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INFINITELY MANY INVEX FUNCTIONS
WITHOUT CONVEXITY

By

Shunsuke SHIRAISHI®? Tsuneshi OBATAT and Kazunori Yokoyamat

Abstract

Invex functions form a broader class of differentiable functions than convex
functions, ensuring global optimality at stationary points. However, the theoret-
ical properties of invex functions, particularly those that drop convexity, remain
underexplored. In this paper, we investigate these properties, providing examples
that include both smooth and nonsmooth cases, and demonstrate the existence of
infinitely many invex functions that are not necessarily convex. An illustrative ex-
ample using a characteristic polynomial highlights the critical role of consistency in
a 4th-order pairwise comparison matrix in determining invexity. Our findings ex-
pand the theoretical understanding of invexity and suggest potential enhancements
in optimization techniques, enabling the analysis of a broader class of functions be-
yond convexity.

Key Words and Phrases: Invex function, convex function, AHP, nonsmooth function, optimiza-
tion

1. Preliminary results

Optimization problems often rely on convexity to ensure global optimality; however,
many real-world problems involve functions that do not satisfy convexity. Although
invex functions generalize convexity and provide global optimality for stationary points,
there remains a gap in understanding their broader theoretical properties and practical
implications. In particular, the distinction between invexity and convexity requires
further exploration, particularly in cases involving nonsmooth or higher-dimensional
functions.

Understanding the properties of invex functions has significant implications for
optimization theory, as it opens avenues for solving problems that cannot be addressed
using convexity alone. This study is motivated by the need to expand the theoretical
framework of invexity and to explore its potential applications, such as in mathematical
economics and other fields where convexity limitations arise.

* Faculty of Applied Information Science, Hiroshima Institute of Technology, 2-1-1 Miyake,
Saeki-ku, Hiroshima 731-5193, Japan. tel +81-82-921-4138 s.shiraishi.wx@it-hiroshima.ac.jp,
shunke.shira@gmail.com

T Otemon Gakuin University, 2-1-15 Nishiai, Ibaraki, Osaka 567-8502, Japan. tel +81-72-665-5194
t-obata@haruka.otemon.ac.jp

 Faculty of Economics, University of Toyama, 3190 Gofuku, Toyama 930-8555, Japan. tel +81-76—
445-6468 kazu@eco.u-toyama.ac.jp



2 S. SHIRAISHI, T. OBATA and K. YOKOYAMA

This paper aims to investigate the properties of invex functions by 1. Constructing
examples of invex functions, including both smooth and nonsmooth cases. 2. Demon-
strating the existence of infinitely many invex functions that are not convex. 3. Highlight-
ing the role of 4th-order pairwise comparison matrices in determining invexity. Through
these objectives, the study seeks to expand the theoretical understanding of invexity
and its potential applications.

We begin with the notion of convex functions. A function f:R™ — R is said to be
convex (see Tiel (1984))%, if it satisfies

fOz+ 1 =Ny <Af(x)+ Q=N f(y) Y,y e R™,YAe0,1].

There are many generalizations of the concept of convex functions. In this paper,
we focus on a well-known generalization of convex functions, called invex functions. For
other generalizations of convexity, see Auslender (1976), Avriel (1976), Fukushima (2001).
We do not consider further generalizations of invexity in this study (for definitions of
generalized invexity, see, for example, Kuk et al. (2001)). However, generalized invexity
has faced some criticism by Zalinescu (2014); hence, we do not focus on it in this study.

Invex functions have been applied to problems in nonlinear optimization program-
ming, where significant results have been achieved under the assumption of invexity
alone (not generalized invexity). For more details, see Ben-Israel and Mond (1986),
Das et al. (2018), Hanson (1981), Jeyakumar and Mond (1992), Obata and Shiraishi (1997),
Mishra and Giorgi (2008), Shiraishi (1998), Tanaka (1990), Tanaka et al. (1989) and the
references therein. Recent research has explored the application of invex functions in the
study of neural networks, see Sapkota and Bhattarai (2021). For a generalization of in-
vex functions and their applications to optimization problems, see Wang and Feng (2024)
and the references therein. However, the original invexity continues to be an appealing
and active area of research. In this section, we revisit the definition of invex functions
for smooth and nonsmooth cases, along with their basic properties.

1.1. Smooth invex functions

For smooth convex functions, the following theorems are essential tools in opti-
mization theory. As for the following result, see Theorem 4.32 and Corollary 4.37 in
Avriel (1976) and

THEOREM 1.1. Let f be a convex function on R™. Then, every local minimum is a
global minimum over R™.

Since a local minimizer z* € R" satisfies the first-order condition,
Vi(z®) =0,
we immediately obtain the following result:
THEOREM 1.2. Let f be a differentiable convez function on R™. Then,
Vi@)=0

if and only if [ attains its global minimum at x*.

L For extended valued functions, consult the definitions of convexity in Auslender (1976),
Fukushima (2001), Rockafellar (1970)
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Broadly speaking, every stationary point of a smooth convex function is a global
minimizer. A natural question arises: Is a function for which every stationary point is a
global minimizer necessarily convex? The answer is no. A function for which every sta-
tionary point is a global minimizer is called an invex function. The (smooth) invex func-
tion is formally defined as follows (see, Ben-Israel and Mond (1986), Hanson (1981)):

DEFINITION 1.3. A function f : R™ — R is said to be invex if there exists a mapping
n(z,u) : R® x R™ — R"™ such that

J(@) = f(u) > (e, w) TV F(u) Ve,ue R

The following theorem (Theorem 1 in Ben-Israel and Mond (1986)) answers the
aforementioned question.

THEOREM 1.4. A function f is invex if and only if every stationary point is a global
minimum.

In Sections 2.1. and 3., we show that there exist smooth invex functions that are
not necessarily convex. Moreover, in Section 4., we demonstrate that there are infinitely
many invex functions that do not exhibit convexity.

The following theorem is used to determine whether a given function is not convex
(see, Theorem 4.30 in Avriel (1976)).

THEOREM 1.5. Let f : R™ — R be a twice continuously differentiable function.
Then, f is convex if and only if the Hessian V2f of f is positive semidefinite at every
point.

REMARK. We can determine that a given function is non-convex if the Hessian of
the function is negative at some point. This procedure can also be applied to nonsmooth
functions. If the Hessian of the function is negative at a smooth point, then the function
under consideration is non-convex.

1.2. Nonsmooth invex functions

Tanaka (1990), Tanaka et al. (1989) generalized the notion of invexity for nons-
mooth functions. Throughout the sequel, let f : R™ — R be locally Lipschitz continuous.

DEFINITION 1.6. A function f : R™ — R is said to be locally Lipschitz near z if
there exists a neighborhood U of x and a nonnegative scalar K such that

1f(y) = fW) < Klly =y
for all points y,y’ € U.

For example, the absolute-value function y — |y| is Lipschitz continuous. From the
triangle inequality, we have

yl=ly =y +v|
<ly-yI+1y]
Thus,
yl =1y < ly =]
The following assertion follows directly from the definition. See Theorem 4.6.14 in
Sohrab (2014).
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LEMMA 1.7. Let f : R™ — R and g : R® — R be locally Lipschitz near x. Then, the
additive function f 4+ g is also locally Lipschitz near x. If, in addition, both are bounded
near x, then the product function f-g:R™ — R is also locally Lipschitz near x.

PRrROOF. By the assumption of the lemma, there exists a neighborhood U of x and
scalars L, K > 0 such that for all 3,3’ € U, the following inequalities hold:

|fy) = f@) < Llly =/,
lg(y) — 9" < Klly — /|
Thus, we have
I(f(y) +9(w) = (FW) + 9 < 1fy) = £ +19(y) — (&)
<Lly -yl +Kly -]

Moreover, if the functions are locally bounded, there exists a neighborhood U of z and
scalars M, N > 0 such that for all y,y’ € U, we have

lf(y)] < M,
lg(y)| < N.

Thus, we have

|Fwgy) — W) = 1fWaly) — fWay) + FW)a(y) — fF& g
<|(f(y) = fF(")g(y) + ¥ (gy) — 9(¥))]

< LN|ly =yl + KM|ly — o]
The following lemmas are trivial.

LEMMA 1.8. Let f: R — R and g : R™ — R be locally Lipschitz near x. Then, the
composite function f o g(z) = f(g(x)) is also locally Lipschitz near x.

LEMMA 1.9. Let f : R® — R be locally Lipschitz and g : R™ — R™ be an affine
map, where g(y) = Ay + b and A is an m X n matriz. Then, the composite function
fogly) = f(Ay +b) is locally Lipschitz.

Clarke (1983) defined the generalized directional derivative and the generalized
gradient for a locally Lipschitz function f:R"™ — R as follows:

DEFINITION 1.10. The generalized directional derivative of f at x in the direction

d is defined by
£ (sd) — tinsup 101D =S W)
y—x,t0 t
The generalized gradient of f at = is defined by
af(x) = {E e R" | fo(llj‘,d) > <§,d>Vd c Rn}

THEOREM 1.11 PROPOSITION 2.3.2 IN CLARKE (1983). Let f be locally Lipschitz
near x. If f attains a local minimum at x, then 0 € Of(x).
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The following theorems are due to Proposition 2.1.2 and Theorem 2.5.1 in Clarke (1983).
THEOREM 1.12. Let f be locally Lipschitz near x. Then,

(a) Of(x) is a nonempty convexr compact set.

(b) For every d in R™, one has
f(w;d) = max{(¢,d) | £ € Of (x)}.

THEOREM 1.13. Let f be locally Lipschitz near x, and suppose S is any set of
Lebesgue measure 0 in R™. Then,

Of(x) = collimVf(z;) | xs =z, & S,z & Qf},
where Q¢ denotes the set of points at which f fails to be differentiable.
Let f'(x;d) be the one-sided directional derivative, defined by

ooy e S td) — f(z)
f(x,d)fltlirgl , .

Note that both f°(z;d) and f'(z; d) are positively homogeneous in d, see Clarke (1983),
Rockafellar (1970). The regularity in Clarke’s sense is defined in terms of the one-sided
directional derivative.

DEFINITION 1.14. A function f is said to be regular at x if for all d in R"™, the
one-sided directional derivative exists and satisfies

fo(z;d) = f'(z;d), VdeR™

DEFINITION 1.15. Assume that a function f is regular at each . The function f
is said to be invex if there exists a mapping n(x, u) : R™ x R™ — R™ such that

flx) = f(u) > f(un(z,uw), Vo,ueR"

The following theorem is the variant for nonsmooth functions of Theorem 1.4, see
Theorem 2.1 of Tanaka et al. (1989).

THEOREM 1.16. Let f be locally Lipschitz and reqular at each point. Then, f is
invez if and only if every point u such that 0 € Of(u) is a global minimum of f.

For a convex function f, the generalized gradient is the same as the subdifferential in
the sense of convex analysis. Every convex function has the property that all stationary
points are global minima. We consider the converse of this assertion. Is a function for
which every stationary point is a global minimum necessarily convex?

In Section 2.3., we show that there exists a nonsmooth invex function without
convexity.
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2. Examples of one variable
2.1. Smooth functions of one variable

We begin with a simple example (Exercise 5.15 in Shiraishi (2014)).
ExXAMPLE 2.1. Let f; : R — R be a function defined by

fi(z) = ze®.

Then, f1(x) is invex but not convex.

fi(z)

Figure 1: Graph of fi(x)

PROOF. The first-order derivative of fi(x) is

filz) =e"(z +1).

The first-order condition implies that = —1 is the point where f;(x) achieves its global
minimum. Therefore, fi(z) is invex.
The second-order derivative of fi(x) is

V(@) = (@ +2).
The second derivative f{(xz) is negative for & < —2. Therefore, fi(x) is not convex.
The next example is a slight modification of the characteristic polynomial of the
4th-order pairwise comparison matrix of the analytic hierarchy process (AHP)? | see
Obata and Shiraishi (2021).
EXAMPLE 2.2. Let fy : R — R be a function defined by
fo(z) = 2* — 42 — 64z

Then, fa2(x) is invex but not convex.

2 For details, see Brunelli (2014), Kulakowski (2021).
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fa(@)

600 1
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—200 +

Figure 2: Graph of fs(x)

PRrOOF. If we take the first-order derivative of fo(x), we get
fh(x) = 4a® — 1222 — 64 = 4(x — 4) (2 + z + 4).

Since 22 +x 44 > 0, the first-order condition implies that = 4 is the unique stationary
point of fo(z). The function fo(x) attains its global minimum at z = 4; hence, fo(x) is
invex.

Next, we take the second-order derivative of fs(x), which is

) (x) = 1227 — 24z = 122(x — 2).

The second derivative f/(z) takes negative values when 0 < z < 2. Hence, f3(z) is not
convex.

REMARK. If we define a 4 x 4 matrix A by

1 4 1/2 1/7
/4 1 1/3 2

2 3 1 3 |’
7T o 1/2 1/3 1

A=

then, we have the following characteristic polynomial P4 () of A:

Pa(\) = det(AE — A)
5380 5225

B ) & sttty W Bt
g1 1 336

=\t —4\3 — 64.1547619\ + 15.55059524,

where E denotes the identity matrix. The indicated polynomial function is a source of
f2(z) in Example 2.2.

2.2. Characteristic polynomial and invexity

In this subsection, we deal with the pairwise comparison matrix of order 4:

1 ai2 ais a4
A— 1/a12 1 az3 a4
1/a13 1/a23 1 34

1/(114 1/0,24 1/@34 1
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The characteristic polynomial P4(A) = det(AE — A) of A has the following form (
Obata and Shiraishi (2021)):

THEOREM 2.3. Pa()\) = A* — 4X3 + 3\ + det A, where

QL Ak (0771
=Y (2_u_¢>_
aij

W3O
i<k<j kCkj

We remark that c¢g < 0. The pairwise comparison matrix is said to be consistent
if ajpar; = a;; for all 4,k,j. If this condition is not satisfied, we call the matrix A

inconsistent. The consistency of the pairwise comparison matrix is determined by cj3
(see, Shiraishi et al. (1998)).

THEOREM 2.4. The pairwise comparison matriz A is consistent if and only if c3 =
0. In this case, we have Ps(\) = \* — 4)\3.

We can assert that the characteristic polynomial of the 4th-order pairwise compar-
ison matrix is invex if it is inconsistent.

THEOREM 2.5. The characteristic polynomial Pa()\) of the 4th-order pairwise com-
parison matriz A is invex if and only if A is inconsistent.

Proor. (If) Let A be inconsistent. Then, by Theorem 2.4, we have ¢3 < 0. Taking
the derivative of Pa()), we get Pi(\) = 4A3 — 12)2 4 ¢3. Since P4(0) = c3 < 0 and
limy_0o P4(A) = o0, the equation P)(A) = 0 has a unique root A* > 0, which is a
stationary point of P4()), as shown in Figure 3. Hence, P4(\) = 4\*(A —3) +¢3 < 0
for A < A*, and P4(A) > 0 for A > A*. Therefore, P4()) attains a strict minimum at
A*. Thus, P4()) is invex.

PV

Figure 3: Graph of P{()\) = 4\3 — 12)? + ¢3

(Only if) We prove by using the contrapositive. If A is consistent, then by Theorem
2.4, we have c3 = 0 and Pa()\) = A* — 4X3. The function has two stationary points,
A =0,4 and A =0 is not a global minimum. Hence, P4()\) is not invex. See Figure 4.

A 4th-order pairwise comparison matrix based on Saaty’s discrete scale has a to-
tal of 175 = 24,137,569 possible matrices. Among these, only 343 are consistent (
Obata and Shiraishi (2021)). As a result, the characteristic polynomials of 4th-order
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Pa(N)

Figure 4: Graph of Pa()\) = A\* —4\3

pairwise comparison matrices generate a huge number of invex functions, specifically
24,137,226. However, not all of these are necessarily distinct functions; some of them
may coincide. Consequently, the total number will be smaller. In Chapter 4., we will
proceed to construct an infinite number of invex functions.

2.3. Nonsmooth function of one variable

EXAMPLE 2.6. Let f3: R — R be a function defined by

f3(z) = |zle=D?,

f3(z)

-0.5 0.5 1 1.5

Figure 5: Graph of f3(x)

LEMMA 2.7. The function fs(x) is locally Lipschitz.

. N 2
PROOF. Since the functions = + |z| and z > e(*~1)

bounded, the assertion of the lemma follows from Lemma 1.7.

are locally Lipschitz and

LEMMA 2.8. The function f3(x) is regular.
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PRrOOF. If we take the derivative of f3(x) for z > 0 and = < 0, respectively, where
the function is smooth, f3(x) has the following formulas.

fa(x) = 2e@D* for x>0,
fa(z) = —ze@ D" for z <.
Then, we get the following expressions for the derivative:
@) =e@ D222 22 +1) for x>0,
@)= —e D (222 —224+1) for x<0.
Hence, at the unique nonsmooth point = 0 of f3(x), the generalized gradient is
0£5(0) = co{lim f(x:) | z; — 0} = co{—c,e} = [~e,e],
f5(0;1) = max £-1=e,

£e[—e.e]
f3(0;—1) = max &-(—1)=e.
£€[—esel
Furthermore, we have
2
T L
f5(0;1) = ltlirgl =6
t6(7t71)2
(0;-1) = lim ——— =e.
F(0;-1) =lim — e

Hence, we have f$(0;+1) = f4(0; £1). By the positive homogeneity of f’(z;d) and
fe(x;d), we conclude that f5(0;d) = f4(0;d) for all d. Thus, f5 is regular.

PROPOSITION 2.9. The function f3(x) is invex.

PROOF. As we noted above lemma, the derivative of f3(z) for x > 0 and = < 0,
respectively, where the function is smooth, is non zero, because

1 1
fé(l‘) = €(m_1)2 (2(.13 — 5)2 + 5) > O fOI‘ xTr > 0,
/ (2—1)2 L 1
fa(z) = —e (2(3:—5) —&—5) <0 for x<0.
At the unique nonsmooth point = 0 of f(z), the generalized gradient is
0f3(0) = [—e, €].

Since 0 € Jf5(0) is unique stationary point and f3(z) attains its global minimum at this
point, we conclude that fs(z) is invex.

PROPOSITION 2.10. The function f3(x) is not conver.

PrOOF. If we take the second derivative of f3(z) for = > 0, where the function is
smooth, then we get

Y (z) = 2@V (223 — 4a? 4+ 52 — 2) < 0,

for sufficiently small x > 0.
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3. Example of two variables

ExAMPLE 3.1. Let Fy : R?> = R be a function defined by
Fi(z1,12) = (11 + 29)e™ T2,
Then, Fy(z1,22) is invex but not convex.

PRrOOF. If we take the partial derivatives of Fy(x1,xz2), we get

OF
— 1)e®1 12
B (r1,22) = (21 + 22 + 1)e )
OF'
8—33;(331,1:2) = (21 + 29 + 1)e™1 772,
The first-order condition implies z1 + o = —1. From Example 2.1, we know that

for all x = z1 + 22 and —1 = 2] + 23,
Fi(x1,22) = fi(z) > fi(=1) = Fi(z7], 23).

Thus, Fj(z1,x2) achieves the global minimum at all stationary points of F(z1,x2),
which confirms that Fj(x1,z2) is invex. Now, consider x5 = 0. In this case, Fi(z1,0) =
fi(xy1). Since f1(z) is not convex, the function F(z1,x2) is also not convex.

Fi(z1,22) = (21 + 22)e™ T2

/\

Figure 6: Graph of F(x1,22)

4. Infinitely many invex functions

THEOREM 4.1. There exist infinitely many invex functions that are not convez.

PrOOF. We consider the function fy(z) of Example 2.2, again. For non-negative
a >0, let us consider the family of functions Fy (21,72 : @) : R? — R defined by

Fy(z1, 20 : ) = fo(xq) —|—0¢x§.

Evidently, Fy(x1, 22 : «) is invex but not convex for all & > 0. Hence, the statement of
the theorem holds.
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According to this method, we can construct other infinitely many invex functions
by employing the functions in Examples 2.1 and 2.6. Furthermore, we can construct
infinitely many invex functions defined on R™. The function is given by

n

F(z:a)= fi(x1) + zajx?7

Jj=2

where i =1,2,3, 2 = (z1,...,2,), a = (@2,...,0p), and a; > 0 for j =2,...,n.

Fy(71,m2,0) = 2 — 423 — 6421 + ax

Figure 7: Graph of Fy(x1,x2)

5. Conclusion

Invex functions have been defined by restricting the domain of the functions (see,
Kuk et al. (2001), Martinez-Legaz (2009)). Under such definitions, every polynomial
function could be considered invex, which we find counterintuitive. We believe the
significant feature of an invex function lies in its global properties. In this study, we
demonstrated that the class of convex functions and the class of global invex functions
defined on the entire space R™ are distinct.

Can one truly claim that the class of invex functions is substantially richer than the
class of convex functions? Reflecting on our proof of Theorem 4.1, we must conclude,
“No.” The task of identifying practical, concrete examples remains an open avenue
for future research. To the best of our knowledge, invexity has yet to find significant
application in mathematical economics (see, Crouzeix (2003)). Therefore, exploring
applications of invexity in economics is an important area for future investigation.
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