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Abstract

Our universe has undergone several phase transitions to become what it is today.
By properly utilizing these transitions, many phenomena observed today can be
explained in a relatively simple and elegant manner without introducing new mech-
anisms. However, these phase transitions occurred in the early universe at finite
temperature, making their associated transition rates an intriguing research topic if
they are first-order phase transitions.

When calculating the transition rate at finite temperature, the process can be
made more efficient by utilizing its relationship with the imaginary part of the free
energy put forward in previous research. Furthermore, due to the extensibility of
calculations using the path integral approach, the free energy is often reformulated
into a path integral expression, which can then be evaluated using the saddle point
approximation.

In previous research, the trace in free energy has been treated as equivalent to
imposing periodic boundary conditions in the path integral formulation. Thus,
calculating the path integral required identifying all classical solutions satisfying
periodic boundary conditions and then applying the saddle point approximation
to account for contributions around these solutions. However, inconsistencies arise
with this method, particularly in the choice of boundary conditions to constrain the
paths and their corresponding fluctuations, as well as in the treatment of the zero
eigenvalue appearing for particular classical solutions.

In this research, we propose a new calculation method that emphasizes a rigorous
evaluation of the integral originating from the trace in the free energy. This approach
introduces two key differences compared to conventional methods. First, the trace is
explicitly evaluated by performing integration over the endpoints of the paths in the
path integral. Second, the saddle point approximation is conducted in a functional
space that satisfies Dirichlet boundary conditions, instead of the periodic boundary
conditions used in previous studies.

This new approach eliminates the need for the so-called collective coordinate
method to handle the zero eigenvalue in the calculation. Moreover, it provides a
more intuitive way of calculating the trace in the path integral approach, avoiding the
ambiguous application of periodic boundary conditions. Transition rates calculated
with our method exhibit expected behavior over a broader range compared to those
obtained using conventional approaches.






1. Introduction

1.1. The First Order Phase Transition at Finite
Temperature

Phase 2

(a) First Order Phase Transition (b) Second Order Phase Transition

Figure 1.1.: Effective Potential and Phase Transition

Our universe has undergone several phase transitions to reach its current state
[1-3]. One of them is called electroweak phase transition, which generated the masses
of particles through the notable Higgs mechanism. By calculating the effective
potential of the system at different temperatures, we can determine the order of the
phase transition. To elaborate on this issue : if no potential barrier exists between
the old and the new phases, then the transition between the two phases can proceed
smoothly. However, if a potential barrier is present, quantum tunneling occurs,
resulting in a first-order phase transition. In such cases, bubbles of the new phase
form within the old phase, with a distinct bubble wall separating the two phases
and propagating as the transition progresses.

Through first-order phase transitions, many interesting phenomena can be ex-
plained in a relatively simple and elegant way. We introduce some of these phe-
nomena and their corresponding explanations through the framework of first-order
phase transitions.



Chapter 1 Introduction

Vwall
[ ]
GW
[ J
R @
Sphaleron Q Y Broken phase heavy DM

Process Mou 2 MK
AB # 0

Unbroken phase

(@)=0
Fsph
> H < yj

Figure 1.2.: Phenomenons

1.1.1. Baryogenesis

Baryogenesis refers to the physical process that produces a net positive baryon
number (refer to [4—6] for more details). According to the Sakharov conditions [7],
the process that realizes baryogenesis must satisfies the following three conditions.

1. The existence of the violation of baryon number conservation : This is obvious,
if all reactions conserve baryon number, no net baryon can be created.

2. The existence of the violation of C and CP symmetry : The violation of C
symmetry allows more baryons to be produced than anti-baryons. Addition-
ally, CP violation ensures that the baryons produced will not cancel out with
anti-baryons of opposite chirality in the same reaction.

3. The process must be out-of-equilibrium : If the process is in equilibrium, the
baryons generated in one reaction will be annihilated in reverse reactions.

There are various theories which provide reasonable explanations for baryogenesis,
such as

1. Baryogenesis via leptogenesis [5,8-16]

2. Affleck—Dine baryogenesis [17-19]

3. Baryogenesis via black hole [20-24]

4. Electroweak baryogenesis [5,8-16,25-28]

Now, consider the situation within the Standard Model. There exists a baryon-
number violating process known as the sphaleron process, which describes the tran-
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sition process between gauge vacuum states with different Chern-Simons numbers.
The net baryon number produced is proportional to the change in the Chern-Simons
number: AB o« AN¢gg. As for the second condition, the weak interaction violates
the C symmetry, and the phases in the CKM and PMNS matrix provide the viola-
tion of CP symmetry. The out-of-equilibrium condition can be satisfied by a first
order phase transition. One of the most notable phase transitions in the Standard
Model is the electroweak phase transition. Unfortunately, particle experiments have
demonstrated that under the framework of the Standard Model, this transition is
second-order or weakly first-order. However, in extended versions of the Standard
Model, such as the two Higgs doublet model [28-30], the standard model endowed
with supersymmetry [12,28], it can be first-order, providing a viable mechanism.

Assuming a strong first-order electroweak phase transition occurs in an extended
Standard Model, baryogenesis can be explained as follows:

During a strong first-order phase transition, bubbles of the true vacuum state,
which is destined to become our universe, form within the sea of false vacuum.
Inside the true vacuum bubble, where the electroweak symmetry is broken, the rate
of the sphaleron process [26,31-39] is suppressed as

3 Esph(T)
Fggﬂ xe T

Meanwhile, outside the true vacuum bubble, the sphaleron process rate remains high
Fsph XX T4,

potentially exceeding the Hubble parameter. Consequently, baryon number inside
the true vacuum bubble is preserved while the baryon number outside is eliminated
by the drastic sphaleron process.

So, where does the baryon number inside a bubble come from? A simple expla-
nation can be done as follows : the probabilities of transmission and reflection differ
for particles and anti-particles due to the interaction with the bubble wall, which
leads to a net baryon number current flowing into the true vacuum bubble.

1.1.2. Filtered Dark Matter

As explained earlier, the bubble wall can generate a pure baryon number inside the
true vacuum bubble. Moreover, it can be used to generate dark matter of WIMP!

type [41].
Consider a kind of dark matter x as a thermal relic, whose interaction with normal

matter is considered to have frozen out as the universe cooled down. The thermal
relic abundance of x is determined by its total thermally averaged annihilation cross

I'WIMP means weakly interacting massive particle [40].
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section (0 xsaUrel)fo at freeze-out. (0yx—antrel)fo can be expanded in terms of partial
waves Y ;{0 ). Due to the unitarity of the S-matrix, (0 ;v,e) has an upper limit
of —4=—(2J +1).

mivrel

The number density of the thermal relic x can be expressed as Q, h? ~ m
xx—rallVrel/fo

Therefore, it has a lower bound. However, as just one component of dark matter, its
number density must be smaller than the total dark matter observed today, which

imposes a constraint on the particle mass :

K K K
= 2 = ~ K'm2. (1.1)
(OyxoaUrel)to Yo s{0svre) ~ X5 (2J + 1)

mivrel

Qanh2 Z Qxh2 ~

thermal relic

This mass constraint for the thermal relic type of dark matter is known as the
Griest-Kamionkowski bound [42].

However, the Griest-Kamionkowski bound applies only to thermal relic dark mat-
ter, where interactions with normal matter freeze out due to the cooling of the
universe. In contrast, these interactions can also be disrupted by a first-order phase
transition.

According to [43], as dark matter particles enter the bubble, their interactions
are abruptly driven out of equilibrium, preventing them from annihilating. As long
as the thermally averaged annihilation rate inside the bubble remains smaller than
the cosmological expansion rate, the dark particles that enter the bubble survive
until today and constitute the relic population of dark matter. It is apparent that
only particles with sufficient energy can penetrate the bubble wall and get into the
bubble, where they gain mass due to the non-zero expectation value of the Higgs
filed. These particles could be heavy enough to exceed the Griest-Kamionkowski
bound.

1.1.3. Primordial Black Holes

The study of black holes offers another perspective for exploring a theory of every-
thing, as both gravitational and quantum effects are prominent near black holes.
It is well established that massive black holes can form from the collapse of mas-
sive stars. Since the temperature of a black hole is inverse proportion to its mass,
black holes formed from stars are relatively cold because of its large mass. There-
fore, although some phenomena, such as black hole evaporation and explosions, are
interesting, they are largely unobservable for stellar black holes.

However, not all black holes are formed from stellar collapse. According to [44],
black holes could also form in the hot and dense early universe via other mechanisms,
such as the collapse of density perturbations. These are known as primordial black
holes, a term used to distinguish them from stellar black holes. The primordial black
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holes can be used to explain various phenomena including the baryogenesis as well
as the dark matter [23,45-52].

The mass of a primordial black hole can vary widely. A primordial black hole
with proper mass can survive to the present day. Observations of their evaporation
and potential explosions could provide insight into early-universe physics and the
theory of everything. Furthermore, primordial black holes can be utilized to explain
many observed phenomena.

Primordial black holes can form during a first order phase transition [53-56].
Here, the filtering effect comes into play once more. Consider collisions between
different bubbles. Matter trapped between two bubble walls, lacking sufficient en-
ergy to penetrate the walls and enter the bubble due to energy conservation, will
accumulate be suppressed in the collision. If sufficient density perturbations occur,
this accumulated matter may collapse into a primordial black hole.

1.1.4. Gravitational Wave

As discussed earlier, true vacuum bubbles arising from first-order phase transitions
can be exploited to explain various phenomena observed in our universe. Addition-
ally, the expansion and collision of these bubbles can directly generate observable
phenomena, such as characteristic gravitational waves. The spectral properties of
these waves differ from those created by other astrophysical events, such as black
hole mergers [57-61].

1.2. The Transition Rate

There are numerous researches related to first order phase transitions, including
the phenomena mentioned above as well as the motion of the bubble wall and other
related dynamics (see [62—66]). Our research mainly focuses on the calculation of the
transition rate at finite temperature, a topic that has garnered significant attention
in past decades.

As far as we known, the earliest related studies were conducted by Langer in [67]
and [68]. The thermodynamic limit of a function constructed by the partition func-
tion, which can be interpreted as the free energy, was discussed in WKB approx-
imation from a canonical quantization perspective as well as the saddle point ap-
proximation in the functional integral framework.

Subsequently, Coleman and Callan developed a widely recognized and general
method to compute the decay rate of a false vacuum state at zero temperature [69,
70]. They proposed a relation between the complex energy of the false vacuum state
and the corresponding decay rate. Then they calculated the complex energy from
the transition amplitude via the saddle point approximation of the equivalent path
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integral formulation. While their work is conceptually similar to Langer’s in essence,
it is more general. However, the treatment of the zero eigenvalue encountered in the
calculation is somehow different.

Regarding the transition rate at finite temperature, it was introduced in [71] by
Linde in a simple manner. Then a more detailed discussion was done in [72,73]. How-
ever, Linde’s analysis focused primarily on extremely high temperatures, deriving
the transition rate in that regime based on Coleman and Callan’s zero-temperature
results. The transition rate for intermediate temperature was systematically ad-
dressed by Affleck in [74]. Affelck leveraged the connection of transition rates and
free energy to analyze transition rates across different temperature ranges.

Building on the relationship between the transition rate and the free energy es-
tablished by Affleck in [74], our research employs a new method to calculate the
transition rate at finite temperature.

1.3. Structure of the thesis

This thesis is organized as follows :

In Chapter 2, we begin with an overview of previous significant research on cal-
culations of the decay rate at zero temperature. In the final part of this chapter,
some important results obtained in [75], which first introduced the concept of the
shot solution, will be reviewed.

In Chapter 3, the focus shifts to the transition rate at finite temperature. The
previous calculations based on WKB approximation and the saddle point approxi-
mation at finite temperature will be reviewed and some deficiencies in the previous
research will be discussed. Then the zero temperature limit will also be derived.
After that, we will introduce our method for calculating the transition rate at fi-
nite temperature, which contains not only the contribution from bounce solution
but also the contributions from shot solutions discussed in [75]. Certainly, the zero
temperature limit of our research will also be presented.

In Chapter 4, numerical calculations are shown in the first place. The depen-
dence of the results, calculated using different methods, on different potentials and
temperatures will be illustrated. Some unexpected behavior observed in the calcu-
lations is analyzed in the subsequent section, where the explanation will be given
from a mathematical perspective and some inconsistencies in the previous research
will be identified. These inconsistencies are explored and discussed in the chapter’s
concluding section.

The last chapter contains the summary of our researches, key conclusions, and
comments.

Supplemental results and their proofs are provided for reference in Appendices.



2. Decay Rate at Zero Temperature

2.1. Overview

Consider the time development of a state, it can be expressed as

() = e FE [ (0)). (2.1)

When the energy is complex rather than real, the probability of the state becomes

Py(t) = (W (0)]eb(1)) = " (0)[1(0)) = er™F+' Py (0), (2.2)

which will change with time.

For ImE,, < 0, the state will be metastable and finally decay to other states. The
decay rate of a metastable state can then be defined as

1 dP,(t) 2
Ty=— — ZImE,. 2.3
YTTR) dt B (23)

Moreover, if the variation of the probability in a given region {2 is considered, the
decay rate in the given region can be expressed as

1 dPa(t)
FQ__PQ(t) dt (24)

where P, is defined by the integral of the probability density function over a con-
strained integral region as

PQ(t):/Qd:vW(t,m)P. (2.5)

Through the discussion above, it is obvious that the decay rate of a metastable
state can be derived from its complex energy. We will introduce previous studies
on the derivation of the complex energy of the false vacuum state, which will finally
decay to the true vacuum state.
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2.2. WKB Approximation

One way to derive the imaginary part of the energy is to solve the Schrodinger
equation and use the wave function according to [67]. The Schrodinger equation for
a metastable state in the position representation in one dimension is

h? d*(x) _
B T + V(2)(z) = Ey(z).

After multiplying ¥*(x) on both sides and integral over = from x; to x s, the following
relation can be obtained.

g (@@ - [ dn @)
+ [ v = B [ @)

By using the complex conjugate of the equation, the following relation between the
energy and the boundary values of the wave function can be acquired.

_ [ (@) (z) — " (@) (@) = (Ey - E) / N da* (2)(z). (2.6)

2m o

Hence, the imaginary part of the energy can be expressed as

Bt [0 ()0 () — " (@)e(@)]s h J(ay) — I ()

S a2 a0
where J(z) is the probability current defined as
h
T(a) = g [ ()0 () = 0 ()]

Figure 2.1.: Potential

10
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The most important part of the derivation of the decay rate from the imaginary
part of energy lies in the explanation for the appearance of the complex energy. For
a normal bound state with real energy, the current J(x) should be zero, leading to a
vanished ImFE expectedly. However, for a metastable state, the boundary conditions
is different from the bound state, resulting in a non-vanishing current in special
region. For example, when considering the outgoing wave boundary conditions,
which is also known as the Gamow-Siegert outgoing boundary conditions, J(x) will
be non-zero in the outgoing wave region.

Consider a potential like Figure.2.1. Choose z; to be the point at which ¢'(z;) = 0
(generally x; can be chosen to be the local minimum of the potential zp) and z; 2
Zout, Which is in the outgoing wave region. Then J(x;) becomes 0 while J(zs) # 0.
Therefore, the imaginary part of energy becomes

h :](xout)
ImEy = ————= , (2.8)
Y2 [ dedr(a)d (o)

where 2y = @y is chosen. This formula can be understood as the probability
variation in a given region by changing the integral regime and the boundary value
of the current in a consistent way.

We now introduce a rough calculation using the WKB approximation. The
imaginary part of E, is fairly small. The wave function ¢(x) with energy E, in
T € [Tp, Toyt| can be solved O(h) roughly as

1 i
(x) o Joim p(y)dy’

[p()]
where p(x \/ 2m(Ey — V(x)). Consequently, the current becomes
L O
J(Tout) ¢ —e 7 Jzou PN,
m

As a result, the imaginary part of £, becomes

A 1 efg wan Ipldy
ImFE, = —— : . 2.9
w 2 fxm 1 dx fb dac 7 olﬁt |p|dy ( )
zp |p| 1pl€

Hence, the decay rate calculated by the WKB approximation can be expressed as

1 o 7 Join, IPldy

r = —
WKB m [T 1, +fb de o~ hfz:‘ pldy’
zr Ip| Ip|

which is derived in [75].

11
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2.3. Saddle Points Approximation

2.3.1. Saddle Points Approximation

In this section, we will review the method put forward in [67,68] and [69,70] by use
of the saddle points approximation (or stationary points approximation) at first and
then discuss some significant problems related to the method.

The calculation can be started from the transition amplitude in Euclidean time:
<:cf|’%ﬁ7\xi> :./\//Dxe;ls’f[‘”], (2.10)

where all paths in the path integral need to satisfy the boundary conditions x(—%—) =
x; and x(%) = z;. By use of the completeness relation of energy eigenstates |n)s',

the transition amplitude can be expressed as
RV ED S DI
n

For large T, the leading term reveals the energy and wave function of the lowest-lying
energy eigenstate.

(|37 |23) ~ e 70T (6[0) (0 :).

Therefore, the energy can be expressed as

: h _1ig
Bo= Jim —=%nfe,"H7|a,),
if ; is chosen to be equal to xf. It is enough to calculate the transition amplitude
and then take 7 to infinity to obtain the information of the lowest energy.

Since the canonical quantization formulation of the transition amplitude has an
equivalent path integral formulation, it is sufficient and more expandable to calculate
the transition amplitude from the path integral formulation rather than from the
canonical quantization formulation. As for the calculation of the path integral, it can
be achieved by making use of saddle points (classical solutions) of Sg, corresponding
to the euclidean system in the semiclassical (small-A) limit.

In order to perform the saddle points approximation, one should try to find the
stationary points (classical solutions) in the euclidean system in which the corre-
sponding potential changes to —V(x) at first. After a saddle point z(7) was found,
the path x(7) in the path integral can be expanded around Z(7) as

z(1) = z(1) + Az,

Tt is necessary to pay more attention to those states.

12
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V(x) —V(x)

Xt
xc\'/ xF /\
xF xC
Xt

Figure 2.2.: Potential and Euclidean Potential

Then the exponent Sg[z] becomes

525E[$]

SE[iL‘] = SE[Q_T] + ;/dTldTQAx(Tl) [MW

L Ax(ry)

= Spfa] + 7 / arta(r) (-2 + ;v"@;(f))) Ax(7).

The fluctuation Az(7) can be expanded by the eigenfunctions z,(7) of the fluctu-
ation operator [—82 + %V”(i’(T))} corresponding to the saddle point Z(7). ,(7)
satisfies the eigenequation

[—82 + ;V"(;z(f))} 2n(7) = (7).

Furthermore, since Z(7) is a classical solution, it should satisfy the same bound-
ary condition as x(7). As a result, Az and all z,,(7)s should satisfy the Dirichlet
boundary conditions

Ax(—i—?) = Ax(—?) =0
T T

in order to be in consistency. Then the expansion around z(7) can be expressed as

o(r) =2(r)+ Az =z(r) + 3 j%xn(f).

13
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And the contribution of x to the original path integral can be expressed as

N/Dxe‘isE[x] %N/DAx(T)e—;(sE[iwgfdmx(r)(—a&r;v”(as(T)))Ax(T))

_ x]NH/ 7%%)\,1(:
=e h e
v2rh
= W] \/Xn

Jdet [-02 + Lvr(a(r)]

=N

The fluctuation determinant here should be understood as the product of the square
roots of the eigenvalues according to [76] (see also [77]).

det {—32 ~ V(3 } [T

Although it is emphasized that one has to sum over all the stationary points in [70],
it is not quite true according to [75], which will be explained in the next section.

In [70], z; = xy = xp was chosen and two classical solutions are determined. The
first one is a static solution called the false vacuum solution Z(7) = xzr. The action
of (1) = zp can be set to 0 by choosing V(zp) = 0. Define wp = % and

then the corresponding contribution of z(7) = zr becomes

1
\/det [—0? + wi] .

Ze =N [ DageiE sl i) _

Here, the eigenequation can be solved with no effort and the eigenvalues can be

2
derived as )\, = w% + (%) . Consequently,

=N 1 _ v e
\/ I, (W% % \/ H J ) \l sinh (wﬁ) sinh (wpT)
T

Moreover, the path integral of Az can be expressed as the transition amplitude of
a harmonic oscillator as

~ 1 mw2 &
Zp = (0] T)0) = (Ole (i )T|0>-
When wr = 0, Zr can be derived by using the completeness relation of [p) as

m

2= = [ dpe T 00 (10) = [

14
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As a result,

1 mwe
\/det [—07+ 2V (ap)] 2rhsinh(wpT)

of which the dimension is the same as transition amplitude (see [78] for another
derivation).

The second classical solution is a non-trivial solution called the bounce solution
zg(7)?. Tt starts from xx with F = 0 and bounces off the potential wall on zp and
returns to zr in an infinite time interval.

—V(x)

Figure 2.3.: The Bounce Solution

Now, consider the situation for a very large 7. According to [70], n bounces solu-
tion could also exists and should be included®. To evaluate the functional integral,
all these configurations should be included. If we denote the action of one bounce
as Sp, the action for a n bounces solution is just nSg. As for the fluctuation deter-
minant of the n bounces solution, it can be evaluated as a product of contributions
from large time intervals surrounding each bounce and even larger time intervals
containing the vacant regions between different bounces following the explanation
of [70]. The result can be expressed as

mwpg
KTL
\/27rh sinh(wpT)

where K is defined by demanding that this expression give the right answer for one
bounce. Finally, if it is assumed that all bounces in the n bounces solution are

2A same type of solution was derived precisely in [67] since the solvable model was chosen.
3You may notice that there are several inconsistencies here. We will discuss all inconsistencies in
Section.4.3.

15
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widely separated, which is referred as thin wall approximation, then the center of
every widely separated bounce 7., can be anywhere along the time axis. And the
integration over the locations of the centers should be performed:

/ At / AT - / dr., = L
T T n!

In summary, the original path integral can be expressed as

_1lg
D ESE[J: mwr K" hnSB _ mwr TKe R°B

N/ e Zn: 2rhsinh(wpT) c 27h sinh(wF’T)e
(2.12)

For large T,

h mwp _lgp hwg
Ey~——1 TKe h ~ — — hKe™ 7B
° T (\/Zthinh(wFT)e ) 2 ¢’

As for the K, it relates to the fluctuation determinant of bounce solution. Since
the bounce solution is also a classical solution, 5 (7) should satisfy

[—32 + ;V”(ZEB(T)) tp(T) = 0.

And the initial and final velocities of the bounce solution are all 0, which means
that ©p(7) also satisﬁes the boundary conditions required for every eigenfunction.

As a result, = B ( ” should be the eigenfunction x1(7) of the fluctuation operator of
the bounce solution with eigenvalue of ¢; = 0*. Moreover, i5(7) has a node, which
means that there is a negative eigenvalue ¢ of which the corresponding eigenfunction
has no node. Therefore, the integral over ¢y and ¢; will both be infinite.

In order to deal with infinity caused by the zero eigenvalue, the so-called collective
coordinate method was used in [70]. According to [70], the relation between the
expansion coefficient ¢; of the zero eigenfunction and the time translations of the
bounce solution 7. is given by

der dp(7)
Vvm |lip(7)||

4We use || f(7)]|| to denote ||f(7)||* = [ drf(r)

=dr,
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2.3 Saddle Points Approximation

since the small variation over ¢; can be expressed as

d01 I‘B() — ( d61
~Vmlas() T Vmlles(n)]

The relation indicates that the small variation over ¢; can be transformed into the
small variation over 7.. By use of x;(7 )il/% = @p(7)dr, and $i%(7) — V(zp(7)) =

Yy ap(r). (2.13)

—V(zp) = 0, the following relation can be obtained

1 Sp
——=dcy = | —=dr,
V2rh PV arnt
The integral over ¢; is thought to be equivalent to the integral over 7.. As a result,
it is concluded that there is no need to include the zero eigenvalue but to include in

K a factor of [ SB >dT, since the integral over the center of the bounce has already
been done.

As for the infinity caused by the negative eigenvalue ¢y, it was treated with analytic
continuation. The negative eigenvalue of the fluctuation determinant of the bounce
solution indicates that the bounce solution is not a minimum of the action but a
maximum along the special direction in the function space. By integrating over
a series of paths Z(7;z) parameterized by a real variable z instead of the whole
function space for simplicity and the path integral can be written as

dz_ _1sp

Vi 27rh6 '

iy =

dez)

Z(7; z) should satisfy = x0(7) and can be set equal to the false vacuum

solution at z = 0 and the bo&nce solution at z = 1 separately. Assume that all
paths chosen are on the same steepest descent/ascent flow. Moreover, S|[z] are
assumed to reach minus infinity when z becomes large enough. The divergence of
—%S [2] will lead to the divergence of Z., which corresponds to the divergence of the
integral over ¢y. Hence, in order to obtain a reasonable result, analytic continuation
is required. Actually, the analytic continuation can be conducted by changing the
integral contour from the real z-axis to a new integral contour. The new integral
contour can not be chosen arbitrarily but is constrained following the deformation
of the potential.

When x = xp is the absolute minimum of the potential, the static false vacuum
solution is only a classical solution and the stationary point approximation should

be
dz 1 e~ 7500]
Z{z} = / e_ﬁs[z] ~ .
V2rmh S"10]

The contour of integration should be along with the whole real z axis. Then the
potential can be changed analytically to the one of interest. At the same time, the
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Chapter 2 Decay Rate at Zero Temperature

L

i

\Z
Figure 2.4.: Actions of the Parameterized Paths

contour of integration should be deformed according to the potential in order to keep
the integral convergent. This is called potential deformation in [70] (see Figure.2.5).

V(x) V(x)

VAN

1
A —ES(Z) ——S(z) /

N Y

>
>
Z

Iy

720 2=0 | %D 2
xp(7) xp(7)

N Y

Figure 2.5.: Potential Deformation

In the calculation of the decay rate, the contour is distorted into the upper half
plane of complex z. According to the previous assumption, the real axis should
correspond to the steepest ascent direction while the imaginary axis corresponds to
the steepest descent direction around z = 1, which represents the bounce solution
(see AppendixB.1). And along this contour, the stationary point approximation

18



2.3 Saddle Points Approximation

becomes
—+5[0] 1. e~ #5M

Z
S// |S"[1]

1
Z{Z}%Z: ZZ 1~

where the factor of % arises because the integration is over only half of the Gaussian
peak.

If we extend the analysis from a one-dimensional integral to the integral over a
function space and only consider the false vacuum solution as well as the one-bounce
solution, the stationary point approximation becomes

/\//Dxe—isE[w] ~ N 1 \/%Te 15 |
\/det [—02 V// :L‘F \/’det —02 + V”(xB)}

where det’ means excluding the zero eigenvalue. Comparing this with the Eq.(2.12)
(sum over n = 0 and n = 1) leads to

ImK = F det |02 + V" (ap)| |
2 det’ [~02 + LV (xp)]|

Therefore, the final result of the imaginary part of energy can be expressed as

_h[Sy | det [_82_‘_%‘///(.@17)} g
ImE, ~ 9\ o ‘detl [_82 n %v”(xB)”e hoB

The decay rate related to the imaginary part of the lowest energy is I' = —%ImEO
and becomes
IS det |[—0? + %V” T
Pego =1 a [ ( F)} ¢ 75m (2.14)
2mh\ |det’ [-02 + Lv7(ap)|
at O(h).
Comments

When explaining the imaginary part and the = factor, the one dimensional integral
over a series of paths was used. In spite of the fact that the importance of the false
vacuum solution was not emphasized in [70], it is necessary for a reasonable result
as well as the occurrence of the % factor.

Furthermore, although the contributions from n-bounce solutions were included
in [70], it is not necessary. The introduction of n-bounce solutions not only causes the
thin-wall approximation issue but also introduces additional inconsistencies relevant
to the time interval 7 which determines the types of classical solutions that can
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Chapter 2 Decay Rate at Zero Temperature

exist. An issue regarding the timing of when 7T is taken to infinity will arise. In
other words, 7 was taken to infinity immediately as long as n-bounce solutions were
considered since the n-bounce solutions are only reasonable for an infinite 7. We
will elaborate on this topic in Section.4.3.

In fact, following [67], the path integral can be expressed as the sum of the con-
tributions from the false vacuum solution and the bounce solution as

1

Since Zp has a e~ 758 factor, it is much smaller than Zz in general. Consequently,

: h 1 , h h 525
EON%K%O_?IH (ZF+2ZB> ~71grolo—7—_anF—7—_ 7

which leads to the same result but with fewer problems.

Finally, it should be emphasized that taking the integral over 7, could cause extra
problems in spite of the thin wall approximation.

The Ratio of the Determinant

In order to obtain the final result, we must calculate the ratio of determinants in
Eq.(2.14). We can examine the fluctuation operators of a portion of the full classical
solutions from —g to g and then take P to infinity. As explained in AppendixC.1.2,
the ratio can be expressed as

det’ {—83 + %V”(mB)} 1 uB(2)

e O A
det [—02 + wi] A1 5 sinh(wpP)’

where uf (£) = —i and \; is Eq.(4.6). Hence, the full result of Callan and Coleman

can be expressed as

Fc&c = QSBh\/ meFA(oo)e_%SB (1 + O(h,)) y
V v

where

f‘ZR di‘( YR — 1 )
AN = (g —ap)e 27 \WEV@-Ver) T

2.3.2. Lefschetz-thimble Method

We here would introduce a new method using Lefschetz-thimble (see AppendixB.1)
to calculate the path integral. It will be more intuitive when dealing with the
negative eigenvalue and the zero eigenvalue.
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2.3 Saddle Points Approximation

As being elaborated on in the AppendixB.1, the Lefschetz-thimbles of a saddle
point consist of all downward flows from it. The path integral can be expressed
as the integral on the Lefschetz-thimbles of different saddle points. Thus, we need
to find the saddle points of the action in accordance with the classical solutions
at T — oo as well. Just as the former subsection, the possible classical solutions
include the false vacuum solution zr(7), the bounce solution x(7)°.

After the saddle points were found , the path integral can be expressed as the
sum of the integral over the Lefschetz-thimble of each saddle point. A naive idea is
that the result can be written as

Z=2Zr+Zp=N DZ(T)ef%SE[Z] + N D,Z(T)e’%sff[z]7
TF JIB

where Jr and Jp are the Lefschetz-thimble of the false vacuum solution xz(7) and
the bounce solution z(7), each with ng and ng equal to 1 (see [79]). z(7) is the
complexification of the real paths z(7). This is true if the Lefschetz-thimble Jr
of the false vacuum solution zr(7) and Jg of the bounce solution are completely
independent of each other. But in fact, there is a downward flow, referred to as
Stokes rays (as discussed by [80]), which connects the two solutions in configuration
space. See Figure.2.6, the green paths represent the points on the downward flow
from xp(7) to xp(7) in the configuration space (refer to Figure.2.7). As a result, the

xg (1)

xp(T) = xp T

Figure 2.6.: Relating Solutions in Configuration Space

downward flow from zp(7) must occupy one downward flow direction from x5 (7) to
reach the convergent region, meaning Jr contains part of Jp (see Fig.2.7). There-
fore, to avoid double counting, only half of the integral on Jp should be included:

1
Z:ZF+§ZB.

5The n-bounce solution z,5 can be discussed similarly.
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Chapter 2 Decay Rate at Zero Temperature

convergent region

Figure 2.7.: Flows in Configuration Space

Then we need to calculate Zr and Zg. Given that [—372_ + %V”(xp)] doesn’t have
non-positive eigenvalues, the eigenvalues are the flow eigenvalues and the Gaussian
approximation of the integral on corresponding Lefschetz-thimble becomes

1 1
Ip =N Dze w9l N )
Tr \/det —02 4+ LV7(wp)]

As for the bounce solution, the corresponding fluctuation operator has a zero eigen-
value A\; and a negative eigenvalue .

The existence of a zero eigenvalue indicates the existence of an invariant flow
in the function space, which was also elaborated on in [67]. If we consider all
xp(T + 79)s with different 7ps meeting the boundary conditions, they will form an
invariant flow (see Figure.2.6, the orange paths represent xp(7 + 79)s). All points
along the invariant flow should contribute equivalently. The tangent direction of
this invariant flow at xg(7 + 79) is

Jn ip(T + 70)
o) [ — Vg + 1)
\/m

and the length is

B B tp(T+10) drp(t+70)| drg SB/ B &
L‘/‘“‘/V‘“mn@(mm)n dro L/—zﬂh_ Vorr | 0=\ o

As for the negative eigenvalue, it corresponds to the direction of a upward flow.
The flow eigenvalue \g can be changed to —)\g by replacing the direction x¥(7) with
+ix¥ (1) or —ix¥ (), which corresponds to direction of the downward flow from the
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2.4 How to Understand Complex Energy Eigenvalue

bounce solution. Hence, the Gaussian approximation around the bounce solution
becomes

Splep] 1,15
ZB _ SE[xB]TN Dze—%SE[z] ~ ZN EQTI—B Te B |
V2 T ¢@wp@+;wmw”

where ¢ is the Jacobian determinant due to the transformation of the flow eigen-
function with negative eigenvalue.

Finally, we get ImFE, as

h 1
ImE, = —Tlgrgo 7—,Imln <ZF + 2ZB)
~_ 1 hI 175

1
_ N 58 det [~02 + V" (wr)] e #58
2V 27h \/‘det' [—872_ + %V”(ZEB)H
And decay rate will be

2 [5p | det[-02+V"(er)]
Fowe = _£ImEO B QWBh ’det' [—372. + %V”(ﬂc’B)He "

2.4. How to Understand Complex Energy Eigenvalue

Although we have shown the calculation of the decay rate both from the WKB ap-
proximation and the saddle point approximation, an important problem required to
be explained exists. As discussed in the previous section, the complex energy corre-
sponds to the Gamow-Siegert boundary conditions from the perspective of canonical
quantization [81,82]. It should be understood by using the knowledge from the the-
ory of non-unitary quantum mechanics [83]. How does one explain the appearance
of the complex value in the functional integral framework since the path integral is
defined by the Euclidean time? In order to demonstrate the issue, it is necessary to
introduce the research of [75] at first.

For a physical potential, which is bounded from below, there is another solution
called shot solution xg(7) when choosing z; = xy = xp at zero temperature accord-
ing to [75]. If the contribution of the shot solution is included, then —1Sg(2) over a
series of paths Z(7; z) parameterized by a real variable z has an upper bound since
the shot solution is also a saddle point (see Figure.2.9a).

Therefore, the one dimensional integral

dZ 1
Ty = e 73El 2.15
(=} \V271h ( )
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Chapter 2 Decay Rate at Zero Temperature

x
- = -
x5(T) xp(T)
xp (1) = xp T
(a) Euclidean Potential (b) zp(7), xp(7) and zg(7)

Figure 2.8.: Classical Solutions

z—plane| ¥V
- E Sg (Z) Shot Solution

A

x5 (7) le ) x5(7) x

(a) —+SEe(2) (b) Steepest Descent Method

Figure 2.9.: Saddle Point Approximation

should converge and no analytic continuation is required. Then no imaginary part
of the energy should appear. Furthermore, the contribution from the shot solution
should be the largest.

However, the steepest-descent contour through the false vacuum solution rather
than the original contour along the real z-axis was chosen following previous re-
search. The existence of the shot solution won’t affect the final results. This is the
explanation for the issue that we put forward at the beginning of this section. In
conclusion, the selection of the integral contour (or saddle points) should reflect the
boundary conditions in the canonical quantization framework.

Nevertheless, there is still a serious problem unsolved. It is obvious that all
classical solutions are real and the imaginary part of the corresponding actions are
all zero. Although the imaginary part remains constant along a steepest variation
flow, it is not correct that points with the imaginary parts are on the same steepest
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2.4 How to Understand Complex Energy Eigenvalue

variation flow. We make assumption here that the false vacuum solution, the bounce
solution and the shot solution are on the same steepest variation flow.

In conclusion,

1. The boundary conditions of the metastable state are assumed to be corre-
sponding to the selection of the integral contour (or saddle points).

2. The false vacuum solution, the bounce solution and the shot solution are as-
sumed to be connected by the same steepest descent /ascent flow. This steepest
descent flow from the false vacuum solution corresponds to the negative mode
of the bounce solution (the steepest ascent flow from the bounce solution).
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3. Decay Rate at Finite Temperature

Similarly to the situation at zero temperature, the decay rate can be expressed as
the function of the free energy at finite temperature as

2
= —ﬁImF.

Therefore, the calculation of the decay rate at finite temperature transforms to the
calculation of the imaginary part of the free energy. The fundamental concepts of
quantum theory at finite temperature can be found in [84,85].

By using the partition function Z? = Tr[e*ﬁH |, the free energy at finite tempera-
ture can be represented as

1 1 ;
F=——mZ=—--InTr[e??
5 5 0 Trle™™]

_ 1 g
= 6ln/dy<y|6 ly)

Bh

2, drLp[e(7)

1 —
= —ln/dyN/ Dx(r)e ~=
s o= ) =e(Z)=y

What should be emphasized is that the partition function is dimensionless, unlike
the transition amplitude at zero temperature, which has the dimension of [length] .
Moreover, three other significant differences arise when the temperature becomes
finite.

1. The Euclidean time interval changes from infinity to a finite value Sh.
2. The endpoints of a path used in path integral should take the same value y.
3. The integral over the endpoints y must be performed due to the trace.

Before discussing our method, we will first review some results from previous re-
searches.
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Chapter 3 Decay Rate at Finite Temperature

3.1. Review of Previous Research

3.1.1. The Path Integral Calculated by Performing Functional
Integral

In this subsection, the result from [86] will be reviewed. In [86], the stationary phase
approximation is used to calculate the real time path integral

($H=
z)

Z(T) = Trle 7] = / dyN / e# Sl

NH

The stationary-phase approximation involves including only the contributions from
the classical periodic orbits z(7)s with period T". After such classical periodic orbits
z(7) was found, Z(T') can be expressed as

Az(5)=0
Z(T) ~er5[xl/dy/\/ DAz (t)et S8l
Az(—5)=0

NH

MH

where S[Az] = fo dt( mAz” — %AmQV”(T))

We should emphasize here that the periodic orbit with period T" means that x
should not only satisfy Z(£) = Z(—%) but also meet z(%) = z(—%). The reason
for only considering the classical periodic orbits was explained in [86,87]. A more
intuitive explanation was provided in [88] as well. Only the classical periodic orbits
can provide stationary phase, which means S[Z(t)] won’t change with y:

95[z(t, y)]

5 = (m(r)0,7(r)]

L

Consequently, 7% can be factored out of the integral over y after expanding x(t)
around Z(t).

The detailed derivation of the final result [86] is putted in AppendixB.2 and the

final result result becomes
L is[a e T .
27h ’ dT ‘

Zz(T) =
dE
The final result of the integral over y after expanding z(¢) around z(t) leads to the
appearance of T

This method can also be applied to the imaginary time path integral. Replacing
T with —i7T yields
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3.1 Review of Previous Research

where Z is now a classical periodic orbit with period of 7 in the potential —V(x).
At finite temperature, 7 = [h and the classical periodic orbit corresponds to the
bounce solution. Hence, the contribution from bounce solution is

h
78 L. = jebsi__Ph (3.1)

1/27rh‘d5h‘

Here, the actions of periodic orbits with period 7 in the potential —V'(z) don’t
change with endpoints just as the situation in real time.

In conclusion, unlike those studies using the functional determinant, [86] chose
shifting methods to derive the contribution from a periodic classical solution, which
provides a relatively independent way to check other results.

3.1.2. The Decay Rate at Finite Temperature Calculated with
Periodic Boundary Conditions

In this section, the derivation of the decay rate from the imaginary part of the
free energy in [74] will be reviewed. The basic consideration originates from the
calculation of the decay rate at zero temperature. The path integral formulation
of the free energy can also be calculated by the saddle point approximation. But
because of the differences between the transition amplitude and the free energy,
the methods should become somehow different. On the one hand, although three
significant differences arise at finite temperature, some previous studies including
[74] didn’t carry out the integral over the endpoints of paths unlike the calculation
done by [86]. On the other hand, they did contain only the contributions from the
classical periodic orbits satisfying two conditions : x(%) = x(—%) and z(— M) =
#(2") with a period of 8h just like what [86] did in the calculation of the real time
path integral when performing the saddle point approximation. Moreover, not only
are the classical paths Z(7) required to be periodic, but also the fluctuations Az ()
around the saddle points are required to be periodic to be in a consistent way. As
a consequence, the fluctuation determinant included in the final result is defined
with the periodic boundary conditions, which is completely different from the result
calculated at zero temperature. The basic consideration can be expressed as

-+ [ %, drLpla(r)]

Tr[e 4] :/\/'551)90(7')6 7 ,

where ¢ is used to represent the periodic boundary conditions : z(%') = z(—2")
and &(— ml) = :L‘(Bh)

Now, the method proposed by Affleck [74](see also [67,89]) will be reviewed. The
basic consideration is
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Chapter 3 Decay Rate at Finite Temperature

=V (%)

Figure 3.1.: Euclidean Potential

1. Find all periodic classical solutions;
2. Derive the contributions of each periodic classical solution;
3. Sum the contributions of related periodic classical solutions.

For a Euclidean potential like the one in Figure.3.1, three periodic classical orbits

exist below the critical temperature' T, = < When Sh > i—”, there are two trivial

2
saddle points (1) = zp, #2(7) = z¢ and a bounce solution #%(7) with period

Bh?.
Here, let’s consider about the bounce solution in more detail. Denote the end-
points of the bounce solution by x;, and the turning point to be x,.. Since the bounce

solution satisfies the classical equation of motion and is even, the period of a bounce
solution with energy Ep should be

T, 1
PolEs) = 2/% V@ 1 B

where Ep = =V (1) = —V(z,). When Ep = —V(xp), the period becomes infinite,
and the bounce becomes the same as the bounce at zero temperature. As FEp
approaches —V (z¢), the period will be

2
lim P(E)=—.
E‘)*V(Ic) CUC
In addition, it is assumed that the period of bounce solution increases monotonically
with energy Fp. As a result, the period of a bounce solution should satisfy Pg €

1 — [ YV(zF) — [/ V'(zc)
Wr = m ) We = m

2The bounce solution with period %, where n is an integer, was ignored.
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3.1 Review of Previous Research

[2™ 50). Since the Py should be equal to Sh,

We

/ %n T (32

, or in other

words, fh < 2“ . This is the reason why T, = h;’
Our research is only interested in the temperature below the critical temperature
That is to say, our research focuses on the situation in which the bounce solution

exists.

Below the critical temperature, only z5(7) = zp and x4 () were employed to
calculate the imaginary part of free energy in [74].

The action of the false vacuum solution Sg will be zero if V(zp) = 0 is chosen.
Then the contribution from the false vacuum solution :cfi (1) = xp can be expressed

as

2 2 1
Zpng =N DAx(r)e 3 [drael 7)(02+wi)Ax(r) _ pr
p e

Y

where the determinant is defined by the periodic boundary conditions. Here, if the
periodic boundary conditions are considered as the same as taking trace,
the path integral of z(7) can be expressed as

N DAI(T)G_%% [ drde(r) (-2 4w} ) Ax(r) N Tr[e—ﬁHo]
P.B.C

Y

where H, is the Hamiltonian of the harmonic oscillator. Therefore,

ﬁHo Z 6—5UJF _

1
QSinh”FT'Bh.

The contribution from the false vacuum solution xg(T) =z can be obtained as

1 1
= 51 wehh”
Jdet [-02 + Ly 2sinh =5

(3.3)

B —
Zp A =

For comparison, since this is the saddle point approximation for Tr[e*mq ], ZI@ is
dimensionless while the contribution from the false vacuum solution at zero temper-
ature has the dimension of [length] ™!, which is the same as the transition amplitude.

As for the contribution from bounce solution, according to [74], just like the situa-
tion in the zero temperature case, the fluctuation operator [—82 + 2V (1:%(7'))] also

has a zero eigenvalue since i'5(7) is periodic and satisfies [—83 + 2V (ac%)} i (r) =
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Chapter 3 Decay Rate at Finite Temperature

0. In order to deal with the infinity caused by the zero eigenvalue, the so-called col-
lective coordinate method was applied in [74], which led to the following result

dor m s
\/# 74N — S Oh (3.4)
infinite finite

where ¢; is the expansion coefficient corresponding to the eigenfunction with a zero
eigenvalue

sy

ip(7)

[5(7)

)

901:‘

Bn
where HZE%(T)H means \/ [ % dr {x’%(r)r. The final result for the contribution of

e
Zg ag = \/; H H Bhe™ _ (35)
\/det —02 4+ Ly (xﬂB)}

In order to obtain the final result, the fluctuation determinant must be calculated.

Since both det [—03 + %V”(xf—’)} and det’ [—82 iV”(WBB)} are defined by periodic

the bounce is

IB( 2

boundary conditions and ¢1(5') = B H # 0 at finite temperature, Eq.(B.30) can
be applied (see AppendixB.3.4). The ratio is simply
2 2
det' [<02 4+ 2V"(ah)]  mggt [¢5(n)]  mggt |#h()]
det [—02 4 %V//(x/g)} 2 — 2 cosh(wp5h) 4sinh2(”FTﬁﬁ) '

The ratio is apparently negative, which manifests the fluctuation operator of bounce
solution has at least one negative eigenvalue. Replacing the ratio in Eq.(3.5) with
Eq.(3.6) and using Eq.(3.3) gives

(3.6)

168 Bh

Zp pg =i mn e
,/27?71‘ 4Bk ‘

The imaginary part of the free energy can be written as

which is exactly the same as Eq.(3.1).

1 1 1178
ImF~——1n <Z/3_ +—ZB_ ) r _ = 27B-Aff
b AT T s Zg—Aff
_ _WWH 5| det |02 + LV"(a})] i
2V 27h ‘det [ 92 + %V”(x%)”
,Sﬁ
_ g WO € (3.7)

272 o]
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3.1 Review of Previous Research

where the % factor is introduced for the same reason as the situation at zero tem-
perature since the false vacuum solution and the bounce solution are assumed to
be on the same steepest descent/ascent flow in the periodic function space as well.
Since we have proven that Eq.(3.5) is the same as Dashen’s result, one can directly
use the result of [86] and Eq.(3.3) to obtain the final result without relying on the
ratio of the two determinants in fact.

Therefore, the decay rate is

_1g8
wpBh e 7B

o h\dﬁh\

2
FAH = ?_LImF = 2sinh

The Zero Temperature Limit

Now, the zero temperature limit of Fiﬁc will be derived.

[h is the function of x, according to Eq.(3.2). It is assumed that Sk decreases
monotonically with z; in the reasonable range. Consequently, the zero temperature
limit fh — oo corresponds to x, — xp. The imaginary part of the free energy can
be expressed as

h h 355 h h 355
ImF = —52 sinh szﬂ ¢ = —52‘//(%) sinh wrl ¢ :
1 dph dgsh
2 [ty oy \/ 2mh |V () 5|

In AppendixC.2, the following two relations were obtained

V”(Tb) Bh
1. The relation between V'(z3) and e 2
V”(ZF)
V”(w )@ f;R 7m 7\1711 \di
lim [V/(z)| eV 7 2 =2V (wp)| (g —ap) e VARVO Ve T

Tp—TF

2. The relation between V'(z;) and % :
lim V'(z )dﬁh -2 V" (xp) = =24/ mV"(zp)
Ty ST b dﬂfb V//( ) b F)-

Replacing the corresponding terms in ImF’, it becomes

h B _1g8
lim ImF" = lim —§2V'(xb) sinh Ff crr
B—ro0 b TR \/QWH‘V/ d,é’ﬁ

h mw <
T2 thOJF(l'R_mF) F\/m

\w—lzp\dm 1
V<ZF>) eiﬁSB.
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Chapter 3 Decay Rate at Finite Temperature

By denoting A(y) (similar to A(7)) as

w R =y
Aly) = SF (xp—zp)e V2V@-Vap) TTF
B

Wr

=5, v

the zero temperature limit of ImF can be expressed as

5

[ ) E—
Ye ' ZV@-VEp)

)

mwg

— SpA(zp)e 155,

hm ImF = ——

And the decay rate becomes

mw 1
IR =/ VSsAlr)e #°7, (3.8)

which matches exactly with the results from [69, 70].

3.1.3. Discussion and Reconsideration

We here aim to give some important comments on previous methods.

The first problem we want to discuss relates to the boundary conditions of paths
in the path integral. We wonder whether the periodic conditions for paths to be
used is proper or not.

1 = p dTL [z ()]
F:—ElnTr[e’ L2 lnNyng o .

Through taking the trace, all of the paths with z(Z) = 2(—1) should contribute
to the functional integral, in which jagged paths are also included just as discussed
in [88]. The saddle point approximation selects the classical paths, which also include
those which are not periodic. When one try to calculate the real time path integral by
stationary point approximation, maybe the contribution from classical paths without
stationary phase cancel with each other as one could image. But the situation in
Euclidean time path integral is different, paths with different actions will all have
positive contributions. Therefore, we don’t think it is reasonable to ignore paths
which are not periodic. Furthermore, although the trace is not carried out intuitively,
the fluctuation Az(7) = z(7) — Z(7) after expanding around Z is also demanded to
be periodic and the integral over Az (7) was performed. Is it equivalent to taking
trace? What is the reason for requiring Az(7) to be periodic? In addition, double
counting could appear since a z(7), z(7) and Az(7) all satisfy completely identical
boundary conditions.
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3.2 Classical Solutions with Dirichlet Boundary Conditions

The second problem concerns the treatment of the zero eigenvalue of the bounce
solution. There is definitely one zero eigenvalue \; corresponding to the bounce
solution regardless of whether the temperature is finite or zero, and whether the
boundary conditions are periodic or Dirichlet. The integral with respect to the
coefficient ¢ of the zero eigenfunction should be infinite. But because of the us-
age of the time-translation collective coordinate method, the integral was given as
\/% H.%'%(T) H Bh, which is a finite value at finite temperature. The following relation
is fairly suspicious.

] 2
dCl 6_%%0%/\1 _ meBB(T)H Bh
vV2rmh 21h
infinite finite

Finally, the contributions from other periodic classical solutions with the same
period are ignored. After finding a bounce solution, one can shift the center of the
bounce solution to obtain a series of shifted-bounce solutions. All these shifted-
bounce solutions were ignored in the previous calculation. If the point of view that
the contributions from shifted-bounce solutions have already been contained when
applying the collective coordinate method as will be explained in the next chapter is
adopted, then the treatment for the zero eigenvalue requires additional explanation.

So as to avoid all three ambiguities mentioned above, we will introduce a different
method to calculate the free energy by saddle point approximation. Not only the
periodic paths, but all the contributions of paths with x(—%) = x(%) =y will be
included in the path integral in the process of applying saddle point approximation.
The periodic conditions are not required to be satisfied. The trace will be dealt with
more carefully and the integral over endpoints will be preformed in an intuitive way
as well. Certainly, the fluctuation determinant of a classical path will be defined

with Dirichlet boundary conditions other than periodic boundary conditions.

3.2. Classical Solutions with Dirichlet Boundary
Conditions

Since the integral over the endpoints y should be carried out, we need to find all
classical solutions of which the endpoints satisfy z(—2") = z(2) = y firstly and use
the saddle point approximation to calculate their contributions. After that, we will
take the integral over y and derive the final result. The classical solutions can be

divided into two types : static classical solutions and non-static classical solutions.

3.2.1. Static Classical Solutions

Consider the potential shown in Figure.3.2, three static classical solutions exist.
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Chapter 3 Decay Rate at Finite Temperature

V(x)

Xc

XF

Xr

Figure 3.2.: Potential

1. False vacuum static solution /2(7) = 2 with boundary condition a(£8) =

TF

2. Critical point static solution z,(7) = z¢ with boundary condition o(£E) =

o

3. True vacuum static solution 4,(7) = z¢ with boundary condition x(j:%) =ar

Since we need to take the integral over y, those static classical solutions won’t con-
tribution to the final result because they only exist for particular isolated points,
which are completely different from the treatment of those who use periodic bound-
ary conditions.

3.2.2. Non-static Classical Solutions

Unlike the static classical solutions, non-static classical solutions of which the end-
points are y can exist for each y in a specified range. Consequently, the contributions
of those non-static classical solutions can’t be ignored.

Bounce Solution 2% (7) and Shifted-bounce Solutions 25 (7)s

The bounce solution referred to here is the same as the one used in [74]. The basic
properties of the bounce solution are

1. It should be the periodic classical solution with a period of (.

2. Its initial velocity should vanish.

3. Its endpoints should approach the false vacuum as temperature decreases.
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3.2 Classical Solutions with Dirichlet Boundary Conditions

Figure 3.3.: Non-static Classical Solutions at Finite Temperature

The n-bounce solution, of which the period is 2% and n is an integer, is ignored as well

in our research. Once we get a bounce solutlon l‘%(T), we can just shift the center of

bounce solution by any 7, and get the shifted-bounce solution z25(7) = &5 (1 — 7.).
The shifted-bounce solutions typically have non-vanishing initial velocities and its
boundary conditions are different from the bounce solution.

Be careful, since the bounce solution is even, two shifted bounce solutions with
the same endpoints but different initial velocities, which correspond to opposite 7.s,
should be treated as different solutions (see Figure.3.4).

Shot Solutions

As for the shot solutions at finite temperature, there could be at least one shot
solution for every point. We now focus on the shot solutions of which the endpoints
are inside the potential barrier. Then, two kinds of relevant shot solutions with
different initial velocities could exist simultaneously. The one directed towards the
false vacuum could be termed as shot-F solution xf » and the one towards the true
vacuum could be termed as shot-T solution xfT. Shot solutions are also even and

the turning point of shot-solution is denoted as z; (see Figure.3.5).

Now, we will discuss some important properties of shot-F solutions. The proper-
ties of shot-T solutions can be derived similarly.

First, as we have said that a shot-F solution is also a even function and since a
shot solution starting from y satisfies the boundary condition z(—2') = 2(&) =y,
the starting point y and the turning point x, must meets the following condition

1
h=2 dx =2 dx , 3.9
=z JZ V() + Bs) /. Vo vey
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Chapter 3 Decay Rate at Finite Temperature

(a) Shifted-bounce solution

ng(r) = Xg(f +70) xgs(‘[) = xg(‘r - 70)

T T

(b) Shifted-bounce Solutions with Different Initial Velocities

Figure 3.4.: Shifted-bounce Solution

where Eg = —V (z;) is the classical energy of the shot solution. It is obvious that
xs is a function of y. Denote the integral in Eq.(3.9) as Tsp (25, y) and the following
relations can be obtained:

GyTsF =V 2m

V(y) = V(zs)
as well as

=V2m 1 ’ Vi) T — lim L
a“TSF_ﬂ_(?/xs V) -V g v<z>—v<xs>> (310

:\/% 1 Y Vl(xs)_V,<I>3d$— 1 ) ’ 311
(2 /x [V(z) = V(z,)]? V(y) = V(z,) &1

where
Yy

1
Vi(z) = V(xs) .

1Y —V'(x) dr —
2 / V(@) = V()

was used. By making use of the implicit differentiation formula, the expression for
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3.2 Classical Solutions with Dirichlet Boundary Conditions

Xsp (T) = Xp (T + Tc)

Xs

A\ 4

Figure 3.5.: The bounce solution and corresponding shot solutions

dy

o becomes
5

dy _ stTsF_ \/—I/ Viz) = Vi) rdz + 1. (3.12)
dﬂfs s)]

The numerical calculation of the relation between y and z is shown in Figure.3.6.
Different initial conditions (shown by different color gradation in Figure.3.6), which
relates to the period Sh, correspond to different branches.

. ((
SEDT

0.0 1 —— Shot-T

)’

Figure 3.6.: y — x,
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Chapter 3 Decay Rate at Finite Temperature

Second, the turning point of a shot-F solution will be smaller than x¢ while the
turning point of a shot-T solution will be larger than z¢. Although the turning
point of a shot-F solution with its endpoints inside the potential barrier won’t go
out of the range of potential barrier [xp, zg], it is not true for a shot-T solution. In
fact, a shot-F solution inside the potential barrier is just a part of the shifted-bounce
solution with a period P larger than Sh and 7, = g, which indicates that z is just
the endpoint x;, for another bounce solution with a larger period. Furthermore, with
the assumption that the period of bounce solution will increase monotonically with
its energy £ = —V(xy), it is natural to realize that =, < .

3.00
2.75 1 \ ;.
2.50 1 S /
2.25 1

x 2.00 1

1.75 1

—==- Shifted-Bounce
1.00 4 —— Shot-F

-0.75 -0.50 -0.25 0.00 0.25 0.50 0.75
T

Figure 3.7.: Shot-F Segmented from a Shifted-Bounce Solution

Third, as shown in Figure.3.6, two shot-T or shot-F solutions with the same
endpoints y but different energies (corresponding to different turning points zy)
could exist simultaneously. The two solutions with the same endpoints contribute
to different parts of the free energy as we will explain in the next section.

3.3. Contributions from Classical Solutions

After all saddle points are identified, the path integral can be rewritten as the sum of
integrals on the Lefschetz-thimble of each saddle point and then apply the Gaussian
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3.3 Contributions from Classical Solutions

approximation.
Bhy_ gk
1 =)=y —3 [ %, drLpla(r)]
F=—=1In [ dyN Da(r)e " -7 ) (3.13)
15} h
o(-Z=y

%
|
|
=3
QL
N
—

> Z [y}) (3.14)

= —glnz dyZ5,[y). (3.15)
zB

Compared with the situation at zero temperature, the key difference lies in the
requirements for taking the trace which is equivalent to the integral of the endpoints
y when calculating the free energy at finite temperature. Apparently, because of the
integral over y, static classical solutions won’t contribute to the final result since
they are isolated. Similarly to the situation at zero temperature, the determinant of
the fluctuation operator appears in Zgﬁ [y] after applying Gaussian approximation.
Moreover, the fluctuation Az(7) = x(7)—2(7) around a classical solution is required
to satisfy the Dirichlet boundary conditions A:E(%) = Ax(—%) = 0 in our research
since both the path z(7) in the path integral as well as the classical z satisfy the
same Dirichlet boundary conditions :

(T = (-2 =,
W =a-T =y

Before delving into the calculation of the trace, it is necessary to figure out the
dependence on the endpoint y of the Gaussian approximation result Zgﬁ [y].

Now, assume that a classical solution z? of which the endpoints are y has been
found. The Gaussian approximation of the integral on Lefschetz-thimble becomes

e—SElE? (Ty)]

Z5l) ~ N :
Jdet [~02 + Lv(@(riy))]

(3.16)

where det L—@f + V(28 (s y))} is defined by Dirichlet boundary conditions as ex-
plained before.

In order to figure out the y dependence of det [—83 + LV (zP (T;y))}, we can

make use of the Gelfand-Yaglom theorem and another known determinant det O
defined by the same boundary conditions. As explained in AppendixB.3, the ratio
of the determinant of two operators can be expressed as the ratio of ug(%)s related
to each determinant as

det [—33 + LV (Z8 (T y))} Us

)

Bh

2
AR

7)

P

det O Uy
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Chapter 3 Decay Rate at Finite Temperature

where uy_3(7) and wu,_p(7) are solutions to

02+ V(@ () waalr) = 0

OUQ_O(T) =0
and satisfy the same initial conditions
ph, . ph
u%gz(—?) = Uz_é(—j) =0

Since det O is already known, det [—83 + LV (28 (; y))} can be derived immediately
us—z(5)

%~ is determined.
uy_o(5)

once the ratio

u,_p(7) depends on the selection of O and can be decided simply. As for uy_z(7),
it can be expressed as

8h
<)

1B

(i) — v~

UQ(T) =

by using (1) and vz(7) = mdpZ(7) as explained in AppendixB.3. If the O without
y dependence is chosen, then integral over y can be expressed as

5 o—SEE? (T3)]
[ vz [ aw
\Jdet [~02 + 2V(@ (7))

NEL
~ N 1 /dyesg[xﬁ(ﬂy)} Uy o( gﬁ)
det O us5(%7)

Now, some specific classical solutions will be discussed.

3.3.1. Contributions from Bounce and Shifted-bounce Solutions

For bounce solution 2% (7), its time derivative i/%(7) satisfies the Dirichlet boundary

conditions x%(—%) = x%(%) — 0. Consequently, 7% (7) is the eigenfunction of

zero eigenvalue of its fluctuation operator [—83 + Ly (x%)] Since 5, has a node,

[—83 + LV (x%)} should have a negative eigenvalue, similar to the situation at zero
temperature.

One might assume that a shifted-bounce solution 2”5 (7;7.) = 2% (7 + 7.) would
also have a zero eigenvalue and a negative eigenvalue, just as in the situation at
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3.3 Contributions from Classical Solutions

zero temperature. However, this is not correct. Although the time derivative of a
shifted-bounce solution 4”4 (7;7.) satisfies the eigenequation, it doesn’t satisfy the
Dirichlet boundary conditions at finite temperature generally, making it ineligible
as a eigenfunction. So, how do we know the eigenvalue of the fluctuation operator
of shifted-bounce solution without knowing the eigenfunction of zero eigenvalue?
In fact, we don’t need to know the situation of eigenvalues. All we need is the
determinant of the fluctuation operator and we can use Gelfand-Yaglom theory to
calculate it (see AppendixB.3).

First, let us consider the relation between the fluctuation determinants of the
bounce solution and the shifted-bounce solutions. The ratio between the fluctuation
determinant of the bounce solution z%(7) and a shifted-bounce solution z°5(7;7.)

can be expressed as

det [<02+ Lv"(ale)]  [#5()is(D)]" apn

2
det! [~z + Lvap)] b "By

(3.17)

(Eq.(B.38)). As we can see, [—33 + %V”(xfB)} is negative but not always zero since
xfB(%) = x%(% + 7.) only becomes zero at special points. Here, we assume that
only one negative eigenvalue exists for each fluctuation determinant of the shifted-
bounce solution. We will discuss the number of negative eigenvalues in the last

section of this chapter.

Now, we can take the trace and calculate the total of the contributions from both
the bounce and shifted-bounce solutions. The shifted-bounce solution starting at y

satisfies 5h sh

7;7}:) = xfB(j:? +7.)=y. (3.18)
Since 25(7) € [xy, 2], y € [z, x,]. Therefore, the integral over the start point y
is from x;, to x,. Then the contributions from bounce and shifted-bounce solutions

becomes :
o , —L88[? 5 (mw)]
e hYEYsB
/ dyZs[y) = / dyN 1 3 '
xp Tp \/det[—a?. + EV”(SL’SB(T; y))]

It is apparent that the action of any shifted-bounce solution Sg[x”5(7; )] is the same

as the action of the bounce solution Sg and has no y—dependence. e~ #5Blelp(rw)] =
SB can be taken out of the integral. Moreover, for every endpoint y € (xy, x,.) ,
two solutions with different initial velocities exist. The two solutions can be written

as

1
eiﬁ

2ip(Ty) = wp(r + 7))

and

2ip(Tiy) = (7 — 7))
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Chapter 3 Decay Rate at Finite Temperature

by using 7.. As a result, the integral of y can be expressed as

/ dyZ250y]
Tp

= [ s i |>Z§B[ @hmb] <52 235 o3y - 1)

O\w‘m
=)

+2 +88
.8/ Bh s Ph Bh Bh
= [ anay B+ 1z |35 |+ [ b G - 2z [ - 1)
0 0
= [ anay 4z |y )
_Bh

where Eq.(3.18) was applied.

Therefore, the integral over the start point y can be rewritten as the integral over
the time shift 7.. and we can derive

ZfBE/ dyZ°5[y] :/ dyN Dx(T)e_%SEM (3.19)
xp Tp JIsB
zr o~ +SElals(riy)]
z/ dyN (3.20)
\/det —02 4+ LV (2l (7))
‘ (2 4 7,)| e iS5
_N/m dre s = (3.21)
L J,‘B( IB( +7e @ Il 92 1 B8
\/ b0l magsdet’ [—02 + LV (xp)]
—+8glx }
1
] L o
\/det 82 V”( B)} ‘xB(T) dER

Although the final result we obtain looks seemingly different from Eq.(3.5), they
are equal in fact. The difference results from the different boundary conditions
used to define the determinant. The determinant in Eq.(3.22) is defined by Dirich-
let boundary conditions while the determinant in Eq.(3.5) is defined by periodic
boundary conditions.

The ratio of the fluctuation determinants of the bounce solution and the false
vacuum solution is shown as

det [—02 + LV"(xr)] CACS sinh(wpBh)
det’ {_83 + %V"(lﬁB)} f_@ dtup 7')2'753(7) wr
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3.3 Contributions from Classical Solutions

in Eq.(B.37). Therefore, the following relation can be obtained immediately.

1 ‘xB % ’\/ sinh(wp8H)
\/det’ [—02+ Lvi(x \/det —02+ Lv(x )] wF
Vel
As for N ! , the value was proved in Eq.(2.11) as

\/det[78$+%V”(xp)]

mwg

N\/det [_az—i-%‘/”(mp)} - \/27Tﬁsinh(o_}pﬁh)-

Consequently, N \/ 1 becomes

det’ [76,,2_4» % v (x%)]

i)

\/det' [—53 + %V”@%)] 21h Hx%(T)H .

After replacing it in Z f 5, the following result can be obtained

Ay R —— (3.23)

which is the same as the result of Dashen and Affleck.
In fact, if Eq.(B.39)

det 02+ V" (aly)] _ —m[ohp(3)] 2

det [—33—1—%‘/”(%10)} N isinh(wFﬂh)

instead of Eq.(B.37) was used in the first place, the final result would be obtained
directly.

3.3.2. Contributions from Shot Solutions

The contributions of shot solutions can be expressed as

o Splal(ry)]

Z5 = /dyZS ./\/'/dy\/det %Vﬂ(xg)]. (3.24)
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Chapter 3 Decay Rate at Finite Temperature

It can be calculated similarly once the corresponding solution of the initial value
problem is found. As explained before, the solution can be expressed as

h 8h
2 2

us(r) = #5(

Wwo(r) — g (T)vg(—=-).
And the ratio between the fluctuation determinant of a shot solution and the false
vacuum solution can be expressed as
1
det |[—02 + LV ()] o ug(D

det [-02+ LV"(zp)] o sinh(wrBh)’

What should be emphasized is that although xg(T) is not a periodic solution, it

is an even function with respect to time 7. As a result, #%(7) = —i%(—7) and
v3(1) = v(—7) can be obtained. By using of the parity of @%(7) and vg(7), two

useful relation can be obtained.

The first one is

pr

h
) ==

us( e e R e

and the second one is

h h h h, 0x3(2 h
oy = 2 g 2 = a5 g oy, (325

Us(

Furthermore, for any classical solution z(7), there is a relation between its action
and its energy :

X L S DT
9E. ~ OE. /z dr <2mx —|—V(m)>

4T 7 . )
= |mz0gz|*, + / dr (—=mi0pT + midpz)
5 )
. 4T
= |z ?, (3.26)
-z
which indicates that us(%) = —g%i. Hence, the ratio can be expressed more briefly
as
det -2+ LV"(xs)] -G —df(Eh)B(n)

2
- : or ; .
det [-02 + LVi(xp)] o sinh(wrBh) o sinh(wpSh)

Although g%i of a shot solution is normally non-zero since different shot solutions
with different energies have different actions, it can be either positive or negative
for different shot solutions. If it is negative, the corresponding contribution will
become imaginary after analytic continuation just as the bounce and shifted-bounce
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3.4 The Imaginary Part of Free Energy and the Decay Rate

solutions do. Like in the situation of a shifted-bounce solution, we assume that no

negative eigenvalue exists for determinants with —% > (0 and only one negative

eigenvalue exists for determinants with — 85 a5 < 0.

Then, Zg can be expressed as

78 — / dyZ[y] 20
e hSE[xs(T B)]
:N/dy — (3.28)
OFE
\/det[ 02 + V”(va)} m
X I o L5p[2d (r:y)]
N — sinh(wpSh) /dyas' (3.29)
Jdet [<02 + Lv(ap)] o

By using Eq.(2.11) to normalize, the contribution of shot solutions can be expressed
as
Vo | ¥ e
where Sa[y] = Sglza(r;y)].
sy ETs\TY

It is obvious that the formula for the contributions from the shot solution is more
sophisticated than the formula of the contributions from the bounce solution and
the shifted-bounce solutions. The integral range as well as the dependence of Sg []
and 635 on y should be figured out. Although some approximation method may
be used to simplify the calculation, a critical error could be introduced at the same
time. In our research, the final result will be evaluated with no extra approximation
method being applied.

(3.30)

8ES

3.4. The Imaginary Part of Free Energy and the
Decay Rate

The contributions from different saddle points have been obtained. But in order to
obtain the imaginary part of the free energy related to the decay rate, it is necessary
to deal with the relation between different types of saddle point carefully.

Before we explain the treatment, we would first show the relation between different
types of solutions. Since the saddle point approximation relates to the actions of
the classical solutions, we can start from the dependence of the action S; on the
endpoints y. The relation is shown in Figure.3.8.

The green line represents the actions of shot-F solutions, while the blue line corre-
sponds to the actions of shot-T solutions. The energy change along each line is shown
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25 1

20 A

15 A1

10 A

Figure 3.8.: Numerical Calculation of Sz — y

apparently. Since the actions of different shifted-bounce solutions are identical, a
horizontal line from x; to x, can be used to represent the shifted-bounce solutions.
However, for each y € (x, x,.), two distinct shifted-bounce solutions exist.

As we can see, there seems like to be three branches. The shifted-bounce line,
a part of the shot-F action line connecting to the shifted-bounce line at y = =,
along with a part of the shot-T action line connecting to the shifted-bounce line
at y = x;, together form the branch with larger actions. According to the energy
variation indicated along the action line in the figure, it is obvious that all classical
solutions at the branch with larger actions own at least one negative eigenvalue in
the corresponding fluctuation determinant. The other two branches with smaller
actions consist of only shot solutions, of which the fluctuation determinants are
positive.

Now, focus on the range of y where three classical solutions exist. The upper
limit and the lower limit of the “negative branch” are denotes as xyr_; and z p_;
separately. The relation of the three classical solutions with the same endpoints y
in the function space can be expressed as Figure.3.9a. Two assumptions should be
emphasized here.

1. Two steepest descent flows originating from 2°,(7) and 2.(7) with larger

exponent intersect at the third classical solution (z°5(7), 2,(7) or 2°:(7))
with smaller exponent (larger action) and then go along the steepest descent
flows of the Lefschetz-thimble of the third classical solution to reach the region
of convergence.

2. There is only one negative eigenvalue for saddle points on the branch with
a smaller exponent (larger action), whereas there are no negative eigenvalues
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3.4 The Imaginary Part of Free Energy and the Decay Rate

for saddle points on the other two branches with larger exponents (smaller
action).

P G) z—plane| V

1
Re _ﬁSE

fo(r)

xg (1), xfB (1), xf,_ (t)or xfT(r)

lst (7) or x5 (1)
x5r (7) I X (7) x

region of convergence

region of convergence
(a) Function Space (b) One Dimensional Integral

Figure 3.9.: Analytic Continuation

The first assumption is based on the conventional calculation at zero temperature.

The second assumption is based on the structure that each saddle point with a
smaller exponent only connects to two other saddle points with larger exponents
through steepest ascent flows, which corresponds to one negative eigenvalue of the
fluctuation operator. If there are more than one negative eigenvalue, more saddle
points with larger exponents could appear. As a result, the saddle point approxima-
tion results for points on the two branches with larger exponents are real, whereas
the results for points on the other branch are imaginary.

Inspire by Gamow-Siegert [25,26] (GS)boundary condition, we consider that the
outgoing waves boundary condition is related to the choice of saddle points necessary
to be contained when one wants to calculate the decay rate from the imaginary part
of free energy following the discussion of [75]. All shot-T solutions are intended to
be excluded. Furthermore, we choose to include only the classical solutions with
endpoints inside the range of [z, sr—¢]. Then saddle point approximation of the
imaginary part of free energy becomes

L (7B

1 1.3 (ZsB + Zp_ Im)
ImF ~ ——Imln (ZSB _Re 2%+ 7% . > ~ ——Im

/6 F—R ( F-I ) B ZsﬁFiRe

st td e fl sF[y]

1

= —=_e h B _|_ £ - -

21, o g 3w . 057,
1 T 9E,p

S . (3.31)
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Y 27rh 8
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Chapter 3 Decay Rate at Finite Temperature

From the imaginary part of free energy, we can obtain the decay rate at finite
temperature.

[v]
TsF—t e h sF
9 1, dBh 1 _ 9%k
g _ _ dEg BB,
FDir = ﬁImF = 1 - + 771 18 ol . (332)
f$t d e sF v /6 fxstt e R sEY
asf’ o os?
_ sk _ sk
OB p OE

3.4.1. Zero Temperature Limit

We now consider the zero temperature limit of the decay rate we obtained. As
explained in the previous section, the zero temperature limit i — oo corresponds
to x, — xp. 1y, — xp will be applied for convenience.

First of all, the integration range need to be specified at zero temperature. As
temperature becomes lower and lower, the time interval will become larger and
larger. Since we assume that the period of bounce solution will monotonically in-
crease with energy E = —V (z3), o, will approach x as the temperature decreases.
Therefore, it is obvious that x; becomes xr and x, becomes xy at zero temperature
(see Figure.3.3). As we discussed before, the turning point x4 of shot solutions in
the potential barrier satisfies s € [z, xp]. As a result, x, should approach z faster
than x,. Moreover, the endpoints y can’t excess xr. Otherwise, the turning points
xs will no longer exist. Therefore, xsr_; should become x g, which indicates that the
part of shot-F solutions which provides the imaginary contribution will disappear
at zero temperature. Hence, the imaginary part of free energy becomes

, . 1. 3 (ZEB + ZsﬁFfIm) : 1. 1720
lim ImF ~ lim ——=Im 3 = lim ——ImT.
Tp— TR Tp— TR ZstRe Tp— TR /6 oF

Now Z”; and Z”, will be considered separately so as to compare with the results
derived by other methods in previous research.

B
Z.p can be expressed as

76 B sy . BRIVI(@e)l s

s R
U famh J2m RV ()
In AppendixC.2, the following relation (Eq.(C.9)) has already been derived

i \ABh p
x}gI%FV(xb)d = =2/mV"(zp).

Tp

After replacing it with Z° .5, an intermediate result of Z° .p can be expressed as

h ! 1
lim 2% = lim i g V()| e~ #5%

Tp—TF Tp—TF \/27TFL \/2\/W)

)
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3.4 The Imaginary Part of Free Energy and the Decay Rate

where Sh and V'(z3) are kept for the following calculation.

As for ZSF, by applying Eq.(3.25)

; 8E
857, 5 Bh 1 dy
_IOsE . _9ib (P —2,/2 —
S = 25 )mOy = 22m (V(y) Ws))v,(xs) o
where the final velocity of the shot-F solution &4 ( \/ = zs)) > 0
and Fgr = —V(xs) were used since the potential Flgure 3.2 1is belng considered.

Then Z f = becomes

TR 1
xlgr; Z <lim ”2mh/ dy o~ FS5ply]
e asnsee Y 2rh J,, \/2\/2m(V(y)—V(:cs)) e

V' (zs) dzs

T !/
= lim /m/ Rdy V' (zs)| e~ #5or ],
vs<wmp—ap \ 2T [, \/2

V2m (V(y) = V() V' (z,) 2

In order to derive the final result, we need to know the expression for V'(z;) as

jy and their zero temperature limits. Fortunately, from the time relation

5h_2/ NEXTG X d:z:—2/ NEXT; S))dx. (3.33)

which is satisfied by both bounce and shot-F solution, two two significant relations
can be derived. The first one is dd which has already been obtained in the previous
section (Eq.(3.12)).

T !/ !
Cflig _ 3xs s _L v - v, / Viz) = V@) g1, (3.34)

S)]

The second one is a bit more non-intuitive. From AppendixC.2, it is known that the
following relation Eq.(C.7) for the bounce solution can be obtained from Eq.(3.33)

V//(l.b>@
Vi) eV 2

i 52%1221 (e ) - ]

well as

V”(%) e _ 1 dz

b \/ V(z) V(zb) \/%(V’(mb)(zfzb)ﬁ»%V”(zb)(a:fzb)Q)
&

Change x;, to x5 and x, to y, the similar relation for the shot-F solution can be
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Chapter 3 Decay Rate at Finite Temperature

obtained

V'"(zs) Bh
V' (xs)[eV 2

v b V@) L Vi)V
V= g N =) - ]
V”(ws) y 1 1 dz

° \/ 2 (V(2)-V(zs)) \/%(V’(Is)(Iffts)+%v/l(15)(17zs)2)

- e

Now, let’s consider the behavior of ddTy when [ — oo. Since ry — xp when

b — 00 can be written as

dy
) das

!/ /
im Y~ im L V) = Vi / Vi) = V@) gy 1 (3.35)
B—o0 dl‘s rs<zp—TF 2 s)]

o M
= lim =y/V(y)—V(zp ~dr + 1 3.36
) QJ W=Vl [ (3.36)

Y

1
WVi@) = Vir)]

[V v
- J Vie) —Viee) (339

On the other hand, when x; — zp, the following relation can be derived by using

=/V(y) - V(zr) +1 (3.37)

40

351 Viy) = Vixe)

Vixs) = Vixe)
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Figure 3.10.: At Low Temperature

L’Hopital’s rule.

3V ()
lim \/V(xs) — Vier) = ljm YEVED
Ts<Tp—TF V’(CL’S) n Ts<Tp—TR V”(xs) ’
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3.4 The Imaginary Part of Free Energy and the Decay Rate

which indicates

V() = V(zp) 1 1
reszer V() vosmrer \| 2V7(zy) | 2V7(2p) (3.39)

Consequently, the limit relation of V’ (J:s)ﬂ becomes

lim V'( 335 \/ZV” (xF) \/V

Now, the behavior of V'(z5) when 8 — oo should be considered. Since the ex-

V”( b) Bh V! (zs) Bh
pressions for |V'(xy)| > and |V'(x5)|eV ™ 2 have already been revealed,

the zero temperature hm1 rs < xp — xp of their ratio can be calculated as
TR 1 _ 1 dz
wp T
B3 2 o wple—zp|
. V’(xb) |xR — xF‘ e \/m(v(x) V(””F))
i V)| = P ) 1
s>Tp F s TR wF|z zF\
ly — ap|e VEV@-V(s)
Y T ——
=e m(V@-veR) (3.40)

Substitute corresponding terms in ZSB = with all relations we derived and the in-
termediate result of Z f 7 can be expressed as

lim Zf

Tp—TF

x /
= lim \/m/Rdy Viz,)| e~ #50e
zs<zp—zr V 27H - \/2

V2m (V) = V(2))V/ ()42

_[*R__¥F 4z
Y

T / 2 (V@ -V(zp))
[ T
fosmmEr TETR Jap \/2\/2771 V(y) — V(z,)/2V"(zF) \/V

T
= lim \/T V' ()| / S e~ Serll.
rs<THph—TR 27h W y) - V<I'F))
Combining Zs and Z7 or leads to the following ratio
Bh V@) -1is)
7, x/ﬁ\/ SV ()
lgn 5 = lgn ,f:vR _____YFr 4z
T=TE 7 @ 1 Vi) dy—==< —hsopl v w(V@-Vr)
2 ﬁ va VZ2V@)-V(zr)
B 1he” 75
= _(*R _______YF = gz
f”R Y—r= ~#507 e jy = (v@- V<IF>)d$
oF VN (V) -V(zr))
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Chapter 3 Decay Rate at Finite Temperature

The action of the shot solution at zero temperature SS’B 7 y] can be represented as

Sl =2 [ de 2 (V@) = V(er))

F

Then the imaginary part of free energy becomes

_1lg
lim ImF ¢
m ImF ~ —— = w -
6%00 _lSB:OO[y] - jy R —Fdx
fl‘R y e h°sF e 2 (V@ -V(zp))
or YN Z(V()-V(er))

and the decay rate is

1
e~ 7OB

(3.41)

lim T2, =
Dir _ _ (TR WF =
1 oB=00 dzx

p—roo e 75%r W fy 2(V(@)-V(zp))

TR
e
Jur V20w Vier)

Now, reconsider the zero temperature limit of the result derived by Affleck, which
is equivalent to the result of Callan and Coleman. The result Eq.(3.8) can be re-
expressed as

1
—isp
. 8 € hr
lim Myg = — 7 oF — -
B—o0 /zF ) \a:—xF|d$
[ wh 1 e V2@ -Vp)
mwp wp(TR—TF)
1
e~ 158
) e
lim /-t 1 w(V@-VeR)
y—ap V mwp wp(y—rF)
1
e 1B

) dz

18 _(*R ______¥YF :
wh e 75spl e fy v 2 (V@) -V(zp))
mwg
Y=zF

VEZWVy)-V(zr))

It is obvious that the result derived by Affleck as well as Callan and Coleman only
took the contribution from the y = xp classical shot solution, which is the same as

wh

the false vacuum solution, into the final result. The prefactor P which has a

dimension of [length], might be able to be understood as the Gaussian approximation
of the integral over y in the denominator of Eq.(3.41).

The e~ %5 "1 can be expanded around y as

Ser [yl = Sl lwr] + mwrAy® = mwpAy?,

B=o00
where {dssz [y]} =0 and
Y Y=TFr

&S5 y) i 2V (1)) o
l dy? pr_yl_mp \/%(V(y)—V(xF)) —2m_2 -
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3.4 The Imaginary Part of Free Energy and the Decay Rate

was used (see Eq.(3.39)). Then the denominator of Eq.(3.41) becomes

1B "z wp _
—=S7 ] - [PrR ———E_______dzr +oo
h*~sF p
€ e Y N/ 2(V@-Vep) / ﬁye—%mwFAy2

DT =
VZ(V(y) - Vizr)

o0

y=zF

_1gB —_[*R ___YF gz

_ wh A . I /—%(V(z)—V(zF))d]
mwr |2 (V(y) = V(zr)) )

Yy=zFr

However, this is not a proper approximation, which could lead to drastic divergence
as being explained in the next chapter.
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4. Comparison

4.1. Numerical Calculation

In this section the result from the numerical calculation will be illustrated. We will
first compare the decay rates under the same potential calculated through different
methods at finite temperature. Then we would like to show the potential dependence
of the decay rate at finite temperature. Finally, we propose to illustrate the potential
dependence of the decay rates computed with different ways at zero temperature.

4.1.1. Decay Rate at Finite Temperature

The results calculated by different methods will be shown through numerical cal-
culation in this section. First of all, the non-dimensionalization is necessary to be
preformed. By introducing an energy parameter ¢y, Affleck’s result at finite temper-
ature can be expressed as

mFP €_<Sg _81€>

? ]

Pe—SB +stF—t d‘) e~ SsF
dP "
dép

Fﬁﬂ R~ %02 sinh

and our result becomes

8 €0 1
Dir ™~ Eﬁ LsF—t dU e~ SsF ’
)23 _9SsF
985

where oy = %wp, P=%ph, 8=35g €= %, r=Y2r as well as y = Y20y are
all dimensionless quantities (see AppendixA.1).

The first dimensionless potential we choose is
V() =t — 8% + 15.9:%

The position of the false vacuum is located at rp = 0, which results in that the
action of the false vacuum solution becomes zero.
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Chapter 4 Comparison
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Figure 4.1.: Potential

After the potential is determined , the numerical calculation can be performed by
Python. The process to carry out the numerical calculation will be introduced as
follows.

The numerical calculation of Affleck’s result is simple. Since the energy £g, the
period P and the action S of bounce solutions are all relevant to the endpoints ,
as

gB = _V(Xb%

Lr 1
P=2 dr,

v 2000 — V(W)

‘%za/%@JMWg—Vm»—&m,

123

where V(r,) = V(r,), €, P and Sp can be obtained once p;, is determined. Then,

all elements needed for the calculation are prepared. j?P can be calculated either
by numerical differentiation or by the following relation fsee Eq.(C.10))

dPIQ/” 1 V'(r)
s Jo 2000) ~ V(w) VO

5dyx.

As for our result, all quantities needed are the energy and the corresponding action
of the shot-F actions with different endpoints y. It is apparent that we can obtain
them immediately from the following relation

gsF - _V(;s>

and

S =2 [ a0 V() - ErP

Ls
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4.1 Numerical Calculation
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Figure 4.2.:
dxs

once we know the corresponding turning point g, for each ). Although the relation
between the endpoint 1 and the turning point r, is given as

dzcs V /V/ e lt)s]) w oy

according to Eq.(3.12), it is difficult to solve it even by the numerical calcula-
tion since Eq.(4.1) is a complicated integro-differential equation. Another possible
method is required. Fortunately, since all shot-F solutions are all even classical so-
lutions and the velocity becomes zero at the turning point, instead of solving j—"
we can solve the equation of motion with the following initial condition

[SII¥Y

ISF(O) =L

and then the 1y related to a specific 1y is just the value of the solution at t = g.
The range of ¢, is between rr and r,. Therefore, we just need to solve all equations
of motion for rs € (rp,1p) and find the corresponding . The relation has already
been shown in Figure.3.6. Moreover, the comparison of j—i calculated by Eq.(4.1)
with the numerical differentiation is shown in Figure.4.2. After all (rs,y) pairs
are obtained, the calculation of the corresponding &, S,r, VA = as well as FﬁDir at

S
different temperatures can be completed smoothly.

The result of the numerical calculation is shown in Figure.4.3. The gray dashed
lines represent the zero temperature limits of different results. The blue line in
Figure.4.3 corresponds to our result. The orange line is also calculated by our
method but the integral range of y is limited in [r;, 1], where the contributions
to the imaginary part only come from the bounce solution and the shifted-bounce
solutions. They show the expected behavior as temperature increases. However,
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Comparison
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Figure 4.3.: Decay Rate : V(r) = t* — 83 + 15.9¢2
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—— Our Result - [xp, x/]
—— Affleck's Result
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the green line representing the decay rate calculated by Affleck shows unexpected

behavior at low temperature. Fiff decreases as temperature increases.

We tried other potentials and similar results were obtained.

1. V(r) = ' — 8.03¢3 + 16;2
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Figure 4.4.: Decay Rate : V(x) = r* — 8.03¢® + 1612
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2. V(x) = cosh(0.2r) + —+
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4.1 Numerical Calculation

le—14

404 — Our Result - [xp, Xse—¢]
Our Result - [xp, /]
—— Affleck's Result
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Figure 4.5.: Decay Rate : V() = cosh(0.2r) + m

4.1.2. Potential Dependence of Affleck’s Result

le-10

T T T T T
0.30 0.35 0.40 0.45 0.50
p1

Figure 4.6.: Affleck’s Result

From Figure.4.3, we observed that I';; would decrease with temperature at low
temperature. We checked other potentials parameterized by a, and az as V(r) =
' =812 +agr? and V(r) = ' +asr®+ 162, Since we are only interested in the temper-
ature dependence of Fiff at low temperature, y-axis is set to be (Fiﬂ — Ff\?}o) e 5o
in order to eliminate the influence from the absolute value. The temperature depen-
dence of the Affleck’s result for different types of potentials is shown in Figure.4.7b,

Figure.4.8b and Figure.4.9b.
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Figure 4.8.: V(r) = t* + ast® + 16;?

We found that it wasn’t a coincidence. The closer V'(xg) is to 0, the more pro-
nounced the decreasing behavior of Fﬁﬁ becomes. The questionable behavior ob-
served will be explained in the following section.

4.1.3. Decay Rate at Zero Temperature

After showing the decay rate at finite temperature, we now prepare to illustrate the
zero temperature limit of different results. At zero temperature limit, out result

becomes
pp=se _ €0 e o
Dir _pr Lyl dr’
f;R dU e—Ssr vl e Y 2(V@®)-V@ep))
tr 2V(n)—VGr))
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Figure 4.9.: V(r) = cosh(0.2¢) + m

The zero temperature limit of Affleck’s result which is the same as Callan and
Coleman’s result becomes

T 2l _ 1
B=00 € |tOp r)R< 2(V(r) -V IIIF>CIZC =S
Mg . =Tlcgc = B\ (rr —1r)e VAeVe) ¢
s
€0 e_SB
=7 R ____®E gy )
| __emSsrll Iy 2(V@-Vep)
g 2V(0)—V(rr))
V=tF

Besides the results derived through path integral by saddle point approximation,
the numerical calculation of the result computed through wave function by WKB
approximation

b -
€o e—2/q tlvl

= ; e
h j;c; dn‘%' +fa dn‘%'e 2 [ lvl

FVVKB =

will also be performed. Since the imaginary part of the energy is fairly small, only
the real part of the energy is kept in the numerical calculation of I'wgkg.

The numerical results are shown as following.

1. V(r) = t* + asr® + 16¢% (o is kept to be the same.)
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Figure 4.10.: Decay Rate at Zero Temperatuer

2. V(r) = cosh(0.2r) + ——+>

cosh(r+ao)
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Figure 4.11.: Decay Rate at Zero Temperatuer

Our result exhibits behavior more closely aligned with the result calculated using
the WKB approximation compared to the results of [70] and [74]. It is expected
since [70] and [74] only included the contribution from the false vacuum solution
while ignore all other classical solutions providing real contributions.
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4.2 Potential with V'(xg) — 0

4.2. Potential with V'(xz) — 0

Through the numerical calculation, the suspicious temperature dependence of Fﬁﬁ
at low temperature for potential with small V'(xg) was confirmed. The key to the
reason lies in the decay rate at zero temperature limit.

First, let us consider the zero temperature limit of Affleck’s result :

C&C _ / TR
r T ok = mwpA(oo)e +

where

w ffRdf( =L ~Ts )
Ao0) = (g —ap)e " \VATETE) T,

E

For a potential with V'(zg) # 0, the integral on the exponent should be finite since

1 . wp - . .
the  divergence of TZ0 Ve near r = xp is eliminated by and the

ﬁ divergence around ¥ = g causes no problem after integrating. However, for a

1
[Z—2p|

potential with V’ (x r) = 0, the singularity of F near r = xp was truly

V2 V@-V(er)

canceled by el while the divergence around z = xR becomes % and leads to an
infinite Contrlbutlon after integrating.

As a result for potentials with V'(xg) = 0, such as a double-well potential,
[C&C — A i Will become infinite. However, at finite temperature, Affleck’s result

wrBh e 155
2 ,/27?71“671‘

is still definitely finite. Therefore, it must decrease with temperature at low tem-
perature for potentials with V'(xg) = 0.

I’Afﬂeck = 2sinh

Now, consider a series of potentials parameterized by o and changes smoothly with
a. The curves of decay rates for different potentials are believed to change smoothly
with « as well. Therefore, for potentials close to the potential with V'(zg) = 0, a
temperature range in which the decay rate decreases with temperature must exist
in order to avoid discontinuity.

So, how about the result derived by our methods that includes other classical
solutions? The zero temperature limit can be expressed as

o= —
D1r
L gh=eory

f y e h°sF e
F Y\ Z(V(y)-V(ar))
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Focusing on the denominator, it can be calculated by partial integration:

DT = / \/ N W[]xF))e

,sz P A—

VEZV@-Vep)

1 _f*R____wr 4= %R
— ﬂe 'Iy Zh@ Ve
wr
TR
= B _1gB8 _(*R ___YF gz
1/ RddesF[Z/]e " SFM@ < %(wm—wm)d
h s, dy Wg
_168 1, = _1gB _(*R ___YF gz
ST L [y e T R T
Wg h T dy Wr )

dSply]
where —— can be expressed as

B TR
dSSIZ[ y] ddyg/y dz\J2m (V(7) = V(xp)) = 2¢/2m (V(y) = V(zp)),

;R 2“—Fd:f
= (V@ -V(eR) will

which is finite for any y. For a potential with V'(zg) =0, e
always be 0 except for y = xg, which results in the fact that the following integral

is just 0.

. 1B _(*R __YF gz
! / " gy A8l e FrM I ATOSTS T
. dy Wr

Therefore, for a potential with V'(zg) = 0, our result becomes

1 1
T L N
im = — = = Wg.
Booo DI T _LsBo®up) T -fSp
Wg WF

Furthermore, if the following relation for a potential with V'(xg) = 0 is realized

)

2 (V@) -V(zp)) : (4'2)

d(x —xR) = e

VZ(V(y) = V(zp))

the zero temperature limit of both our result and Affleck’s result can be obtained

more intuitively.

Denote
_ /‘IR “F
Wr

2Z(V(@)-V(zp))
¢m V(zr))

_(*R ____YF  Jz

For a potential with V'(zg) =0, e Y VEEV@-VER) Wil always be 0 except for
y = xgr. Therefore, f(y) can only have non-zero value at y = xg and y = xp since

dx
€
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V(zp) =V(xzg). When y — zp,

W Y —Tp —Jy e ( — Iw—lwp>
lim f(y) = lim e VEV@-V(p)
y—Tp y—Tp \/m V(zrp)) TR~ ZF
(4.3)
1 —fiRdw( =L = )
B TR — .TFe F VA (4.4)
=0. (4.5)
When y — xp,
. wr
lim f(y) = lim = 0.
y%xR Y—ITR \/m :UF))

Moreover, the integral of f(y) can be performed as

T w g dz TR
] 1
x

r — [*R
[ ansiw) = [ F VAR
TR

F

Therefore, f(y) can be consider as §(y — zg) in y € [xp, xR

4.3. Reconsideration of the Calculation at Zero
Temperature

While we were calculating the decay rate at finite temperature by our methods and
reconsidering previous research, we found several problems or inconsistencies in the
calculation of previous research. We have already discussed some obvious problems
in the calculation of Affleck at finite temperature in subsec.3.1.3. However, some
similar and new problems exist in the calculation of Callan and Coleman at zero
temperature as well. We will discuss all these inconsistencies in detail in this section.

4.3.1. Transition Amplitude and the Classical Solution

The first problem we would like to discuss relates to the timing for selecting proper
endpoints and the timing for taking the time interval to infinity. The time interval
relates to the selection of the classical solutions. In [70], the sequences are am-
biguous. Taking the time interval 7 to infinity seems to be the last process in the
calculation, but it has already been done when finding the classical solutions.

In fact, if you select the time interval 7 to be large but finite then you can’t
choose z; = 2y = xp. Otherwise, the classical solutions will be the false vacuum
solution and the shot-T solution. On the other hand, if you choose z; = x5 = zp
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at first and attempt to include the bounce solution, then the time interval T will
be infinite at beginning, which leads to a calculation along with full of singularities.
In other words, it is impossible to use the bounce solution starting at xr and use a
finite 7 to derive the final result at the same time.

One might think that an finite time interval T together with other endpoints
deviating from zp can be chosen in order to find a proper bounce solution with a
finite period, which is corresponding to the bounce solution at finite temperature,
and then 7 can be taken to infinity to obtain the final result. However, such
approach results in that the false vacuum solution shares different endpoints with
the bounce solution with finite period. The same endpoints for all classical solutions
are required in the saddle point approximation due to the transition amplitude
(z¢le"nHT|z;), which serves as the starting point for linking the decay rate to the
imaginary part of the energy. If one insists on including the contribution from
the false vacuum solution, the function space should be changed from the original
function space in which the endpoints of all paths are xr to a new function space
in which all paths are periodic and own the same period. The boundary conditions
of the periodic paths should be

T T
I(_E) = x(g)
T, T
x(—g) = 33(5)-
Then the path integral should be
N Dae el
PB.C

instead of the one in Eq.(2.10). Moreover, the fluctuation Az(7) around a classical
solution should also satisfy the same boundary conditions. The new method will
be completely identical to what Affleck did in the situation at finite temperature.
Although the contribution of the false vacuum solution as well as the contribution
of the bounce solution can be contained in the final result, the path integral has
nothing to do with the transition amplitude, which is the basis of the calculation at
zero temperature.

4.3.2. Zero Eigenvalue and Collective Coordinate Method

The second problem relates to the treatment for the zero eigenvalue and the use of
the collective coordinate method.

Let’s review what was done in previous research at first. Since the derivative of the
bounce solution % p(7) satisfies the Dirichlet boundary conditions & (d00) = 0 and

the eigenequation [—83 + %V”(mB)} tp = 0, it is the eigenfunction of [—83 + %V”(xg)}

with A\; = 0. Therefore, when calculating the Gaussian integral [ %e’flh’\lcf after
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Figure 4.12.: Segment of the Bounce Solution at Zero Temperature

expanding around the bounce solution, the result should be infinite. Callan and
Coleman dealt with this using the so-called collective coordinate method. They
considered the integral over ¢; as being equivalent to the integral over the center 7,
of the bounce solution

dCl SB d
= Te,
V2rh 2mh

which finally gives the result \/%’T after carrying out the integral over 7.. As a
result, since the integral over 7, has already been completed when including the
contribution from all bounce solutions with different centers, they consider that
there is no need to perform the integral over c¢;.

However, there are two problems. The first one is the rationality of containing all
the contributions from the bounce solutions with different centers. The second one
is the equality of the integral over ¢; and the integral over ..

Now, we start to discuss the first problem. After time translation, the original
solution becomes z5(7 — 7.) and the boundary values z5(+Z — 7.) differ from the
original bounce solution. One might assume that the time interval is infinite or
that the thin-wall approximation applies, making the change in boundary conditions
negligible. But it is only reasonable for an infinite 7 along with a finite 7.. However,
since the integral over 7. is performed, 7. could become large enough to introduce
significant effects if the fluctuation determinant is defined by Dirichlet boundary
conditions. In other words, the K, which corresponds to the fluctuation determinant
in Callan and Coleman’s discussion, is not a constant but depends on 7.. There
is no reasonable explanation for ignoring the dependence on 7, when performing
the integral except for the situation that the fluctuation determinant is defined by
periodic boundary conditions.

As for the second problem, the integral over ¢; is not equivalent to the integral
over 7, at least for a finite 7. We will explain the inequality in several dependent
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ways. First, the integral over ¢; should relate to A;, which is the second-smallest
eigenvalue of [—83 + LV (x B)}. Following Coleman’s explanation in [76], we can

examine the fluctuation operator of a portion of the full bounce solution from —%
to % and study how the eigenvalues depend on P. Denote the bounce in [—g, g] as

acg/ . When P is large, the corresponding A; of [—83 + LV (xg/ OO)} will be small
but non-zero. The integral over ¢; can thus be expressed as

dCl 1

_ 1 2
SRAMCT —

NG VOV

One might expect this result to be consistent with the one obtained via the collective
coordinate method, leading to the relation

Lo /5B
VNV 27k

as discussed in [77]. However, the small non-zero eigenvalue \; behaves like

P,

A1 = dmwpA?(co)e 7, (4.6)
Lo d$( —L _x—lacF)
where A(oo) = S (zp —zF)e VEV@-Vep) is a constant (see Ap-
pendixC.1.2). Therefore,
1 1 wpP

ol 2«/mwFA(oo)€ ’
which is notably different from %P. But be careful, the P introduced here is
independent of T .

The second way is put forward in [75]. They considered the problem from the point
of view of coordinate transformation. They noticed that the ¢; can’t be replaced by
T. in the expansion around the bounce solution:

z(T) = —i—Z\/_ #xBT—i-TC—i—;\/_

since

Jdr (wp(r+7) —wp(r) 21 (7) _ rep(T + 7.)i
[ drai(r) |Zp(T ||/d B(T+ les()

is bounded and couldn’t be equal to ¢; which is unbounded. Therefore, the coordi-
nate transformation from {c,} to {7, {¢,}nz1} is not an equivalent transformation.

Although they considered the expansion around the bounce solution should be
parameterized as

x(T T+Tc+
(1) = z5( r;\/—

(7— + TC)?
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4.3 Reconsideration of the Calculation at Zero Temperature

it is not a reasonable transformation under the Dirichlet boundary conditions. 7.
and {(,} are required to satisfy extra equations

T, _ T

in order to satisfy the Dirichlet boundary conditions required for z(7). The new
function space denoted by {7, {(s}nz1} is completely different from the one in [70]
at least for finite 7. However, if the function space consists of paths satisfying
periodic boundary conditions in the first place, no extra equation required appears.

The last way comes from the situation at finite temperature. At finite temper-
ature, there is also a zero eigenvalue when calculating the contribution from the
bounce solution. However, the corresponding time interval is finite. The consider-
ation that the zero eigenvalue results from the infinite 7, or the time translation
invariance is somehow controversial. Furthermore, the zero eigenvalue of the fluc-
tuation determinant of the bounce is indicated to be related to the vanished initial
velocity rather than an infinite 7 when Dirichlet boundary conditions are adopted
from Eq.(B.39) :

det [—572. + %V”(ZL‘BB(T + TC))} m {x%(% + Tc)r %

det [—83 + %V”(:cp)} o ﬁ sinh (wpSh)

The time-translation symmetry should be broken after a classical solution with cor-
responding boundary conditions is selected.

Then, a new question arises: What is actually being computed by the collective
coordinate method? In fact, the problem was already addressed in [67,68,89,90] to
some extent. Through the saddle point approximation, a local coordinate system
is established with the origin at xp(7) in the function space. The eigenfunctions
of the fluctuation operator correspond to the directions of the axes in this local
coordinate system, and the expansion coefficients represent the coordinates along
these axes. The integral over ¢y, which is the coordinate along the z1(7) = gﬁig‘)
axis, corresponds to an integral over x1(7) axis. On the other hand, the integral
over 7. corresponds to the integral over 7. axis, which is parallel to the z;(7) axis
only at the origin 7. = 0 and changes direction as 7. changes. The 7. axis consists
of all configurations zg(7 + 7.)s in the function space (ignoring the change of the
boundary conditions for a while) . The direction of the 7. axis is given by %,
and this deviates from the ¢;(7) axis more and more significantly as 7. increases.

g (T+7e)
l&s (T+7)l

The length increment dL at 7. can be expressed by the direction vector
along 7, axis as

dL = i - dr_f/ _dp(r+T) . S(r + 7)dm,

s+l

= Vm|lip(T + 7o) dre = Vm |[&5(7) | dre.
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_ xp(T+7.)
< lep(r+ 7o)l

T, axis

L axis
> ym
c1=7=0 _ . xg(T)
e = e S, ol
{c,} axis

Figure 4.13.: The Explanation for Collective Coordinate Method

And total length becomes

L= [dL=imlin)] [ dr.

Therefore, the collective coordinate method calculates the length of the 7. axis (the
change of boundary conditions is ignored), which is proportional to [ dr. or the
period of the bounce solution, rather than the contribution along the ¢; axis.

We have no idea whether the collective coordinate method is a valid method to
deal with the zero eigenvalue when 7 is infinite. For example, when 7T is infinite,
Eq.(4.7) is satisfied as long as 7. is finite. Moreover, the 7, axis might be parallel
to the ¢; axis when 7T is infinite. Even if those assumptions are valid when 7T is
infinite, the calculation will be full of singularities.

In conclusion, by using the collective coordinate method, the length of the 7, axis
is calculated rather than the contributions from the zero mode. The zero mode
was just ignored rather than properly treated in research applying the collective
coordinate method. Furthermore, when performing the integral over 7., the change
of the boundary values as well as the dependence of the fluctuation determinants
on 7. are all ignored. In other words, all points along the 7, axis are included and
assumed to contribute equally to the original bounce solution. This is exactly what
happens in the periodic function space.

Through the discussion above, we found an impossible trinity in the saddle point
approximation of the following path integral

N Dx(T)e_%SE[’”}
B.C

with undecided boundary conditions.
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Collective
coordinate
method
No corresponding
operator formalism
SPA
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Path Space e Solution
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Trinity
Including both Infinite T Path Space with

Dirichlet boundary

X () and x5 (2) condition

Figure 4.14.: Impossible Trinity

(D Including both the false vacuum solution and the bounce solution
@ Using finite T (physical quantity instead of a sign)
@ Using the consistent Dirichlet boundary conditions

Choosing (D and @ is what Affleck did in [74], which is equivalent to what Callan
and Coleman actually did in [70] since they have tempted to use a finite T to
perform the collective coordinate method while ignoring the change in boundary
conditions. This explains why the zero temperature limit of Affleck’s result is the
same as Callan and Coleman’s because they calculated the same thing. However,
the path integral calculated by saddle point approximation can’t be expressed as a
canonical quantization formulation.

If one prepares to choose () and (), then the time interval can only be chosen to
be infinite. Otherwise, the boundary conditions of the bounce solution are different
from the boundary conditions of the false vacuum solution.

It is always possible to choose @ and @) to calculate the following path integral
from a transition amplitude by saddle point approximation

o

)= .
Dxe w56l
)

Ty,

. a(
(a0 = [
x(— 5
However, the classical solutions will be different from what Affleck, Callan and
Coleman used in their researches. The shot solution should be contained in order
to obtain a consistent result. We will explain how to calculate it in the following
subsection.
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Figure 4.15.: The Bounce Solution and Corresponding Shot Solutions

4.3.3. Arbitrary Endpoints

It has already been known that there is a zero eigenvalue relevant to the bounce
solution with a finite period 7T since the initial velocity is zero. However, we can
choose a shift-bounce solution with non-zero velocity to avoid the zero eigenvalue.
Consider a shift-bounce solution with endpoints of y. And a shot-F solution with
the same endpoints can be found as well. We have already proved that there is
a negative eigenvalue related to the shifted-bounce solution. As a result, the path
integral can be expressed as

a(L)=y ) 1
N/ Dxe #58lel = 77 4 — 77
o(-F)=y 2

where the analytic continuation was done and the contributions from the shot-T
solution were excluded in order to obtain an imaginary part. Then the imaginary
part of the energy can be expressed as

~

17T
3Sel] o fim g 228
Dxe n Tlgrolo Tlm Zij

ki o(
lim ImTln/\/'/m(

)=y
T—o0 )=y

2
T
2

Cn1 | det [=02+ Vi(aTa(r)]
= lim ——
750 2T\ |det [~02 + LV (aTy(73y))],

6_%[SSB_SSF] X

74



4.3 Reconsideration of the Calculation at Zero Temperature

By using Eq.(B.39) as well as Eq.(B.40), the ratio can be expressed as

det [-02 + 2V'(@lp(r)] B
det [~02 + LV"(aly(7;y))] m[abZB(%;wr%
2\/2m V(y s))ﬁddi

(V(
2(V(y) — V< 0) Vo)

When 7 — oo, x4, < 25, — xp, the ratio becomes

det |—0? + 2 Ly 2/2m (V (y 2.)) o
L det [ D] L 2y (%)) py

T—o det [_872_ + EV//< ( y))} zs<TYp—TF (V(y) V( )) V’(lxb) jz;

V/(:C 2
= lim 2 s V' (2) 2
rs<zp—TR \/m Y V( )) Vl('rb)dzb
2[*R ———F 7

— —¢ w(V@-Vp)

by using Eq.(3.40), Eq.(3.12), Eq.(3.39) and Eq.(C.9). Therefore,

T—00 T—o00

lim IrnE In N Y Dre 95l & lim Elefy Va(V@-vep)  o=5s
T ey T ’

where we have set V (zr) = 0 to make S7=°° = 0.

When 7 — o0, y can be chosen to be xr in order to obtain a finite result. However,
y is selected artificially. The final result depends on the approaching behavior of y

and might not be single.
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5. Conclusion

5.1. Summary

In this thesis, we introduced a new method to calculate the transition rate at fi-
nite temperatures, incorporating contributions from shot-F solutions and derived
the corresponding zero-temperature limit. Unlike previous approaches, our method
avoids reliance on the so-called collective coordinate method, yielding more consis-
tent results. However, our calculations, as well as those from prior research, exhibit
unexpected behavior at zero temperature when the potential approaches certain
shapes, which is the main reason for the unanticipated temperature dependence at
intermediate temperature. This issue appears to stem from fundamental properties
of metastable states and its connection with path integral, which remain unresolved
in this work.

5.2. Discussion and Outlook

We would like to delve deeper into some of the issues discussed and discuss our
future works in this section. In our thesis, the calculation of decay rates across
different temperatures by use of various methods has been analyzed. Most prior
research focuses solely on contributions from the false vacuum solution and the
bounce solution, as dictated by their respective boundary conditions. However,
as demonstrated in this thesis, such an approach is insufficiently persuasive when
examining the transformation from the canonical quantization formulation to the
equivalent path integral formulation carefully. Specifically, the time interval used to
extract the decay rate imposes constraints on the possible classical solutions, which
causes inconsistencies in the choice of classical solutions. The inconsistencies could
provide a reasonable explanation for the unexpected behavior observed in numerical
calculations.

Unlike previous studies, our research emphasizes the transformation from canoni-
cal quantization formulation to equivalent path integral formulation. Consequently,
the contributions from the shot solutions are incorporated into our results. Although
our numerical calculations still show irregularities for certain potentials, they ex-
hibit better convergence compared to the earlier approaches. Furthermore, these
unexpected behaviors of our results could potentially be resolved by considering
additional shot-F solutions.
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Chapter 5 Conclusion

However, a more fundamental issue emerges when rigorously considering which
classical solutions should be included. This problem is inherently tied to the path
integral formulation associated with metastable states. While [75, 91] addressed
parts of this issue, it remains unresolved in our view.

Let’s elaborate on this issue at zero temperature. When calculating the complex
energy with its imaginary part corresponding to the decay rate of a metastable state,
the result can be obtained from

(wele #1T|a) = 37 e 78T (| [1ha) (Pal ).

where the completeness relation inserted pertains to metastable states, such as
resonance states and scattering states. As 7 — oo, the calculation isolates the
metastable state with the smallest real energy component. The utilization of the
specialized completeness relation should affect the selection of the classical solutions
to be included, or in other words, the choice of the integral contour. Moreover, the
complex energy of a metastable state can be obtained via utilizing trace without
taking the infinite limit as:

_ 1 -HT _ 1 -HT
Ea - —7-1n<¢a’€ W}o) - —?IHTI" [6 ‘wa><waﬂ )
which is somehow similar to the direct method used in [75,91]. The existence of
190) (o] in the trace should indicate that there are some constraints for the paths
to be contained in the path integral.

In summary, the first problem lies in the transformation from canonical quantiza-
tion (relating to metastable states) to the path integral formulation, which should
introduce constraints on the paths and necessitate additional considerations in the
saddle-point approximation, such as the choice of saddle points or integration con-
tours. Additionally, as illuminated in [92], the differences between different solutions
of the Schrodinger equation stem ultimately from different boundary conditions.
Therefore, the solution could be determined once the relation between the bound-
ary conditions used in canonical quantization and the path integral is figured out.

However, in order to accomplish this, knowledge of conventional quantum mechan-
ics based on the Hilbert space is definitely not sufficient. Not only the metastable
states |1, )s under consideration but also the position eigenvectors |x)s used to de-
rive the corresponding path integral formulation are generalized eigenvectors, which
should be understood within the framework of the rigged Hilbert space, or, in other
words, the Gelfand triple

dCHCD.

The introduction of the rigged Hilbert space should endow the corresponding path
integral formulation with additional structural properties.

Now, we want to discuss the second problem. The second issue concerns the
assumption that only one negative eigenvalue exists for the relevant saddle points
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o c H c d*

saddle Point Path Integral
Approximation Formulation

[ Decay Rate ]

Figure 5.1.: A Theoretical Framework

as we explained in the previous chapter. The number of the negative eigenvalues
can be confirmed if there exists a zero eigenvalue and the determinant is defined
by Dirichlet boundary conditions. However, determining the number of negative
eigenvalues becomes challenging when no zero eigenvalue is present and periodic
boundary conditions are applied. Further investigation is required to determine the
number of negative eigenvalues and their impact.

Future efforts will focus on addressing the problems outlined above to provide a
more complete theoretical framework. Additionally, our current study is limited to
quantum mechanical systems. We believe that this approach can be extended to
quantum field theory. When considering the transition rate in quantum field theory
at intermediate temperature, classical solutions with O(3) x U(1) symmetry can be
obtained [71]. Therefore, shot solutions can then be acquired by segmenting bounce
solutions with larger period. All necessary components for applying our method to
quantum field theory should be realizable once the mathematical challenges related
to high-dimensional determinants are resolved. By building on this foundation, we
aim to refine our understanding of metastable states and expand the applicability
of our approach to broader physical systems.
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A. Notation and Conventions

A.1. Nondimensionalization

In order to compare different results by numerical calculation, the nondimensional-
ization needs to be implemented first. We here introduce an energy parameter ¢
and then all physical quantities can be expressed by the corresponding dimensionless
variables as outlined in Table.A.1.

Physical quantities Dimensionless variables Relation
. _ _h
position x r T = et
time 7 t T = %‘c
potential V' (z) V(r) V(x) = eV(r)
energy E & E = ¢
. — tr 1 h
period Sh P=2], 2(V(X)+5)dﬁ Bh=_P
action S S:2f;fdp/2(]/(zc)+€)—577 S =hS

Table A.1.: Nondimensionalization

The partition function can be reformulated as

I (e v)
2

3
Z=N [ Dr(te :

Li

and the results from the saddle point approximation are expressed as

(A.1)
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SPA Results Dimensionless
_ Mmwp _wp
ZB 2mhsinh(wp Bh) 2w sinh(rpP) X
F
1 1
2sinh WFTM 2sinh mFP
18 5
5 io /L Bhe R%B i L P B
ZSB 27h 5h 27 ur
dEp dEg
458 1 -5%
[m_ e h°s /1 e
Zsﬁ 2mh fdy aSg 27 de 9Sg
T 9Bg T 3Eg

Table A.2.: Saddle point approximation

Next, by introducing dimensionless variable wr = /V"(zp) = hf—(f, p(x)| =

V2(V(E) = V(rr)) and

A(y) o f‘];Rdx< > m}i _I1IF>
Aly) = = = = (rr—gp)e VOO
ViV

the zero-temperature limit of the decay rate can be written as

_ 10
[O&C — ph—e o \/s A( 7 ,/ P JSpA( B
Aff wpTh B fF e B ICF

9

pi=ee o 0 VSpe " _ e_SB
Dir —-Sgrll _ :
h wp(h—rr) e~ SsFrv] h rrr e~ SsFry f}R d;
o U\/2 V)VGer) AD) Jer 0= ;

Furthermore, the decay rate calculated by WKB approximation in [75] takes the
form

€0 6_83

h ;Rdn |;‘pn] _f!f d;hﬂ\.

r=2=2

In summary, the decay rates at zero temperature calculated by different methods
can be rewritten in terms of dimensionless variables as follows.
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Results Decay rate

[69,70] and [74] | @ /®F/SpA(xr)e S

WKB [75] | % e
J 7 b L
N LS o+l dye
| —
hoo — _*R 4 OF
Our result Lfﬁlf dye S\ifme Jyf sk

Table A.3.: Decay rate at zero temperature

The structure of the the dimensionless result is identical to the result with m =1
and A = 1 before nondimensionalization.

Since the original potential should meet % < V., the potential used for numer-
ical calculation should satisfy the following relation

wrp V' (xr)

L= <,
2 2 <
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B. Review of Some Important
Results

B.1. The Lefschetz-thimble Method

B.1.1. Method of Steepest Descent in One Dimensional

Consider the following complex integral

/d:vg(a:)e)‘f(x) — /dzg(z)ekf(z).

Assume zj is a saddle point point of f(z). Then two properties around z, can be
proved.

1. The steepest descent direction my of Re[f(z)] is orthogonal to the steepest
ascent direction n,.

2. The steepest descent/ascent direction of Re[f(z)] around a real saddle point
is along the real axis.

zZ— plane‘ y

Figure B.1.: The Steepest Descent/Ascent Direction

f(2) can be expressed as

f(2) = u(z,y) +iv(z,y).

87



Chapter B Review of Some Important Results

From the Cauchy-Riemann equation

8u_8v

Ou v ou v
or Oy

5y~ ow

and

iy Q%u 4 Pu _ v O ; ;
we can ob-taln 022 T og2 = o2 T o2 = 0. The increment around a saddle point
Zo = xo + 1Yo can be expressed as

1 1
Au = 5“17:0(1;07 y(])A‘IQ + guyy(l’o, yO)Ay2 + U$y(1'0, yo)AxAy

= ;um(xo, Yo) (Aa:2 — Ay? + QGUAmAy) ,

1 1

Av = §Ux:c($o, yo) Aa® + §vyy<$0, Yo) Ay* + vy (0, yo) Az Ay
1
= ivxx($07 Yo) (Af’fz — Ay’ + 2G”A$Ay) ’
— ury(70.30) = Vay(Zogo) _ _ tae(Toso) _ 1
Where G’LL e U:L‘Z(-'EO,yO) a‘nd G'U - ’L)zz(wo,y()) - Uzy(rgvyg) - Gu’

The steepest descent/ascent direction r = (Ax, Ay) corresponds to the direction
making Au or Az? — Ay? +2G, Az Ay smallest or largest under the condition Ax?+
Ay? = d?. Therefore, the corresponding = can be found by using the method of
Lagrange multipliers. By introducing

F(Az, Ay, )) = Ax® — Ay® + 2G, Axdy — X (Ax® + Ay* — &),

the extremum conditions become

1—A
OneF'=2(1—-)) Az +2G, Ay = 0 = 2(Az, Ay) :
G
Gy
OnyF=2(—1—-)N) Ay + 2G, Az = 0 = 2(Ax, Ay) ,
1=

WF =N+ Ay —d*>=0,
which results in the following equation.
N =1+G
The solutions of A and the corresponding r = (Ax, Ay) are

L. A=+v1+G?

d

(Az, Ay) = =(1+ 1+ G, Gu) =7 (B.1)
\/Gg + (14 /1+62)

Au = ;um(xo,yo)d2

Av =20 (B.3)

—_
+
Q
SN
W
=
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2 A= VT

(Az,Ay) = d =(Gu, 1= \/1+G}) =72 (B.4)
\/G3+ (1+1+62)
1

ﬂ
Q
SN

Au = —§um(a:0,y0)d2 B.5)

Av =10 (B.6)
r1 and 7, corresponds to the steepest descent or ascent direction, depending on the

sign of u,, (o, o). It is obvious that r; L 7. Moreover, since Av = 0, the imaginary
part of f(z) remains unchanged along the steepest descent or ascent direction.

Ugy can be expressed as

Pu(z,y) _ 0 O(f(z)+ f(2) _ 0 9(f(2) + f(z"))

- = B.
0xdy ox oy ox dy (B.7)
0 ) C el % . opll "%
= 5, (2) = if1(27)) = i(f"(2) = f(z")) (B.8)
= —2Imf"(z). (B.9)
Therefore, for saddle points on the real axis, u,,(zo,yo) = 0. Then, G = % =

0. Consequently, r; and r5 become
ry =d(1,0),
ro =d(0,—1).
r, is along the real axis while 75 is along the imaginary axis.

The extension of the steepest descent method in functional integral is called
Lefschetz-thimble method.

B.1.2. The Lefschetz-thimble Method

Consider a functional integral like

7 = /Dx(T)eI[x(T)]

with boundary conditions z(7;) = z; and z(7s) = xy. The configuration space
consists of all paths that adhere to the boundary conditions. As outlined in [93]
and [79], the calculation of this functional integral can be approached as follows
(refer to [80,94—102] for further explanations).

1. Begin by complexifying the path, transforming x(7) into z(7), while maintain-
ing identical boundary conditions. Find all solutions Z,(7)s of the classical

equation of motion 6Z(z) = 0 satisfying the boundary conditions in the com-
plexified path space. All real solutions are included with no doubt.

89



Chapter B Review of Some Important Results

2. Solve the downward flow equation

0z(t;u) T[]

ou  6z(ryu) (B-10)
0z(t;u) T[]

ou  oz(riu) (B.11)

with z(7; —00) = 2,(7). u serves as the parameter denoting the position on a
given downward flow. And the Lefschetz-thimble 7, associated to z, encom-
passes all downward flows originating from the point z,(7) in configuration
space. Along these downward flows,

a) The real part of Z(z) decreases monotonically

ORe[Z(z)] 0 Z(z) +Z(2) 0z
= — =—|=—| <0. .
ou ou 2 ou| — 0 (B12)
Re[Z(z)] is called Morse function.
b) The imaginary part of Z(z) remains constant
Olm[Z(z)] _ 0 I(2) — I(z) _o (B.13)

ou ou 21

As a result, the path integral on the Lefschetz-thimble exhibits favorable con-
vergence properties. If all downward flows originating from z, eventually lead
to convergent regions, the integral will be well-defined.

Za' _ Dzel[z] _ eilm[I(zg)] DzeReZ[z} )
jo' JU

3. Let n, denote the number of intersecting points between the original inte-
gration cycle (the space of real paths) and upward flows K, from z, in the
homological sense. Then the functional integral can be calculated as

7z = anZU = an/ Dz(T)eZ[Z(T)]. (B.14)
o g ja

Now, let’s calculate the Z, for a real solution z,. The imaginary part Im[Z(z,)]
is constant. To evaluate the path integral on J,, we perform an expansion around
2z, since the real part Re[Z(z)] on Lefschetz-thimble converges rapidly.

2
I[zg]—‘r% [ dridraAzs(11) {%} Azs(T2)
Ly = Dzetl?l » DAz e (o=l )
jU CG'

(B.15)
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Re[7]
Z6 (1)

convergent region

Figure B.2.: Downward Flows and Lefschetz-thimble

The deviation Az, (7) satisfies the boundary condition Az,(7;) = Az,(r¢) = 0.
The integral contour C, represents the linearization of 7, around z, and comprises
downward flows satisfying the following flow equation:

By [, T ,
IRze\T, W) —/dT [52( ] Az, (T u),

ou Tu)0z (7’5 u) .

et = - ot Jw

We can expand Az(7;u) as

Azy(T;u) Zgn

GR

where x7(7)s are the flow eigenfunctions which satisfy the flow eigenequation
with the normalization condition f:if drx,(T)X2(T) = 6mpn and the boundary condi-
tion x7(7;) = x2(7¢) = 0. Then the flow eigenequations can be represented as

- / i l&@j)zafgw; U)L Xa(7') = KX (), (B.16)
_/dT/ [52(7’:;2)15[527"; U)LXZ(T') = Ko Xn(7),

where 7 is the flow eigenvalue and is real. Utilizing the expansion in flow eigen-
functions, the following relation can be obtained

Z(2) = I[z,] + ; /dTldTQAZO—(Tl) LSZ((;)I(%

Z R o (w)gn( (B.17)

] Az, (T2)
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Hence, Z, can be expressed as,

dga 1 o0 a
Z. = [ Daet a | o)t / S DT A B.18
3 7)) [ 1 (B.13)

where J; denotes the Jacobian matrix.

We can interpret the flow eigenfunctions x%(7) as the directions of a local coor-
dinate system around z, in the configuration space. ¢7(u) is the coordinate along
X% (7). Referring to (B.17), if the flow eigenvalue k¢ is positive, then the corre-
sponding direction x7(7) is a decreasing direction of Z(z). Conversely, if the flow
eigenvalue k7 is negative, the corresponding direction x7(7) is an increasing di-
rection of Z(z). In this case, the integral of the corresponding ¢2 in (B.18) will
be infinite. However, if we replace x%(7) with +ix%(7), the flow eigenequation of
+ix7(7) becomes

Tiu)0z(7'5u)

Therefore, £ix7(7) also serves as a flow eigenfunction with a flow eigenvalue of —k7,
indicating a direction of change opposite to the original one. We can use +ix?(7)
rather than x7(7) in the expansion flow eigenfunction, and the Jacobian determinant
will have an extra factor +¢ compared with the one using x7(7).

Re[7]

upward flow

25 (T)
=<~ X9 - k3 <0

Q= —k3 >0

invariant flow

___________
-

downward flow

Figure B.3.: Three Kinds of Flows around the Saddle Point z, in Configuration
Space

If the flow eigenvalue k7 is 0, then Z(z) doesn’t change along the direction in
the neighborhood of z,. An invariant flow may appear along this direction. Since
Lefschetz-thimble consists of downward flows, there is no need to count invariant
flow. However, all points on the invariant flow could also be solutions of 6Z(z) = 0
and make the same contribution to the integral. The calculation of the contribution
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B.1 The Lefschetz-thimble Method

from these points is simple because, since the contribution from each point is the
same, it is enough to calculate the length of the invariant flow in the configuration
space. Assume the points on the invariant flow are parameterized as z7(7;u) and
the flow eigenfunction with an eigenvalue 0 at z{(7;u) is x§(7,u) , then the length
of invariant flow in configuration space can be calculated as :

/dL /U iy o “>] j%‘ (B.19)

This consideration stems from [67] and the result is consistent with the one ob-
tained by the collective coordinate method (see [70]).

Now, consider Z[x(7)] to be

~ySela(r)) = = [ dr (Gm* +v(@).

Assume that we have found a real classical solution z, = x,(7) which obeys the
EoM §Sg[z,] = 0 and the boundary condition. Then the Gaussian approximation
of the integral on Lefschetz-thimble Eq.(B.15) will be

2m

e i8Bles]l [ DA emiE [ T[0TV (w0)] Az (7)) (B.20)
Co

The flow eigenequation Eq.(B.16), which will become

P@+;wwﬁmw%wmmﬁ

Since z, is real, x7(7) and x9(7) satisfy the same flow eigenequation with the same
eigenvalue. So x7(7) = £x7(7). Therefore, we can consider the real eigenequation

}&+;wmﬂwm=M%m.

For A\, > 0, we can use 1, (7) as the eigenfunction to define Az,. For A, < 0, we can
use +i,(7) and the Jacobian determinant will have an extra factor +i. Eq.(B.20)
becomes

1 dg . | J7]
Z, 58elzol| g / ' %9n L A%gg (u)gd(u) _ Y ’
/7] H \/‘det —92 + V”(a:(,)]

where det’ means excluding zero eigenvalues.
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B.2. Functional Integral Stationary-phase Method

Consider the calculation of the following functional integral
G(T) = Tre 7T = /dxoj\// D (t)en S0
z(0)=z(T)=x0

Before proceeding, it should be determined that which types of paths are included
in the path integral at first. Naturally, all paths with endpoints at o should be
included, as discussed in [88]. Then how to calculate it? According to [86], the
dominant contribution to the following functional integral comes from those paths
which are close to the classical periodic orbits z(7)s with period T, a method referred
to as the stationary-phase method. Therefore, when using stationary-phase method
to calculate the path integral, we should contain the contributions from all classical
periodic orbits Z(7)s. So, why do the classical periodic orbits Z(7) give rise to
a stationary phase? This issue was first explained in [87]. The stationary phase
implies that the action of those classical orbits remains unchanged with respect to
the endpoints. Consequently,

0= 5o-S[a(t)] = mi(T) — mi(0)
can be derived. A more intuitive explanation is provided in [88].

Thus, only the classical fully periodic orbits z(7) should be included when em-
ploying the stationary-phase method. After identifying one such orbit z(7), G(T)
can be expressed as

. Az(T)=0
G(T) ~ 517l / dz(0)N DAz (t)er 1A,

Az(0)=0

where S[Az] = f dt( mAz” — A2V (T )) Now we introduce

x(t mﬁ
and its inverse
Axlt) = x(t) + vt /¢2
where (1) satisfies {—8 - LV(z )} (1) = 0. Then two relations can be acquired
+ SN [ YO o Azt)
Aaw—Mﬂ+wﬂAdﬂmmmw+w®x@—x@+ww¢ﬁ>
o o Ax(t) ()
Kalt) = (0 + 90 ) + 95
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B.2 Functional Integral Stationary-phase Method

The the functional integral over Az(t) can be transformed to the functional integral
over x(t) as follows:

S[Az] = /OT dt <;mAa:2(t) — ;AxQV"(x))
_ /0 " (—;mAx(t)Ax(t) _ ;Aﬁv"@))

= /OT dtAx(t) (—;m (;’g(t) + zg(t)AJES)

- /O ' dtAx(t) (—;mj((t) - ;mzb(t)%) :

where the equation of ¢(t) was used. Then the S[Az] becomes
T 1 . 1 N

+ /0 dt <2mx(t)A:c(t) _ QmAx(t)w(t)X(t)>

Az(t) 1 . X(t))

'@)i%) _ ;Ax\/”(x)>

T

SlAz] = —;mx(t)Ax(t)

0

— —mAx(t)Y(t) ==

:/0 dt <;mx2(t) + ;mx(t)w(t) W(t) 2 (t)

T

= / dt=my?(t).

o 2

Therefore, by inserting the functional Jacobian ‘DDAX’“"
condition Az(T) = 0, G(T') can be written as

G(T) = &5 / dz(0)N / Dx(t) %Axx

- DA
= [anow [ Dxee) et i o/ T8 gposatr)

i DAx da i T x(t)
_ iS[T] AT D(t 2 ] dti SMX 2(t) / B8 Fa(T) I ¢(t)dt
e / z(O)N/ X (1) Dy e Jo 5

and enforcing the boundary

e Jo dt3mE W5 (A (T))

where % (AJ(S)) = % was used. According to [86], the map Axz(t) — x(t) is
Volterra integral equation and the functional Jacobian DDAX‘” is equal to %

Ccon-

sequently. The final result can then be expressed as

G(T) _elsm/dﬂc N/DX DAz e;;fo dt3mx? t)/zdaheéaw(T)foT S dn
m

— eiS[w] N / Dy(t)et il ar(x()+2 40y’ / Qdo‘he—”m I (et
T

Since x(0) = = 0 is fixed, the functional integral of () can be expressed as
the following canomcal quantization form which equals to 1.

% / Dx(t)eh3m I a(x+533)" _ / dx(T)(x(T)]e 5 x(0)) = 1
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As a result,
(T) 1 T
G(T) = F | dz(0) -1
/ ¥(0) 27h %%mf dt(%%)
— i S|z dz(0) | — m
™ [ )J POAT) [ di

In [86], the general form of v (¢) is given as

o) =(a [ it OEC

/dx(()) B m :e*”T
$ VWD) fy dt |

dE

and

In conclusion, the final result becomes
zS’[:c] e T
) 27T dT
dE

B.3. The Calculation of Functional Determinants

The problem of deriving a functional determinant can be transformed to solving the
eigenequation under the corresponding initial conditions. We here simply present
the result (see [103—111] for more details).

B.3.1. Functional Determinants with Generalized Boundary
Conditions

In order to calculate the functional determinant det [—82 +Wo(r )} defined over
[ 72—, 2], it needs to be specified first that the boundary conditions for the eigen-
functions ¢s which satisfy the equation

=62 + O] o = XD,

n

where A¥)s are eigenvalues. The determinant det [—672. + W (7)} can be expressed

as the product of all A’s. The generalized boundary conditions can be written as
(@)(_T (i) (L
D)y
D7) D(E)

by use of two matrix M and N. There are mainly four types of boundary conditions.

=0
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B.3 The Calculation of Functional Determinants

1. Dirichlet boundary conditions : ¢{)(—L) = ¢V(L) =

() ()
)

2. Neumann boundary conditions

0 0 0 1
M = . N=
0 1 0 0

3. Periodic boundary conditions

(ot (00

4. Antiperiodic boundary conditions

wooa) 6

Furthermore, the ratio of two functional determinants can be expressed as

W7 LT

det M+N u11<2) u21(2>

det [<02 + WO(7)] A0 a(Z) (L)
det [-2 + WO(r)] — 1A® @7y ,@(T
det | M+ N ué)(?) U?Q)Q)

W (L) ay ()

by using two independent solutions ugi) (1) and ug) (1) of the following equation

[—33 + W(i)(T)} u§")(7) = 0.

ugi)(T) and ug)(T) should satisfy the following initial conditions

1. Dirichlet boundary conditions
det [-02 + WO(r)| (T
det [—02 + W®)(7)] u§2)(%

2. Periodic boundary conditions

det [—872_ + W(l)(T)} <1 _ ugl)(

7 5
det [O2+ WEM] (1 -u?(5)) (1 - a7 (5)) — i
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B.3.2. Functional Determinants with Special Eigenvalue being
Excluded

In this subsection, the method for calculating the functional determinant without a
specific eigenvalue will be explained. From the previous explanation, we know that

det[ O+ W(r } H)\ xdet | M + N

If one wants to calculate the functional determinant excluding a specific eigenvalue
A, the necessary step is to find the result of

o ) w3
et[a—I—W] H/\oc)\det M+ N

n#a U,l(

det’ is used to represent the exclusion of \,. Since the determinant defined under
Dirichlet boundary conditions or periodic boundary conditions is most important

Ul(%) U2(%)
(%) (%)
Dirichlet boundary conditions and periodic boundary conditions will be explained
in this subsection.

in our research, only the calculation of —det | M + N under

Here, by introducing a parameter X into the functional determinant, the previous
determinant becomes

det [—83 +W(r) — )\} — H()\n A ocdet | M+ N uiA (%) ugx(%) ’

ina(5) daa(%)

where u1)(7) and wugy(7) satisfy the same initial condition as before but obey the
following equation

>

oS

=02+ W(r) = M uin(r) = 0.
One may think W (7) changes to W (1) — A now.

T T
M+ N un(z) ua(z) under Dirichlet bound-
(%) (%)
ary conditions and periodic boundary conditions will be introduced as following. The
determinants defined by other boundary conditions can be derived similarly.

The calculation o

Dirichlet Boundary Conditions

The related determinant becomes

<

no

>~
Nl

det' =02 + W(r) = A = [T (0w = \)

e Ao — A
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B.3 The Calculation of Functional Determinants

Since ¢, (7) and ugy(7) are solutions of the following equations,

=02+ W(r) = A uaa(r) = 0 (B.21)

(=02 + W ()] alr) = Aapa(7) (B.22)

one can multiply usy(7) on both side of Eq.(B.22) and integrate with respect to T
over the time interval {—%, %], yielding

T
T

ia(r)ea(r) — una (Mgl Ty = o = X) [ drus(ripa(o)

2

By use of the boundary values of ¢, (7) and ugy(7), the following result can be easily
obtained:

T
2
unA(3) _ A dm”(ﬂ%m, (B.23)
)\a - /\ @a(%)
Therefore, the ratio becomes
det [-02 + WD) =\ aa=h T bolz) o)
- = 2 =—7 2 \ g/
det [-07 + WO(7) = A WP/(Z) ~ "2 J2 druQ)(N)ga(r) 2
2

(B.24)
The result is the same as the result derived by perturbation expansion in [110].

Periodic Boundary Conditions

The determinant required to be calculated becomes

D) (1= a(5)) — tar(F)uaa(

!

) .

det! |07 + W(r) = A = [] (\ = V) o (1

e da— A\

Using the eigenvalue equation of ¢, (7), we can derive two equations involving u(7)
and ugy (7).

T

7= 0= /_ T AT (T) e (7).

| ol

[ (T)pa(T) = uir(T)@a(T)]
However, the boundary values differ from the case of Dirichlet boundary conditions.
The following two equations can be derived:

T T T

i ()pa()+ (1= (D)) a(3) = (o= A) [~ drun(rloa(r), (823

T

(1= (D)) @)~ ua()ul ) = (ha = X [ drnm)enle). (B26)

2
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1. If oo (L) # 0, then we can try

Eq.(B.25) -ugA(72')+ Eq.(B.26) -(1—u1,\(72—)> (B.27)
and obtain
(1 - uu(%)) (1 - UzA(%)) — ann(Fuaa (%)
Ao — A
uir(T) ugx(T)
odr A T
__f_2 (D)~ 1 (D) a(T)
B valF)

2. If ¢o(L) # 0, then we can try

Eq.(B.25) |- <1 — im(72-)> +|Eq.(B.26) .au(fg) (B.28)
and obtain
(1= un(D) (1 = @) — ann(F)uan(%)
Ao — A
(B.29)
T uin(T) U (T)
[Edr| (7)
- (%) (%) -1 i’
B Pal(L)
(B.30)

Finally, by substituting the result into the previous ratio, the final expression is
attained.

B.3.3. Fluctuation Determinant of a Classical Solution

In this subsection, the calculation of the fluctuation determinant of a classical solu-
tion Z in Euclidean time will be introduced. The fluctuation operator can be written
as [—83 + LV (:E)} As shown in the previous subsection, once we know the cor-

responding u;(7) and uy(7), we can obtain the result of a fluctuation determinant
immediately. uy(7) and uy(7) are independent solutions of

{—az + ;v"(z) wi(r) = 0 (B.31)
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B.3 The Calculation of Functional Determinants

and need satisfy the particular initial conditions. Therefore, we can find two inde-
pendent solutions first and then combine them linearly to produce two new solutions
that meet the initial conditions. Since Z is a classical solution, it must obey the
equation of motion

—Z + ;V’(:E) =0. (B.32)

Now, we can take the partial derivative of the equation of motion with respect to
a parameter o which is explicitly contained in z(7) but not in V(Z) on both side.
Then we get

1
—0*+ —V"(z)| 0az = 0.
m

So 0,7 is just a solution to the eigenequation of the fluctuation operator with A = 0.
But pay attention, we can’t assert that 0,7 is the eigenfunction since 0,z may not
satisfy the boundary condition.

When « is chosen to be 7, 0,% becomes Z(7), which is the velocity of the classical
solution Z(7), as shown in [70].

If it is noticed that classical solutions exist for every energy in a given range, then
it is natural to realize that T also depends on the energy E. Therefore, o can be
chosen to be E as well (see [112]). Denote vz(1) = mogx, then vz(7) is another
solution to the eigenequation with A\ = 0.

Before focusing on the function that meets the initial conditions, the properties
of vz(7) will be discussed in more detail.

—0.05 1

—0.10 4

—0.15 1

-20 -15 -10 =05 0.0 0.5 1.0 1.5 2.0
T

Figure B.4.: v;(7)

oz(T)
0z (7;)

Tn some reference like [77], is used as another solution.
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First, the linear independence of () and v;(7) can be proven immediately. Since
Z is the classical solution in Euclidean time, its energy is conserved over Euclidean

time 7 : ]
ime —V(z)=E.

Taking the derivative of Eq.(B.32) over energy E gives

Using the equation of motion and the commutative property of partial derivatives,
the following relation can be derived:

2(T)0s(1) — 2(T)va(T) = | ‘ = 1. (B.33)

Therefore, the Wronskian of Z(7) and v;(7) is a non-zero constant, which indicates
that = and vz(7) are linearly independent.

Next, it must be emphasized that the periodicity of vz(7) is different from that
of z(r). Even if z(7) is periodic function with period of P (P doesn’t need to be
equal to T), vz(7) may not be periodic since the period P could also depend on the
energy of classical orbit. As a result, considering z(7) = Z(7 + P), the following

relation holds P
vz(T) = vz(7 + P) +m:f(7+P)d—E. (B.34)
Finally, the parity of vz(7) is the same as (7). If Z(7) is an odd or even function
with regard to the Euclidean time 7, then vz(7) will exhibit the same parity.

Since two independent solutions have been found, w;(7) and us(7) which corre-
sponds to different initial conditions can be constructed as

T, -, T

u (1) = .fi'(T)ngn(—?) — 32(—5)1/55(7) (B.35)

and
) (B.36)

with the help of the Wronskian.

Although [112] used vz(7) to construct the solutions satisfying the initial condi-
tion, [36] and [38] used Z(7) alone to attain a solution as

. )
b(r) = (a / T 6) #(r),

with the derivative being

. 1 T .
Y(r) = a% + (a/§ mdﬂﬂLﬁ) z(T).
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B.3 The Calculation of Functional Determinants

It is not different to prove that 1(7) also satisfies Eq.(B.31). Furthermore, a func-
tion meeting arbitrary initial conditions can be constructed by adjusting the two
parameters « and 3. For example, if a function satisfying the same initial condition

as 1, (7) is required, then a and B can be set as o = —z(—2Z) and § = ﬁ and
2

2
¥ (7) becomes

If a function satisfying the same initial condition as wug(7) is required, then (1)
should be

There is only one issue : if Z(7) becomes zero at some time 7 in the time interval,
then the integral [7- %()d,u could be infinite once 7 exceeds 7y, which leads to the
2 T (p

requirement of using analytic continuation.

ng(’?’)

Now, consider T The time derivative is

Vi (1)

z(7)

where the Wronskian of z(7) and v;(7) was used. As a result, can be expressed

as the integral over time 7 as

vi(r) _ /T i‘ziu)du’

where the lower bound can be used to server as the constant of integration. There-
fore,

() =3(0) [ gz

which has the same structure of ¥ (7).

B.3.4. Functional Determinants at Finite Temperature

In this subsection, some relations of the fluctuation determinants of the classical
solutions will be derived. The fluctuation determinant of the false vacuum solution
det [—872. + %V”(m@)} and the bounce solution det |—d? + %V”(x%)} will be used to
normalize.
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1. For the false vacuum solution 2 (7) = zp, + =V (x %) is just equal to a constant

w2 that does not depend on the time 7. It 1s easy to obtain the corresponding
u1(7) and us(7) as

h
uy1(7) = cosh (wF(T + i))
and
1
us(7) = or sinh (wF(T + Bj)) :
2. For the bounce solution z5(7), the corresponding uy(7) and uy(7) are given
by
. Bh Bh
() = (OB — (-
and 5h sh
us(r) = (- T () — i~

according to Eq.(B.35) and Eq.(B.36). Moreover, since @2 (— ) = xﬁB(jL%) =
0 and :B%(—%) # 0 at finite temperature, us(7) can be expressed as

G
p(7)
us(7) =
(=)
which indicates that Vg(—%) = _W that is consistent with the Wron-
B

skian.

Dirichlet Boundary Conditions

1. Fluctuation determinant of bounce solution JJ%(T) : Since fluctuation

determinant of Bounce solution has a zero eigenvalue with corresponding eigen-

i (1)

function ||'57<>H’ the zero eigenvalue should be excluded. By use of Eq.(B.24),
.’ﬂB T

the following relation without the zero eigenvalue can be obtained.

’8(%) sinh(wg Bh)
dot 024 3V'@2)] ol er _[FR(3)] sinh(wrsn)
dev[-o43viap)] [ ar S e o e
i (= 15) ||xB(T)|| ( )
B.37

2. Fluctuation determinant of shifted-bounce solution z’5(7): The re-
lated wus(7) is given by
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B.3 The Calculation of Functional Determinants

First, the fluctuation determinant of the Bounce solution det’ [—83 + Ly (x%)}
will be used to normalize. The corresponding result becomes

det [—372. + iV”(xfB)}
det' [—02 + LV"(2})]

i ()
_ [#50)]] (,8 Bh Bh s Bh 5 571)
— Bh . sB( ) sB(i)_ sB(7> sB(_i)
Paargimpior 2 o
B/ Bh\]2
)] Bh (ﬂ Bhy s _5h>
_[#@ (] apn B39
sl

where the relation 7 B(@) =i B(—@) and Eq.(B.34) were used. Clearly, the
ratio is positive except for cases where xf B(Bh ) = 0, which reveals that the
fluctuation operator also has at least one negative eigenvalue . Then, if the
det [—83 + Ly (m?)} is used to normalize, the corresponding result will be

ot [0+ V" (alb)] _ ilo(=50in(5) — il (B)ip(=5)
det [—83 + %V”(mg)} ﬁ sinh(wpSh)
755}3(%) (’G%(%) - V§B<_%))
L — sinh(wrSh)
2
[ 5] iz
nh (wpfh)

(B.39)

The same conclusion about the eigenvalues can be obtained.

3. Fluctuation determinant of shot solution xg(r): The corresponding

us(T) is given by
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Then the ratio can be expressed as

det | =02 + V" (w5)] _ af(-2)w(Eh) — af(Z)wi(-2)

det [~02 + LV"(ap)] o sinh(wpBh)
2#5(Pws ()
Esmh(wFﬁh)

_9Ss
" BEg
= +— | Eq.(3.26 B.40
= smh(wpﬂh) .(3.26) ( )
where we have used xs(ﬁﬁ) = —:Eg(—%) The sign of det {—82 + %V”(xg)}

depends on the sign of g%z.

Periodic Boundary Conditions

When considering the ratio of two fluctuation determinants with periodic boundary
conditions, both u; and uy are required. Here, the ratio between the fluctuation
determinant of the bounce solution and the false vacuum solution will be derived.
uy and us relating to the fluctuation determinants of the false vacuum solution and
the bounce solution have already been given in the previous part.

Since the time derivative of the zero eigenfunction of the bounce solution is not

i (
Z€ero : @0(—52h) = HBﬁ( 2” # 0 at finite temperature, Eq.(B.30) can be used to obtain

the ratio without the zero eigenvalue as :

det' [~02 + LV"(2})]
det [—02 + LV"(x})]
. B
o | AR () R | L
B I BxBﬁ(f z) g()
L . . . . i (52) &7 ()
P B s o - |l
- a‘éﬂ(—@)
B 2
[

2-2 cosh(wpﬁh)

Gl

T2- 2 cosh(wpﬁh)

dﬁf
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C. Limit Relations

Q=

Figure C.1.: Two Types of Limits

There are two important limits to consider:

1. Infinite time limit at zero temperature: When focusing on the zero-
temperature scenario, direct application of boundary values isn’t feasible, as
they either become zero or infinity. In order to complete the computation of
the ratio of two determinants, the understanding of the behavior of us(7) at a
large time 7T is necessary.

2. Zero-temperature limit of results obtained at finite temperature: In
this case, results at finite temperature are computed using boundary values.
In order to take the zero-temperature limit, the relationships between those
boundary values need to be established.

C.1. Infinite Time Limit at Zero Temperature

Here, some important results at zero temperature will be introduced following [76].
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C.1.1. The Behavior of Bounce Solutions at Large Time

First, consider the behavior of the bounce solution xp(7) at larger time. Since x5 (7)
is a classical solution, the elapsed time can be written as the integral:

zp(T)
/ ¢ T
S

Wr 1
= —— — drg + —In ————,
Wr Jop \/m V(zp)) lrp — zp| wrp  xp(T) — xR

where wp = 4/ % Therefore, the following relation can be derived.

f;RT di‘( =3 - 17—17‘ )
2O\ T e very P F) V' Ss

WE

(xp(T) —zp) ™" = (xp—xp)e A(r), (C.1)
where Sp is the action of bounce solution at zero temperature and A(7) is defined
as

o o ()
A(T)E\/S—B(xR—xp)e VEV@-Vp) '

It is apparent that A(7) is finite for potentials related to our research when 7 — oc.
Taking the derivative of Eq.(C.1) with respect to time leads to

wF*{JL:BA(T)e_wFT

ip(T) = : N
—WFET WER _ B
bremr (\/m V(zg(7))-V(zF)) IxB(T)_xF> wp A(T)
When 7 — o0, it is easy to obtain
in(r) = —\/SpA(r)e " (€2)

In fact, if you observe that A(7) becomes almost constant when 7 is large, Eq.(C.2)
can be derived more easily. Since we are only interested in the limit 7 — +o00, A(7)
can just be replaced by A(oco). Therefore, £5(7) = —/SpA(c0)e™™F™ as T — +00.

Then the behavior of the other solution vp(7) at large time is simple. vp(7) is
another independent solution to the equation

—0% + ;V"(xB(T)) ve(T) = 0.

In order to satisfy the previous equation as well as the Wronskian

.@B(T)I)B(T) — ii’B<T)VB(T) = 1,
vp(7) should behave like
1

QwFA(oo)\/S_BeWFT (C.3)

vp(T) = —

as 7 — +00.
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C.1 Infinite Time Limit at Zero Temperature

C.1.2. The Ratio of the Fluctuation Determinants

At zero temperature, to calculate the imaginary part of the energy, it is necessary
to compute the ratio of the fluctuation determinants for the bounce solution x5(7)
and the false vacuum solution zp(7) = zr. One can consider the behavior of this
ratio over a large time interval [~Z 7], and then take P to infinity to get the final

2072
answer. First, choose a large P and extract the bounce and false vacuum solutions
over the interval [—g, g] from the entire solution. Then, the ratio of the fluctuation
determinants for the partial solutions becomes
2, 1 P
det |02 + LV"(a)] _u(®
det [-02 + wi] oo sinh(wgP)’

where u} (1) is defined as

P p, P\ p P

uF(r) = (- D)(r) - B VE(- D).
The behaviors of zp(7) and vg(7) at larger time have already been derived as
ZtB(T) — — SBA(T)B_WFT (04)

and
1

- e
2w FA(OO) vV S B
Therefore, us(£) becomes a constant at large time when P is large.

7;(77 P P p(P _p(P », P P, 5P 1

uy (5) = 2p(= Se(=5) = —29575(5)”3(5) = o

WET

I/B(T) —

It should be emphasized here that uf(%) is a non-zero constant with no P depen-
dence.

Since only part of the solution 25 (7) are taken from the full solution zz(7), even
if 27%(7) satisfy the eigenequation [—(972. + %V”(:cg)] i%(T) = 0, it doesn’t satisfy

the Dirichlet boundary conditions :
) P
xg(ig) 7 0.

Therefore, although [—872. + V" (SL‘Z(T))} has a negative eigenvalue, which can be
speculated from the ratio of determinants, it doesn’t have a zero eigenvalue, which
can also be seen from the ratio. While there is no zero eigenvalue, a small positive
eigenvalue A\I’ does exist and approaches 0 as P goes to infinity. The small positive
eigenvalue AT should be excluded from the ratio of determinants, which means the
ratio actually needed to be calculated is

det’ [—63 + %V”(xg(f))] 1 (B

det [—02 + wi] AY £ sinh(wpP)’

F
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where det’ means excluding \].

AP can be calculated through the method proposed by [76]. Denoting the eigen-
function of AT as ¢, then

1
-2+ EV”(IZ) o] = ATl

According to [76], when P is large, ¢7 (1) can be written as
o (r) = uf (1) + AT () + O ((A))?).
At O(X\T), the eigenequation is
02+ V)] P () = )
and the solution can be solved as

() = — / " dp (BB () — BB ) u ().

el
2

Therefore,

G =) =7 [ du ($5 0B () - 5w ) uf () + O (O7)7).

i
2

Since ¢} (7) is the eigenfunction of AT, it must satisfy the Dirichlet boundary con-
ditions. From ¢ (%) = 0, the following relation can be obtain
P

P Uy (%)

S (B0 (3) — R ()

Since P is larger, using the parity of ©5(7) and vp(7), it can easily derived that

N = — “r -
1% du ([ Bes)] - [#BE0EW])

. . . . . .7) 2 . .
Considering the behavior of #5(7) and vg(7) at large time, {.CE 5(5 B(,u)] is negli-

gible compared to the first term, then

1 1
wWF

wE
2. 2
|25(7)]

—wrP

= lim = dmwp A*(co)e

)\1 = lim B 5
du VR (Ras()] T VBB

P—o0 f
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C.1 Infinite Time Limit at Zero Temperature

We here explain the second method to derive A;. E ;H is already known as the
eigenfunction with zero eigenvalue when P goes to mﬁmty So when P is large but
finite, the eigenfunction corresponding to A} should be written as

P (r) = H“”'“jg in FAPP () + O (A7)

Solving the eigenequation at O(A]’) and the following relation can be obtained
(1)
[lE5(r)]

where there is no need to determine the lower bound now. Since ] (7) must satisfy
the Dirichlet boundary conditions :

&) = = [ (BB )~ ) T

_ Py i) (T Py 2
0= P(—5) = o= h [ du (BB (—5) — ah—5E () 2
and

_ Py 6(3) (2P — i (PP ) 20

0= T (5) = Ty =M [ (B wn(5) = a5 B ) T
Therefore

vE(%) f_gg dp 7 () - 25(5) (J}_Q AR ()5 (n) + [F duvh (u)ﬁ(u)) |

The second term in the denominator is negligible compared to the first term when
P is large. Thus,

ip(—%) —ip(5) 2i5(—%) .
vp(%) fg dp 25 ()] vE(%)ffg dpah (1)

After using the asymptotic forms of #5(7) and vp(7) at large time, the same result
can be derived as

A1 = dmwpA?(co)e wr?.

The ratio at zero temperature can be expressed as

det! [~02 + LV"(2p)] L1 w(3)
det[02+ ] oo A Lsinh(weP)
1 _L
= lim —
P—roo dmuwp A%(o0)e=wrP é sinh(wpP)
B 1
" 2mwpA?(c0)”
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Chapter C Limit Relations

C.2. Zero-temperature Limit

In this section, we would like to present some limit relations obtained at finite
temperature and then discuss the zero-temperature limit of these results. At finite
Bh Bh

temperature, the time interval is expressed as [—57, 5.

C.2.1. Relation Relating to the Bounce Solution

-V (x)

Figure C.2.: Euclidean Potential

The end points and the turning point of the bounce solution are x;, and x,. The
relation between the period Sh and the endpoint x;, can be expressed as

dz. (C.5)

Xy 1
Bh =2
/xb V2 (V(@) = V()

Here, the period is considered as a monotonic function of x.

When z;, approaches zg, V'(x;) approaches zero while the period Sh approaches
infinity. The period can be rewritten as

Tr 1 ].
Sh =2 -
/xb \/% V(@) = V(z)) \/ (V’(xb)(x —xp) + 3 V" () (z — xb)Q)

dz
2
1

o7 iz
/zb \/ 2 (V1(ay) (2 — 2) + 1V (@) (2 — 23)?)

following the method used in calculation of the infinite time limit at zero temperature
(see [113]). The integration in the additional term can be performed and the result
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C.2 Zero-temperature Limit

is
1

A V& (V@) - o) + 3V @~ )?)

dz

V' (x3) (@) \2 _ [V/(2) ]?
Ty T PG, +\/ (2~ xb*Vﬂ(m) ]
V' (xp)
V7 ()

mln

V/,(J7b)

Rewrite both sides into exponential form and the following result can be obtained.

, V”(mb) @
V()| e
V' () Vi) \? [V/(x) ]°
=V r— . — — C.6
Ve = nt i) PN\ T ) T V) | Y
V”(zb> _ 1 dz
xb T x ’ 1 2
e Vave > Vi) \/%(v (@) (@) + $ V7 () (2—)2) (C.7)

When z, — zp, fh — oo and x,, — xr. Therefore, the relation at zero temperature
limit becomes

( Vll(zF)

fIR “ \gz—lz [ |4z
V! (xp) Bl 2 (V@) -V(zp)) F

i V()| eV R E = 2V g fop—aple | \Y AT -

Tp—TF

6500 A

6000 -

5500 1

Bh
7

5000 -

4500 A

V/ixleV

4000 A

3500

3000 A

0.0 0.1 0.2 0.3 0.4 0.5 0.6
Xp

V”(z )@
Figure C.3.: |V/(zp)| eV e
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Chapter C Limit Relations

We here introduce the second method to derive Eq.(C.7). The integral Eq.(C.5)
can be splitted into two parts:

Tp+A 1
h=2 dx + 2 dx,
’ / VE V(@) = V() ! /M VE (V@) = V()

where A is small. Since 2, — zp, the first can be calculated by expanding V(z)
around zp like

Tp+A 1
FT= lim 2 dx
o Sy 2 (V(@) = V()
J}b-i-A 1
:zli_rg 2/ dz
vrer \/i (%V//(xF)(x —ap)? — %V”(%F)(%b _ SCF)2)
B 2 $b+A—$F+\/($b+A—$F)2—($b—IEF)2
- l'bl—{l%p V”(CEF) I xb - :CF

m

By replacing the result into the total integral and rewriting both sides into expo-
nential function, the following relation can be obtained

[V"(zp) gh
lim e mo2

Tp—TF
V//
o SF) Ib+A*zF+\/(Ib+A71F)2*<zb7zF)2
oyt A = dr+In ey
_ i ¢ VACD D
Tp—ITR
NASUCT))
m
o dx+In (.tb—l—A—zF—i— (zb+A—zF)2—(:cb—:cF)2)
VRV @-V) v
= lim
Tp—TF xb — SUF

The In function in the exponent on the right side can be expressed as

In (mr —xp+ \/(xr — )2 — (zp — :I:F)2> _ /x 1 da.

st/ (w = 2p)? = (2 — 2 )?

As a result, the exponent on the right side becomes

V”(Z‘F)

zr G .
/‘”b (\/31 (V(x) = V(xs)) - \/(x —zp)?— (xp — xF)Q) o
+1n (xv“ —TrFt \/('Tr —xp)? — (zp — xF)2)

and the right side can be expressed as

V//(IF)
I - . do
—Zp+ \/ - 36F xb — SUF)2 PN VREV@-Vy) (—ap)—(zy—ap)?

(&

Tp — TR
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C.2 Zero-temperature Limit

The final result is

Vi p) 2 f;n( wp _ ) b
. ey , 20 e
lim (:cb—xp) e P :4(xR_xF) e \/m(v( )=V(zp)) F ’

Tp—ITF

which is the same as Eq.(C.8).
Since x, — xp leading to an infinite Sh, % should be infinite as well. The limit
relation of Sh and x;, can be used to attain a relation relating to %’:’ by L’Hopital’s

rule. Consider the ratio between ;- Vﬁ,?xb), it is an = type limit and can be transform

o0

as
dgh
. ph a1 . ;o Aph
xblg%F In V’(l’b) - x}ggF 1‘/////((%)) - V”(l‘p) ffblgI%F %4 (IBb) dxb
Ty

With the help of the relation (C.8), it is apparent that

. Bh . ph m
lim —— = lim = -2, /———
V”(.’L'F)

zp,—Tr n V’(xb) Tp—TF V! (xp) gh 7
In { [V()| e\/?? _ \/@@

2

V”(zb) @
since |V'(zp)|eV ™ 2 is finite. Therefore, the following limit relation can be

obtained. 18h
lim V’(mb)i = —2y/mV"(xp). (C.9)

Tp—TE d:[;b

—9.0 A

—9.5 1

-11.0 1

0.0 0.1 0.2 0.3 0.4 0.5 0.6

Figure C.4.: V’(xb)%

115



Chapter C Limit Relations

We here introduce another method to derive the limit relation of V’ (xb)%. By

taking the derivative of both sides of Eq.(C.5) and using the relation of V'(z,) =

V’(mr)flzz, we can get

1 1
A o i dz,

duy e 2 V(@) - Vi) d

, 1 1 or S22V (2) _
=V"(xp)2 - + 2 FdT

= [ S (V@) V(@) V@] / 2 (V(@) - V(a))]?
L[ V) V@ ¢

*1., VE V(@) — V() VP (0

Moreover, by making use of the equation of motion of bounce, Eq.(B.33) and
a0 _
i) i)

7, wWe can get

dgh __, 7 min(=5) i

in 2 @50 [miln)]

In conclusion, the following relation can be derived

@ o Ty V() V" (z) P @ |
w2, JEW@) = Vi) VP =)

Since i (7) and vp(7) are solutions of [—872_ + LV (x%(ﬂ)} (1) = 0 and the
original equation in the neighborhood of 7 = 2! is approximately [—02 + w?] ¢(7) =

0 when 8h — oo, i'5(7) behaves like Ce™“F™ and v5(7) behaves like De“F. There-
fore, the behavior of 75 (1) can be speculated as 4(7) ~ wpr/p(T) when Sh — oco.
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C.2 Zero-temperature Limit

V’(mb)zﬁh can then be written as

. h
lim V'(z,)—— = lim 2mis (= i )VB(T) _5113100 chupr(ﬂz )

ph
2

The relation between x%( ) and v5(7) has already been known as @5 (7)v5 (1) —

% (T)o(r) =1 and x’B(ﬁl) = 0. Then the following relation is easy to obtain.

lim V'(x)—— dpn

L do, —2muwp. (C.11)
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