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Abstract. We introduce a geometric analog of the Hilbert symbol and show a Hilbert
type reciprocity law for a 3-dimensional foliated dynamical system (FDS? for short). This
answers the question posed by Deninger. For this, we employ the theory of smooth Deligne
cohomology and the integration theory of Deligne cohomology classes. We also present
a structure theorem for an FDS3, which yields a classification of FDS3’s, and we construct
concrete examples of FDS3’s for each type of the classification.

INTRODUCTION

In his monumental work and program on dynamical study of number the-
oretical zeta functions, Deninger pointed out that there are striking analogies
between arithmetic schemes and foliated dynamical systems, namely, smooth
manifolds equipped with 1-codimensional foliation and transversal flow satis-
fying certain conditions (cp. [11, 12, 13, 14, 15, 16, 17]; see also [30, 31]). In
particular, a 3-dimensional foliated dynamical system, which is called an FDS3
for short, may be regarded as a geometric analog of an arithmetic curve, where
closed orbits (knots) correspond to closed points (finite primes). So Deninger’s
program fits and refines the analogies between knots and primes, 3-manifolds
and number rings in arithmetic topology [33].

Following these analogies, Deninger asked if one can show a 3-dimensional
geometric analog of the Hilbert reciprocity law in number theory. The main
result of this paper is to answer his question by establishing a Hilbert type
reciprocity law for an FDS®. We also show a structure theorem for an FDS?,
which yields a classification of FDS?’s. We then construct concrete examples
of FDS?’s for each type of the classification. This may be interesting because,
before our work, most known examples of FDS? in the literature on Deninger’s
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program were only closed surface bundles over S* with the bundle foliation and
suspended flow. Let us describe our results more precisely in the following.

Let & = (M, F,¢) be a 3-dimensional foliated dynamical system, called
an FDS? for short. Namely, M is a connected, closed smooth 3-manifold,
F is a complex foliation by Riemann surfaces on M, ¢ is a smooth dynamical
system on M. These data must satisfy the following conditions: there is a set
of finitely many compact leaves P = {L5°,...,L°}, which may be empty,
such that, for any i and ¢, we have ¢'(L$°) = L and that any orbit of ¢ is
transverse to leaves in My := M \ |J,_, L°, and ¢’ maps any leaf to a leaf for
each ¢ (cp. Definition 1.5 below). Let Pg be the set of closed orbits in My, and
let Ps = Ps UPZ. Note that Pg (resp. PL) may be regarded as an analog
of the set Py, of finite primes (resp. the set Pp° of infinite primes) of a global
field (namely, the function field of an arithmetic curve) k and Pg corresponds
to the set Py, of all primes of k.

The Hilbert reciprocity law is one of deep results in class field theory for
a global field k. It has the form of a product formula Hp cB1a,b}p = 1, where
{,}, stands for the Hilbert symbol in the completion of k at p and a,b € k*
(cp. [1, Chap. 12, 4], [35, Chap. IV, §9]). When the global field k is replaced by
the function field of a closed Riemann surface R, we have a similar reciprocity
law

(1) H{fvg}P:L
PeR

where f, g are meromorphic functions on R (not constantly zero) and {f,g}p
is the tame symbol at P defined by

fOYdP(g)
gordP(f)

{f’g}P — (_1)0rdP(f)0YdP(g) (P)
(cp. [38, Chap. III, §1, 4]). By Cauchy’s theorem, the similar reciprocity law
(1) can be stated as the following summation formula (cp. [10]):

> (f.g)p =0 mod Z(2),
2 PER
) (f.g)p = / log(f) dlog(g) — log(9(Q)) / dlog(f),
C C

where C is a small loop on R around P based at Q and Z(2) := (27/—1)?Z.
In [3, 4, 10], Beilinson, Bloch and Deligne interpreted the tame symbol {f, g} p
(or {f,g)p) using holomorphic Deligne cohomology and showed the reciprocity
law in a conceptual manner. Our method to obtain a geometric analog for an
FDS? of the Hilbert reciprocity law is to generalize Beilinson-Bloch-Deligne’s
work to the case of an FDS?. For this, we employ the theory of smooth Deligne
cohomology and the integration theory of Deligne cohomology classes, which
were studied by Brylinski [5, 6] and by Gawedzki [20] and Gomi-Terashima [22,
42]. Our result can be stated as follows. For v € Pg and FDS*-meromorphic
functions f,g (cp. Definition 1.8 below), we introduce the local symbol (f, g)~
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and show the reciprocity law in the form similar to (2),

> (f,9)y =0 mod As(3),

YEPs

where Ag is the period group of & and Ag(3) := (2mv/—1)3As (cp. Theo-
rem 5.7 below). For a closed orbit v € Pg, we give an explicit integral formula
for the local symbol (f, g)~,

(f.9)s = /T 1o8L1) d1og(g) A ~ /m dlog(f) [ log(g)ws mod As(3),

where wg is the canonical 1-form of & (cp. Definition 1.10 below), and m, [ are
a meridian and a longitude, respectively, on the boundary T'(y) of a tubular
neighborhood of v (cp. Theorem 5.3 below). This formula may be regarded as
a generalization of the integral formula for the tame symbol in (2) to the case
of an FDS2. Our result is also a generalization of Stelzig’s work for the case of
surface bundles over St (see [40]).

We note that our result may indicate the possibility to develop an idelic
theory for FDS?’s. For this line of study, we mention the recent works by Niibo
and Ueki [37] and by Mihara [32] on idelic class field theory for 3-manifolds in
arithmetic topology. In fact, our original desire was to refine and deepen
the analogies between knots and primes, 3-manifolds and number rings in
arithmetic topology [33], in the context of FDS%’s.

Before our work, most known examples of FDS?’s in the literature on
Deninger’s program were only closed surface bundles over S! with the bundle
foliation and suspended flow, besides Alvarez—Lépez’s example in [17, p. 10]. In
this paper, we show a structure theorem for an FDS3, called a decomposition
theorem (cp. Theorem 2.7 below), which yields a classification of FDS%’s ac-
cording to the sets of transverse and non-transverse compact leaves (cp. Corol-
lary 2.9). Our decomposition theorem may remind us of the JSJ decomposition
of a 3-manifold [27, 28]. We then construct concrete examples of FDS?’s for
each type of our classification. Furthermore, we show that any closed smooth
3-manifold admits a structure of an FDS?3, by using an open book decomposi-
tion, which is a peculiar property for the 3-dimensional case (cp. Example 3.7
below). In view of the analogy with an arithmetic curve which has count-
ably infinitely many finite primes, we give examples of FDS3’s such that Ps
is a countably infinite set. We note that related results with our classification
are described in a recent preprint [2].

The contents of this paper are organized as follows. In Section 1, we in-
troduce a 3-dimensional foliated dynamical system (FDS®) and some basic
notions. In Section 2, we show a decomposition theorem for an FDS?, which
yields a classification of FDS?’s. In Section 3, for each type of the classifica-
tion, we construct concrete examples of FDS?’s. In Section 4, we recall the
theory of smooth Deligne cohomology for an FDS? and the integration theory
of Deligne cohomology classes. Section 5 is concerned with the main result. We
introduce local symbols of FDS3-meromorphic functions along a closed orbit
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or along a non-transverse compact leaf, and show a Hilbert type reciprocity
law, by using the results given in Section 4.

1. 3-DIMENSIONAL FOLIATED DYNAMICAL SYSTEMS

In this section, following Deninger and Kopei [11, 12, 13, 14, 15, 16, 17, 30,
31]), we introduce the notion of a 3-dimensional foliated dynamical system,
called an FDS? for short, and prepare some basic notions and properties. Al-
though a foliated dynamical system can be introduced in any odd dimension,
we consider only the 3-dimensional case in this paper since we are concerned
with analogies with arithmetic curves. For general materials in foliation theory,
we refer to [8, 41].

We begin to recall the notion of a complex foliation by Riemann surfaces

(cp. [21]).

Definition 1.1. Let M be a smooth 3-manifold whose boundary M may be

nonempty. A 2-dimensional smooth foliation F on M is defined by a family of

immersed 2-dimensional manifolds { L, } 4c 4 satisfying the following conditions:

(1) M =|],ca La (disjoint union);

(2) there is a system of foliated local coordinates (U;; ;)icr, where U; is
a foliated open subset of M and ¢; : U; = ¢;(U;) C R? x Rxg is a dif-
feomorphism (R>¢ := {t € R| ¢ > 0}) such that if U; N L, is nonempty,
©i(U;N Ly) =Int(D) x {c, }, where Int(D) is the interior of a 2-disc D C R?
and ¢, € Rxo.

Here each L, is called a leaf of the foliation F. We call the pair (M, F) simply

a foliated 3-manifold.

We call a foliation F on M a complex foliation by Riemann surfaces and
the pair (M, F) a foliated 3-manifold by Riemann surfaces if we require further
the following conditions:

(3) each leaf L, is a Riemann surface, namely, L, has a complex structure;

(4) the above condition (2) with replacing R? (leaf coordinate) by C;

(5) ((pj o @[1)(2,t) = (f” (Z,t),gij(t)) for (Z,QZ‘) S 4,01(Uz N Uj) cCx ]RZO? where
fij is holomorphic in z and g;; is independent of z.

Remark 1.2. (1) By Frobenius’ theorem, the following notions are equivalent

if M is closed (cp. [8, 1.3], [41, §28]):

e 2-dimensional smooth foliation on M,

e 2-plane field distribution E (rank 2 subbundle of the tangent bundle T M)
which is involutive,

e 2-plane field distribution £ which is completely integrable.

(2) If the tangent bundle to a 2-dimensional smooth foliation F is ori-
entable, F admits a structure of a complex foliation (cp. [25, Rem. 1.2], 26,
Lem. A.3.1]). In fact, each orientable 2-dimensional leaf is equipped with a Rie-
mannian metric and a smooth almost complex structure. By the parametrized
Newlander—Nirenberg’s theorem [36], it follows that there is a system of com-
plex foliated local coordinate as in conditions (4) and (5) in Definition 1.1.
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Definition 1.3. For foliated 3-manifolds (M, F) and (M’, F'), a morphism
(M, F) — (M', F") is defined to be a smooth map f: M — M’ such that
f maps any leaf L of F into a leaf L’ of F'. When (M, F) and (M', F') are
foliated 3-manifolds by Riemann surfaces, we require further f|; : L — L’ to be
holomorphic for any leaf L of F. In terms of local coordinates, this is equivalent
to saying that, for any p € M, there are foliated local coordinates (U, ¢) and
(U, ') around p and f(p), respectively, such that (¢’ o fly o ¢~ 1)(z,t) =
(ft(2),t), where f'(z) is holomorphic for fixed t.

An isomorphism (M, F) = (M',F') of foliated 3-manifolds (resp. foliated
3-manifolds by Riemann surfaces) is a diffeomorphism f : M — M’ such that
flo : L — L' is diffeomorphic (resp. biholomorphic) for any leaf L of F. We
identify (M, F) with (M’, F’) if there is an isomorphism between them.

Definition 1.4. A smooth dynamical system (or smooth flow) on M is defined
by a smooth action ¢ of R on M, namely, a smooth map ¢ : Rx M — M
such that ¢! := ¢(t,-) is a diffeomorphism of M for each ¢t € R which satisfies
0 = idy, ¢ttt = ¢t o ¢t for any ¢,¢' € R.

Now we introduce the main object in this paper (cp. [31]).

Definition 1.5. We define a 3-dimensional foliated dynamical system by a

triple & = (M, F, ¢), where

(1) M is a connected, closed smooth 3-manifold,

(2) Fis a complex foliation by Riemann surfaces on M,

(3) ¢ is a smooth dynamical system on M,

and these data must satisfy the following conditions:

(i) there are a finite number of compact leaves L$°, ..., L, which may be
empty, such that, for any i and ¢, we have ¢'(L$°) = L° and that any
orbit of the flow ¢ is transverse to leaves in M \ |J;_, L;

(i) for each t € R, the diffeomorphism ¢' of M maps any leaf to a leaf.

In this paper, a 3-dimensional foliated dynamical system is called an FDS?3 for

short.

Throughout this paper, we shall use the following notations. For an FDS?
& =(M,F, ), we set
F€ := the set of all compact leaves,
P& := the set of non-transverse compact leaves
={L3°,...,L°} (this set may be empty),

L = L°,
3) Z:U1 ’

My := M\ L™,

Ps := the set of closed orbits of the flow ¢ which are transverse
to leaves in My,

Pe = Ps UPZ.
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Remark 1.6. As Deninger and Kopei suggested (cp. [11, 12, 13, 14, 15, 16,
30, 31]), an FDS? & = (M, F, ¢) may be regarded as a geometric analog of
a compact arithmetic curve, namely, a smooth proper algebraic curve over
a finite field or Spec(O) = Spec(Ox) U Pp° for the ring Oy of integers of
a number field k, where P;° is the set of infinite primes of k. The set Pg
corresponds to the set of closed points (finite primes) of C or Spec(Oy). When
P& is nonempty, it corresponds to Pr°. So the analogy is closer if Pg is
a countably infinite set. We give such examples in Section 3.

Definition 1.7. Let & = (M, F,¢) and & = (M’', F',¢') be FDS%s. An
FDS?-morphism & — &' is defined by a morphism of foliated 3-manifolds by
Riemann surfaces (cp. Definition 1.3) such that f: M — M’ commutes with
the flows, namely, f o ¢! = ¢'* o f for any t € R.

An FDS3-isomorphism & = &’ is an FDS?-morphism which is an isomor-
phism of foliated 3-manifolds by Riemann surfaces. We identify & with & if
there is an FDS3-isomorphism between them.

Definition 1.8. Let & = (M, F, ¢) be an FDS3. An FDS3-meromorphic
function on & is defined to be a smooth map f: My — P}(C) = CU {oo}
satisfying the following conditions:

(i) f restricted to any leaf is a meromorphic function;

(ii) the zeros and poles of f lie along finitely many closed orbits.

For an FDS? & = (M, F, ¢), let TF denote the subbundle of the tangent
bundle 7'My whose total space is the union of the tangent spaces of leaves, and
let ¢t = %qﬁt be the vector field on My which generates the flow ¢.

Lemma 1.9. For an FDS3 & = (M, F, ¢), there is the unique closed smooth
1-form w on My satisfying

(C) w|T]: = 0, w(qz'ﬁt) =1.

More precisely, let (M,F,¢) be a triple satisfying (1), (2), (3) and (i) in
Definition 1.5. Then there is the unique smooth 1-form w on My satisfying (C),
and condition (ii) is equivalent to that w is closed.

Proof. Let (M, F,$) be a triple satisfying (1), (2), (3) and (i) in Definition 1.5.
Then we can take a smooth 1-form w on Mj such that, for each foliated coordi-
nate (z,t) € U, w|y = h(z,t) dt. Writing ¢* = a(z,1)d, + b(z,t)d= + c(z,1)d;, we
have w(¢') = ¢(z,t)h(z,t), and so h(z,t) is uniquely determined by w(¢$t) = 1.
This yields the first assertion.

Now, assume condition (ii). For each point p € My, there is a foliated local
coordinate (z,t) € U such that ¢*(z,t) = (2,t 4+ s). So there is a system of
foliated local coordinates (Us; ¢;)ier of My such that if U; N U; is not empty,
(p; 007 ) (zisti) = (fij(2,t),t + ci;) for some constant ¢;; € R. Hence wly, =
dt;, and so w is closed.

Conversely, assume that dw =0. We may take each U; is simply connected so
that w|y, = dt; by Poincaré’s lemma. Then we can follow the above argument
in the reverse way to obtain condition (ii). O
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Definition 1.10. Let & = (M, F, ¢) be an FDS?. We call the smooth closed
1-form in Lemma 1.9 the canonical 1-form of & and denote it by wg. The de
Rham cohomology class of wg defines the period homomorphism

ws] : Hi(My;Z) - R;  [{] — /gwg,

and the period group of & is defined by the image of [we], which we denote
by Ag.
The following lemma will be used in the examples of Section 3.

Lemma 1.11. Let &1 = (M, F,¢1) and G2 = (M, F, ¢2) be FDS3’s. Then
we have we, = we, if and only if (¢} — ¢4), € T F for any p € M.

77 = 0,wes, (¢!) =1 for i = 1,2, we have

Proof. Since wg,
(¢4 — ¢b), € T, F for any p € My <= we, (¢4 —¢h) =0
= we, ($5) = we, (#1) =1
= we,lrF =0,ws, (%) =1
= We, = We, - U

2. A DECOMPOSITION THEOREM AND A CLASSIFICATION OF FDS?’s

In this section, we give a decomposition theorem for an FDS?, which yields
a classification of FDS3’s. We start with some preparations about the holo-
nomy of a leaf and Tischler’s theorem.

2.1. Foliations without holonomy and Tischler’s theorem. First, we
recall the notion of the holonomy group of a leaf (cp. [8, 2.2, 2.3], [41, §22]).
Let (M, F) be a foliated 3-manifold, and let L be a leaf of . Choose p € L, and
let [c] € m1 (L, p) be represented by a loop ¢: [0,1] — L with ¢(0) = ¢(1) =p. We
may choose a subdivision 0 =tg < t; < - < t;4+1 = 1 and a chain of foliated
charts (Uo; ¢0), - - - s (Um; om) such that c([t;, ti+1]) C U; for 0 < i < m. Then
we have
(pir1 09 )(zt) = (fii1(2,1), giira (t))
for some smooth functions f; i1, gii+1. We set
he == Im—-1,m © "+ °4o,1,

which is a local homeomorphism of R fixing 0. Let G be the group of germs
of local homeomorphisms of R fixing 0, and let hAc € G be the germ of h.. The
correspondence [c] — he gives a well-defined homomorphism ¥ : 71 (L, p) — G.
The holonomy group H(L) of L is defined by the image of ¥, which is inde-
pendent, up to conjugation, of all choices. A foliated 3-manifold (M, F) is said
to be without holonomy if the holonomy group H(L) is trivial for any leaf L
of F.

The next theorem, due to Candel and Conlon, is an important ingredient for
our decomposition theorem given in the following subsection. For the proof,
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we refer to [8, 9.1]. For a foliated 3-manifold (M, F), a subset X of M is said
to be F-saturated if X is a union of leaves of F. The following theorem is due
to G. Hector.

Theorem 2.2 ([23]). Let (M, F) be a foliated 3-manifold with M being closed.

Let X be a connected F-saturated open subset of M. Assume that the foliated

3-manifold (X, F|x) is without holonomy. Then one of the following holds.

(1) X is a surface bundle over S* or an open interval, and F|x is the bundle
foliation.

(2) Each leaf of F|x is dense in X.

Next, we recall Tischler’s theorem [43] and its generalization [9].

Theorem 2.3 ([43, Thm. 1], [9, Thm. 2.1]). Let (M,F) be a foliated 3-mani-
fold with M being closed. Let X be an F-saturated open set of M. Assume that
there is a non-vanishing, closed 1-form w on X such that Ker(w) defines F|x.
Then X is a surface bundle over S'.

Remark 2.4. A non-vanishing, closed 1-form assumed in Theorem 2.2 is ap-
proximated (in the C*°-topology) by the 1-form w*(d#), where @ : X — S* is
the fibration and df is an angular 1-form on S* (cp. ibid.).

2.5. A decomposition theorem. Let & = (M, F, ¢) be an FDS?. Suppose
that X1,..., Xy are connected components of My := M \ L*°. Each (X,, F|x,)
is a foliated 3-manifold for 1 < a < d.

Lemma 2.6. The foliated 3-manifold (X,, F|x,) is without holonomy.

Proof. Let L be any leaf of F|x, . Since ¢! maps any leaf to a leaf, there is
a system foliated charts {(U;; ¢;)} which covers L and satisfies

i(¢'(p) = (2i(p);1)

for any p € L. Therefore, if U; N U; is nonempty, we have

(0i 005 (25, 1) = (2iep; ' (2, 1)), 1),
and so the holonomy group H(L) is trivial. Hence (X,, Flx,) is without
holonomy. O

Theorem 2.7 (A decomposition theorem). Let & = (M, F,$) be an FDS3,

and let X, be a connected component of My:= M \ L>°. The foliated 3-manifold

(Xa, Flx,) is one of the following:

(1) X, is a surface bundle over S* or an open interval, and F|x, is the bundle
foliation;

(2) X, is a surface-bundle over S* and any leaf in F|x, is dense in X,.

Proof. By Definition 1.5 of an FDS?, X, is a connected F-saturated open
subset of M. By Theorem 2.2, (1) X, is a surface bundle over S or an
open interval, and F|x is the bundle foliation, or (2) each leaf of Fl|x is
dense in X. For case (2), X is a surface bundle over S! by Lemma 1.11 and
Theorem 2.3. |
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Remark 2.8. For an FDS? & = (M, F, ¢), if M is cut along L>, then My
is decomposed into connected components My = X Ll --- Ll X4, where each
foliated 3-manifold (X,, F|x,) has the structure described in Theorem 2.7
and the flow ¢|x, is transverse to leaves of F|x,. This is the reason that
we call Theorem 2.7 a decomposition theorem. It may remind us of the JSJ
decomposition of a 3-manifold [27, 28].

Theorem 2.7 can be restated as the following classification of FDS3’s. For
the notations, see (3).

Corollary 2.9 (A classification). An FDS® & = (M, F,$) is classed as one

of the following types.

(1) F =F¢ and PZ is empty. Then M is a surface bundle over S* and F is
the bundle foliation.

(2) F¢is empty. Then M is a surface bundle over S' and any leaf of F is
dense in M.

(3) P is a nonempty (finite) set. Let X, be a connected component of M.
Then the foliated 3-manifold (X, F|x,) is one of the following:
(a) X, is a surface bundle over S, and F|x, is the bundle foliation;
(b) X, is a surface bundle over an open interval, and F|x, is the bundle

foliation;

(c) X, is a surface-bundle over S*, and any leaf in F|x, is dense in X,.

We note that the class of FDS?’s of bundle foliation over S* is characterized
by the period group. Although this may be known (cp. [7, 9.3], [19, 2.1]), we
give a proof in the following, for the sake of readers.

Proposition 2.10. Let & be an FDS3. If & is of type I or of type III-1,
then the period group Ag = Z. Conversely, if the Ag has rank one (namely,
As ~7Z) and My is connected, then & is of type I or of type III-1.

Proof. Suppose that & = (M, F,¢) is an FDS? of type I or of type I1I-1. Then,
for any connected component X, of My, there is a fibration w, : X, — S'. Let
df be the angular 1-form on S' such that [ g1 df = 1. Then the canonical
1-form wg is given by we|x, = w(df) for any a. For [(] € H1(X,;Z), we have

[ws]([£]) = / df = the degree of w.(£) on S*
(@a)«(£)

for any a, and hence Ag = Z. Conversely, suppose that & = (M, F, ¢) is
an FDS? with M, being connected and Ag = AZ for some A € R* so that
[ws]|(H1(Mo; Z)) = M. Fix a base point pg € My, and define the map w :

M() — Sl by
271
w(p) == eXP<T/w6>,
ol

where « is a path from py to p. Then we see easily that A@w*(df) = ws. By
Definition 1.10 of wg, w is a fibration and F consists of fibers of . Hence &
is of type I or of type III-1. O
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Finally, we note that an FDS? of type III-2 has no transverse closed orbits.

Proposition 2.11. Let & = (M, F,¢) be an FDS? of type III-2. Then Pg is
empty and Ag = {0}.

Proof. Let X, be a connected component of My. We may identify (X,,F|x,)
with (L x (0,1), {L x {t}}ic(0,1)), where L € F|x,. Let @ : X, — (0,1) be
the projection. For any closed curve £: S' — X,, wof: St — (0,1) has the
maximum g, and so £ is not transverse to the leaf L x {y}. Hence Pg is empty.

Next, since X, is homotopy equivalent to the leaf L x {3}, ¢ is homotopic to
aclosed curve ¢/ in L x {1}. Since wg|rx =0, we have [we]([(]) = [we]([¢']) =0.
Hence Ag = {0}.

3. EXAMPLES oF FDS?%’s

In this section, we construct concrete examples of FDS%’s for each type in
Corollary 2.9.

I. We give an example of an FDS? of type I. Note that any smooth surface
bundle over S! is obtained by the mapping torus of a surface diffeomorphism.

Example 3.1 (Mapping torus and pseudo-Anosov flow). Let R, be a con-
nected, closed smooth surface of genus g > 1, and let ¢ be a diffeomorphism
of Ry. Let M be the mapping torus M (R, ) defined by

M(Ry,¢) := (R x [0,1])/(2,1) ~ (¢(2),0).
Then the projection
w:M— S'=R/Z; w(z,s])=s (modZ)
is a fibration, where each fiber w™'(6) over § € S* is diffeomorphic to R,.
The set of fibers F := {w ™ 1()}gecs: defines a 2-dimensional foliation, the

bundle foliation. Since T'F is orientable, F admits a complex foliation structure
(cp. Remark 1.2(2)). Let ¢ be the suspension flow defined by

¢t([zﬂ 5]) = [zv s+ t]'
Then & := (M, F,¢) forms an FDS?. Suppose further that the diffeomorphism
¢ is of pseudo-Anosov type (cp. [7, 1.11]). Note that ¢ is an Anosov diffeomor-
phism when R, is a torus. Then, since ¢ has countably infinite periodic points,
Ps is a countably infinite set. By Proposition 2.11, the canonical 1-form wg
is w*(df) and the period group Ag = Z.

Remark 3.2. An FDS? of type I may be regarded as an analog of a smooth
proper algebraic curve C' over a finite field F,, where the 2-dimensional foliation
corresponds to the geometric fiber C' ® F_q and the monodromy ¢ corresponds
to the Frobenius automorphism in Gal(F,/F,).

I1. We construct two examples of FDS?’s of type II. First, we give a method
to construct countably infinitely many closed orbits using the horseshoe map.
Let & = (M, F,¢) be an FDS? and v € Ps. We say that the flow ¢ is of
contraction type around + if there is a tubular neighborhood V = D x S of v,
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where D (C C) is a 2-disc centered at 0 and v = {0} x S, such that, for any
teRandpen, ¢'(V)CV and

6l = ' |pxipy : D = D x {p} L5 (D) x {6 (p)} < D

is a contraction map, namely, T.(¢} ,) has the eigenvalues i, Ay satisfying
0 < |A],|A2| < 1for z € Int(D)\ {0}. Let h: Int(D) — Int(D) be the horseshoe
diffeomorphism [39], and let U = M (Int(D), h) be the mapping torus of h
equipped with the suspension flow ¢;. Note that there is a diffeomorphism
¥ U = Ing(V).

Lemma 3.3. Notations being as above, let us replace (Int(V'), @lime(vy) by
(U, ¢n) via ¢ so that the resulting 3-manifold M., is equipped with a new
smooth flow ¢ p satisfying ¢ n = ¢n i U and ¢y p = ¢ in M\ Int(V). We
define the foliation F.n on M, by the foliation F on M wvia 1. Then the
triple &, := (My p, F, ¢~ p) forms an FDS3, and the flow ¢ 5 has countably
infinitely many closed orbits around . Moreover, the canonical forms of &
and &, are the same, we = we, , -

Proof. That (M p, Fy n, ¢.5) forms an FDS? is easily seen by the construc-
tion. The latter property follows from the fact that the horseshoe map has
countably infinitely many periodic points [29, Cor. 2.5.1]. For any p € v, we
may assume, by the change of parameters, that there is ty > 0 such that

¢t°|1m(D)X{p} :Int(D) x {p} — ¢ (Int(D)) x {p},
O} Iy x {py * It(D) x {p} = ¢}°(Int(D)) x {p}

are first return diffeomorphisms. Since these are isotopic and an isotopy is
realized as a flow in Int(V'), we see that the canonical 1-forms are unchanged.
O

Example 3.4. The following example of a foliated 3-manifold was considered
in [7, 4.2] and [26, A.5] (see also Alvarez-Lépez’s example in [17, p.10]). Let
T? be the 2-dimensional torus C/Z? so that the fundamental group 7 (T?) is
generated by the homotopy classes of a meridian and a longitude, say m and [,
respectively. Let p: w1 (T?) — R be a given homomorphism such that p(m) ¢ Q
or p(l) ¢ Q, and we set p(g) := p(g) mod Z € S* for g € 71 (T?). Let M be the
quotient 3-manifold of C x S* by the action of 71 (7?),

M := (C x SY) /7 (T?),

where 71(T?) acts on the universal cover C of T? as the monodromy and on
St by 6 0+p(g) for § € St and g € 7 (T?). Let Ly denote the image in M
of C x {#} in M. Then F := {Lp}gcs forms a 2-dimensional foliation on M.
Here we see that

M:{ka if p(m) ¢ Q. p(1) € Q or p(m) € Q, p(h) ¢ Q.
R? if p(m). p(1) ¢ Q and p(m)/p(0) ¢ @,
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and that any leaf Ly is dense in M. Since T'F is orientable, F admits a complex
foliation structure (Remark 1.2 (2)). Let ¢1 be the flow defined by

$1([z,0]) = [2,0 + 7],

where 7 :=t mod Z. Then we obtain an FDS? &; := (M, F, ¢1) of type IL.
The canonical 1-form we, is given by we, |77 = 0 and we, |71 = d, and the
period group Ag, = Z + p(m)Z + p()Z. For this example, however, any orbit
of the flow ¢, is closed with period 1, and hence Pg is uncountable.

In order to obtain an FDS? & with countably infinite P, we interpret the
above (M, F) from a different view and define a new dynamical system. In
fact, the natural map C x ST — T2 x S! induces the diffeomorphism

M = T3 = (R/Z)3.
Then the leaf Ly is given by
Ly := {(91,92,9 — p(m)91 — p([)eg) | 91,92 S Sl}

for p = (61,602,03) € T3. Let Vi := (1,0, —p(m)), Vi := (0,1, —p(I)) be vector
fields on T3, and we define the smooth dynamical system ¢3 on T3 by the
equation

d
%qbg (p) := (0,0,1) + sin(2760; ) Vi + sin(2702) V1
= (sin(2m01),sin(2703), 1 — p(m) sin(276;) — p(1) sin(2765)).
Then we obtain an FDS? Gy := (T3, F, ¢2) of type II. As Vi, and V; are tangent

to F and so (¢! — @), € TpF for pe M = T3, we have we, = we,, As, = As,
by Lemma 1.11. We see that Pg, consists of the following four closed orbits:

v ={(0,0,0)]60 € S},

72 ={(3,0,0) [0 €S'}, 2% ={0,3,0)]0€cS5"},

V3= {(%7 %79) | ZES Sl}a
and that ¢, is of contracting type around 3. We replace a tubular neighbor-
hood of =3 by the suspension of the horseshoe map. By Lemma 3.3, we obtain
an FDS3 & = (M, F, ¢) of type II such that Pg is countably infinite, and the

canonical 1-form we and the period group Ag are the same as wg, and Ag,
(1 =1, 2), respectively.

Example 3.5. Let T? := (R/Z)? be the 2-dimensional torus, and let ¢4 :
T? — T2 be the linear Anosov diffeomorphism of T2 defined by the matrix

(),

Then there are two fixed points p; = (0,0) and ps = (%, 0) of w4. For each p;,
we remove p; from T2 and glue (T,,(T?%)\ {0})/R; = S! on it. Then we
obtain a twice-punctured torus T2 with 9T2 = S}t U S5, S} = S, and the
diffeomorphism ¢% : T2 — T2.
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Let M* = M(T?2, %) be the mapping torus of %, which has two boundary
components, say 177 and 75, which correspond to p; and ps, respectively. Let
F*={Lg}ges: be the bundle foliation of the fibration @, : M* — S, and let ¢,
be the suspension flow of ¢ . For each i, F*|p, defines a foliation on 7; whose
leaves are S'. The 1-form w, := w; ! (df) satisfies w.|rr- = 0,w.(PL) = 1.

Finally, let A € R\ Q, and consider the diffeomorphism ¢y : T} — T» defined
by sending Lg to Lgyy. We define M to be the 3-manifold obtained from M*
by gluing T3 and Ty via 1. In fact, M is a Xp-bundle over S'. The foliation F
and the flow ¢ on M are induced by F* and ¢., and F has a complex structure.
Then any leaf in F is dense in M by the way of the gluing. Thus we obtain
the FDS? & = (M, F, ¢) of type I1. Further, since ¢ comes from the suspension
of the Anosov diffeomorphism, Pg is a countably infinite set. The canonical
1-form wg is induced by w, and the period group Ag = Z + A\Z.

III. We construct examples of FDS?’s of type III. This type of FDS? may
be regarded as an analog of a number ring Spec(O) = Spec(Oy) U P5° in the
respect that P& corresponds to the set Pp° of infinite primes of a number
field k& (cp. Remark 1.6).

III-1. We give two examples of FDS3’s of type III-1.

Example 3.6 (Reeb foliation on S3 and the horseshoe flow). Let M be the
3-sphere S3. Let M := S3 = V; UV, be the Heegaard splitting of genus one,
where V; is a solid torus D? x S! (see [24, Chap. 2]). Consider the Reeb
foliation F; on each V; and so the 2-dimensional foliation F on S by getting
F1 and F, together, where any leaf is diffeomorphic to R? besides the only
compact leaf L™ = 9V = 9V, (see [8, 1.1], [41, §1]). We define the dynamical
system ¢ as follows.

First, we consider a flow ¢; on M such that any orbit of ¢, is transverse to
leaves in F \ L™ and ¢! (L>) = L™ for t € R. Then there is only one closed
orbit 7; = {0} x St in each V; (0 being the center of D?). In fact, the flow ¢;
on Int(V;) is the suspension flow of a contraction map ¢; : Int(D?) 3 2+ az €
Int(D?) (0 < a < 1), and so ¢, is of contraction type around ;.

Next, we replace the contraction map ¢; by the horseshoe map h and the
flow ¢; around ~; by the suspension of h. Let ¢ be the resulting flow on all
of M. By Lemma 3.3, we have an FDS? & = (M, F, ¢) of type III-1 such
that Pg is a countably infinite set and P&° consists of the only non-transverse
compact leaf L>°. We have the decomposition of My = S\ L* into connected
components

My = Int(Vl) (] Int(‘/g),
and each (Int(V;), Flme(v;)) (¢ = 1,2) is the bundle foliation of the Int(D?)-
bundle over S'. By Proposition 2.10, the canonical 1-form we restricted on
each Int(V;) is the pullback of the angular 1-form of S! under the fibration,
and so the period group Ag = Z.

In view of the analogy in arithmetic topology [33, Chap. 3], the 3-sphere S3
may be regarded as an analog of Spec(Z) = Spec(Z) U Pg’, where Pg° consists
of the only infinite prime of Q.
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Example 3.7 (Open book decomposition). Let M be a closed 3-manifold. It
is known that M contains a fibered link L = K U --- U K., namely, there is
a fibration @ : M \ Int(V (L)) — S*, where Int(V (L)) = | |;_, Int(V (K;)) is the
interior of a tubular neighborhood of L and any fiber of w is a surface with r
boundary components. We have the foliation on M \ Int(V (L)) by tubularizing
the fibers of w around OV (L) = | |._, d Int(V(K;)) (see [8, Ex. 3.3.11]). The
structure this induces on M is called an open book decomposition [7, Ex. 4.11].
We fill in V(L) with the Reeb component to obtain the foliation F on all of M.
We define the flow on M \ Int(V (L)) by the suspension of the monodromy ¢
of the fibration w. We suppose that ¢ is of pseudo-Anosov type (for example,
this is the case if L is a hyperbolic link). The flow on Int(V (L)) is defined to
be the one transverse to any leaf of the Reeb foliation. Thus we have an FDS3
& = (M, F,¢) of type III-1 such that P = {0V (K,),...,0V(K,)} and Ps is
a countably infinite set. We have the decomposition of My = M \ 0V (L) into
connected components

Mo = | | Int(V(5) U (0 \ V(L)).
1=1

Here Int(V (K;)) = R? x S!, and Flint(v(k,)) is the bundle foliation over St
and M \ V(L) is a surface bundle over S*, and F|yn\v () is also the bundle
foliation over S'. By Proposition 2.10, the canonical 1-form we restricted on
Int(V(K;)) or M \ V(L) is the pullback of the angular 1-form of S! under the
fibration, and so the period group Ag = Z.

Remark 3.8. Example 3.7 shows that any closed smooth 3-manifold M admits
a structure of an FDS? with nonempty PZ°. So the notion of an FDS? is generic
in this sense. Moreover, the fibration @ : M \ Int(V (L)) — S! above induces
the surjective homomorphism 1 (M \ L) — Z, and hence M has a Z-covering
ramified over L. This may be analog to the fact that any number field k£ has
a Zj-extension ramified over primes [y, ..., [, lying above (), where [ is a prime
number.

III-2. We give an example of an FDS? of type III-2.

Example 3.9. Let T3 := (R/Z)? = {(01,02,05) | ; € R/Z} be the 3-dimensional
torus, and let F = {T? x {f3}}g,cr/z be the linear foliation which admits
a complex structure. We define the smooth dynamical system ¢ on T2 by

%(bt (p) := (cos(2mbs), 0, sin(2763))

for p = (61,602,03). Then we obtain an FDS? (T3, F, ¢) which is equipped with
P ={L°, Ls°}, where

L(fo = {(91,92,0) | 0; € R/Z}, Lgo = {(91,92, %) | 0; € R/Z}
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We have the decomposition of My := T3\ (L§° U L$°) into connected compo-
nents
My = X1 U Xo,

X1 = {(61,02,03) | 61,02 € R/Z, 0 < 05 < 1},
X5 := {(91,92,93) | 91,92 S R/Z, % < b3 < 1}

Here each X, (a =1,2) is a T?-bundle over an open interval, and F|x, is the
bundle foliation. The canonical 1-form wg is given by we|x, = cosec(2703) dfs
and the period group Ag = {0} by Proposition 2.11.

III-3. Finally, we give an example of an FDS? of type III-3.

Example 3.10. Let 7% := (R/Z)3 = {(61,02,03) | 0; € R/Z}. Fix an irrational
number p € R\ Q. Let wg be the smooth 1-form on 7 defined by

wo = sin(2703)(db1 + p dbs) + dbs.
Since we see wg A dwo = 0, Ker(wp) defines the foliation F on 7% by Frobenius’
theorem (cp. Remark 1.2 (1)). Let ¢ be the smooth dynamical system defined
by
d
%(bl (p) = (17 0, 0)
for p=(01,02,03). Then we obtain an FDS? &; := (T3, F, ¢ ) which is equipped
with P = {L{°, L}, where
L<1>o = {(91,02,0) | 0; € R/Z}, Lgo = {(91,02, %) | 0; € R/Z}
We have the decomposition of My := T3\ (L$° U L$°) into connected compo-
nents
My = X; U Xo,
X = {(91,92,93) | 01,65 € R/Z, 0< b3 < %},
Xy = {(91,92,93) | 01,05 € R/Z, % <03 < 1}

Here any leaf of F|x, is dense in X, for each a = 1,2. So &; is of type III-3.
Let we, be the smooth 1-form defined by

we, = cosec(2ml3)wy = dby + p dfa + cosec(27ml3) dbs.
Then we see )
Ker(ws,) = Ker(wp), we(¢') =1,

and so we, is indeed the canonical 1-form of &;. Let v},+2 be closed curves
in X, defined by

o {(to 1)‘t€R/Z} 72::{(0t )‘teR/Z}

Then we see that Hl(X Z) is generated by the homology classes of v}, ~2
and that [ws]([7L]) =1, [ws]([72]) = p. Hence the period group Ag is Z + pZ.
For this example &1, any orbit in My is closed, and so Pg is uncountable.
However, as in Example 3.4, we can change ¢; to obtain an FDS? having
countably infinitely many closed orbits in M as follows. Let V5 := (—p,1,0),
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V3 = (—1,0,sin(2703)) be vector fields on T3, and we consider the smooth
dynamical system ¢- defined by

d
£¢§ (p) :=(1,0,0) + sin(27b) Vo + cos(27m03) V3
= (1 — psin(2m6;) — cos(2mf3), sin(276;), 5 sin(4n6s)).

Then we obtain an.FDS? &y = (T3, F,¢2) of type I11-3. As V5 and V3 are tan-
gent to F and so (¢! — ¢b), € T, F for p € T3, we have wg, = we,, As, = As,
by Lemma 1.11. We see that Pg, consists of the following four closed orbits
in My:

71:{(01705%)|01651}5 72:{(91507%) |91€Sl}a

3 ={(01,%,3) 160, €8}, va={(61,%,3)]6,€S"},
and that ¢ is of contracting type around <3 and 4. We replace a tubu-
lar neighborhood of 73 or 74 by the suspension of the horseshoe map. By
Lemma 3.3, we obtain an FDS* & = (M, F, ¢) of type III-3 such that Pg is

countably infinite, and the canonical form wg and the period group Ag are
the same as wg, and Ag, (i = 1,2), respectively.

4. SMOOTH DELIGNE COHOMOLOGY AND
INTEGRATION THEORY FOR FDS?3’s

In this section, we recall the theory of smooth Deligne cohomology for an
FDS? and the integration theory of Deligne cohomology classes. For general
materials on smooth Deligne cohomology, we consult [5]. For the integration
theory of Deligne cohomology classes, we refer to [20, 22, 42].

4.1. Smooth Deligne cohomology. Let & = (M, F, ¢) be an FDS?. Let
X be a submanifold of M obtained by removing some finitely many closed
orbits.

Let A’ denote the sheaf of C-valued smooth i-forms on X. For example, an
element of A!(U) is given in terms of a foliated local coordinate (z,z) € U by

fi(z,2) dz + fa(z,2) dZ + f3(2, x) dx,

where f;(z,)’s are C-valued smooth functions on U.
Let A be a subgroup of the additive group R. For a nonnegative integer n,
we set A(n) := (2mv/—1)"A.

Definition 4.2. Let n be an integer with 1 < n < 3. We define the smooth
Deligne complex A(n)y on X by
An)g t A(n) — A® L AL & 2 gt

where A(n) is put in degree 0 and d denotes the differential. For an integer
q > 0, the g-th smooth Deligne cohomology group with coefficients in A(n)qy is
defined to be the g-th hypercohomology group of the complex A(n)4, denoted
by Hg,(M; A(n)),

HE(X;5A(n)) == H(X;A(n)g).
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In particular, when A is the period group Ag, we call HL(X;Ag(n)) the
FDS3-Deligne cohomology groups of &.

We compute the smooth Deligne cohomology groups as Cech hypercohomol-
ogy groups of an open covering Y = {U, }qecr of X with coefficients in A(n)q,

HE(M; A(n)) = H(U; A(n)2),

where the open covering U is taken so that all nonempty intersections Ug,...q; :=
Uao N-+-NU,, are contractible. So a Cech cocycle representing an element of

Hy(M;A(n)) is of the form

Nao.cans 00y ap s 00 ) €CM(A(n) @ C*HAY) @ -+ @ COLA™)
which satisfies the cocycle condition
8(0g...an-i) + (=1)"Aay. 0, =0,
0(Ohgcan—sos) + (1) 0y L, =0 (i 21),

where § is the Cech differential with respect to the open covering .

Example 4.3. Let f be an FDS3-meromorphic function on & whose zeros
and poles are lying along closed orbits v1,...,vn. Let X := My. Let log, f
denote a branch of log f on U,. Then the Cech cocycle

(naoalvlogao f)v Naga; = (5 IOg f)a()al € Z(l)v
determines the cohomology class of H},(X;Z(1)), by which we denote c(f).

Example 4.4. Let wg be the canonical 1-form of & (cp. Definition 1.10). Fix
a base point pg € X. For each U,(a € I), we choose a point p, € U, and a path
Yo in U, from pg to p,. For p € U,, we set

fuws,ap) =21V -1 we,
T Va
where 7, is a path from p, to p inside U,. Since U, is contractible and we is
closed, fus , is a smooth function on U, which is independent of the choice
of 7p. Then the Cech cocycle

()‘aollwfweﬂo)? )‘aoal = (5fw6 )aoal € AG(1)7

defines the cohomology class of H, (X;As (1)), by which we denote c¢(ws). The

class c¢(ws) is independent of the choices of pg, 7, and 7,. In fact, let pl,, v,

and '71/7 be different choices of a point in Uy, a path from pg to p/, and a path

from p/, to p, respectively, and let f/,_ and ] be defined as above using
/

apgal

/ / / : / : .

Pa» Ve and 7,. Since df, . = dfus, =we, fls, — fus,a = Aa is a constant
on U,. Then we have

X = firg,(P) = fus..(p) = 2mV~1 we € As(1)

(vp-va) = (vp78)
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and
Ngar — Aaoar = (0156 Jagar = (606 )ava
= u:@,al - ;G,ao - (fWG,al - fwe,ao)
= (f(:)e,al - fwe,al) - (f:;e,ao - fwe,ao)
= X1 — Aap = 6(Nagas s
and hence c¢(ws) is independent of the choices of p,, 7, and 7, but it depends
on the choice of pg.
Definition 4.5. For 1 < n < 3, we define the n-curvature homomorphism
Q: HL(X;A(n)) - A"(X) by Qc)|y, :=dom?
for ¢ = [(Nag...apns -+, 0% 1))

» Y ag
When A is a subring of R, the smooth Deligne cohomology groups are

equipped with the cup product, which is induced by the product on the smooth
Deligne complexes

(4) An)g @ A(n')g — A(n+n")g

defined by
xy, deg(z) =0,

(5) rUy =< xAdy, deg(z) >0 and deg(y) =n/,
0 otherwise.

For our purpose, we extend the product (4) for the case where A is a subring
of R and A’ is a A-submodule of R as follows. Namely, by the same formula
as in (5), we have the product

An)g @ N'(n')g — N(n+n)y
which induces the cup product on the smooth Deligne cohomology groups
(6) HE(X: A(n) @ HY (X A () — HET (X3 A (n +n')).

4.6. Integration theory. Asin Subsection 4.1, let & = (M, F,¢) be an FDS?,
and let X be a submanifold of My obtained by removing some finitely many
closed orbits. Let n be an integer with 1 <n < 3, and let ¢ € HZ(X; A(n)).
Let Y be an (n — 1)-dimensional closed submanifold of X. We shall define
a paring [, ¢, which takes values in C mod A(n) as follows.

First, we fix an open covering U = {U, }aer of X such that all nonempty

intersections Ugg...q; := Uqgy N -+- N U,, are contractible and choose a Cech
representative cocycle (Agg...an, 09, 4, ,s--->001) of ¢. Second, we choose

a smooth finite triangulation K = {o} of ¥ and an index map ¢: K — I
satisfying o C U, (5). Fori=0,...,n —1, we define the set Fi (i) of flags of
simplices

(7) Fr(i):={G= (""" ...,6" ") | ¢/ € K, dimo’ =,

Unflfi C.---C O_nfl}.
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Then we define the integral of ¢ over Y by

R [ n—1—1
(8) €= Z Z (_1) ‘/Unilii 0L(a"—1)L(o"—2)...L(o—"—1—i) mod A(n)’

i=0 G Fk (i)

which is proved to be independent of all choices [22, Thm. 3.4 (i)]).
The following Stokes-type formula was shown by Gawedzki [20] when Y is
2-dimensional. We refer to [22, 42] for more general statements and proofs.

Theorem 4.7 (cp. [20], [22, Thm. 3.4 (ii)], [42, Prop. 5.5]). If there is an
n-dimensional submanifold Z of X whose boundary is 0Z =Y, we have

/Yc:/ZQn(c) mod A(n).

5. LOCAL SYMBOLS AND HILBERT TYPE RECIPROCITY LAW

In this section, we introduce a local symbol by using the integral of a cer-
tain FDS-Deligne cohomology class along a torus and show the Hilbert type
reciprocity law.

5.1. Local symbols. Let & = (M, F, ¢) be an FDS3. Let f and g be FDS3-
meromorphic functions on & whose zeros and poles lie along 71, ...,7ny € Ps.
We set X := My \ Uf;l 7i. For v € Pg, let V() denote a tubular neighborhood
of 7, and we denote by T'(+y) the boundary of V().

As in Example 4.3, we have the smooth Deligne cohomology classes

c(f) = [(Mmagay » 10ga0 NI,
c(9) = [(Nagar 1084, 9)] € H5H(X;Z(1)),
and as in Example 4.4, we have the FDS3-Deligne cohomology class
c(ws) = [(/\aoaufwe,%)] € Hé(Xv As(1)).

By the product in (6) applied to the case that A = Z and A’ = Ag, we have
the third FDS?-Deligne cohomology class

(f)Uelg) Uclws) € Hy(X; As(3))-
Definition 5.2. We define the local symbol (f, g)- of f, g along v by

(f. )y = /T el Uelg) Uelurs)  mod Ao(3)

We note that the integral of the right-hand side is finite since T'(y) is compact
and that it is independent of a choice of V() by the Stokes theorem.

Theorem 5.3. Notations being as above, Vthe FDS3-Deligne cohomology class
c(f)Uc(g) Uc(ws) is represented by the Cech cocycle

(maoal nalag )\a2a37 maoa1 na1a2 fw67a0a1a27 maoal logal ng? ]'Oga,o fdlogg /\ wG)
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For v € Pg, the local symbol (f, g)~ is given by

(f.9)s = /T loB(1) dlox(g) N~ /

m

dlog(f) /[ log(g)ws mod A (3),

where m and | denote a meridian and longitude on T(7), respectively.

Proof. The first assertion follows from the definition (5) of the cup product on
Deligne cohomology groups. We set for simplicity

0 —
9a0a1a2 - maoalnalasze,aoalazﬂ
1 —
0(10(11 = Maga, 1Oga1 Juwes,

0o = 108, fdlogg A we.

D
N
|

To prove the second formula for the local symbol, we make suitable choices
of a triangulation K of T'(v), an open covering U, representatives of Deligne
cohomology classes ¢(f), ¢(g), ¢(ws), and the index map ¢. First, let K = {0}
be a triangulation of the 2-dimensional torus T'(v) by eighteen triangles as in
Figure 1.

We choose an open covering U = {U, }aer of X such that nine U,’s in U
cover T'() and are indexed as in Figure 2.

We define the index map ¢ : K — I in the manner that one vertex, three
edges and two triangles in U, are sent to a € I as in Figure 3.

[

FIGURE 1. A triangulation of the 2-dimensional torus T'(y).

. « N
’ 7 7 N

/ R SN \
! - L U U. U.
S R 7P N R N I 5 32 3,3
N LT 47 47 Jd 7

IS 7T 2T -

ahN ST sibh T o U. U.
' <J "~ | <~ | <~ | b b o -
\ ST TN T T TN == T TN~ ! 2,1 2,2 2,3
e 47 47 4 7

A 7, 7, A

S AN S B

/ S - > - A -7 \
! Ty TSy SO U U, U,
. vl vl ) 1,1 1,2 1,3
\ W/ s ’

R L

FIGURE 2. An open covering U = {Uq }acr of X.
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o---Ua---

, N

/ N

/ \ v

!
o 1

' e2 3 el.e2 ed s a

\ o )

\ , 0,0

N /

v el

F1GURE 3. Three edges and two triangles in U, are sent to a € I.

We choose the representatives of ¢(f), c(g) and ¢(we) as follows:

o(f) = [(Magar 1084, F)l; Magar = (6108 flagar
Judlogf, a0 =(3,4), ax = (1,5),
Maga, = — [, dlog f, ao = (1,i), a1 = (3,]),
0 otherwise,
c(9) = [(nagar,1084, 9)],  Magar = (6108 9)agas
fm dlog g, ap = (3,1), a1 = (1,7),
Nagar = § — [ dlogg, ao=(1,i), a1 = (3,7),
0 otherwise,
cwe) = [(Aagars fus,ao)ls  Aagar = (0fus )agass
fiws, ap = (1,3), a1 = (4, 1),
Aaga; = — Jiws, a0 = (i,1), a1 = (4,3),

0 otherwise,

where 4,5 € {1,2,3}.
Let Fk (i) be the set of flags of simplices for i =0,1,2 as in (7). By (8) and

De

9)

finition 5.2, we have

Z , 9?(02) - Z / 91, o2)i(ol)

FeFK(0)V7 FEFK
+ 2 / Ol 0l (o)
GEFK(2)

For the first term of the right-hand side of (9), we have

(10) >

HL(G.z) Z Z / log, fdlog g A we

GeFK(0) o2 a€l 62CU,

:/ log fdlog g N we.
T(v)

Miinster Journal of Mathematics VoL. 14 (2021), 323-348

343



344  JUNHYEONG KiM, MASANORI MORISHITA, TAKEO NODA, AND YUJI TERASHIMA

For the second term of the right-hand side of (9), we note that m,(52y,(51) =0
unless (¢(02),u(01)) = ((3,1), (1,4)) for i = 1,2,3, by our choices of m’s and ¢.
Hence we have

(11) Z / GL(O.Q) Z Z / My(o2)(ol) 1ogL(01)gwb

c€FK(1) a€l glCo2CU,

_Z Z / M(3,i)(1,i) 108, (o1) gWe

=1 1(c1)CUs,;

:/ dlogf/loggwg.
m [

For the third term of the right-hand side of (9), we note that
My(o2)(c) (1) (c0) = 0

for any flags, by our choices of mgp’s, nep’s and ¢. Hence we have

0 -
(12) Z o GL(UQ)L(ol)L(o'D) =0.
FEFK(2)7°
Getting (9)-(12) together, we obtain the second formula for (f, g).. O

Let R4 be a closed Riemann surface of genus g and P € R;. For meromorphic
functions f and g on Ry, which are not constantly zero, let {f, g} p denote the
tame symbol at P defined by

or or: f dP(g)
{f,g}p = (=1)°dr(H) dpg)m(P

Corollary 5.4. Let & = (M, F,¢) be the FDS? as in Example 3.1, where M is
the mapping torus M(Ry,p) for a closed Riemann surface Ry and o diffeomor-
phism ¢ of Ry. Let P =[z,s] € M, and let vy, be the closed orbit containing P,
namely, v, = {[z,$] | 0 < s <1}. Then we have

1
(F g0y, = 20v/ =T / log({/,g}p)ds mod Z(3).

Proof. By Cauchy’s theorem, we have the following formula for the tame sym-

bol (cp. [10]):
(adr = o5 [ Toutr) dtonts) - oxo(@) [ atou(s))

where the meridian m is a small loop around P based at () on the fiber R, =
w~1(s). Since wg = w*(ds) and Ag = Z, we have

27r\/—_1/0 log({f,g}P) dsz/T( )10g(f)d10g(g)/\%

- / dlog(f) /[ log(g)we mod Z(3),

which yields the assertion by Theorem 5.3. ]

Miinster Journal of Mathematics VoL. 14 (2021), 323-348



ON 3-DIMENSIONAL FOLIATED DYNAMICAL SYSTEMS 345

Remark 5.5. (1) Brylinski and McLaughlin showed a formula for the holo-
nomy of a certain gerbe along a torus [6, Thm. 3.6]. We note that their formula
has a form similar to ours above and that their method of the computation is
different from ours.

(2) Bloch pointed out to us that the formula in Theorem 5.3 has a form
similar to a formula for the regulator of an elliptic curve (cp. [3, 4.2], [18, 1.10]).

(3) For a surface bundle over S', Stelzig [40] introduced a local symbol by
the right-hand side of the formula in Corollary 5.4. So our result generalizes
his to arbitrary FDS3.

5.6. Hilbert type reciprocity law. We keep the same notations as in Sub-
section 5.1. We show a geometric analog for our local symbol of the reciprocity
law for the Hilbert symbol in a global field.

Theorem 5.7. We have
> (f,9)y=0 mod As(3).

7€Ps
Proof. We set

Z =X\ <O V() UQV(%))-

=1
Noting 0Z = J,_, T(7°) U UZ 1 T'(v:), we have, by Theorem 4.7,

T

Z<f79>'vzz +§:

~EPa i=1 i=1
-3 /T el Uetee)
+ Z/ JUc(ws) mod Ag(3)

_ /a elf) Uclg) Uelws) mod As(3)
- /Z Qu(e(f) Uclg) Uc(ws)) mod Ae(3).

By Definition 4.5 and Theorem 5.3, we have
Qs(c(f) Uclg) U clws))lu, = d(log, fdlogg Aws).
Taking a foliated local coordinate (z,x) on U,, we have
d(log, fdlogg A we) = d(log, fdlogg) ANws (since wg is closed)
=dlog f ANdlogg Nws

(J;Zdz+€f ) ( d+ dm)/\wg

(since log f, log g are holomorphic on U,)
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_ J292 = Jug: dz A dz A we
I
=0 (by we = h(x)dz),
and hence the assertion follows. O

Remark 5.8. (1) Our method to introduce local symbols and to show the
reciprocity law may be regarded as a generalization to an FDS? of Deligne,
Bloch and Beilinson’s interpretation of the tame symbol on a Riemann surface
using the holomorphic Deligne cohomology [3, 4, 10].

(2) It would be interesting to generalize our local symbol to multiple symbols
(fis- .-y fn)~y for several FDS3-meromorphic functions f; by using the Massey
products in the smooth Deligne cohomology and the iterated integrals, as the
tame symbol on a Riemann surface was generalized to polysymbols in [34].
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