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Abstract

In this short paper, we give an upper bound for the number of different basic feasible solutions generated
by the dual simplex method with Dantzig’s rule for LP. The bound is comparable with the bound given by
Kitahara and Mizuno [3] for the primal simplex method. We apply the result to the maximum flow problem

and get a strong polynomial bound.
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1. Introduction

The simplex method for a linear programming
problem (LP) is developed by Dantzig [1]. In spite
of its practical efficiency, a good upper bound for the
number of iterations when applied to general LPs has
not been known for years. A strong obstacle is a pes-
simistic result shown by Klee and Minty [5]. They
show that the simplex method needs an exponential
number of iterations for a special LP.

Kitahara and Mizuno [3] give a bound for the
number of different basic feasible solutions (BFSs)
generated by the primal simplex method with Dantzig’s
rule. They extend the analysis by Ye [6] for the
Markov Decision Problem to general LPs. The bound
they get is

b gl
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where m is the number of constraints, n is the num-
ber of variables, § and 7 are the minimum and the
maximum values of all the positive elements of pri-
mal BFSs, respectively, and [a] is the smallest integer
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bigger than a € . When the primal problem is non-
degenerate, it becomes a bound for the number of
iterations. Kitahara et al. [2] improve the bound to

. Y . i
(n —m)[min{m,n — m}g log(min{m,n — m}gﬂ

Kitahara and Mizuno [4] show that these bounds are
almost tight in the sense that there are no upper
bounds smaller than ~/d.

In this paper, we analyze the dual simplex method
with Dantzig’s rule and obtain an upper bound for
the number of dual BFSs. The bound is

m[min{m,n — m}’y—D log(min{m,n —m E)],

19 D D
where §p and vyp are the minimum and the maxi-
mum values of all the positive elements of dual BFSs,
respectively. When we apply the bound to the maxi-

mum flow problem, it becomes
(IVI+IENTIE] = [VI+ D log(lE| — [V + 1)1,

where E is a set of edges and V is a set of nodes.
This is strong polynomial and better than the one
obtained from the primal problem in [2].
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2. The Dual Simplex Method for LP

We consider the standard form of LP

min cl'z,
subject to Az = b, (1)
x>0,

where A € R™*™ b e R™, and ¢ € R" are data and
x € R" is a variable vector. The dual of (1) is

max by,
subject to ATy +s=c, (2)
s> 0,

where (y, s) € R™ xR" is a variable vector. Through-
out this paper, we assume that rank(A) = m, the
problems (1) and (2) have optimal solutions, and an
initial BFS of (2) is available.

Given a set of indices B C {1,...,n}, we split
the constraint matrix A”, the constraint vector c,
and the variable vector s according to B and N =
{1,...,n} — B like

AL c s
o[- [2] 2]
[AIA} ¢ CN 8 SN

Then the dual problem (2) is written as

max by,

subject to ALy + sp = cp,
A%y + sy = cn,
sp>0,sy > 0.

(3)

Let B be a basis and N = {1,...,n} — B be a non-
basis. Then the matrix Ap is nonsingular and a dual
basic solution for B and N is

y= (AE)*ICB, sp=0, sy =cy — A%(AE)ACB.

If sy > 0, the solution is a BFS. We often refer to
(sB, sn) as a dual BFS associated with B and N. Let
0p and vp be the minimum and the maximum values
of all the positive elements of dual BFSs. Thus we
have

op <s;<ypifs;#0

for any BFS (sp,sny) and any j € {1,...,n}. The
values of 6p and vp depend on A and ¢, but not on
b.

Let B! be the basis of the t-th iteration of the
dual simplex method and N* = {1,...,n} — Bt. The
problem (3) can be written as

_ 7T
bT(Agt) 1CBt — bBtSBt, .
subject to syt = eyt — AN (AL ) lep: + Ayisye,
sSpt > 0, SNt > 0,

max

where bg: = Agtlb and Ayt = A;ANL This is
called a dictionary of the problem (2) for the basis
Bt. The coefficient vector bg: of sg: in the objec-
tive function is called the reduced cost vector. If
bg: > 0, the current solution is optimal. Otherwise
we conduct a pivot. We choose one dual basic vari-
able (entering variable) s; (j € B') and increase the
variable until one dual nonbasic variable (leaving vari-
able) s; (j € N') becomes zero. Then we exchange
the two variables. We adopt Dantzig’s rule for select-
ing an entering variable, that is, we choose an index

.t .7
j° = arg min b;.
jeBt ’

Set A! = —minjcpt bj = —bjt, which is the absolute

value of the minimum reduced cost.

3. Analysis of the Dual Simplex Method

In this section, we analyze the dual simplex method
with Dantzig’s rule. The analysis in this section is
similar to the one in Kitahara and Mizuno [3]. The
next result corresponds to Theorem 3.1 in [3].

Theorem 3.1. Let z* be the optimal value of (2) and
{(y?, ")} be the sequence of iterates generated by the
dual simplex method with Dantzig’s rule. If sttt #£ st,
then we have

0p

2o bTyttl < (1— —
min{m,n —m}yp

)(z" = bTy").

Proof. Let B* be a basis at an optimal BFS (y*, s*)
and set N* ={1,...,n} — B*. Then we have that

P - bTy*
= bT(Agt)icht — l_)_gtS*Bt

T
=b'y" — ZjeBtﬂN* bjs;
< by + min{m,n — m}Alyp,

where the last inequality follows from |Bf| = m, |N*| =
n—m, —b; < Al and sj < vp. Rewriting the above
inequality, we have

. o* bTyt

~ min{m,n —m}yp

(4)



Let s;« be the entering variable chosen at the {-th
iteration by Dantzig’s rule. Since s'™! # s, we have
sttt # 0, which implies sz.fl > dp from the definition
of 6p. We see that

bTyt+1 _ bTyt — Atsj—tl—l
> Atép
> (=blyYin
= min{m,n—m}yp’
where the last inequality follows from (4). Now it is
easy to obtain the desired inequality. O

Lemma 3.1. Let (y', s) be the t-th iterate generated
by the simplex method with Dantzig’s rule. If (y!, s')
is not optimal, there exists j € B* N N' such that
s% >0 and

_ 2 —bly ,
55 <min{m,n —m} ———=—s".
2* _ b yt J

for any dual feasible solution (y, s).

Proof. Let x* be an optimal primal BFS. There
exists an index j € B* N N* such that

Z=bly' = (@)'s' = Y ajsh <|BTNN'|a%st

jEB*NN?

and 3? > (0. So we have that

* T * Tt
355 2 minfman—my 00

or

1
min{m,n — m}s%

xi > (z* — blyb).
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The desired result follow from this inequality and
n
x;fs; < Z:p;sj =z —bly
j=1

for any dual feasible solution (y, s). O

Lemma 3.2. Let (y', s*) be the t-th iterate generated
by the simplex method with Dantzig’s rule. Assume
that (yt, st) is not optimal. Then there exist an index
j € B* satisfying the following two conditions

o st >0,
J

e if [min{m,n — m}32 log(min{m,n — m}32)]
different BFSs are generated after the t-th iter-
ation, then s; becomes zero and stays zero there-

after.

Proof. Let j be the index specified in Lemma 3.1.
Let I > t+1 and let I be the number of different BFSs
appearing between (t+1)-th and [-th iterations. Then
we have from Theorem 3.1 and Lemma 3.1 that

« T
3% < min{m7 n— m}%s% s _
< min{m,n —m}(1 — m)’ 3
. 6 L
< min{m,n —m}(1 — sy, 1D

where the last inequality follows from the definition
of vp. Thus if I > min{m,n — m}32 log(min{m,n —
m}g—g), st is less than dp, that is, s% = 0 from the
definition of dp. O

Note that the event described in Lemma 3.2 oc-
curs at most once for each index j € B*. From this
observation, we get the following result.

Theorem 3.2. When we apply the dual simplex method

with Dantzig’s rule for LP (2) having optimal solu-
tions, we encounter at most

m[min{m,n — m}g—D log(min{m,n —m V—Dﬂ
D

op
different BFSs.

If the dual problem (2) is nondegenerate, (y'*!, st™1) £

(y', st) for any t. Thus the bound in Theorem 3.2 be-
comes a bound for the number of iterations.

Corollary 3.1. Assume the dual problem (2) has op-
timal solutions and it is nondegenerate. Then the
dual simpler method with Dantzig’s rule terminates
mn at most

m[min{m,n — m}g—D log(min{m,n —m E)]
D

op

iterations.

4. Maximum Flow Problem

In this section, we apply the result in the previous
section to the maximum flow problem and show a
strongly polynomial bound for the number of BFSs
generated by the dual simplex method.

In the maximum flow problem, we find the maxi-
mum flow f from a source s to a terminal ¢ satisfying
capacity constraints in a graph. Let G = (V, E) be
a graph, where V is a set of nodes and FE is a set



of directed arcs. Then the maximum flow problem is
formulated as

max 1,
subject to Zj:(s,j)eE Tsj — Zj:(j,s)eE Tjs = f
iGiyerTji =0
for i # s,t,
Zj:(t,j)eE Ltj — Zj:(j,t)eE zji = —f,
0 < x;j < uyj for each (4,7) € E.
(5)

We assume that each capacity u;; is integral. The
dual problem of the maximum flow problem is known
as the minimum cut problem, in which all the ele-
ments of BFSs are 0 or 1. Thus we have dp = vp = 1.
When we rewrite the problem (5) in the primal stan-
dard form by introducing slack variables, we have
(IV|+ |E|) equality constraints and (2|E| + 1) vari-
ables. Thus we obtain the following result from The-
orem 3.2.

ji(i,j)eE Lij —

Corollary 4.1. When we apply the dual simplex method

with Dantzig’s rule to the mazimum flow problem, we
encounter at most

(IVI+[ENIIE] = [VI+ 1)log(|E| = V] +1)]
different BFSs.

Kitahara et al. [2] show that the primal simplex
method with Dantzig’s rule for the maximum flow
problem generates at most

(IEI=IVI+ DI E[=V]+1)tmaz og (| E|= |V |+1) timaz ) |

different BFSs, where t,,q; = max(; jye g Wij- Clearly
the bound in Corollary 4.1 is better than this bound
when Uy,qe 18 not small.
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