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We review the theoretical aspects of determining linear rheology using passive microrheology from
simulations under periodic boundary conditions (PBCs). It is common to impose periodic boundary
conditions when evaluating bulk properties by molecular simulation. The Brownian motion of the
probe particles is affected by PBCs, and thus their effects must be considered when microrheological
analysis is applied to evaluate the dynamic modulus. First, we review the theory of microrheology
based on the generalized Langevin equation (GLE) in an unbounded domain. Then, we briefly
discuss the effect of PBCs on the diffusion coefficient. After that, we explain the effect of PBCs
on the mean-square displacement of Brownian particles and their impact on microrheology. The
passive microrheology technique under PBCs provides a new approach for rheology evaluation in
molecular simulations of complex liquids in addition to the traditional Green-Kubo formula and
non-equilibrium molecular dynamics (NEMD).

I. INTRODUCTION

Particles of less than a micrometer size dispersed in a
liquid spontaneously exhibit random motion due to the
thermal fluctuation of the suspending liquid molecules.
This phenomenon is called Brownian motion. By an-
alyzing the Brownian motion of the probe particles, we
can evaluate the linear rheology of complex fluids, a tech-
nique called passive microrheology. In general, rheologi-
cal properties characterize the response of a material to
applied mechanical stimuli. In this context, passive mi-
crorheology exploits the motion of probe particles in re-
sponse to thermal fluctuations. The relationship between
Brownian motion and fluid rheology is based on the gen-
eralized Langevin equation (GLE), which describes the
combined hydrodynamic resistance and fluid rheology.
Microrheological analysis has been used mainly experi-
mentally [1–8]. However, the dynamic modulus is often
evaluated using a shear rheometer, where macroscopic
shear deformation is applied to the sample [9, 10]. In
such cases, the frequency window is limited to at most
three orders of magnitude due to limitations in the me-
chanical device. In contrast, microrheology can evaluates
the dynamic modulus over a wider frequency range than
by mechanical rheometer [3, 8].

Microrheological analysis can be applied not only to
experimental measurements, but also to complex fluid
simulations including (coarse-grained) molecular dynam-
ics (MD) and different meso-scale simulations. In the
past, the primary methods for rheological evaluation in
MD involve either calculating the stress autocorrelation
function based on the Green-Kubo formula in equilibrium
simulations or evaluating stress driven by external fields
such as simple shear flow using non-equilibrium molec-
ular dynamics (NEMD). When using the Green-Kubo
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formula for dynamic modulus as

η∗(ω) =
V

kBT

∫ ∞

0

dt
〈
σxy(t)σxy(0)

〉
exp (−iωt) ,

where ω is the angular frequency of oscillatory shear,
and V is the volume of the simulation cell, η∗(ω) is the
complex viscosity, σ(t) is the molecular stress tensor cal-
culated from all molecules in the system, and ⟨· · · ⟩ rep-
resents the statistical average, it is necessary to accu-
rately estimate the stress autocorrelation function up to
a time longer than the relaxation time [11]. For NEMD,
a frequency sweep calculation is required to evaluate the
stress at each frequency, which requires longer simula-
tion times for lower frequencies. Unlike these methods,
microrheology requires evaluation of Brownian motion
in static equilibrium simulations to obtain the dynamic
modulus.
To evaluate the bulk properties, molecular or fluid sim-

ulations are typically performed under periodic boundary
conditions (PBC) [12–14]. However, conventional mi-
crorheological analysis is based on the GLE for infinite
domain and does not consider PBCs. In other words, it
was unclear how the finite-system-size effect caused by
the PBCs affects Brownian motion and microrheological
analysis.
One well-known finite-system-size effect is the correc-

tion for the apparent diffusion coefficient under PBCs.
The diffusion coefficient is defined from the long-time be-
havior of Brownian motion and is a fundamental physical
quantity that characterizes mass transfer, and the effect
of PBCs on the evaluation of the diffusion coefficient in
MD was discussed [15–20]; It is known that the diffusion
coefficient under PBCs is smaller than that in the bulk,
which is due to the interaction with the periodic image
cells. In PBCs, the basic simulation cell, which defines
the physical system, is infinitely replicated in space. The
domains outside this basic cell are referred to as image
cells. The movement of particles in the basic cell is in-
fluenced not only by other particles in the basic cell but
also by particles in the image cells. This is known as
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image cell interactions. Therefore, this correction is a
common practice when evaluating diffusion coefficients
using molecular simulations.

From a rheology point of view, the diffusion coefficient
is related to the zero-shear-rate viscosity by the Stokes-
Einstein relation, so the correction of the diffusion co-
efficient implies a finite-system-size effect on G′′ at low
frequencies. How does the finite system-size under PBCs
affect G′ and G′′ at finite frequencies? Once microrhe-
ology analysis under PBCs is available, it becomes pos-
sible to evaluate the dynamic modulus over the entire
frequency window pertinent to represent the rheology of
complex fluids, from the ballistic regime to the normal
diffusive regime of Brownian motion.

In this manuscript, we review the theoretical aspects
of passive microrheology. In Sect. II, we explain GLE in
an unbounded domain, which is the basis of microrhe-
ology, as well as the generalized Einstein–Stokes rela-
tion (GSER) and microrheological dynamic modulus. In
Section III, we present previous works on the finite-
system-size effects of PBCs on the diffusion coefficient,
namely the long-time behavior of Brownian motion, un-
der PBCs. In Sect. IV, we discuss the effects of finite-
system-size on Brownian motion under PBCs and the mi-
crorheological dynamic modulus. Since the experimental
evaluation techniques for Brownian motion are discussed
in existing literatures [1, 2, 5, 7, 8], this point is not elab-
orated in this manuscript.

II. THEORETICAL FOUNDATION OF
PASSIVE MICRORHEOLOGY

Passive microrheology involves analyzing the Brown-
ian motion of probe particles to estimate the dynamic
elastic modulus of the suspending fluid. Since Brown-
ian motion is a random process, the physically mean-
ingful observables are statistical quantities. Specifically,
the velocity autocorrelation function (VACF) and/or the
mean-square displacement (MSD) of the Brownian par-
ticles are observed. In this section, we briefly review the
relationship between VACF and MSD of a Brownian par-
ticle, and the dynamic modulus of the suspending fluid
in an unbounded domain.

Suppose that an isolated Brownian spherical particle of
mass M and radius a is immersed in a fluid of mass den-
sity ρf and its velocity V obeys the generalized Langevin
equation.

Meff
dV

dt
= −

∫ t

−∞
dsζ(t− s)V (s) + FR(t), (1)

where Meff = M+(2/3)πa3ρf is the effective mass of the
Brownian particle. Since the flow generated by the ther-
mal fluctuation and Brownian motion of small particles
can be considered as an incompressible flow, the added
mass in Meff appears as an effect caused by incompress-
ible flow. The first term on the right hand side in Eq. (1)

is the hydrodynamic drag which is determined by the hy-
drodynamic interactions as well as fluid rheological prop-
erties. In GLE, this drag is assumed to be history depen-
dent and thus is expressed as a time-dependent function
ζ(t). FR(t) is the random force due to thermal fluctu-
ations and is independent of the motion of the particle,
⟨FR(t > 0)V (0)⟩ = 0. The variance of FR(t) is deter-
mined by the fluctuation-dissipation theorem to balance
the friction force [21]

⟨FR,i(t)FR,j(0)⟩ = δijkBTζ(t),

where T is the temperature and kB is the Boltzmann
constant.
The governing equation that the VACF follows is ob-

tained by multiplying Eq. (1) by V (0) and taking the
statistical average. Since the fluctuations of the three ve-
locity components are independent, it is sufficient to con-
sider the VACF in one direction as CV (t) = ⟨Vx(t)Vx(0)⟩
which is governed by

Meff
dCV

dt
= −

∫ t

−∞
dsζ(t− s)CV (s). (2)

By taking the Laplace transform

f̂(ω) =

[∫ ∞

0

dtf(t) exp (−zt)

]
z=iω

,

of Eq. (2), we obtain

ĈV (ω) =
kBT

ζ̂(ω) + iωMeff

, (3)

where the equipartition law CV (0) = ⟨V 2
x ⟩ = kBT/Meff

was used. The MSD of a Brownian particle
〈
∆R2(t)

〉
=〈

[R(t)−R(0)]
2 〉

is expressed by the VACF as

〈
∆R2(t)

〉
= 6

∫ t

0

ds (t− s)CV (s),

which leads to the following relations

CV (t) =
1

6

d2

dt2
〈
∆R2(t)

〉
,

ĈV (ω) =
1

6
(iω)

2 〈̂
∆R2

〉
(ω). (4)

The explicit expression for the friction coefficient is
obtained by solving the time-dependent Stokes equation
in an unbounded domain as [22–24]

ζ̂(ω) = 6πaη∗(ω)

(
1 +

√
iωρfa2

η∗(ω)

)
. (5)

Note that the complex viscosity η∗(ω) = G∗(ω)/iω in-
stead of the constant viscosity was used, where G∗(ω)
is the dynamic modulus of the suspending fluid. This
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assumption is validated by the correspondence princi-
ple between Newtonian viscosity and linear viscoelastic-
ity in the small-deformation limit [25, 26]. According
to Eqs. (5) and (3), the VACF is directly related to the
complex viscosity as follows [27–32]:

ĈV (ω) =
kBT

iωMeff + 6πaη∗(ω)
(
1 +

√
iωρfa2

η∗(ω)

) . (6)

Since this is quadratic in η∗, the solution for η∗ is derived
as follows:

η∗(ω) = η∗GSER(ω)−
iωMeff

6πa
+

iωρfa
2

2
−

√
iωρfa2

(
η∗GSER(ω)−

iωMeff

6πa

)
− (ωρfa2)

2

4
, (7)

η∗GSER(ω) =
kBT

6πaĈV (ω)
, (8)

where the sign of the square root is determined such that
G′, G′′ > 0 where G∗(ω) = G′(ω) + iG′′(ω) = iωη∗(ω).
This solution was independently derived by Felderhof [33]
and Indei et al.[34] Using Eq. (7), η∗ of the suspending
fluid can be estimated from the VACF or MSD of a Brow-
nian particle.

Historically, the generalized Stokes–Einstein rela-
tion (GSER) in Eq. (8) was first proposed and tested
by Mason and Weitz [1, 2] as a passive microrheology.
Originally, the Stokes–Einstein relation (SER) [35, 36]

D0 =
kBT

6πη0a
, (9)

was derived as the relationship between the long-time dif-
fusion coefficient D0 and the shear viscosity η0 of a New-
tonian fluid. The ESR is derived by considering only nor-
mal diffusion process

〈
∆R2(t)

〉
= 6D0t in GSER, which

behavior is expected to be valid for sufficiently long time
domain in general situations. In this case, by insert-

ing
〈̂
∆R2

〉
(ω) = 6D0

(iω)2
into Eqs. (8) and (4), we obtain

Eq. (9). GSER (8) is regarded as a frequency-dependent
extension of ESR (9). In other words, the long-term re-
lation is extended to a finite time domain that is shorter
than the normal diffusion domain. ESR indicates that
the effect of boundary conditions on the diffusion con-
stant is also applied to η0 or equivalently G′′ at ω → 0.
Compared to the Eq. (7) derived from GLE, GSER is

an approximate equation when the inertia of the fluid
and particles can be neglected, and thus the applicabil-
ity of GSER is limited to low frequencies [34, 37, 38].
In fact, according to Eq. (7), the fluid inertia can be
neglected at ω ≪

∣∣η∗/ρfa2∣∣. At higher frequencies
than this, the unsteady effects caused by the fluid in-
ertia (backflow effects, hydrodynamic interactions) can-
not be neglected. Furthermore, the frequency at which
the particle’s inertia can be neglected is estimated to be
ω ≪ |6πaη∗/Meff| ∝

∣∣η∗/ρpa2∣∣, where ρp is the mass

density of the particle. At frequencies higher than this,
ballistic motion caused by particle inertia dominates the
fluid rheological response. These observations show that
to estimate G∗ in microrheological analysis, the GLE-
based equation (7) should be used.
To illustrate the applicability limits of GSER, let us

rewrite Eq. (8) using MSD (4) as follows:

〈̂
∆R2

〉
(ω) =

kBT

πa (iω)G∗
GSER(ω)

,

where G∗
GSER(ω) = iωη∗GSER(ω). This equation indi-

cates that πa
〈
∆R2(t)

〉
/kBT is equal to creep compli-

ance [9]. However, even in the case of a Newtonian
fluid (η∗(ω) = η0), the MSD shows a ballistic regime
(
〈
∆R2(t)

〉
≈ 3 (kBT/Meff) t

2) at short times, followed
by a power-law regime due to hydrodynamic interac-
tions (CV (t) ≈ kBT/(12ρf (πη0/ρf )

3/2)t−3/2) and finally
a normal diffusion regime (

〈
∆R2(t)

〉
≈ 6D0t, which be-

havior is not the creep compliance of the Newtonian fluid,
J(t) = t/η0. From this, it is clear that the MSD is de-
termined not only by fluid rheology but also by particle
inertia effect and hydrodynamic interactions. Therefore,
to estimate the dynamic modulus from the MSD, it is
necessary to deconvolute the effects of particle and fluid
inertia, which can be done with Eq. (7).
Karim et al. [37] performed coarse-grained MD on

polymer melts and compared the dynamic moduli ob-
tained by the GSER Eq. (8) and the GLE-based mi-
crorheology (GLE-MR) Eq. (7). Figure 1 shows G∗ cal-
culated using GSER and GLE-MR from the MSD data
given in ref. [37]. In the low-frequency terminal region
(longer than the relaxation time), G∗ of GSER and GLE-
MR are almost identical. The terminal region corre-
sponds to the normal diffusion regime, so this coincidence
between GSER and GLE-MR is physically plausible. In
contrast, the discrepancy between GSER and GLE-MR
becomes significant from the plateau region to higher fre-
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quencies. This is due to the inertia of the fluid and par-
ticles, which is not taken into account in GSER, espe-
cially the effect of fluid inertia on hydrodynamic mem-
ory. Karim et al. [37] also compares the results with the
NEMD and Green–Kubo results and shows that although
quantitative overestimation is observed, the G∗ obtained
by GLE-MR is qualitatively valid. Note that the GLE-
MR by Karim et al. [37] does not take into account the
finite-system-size effect in PBCs described in Sect. IV.
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FIG. 1: Comparison of G′ and G′′ calculated with
GSER (8) and GLE-MR (7) from the MSD of a particle
immersed in the polymer melt coarse-grained molecular
simulation at particle volume fraction of 2.78×10−5 by
Karim et al. [37]. The data is reproduced from the

parameters reported by Karim et al. [37].

There are two points to note regarding the high-
frequency applicability of GLE-MR. The first is the ultra-
high-frequency region, which corresponds to the ballis-
tic region in the MSD. As indicated above, the MSD in
the ballistic regime is largely dominated by Meff/kBT
regardless of the fluid rheology. Although the GLE-MR
Eq. (7) formally takes into account the particle inertia ef-
fect, the contribution of fluid rheology is relatively small
compared to ballistic behavior, so an accurate estimation
of G∗ cannot be expected at these ultra-high frequencies.
The second point relates to the continuum fluid assump-
tion supposed in GLE. The wavelength of the shear wave
generated by the motion of a probe particle is estimated
as follows [37, 39, 40]: (|G∗(ω)| /ω)

√
2/ [ρf (|G∗|+G′)].

When this wavelength becomes smaller than the size of
the probe particle, the continuum description of the fluid
becomes no longer valid.

Finally, we comment on the effect of probe particle
size. Since GLE is based on a continuum fluid descrip-
tion, the size of the probe particles should be larger than
the scale of the structures that occur in complex fluids
that dictates the rheological response, so that the re-
sponse felt by the probe particles can be regarded as that
of macroscopic rheology [6]. Key length scales in com-
plex fluids include the persistence length of polymers, the

mesh spacing of gels, the distance between entanglement
points, and the size of micelles and emulsions. In GLE,
the average response of these structures is assumed to
be isotropic and dynamically homogeneous. If the probe
particles are smaller than the scale of the structures, they
may exhibit a response that differs from the macroscopic
rheological response, further resulting in inhomogeneous
and/or anisotropic responses. In other words, we expect
to observe a response that depends on the size of the
probe particles. Note that the GLE-based MR described
in this paper is effective when the size of the probe par-
ticles is large enough relative to the complex fluid struc-
ture.

III. EFFECT OF PERIODIC BOUNDARY
CONDITIONS ON THE DIFFUSION CONSTANT

In this section, we focus on the PBCs effects in the
Brownian motion at an infinitely long time domain and
briefly review the diffusion constants of a Brownian parti-
cle observed under PBCs. In the long-time domain, after
all the spatio-temporally correlative processes in the fluid
caused by Brownian motion have relaxed, the MSD of the
Brownian motion is proportional to the time. The diffu-
sion coefficient in an unbounded fluid, Eq. (9), reflects the
balance between the thermal energy kBT driving Brow-
nian motion and the drag due to the zero-shear-rate vis-
cosity η0.
Under PBCs, the images of Brownian particles exist on

a simple cubic lattice of system size L. Therefore, the hy-
drodynamic drag on the particle is influenced by the flow
induced by all other image particles, resulting in a larger
drag force under PBCs than on an isolated particle. Ac-
cording to Eq. (9), larger drag under PBCs suggests a
smaller diffusion constant than for an isolated particle.
The effect of image particles determined by the simple
cubic lattice arrangement depends only on the volume
fraction ϕ = (4/3)π(a/L)3 or simply a/L. From these
observations, we obtain D0 > DPBC(ϕ) where DPBC

represents the apparent diffusion constant under PBCs.
To calculate DPBC(ϕ), we need the hydrodynamic drag
force acting on the particle under PBC from the solution
of the steady Stokes equations. Hasimoto [15] applied
Ewald summation to evaluate steady-state Stokes drag
under PBCs up to ϕ2, which was later verified by a nu-
merical solution by Zick and Homsy [17]. In the field
of MD, finite-system-size effects under PBCs have been
discussed, taking into account leading-order corrections
to the bulk diffusion constant as [18–20, 41]

DPBC ≈ D0 − ξ
kBT

6πη0L
= D0

(
1− ξ

a

L

)
, (10)

where the leading-order correction is proportional to a/L,
or ϕ1/3. The correction coefficient in Eq. (10) is ξ ≈ 2.84
from the Hasimoto solution [15]. Later, Sangani and
Acrivos [16] extended the Hasimoto solution and evalu-
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ated it up to ϕ10/3 ∝ (a/L)10. The resulting steady-state Stokes drag under PBCs is

ζPBC(ϕ) = 6πη0aK(ϕ) = ζ0K(ϕ),

K−1(ϕ) = 1− 1.7601ϕ1/3 + ϕ− 1.5593ϕ2 + 3.9799ϕ8/3 − 3.0734ϕ10/3 +O(ϕ11/3), (11)

where ζPBC is the steady-state friction coefficient under
PBCs and ζ0 = 6πη0a. Correspondingly, we obtain

DPBC(ϕ) =
kBT

ζPBC(ϕ)
=

D0

K(ϕ)
.

When the system size L/a is sufficiently large, Eq. (10)
is sufficient.

The diffusion regime of the MSD corresponds to the
low-frequency terminal region of the dynamic modulus,
which is approximately determined by GSER. Vázquez-
Quesada et al. [38] used Smoothed Particle Hydro-
dynamics, a Lagrangian simulation of fluid dynamics,
to perform direct numerical calculations of fluctuating
Oldroyd-B fluids under PBCs and applied GSER to eval-
uate the dynamic modulus in the terminal region. In
their study, the PBC correction (10) was applied to the
dynamic modulus and the following equation was tested:

G∗(ω) = G∗
PBC(ω)

(
1− ξ

a

L

)
, (12)

where G∗ and G∗
PBC are the bulk dynamic modulus and

the apparent dynamic modulus under PBCs estimated
by using GSER. For L/a = 7.5 (ϕ ≈ 0.01), the G′ and
G′′ in the terminal region (ωλ < 1) calculated by GSER
were in good agreement with Eq. (12) [38] where λ is the
single relaxation time set in the Oldryoid-B fluid. Ethier
et al. [42] applied Eq. (11) to GSER. For L/a ≲ 3.16 (ϕ ≲
0.13), the results for a coarse-grained molecular dynamics
of a polymer melt system were comparable to the NEMD
results for G′ and G′′ in the terminal region. In summary,
due to the effect of image cell interactions, the diffusion
coefficient under PBCs is smaller than that in the bulk,
so G′ and G′′ in the terminal region calculated by GSER
are overestimated compared to the bulk values.

IV. EFFECT OF PERIODIC BOUNDARY
CONDITIONS ON MEAN-SQUARE

DISPLACEMENT AND MICRORHEOLOGICAL
MODULUS

In this section, we review the effects of PBCs on the
microrheological modulus and the corresponding MSD
in all frequency regions, including the terminal region
(corresponding to the long-time diffusion region) and the
high-frequency region where the inertia of the fluid and
particles come into effect. First, we estimate the time

scales over which the effects of image cell particles be-
come significant, depending on the mechanism by which
the effects of probe particle motion are transmitted. One
mechanism is momentum diffusion. The time scale for
the momentum to diffuse and reach the system size L is
estimated to be τL = ρfL

2/η0. Thus, for t ≪ τL, mo-
mentum diffusion is unaffected by PBCs, but for t ≫ τL,
it is slowed down by image cell interactions. Momentum
diffusion manifests itself in viscous dissipation, specifi-
cally in the loss modulus. As a result, the loss modulus
(G′′

PBC), reflected in the MSD of Brownian particles, ex-
ceeds the bulk value at long times t ≫ τL, but is equal
to the bulk value at t ≪ τL, as

G′′(ω) =

{
G′′

PBC(ω)K
−1(ϕ) at ωτL ≪ 1

G′′
PBC(ω) at ωτL ≫ 1

. (13)

Indei et al. [37, 40] uses the shear wave penetration
length,

∆(ω) =
|G∗|
ω

√
2

ρf (|G∗| −G′)
, (14)

to estimate the time scale at which image cell interac-
tions start to be effective. ∆ in Eq. (14) decreases as ω
increases. In other words, the slower the shear wave is,
the farther it reaches. The frequency at which image cell
interactions begin to occur is estimated to be ∆(ω) ≈ L
(or more precisely L− 2a), where the penetration length
is comparable to the system size. Evaluating ∆ in the ter-
minal region, we have ∆(ω) →

√
2η0/ρfω, or ω ∼ 2/τL,

which is consistent with the momentum diffusion time
scale for the system size when L ≫ a.
Another transfer mechanism is through sound waves.

Sound waves are linked to the relaxation of density fluc-
tuations and are manifested in the in-phase response due
to the motion of probe particles, specifically the storage
modulus. Thus, for the storage modulus, the effect of
PBCs appears at a time scale L/cs where cs is the sound
speed. For incompressible flow, cs → ∞, and thus the
effect of PBCs appears at almost all frequencies of the
microrheological storage modulus. Therefore, the stor-
age modulus G′

PBC reflected in the MSD of the Brownian
particle becomes

G′
PBC(ω) = G′(ω)K(ϕ), (15)

which is larger than the bulk value at all frequencies. As
demonstrated in Eq. (13) and (15), the effects of finite
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system-size under PBCs on the dynamic modulus are fre-
quency dependent.

Under PBCs, the finite-system-size affects the MSD
and dynamic modulus of Brownian particles, thereby af-
fecting the resulting apparent relaxation times. In gen-
eral, the dynamic modulus is expressed by the relaxation
spectrum {G1, λ1, . . . , Gn, λn} as follows:

G′(ω) =

n∑
i=1

Gi
(ωλi)

2

1 + (ωλi)
2 ,

G′′(ω) =

n∑
i=1

Gi
(ωλi)

1 + (ωλi)
2 + ηsω,

where ηs is the solvent viscosity. From this, the average
relaxation time can be calculated as

λn =

∑n
i=1 Giλi∑n
j=1 Gj

=
limω→0

G′′

ω − limω→∞
G′′

ω

limω→∞ G′

=
η0 − ηs

limω→∞ G′ ,

where η0 = limω→0
G′′

ω and ηs = limω→∞
G′′

ω . From this,
the apparent relaxation time under PBCs is

λn,PBC =
η0,PBC − ηs,PBC

limω→∞ G′
PBC

=
η0K − ηs

limω→∞ G′K
, (16)

which leads to λn,PBC > λn. To estimate the average
relaxation time of the bulk fluid from the apparent dy-
namic modulus G∗

PBC under PBCs, we take into account
the finite-system-size effects described in Eqs. (13) and
(15) and obtain

λn =
η0,PBCK

−1 − ηs,PBC

limω→∞ G′
PBCK

−1
. (17)

VACF CV,PBC(t) and MSD
〈
∆R2(t)

〉
PBC

of a Brow-
nian particle under PBCs are obtained by substituting
G∗

PBC calculated from the bulk G∗ (Eqs. (13) and (15))
into Eq. (6) for the VACF and then by solving MSD
(Eq. (4)).

We present a study examining the impact of finite
system-size on microrheology under the PBCs. In
Ref. [43], direct numerical simulations (DNS) of Brow-
nian motion in an Oldroyd-B fluid driven by thermal
fluctuations are conducted using the Smoothed Pro-
file Method (SPm) [44–46], followed by microrheological
analysis. In this numerical study, a continuum viscoelas-
tic model is used and the dynamic modulus of the fluid
is known. Therefore, the PBC effects on GLE-MR mod-
ulus can be verified. The MSD data for Newtonian and
Oldroyd-B fluids obtained by DNS are shown in Fig. 2.
The complex viscosity of the Oldroyd-B model is

η∗(ω) = ηs +
ηp

1 + iωλ
, (18)
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FIG. 2: Mean-square displacement (MSD) of a probe
bead immersed in a thermally fluctuating Newtonian

fluid (square) and in a thermally fluctuating Oldroyd-B
fluid (circle) with β = 0.1, and λ = 1000τ = 40τs at a
particle volume fraction of 0.002. In these simulations,
no external driving is applied to the systems, and the
probe particle is driven by thermal fluctuations in the
fluid. The MSD data is from Ref. [43]. The lines are
theoretical predictions calculated based on GLE (6)

with and without the finite-system-size corrections for
G∗ (13) and (15). The lines showing the slope indicate

the different MSD regimes.

where ηp = η0 − ηs = η0(1 − β) is the polymer vis-
cosity, and β = ηs/η0 is the ratio of solvent viscosity
to zero-shear-rate viscosity. Figure 2 shows the MSD
from DNS for the viscosity ratio of β = 0.1 and relax-
ation time of λ = 1000τ where τ = ∆2ρf/ηs is the time
unit in DNS and ∆ is the grid spacing of the spatial dis-
cretization. The ratio of particle radius to system size is
a/L = 0.078. Further details on the DNS are described
in Ref. [43]. The MSD in the Oldroyd-B fluid shows
a typical behavior of Brownian motion in a viscoelastic
fluid. That is, the ballistic motion of the MSD (∝ t2) at
t ≪ τs = ρfa

2/ηs, followed by the short-time diffusion
regime (MSD∝ t) by the solvent viscosity, the plateau or
subdiffusive regime due to the elasticity of the fluid at
βλ < t < λ, and finally the long-time normal diffusion at
t ≫ λ. In the viscoelastic subdiffusive regime, the MSD
increases slowly rather than flatly due to hydrodynamic
interactions [47], indicating that the MSD in t < λ is de-
termined by both the viscoelasticity and hydrodynamic
memory of the fluid. Figure 2 also shows the GLE predic-
tion taking into account the finite-system-size correction
under PBCs and the uncorrected one. To convert G

′′

in the bulk and G
′′

PBC under PBCs, a sigmoid function
was assumed as the transition between low- and high-ω
asymptotes given by Eq. (13),

G′′(ω) = G′′
PBC(ω)

[
1 + exp (−ωτL)

(
K−1(ϕ)− 1

)]
.

Figure 2 demonstrates that the MSD under PBCs can be
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FIG. 3: Dynamic modulus G′ (square) and G′′ (circle)
calculated using the GLE-based microrheology Eq. (7)
combined with the finite-system-size corrections for G∗

(13) and (15) from the MSD data for Oldroyd-B
fluid [43] shown in Fig. 2. The lines are the dynamic

modulus set for the Oldroyd-B fluid.

predicted by considering the finite-system-size effect.
Finally, Figure 3 shows a comparison between the dy-

namic modulus set in DNS and that obtained from the
simulated MSD using Eq. (7) with and without the finite-
system-size corrections (13) and (15). In Fig. 3, the mi-
crorheological modulus is plotted as a function of ωλ
using the apparent λn,PBC (16) under PBCs. Figure 3
demonstrates that the microrheological modulus, which
accounts for finite-system-size effects, is in good agree-
ment with the input modulus. The relaxation time es-
timated from microrheology using equation (17) is λn =
1183τ , which aligns well with the set value. These results
reveal finite-system-size effects in the apparent MSD and
microrheology G∗ under PBCs.

V. SUMMARY

We reviewed theoretical aspects of Brownian motion
under periodic boundary conditions and finite-system-
size effects on microrheological analysis. Periodic bound-
ary conditions are commonly used in numerical simula-
tions to evaluate bulk physical properties. The effect of
finite system-size on the apparent dynamic modulus ex-
perienced by a Brownian particle is frequency dependent.
This finite-system-size effect was confirmed by direct nu-
merical simulations based on a continuum model of a
viscoelastic fluid driven by thermal fluctuations. The
microrheology analysis under PBCs provides a method
different from the Green-Kubo formula and NEMD to
evaluate the rheology in (coarse-grained) molecular sim-
ulations or other mesoscale simulations of complex flu-
ids where the relationship between rheology and molec-
ular/phase structures is unknown. Regarding the rela-
tionship between the apparent rheology under PBCs and
the bulk rheology, the asymptotic laws in ωτL ≪ 1 and
ωτL ≫ 1 were discussed. One remaining issue is to de-
termine the transition of both asymptotics.
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[26] J. D. Schieber, A. Córdoba, and T. Indei, Journal of

Non-Newtonian Fluid Mechanics 200, 3 (2013).
[27] A. Widom, Physical Review A 3, 1394 (1971).
[28] E. J. Hinch, Journal of Fluid Mechanics 72, 499 (1975).
[29] E. Hauge and A. Martin-Löf, Journal of Statistical

Physics 7, 259 (1973).
[30] H. J. H. Clercx and P. P. J. M. Schram, Physical Review

A 46, 1942 (1992).
[31] T. Iwashita, Y. Nakayama, and R. Yamamoto, Journal

of the Physical Society of Japan 77, 1 (2008).
[32] P. Mazur and D. Bedeaux, Physica 76, 235 (1974).
[33] B. Felderhof, The Journal of Chemical Physics 131,

164904 (2009).
[34] T. Indei, J. D. Schieber, A. Córdoba, and E. Pilyugina,
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