + 4w?) /F7)

oy (w) = Tsp + Y (3.35)

m|(k — 2iw)2 + 4A2)2 Iy

Feedback can either increase or decrease the effective frequency (2, depending on the detun-
ing. In contrast, the feedback control enhances the effective dissipation rate I'g,, irrespective
of the detuning.

In the adiabatic limit (x > w), which allows continuous position measurements, we have

Qpy (W) = Qp, and Lpyy(w) ~ T + ypy, with

dak /KNy

= > 0. 3.36

In this regime, the feedback control increases the dissipation rate without significantly af-
fecting the mechanical frequency. The spectral density of the mechanical mirror’s position

S5qQsq can be expressed as:

hw 4h2 0’k
S5Q6Q = |bey|2 <mth coth ( )

2%kpT w2 1 4A2 (2N, + 1) + g%bwa(QnyNth + 1)) ,

(3.37)

The first term represents thermal noise, the second represents radiation pressure, and the

third represents feedback-induced noise. For high temperatures, the thermal noise can be

36



approximated by:

mhwT coth (2kB

th> ~ mhQ,T (2ng, + 1), (3.38)

where ng, = (/8T — 1)~ ~ kpT/hQ,, is the thermal phonon number. The variance
Vigsg = (0Q2)/2 = [ dw Ssosq/(27) is given by:

iy m
mhl'g,

h r 8¢%k

(2Nth + 1) +

21, IV, 1) |.
2mQy, \ Troy iy (62 + 4A2) (2ny Nen + ))

(3.39)

Since the effective dissipation rate ', is greater than the bare dissipation rate I', feedback
control reduces thermal noise by a factor of I'/T'g,y. The second term represents the radiation
puressure noise, while the third term is inversely proportional to the second term. The min-
imum variance is constrained by the zero-point uncertainty. Using the arithmetic-geometric

mean inequality and assuming perfect detection (n = 1), we obtain

h r
> 2 — + 1 A4
Vs05Q = L ( Nih . + ) , (3.40)

where the zero-point fluctuation is obtained when the thermal noise is zero ny, = 0. The vari-
ance of the momentum operator can be derived similarly, ensuring the uncertainty principle is
preserved under quantum feedback control. If feedback influences dissipation without alter-
ing the frequency, the feedback force can be approximated as a resistive force, Fpy, ~ —Ymy0 P.

The Langevin equations then become

6P
60 = — (3.41)
] m
§P = —mO2,0Q — Ty 6P — Radid + /20y P, (3.42)
where the thermal noise satisfies
r
PR @), PR ~ mhQn (2nenm + 1)6(E — 1), with  ngng = Mhg— (3.43)
fby
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3.2.2 Feedback based on output amplitude field

Next, we consider the feedback cooling based on the output amplitude quadrature X mea-

surements. The amplitude quadrature in the Fourier domain can be expressed as

5 8\ /Ry L~ (K2 —AA? 40 T N ARAT:
(k- 2iw)? +4A2 (k — 2iw)? + 4A2 v (k — 2iw)2 + an2Y

+ /1 — npadd, (3.44)

and its spectral density is given by

6402kA%n,
|(k — 2iw)? + 4A2)?

Sxx (w) = SgQ(;Q(w) + 21y Nyp + 1. (3.45)
The coefficient of 6Q in the amplitude quadrature X is negative, requiring the feedback gain
Jmx also to be negative to enhance mechanical dissipation. Unlike the phase quadrature
measurement, the sensitivity coefficient of the amplitude quadrature measurement becomes
zero at A = 0, meaning that position information is inaccessible in a perfectly tuned cavity.
Thus, detuning must be adjusted to optimize measurement sensitivity. The effective mechan-
ical susceptibility with feedback control, gy = (m(Q%bX — ilyw — w?)) 7Y, is characterized

by the effective frequency g, and dissipation rate gy, given by

320wk A /RT)

2 2 i

U = o = T 0002 1 anzp I (3.46)
S8aA(k? + 4A% — 40?) /K7

Ffbx = Llsp — ( ) ngbx (347>

m|(k — 2iw)2 + 4A2|2

In the adiabatic limit (k > ), the effective mechanical frequency and dissipation simplify

to Qppx >~ Wiy and Ty >~ TN + 400, with

S8aA /KNy

= ) 3.48
TYma m(nz +4A2)gfbx ( )

Under this approximation, the feedback control hardly affects the mechanical frequency, but
only by the shift due to the optical spring effects. The effective dissipation rate, however, de-
pends on both the detuning and feedback. For A > 0, feedback increases effective dissipation,

thereby achieving cooling, whereas it reduces dissipation for A < 0. Thus, feedback-induced
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cooling occurs under positive detuning. Henceforth, we denote the dissipation by feedback
control as 7,,, regardless of the measurement.

The spectral density of the mechanical position in the adiabatic limit is

2kgT 4h%a2k
Ss@sq = X’ (mhwl“ coth (W) oAz (N + 1)+ i (202 New +1) |

(3.49)
and the position variance Vsgsg = <6Q2> /2 is given by

h

2mwm,

892,k
Fbe(FQQ + 4A2)

VsQoQ =

mthbX

r
< (2ng +1) +
Ffbx

2
g XQm
2N+ 1) + <2anth+1>)7

(3.50)

where we define the rescaled optomechanical coupling g,, = g1/ /wm. As with phase
quadrature measurements, the variance is bounded by quantum fluctuations, and the feed-

back force effectively acts as a dissipative term.

3.3 Quantum filtering

To read out the mechanical mirror information and estimate the position of the mirror, we
need to calibrate the measurement of the output optical field. The simplest estimation is
to divide the measured quantity by the sensitivity coefficient. However, we need a better
estimation method because this method retains shot noise. We introduce two optimal esti-
mation methods conditioned on the measurement results: Wiener filtering [64-66, 91], based
on the Fourier domain analysis, and Kalman filtering [57, 97|, based on the time domain
analysis. Using these filterings, the quantum state of the macroscopic mirror can be achieved
by reducing the thermal noise and the radiation pressure noise. In this section, we consider

the general output optical field b defined as

b= /b + /1 — phdd (3.51)

0O = 39U cos 6 + 5O sin 6, (3.52)

where 7 € [0, 1] is the detection efficiency, ((b?49)2) = 1 is the vacuum noise input due to im-

perfect detection, and 6 is the homodyne angle. The case for § = 0 (6 = 7/2) corresponds to
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the amplitude (phase) field quadrature measurement. In this thesis, we focus our discussion
on the case of phase and amplitude measurements. The output field quadrature b satisfies
the commutation relation [b(t),b(#)] = 0, which implies that we can regard the measure-
ment as the classical stochastic process. We note that the output b satisfies the quantum
nondemolition condition, [6Q(t), b(t')] = 0 for ¢ > ¢/, which means the measurement output

at t' does not affect the future system observable.

3.3.1 Quantum Wiener filtering

First, we discuss Wiener filtering, the estimation method for stationary states. The estimated
values of the mechanical position and momentum are given by the convolution 0Qest =
Hy(t) ® b(t) and 6Pusy, = Hp(t) ® b(t), where H, and H, are the causal filter function.
We determine these filter functions to optimize the conditional variance and covariance
V(‘S’Vj(;B = ({(Vi — §Aest, 0B — 0Best}) /2 for A, B = @, P. In the Fourier domain, we have
0Qest(w) = Hq(w)l;(w) and § Pegt(w) = Hp(w)ls(w), where the filter functions are derived by
using the Wiener-Hopf method [66, 98],

1 [ Ssqp(w)

Hal) =57 lqb—(w)L 359
1 [ Sspp(w)

) m@)[wwﬂ; (354

[f]+ denotes the causal parts of f, which has poles only in the lower-half complex plane,
while [f]— denotes the non-causal parts of f, which has poles only in the upper-half complex
plane. This indicates that the filter functions are independent of the future measurement

results. ¢4 and ¢_ are factors of the spectral density of the output light Sy, (w) with

Spp(w) = ¢4 (w)o—(w), (3.55)

and ¢4 (w) has poles on the lower-half complex plane, while ¢_(w) has poles on the upper-

half complex plane. The conditional variance and covariance of the mechanical mirror are
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derived by integration of the spectral density

Vitso = | (Stas0 - Gy (3.56)
Vitse = [ E(Ssrn — G (357
Vidor = | ERelSiqsr — Gol)Gyl)), (3.5%)
with
Guto) = |2l o) (359)
Gy(w) = {S;ffgfj;)] =) (3.60)

In the following, let us consider the adiabatic limit x > w for simplicity. In this case, the
mechanical frequency is shifted to wy, defined in Egs. (3.19) due to the optical spring effects,
and the mechanical dissipation rate is replaced by 'y, = I" +,,, due to feedback control. We

can then obtain the mechanical operators as

A eff 2h04/€\/_ Aln 4haA\/E ~in
500) = xae) (VIR - i) 4 W) G

§P(w) = —imwdQ(w), (3.62)

where Yeg(w) = (m(w?, — iTpw — w?))~t. The output field of the amplitude and phase

quadratures are

_ 8aAVk K2 — 4A? 4k A

~out __ Aln ~in

T TR A 1 anT’@ " Z1ant’ 2 rant’ (3:63)

out _ dar/k 50— 4k A sin K2 —4A? | (3.64)
K2 + 4A? K2 + 4A2? 2 1 4727

We can obtain the filter function from these expressions by computing the spectral density
and its causal and non-causal parts. We show the details of the computation of the Wiener
filtering in Appendix [A] and we can obtain the conditional variance and covariance of the
mechanical mode for the stationary state. Let us consider the measurement of either phase

field quadrature # = /2 or amplitude field quadrature § = 0. Then, we can derive the
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simple form of the conditional variance and covariance as

h -T
wi I b
= 3.65
V5050 S A7 (3.65)
wi_ mhwy (7 — Ta) Cwm(wm + A1) +97 — Tayr)
V(SP(SP - 2 2/\IW2 (366)
m
h (v — )
wt 1—1I'm
= - 3.67
where
e — 64g72n/<:A277 N — 169,2n/£377 (3.68)
BT 2N + D2 +4A2)2 TN T (2 Ny, + 1)(82 + 4A2)2 ‘
3292, k2 A(2Ng, + 1)1
Ay = —Av = — m 3.69
X =Y S T AR Ny 1 1) (3.69)
V= \/ng — 2w (wWm + Ap) + me\/wm(wm + 2A1) 4+ nAp, (3.70)
_ 1642 K

and g, = g\/m = a\/ﬁ/QTwm is the optomechanical coupling. Here, we have I =Y
for the phase field measurement (f = 7/2), while I = X corresponds to the amplitude field
measurmenet (6 = 0).

Using quantum filtering, the optimal estimated values are obtained based on the mea-
surement of the mechanical position, which causes conditional mechanical squeezing [57, 91].

We here define the squeezing level in dB as

V .
S = —10logy me, (3.72)
vac

where Vi is the minimum eigenvalue of the conditional covariance matrix

+ (Vans )% (3.73)

f f f f \2
R R \/ (vt — V)
4

We here use the dimensionless mechanical operators

2Mmwm A 2 .
4 p— N pr— P 3-74
=\ Q, p o P (3.74)

42




and its variances and covariance

2mw 2 2
f f f f
Vara = Vawsar  Vipop = g Vorars Vaaop = 7 Voasr- (3.75)

Viac = 1 is the eigenvalue of the vacuum state. The quantum squeezing beyond the vacuum
fluctuation appears for S > 0.
Here we assume the structural damping I'(wp,) = ['(Q)Q/wyy,, introduced in Eq. (3.24).

Then, the thermal phonon number is approximately given by

kpTT(Q)Q

o (3.76)

Nthfb =
Figure [7| shows the behavior of the purity and the squeezing level using the parameters in
Table[I] some have already been achieved [55-57], whereas others are conservative parameters
expected in the mid-term future. The red curve shows the results using the Wiener filtering
based on phase field measurement, while the blue curve corresponds to the amplitude field
measurement with the detuned cavity. We also show a case without the Wiener filtering with
the purple dotted line. Without the quantum filter, the mechanical mirror is in a thermal
state of minimal purity, indicating no squeezing. Using the quantum filter, a quantum state
close to the pure state can be achieved by lowering the noise. Figure [§ shows the Wigner
ellipse of the mechanical state conditioned on the measurement of the phase field quadrature
(red curve) and the amplitude field quadrature (blue curve), compared to that of the vacuum
state. We here use the dissipation rate I'/27 = 107 Hz and room temperature 7' = 300 K.

It can be seen that the quantum squeezing is realized in both cases.

3.3.2 Quantum Kalman filtering

Next, we consider Kalman filtering, the optimal estimation method in the time domain.
With the quantum Kalman filter, we can track the behavior of (§Q, 8P) conditioned on the
measurement result, and its fluctuation is represented by the conditional covariance matrix
following the Riccati equation [97]. Notably, the covariance matrix without the filter is
always larger than the covariance matrix conditioned on the measurement. On the other
hand, without the quantum filter, we only have the average behavior of (5@, 5]5) Then,
the quantum squeezing does not appear, as shown in Figure [7} This is essential for the

entanglement between mechanical mirrors in the next Chapter.
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FIG 7: The behavior of the purity (left panel) and the squeezing level (right panel) of the
conditional mechanical state using the parameters in Table (1| except for T" and I'. We use
the Wiener filtering to measure the phase field (red curves) and the amplitude field (blue
curves). The dotted curve close to 0 represents the case without the Wiener filter.
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FIG 8: The Wigner ellipses of the mechanical conditional state are based on the measurement
of the phase quadrature (red curve) and the amplitude quadrature (blue curve) using the
parameters in Table [l The black dashed curve describes the phase distribution of the
vacuum state. The conditional state is quantum squeezed for both cases.
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Name Symbol Value Reference

Mechanical frequency Q/2m 2.2 Hz [55/]57]
Mechanical decay rate r(Q)/2n 1075 Hz [55-57]
Bath temperature T 300 K [55-57]
Mirror mass m 7.71 mg [55-57]
Cavity length 14 10 cm [55-57]
Laser wavelength wr(~w.)/2r 3 x 10" Hz [55H-57]
Optical decay rate K/2m 1.64 x 10° Hz [55-57]
Input laser power P 30 mW [55-57]
Detection efficiency n 0.92 [55-57]
Effective mechanical decay rate Ym /2T 6.9 x 1073 Hz

Thermal photon number Nin 0

Detuning A 0.2k

Table 1: Parameters employed in Ref. [55H57] and expected from the state-of-art technique.

We here consider the adiabatic limit, and the optical quadratures are given by Eqgs. (3.17))
and (3.18). Then, the Langevin equation of the mechanical motion is

84 = wm0p (3.77)

4gm"{\/E ~in 8gmA\/E ~in

0p = —wmdq — Typ 4+ /20gpT —
p Wm q fbp+ fbp H2+4A2x /{2+4A29 )

(3.78)

where we use the dimensionless operators defined in Eq. (3.74). We rewrite the Langevin

equation in matrix form as

. 0 0w
= AP+ , A= “ (3.79)

A A 4gm/f\/E A ngA\/E N
= /20 — " " 3.80
w fbP /£2+4A2x +/€2+4A2y ) ( )

where we define the vector # = (64,0p)". The general output field is also rewritten as

b=Ci+i, C= < %(—QACOSQ%—/{sinH) 0 ), (3.81)
(K2 — 4A2 0 — 4k sin @ : 4kA cosf — (k% — 4A?%)sin 6 ~ 7
5 (K ) cos KA sin S kA cosh — (k ) sin S+ T gipdd

K2 + 4A2 K2 + 4A2

(3.82)

For the Kalman filter [97, 99|, we obtained the time evolution of the optimized covariance
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matrix VE = ({# — reg, (P — 7est) T }) /2 as the following Riccati equation:
v — avE L vAT L N (Vv CT D)L (vECeT + )T (3.83)

where M = (9%) = 29Ny, + 1 and each matrix is

ka ka 0 0 0
vk — 613f5p 513f6p ., N = . ., L= B , (3.84)
V;sqép v&pép 0 <w > <wv>

with
o 1692,
_ 4gm (K cos O + 2Asin 0)/kn(2Nyy, + 1)
! = (w0 = ) 3.86
(wv) 2L IAZ ( )

Here, we used the estimated value Test = (0¢est, 5pest)T to optimized the covariance matrix

conditioned on the measurement results, which follows
FPest = ATest + (VCT + LYM 7Y b — Creg). (3.87)

In the absence of the quantum filter, the covariance matrix follows the Lyapunov equation,
YV = AV + VAT + N, whose components are always larger than those with the filter.
As discussed in Chapter 2, the covariance matrix without the quantum filter is derived in
Eq. . For ¢ — oo, the mechanical state evolves into the thermal state with V.5, =
n/20m,, Vspsp = 7/2I'n,, and Vgusp = 0. Hence, we need the quantum Kalman filter to
suppress the thermal fluctuation.

Here, we consider the conditional covariance matrix based on the measurement of either
phase (6 = 7/2) or amplitude (§ = 0). Considering the steady state V¥ = 0, the components

of the conditional covariance matrix satisfy the following equations:

kf kf
2w Vsgsy — M(Vigsy)® =0 (3.88)
(T + A1 Vsisq) Vagop + (Vagsg = Vapsp)em + ArVigs, = 0 (3.89)
2T Vysy + 2wm Vs, + (V ALV, + A1/ v/ A1)? =7 =0, (3.90)
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where A7, A7, and n are defined in previous subsection. Solving these equations, we can
derive the same steady-state solution as the case with the Wiener filtering, V¥ = V¥ In
the following chapters, we denote the conditional variance with the quantum Kalman filter,
which can treat both time evolution and stationary solutions, denote simply as V.

We demonstrate the time evolution of all components of the covariance matrix conditioned

on the amplitude field measurement (6 = 0), Vg;% ¢ (black solid curve), nglfap

curve), and %l;fép (purple dashed-dotted curve) in Fig. @ We use the parameters in Table .

We assume that the initial state is the steady state without the filtering, which is the solution

(orange dashed

of the Lyapunov equation V¥ (0) = V. Using a quantum Kalman filter, the conditional
variance of the mechanical position and momentum can be minimal, which means that
fluctuations in phase space are small and close to the quantum regime. The time scale to

reach the steady state is approximately obtained by 4/yx ~ 7 x 1074 s.

105t \
104§

1000}

Conditional covariance

100§

10§

1077 107® 107> 107* 0.001 0.010
Time [s]

FIG 9: Time evolution of the dimensionless conditional variance and covariance, Vs5s, (black

solid curve), V(slf]fgp (orange dashed curve), and V(;l;fép (purple dashed-dotted curve). The black
dotted curve describes the initial thermal state, Vi, = Vipsp = 7/20's, and Vs, = 0. We

use the parameters in Table .
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3.3.3 Retrodiction

We cannot experimentally access unconditional states. On the other hand, a technique
called retroduction has been proposed as a way to experimentally validate the conditional
covariance matrix obtained by quantum filtering [57, 100, |101]. In the quantum filtering
described in the previous sections, the state at time ¢y has been predicted from measurements
up to time ¢t < ¢y, but retrodiction is an estimation in the opposite direction, estimating the
state at to from measurements at t’ > t.

We here review the references |57, 100, [101]. The estimated value for the retrodiction is

obtained by
ﬁest - _A?est + (VECT - L)M_l([; - L<F>a (391)

which is a time derivative given in Eq. (3.87) in the reverse direction. We here used the retro-
dictive covariance matrix Vi = ({# — ¥ est, (# — T est)T}). Then, the retrodictive Riccati

equation is expressed by
Vi =—-AVy — VgAY + N — (VgCT — )M Y (vgCt — L)Y (3.92)

Here, we consider the measurement of either phase quadrature or amplitude quadrature.

Solving this equation for the steady-state, we have

o+ Ty

VEsgog = ——— (3.93)
Al
VEsqs
VEspsp = ng L (2wm(wm + A1) + V1VEsgseM 1) (3.94)
m
Vitsasg
VE(Sqép - _#7 (395)

where I = X or Y. Under the assumption A\; > D'y, we can derive Vgsesq = Vigsq
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VEsqsp = —Vsqsp, and VEgspsp =~ Vspsp. This expression is also written in the Fourier space as

| R = T w))S1r = 2V (3.96)
| =TS0 = 2y (3.97)

[0.9]
dw . .
| S - Ty Fwsu =o (3.98)
— 00

where ﬁq(w) and ﬁp(w) are the retrodictive filter function with G es; = ﬁq(w)ﬁ(u}) and
Dest = ﬁp(w)f f(w). Hence, we can derive the conditional covariance matrix from the filter

functions for Ay > I',.

3.4 Conclusions

We described the dynamics and quantum control of optomechanical systems. The optome-
chanical interaction arises from the displacement of the mirror due to the radiation pressure
of the cavity light. We also explained that the frequency and dissipation of the mechanical
mirror can be shifted by using the cavity detuning. This is an effect that helps to increase
the effective q factor. Furthermore, the displacement of the mirror can be estimated by mea-
suring the light leaking out of the cavity. Then, we reviewed the quantum feedback control
and the quantum filtering to reduce the noises based on the measurements. Combining these
results, we showed that the milligram-scale macroscopic quantum state of the mechanical
mirror is feasible in the midterm future. In the next Chapter, we discuss how these quantum
controls can be used to create quantum entanglement between milligram-scale mirrors. This

could be a fundamental theory of quantum control toward the quantum nature of gravity.
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4 Macroscopic entanglement

In this section, we investigate the feasibility of generating Gaussian entanglement between
macroscopic mirrors in optomechanical systems under feedback control and quantum filter-
ing. This study builds upon the results of Ref. [2], consisting of a power-recycled Fabry-
P’erot-Michelson interferometer. In this configuration, the common mode of the output
light is partially reflected by the power-recycling mirror (PRM) and subsequently reinjected
into the interferometer. This reinjection introduces an asymmetry between the common and
differential modes of the output optical fields, leading to entanglement between the outputs
from cavities A and B. Such entanglement is analogous to the well-known entanglement
between two squeezed beams passing through a half-beam splitter in quantum optics (e.g.,
Ref. [69]). The mechanical asymmetry of mirrors A and B is also generated due to the linear
coupling between the mechanical mirror positions and the optical field quadratures. This
asymmetry facilitates entanglement generation between the two mechanical mirrors under
quantum control.

In earlier work, the authors of Ref. [64] analyzed entanglement conditioned on measuring
the optical phase quadrature. However, their study treated the mechanical mirrors as free-
mass objects, neglecting the effects of mechanical resonances. The mechanical resonances
are critical for the generation of entanglement [24] 67]. In the present work, we extend the
analysis beyond the free-mass approximation to include the effects of mechanical resonance
frequencies explicitly. We consider a more general measurement scheme that includes the
phase quadrature and the amplitude quadrature. While phase quadrature measurements
have been the primary focus in previous studies, amplitude field measurements do not re-
quire high power, which might be helpful for experimental verification. Our analysis shows
that entanglement can still be achieved even when employing amplitude quadrature mea-

surements.

4.1 Dynamics of the interferometer

We consider the power-recycled Fabry-Pérot-Michelson interferometer, as shown in Fig. [10]
The light incident from the laser is split by a beam splitter and injected into two cavities.
Each cavity light interacts optomechanically with the mechanical end mirror, and the output
light interferes again with the beamsplitters. We assume, as in the previous Chapter, that

the movable end mirror is perfectly reflective and that the dissipation of the cavity light
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FIG 10: Schematic plot of power-recycled Fabry-Pérot-Michelson interferometer. The input
laser beam is split by a beam splitter into two cavities and interacts with mechanical mirrors.

occurs at the other cavity mirror. The output light of the differential mode is detected
straight through, but the power-recycled mirror partially reflects the light of the common
mode. This asymmetry between the optical common and differential modes is a factor in
the generation of the quantum entanglement.

We first consider the Fabry-Pérot-Michelson interferometer without the power-recycled

mirror. The Hamiltonian is

. 1 . . 1 . A hw hw
H = 5—(P} + PB) + 5mQ*(Q% + Qh) + ——=—dliaa + ——=—ajap
2m 2 1—Qa/t 1-Qp/t
b At L
—+ . .
+ iﬁE(aA . aBe—zth _aa _;_ aBezth), (4.1)

and we henceforth assume the symmetrical setup and that @ 4 /B /0 is small, yielding £ = 1
and 2, = ) for simplicity. Using linearization, we can derive the equations of motion of
mechanical mirrors and cavity lights like the previous section. Introducing the common
and differential modes 6Q+ = (0Q4 £ 6Qp)/V?2, 6Px = (0P4 + 6Pg)/V/2, and dav =
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(644 + dap)/v/2, the equations of the mechanical and optical modes are

A

P

Qs = — (4.2)
m
, t
5Pi = —mQ%Qi — beépi — hadi4 + A/ 2Ffbpih — / dt/ffb(t — t/)ji(tl) (4.3)
—00
iy = —Adjy — g(m +/Ri (4.4)
0fx = —200Q+ + Adiy — g@i + Vg, (4.5)
where oo = welag|/¢. The classical stationary values are
_ hw, 9
— a 4.
Q4= ——cglaal (4.6)
Py=0 (4.7)
V2E
= 4.
A N (48)

and (Qp, Pp,ap) = (Qa, Pa,aa), where E = /Pyk/hwy, and A = wp, — we(l + Qa/0).
Without the power-recycled mirror, the common mode and differential mode follow the same
dynamics. Hence, no asymmetry of the optical common and differential modes appear, and

cavity A’s light is decoupled with cavity B’s light.

4.1.1 Asymmetry due to power-recycled mirror

Next, we consider the effects of the power-recycled mirror. The power-recycled mirror creates
an asymmetry between the common and differential modes of the lights. The power-recycled
mirror partially reflects the optical common mode. Therefore, the optical decay rate of the
common mode k4 is smaller than that of the differential mode x_ = k. Considering the
input-output relation of the optical common mode and differential mode, we introduce the

parameter ( > 1 to describe the asymmetry using
Ky = =Kk—. (49)

Therefore, the optical decay rate ratio ( describes the asymmetry between optical common
and differential modes, which causes entanglement owing to the half-beam splitter. This

entanglement is due to the beamsplitter, which is well-known in quantum optics.
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Considering the effect of a power-recycled mirror, the equations of motion (4.4)) and (4.5)

for the common mode and differential mode are rewritten as follows:

5'1233 = —Ady+ — %5%1 + l{ii‘ij:l (4.10)

i = ~200Qx + Adds — 50 + Rz, (4.11)

where we replace the optical decay rate of common mode as kK — k. The classical stationary

values are also rewritten as

_ hw, 9

Qa _m§22£| a4l (4.12)
Py=0 (4.13)
i V2E

ap = e — 2N (4.14)

and (Qp, Pp,ag) = (Qa, Pa,ay), where E = \/Pyky /hwy and A = wp, — we(1+ Qa/).

4.1.2 Quantum filtering

In this Chapter, we consider the adiabatic limit K+ > ) for simplicity. Then, the optical

amplitude and phase field quadratures are

SaA A 2@[, /Kt VAN
0y = —5————=90 0 — T 4.15
T4 H3:+4A2 Q:l: 4A2 Ty 2 —|—4A2y ( )
4ok A 4A‘/ 2/<L:|:, o
0 = —————=0 —|— i —|— Am. 4.16

Introducing the dimensionless operators as

R 2mwit R 2 .
g+ = in, P+ = - Py, (4.17)
hwn,
we have the Langevin equation as
04s = wiops (4.18)
: 49t Ky /RE . Sg Akt
0py = —widdgy — Tppe + /20ppt — S =V = gin y M7V = gin 4.19
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where w: is the shifted frequency by optical spring effects and g is the optomechaical

coupling defined as

162A 0
+ +
=, [ 2+OQ—F = — 4.20
W \/ ’f?t AA2’ I9m = 9 wﬁ—: ( )

where g = ay/h/2mS).

The general output field quadratures of the common and differential modes are

by = /b3 + /1 — nb3dd (4.21)

bt = 29 cos O + 3% sin O, (4.22)

where € [0,1] and ((5399)2) = 1. Here, we employ the quantum Kalman filter to reduce
noises and increase entanglement; the results of the Wiener filter are consistent with the
stationary solution of the Kalman filter, as described in the previous section. Since we assume
the symmetrical setup, we can independently derive the Riccati equation for common and

differential modes as
Vi=A.Vi+VoAT + N, — (ViCcl + LM Y (veeT + L)T, (4.23)

and each matrix is

+ + +
Vi = ( Vdfq v‘;i‘sp) Ap = ( O wm ) L, = ( ! )
) :I: ) —
V5q6p ‘/(Spép W —I'mp e (424)
49 Jrin 0 O
Cz( g+4'2i2( 2A cosl + Ky sin ) 0), Ni<0 ni),

where M = 2nNy, + 1 and

16 +\2
ny = 2Ffb<2ntihfb +1)+ %(2]\@}1 +1), (4.25)
_ 49 (Kt cos 0 + 2A sin 0) /ren(2Ny, + 1)
7. = (4.26)
K:l: + 4A2

ntihfb = kpTT /hwXTy, is the thermal phonon number. The distinction between common
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and differential modes depends only on the difference in the optical dissipation rate x4 due
to the power-recycled mirror. This difference causes the change of the effective mechanical
frequency w;, and the optomechanical coupling gffb.

To investigate the entanglement, we analyze the covariance matrix of the individual end

mirrors A and B. Each mirror’s canonical operator is obtained by

6Q 4 6Q4 10 1 0
5P 5P 1 o1 0 1
A :S * s S:_ ) (427)
5Qp 6Q_ V21 10 -1 0
5Pg 5P 01 0 -1

where the matrix S describes the operation of the half-beam splitter. Then, we derive the

dimensional covariance matrix of the individual end mirrors as

V. 0 Va V
v=s| 7 S = A4 VAB ) (4.28)
0 V_ Vi VB
where Vi is the covariance matrix with the basis (6Q+,dPy) defined as:
h + hy /£
V. = Tmt Voadq 2 Vdqdp (4.29)

hy £ mhw vE ’ :
2 " 6qop 2 Spop

and V4, Vap, and Vg are 2 X 2-component matrices. The logarithmic negativity for the

dimensional covariance matrix with the basis (5@ 1,0P4,608, 6]33) is given by

/32
Ey = max {0, ~log, (2\/2 > 4detv> } : (4.30)

h 2

where ¥ = detV 4 + detVp — 2detV 4p. For a two-mode Gaussian state, the system is only
entangled if the logarithmic negativity is positive Exy > 0, as discussed in Chapter 1. We
here define the critical value €., as the second part of the brace in Eq. (4.30)),

(4.31)

h 2

(2 \/2 NG 4detv>
€cr = — logy

and €., > 0 shows that the state is entangled.
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4.2 Entanglement

4.2.1 Time evolution

We first consider the time evolution of the entanglement between two individual mechanical
mirrors. Figure (11| shows the time evolution of the conditional variances and covariance

based on the amplitude field measurement, ‘/;5—2(5(] (black solid curve), V;": (orange dashed

dqop
curve), and V(;I;ép (purple dashed-dotted curve). We use the future feasible parameters in
Table [2| and assume the initial thermal state derived by the Lyapunov equation. The state

reaches the steady state on a time scale of ¢ ~ 4/7;; ~ 5 x 107* s, where

L G4g) kel L _ 16(gz)*Kn (432)
X7 20Ny, + D2 +4A2)2° YT (2N, + 1) (k2 + 4A2)2°

At gk 32(gm) REARNw + 1) (4.33)
X Y 2 +4A2)2(2nNy, + 1) '

(k5 + )2(2n Ny + 1)

7§ = \/F?b — 2wih (wim, + AF) + 2w A/ win (wih, + 2AF) + AEAT, (4.34)
_ 16(g:E )2k

Ay =20, (205 5 + 1) + — 2 (2N, + 1), (4.35)

th k1 +4A2

The entanglement between two mirrors also appears on the same time scale ¢ ~ 4/ ’y}, as
shown in Fig. This time scale of reaching the steady state and generating the entangle-

ment based on the measurement of the phase quadrature is also the same, t ~ 4/ fy;;.

4.2.2 Steady-state solution

Next, we analyze the stationary entanglement in detail. Solving the Riccati equation for

steady-state V = 0, we derive

+ 7 I
Vsasg = = (4.36)
e (77 — ) (Qwis (wit + A7) + (7)) — Ty (437)
opop 277 (win)? '
a0 oXFuwk '
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FIG 11: Behavior of the time evolution of the dimensionless conditional variances and co-
variance of the mechanical common mode, V(;;(sq (black solid curve), Vgép (orange dashed
curve), and \/5“;5]). We use the parameters expected in the short term in Table .
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FIG 12: Behavior of the logarithmic negativity conditioned on the amplitude field measure-
ment. We find that the time scale required for the entanglement to occur is the same as
the time scale required for the conditional variance and covariance to reach steady-state
solutions.
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Name Symbol Value Reference
Mechanical frequency Q/2m 2.2 Hz [55-57]
Mechanical decay rate r(Q)/2n 1075 Hz [55-57]
Bath temperature T 300 K [55-57]
Mirror mass m 7.71 mg [55-57]
Cavity length 14 10 cm [55-57]
Laser wave length wr(~w,)/2m 3 x 10" Hz [55-57]
Optical decay rate Kk_ /2T 1.64 x 10° Hz [55-57]
Input laser power P, 30 mW [55-57]
Detection efficiency n 0.92 [55-57]
Effective mechanical decay rate Ym /2T 6.9 x 1073 Hz
Thermal photon number N 0
Detuning A 0.2k_
Ratio of optical decay rate (=kK/Kky 3
Finesse F =2mc/lK_ 1.8 x 10° [56, 57]
Expectation value of cavity photon field @Al 1.27 x 10°
Optomechanical coupling g/2m 2.68 x 10° Hz
Quality factor Q- =w, /Ty 7.5 x 10%
Q. =uw' /T 1.6 x 10°
Cooperativity C_ =4(9,,)%/Ymk— 1.1 x 10°
Cy = 4(g,5)%/Ymbi+ 1.6 x 10°
Thermal phonon number ng, 7.5 x 103
nt 1.8 x 10°

Table 2: Parameters employed in Ref. [55H57] and expected from the state-of-art technique.

Using these variances and covariances, the entanglement can be characterized by the quality
factor (4, cooperativity Ct, thermal phonon number ning,, photon number Ny, detuning

A/k4, and detection efficiency 1. Here, we introduce the quality factor and cooperativity as

L = . (4.39)
Tm YmhKR+

The exact formula of the logarithmic negativity is shown in Appendix [C] Whereas the me-
chanical frequency is written as Q /v, = \/Q(Q —4C0 4 4Q0?) /(1 + 46?), the stability con-
dition Q4 (1+46%) > 4C1d+ is always satisfied for the normalized detuning 0+ = A/k+ > 0.

As a result, we note that the stability condition is satisfied for any (Cy,Q4,0+) as long as
6+ > 0. Here, we adopt the structural damping I'(wt) = I'(Q)Q/w:, which leads to

. kTT(2)Q

o8



The upper left panel of Figure [13|plots the critical value e, in Eq. for the measurement
of both the optical amplitude quadratures X4 as a function of the quantum cooperativity
C_/ngg and the normalized detuning - = A/k_. The upper right panel of Fig.
shows the same plot as a function of the mechanical dissipation rate I' and the detuning
d_. We adopt the parameters in Table [ the variable parameters are the bare mechanical
dissipation rate I', the detuning A, and the others are fixed. In these parameter regions,
the measurement of the optical phase quadrature is experimentally challenging. Thus, we
primarily consider the measurement of the optical amplitude quadratures. Entanglement
appears for €, > 0, which is achieved for the dark brown regions in the upper left and
right panels of Fig. [I3] The required value of the quantum cooperativity to generate the
entanglement is C_ /n; ~ 3. §_ ~ 0.1 ~ 0.2 is advantageous in generating entanglement for
the amplitude field measurement because this detuning optimizes the sensitivity coefficient
of the amplitude quadrature. In this region, the effective frequency wi is also optimized, as
shown in the lower panels of Fig. (13|

The quantum-squeezed state does not always mean the entanglement between the mirrors.
Namely, there is no one-to-one connection between the quantum-squeezed state and the
entanglement, as shown in Figures [I4) and [I5] Figure [I4] shows the natural logarithm of the
minimum eigenvalue for the mechanical covariance matrix. The state is quantum-squeezed
when the minimum eigenvalue is less than 1 because the squeezed uncertainty is less than
the vacuum fluctuations. Therefore, the region, C_/n; 2 1 and 0.1 < 0 < 0.8 roughly
satisfies the condition of a quantum-squeezed state. In particular, Fig. shows the curves
as the contour for the Wigner function satisfying W = e ! Wiax. The red dashed, blue solid,
and black dotted curves correspond to the Wigner ellipses of the mechanical common mode,
differential mode, and ground state. Panel (a) in Fig. which corresponds to the green
circle, shows the case when neither mode is quantum-squeezed and the entanglement does
not occur. Panels (b) and (c), corresponding to the blue and red circles, illustrate the case in
which only mechanical differential modes and both the mechanical common and differential
modes are quantum-squeezed, respectively. However, no entanglement occurs in both cases
(b) and (c). Panel (d), corresponding to the black circle, represents an experimentally feasible
parameter using I' and A in Table 2] In this case, both the modes are quantum-squeezed
and the entanglement is generated. From these results, we find that quantum squeezing does
not necessarily imply the generation of entanglement.

We infer that purity and quantum squeezing play an important role in entanglement
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generation. Figure [16] plots the purity as a function of C"_/ng and §_ for the mechanical
differential mode (upper panel) and common mode (lower panel). We find that high purity
and quantum squeezing are necessary for generating entanglement. To be more specific,
we roughly need P_ Z 0.5 and P, 2 0.8 for generating the entanglement between the two
mirrors at 6— = 0.2. The purity is also optimized at d ~ 0.2, where the sensitivity coefficient
is maximized.

We next discuss the entanglement behavior and phase distribution for the phase field
measurement in Figs. [[7 and [I8] similar to the amplitude field measurement. Unlike the X
measurement, Figure [17] shows that entanglement is larger in the region of small detuning.
This is because the sensitivity coefficient is optimized at A = 0 in the phase field measure-
ments. The ellipses in Fig. show the significance of squeezing for the Y measurement,
where each panel corresponds to the parameters specified by the colored circles in Fig. [I7]
From an experimental point of view, we notice that performing the homodyne measurement
to detect the phase field quadrature assumed in Table [2]is challenging due to the problem of
detection of such a high-power laser. Therefore, the entanglement generation based on the
amplitude quadratures is advantageous under the parameters in Table ef tab4: parameter.
Finesse can be enhanced to avoid this difficulty, but it reduces the optical cavity’s linear

range, making cavity length control difficult.
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FIG 13: Upper panels: The critical value €, as a function of C_/n and 0_ is shown in
the upper left panel, while the same is shown as a function of I'(2) /27 and 0_ in the upper
right panel. We consider the X measurement of both the optical amplitude quadratures of
the common and differential modes. The entanglement occurs for the region in dark brown
€ > 0 in both panels. Lower panels: The lower panels show wx as functions of §_.
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FIG 14: The behavior of the natural logarithm of the minimum eigenvalue for the covariance
matrix of the mechanical common mode and differential mode E. . Here, the covariance
matrix is normalized at the frequency w. When EZL, < 1, the squeezed uncertainty is less
than the vacuum fluctuation.
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FIG 15: The Wigner ellipses of the mechanical common mode (red dashed line), mechanical
differential mode (blue solid line), and ground state (black dotted line). The mechanical
covariance matrices are normalized with the frequency wX. Each panel corresponds to the
parameters specified by the colored circle in Fig. (a) is the green circle, (b) is the blue
circle, (c) is the red circle, and (d) is the black circle.
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FIG 16: The behavior of the purity of differential (upper panel) and common (lower panel)
modes. By combining this figure and the upper panels of Fig. [13] one can roughly read that
P_ 2 0.5 and P, 2 0.8 are necessary at d_ = 0.2 for generating the entanglement.
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FIG 17: Same as the upper panels of Fig. (13| but for the Y measurement. We consider the
Y measurement of the optical phase quadratures Y..
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FIG 18: Same as Fig. (15| but for the Y measurement.



FIG 19: The behavior of the logarithmic negativity (left panel) and purity of the mechanical
common mode (right panel) for the X measurement. Each curve in the four colors assumes
the same parameters as those of the circle in the same corresponding color in Fig. [I3] In
the right panel, P_ is fixed for each curve as P_ = 0.67 (black solid curve), 0.05 (green solid
curve), 0.81 (blue dashed curve), 0.60 (red dash-dotted curve).

In the above analysis, we fixed the parameter ( = 3, which characterizes the asymmetry
of the mechanical common and differential modes. Here, we discuss how the entanglement
behavior depends on the parameter (. Figure [19| shows the logarithmic negativity for the X
measurement (left panel) and the frequency ratio w;!, /w. (right panel) as a function of (. The
entanglement with the parameters in Table , the solid black curve, saturates for ¢ £ 10. The
green curve in the left panel of Fig.[19]increases significantly as ( increases. We infer that the
joint effect of the mechanical common mode and the differential mode on the entanglement is
important. The right panel of Fig. [I9 plots the purity of the common mode P; as functions
of ¢, where the purity of the differential model P_ is fixed for each curve as P_ = 0.67 (black
solid curve), 0.05 (green solid curve), 0.81 (blue dashed curve), 0.60 (red dash-dotted curve).
The green curves in the right panel of Fig. [19 and the left panel of Fig. [19 demonstrate that
the entanglement appears by increasing the purity of the common mode when ( increases,
even when the purity of the differential mode is small. We note that this statement relies on
the fact that the squeezing level of the differential mode is fixed. Furthermore, the output
amplitude quadrature’s sensitivity coefficient plays an important role in squeezing through
the detuning parameter when ( changes. Thus, ¢ is important for entanglement to control
the purity and the asymmetry of the squeezing between the mechanical common and the

differential modes, which is caused by the asymmetric measurement efficiency.
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4.3 Conclusions

We investigated the feasibility of generating macroscopic Gaussian entanglement between
mechanical mirrors coupled to optical cavity modes under feedback control and quantum fil-
tering. The mechanical mirrors are optically trapped via the optical spring effect, which arises
from cavity detuning, enabling control of their dynamics in the quantum regime. Mechani-
cal squeezing is induced through quantum control based on continuous measurements of the
output light field. Specifically, we analyze a Fabry—Pérot—Michelson interferometer equipped
with a power-recycled mirror designed to introduce asymmetry between the common and
differential modes of the mechanical oscillators. This configuration facilitates entanglement
between two mechanical oscillators via the optical fields interacting at the interferometer’s
half-beam splitter. The entanglement mechanism is analogous to the well-known generation
of optical entanglement between two squeezed beams passing through a half-beam splitter
in quantum optics.

In our optomechanical setup, the squeezed states of the mechanical modes are gener-
ated and optimized using a Kalman filter, which minimizes the uncertainty of the condi-
tional states by continuously updating their state based on the measurement outcomes. The
steady-state covariance matrix of the mechanical mirrors is obtained by solving the Riccati
equation, considering the effects of optical detuning, feedback control, and mechanical noise.
We extended our analysis beyond the free-mass approximation and analytically derived the
logarithmic negativity to measure entanglement for X and Y quadrature measurements.

We further examined the entanglement behavior by analyzing the logarithmic negativity
and the Wigner distribution of the mechanical modes under experimentally feasible con-
ditions expected for tabletop-scale optomechanical systems [55-57]. Two key parameters
govern the degree of entanglement: the quantum cooperativity Ci /ntji, which quantifies
the strength of the optomechanical interaction relative to thermal noise, and the normalized
detuning parameter 6+ = A/k_. While quantum squeezing of the common and differential
modes is achievable for C'y. / ntih Z 1, we found that squeezing alone is insufficient to generate
entanglement. In particular, entanglement does not emerge in regions of low purity, even
when both mechanical modes exhibit quantum squeezing. This highlights the necessity of
achieving quantum-squeezed states with high purity to realize entanglement between the
mechanical oscillators.

The conditions required for entanglement generation depend on the cavity detuning and

the choice of measurement quadrature. For X quadrature measurements, we demonstrate
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that a quantum cooperativity condition of C /n ., 2 3 is required, assuming realistic param-
eters such as a measurement efficiency ( = 3 and 6_ = 0.2. These conditions are within reach
of mid-term future optomechanical technologies and thus represent a promising pathway for
the near-term experimental demonstration of quantum entanglement between milligram-
scale mirrors. In contrast, the tuned cavity is advantageous in generating the entanglement
for Y quadrature measurements because the sensitivity coefficient is optimized. However,
homodyne detection in the Y quadrature with a high-power laser remains experimentally
challenging due to its technical complexity. Our results represent a significant advance to-
ward the experimental realization of macroscopic entanglement in optomechanical systems.
Achieving such entanglement would not only validate the predictions of quantum mechanics
in the macroscopic regime but also pave the way for testing the quantum nature of gravity,
a critical milestone in the quest to reconcile quantum mechanics with general relativity.
Despite these promising results, several practical challenges are addressed to facilitate
experimental verification. In the present analysis, we have neglected the contribution of
coating thermal noise, which is typically negligible within the operational bandwidths around
1 kHz [56]. However, its impact must be carefully assessed for broader frequency ranges
and larger-scale systems. Furthermore, in optomechanical systems with suspended mirrors,
higher-order mechanical modes, such as rotational and violin modes, can introduce additional

noise and coupling effects that complicate the system dynamics |7, |43} 93)].
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5 Gravity-induced entanglement between mechanical mir-

rors

This Chapter investigates gravity-induced entanglement between two macroscopic mirrors
in optomechanical systems under quantum control. This research is based on Refs. |1, 2]. As
explained in Chapter 2, the verification of gravity-induced entanglement as a means to estab-
lish the quantum nature of gravity has opened up new possibilities for exploring quantum
gravity. However, significant experimental challenges are posed since the gravity-induced
entanglement signal is extremely weak. Therefore, this Chapter analyzes the conditions un-
der which gravity-induced entanglement can appear between macroscopic quantum systems
through quantum control in optomechanical systems.

Reference [67] investigated gravity-induced entanglement between two output optical
modes in the Fourier space. Reference [68] demonstrated the conditions for generating
gravity-induced squeezing of optical output fields at the mechanical resonance frequency.
However, these studies did not account for the quantum control of the mechanical mirrors.
In the present research, we evaluate the mechanical entanglement and squeezing induced by
gravity under quantum control and compare these findings to the optical entanglement and
squeezing conditions. In Ref. [1|, we evaluate the time scales associated with gravity-induced
entanglement under quantum control in optomechanical systems. Additionally, we estimate
the total experimental duration required for the signal-to-noise ratio of the quantum entan-
glement signal to exceed unity. In Ref. [2], as in previous studies, the evaluation primarily
focuses on the mechanical resonance frequencies in Fourier space. We demonstrate that ther-
mal noise effects and optomechanical interactions introduce the conditions for producing the
entanglement between mirrors. Furthermore, we point out that while gravity-induced quan-
tum squeezing of mirrors occurs, such squeezing alone may not constitute definitive evidence
for the quantum nature of gravity. These results provide critical insights into the feasibil-
ity and design of future experiments aiming to probe the quantum aspects of gravity using

macroscopic quantum systems.
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FIG 20: Configuration of the optomechanical systems to generate gravity-induced entangle-
ment between mirror A and mirror B. We use the terms “differential mode” and “common
mode” of the optical lights to refer to those coupled to the differential mode and the common
mode of the mechanical mode, respectively.

5.1 Dynamics of gravitating optomechanical systems

We consider the optomechanical systems to consist of two cavities and two movable mechan-
ical mirrors, as shown in Fig. 20 We assume mirrors A and B are perfectly reflective, and
light dissipates out of the cavity only from the other mirrors of the cavities. We assume
that the system is symmetric and that the mirror masses, mechanical bare frequencies, and
mechanical bare dissipation rates are the same. We do not use power-recycled mirrors; the

asymmetry arises only from gravity.

5.1.1 Gravity-induced asymmetry

The Hamiltonian of the gravitating optomechanical systems is

N U 1 A hw
H=——(P3+ P} +-mQ*Q% + Q%) + ———ilas + ————ahip
N . '
+ mE(%e—mt _ weim) A
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which is the same Hamiltonian as the previous section except for the last term. Considering
the linearization Q — Q +46Q, P — P+ 6P, and G — @+ da, the optomechanical terms can
be expand as in Eq. (3.3). The last term describes the quantum gravity in the Newtonian

limit given by

g — -

Gm? 1 _Gm? (1 B 5Q4 — Qg n (6Qa — 5QB)Q> ’ (5.2)

L 1+04-05 d= d= =2

=1+ Q4 — Qp. Considering
the small displacements QA/B < d,l, we henceforth assume =~ 1and £ =1+ QA/B/E ~ 1.

(1]

where we use the linearization QA/B = QA/B + 5QA/B> and

Here, we introduce the common mode and differential mode as

Qi+ Qg p:PAipB . apFap

). = , = Gy =, 5.3
Q+ 7 '+ 7 + 7 (5.3)
where the optical common (differential) mode is defined as the mode of light coupled with

the mechanical common (differential) mode. Then, the gravitational interaction is
7 L 2 A2
Hg ~ EmQ_Q_, (5.4)

where we ignore the constant terms. The gravitational interaction shifts the mechanical

frequency of the differential mode as
QL =0, Q_=0V1—k¢, (5.5)

where € is the gravitational coupling defined by

4G'm

= P2 (5.6)

€
The important point is that the gravitational interaction affects only the mechanical differ-
ential mode. This means that gravity produces asymmetry between common and differential
modes, replacing the power-recycled mirror of the previous Chapter. Hence, the entangle-

ment between individual mirror A and mirror B occurs due to gravity. The equations of the
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motion for the mechanical modes and the cavity lights are derived by

. 1 .

0Q+r = —0Py (5.7)
) m

(5Pi = —in5Qi — Ffb(spi — hafs.i‘i -+ 2Ffbpiﬁ (5.8)

§is = —Adjy — g&%i + o /RiD (5.9)

07 = —200Qs + Adis — Z05 + VG (5.10)

where we replaced @ by ae™t! and introduced the detuning A = wy, — we(1 + Q_/¢). We
assumed that the effective mechanical dissipation rate under feedback control I'g, = T + v,

is the same for the mechanical common and differential modes. The classical mean values

are
. B
O ==, (5.11)
m
= 2 A \/§Gm2 )
Po=—m@Q. - T - = e o2 (5.12)
G_=iNG_ +E— ga_, (5.13)

and (Q2, P2, a2) = (—Q1,—P1,a1) and Q4 = P, = a, = 0 for the symmetrical setup.

5.1.2 Electromagnetic forces and other noises

Even if we prepare the object neutrally, electromagnetic interactions due to intermolecular
forces will still occur. One advantage of optomechanical systems to test the quantum nature
of gravity is that the effects of non-gravitational interactions can be relatively small since the
mass can be large. Here, we estimate the ratio of the magnitudes of some noise and gravity
interactions.

We first consider the Casimir-Polder potential described by V(r) = 23hcRS /47r™(e —
1/e + 2)?, where R is the radius of the mass, 7 is the separation of the two masses, € is
the dielectric constant of the mass, and ¢ is the light velocity [28, 34, 35, 102]. Assuming
R ~ r, we can neglect the Casimir-Polder potential for m > 1077 kg by comparison with
the gravitational potential. Next, we consider the dipole-dipole interaction given by V(r) =
(da-dp —3(r - da/|r)(r - dg/lr|))/4meo|r|?, where da p is the electric dipole and e is
the permeability of space |28, 35, [36, 102]. Assuming d4 = dp = eNRr/|r|, where e is
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the electron charge and N is the number of the electron, the dipole-dipole interaction can
be negligible for m > 107N kg. In the present paper, we consider macroscopic mirrors
with large masses greater than the milligram scale and ignore these interactions. This is
an advantage of optomechanical systems in verifying gravity-induced entanglement, which
means that gravity can dominate the interactions between masses.

Acceleration noise and gravity gradient noise |26) (102, [103] lose the gravity-induced en-
tanglement and the thermal noise. However, we can neglect the acceleration noise when
gravitational interaction is dominant because electromagnetic interactions induce accelera-
tion noise. The gravity gradient noise can be ignored when considering the ground-based
experiments (e.g., Advanced LIGO [104]) because the thermal noise is larger than the gravity

gradient noise.

5.2 Time domain analysis

In this section, we consider the time evolution of gravity-induced entanglement under quan-
tum Kalman filtering introduced in Chapter 3. This research is based on Ref. [1]. Here, we

assume the adiabatic limit £ > (2, which allows continuous measurement. Under the this

limit, Eqgs. (5.7)-(5.10]) are rewritten as

04+ = win 0P+ (5.14)
Spe = —wiEdds — Dnpe + /2Tp — 49’””—42?; 8‘;’1%2 T (5.15)
04 = —I; ‘ﬁfAQ G+ + ZH\Z_AQ B — 3 ﬁQQ 7 (5.16)
0yt = _/;j]——% 4+ + 4A\i;2x 22/_7_\{1;2;&1“ (5.17)
where we introduce the dimensionless operators as
G = Qmwin, by = m;w;_:pi, (5.18)
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where [G+, p+| = 2i. The mechanical frequency and the optomechanical coupling are shifted

by gravitational interaction as

16g2A Q
_ 2 + _
wm_\/Qi+QK2+4 5 gm_g”uﬁ,' (5.19)

In this section, we consider the general output field by defined as

b = 29 cos O 4 3" sin O, (5.20)

where we assume the perfect detection 7 = 1 and optical vacuum noise input Ny, = 0. The

Langevin equation of the mechanical motion is rewritten in the matrix form as

: 0 0 -
f*iAi'f'iJr( ) ) A= ( Lo ) (5.21)
W4 wr —DI'

4ot rm o SgEAVE
e = /9T ~eff m ~in m ~in 5.99
W+ fbP+ ﬁ2+4A2xi+I€2—|—4A2yi7 ( )

where 71+ = (844, 0p+)". We also derive the general output quadrature in the matrix form

as

~ N R :t .

by = Ciry +04, Ci= ( Sﬁ;ﬂﬁ(—2A cosfy + ksinfy) 0 ) , (5.23)
. —(k? —4A%) cos O+ — 4kAsinfy . 4kAcosfy — (k2 —4A?)sinfy
e K2 + 4A2 Tt 2 AN gr. (5.24)

For the Kalman filtering method used in Chapter 3, the conditional covariance matrix follows

the Riccati equation as
Vi=A.Vi4+ViAT + N. - (VvCI+ LM (Ve +Ly)T, (5.25)

where M = (0%) =1, and
Vi VE 0 0 0
V:I: — 5:qt5p 5i5p , N:l: — 5 , L:l: = o s (526)
V(Sqép %pép 0 <wi> <w:|:'Uj:>
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with

_ . 16(g:t)%k
— 2 +
ne = (wi) = 2Ffb(2’nthfb +1)+ anw, (5.27)
. Ag:t 01 + 2Asin 6
Ty = (ihsiiy) = Gm(kcosf+ + 2Asin i)\/E (5.28)

K2 4+ 4A?2
5.2.1 Time evolution of the entanglement

In this section, we consider the time evolution of gravity-induced entanglement in optome-
chanical systems. We solved the Riccati equation using a numerical method, assuming that
the two mirrors were initially in a separable thermal state: V(0) = (fi4/279,)14, where V is
the covariance matrix of the individual mirrors with the basis (5@ 1,0P4, 608, 6]53) defined
as Eq. . Figure shows the behavior of the components of the covariance matrix
of the mechanical common mode conditioned on the phase quadrature measurement (left
panel) and the amplitude quadrature measurement (right panel). The steady-state solution

is derived by solving the Riccati equation for Ve =0 as

+
+ 7 —I'm

Vg =~ (5.29)

I

i _ OF ~To)Quiwh + AP ++F —97To) 530

i INE(WE)?
+ 2

+ (7] - 1—Wfb)

v;sq(sp — —2)\}%}% (5.31)

where

L GA(GE)%RAZ L 16(g5)%

X T2 4A22 Y T (W2 £ 4A2 (5.32)
Ay =-Ay = —%, (5.33)
7= \/ 12— 2win(wim + A7) + 2win [/ win(win + 2A7) + EAT, (5.34)
Ay = W20k, +1) + 0gn) e ksl (5.35)

", N, = .
KZ+4A2Z Tt T oI

These variables are the almost same as Eqs. (4.32)-(4.35), but the asymmetry appears

+

in w,. and g,jfl. Considering the phase quadrature measurement (I = Y'), the compo-
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nents of the conditional covariance for ¢ < 10 s is approximately derived by Vﬁ(t) =
K/ (16t(g,j7§)2) : Vq%(t) =Qy (nﬁlfb + 1/2) t. V;)ip(t) = Qntihfb + 1, where Vpip(t) and Vq%(t)
are determined using the initial values of Vj;-(0). However, Vz (t) is an attractor solution that
does not depend on the initial conditions, ti(()). Subsequently, the solution for 30 s < t <
300 s can be approximated as ti(t) =kr/ (415(97%)2) : ti(t) = 3K/ (8t2(g$)2§2i) , Vp%(t) =
3k/ (8t3( gi)QQi) , where all components are attractor solutions, which did not depend on ini-
tial conditions, considering the steady-state solution, the time scale of achieving the steady-
state is derived by t ~ 4/7§ Iy which is the same as in the Chapter 3 and 4. We here
assumed that the initial state is the thermal state, and the components V! (t) and V1 (t) are
significantly reduced from the initial values determined using the thermal phonon number.
Hence, the mechanical modes become quantum-squeezed states through the Kalman filter
process. In amplitude field measurement, the structure of the early time attractor solution
changes. There are also regions where momentum squeezing occurs due to detuning and
optomechanical coupling. We have ongoing work on these amplitude field measurements.
Figure[22]shows the behavior of the time evolution of the logarithmic negativity. From the
stationary solutions of the covariance matrix (5.31)), we estimate the logarithmic negativity

as

EN ~ —5 lOg2 |:1 — @ (\/_Q—I‘fbe — 4nthfb>] y (536)
where the approximations niA; > Qi > F%b and 4¢%/kg, > ”:ifb > 1 were used. We

also assumed the phase quadrature measurement with tuned cavities. The entanglement

criterion is as follows:
Qe > 4V20gnf o | (5.37)

which is nearly the same as the entanglement criterion between the output lights |67 68|.
This means that the time scale of generating gravity-induced entanglement is faster than the
time scale of thermal decoherence. Figure shows the stationary entanglement between
two mirrors under the measurement of the phase quadrature. The condition of Eq.

determines the boundary of I'T'/27. Additionally, the requirement for quantum cooperativity
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Name Symbol Value

Mechanical frequency Q)27 1073 Hz
Mechanical decay rate L(Q)/2n 10718 Hz
Bath temperature T 1K
Mirror mass m 100 g
Cavity length l 10 cm
Laser wavelength wr(~w.)/2r 3 x 10" Hz
Optical decay rate K/2m 10® Hz
Input laser power P, 107% or 107 W
Effective mechanical decay rate Vi 27 107% Hz
Detuning A 0.05k or 0
Mass density m/d? 40 g/cm?

Table 3: Parameters of the numerical solution in Fig. . Ref. [105] discussed the experimen-
tal situation to achieve low mechanical dissipation. We adopt P, = 107® W and A = 0 for
the phase measurement, while P, = 107 W and A = 0.05x for the amplitude measurement.

is roughly given by

Wy -
R > AT mnd q s (5.38)
which indicates the time scale of reaching the steady state must be faster than the time scale
of thermal decoherence. This condition was absent in the quantum entanglement between
output lights and comes from the quantum control of mirrors. The same condition appears
in the amplitude quadrature measurement.

As discussed in Chapter 2 (also see Ref. [24]), the entanglement between two harmonic
oscillators does not appear for the initial thermal state with the thermal phonon number
nin 2 10. However, the entanglement occurs even in the initial thermal state using quantum
filtering and feedback control. For the initial pure quantum state, the time scale of generating

entanglement between two harmonic oscillators in the squeezed state is estimated by

0/2 @B\
ten291:1.8><103s< /”>( m/ ) . (5.39)
€

1073 Hz ) \ 40 g/cm?

Our study’s entanglement generation time is t ~ 4/ 'y}'t ~ 600 s for the initial thermal state.
Therefore, the use of the quantum Kalman filter is advantageous in generating entanglement
and preserving the quantum coherence of the system. This entanglement generation time is

almost the same for the case based on the amplitude field measurements.
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FIG 21: Time evolution of the components of the conditional covariance matrix elements,
Vor(t) (black solid curve), V¥ (t) (orange dashed curve), V5 (t) (purple dashed-dotted curve).
The left and right panels show the case based on the phase quadrature and amplitude
quadrature measurements, respectively. The parameters are listed in Table [3, and A = 0
for the phase quadrature measurement and A = 0.05« for the amplitude measurement. The
behavior of the differential mode is nearly the same.
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FIG 22: Behavior of the logarithmic negativity between mechanical mirrors under the
Kalman filtering. The left and right panels correspond to the results based on the phase and
amplitude quadratures measurement. Each curve assumes x/27 = 108Hz (blue solid curve),
10"Hz (red dashed curve), 10Hz (green dashed-dotted curve), respectively. The others are
the same as those in Table
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FIG 23: Behavior of the logarithmic negativity for the stationary mechanical states as a
function of quantum cooperativity C, = C'y/n}, and I'T'/2r. We adopt the measurement
of the phase quadrature in the left panel and the amplitude quadrature in the right panel.
The required values of the entanglement are C, 2 5 and I'T/27 < 107'8 Hz K.

5.2.2 Purity and squeezing

In this section, we demonstrate the time evolution of the conditional state under the Kalman
filtering. The left panel of Fig. [24] shows the time evolution of the purity for the measurement
of phase quadrature (red curves) and the amplitude quadrature (blue curves). The solid and
dashed curves correspond to the mechanical common and differential modes, respectively.
Slight asymmetry appears in the purity, and the steady state approaches a sufficiently pure
quantum state. The right panel of Fig. 24 shows the squeezing level; if it is greater than unity,
quantum squeezing beyond vacuum fluctuations occurs. We note that the quantum filtering
process produces mechanical squeezing independent of gravity, as shown in Chapters 3 and
4. Therefore, gravity-induced squeezing appears differently in the common and differential

modes.

5.2.3 Signal-to-noise ratio

Finally, we discuss the error in the measurement of Ey, which can be estimated by

AEN(V)

E E E
_Z aNAJ—I—aNAW—i—aNAW) (5.40)
a‘/;]]q anyp av}?p
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FIG 24: Left: Behavior of the purity as a function of a time under quantum Kalman filtering
based on the measurement of the phase quadrature (red curves) and amplitude quadrature
(blue curve). The solid and dashed curves correspond to the mechanical common and dif-
ferential modes. Right: Behavior of the squeezing level.

Assuming that the errors ¢+ and py follow a Gaussian distribution around the estimated

values, we may write (AVq2) = 2Vq2,1, (AVq2p> = VigVop + Vq2p, <AVp2p) = 2Vpp, (AVyqAVyy) =

2V Vap, (AVyqAVpy) = ZVQZP. Then, the variance in the error of AEyN (V) is given by

(AEY(V)) =
OEN\2 0FEN
2( ) V+2—|—< ) (V+2 V+V+)
8‘/(12 qq quJZg qp qq " pp
2
Jr_2(6E’]J\r;) W$2+4(8Ei)<aEf)V+2
OWVpp Waq/ NV
oF N aEN 8EN aEN
() G ) varvas 4 (G G ) Vi
8‘/7; quJIg qq " gp 3‘% qufE pp " agp
OEN\2.  _ OFN
+2( )v +( ) U s
avz] qq avqp ( qq Pp)
2
() () (G
oy Waq/ NV
(280 (20 v 4 (22 (D8
qu avqp aVPP 8‘/;11,

(5.41)

Assuming that we perform A measurements of gravity-induced entanglement, we estimated

the signal-to-noise ratio as

S/N = \//T/AE—ENN. (5.42)
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To achieve S/N = 1, the required number of measurements is N' = (AE%,(V))/E%,. Provided
that the condition Qe > 4\/§’ymn,$l is satisfied, Ey is approximately estimated as Ky ~
kGp/ (8\/5939) Since the generation time of gravity-induced entanglement is estimated as
4/, the total time 7 required to achieve S/N= 1 is proportional to 4/ (Ex)?, where we
assume that AE is a constant of O(1). For the parameters in Table I, we have 7 ~ 2x 100 s.
On the other hand, as shown in Fig.[22] the logarithmic negativity is larger for the amplitude
measurement than for the phase measurement. This may be due to the fact that the position
squeezing is rotated, resulting in momentum squeezing. Detailed analysis is in progress, but
by using the value of quantum entanglement and the time scale 4/7;, the total time is
obtained as 7 ~ 2 x 10° s. This indicates that amplitude field measurements may be a better

way to verify quantum entanglement due to gravity.

5.2.4 Conclusions

We investigated the feasibility of detecting gravity-induced entanglement using optomechan-
ical systems under quantum Kalman filtering. For the first time, we determined a feasible
set of experimental parameters for achieving a signal-to-noise ratio S/N=1. This is achieved
by solving the Riccati equation to determine the time evolution of the conditional state of
macroscopic mechanical mirrors in optomechanical systems under quantum control using the
Kalman fingering process. When the two mirrors are coupled via gravitational interaction,
the quantum-squeezed states for the common and differential modes are slightly different,
which gives rise to gravity-induced entanglement. We showed that the time scale for gen-
erating entanglement, associated with the quantum state preparation using the Kalman
filtering process, is faster than the well-known timescale to,. We also demonstrated that
gravity-induced entanglement occurs when the two mirrors are in the initial thermal states.
The rapid development of gravity-induced entanglement is an advantage of optomechanical
systems. The parameters in Table [3| can be an optimal set. The feasibility of experiments
for the measurement of the amplitude quadrature to detect gravity-induced entanglement

should be investigated in more detail in the future.
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5.3 Fourier domain analysis

In the previous section, we investigated the time evolution of gravity-induced entangle-
ment. Here, we focus on the entanglement in the Fourier space at the mechanical resonance
frequency, which is based on Ref. |2|. This research is motivated by Refs. |67, |68]; they
analyzed the entanglement between two output lights and the squeezing of optical modes in
this Fourier domain. Thus, we compare the entanglement between two mechanical mirrors
and the squeezing of the mechanical modes to their results.

We consider the same system shown in the previous section in Figure [20] the Hamilto-
nian is Eq. and the equation of motion is Eqgs. —. We use the Wiener filtering
introduced in Chapter 3 to analyze the entanglement in the Fourier domain. Additionally,
we focus on the measurement of the phase field quadrature with tuned cavities for simplicity.
As we will show later, quantum Wiener filtering has little effect on gravity-induced entan-
glement in the Fourier space based on either phase quadrature or amplitude quadrature
measurements. Therefore, the results of amplitude quadrature measurement are similar to

the case of the phase quadrature measurement.

5.3.1 Wiener filter for optical phase measurement

We define the variables in the Fourier domain as F'(w) = ffooo dte™'F(t). From the equation
of the motion, we derive the equation of the motion for the mechanical modes and the optical

modes in the Fourier domain as

534() e (VA - 20 ). e

:Qi—iFfbw—w wHik/2"F
R w o
0p+(w) = _Q_i(SQi(w)) (5.44)
A IR ~in
0ty (w) = r{;/z‘%i (w), (5.45)
~ 4 ~ ~in
0g+(w) = wtin)2 (—29+0G+ (w) + VEIE (W) , (5.46)
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where we assume the tuned cavity A = 0, which can be optimized for the sensitivity coeffi-

cient for the phase field quadrature. We obtain the mechanical spectral density as

+ 2 + 441k
S ( ) (QQ 2)2 + ngwz 2Ffb(2nthfb + 1) + m(zj\[th + 1) s (547)
2
w
Sapl) = @Sqiq(w)’ Sip(w) = Q—isqiq(w), (5.48)

where we used the correlation functions of the fluctuation given by

(P (@), BE (W) = 220G + 1) x 210(w + ), (5.49)
({22(w), 22 (W)} = ({78 W), 92 (@)} = 22N + 1) x 218(w + w'). (5.50)

Here, we focus on the measurement of the optical phase quadrature, which is linearly coupled

with the mechanical position operator. Considering the input-output relation
g = G — V/RoG, (5.51)

and the output optical phase quadrature is obtained as

Vi(w) = /g2t + n@idd (5.52)
2Zgi\/_ g Hi/2 ~in / Aa
C wHik /2 w+ /2\/_ M /1= i (5.53)
-5 (mgiszi\/arw(w 2 0) + Ag L )
b RS i) + VT, 6)

where 7 is the detection efficiency. Fi(w) is given by

2

Fi(w) = (9% —iThw — w?) (w + %) : (5.55)
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We note that Fly (w) is a causal function where the imaginary part of the solution for Fiy (w) =

0 is negative. The spectral densities Syy, S;v, and Spy are computed as

20Ny, + 1 K2 2T e + 1 2N, + 1
+ T14Vth 2 2 2 2 thfb 402 .2 th
=— 7 | |F Qir —)—="—— + 1692
Syy (w) () <| s (w)]7 + 891 T'pyrm(w” + 4)277Nth‘|‘1+ 691805k 3 Nth+1>
(5.56)
. + .
+ (2Nth + 1) . 2 9 /432 1K Qnthfb +1 . 3 9 1K
= ———- | —41g1 Q4 T/ — — ) — Q4 ky/ —
(5.57)
—iw
Introducing the quantum Wiener filters discussed in Chapter 3 as
+
1 S y(w)
HF (w) = d : (5.59)
T Sl S @l |
n— .
1 S y(w)
Hi(w) = P ; (5.60)
P RO | Bl

where [f(w)]+ and [f(w)]- describe the causal and non-causal part of f(w), respectively.

Then, we derive the conditional mechanical quadratures as

Gt (w) = 64+ (w) — HF (w)Yi(w), (5.61)
i (w) = 6ps(w) — HF (w)Va(w). (5.62)

Sl = g SO = (5.63)

where F (w) is the causal function given as the solution of the following equation:

2 opt
K n +1
|FL(w)]? = [Fi(w)]* + 8¢3 Q3 Tprn(w? + —) b

5.64
47 20Ny, + 1 + (5.64)
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We decide the filter functions Hqi(w) and Hpi(w) to optimize the mechanical covariance

matrix in the same way as Appendix [A]

5.3.2 Entanglement in Fourier domain

In the Fourier space, it is hard to define entanglement negativity because the commutation
relation between 0§ and dp changes from that in a real space. Here, we use the degree
of entanglement introduced in Ref. [106]. They showed the entanglement criterion in the

Fourier domain as

<1, (5.65)

where Ry (w) is defined by Rz(w) = (Z(w) + Z(—w))/2 with Z = ¢4, p_, Ga, and 4, and
Rz(w) is the Hermitian operator in Fourier domain. G4 (w) = (G4 (w)+q-(w)4/Q/Q_)/2 and
PaA(w) = (P+(w)+p—(w)4/2- /) /2 are the conditional canonical operators of the mechanical

mirror A. According to the reference [84], the commutation relations of the fluctuations are

), )] = o x 2m6(w + ), (5.66)
+
[#0(w), §2(w)] = 2i x 216 (w + ). (5.67)

Here we note that the commutation relation of p5f(w) was found in Ref. [84]. We also note
that the inequality is the only sufficient condition for the entanglement, which means
that this criterion may not capture the full entanglement.
We here define quality factor Q4+ and cooperativity C'+ for the optomechanical systems
as follows:
Qg 497

oo, = 5.68
Q+ - £ Ton (5.68)

where the asymmetry between common and differential modes originates from the gravity-
shifted frequency §21. Hereafter, we fix the Fourier frequency to the resonant frequency of
the mechanical mirror w = Q, which is the same as the previous researches |67, 68]. For
simplicity, we also assume the perfect detection n = 1 and vacuum noise input Ny, = 0. Then,
the entanglement between the mechanical mirrors or between the output lights is determined

only by the five dimensionless parameters (C5, Q+, nﬁlfb, k[T, €). We first consider the case
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without quantum filtering. The analytic solution of the degree of the entanglement without

the Wiener filter is obtained by

1Q4+Q-
QL + QL —2Q%(Q% — 1))2(1 +402/x?)
x (1+2C4 +2n o +4@2nf o + DO /62 (1+2C- +2n7 o +4(2n, 4 + 1)Q%/K2).
(5.69)

EQ) = (QF +QL - Q122 ~ 1))

Here, we consider the entanglement criterion under the two assumptions. One is that the
quantum cooperativity is larger than unity C; = (Cy /nt—];fb > 1, which means that the
radiation pressure noise is dominant compared to the thermal noise. Because the radiation
pressure noise is adjusted by controlling lights, this condition guarantees that we can control
the motion of the mirrors through the interaction with lights. Another assumption is the
condition of an adiabatic limit x > 2, which allows us to monitor the mechanical mirror’s
position continuously. These assumptions are necessary for quantum control and continuous

measurements. Then we found that the entanglement criterion yields

QJrE > 4C+, (570)
which is equivalent to

Gm gi

— > 47T, 71

730~ 4 (5.71)

This inequality represents that the gravitational interaction between the mechanical mirrors
is dominant against the measurement process using the cavity lights. This guarantees the
generation of the gravity-induced entanglement between the mirrors.

On the other hand, Ref. |67, [68] showed that the condition for generating the gravity-

induced entanglement between output lights is
Qe >4dnt . | (5.72)

under the same assumptions. This is the necessary condition for the inequality (5.70]) as long
as C’; > 1. It is, therefore, more severe to verify the gravity-induced entanglement between

the mirrors than between the output lights, as demonstrated in Figure [25]
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Figure 25| illustrates the degree of entanglement F(£2) as a function of the quality factor
@+ and the quantum cooperativity C; (= Ct /n?hfb) in the absence of the Wiener filter.
The thermal phonon number is set to n:;lfb = 1 for the left panel and n;;fb = 10 for the
right panel. The red dashed line in both panels corresponds to the boundary defined by
the relation . This boundary agrees well with the numerical results for gravity-induced
entanglement generation in the regime C; > 1. The black vertical dashed line represents the
condition Q4e€ = 4n:;1fb, which serves as the threshold for generating entanglement between
the output light fields in Fourier space, as characterized by the entanglement negativity |67,
68|. A brief review of the definition of the entanglement negativity for the output light fields
is provided in Appendix [D] The gravity-induced entanglement between the output light fields
occurs in the region to the right of the black dashed line, where the quantum cooperativity
dominates over the thermal noise contributions.

Figure [20] presents the same analysis as Fig. 25, but now incorporating the Wiener filter.
Implementing the Wiener filter enhances the entanglement generation, particularly in the
regime of large quantum cooperativity and high mechanical quality factor. In this region,
the degree of quantum entanglement F({2) increases by approximately 3 compared to the
case without the Wiener filter. In contrast, for regions characterized by small quantum
cooperativity and low mechanical quality factor, the entangled region shows only minor
changes when applying the Wiener filter. Our results demonstrate that gravity-induced
entanglement between the mechanical mirrors inevitably leads to entanglement between the
output light fields, regardless of whether the Wiener filter is used. However, since we cannot
access the unconditional variable experimentally, the result with the Wiener filtering is valid
for experimental verification. As discussed in Chapter 3, we obtain the conditional state by

retrodiction for )\]i > I'gy,, which restricts the lower bound of quantum cooperativity C,.
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FIG 25: Entanglement behavior of In[E(2)] as a function of quality factor @ and quantum
cooperativity CF = C /ngq, without the quantum Wiener filter. If In[£(Q)] < 0, the two
mechanical mirrors are entangled. Parameters are r/Tg, = 103, e = 2.7 x 107, nf, =1
(left panel), and n;;, = 10 (right panel). The red dashed line represents the boundary of
the approximate entanglement condition Eq. . Gravity-induced entanglement between

output lights occurs in the region to the right of the black vertical dashed line.
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FIG 26: Same as Fig. 25| but with the quantum Wiener filter.
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5.3.3 Gravity-induced squeezing

This section focuses on the gravity-induced squeezing of mirrors, which might be a quantum
signature of gravity. Our method in this section is an application of the investigation for the
gravity-induced squeezing of output lights in Ref. |68] to mechanical mirrors. We introduce

the mechanical quadrature
Gy = Grcosf + pusind, (5.73)
where 0 is a rotation angle in the phase space. The spectral density is
St(w,0) = S;;(w) cos? 0 + S}%(w) sin? 0 + (Sq-iﬁ(w) + Sﬁiq.(w)) cosfsin b, (5.74)

and its minimum value is

Saa(w) + Spp(w) v/ (Sga(w) — Spp(w))? + (Sgalw) + Sﬁq(w))?

5 5 (5.75)

We first analyze the case without the quantum filter, focusing on the mechanical resonant
frequency w = ). Under this condition, we derived the ratio of the spectral densities of the

differential mode to the common mode as

SmN(Q)  VI—e
Sfin(Q) - 1_|_Q%r€2’

(5.76)

where nﬁlfb = kpTT /hQ4 Ty > 1 is assumed. This expression is independent of both the
quantum cooperativity and the thermal noise of the mirrors, remaining valid even in the low
quantum cooperativity regime. The left panel of Figurevisualizes the contour of Eq.
in the plane of the quality factor (J+ and quantum cooperativity C;r . The right panel of
Figure [27] shows the gravity-induced squeezing in the output light of the differential mode,
0 i Lhe gravity-induced squeezing for the output lights is briefly reviewed in Appendix @,
following the analysis in Refs. |67, 68|, the gravity-induced squeezing for the common mode
output light is always unity, a;rlm = 1. Thus, the right panel of Fig. plots the ratio
O in/ U;Hn, comparing the differential mode to the common mode. The calculations adopt

the parameters ntﬁl = 2.1 x 10" and e = 0.27, derived from T = 1K, I'/2r = 10~ %Hz,
Ym/27 = 1074Hz, Q/27 = 1073Hz, m/L? = pA = 2 x 20g/cm?.
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The asymmetry between the differential and common modes arises solely from the gravi-
tational interaction characterized by e. Consequently, the deviations from unity in the ratios

S in/ ng and J_in/a;’lin in Fig. 27| reflect gravitational interaction effects. However, the

m m

interpretation of gravity-induced squeezing requires caution. Figure [28| presents the spectral
density of the mechanical common mode S;; normalized by the vacuum state spectral

density ST

vac’

in?
as a function of the quantum cooperativity and quality factor. The vacuum

state spectral density is given by

St =

vac

(Sagac() + Sppac() = 7 (5.77)

N —

which is derived from Eq. by neglecting the thermal phonon number and optical
noise inputs. The left panel of Fig[2§ demonstrates that applying a quantum Wiener filter
eliminates thermal noise, enabling conditional quantum-squeezed states for C; 2 0.1. We
note that the panels of Fig. are obtained with no use of the quantum Wiener filter,
and then the state of the mirrors is dominated by the thermal noises. These facts suggest
in/S$in in the left panel of Fig. 27| as a

quantum nature of gravity. There is no support that the gravity-induced squeezing in the

that we need to be careful to interpret the ratio S_

optomechanical mode comes from the quantum nature of gravity.

5.3.4 Conclusions

We analyzed the quantum signature of gravity in optomechanical systems under quantum
control and found the condition for generating the gravity-induced entanglement between
the mechanical mirrors with/without the quantum filter in Fourier space. We summarized
the conditions for generating gravity-induced entanglement and gravity-induced squeezing
in Table @ The condition of generating gravity-induced entanglement between mirrors is
expressed by Q)+e > 4C, as long as the condition C’; > 1 is satisfied. The entanglement
between output lights occurs for Qe > 47131 in Ref. |67, 68]. As shown in Fig. , the
condition for generating the entanglement between the mirrors found in the present paper is
more severe than the condition for the entanglement between the output lights. This is true
even with the quantum filter, as shown in Fig. [26] Hence, the gravity-induced entanglement
between the output lights may be easier to detect than between the mirrors.

We also investigated the conditions for gravity-induced mechanical squeezing to compare

with the gravity-induced squeezing of optical modes [68]. We found the ratio of the gravity-
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induced squeezing of mechanical modes, S™/S™n = /T —¢/(1+Q%€?), which is similar to
that of optical modes Eq. in the region C; > 1. However, gravity-induced squeezing
appears when the thermal (classical) noises dominate, and the ratio of the gravity-induced
squeezing of the differential mode to the common mode does not depend on the quantum
cooperativity. Such a situation implies caution when interpreting gravity-induced squeezing,

which appears in the dominant regime of thermal noise, as a quantum nature of gravity.

Optomechanical systems

Previous research

Oscillators Output lights
Entanglement Ref. |23, 24, 68| Ref. |67, 68] and Eq. (5.72)
Squeezing Ref. 68| Ref. [68] and Eq. (D.11])

Optomechanical systems
Mechanical mirrors

Our research

Time domain Fourier domain
With filter With filter Without filter
Entanglement  Eqgs. (5.37)-(5.38)), and Fig. @ Fig. 26|  Eq. (5.70) and Fig. [25
Squeezing Fig. Fig. [28 Eq. (5.76) and Fig. |27

Table 4: Summary of the conditions for gravity-induced entanglement and gravity-induced
squeezing.
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6 Conclusions and Future Work

Quantum gravity theory is a fundamental question in physics that has remained unresolved
for many years. Verifying quantum gravity effects requires high-energy experiments corre-
sponding to the Planck mass scale, which has long been considered experimentally unfeasible.
However, recent advancements in quantum technology have opened up new possibilities for
testing quantum gravity, specifically by verifying gravity-induced entanglement. Gravity-
induced entanglement is a consequence of the quantum field theory of linearized gravity in
the non-relativistic limit, and the relation of gravity-induced entanglement in aspects of the
gravitons has been discussed. However, the signal of gravity-induced entanglement is small
because the gravitational interaction is very weak. This thesis has covered two main topics:
Realizing macroscopic quantum systems in optomechanical systems under quantum control
and their application to verifying gravity-induced entanglement.

In Chapter 2, we reviewed the proposed model for verifying gravity-induced entanglement
between two spatially superposed particles. This model demonstrates that Newtonian grav-
ity generates the entanglement between two superposed particles if gravity follows quantum
mechanics. We showed the behavior of the entanglement, which indicated the periodical
modulation of the entanglement. Achieving gravity-induced entanglement requires a coher-
ence time O(1) s for an object with a mass of 10~ kg in a spatial superposition separated
by 100 pm. This is a challenging problem due to the effects of environmental decoherence.
Considering the thermal noise, the entanglement generation time scale must be faster than
the time scale of the thermal decoherence, or quantum entanglement will be lost. Exper-
imental verification of gravity-induced entanglement requires a reduction in the effects of
thermal noise.

One approach to realizing the quantum macroscopic state is optomechanics. In Chapter
3, we outlined the fundamentals of optomechanical system dynamics and the principles
of quantum control required to realize macroscopic quantum systems where gravitational
effects are measurable. In optomechanical systems, macroscopic mirrors interact with the
cavity light through the radiation pressure of light, and we can read out the displacements
in the mirror’s position from the output light. We explained that the influence of thermal
noise can be mitigated by employing quantum feedback control based on the measurements.
Moreover, quantum filtering techniques conditioned on the measurement results can reduce
mirror fluctuations to the quantum fluctuation level. Using these quantum controls, we have

demonstrated that high purity and quantum squeezing occur using the expected parameters
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in the midterm. These insights represent a significant step toward experimentally verifying
the quantum nature of gravity using macroscopic optomechanical systems under quantum
control.

In Chapter 4, we investigated the feasibility of generating the entanglement between
two milligram-scale mirrors in a power-recycled Fabry-Pérot-Michelson interferometer. The
mechanical mirrors are entangled by the optical beam passing the half-beam splitter, which
is an analogy to the fact that when two squeezing states are injected into a half-beam
splitter, the post-injection states are entangled. This is also an analogy for generating the
EPR state. We analyzed the entanglement behavior as a function of the cavity detuning
A and the quantum cooperativity C_ /ning,. The required value of the quantum squeezing
of the mechanical modes is C_ /ny,g, 2 1, but this condition is not enough to generate the
entanglement. We demonstrated that quantum squeezing and high purity are necessary to
generate the entanglement. For the measurement of the amplitude quadrature, the required
value is O /ngum, 2 3 for ¢ = 3 and A = 0.2k_. Therefore, we can achieve the entanglement
between two milligram-scale mass objects in the short term.

In Chapter 5, we evaluated gravity-induced entanglement between two gram-scale mir-
rors in optomechanical systems. we first investigated the time evolution of gravity-induced
entanglement between mechanical mirrors. Solving the Riccati equation, we estimate the
time scale of generating the entanglement as ¢ ~ 4/7; ~ 600 s, the time scale of reaching
the steady state. We derive the conditions for generating gravity-induced entanglement as
Qe > 4\/§Ffbn:ilfb and ’y;ﬁ > 16 ninm. Additionally, we determined the feasible parame-
ters using the signal-to-noise ratio, which is 7 ~ 2 x 106 s for the phase field measurement.
These predictions of the quantum nature of gravity may assist in testing and understanding
quantum gravity theory.

Moreover, we first discussed the entanglement in the Fourier domain at the mechani-
cal resonance frequency. Without quantum filtering, the condition for generating gravity-
induced entanglement is expressed as ()€ > 4C under the condition C /n¢pg, > 1. When
we use the quantum filter, the entanglement condition is similar to the case without the
quantum filtering. However, since we do not have direct access to the variances and covari-
ance of the mechanical mirror, the results with the quantum filter for )\ﬁc > I'g, are valid
for experimental verification. We also showed that the entanglement condition found in the
present research is more severe than the condition for the entanglement between output

lights, discussed in Refs. |67, [68]. Hence, the gravity-induced entanglement between the
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output lights may be easier to detect than between the mirrors in the Fourier space. We
also evaluated gravity-induced squeezing of the mechanical modes, while Ref. |68] discussed
gravity-induced squeezing of output lights. We evaluated the gravity-induced squeezing, sim-
ilar to the squeezing of output light under C.y /niyhg, > 1. However, gravity-induced squeez-
ing also appears even for large thermal noises. Ref. [88, 89| has reported that semiclassical
gravity produces similar squeezing. Therefore, we should pay attention to the relationship
between gravity-induced squeezing and the quantum nature of gravity.

There are still many problems that need to be solved. In Chapter 4, we discussed the
entanglement generation between macroscopic mirrors using the power-recycled mirror. We
showed that asymmetry between the common mode and the differential mode is the essence
of generating quantum entanglement. It is also possible to introduce the signal-recycled
mirror on the differential mode side [45, 66], which may increase the asymmetry of the
common and differential modes. In addition, the use of incident squeezing light to increase
sensitivity [45] [66] is interesting approach to test the entanglement. From the perspective of
macroscopic quantum phenomena, the application of the Leggett-Garg inequality |5, |6, |L07]
to optomechanical systems to verify macrorealism, and the verification of negative values of
the Wigner function using non-Gaussian states [108, [109] are also interesting. In Chapter
5, we discussed the generation of entanglement by gravity, but the analysis based on the
amplitude field measurements is insufficient. It is necessary to clarify how the detuning
and measurement process affect the mechanical squeezing and asymmetry of the common
and differential modes. Furthermore, it is interesting approach to distinguish the effects
of semiclassical gravity and quantum gravity. Although semiclassical gravity can produce
squeezing and correlations through the measurement process |88, [89], we have been working

on a model that can distinguish between semiclassical and quantum gravity signals [90].
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A Calculation of the causal part for Wiener filter

Using Egs. (3.63]) and (3.64)), the spectral density of the general output field is

Xen|”
Spp = d4d— = 20Ny, + 1) = (A1)
|Xeff|
and the causal part and non-causal parts are
Xeff Xo
G+ = /20N + 157, 6_ = /20Ny, + 1°48 (A.2)
Xeft Xeff
= ! of = ! (A3)
Aell = m(w2, —ilgpw — w?)’ Neft = m(Q? —il"w — w?)’ '
where ' = (3)V/* and IV = \/o/ + 2¢/F with
o ZT2 -2 4 1692, nkwm (45A cos 20 — (k2 — 4A?) sin 20) (2N, + 1)n (A)

(K2 + 4A2)2 20Ny + 1
1692,w2 Dk (2ng, + 1)n 128g% w2 K2 1692,w2 Kk
K2+ 4A2  2nNy + 1 (k2 +4A2)2 (k2 +4A2)2
2 + 1)n 292, (k? — 4A2%) (2Ny, + 1)
Loy — 4a2) 20 U0 a4 2m ) 26
X l( (K ) Ny 11 + 4dr(wm A + 7 IA? 7 Ng T 1 Ccos

3292, k%A (2Ny, + 1)7}) :
20| . (A5
K2 +4A27 20Ny, + 1 S (A-5)

B = wip +

(2ng, + 1)n
277Nth +1

+ <4Ffb/£A + ((K* = 4202wy, +

gm is defined in Eq. which is the optomechanical coupling rescaled at w,,. The corre-
lation spectral density of 5@ and b is

[ h Agmwm/En(kcosf + 2Asin 6) (2N, + 1) - .
Ssop = e Ulatll ( J2N: |mXeff|2(QQ + ilegw — w2)
m

K2 + 4A2
a2 _ 2 (1 B 3292, A _ AT A 2ng + 1) K cos 6
mn wm (k2 +4A2)  Kwy 2Ny, + 1/ kcosf + 2Asind
2 .2 :
2Asin
+<1 n 894K 'y 20y + 1 ) sin . 7 (A.6)
wnA(K? +4A2)  wA2Ny, + 1/ keosf + 2Asinf
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and Sspp = —imwS;sqgp. Using Eq. (3.59), we have

h 4gmwm(kcos® + 2Asin0) (2N, + 1) /KN

G, = 5
TV 2men, (12 + 4A2)\ /29 Ne, + 1 mXeft (11w + 01)
mhw 49 HCOSQ+2ASiDQ 2Nh+11//177
2 (k? + 4A%)\/2nNy, + 1
where

L TP —wl) + Tp(wd, — 202+ 0
T T — QP2 (T, 1 ) (W + 7Ty
DT + 1) (W2, + Q%) + (Wi, — Q%) (w2, — 0

85 =
P W - Q72 4 (T, + D) (WAL + Q2T
| 2TRO% 42T g, + (wp, — %) (v, — Q?)
2 (W2, — Q22 + (T, + ) (@B + Q7Ty)
5y — _w?n(f"(fﬁ —w2) + Ty (w2, — 2072 + 02))

(W2, — V22 + (T, + IM)(W2,T7 + Q2Tg,)

We can then derive the conditional variance and covariance as

h 892, K(2Ny, + 1)
vl o=——1(2 1+ —=2m
0% ™ 2mwy, < feh L+ Dpp (k2 + 4A2)

_893,1;1(;1 cos 0 + 2Asin 0)2(2Nyy, + 1)2n(|71 [Pw?, + [61]?)
Ffb</€2 + 4A2)2(277Nth + 1)

wi _ mhwn 89 (2N, + 1)
Vspsp = <2nth + 1+ Fg(ﬂz T 4A2)
892,k (k cos 0 + 2Asin 0)2 (2N, + 1)20(|y2|*w?, + |62]?)
w2, Ty (k2 + 4A2)2(2n Ny, + 1)
ot _h 892, k(K cos @ + 2A sin 0)2(2Ny, + 1)2n(—~17y2w2, + 51(52)'
0QoP 9 Wil (2 4+ 4A2)2(2n Ny, + 1)

(A.9)
(A.10)
(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

These variances and covariance are identical to those derived from the Kalman filtering for

the stationary solution.
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B Input-Output Relation for the Interferometer

In this Appendix, we derive the input-output relation for the power-recycled Fabry-P’erot-
Michelson interferometer depicted in Fig.[10] First, we consider the input-output relation for
an individual Fabry-P’erot cavity. Assuming the same optical decay rate for both cavities,

the input-output relations can be written as

AOUt \/_:EA—:i“iX, (B.1)
¥R = Vikip — &, (B2)

Since no mirror is present on the differential mode side, the output optical quadrature for

the differential mode is given by

~out sout ~in ~in A -~
USRS S M) h — /E(0Z4 — 0T R)

- V2 V2
= VRoE_ — &, (B.3)

Next, we consider the input-output relation for the common mode, considering the power-
recycled mirror. Let 7" and R = 1 — T denote the transmissivity and reflectivity of the
power-recycled mirror, respectively. The input-output relations for the common mode can

be expressed as

Aout \/_Aln + \/_,53_%7 (B4)
P = —VRpM + Vi, (B.5)
where p9" and pAif: are
~out __ x?élut + x%ut (B 6)
+ \/5 ) :
i :ftljf + i?lfgl
p=AT8 (8.7
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Substituting these relations, we obtain the output optical quadrature for the common mode

P T ,/ig;{(é@ﬁté@]g;)
T =
N V2
1- \/ﬁ ~in

=4\ ———K0TyL — T B.8
1+ VR + + (B.8)

as

From this result, we derive the relationship between the optical decay rates of the common
mode and the differential mode
1—-vVR 1
Ky = —\/_l{_ = —K_. (B.9)
1+VR T
where the power-recycled mirror introduces the asymmetry factor 7. Thus, we have derived
the input-output relations for the common and differential modes of the power-recycled

Fabry-P’erot-Michelson interferometer.
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C Exact formula of stationary entanglement in the inter-

ferometer

In this Appendix, we derive the exact formula of the entanglement negativity in power-
recycled Fabry-Pérot-Michelson interferometer. The conditional covariance matrix for the
stationary state is derived by Eqs. (4.36])-(4.38). Using these components of the covariance

matrix, we have

s P05 =) Op =) (G200 =0 =oAL e A e
_ o S B el Bt NN e’ S ,
(C.1)
B2y — 7 )V — Y 2 V2 _ A2 AT —\2 _ A2 AT
dety = (00 Q(’if ) (71)+ Tm 421 1y O = Ay
L6AT NS (wm)? Wi, (wm)? Wi
(C.2)

Then, we can exactly derive the logarithmic negativity as a function of Q)+, Cy, ntihfb, Nin,
A/k4, and 1. The critical value € in Eq. (4.31)) is obtained by

L O =00 =) (OO T AT A Q-
for = —5l082 [ AT { ( Q+Q- o T
(G202 =D (A}’ +Qt A+ Q—>2
102 Q- Q+
1/2
LG YA+ Q) O = A + Q)
Q+ Q2 2q- |

(C.3)
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Ym (29N + 1) (1+46%)2 ~ 7% v (20N + 1)(1 + 402 )2

ﬁ _ _E _ 8CLd1n 2Ny, + 1 R

Ym Tm (1+ 4(51)2 2nNgp + 1 X

N4 + 4C:|: oy

= —dnt b2+ —— 2Ny + 1) =7,

+ + + — +

1 2 A A7 neAT L,

202 (14 —J1+2 + =~

Tm = ( YmQ+ \/ Ym @+ ’)/TanQi I
and 6+ = A/ky.
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D  Gravity-induced entanglement between two output

lights and squeezing of output lights

In this Appendix, we review the entanglement and squeezing induced by gravitational inter-
action in the output optical fields in the optomechanical systems. The output quadratures

in the Fourier domain are given as

ot w—1iKk/2
S D.1
2 () = 2ig+ /K Sar 4 W iK/2 i (D.2)

Cwtik/2 =Ty +i/€/2yi’

where we assume the perfect detection n = 1. To investigate gravity-induced entanglement
and squeezing, we introduce the optical quadratures at the mechanical resonance frequency
as defined in Refs. |67 68|

Xy = —Wfoiut(Q)a (D.3)

A ~Oou
Vi =\ 5o, (D4)

where we approximated the delta function as 1/Aw, where Aw denotes the bandwidth, and
the commutation relation [X4, yj[] = 21 is satisfied. The covariance matrix of the optical

quadratures for the common and differential modes is defined as

b loix oiy] 1 [, ALy <{Xi,yi}>]. D5)
T oyy] 2 [{YVeAl) (Ve VL))

The covariance matrix for the individual optical modes A and B can be expressed in terms

of the covariance matrices of the common and differential modes as

_O'AO'AB_lll or 0 1 1
R R -
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The entanglement between the optical modes A and B can be quantified using the logarithmic

negativity, defined as

Y — VY2 — ddeto

2 Y

1
Ey = —3 log (D.7)

where ¥ = deto 4 + detog — 2deto 4. The output optical modes are entangled if and only
if Ey > 0. Under the assumptions C / n:% > 1 and k > 2, we can derive the entanglement

criterion as (5.72)).

Next, we review the gravity-induced squeezing effects discussed in Refs. |67, [68]. Assum-

out

ing n = 1 and Ny, = 0, the variance of the quadrature Xy = 2°% cos§ + y°"sin 6 is given

by
+ +

TN, = T cos? 6 + (U;ivy + 0‘35/-,() cos 6 sin 6 + O'i)ty sin? 0 (D.8)

where 6 is the homodyne detection angle. The minimum variance is determined as

+ + + +
+ + U§x+‘7§y \/(ny+03”()2+(%{)‘_03’3’>2
O Xy 2 Omin = 9 - 5 (D.9)
For the common mode, the variance satisfies
+
o =1, (D.10)

implying that the fluctuation remains above the vacuum fluctuation level, and no squeezing

occurs. In contrast, for the differential mode, the minimum variance is given by

ACL(1+2nf +2C4) (\/1 + Q%2 /(14 2n} +2C4)% — 1)

0'_. = ]_ —_ 5 Dl]_
min 14 Q%r€2 ( )
Under the assumption C' / n;; > 1, CL > 1, and Q1e < C4, this simplifies to
1
o —_— (D.12)

min 1+Q%r€2
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For the alternative case C./ ”;L < 1, n;i > 1, and Qre K njh, the minimum value is

2 2
o . =1 —O+Q+€
min — + 12 27
1+ ng Q%€
which reduces to
_ Cy
Omin — 1- n_Jr’
th

under the additional assumption n& 3_62 > 1.
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