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TORUS LINKS T35 AND (s,t)-LOG VOA

KAZUHIRO HIKAMI AND SHOMA SUGIMOTO

ABSTRACT. We reveal an intimate connection between the torus link T, 2¢ and the logarithmic (s,1)
VOA. We show that the singlet character of (s,t)-log VOA at the root of unity coincides with the
Kashaev invariant and that it has a property of the quantum modularity. Also shown is that the tail
of the N-colored Jones polynomial gives the character. Furthermore we propose a geometric method
to computer the character.

1. Introduction

Quantum invariants of knots and 3-manifolds are fascinating topics from both physics and mathe-
matics. Recent studies reveal intriguing connections with geometry, number theory, and representation

theory.

From a geometric side, a key object is the Kashaev invariant (K)x [18], which is believed to have a

structure of hyperbolic geometry in a large N limit via the volume conjecture
2
lim — log |(K)y| = Vol(S3 \ K), (1.1)
N—oco N

where Vol denotes a hyperbolic volume. It is well known [23] that the Kashaev invariant (K)y for a
knot K is a specific value of the N-colored Jones polynomial Jy(g; K), which is a U, (slz) knot invariant

with N-dimensional irreducible representation;

2mi
<K>N:JN(<N;K), CN:eN. (12)

Through extensive studies on the Kashaev invariant, a notion of the quantum modular form were
proposed [29]. A typical example of the quantum modular form is the Kontsevich-Zagier series [28],
which was generalized to those corresponding to the Kashaev invariant for the torus knot 7% 0,41 [14].
These results suggest that the quantum invariant of knots and 3-manifolds has an intimate connection

with a g-series, which has a similar property with mock modular forms [9, 19].

Such a g-series is reminiscent of the character of logarithmic conformal field theories. See [3] where
studied was a relationship between the WRT invariant for 3-manifolds and the character of VOA.
Therein the character of (s,t)-log VOA explicitly given in [6] plays a role. Later in [2] the character of
the singlet (1,¢)-log VOA was identified with a tail of the colored Jones polynomial for torus link 75 o;
which was proved to exist for alternating link [4]. This indicates that not only the WRT invariant but

the quantum knot invariant could have a connection with the character of VOA.

The purpose of this letter is to study a relationship between the colored Jones polynomial for torus
link T, o; and the character of (s, t)-log VOA. In Sections 2 and 4, we introduce Laurent polynomials as a
family of the colored Jones polynomial Jy(gq; T2s 2¢). In Section 5, we shall show that they coincide with
the singlet characters of (s,t)-log VOA at the root of unity. We also discuss that the tail of Jx(g; T2s,2¢)
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also gives the character. Section 3 is devoted to a quick review of properties of modular forms and
their Eichler integrals. In Section 6, we propose a geometrical method to calculate the characters of

irreducible modules of (s,t)-log VOA using the Atiyah-Bott formula [1].

2. Colored Jones Polynomials for Ty, o;

We assume that s and ¢ are positive coprime integers. The torus knot T, ; has a braid group pre-
sentation (o103. .. 05,1)75. Here o; denotes the generators of the Artin braid group satisfying the braid
relations

030410 = 0410041, o0 =004, for|i—j| > 1.

The N-colored Jones polynomial for the O-framing torus knot T, was given in [22] based on [24] as

q48t(1_N ) ’ str?—(s+t)r+1 str?—(s—t)r—1
IN@GT) = H—s Y (q s by : 2) . (2.1)
qz —q =2 N-1

Here the invariant Jx(¢; K) is normalized so that Jy(g; unknot) = 1.

We have interests in the 2-component torus link 759, which has a braid group presentation
(o109 . ..023_1)2t as in Fig. 1. Therein we have used the braid relation to see that it is a cabling
of the torus knot T ;. As is shown in Fig. 2, the braid o? corresponds to the twist which is a central
element of the ribbon category. Then, by replacing the braid o? by the twists in Fig. 1, the N-colored
Jones polynomial for T 9, can be given by use of Jn(g;Ts ) in (2.1) as

qst(l—Nz) N-1 J

JN(q;TQS,Qt) — quN Z Z (qstkz_(s+t)k+% _ qstkz_(s—t)k—%) ) (22)

2 — q7 2 .
J=0 k=—j
Here both two components of the link are assigned the N-dimensional irreducible representation of
Uy (sl2). We note that the colored HOMFLY polynomial for torus link are given in terms of the Schur
function [20].

\\\\

FIGURE 1. A braid group presentation for the torus link 75 s. The second component
of the link is in red. The right hand side is an isotopic diagram, which shows that T g
is a cabling of the torus knot 75 4.

One sees that, for a sufficiently large IV, the tail of the colored Jones polynomial stabilize, and the

polynomial is read as



>
X

FIGURE 2. An isotopy of o2.

JN(q; TQS,Qt) = NqNQ_1+st(1fN2)

N—-1 . 1y N-1 .., N—-1_ . N-1
X (1 —q- Tq(s DE=1) — ¢ te—t 4 4 et N gD > . (23)
We will give a proof later in (5.8).

For our later use, we recall that [9]

p(1-N?) N-1

In (¢ Tap) = q% % Z pj(i+1) ( _ q—j—%) (2.4)
_ =

3. Modular Forms and Eichler Integrals
3.1 Unary Theta Series

We introduce periodic functions with mean values zero as follows.

+1, for k =+a mod 2p,
3.1
1/1 ( )= {O, otherwise, (3-1)
1,  for k= =£(nt —ms) mod 2st,
ngtm)(k‘) =< -1, for k==+(nt+ms) mod 2st, (3.2)

0, otherwise.

Here s and ¢ are coprime positive integers. We assume that 0 < a <p,and 0 <n <s, 0 <m < t. See

that Xg;;m)(k‘) = Xé‘;t_”’t_m)(k). The unary theta series are defined by
Z ks (k) (3.3)
kGZ
.2
ey Z Xou™ (k) ¢, (3.4)
kEZ

where ¢ = e2™7 for 7 € H. The g-series, ') () and @gt;’m) (1), are vector-valued modular forms with

weight % and %, respectively. We have

n,m (nt—ms)? 7ix(n,m
oy (r+ 1) =emi mely™(r),

where ¥/, . means that n' and m’ runs over a 3(s — 1)(¢ — 1)-dimensional space, and
n m 8 nm’+n'm+1 _: /t . ;S
S(s, )" m == (=1) sin { nn' -7 | sin (mm ﬂr) . (3.7
st s t
. ol (1) ("™ (1) . .
The weight 0 modular forms, [WFET)]3 and G where 7(7) denotes the Dedekind n-function, are

characters of the Agl) conformal field theory and the Virasoro algebra Vir(, ¢ = Wa(s, t) respectively.
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3.2 Eichler Integrals

Following [9, 14, 19, 28], we introduce the Eichler integrals of the vector modular forms (3.3) and (3.4)

as

(a) Z ¢2p ’ (3'8)

F(n,m 1 n,m £2
(1) = =5 kady™ (k) g (3.9)

Limiting values when 7 | % for N € Z~( were given in [9, 14] as

2pN )
a ki
Vi (§) = sz ) e2 B1<2piN), (3.10)
2stN
& stN [e Lﬂ'i
Oy () = 5 D X" (B)e= T By (hy) (3.11)
k=1

where B, (z) is the n-th Bernoulli polynomials, Bi(z) = 2— 1 and By(z) = 22 —z+§. We note that these

limiting values were closely related with the Kashaev invariant (T5 2,) n and (T ;) n respectively [9, 14];

3p2—1 __
(Toop)y = —PNCy ™ TPV (), (3.12)
521,2752—1,2 ~( 1 1)
(Toady =Cn ™ 20 (%) (3.13)

These follow from (2.1) and (2.4). See also [10, 12, 13] for a relationship with the WRT invariant for

Seifert manifolds.

Asymptotic expansions of the Kashaev invariants (T 2p) v and (Ts ;) x in N — oo follow from [9, 14]

w5 T35 B (3) (- D)oo EEEE ()

k=0
s o L(—2k—1 X("’m)) N
(n m) N\ 2 / " m! , , _(n't— :n /)2 TN -1 ( s X2st 1
(3.15)
where
(s —n)m, nt>ms,
S n;m = 316
Pl ) {n(tm), nt < ms. (3.16)
These prove the quantum modularity [29] of the Eichler integrals (3.8) and (3.9).
4. Kashaev Invariant of 75, o,
As a family of the N-colored Jones polynomial (2.2) for Ths 2, we define
(n,m) - ( str2—(nt+ms)r+% _ stri4(nt— ms)'f—ﬂ) ) 4.1
=D D DI : (1)
We have Jn(g; 2”3’;)) € Z[q%,q_%] due to
N-1 (2stk—(nt+ms))? (2stk+(nt—ms))?
CN ast _ CN ast =0. (42)
k=0

One sees that

—8 p— 2
J (Qa gi ;)t) q ta-N )JN(q;T2s,2t)7 (43)



and that the Kashaev invariant (1.2) for Th, o is given as

(Tas20)n = Jn (s Tas2e) = CF TN (G S550)- (4.4)

We shall confirm the quantum modularity of the Kashaev invariant (Tos9:)n. At the N-th root of

unity ¢y, the Laurent polynomial (4.1) reduces to

In(Cns Gom)) = Z > f

c=0 r=—c

N-1
1
= O+ 5 AN = k) f() + k flk = N}, (4.5)
k=1
where for brevity we mean
2 mn 2 s mn
f(r) = str? — (nt + ms)r + mn str”—(ntms)re- gt str? + (nt — ms)r — mn str+(nt )r="% .
2 )N 2 )N
Then we get
7(””)2:(1"”)2 (n,m)
CN ° (CN» 25,2t )
N-1 2 2
(2stk—(nt+ms)) (2stk+(nt—ms))
- {(stk(N R S R R R }
k=0
N-1 2
—(nt+ms stk—(nt+ms 7(2“’“_(”?—”“))
_ {(—stN232 <72 th—(nt )) — (nt +ms)N By (72 ot ))) (v =
k=0

— (~stN?B, (B 4 (np — ms)N By (2t )) ¢ BT

where we have used (4.2) in the last equality. Recalling (3.10) and (3.11), we conclude that the

In(Cn; (”’m)) can be written as a sum of limiting values of the Eichler integrals;

2s,2t
1 ()7 (ma)? n,m n,m nt—ms’vntfms nt +ms nt+ms
Tl Il G = el () - T () T () (46)

As a consequence of (3.14) and (3.15), we obtain the quantum modularity of Jn(g; (2”5 th))

5. log VOA

In this section, we consider the case of sly of the lattice VOA. We denote o« and @ by the simple root

and the fundamental weight, respectively. For a VOA or its module M, ch, means Try; ¢f°~21, and

chy, =Try qLO_ﬁzh.

5.1 (s,t)-log VOA

Let us consider the lattice VOA V. /st associated with the rescaled root lattice V/stQ = \/2stZ. The
irreducible modules of V| ., are given by V, =V VstQtan ., ad Vi =V 5o o) ta, . Where for
1<n<sand 1<m <t set

—t(n—1)+s(m—1)

Qpom = w, An,m,k = (

ms — nt + stk)?
Vst '

o (5.1)

We note that

An,mJ@ = A771,7m,7k = As+n,t+ﬁ"b,k- (52)
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Let £ be the Virasoro algebra at the central charge ¢ = 1— 6M The Virasoro VOA Vir, , = U(L)|0)
is a sub VOA of the Heisenberg VOA Vh 0 . Then the conformal weight of eVsthw+an m ig Anmk + 55

for the central charge ¢ =1 — 6%. In paurtlcul:eur7 we have

qank qnm2k+1

chy Vi, =Y . V=D (5.3)
kEZ kEZ
To define the (s,t)-log VOA and its irreducible module, we need the short screening operators
Q-‘:L _> Vs:tn mo Q[ ] Vj: — Vn:tt m (54)

in [27, Definition 3.23]. Then the (s, t)-log VOA Ky, is defined by Kf; = ker Q) nker 0! 6, 27].

5.2 Characters and Kashaev Invariant

It is known that there are 2st 4+ (s — 1)(t — 1) irreducible modules of the (s,?)-log VOA ICL. The

characters of irreducible modules Xni, =im Q[S " im Q™ were computed in [6] as
1 (25tk—nt7ms)2 (2stk7nt+'ms)2
Chq Xr—:m = (7-) Z]{;Q (C] 1st —q Ast ) , (55)
NT) ez
StR+st—nt—ms 2 st st—n ms 2
chy X7, = Zk (k+1) ( Gubtegpemmel || Gettagpens ) (5.6)
kEZ

Amongst others, the singlet character was explicitly written in [3] as

( ) Ch . Z |k| (q(Qstki;ttms)Q _ q(2stkizstt+7ns)2)

kEZ
1 (~mm nt — MS ~ (nt—ms nt + MS ~ (nt+ms
-5 (B0 o)+ MR ) - M (). )

We point out that, in view of (4.6), the Laurent polynomial (4.1) at the N-th root of unity coincides

with a limiting value of the singlet character (5.7) up to multiples.

Theorem 5.1. The Kashaev invariant (Tssoi) N s a limiting value of the character of (s,t)-log VOA
chq(Xfl)hZO (up to the Dedekind n-function).

Note that in [3] discussed was a relationship between the singlet character and the WRT invariants
for 4-fibered Seifert manifolds. See [11] for quantum modularity. See also [8, 21].
5.3 Characters and Tail of the Colored Jones Polynomial

The relationship between the singlet characters (5.7) and the Laurent polynomial (4.1) can also be

seen in different manner. As a generalization of (2.3), we have the following correspondence.

Theorem 5.2. The tail of the N-colored Jones polynomial coincides with the characters of the (s,t)-log
VOA;

N—o0

. )2+ (ms)? N n,m n,m =
lim (q 2 g )~ N8l )m):nm ey (X5 ). (5.8)



Proof. This can be proved as follows. We have

(q% - q_%) jN(‘L 2s, Zt))

m2s2 2,2
nt
= 4:rt g § s n,m,—2r+1 __ qAn,m,—ZT)

c=0 r=—c

m2s24n242

= qiT (N(qun,m,l _ qAn,vn,O)
+ (N _ T)(qufn,m,2r+l _ qAn,m,Qr + quf'n.,m,72r+1 _ qAn,m,Z'r‘))

= qiT (N(qAS—n,m,l _ qAn,m,o)

N-1
+ (N _ ,r)(qu—n,‘m.,—27‘+1 _ qu—n,t—rn,,—Qr _ qAn,m,—Qr =+ qA‘n,,t—m,—ZT—l)>
r=1
N— 1
 m2s24n2¢2
=q R (N(qu nml_q nmo _|_q7 OOZ Ch jnt m,2r— 1)
r=1
N 1
mn _mn m2s +n 2
— N(q 2 —q 2 ) —|—q Chq jn,tfm,?r‘fla
7":1

where the third equality follows from (5.2), and
1
Chq jn,t—m,Qk—l _ 7k(qu—n,m,—2k+1 _ qu—n,t—m,—zk _ qAn,m,—2k + qAn,t—m,—Qk—l) (5.9)
n(r)
is the character of irreducible L(cs¢,0)-module 7, ;—m 2x—1 generated by e~ (k=D Vstatanm (see [3,
(3.42)]). Then we have

m2s24n2¢2

TR (N 1) Inle )

Chq Tnt—m,2r—1

r=1
N 1 N
=N (qA"‘m‘o(qmn — 1) +n(r) Z - chg jn,t—m,%-—l) —n(7) Z chy T t—m,2r—1
r=1 r=1
N
-N (qATL,‘HL,O (qmn _ 1) + Z(qu—n,"m,,—27‘+1 _ qu—n,f,—m,—zr _ qAn,7n,—2'r + qA'n,,t—'m,—27‘—1)>
r=1

N
T) Z Chq jn,tfmﬂrfl

r=1
and thus we get
. m2s24n?2 N (n,m)
ngnoo <q Prs > I (g; (;Svgt)) — Nol" (7))
N
— ] Asfnmn,— r _ As—n, —m,—2r __ An,m,f r An, —_m,—2r—
_Z\}EHOON<_Z(Q 2r+1 q t 2 q 2 +gq t 2 1)
r=1
— gt (g™ = 1) — @iti’"“m) () chy (X,],)" .
Because
@gz’m) (7.) - _ Z (qu—n,7n,—27‘+1 _ qu—n,f,—m,—2r _ qAn,m,—2r + qAn,t—m,—Zr—l) _ qAn,m,o(l _ qmn)

r>1

we have
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N—o0

N
lim N (_ Z (qufn,7n,—27‘+l _ qu—n,t—m,,—Qr _ qAn,m,—QT + qAn,twa‘er—l)

r=1

_ qAn,m,O (qm”l _ 1) _ Q)gft’m) (7)> = 0.

and (5.8) is proved. O

Our result (5.8) is motivated by [2] where discussed was a relationship between the tail of the colored
Jones polynomial for the torus link 75 2, and the singlet (1,¢)-log VOA. We also note that in [16, 17]
the tail of the colored sl, polynomial for T gives the character of W,(s,t).

Remark 5.3. We should note that the characters (5.5) and (5.6) also appear as a tail when we consider

a 3-component torus link T5s 3. We can apply the same method with Section 2 to obtain

<

2

b=0 [2b—N+1|<c<2b+N—-1r=—3
c+N:odd

9
Z
IN(¢; T35 3t) = %=
2

When we define a family of Laurent polynomials by

N-1 5
Iy (q7 (3n 7;)) = Z Z Z (qstrz—(ms—i-nt)r—&-% _ qstrz—(ms—nt)r—%) ,
92 =4 2 20 |2b-N41|<c<2b4N—1r=—%
c+N:odd
(5.11)
we get (5.5) and (5.6) by the similar computations
e for odd N
. (ms)?+(n)? _ N nom 3N?+1 ¢
Jim, (q T (e G - e <T>) 1(7) chy 5, (5.12)
o for even N
. (ms)24+(nt)2 N n,m 3N? s—n,m —
di (= )+ e 0) Sa 610

6. log VOA and Atiyah—Bott formula

We explain a geometrical method to calculate the character of the irreducible modules X,fm of IC;"1

using the Atiyah-Bott formula.

6.1 Geometric construction of (1,¢)-log VOA and Atiyah—Bott formula

The geometric construction of (s,t)-log VOA for s = 1 was proposed in [7] and given a rigorous

mathematical proof in [25, 26]. That is, the (1,t)-log VOA ! is given by the space of global sections

H(G x5V o) (6.1)

of the homogeneous vector bundle G xp V4, over the flag variety G /B, where @ is the root lattice of
G and V 4, is the lattice VOA associated with the rescaled root lattice V1Q. B is the (lower) Borel
subgroup of G. Furthermore, for an irreducible module V, 55,y over V 4o, HY(G xp V ;5,,) is an
H°(G xp VﬁQ)—module (where A = —v/tA\og + A; and )¢ is a minuscule weight). By the main results
of [25, 26], for X such that (vtA; + p,0) < t where p and 6 are respectively the Weyl vector and highest

n other literature, it is often represented by the symbol W (t)g or W\/{Q.
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root, H(G xp V. s34, ) is irreducible as HY(G x g V. /5)-module and H*(G x5V 4, ,) = 0 for k > 0.
In particular, by using the Atiyah-Bott fixed point formula [1]
> (=1)Fehy . HYNGxp V)= > ch. L(B) D> (—1)") ch, V=0, (6.2)
k>0 BeP, cEW
where ch, L(B) is the Weyl character formula of the irreducible module L(8) of g with highest weight £,
we obtain the character formula

L=VEo (B+p)+Ae+ 2=l

chy- H(G x5 Viagan) = 3 ch L(B) Y (-1)2 (6.3)

. = n(r)rank s
The singlet (1,¢)-log VOA is given by H°(G xp V\/;Q)hzo and H°(G xp V\/EQ+)\)h:’y are its modules.
By using the corollary of the Atiyah—Bott fixed point formula
chy H(G xp V)'=" = > mgy > (~=1)"7) ch, V'=7°F, (6.4)
pBeEPL ceW
where mg ., is the Kostant multiplicity, the character of H*(G xp V, iQ+ /\)h:"y is given by

3|=Vto(B+p)+Aet+Jzpl?

= o) 4
chy H(G xp Vo)== D mps Y (1) O : (6.5)
BePy oceW N

From now on, we consider the case of g = slo. In this case, all \ satisfies (v/tho + p,6) < t, and
thus H°(G xp Vig+a) 1s irreducible and H*(G xp Vigsa) = 0 for all A and k > 0. To simplify the

. . . T S
discussion, we consider the case V., =V, 5, tanm (another case is similar).

Let us check that the character H(G xp V. j,) coincides with the character of (1,t)-log VOA. The
irreducible modules of (1,¢)-log VOA is given by

HY G % Vygia,) (1<m<), (6.6)

where «,, = mT?w. The character of the irreducible module V. iQ+am of the lattice VOA V. ViQ s

A7n,2k

_ — (e, 0 +2kw) 4
chg,- V\/ZQJram - Z chyz o, 1okview = Z z

, (6.7)
kez kez n(7)

(m—t4kt)?
4t

where A, = is the conformal weight of e*m* € m ., ~ plus 57. Note that we have

h=010(2kw) _ ch (

(Vi(@-mytarn) D= (6.8)

Chq(V\/EQ-s-am)
because of |3]? = |o(3)|?>. Then we obtain the character of H%(G x g V\/EQ+am)h:0 as

Ch HO(G XB V\[QJram)h:O

=D mgo ) (1" chy(Viyiga, )"
BePy oceW
l h=co(2kw
ST 1 Vg,
k>0 ceW
= Z (chq (V\/;Q_,_am)h:%w —ch, (V\/;(Q_w)-mt_m)h:(2k+1)w))
k>0
1 A A
_ gomi—2h — gRtmm—2k-1) (69)
G )

where the first and third equalities follow from (6.4) and (6.8) respectively. In fact, it coincides with
q_i(;hw(gygt,l)(q) in [2, Section 7] for m = 1.



10 K. HIKAMI AND S. SUGIMOTO

6.2 Geometric construction of (s,¢)-log VOA and Atiyah—Bott formula

For the case of s > 2, the (s,t)-log VOA and its irreducible modules are constructed and studied
algebraically [6, 27], but not yet geometrically. The second author conjectured that the irreducible
modules X,fm over (s,t)-log VOA is given by studying “H°(G xp H*(G xp anfm))”. In the following,

we propose a method to compute the characters of Xni’m in Section 5.2.

We recall some results on Vir, ; and Iq:l following [27]. Wefixnand mas1 <n <s,1<m <tand
k € Z. We denote Ly, 1, 1 by the irreducible Virg ;-module with the lowest conformal weight A, ,, 1 (5.1).
Hereafter we use [k , ., k , k as the unique simple quotient given by the irreducible U(L)-modules
Ls_nm.—ks Lnm,—ks Ls—nt—m,—ks Ln,t—m,—k, respectively. Then it is known [5, 27] (see also [15]) that
the socle sequence of V;f m s Virg;-module is given by Fig. 3, and that the irreducible K; ;-module
x;f,, =im Q[ﬁ*”] Nim Q"™ is the Vir, ;-submodule of V.t which consists of all k| in Figure 3. It
was shown [27] that X, ,,, 4 = im Q[i_n] cV,f

o given in Figure 4 has the B-module structure defined

by the Frobenius homomorphism (the H-action is given by h = —\/—%(a(o) — (@, n,m))). Under the
B-module structure, X", is regarded as the maximal G-submodule of X, y, 4. In the same manner as

the case of (1,t)-log VOA [25, Lemma 4.19], the map
HYGxp Xpmt) = Xnms, fr fides)

(
sends HY(G xp Xy, m.+) to the maximal G-submodule of X, ,,, +. Therefore we can regard A, ~
H°(G xp Xy m,+) and set

6.10

=

HY G xpV,},) = Xnm - (6.11)

N\
3
X

.,

5

S X XN,
s

w
GL— B — W — N «—
TT— = — W — N

3

| X

4 4
pEe N

5 5 5 5

FIGURE 3. The socle sequence of Vn“:m (at h = 4w, 2w, 0, —2w, —4w). We denote
a—basbeU(L)a.

FIGURE 4. The socle sequence of X, ., + = im Q[j_n] is depicted at h =
4w, 2w,0, —2w, —4w. The maximal G-submodule X", = H°(G xp Xy m,+) con-

sists of all [k in X, 4.

We introduce the Vir, ;-modules f/nim to relate X, n, + with the form H°(G xp —).
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Definition 6.1. Let f/nfm and Vn_’m be the Virg ;-modules given by the socle sequence in Fig. 5 and
Fig. 6, respectively. They are B-modules by inclusions and projections. Precisely f/nim are defined as

follows.

° (Vn—fm)hzszo is the subspace of
(Vi)' =0 = m Q™ @ (Vi )"0/ im Q™) (6.12)

such that (Vi )h=v20 ~ (k+1 k42— ) o (l—kFL— )

o (Vif,)=k=<0 is the quotient of (V,},,)"= such that (V;}, )'="F=<0~ (k — k+1«—- )@

- )

o (Vi)=F=>0 is the subspace of

(f/_ )h="% .= ker Q[in] &) ((Vst ,m)hzo/ker Q[ln]) (6.13)

n,m

suchthat(n_mhkw~.<—-—> (k+1—k+2—---).

o (Vi)=F=<0is the quotient of ( n’m)h—_w such that (V,,-,,)"="F=<0 ~ -—>.<—

;ﬁ;i o

B kN
RN TSI
[ SRS RS RS
8 s H S H s H N

FIGURE 5. The socle sequence of Vn“:m (at h = 4w, 2w, 0, —2w, —4w). Here a > p

means that a — b in (V;© )"=0_ but not in 17"+m

n,t—m

Ty

Ty

Ty

T

:

(right) are depicted at h = 3w, w, —w, —3w.

Ty

®

Ly

BE =

L

BE N

QL— B — W — DN — =

T — i — 00— N — =
T ™ — W — N

GT— W — W — N
| |

4 L
]
5

Ly .“‘_I
=
S
Ut — =

n,m

FIGURE 6. The socle sequences of f/'n_m (left) and V.~

The key observation is that Vn+m

(. <<<<<< »k+1) and (. <<<<<<< »k+41) in Fig. 5 as one component each. This is intended to treat VT;“ ™
and Xy, 4+ (or V 50,,,, in the previous subsection appearing in the (1,7)-log VOA setting) as if they

in Fig. 5 and X,, ;,, + in Fig. 4 have the same shape if we regard

were the same. The following proposition is essential for the computation of the character of X*

Proposition 6.2. The B-modules H*(G x g Vi) (6.11) and VJr in Def. 6.1 satisfy the following (the
same results holds if Q is changed to Q — w ).
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(1) For 8 € Z>ow, we have
chy H*(G xp V,1,,)"=7% = chy H(G x5 V)" =777,

cha (V) =% = ey (7,

sfn,m)

h=0+w

(2) For k>0 and 8 € Z>ow, we have
chy H*(G xp V;},,)"= = chy HO(G x5 V,_,, )" =717,
chq(V,;fm)hzkw = chq(anm)h:kw.
(3) We have the cohomology vanishings
HY (G xp H(G xpV,[,)=H'(GxpV,},)=0

(6.14)
(6.15)

(6.16)
(6.17)

(6.18)

Proof. (1) By comparing Fig. 5 with Fig. 6, we obtain (6.15). In the same manner, (6.14) is also

proved.

(2) By Fig. 3 and Fig. 5, we have (6.17). The socle sequence of H’(G x g f/;__n’m) (namely, maximal

G-submodule of V., . ) is given by Fig. 7. Then we obtain (6.16) by comparing with Fig. 4.

—n,m

3) The cohomology vanishing (6.18) follows in the same manner as the case of (1,t)-log VOA [25
(3) gy g (6.18) (1,t)-log ;

Lemma 4.10].

11 11
2 2
B B B B
4 4 4 4
5 5 5 5

FIGURE 7. The socle sequence of HO(G' xg V,_

—n,m

Theorem 6.3.
chy(XE,)"=0 = H°(G x5 H*(G x5 V,5,,)"=".

) is given at h = 3w, w, —w, —3w.

(6.19)

Proof. As a consequence of Prop. 6.2, we can apply the Atiyah-Bott formula (6.4). The proof is as

follows.
chy H(G x5 H°(G x5 V;,[,,)"=°

6.4 - oo
ST e 3 ()N chy HO(G xp Vi, )"0

,BEP+ oceW
— Z Z (_1)l(a) Chq gO(G X5 Vn—&’-m)h:ao2km
k>00ceW
(6.14) Z (chq fIO(G X anm)h=2kw — ch, ﬁO(G X5 an’tim)h=(2k+1)w)
k>0
C20S™ (chy HOG x5 Vi) =CF0 — ey (G x5 Vi) =207
k>0

(6':4)2 Z Mg, (2k+1)w Z (=)' chy(ViZ,, )=

k>0 \BePy ceW
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=3 mp ke D (DO chg(VE, )M

BePL ceW
_ Z Z Z (_l)l(o) Chq("}'S:nym)h:ao(2k+2k/+l)w Z Z l(a) ch S it m)h:oo(2k+2k'+2)w
k>0 \k'>00eW k>0 0eW
(6.15) Z ((Chq(vsinym)h:(%-i-%’-&-l)w - Chq(vnfm)h:(2k+2k’+2)w)
k_,lc (Z:hq(f/j . m)h:(2k+2k/+2)w o (ant m)h:(2k+2k’+3)w)>
(6.17) Z ((Chq(&in’m)h:(2k+2k’+1)m _ Chq(vn-i’-m)h:(Zk—i-Qk’-&-z)w)
k_,k(ZC(;qo/:rn’tm)h:(2k+2k’+2)w _ Chq(an’tim>h:(2k+2k’+3)w))
= % 2 (qsmm—2h—2m =1 — gBeniom—ak—2k =2 — gBnm —2k-2k 2 | gBntom—2k-2k -3 ) |

By (5.2), this coincides with chy(X,,,) =0 (see [3, (3.43),(3.52)]).

We can compute the character ch, (X, ,,)"=° in the same manner. ]

Remark 6.4. The characters (5.5) and (5.6) are given by
chy (X)) = chy H(G xp H°(G x5 Vi), (6.20)

which follow from

chy. HY(G x5 H(G xp V,},))
1
__ h. L(2k Asfn,'m,72k72k’71 _ Asfn,tf'm.,—2k72k’72 _ An,'m,—Zk72k’72_|_ An,t—m,72k72k’—3 .
e k.;>oc - L(2k) (¢ q q q )

(6.21)

We have obtained the character by introducing (f/njfm)hzkw in Definition 6.1. Another method would
be to disregard the commutativity of the B-action with the Virasoro action except for the conformal
grading instead of taking (f/nfm)h:kw as a Fock space. There remains for a future work to introduce
screening operators that define such B-action. We hope to report on a geometrical construction of the
characters of (s, t)-log VOA for g, and on a relationship with g-quantum invariant for torus link T

as a generalization of [17].
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