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Abstract

The heat semigroup {7 (f)};>0 defined on homogeneous Besov spaces B;‘ R is
considered. We show the decay estimate of T'(¢) f € B;ﬁ" (R™) for f € B;)OO(R”)
with an explicit bound depending only on the regularity index o > 0 and space
dimension n. It may be regarded as a refined result compared with that of the second
author (Takeuchi in Partial Differ Equ Appl Math 4:100174, 2021). As a result of
the refined decay estimate, we also improve a lower bound estimate of the radius of
convergence of the Taylor expansion of 7 (-) f in space and time. To refine the previous
results, we show explicit pointwise estimates of higher order derivatives of the power
function |£|° for o € R. In addition, we also refine the L!-estimate of the derivatives
of the heat kernel.
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1 Introduction

Consider the heat equation 9, = Au in (0, co) x R” with initial condition u(0) = f
in R?, n > 1. Then, the solution u is given by u(t) = T (¢) f at least formally, where
{T (¢)}:>0 is the heat semigroup defined by 7'(¢) := f‘le_tmz}" fort > 0. Here, F
and F~! denote the Fourier transform and inverse Fourier transform, respectively.

In this paper, we consider the function u(¢) := T (¢) f in the case where f belongs to
the homogeneous Besov spaces B;‘,, qR" forl < p,g <ooands € R. Our purpose
is to show the decay estimate of u(t) = T(¢) f € Bffla (R™) for f € B;,OO(R”) with
an explicit bound depending only on the regularity index o > 0 and space dimension
n. In addition, we obtain an explicit lower bound of the radius of convergence of the
Taylor expansion of u(-) = T(-) f in space and time. These results may be regarded
as an improved version compared with [23].

To refine the decay estimate of {7 (¢)},>0, we show explicit pointwise estimates
of higher order derivatives of the power function |£|° for o € R, where notice that
|€]° is the symbol of the fractional Laplacian (—A)°/? = F~1|£|° F. The pointwise
estimates of |£|? play an important role in giving an explicit bound appearing in the
decay estimate of {7'(¢) };>0. Moreover, we also refine the L L_estimate of the derivatives
of the heat kernel in [23, Proposition 5.4]. This improvement allows us to enlarge a
lower bound estimate of the radius of convergence of the Taylor expansion.

Before stating our main results, let us define some function spaces. Take ¢ € . (R")
such that suppyp = {£ € R"|1/2 < |&] < 2}, (&) > O for 1/2 < |&] < 2, and
Z./ez @(277g) = 1forall € € R" \ {0}, where . (R") denotes the Schwartz space.

Then, for 1 < p,q < oo and s € R, the homogeneous Besov spaces Bf, q(]R") are
defined by

B;,q(R”) = {f e S'(R"/ PR ”f”B;‘,,q(R”) < oo} ,

I lgs @ = 2% 0 % fllLe@n)}jezllio@),
5.g R")

where .’ (R") denotes the dual space of .7 (R"), &?(R") is the subspace of ./ (R")
consisting of polynomials with complex coefficients, and {¢;} jcz is defined by ¢; :=
F @ /&) for j € Z. In addition, we also define the Sobolev spaces H™ (R") :=
(f € L@ 1 flam @ = X jajzm 109 f | 2@, < 00} form € N.

Our first result is the decay estimate of solutions to the heat equation with an explicit
bound. In what follows, let I' denote the gamma function and let [a] denote an integer
such that [a] < a < [a]+ 1 fora € R. We also set constants M, , and K, as follows:

26
T(n/2)

_ 5. 25/2 { (2/7r)”/2[n/2 + 1]2 }3/8 !2([}1/2 + 1]|)3 }3”/(8}1—}—8)
" log2 Fn/2+1)

n c/2
My, = max {(0/2)°/2, (25/2)"/8(1 /o)) {(%) 2 } Qo + 1)/8K,,

n ||¢||H[n/2+l](Rn)‘
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Theorem 1.1 Let 1 < p < coand s € R. For every f € BS oo (R"), it holds that
T f € BH"’ (R™) for all 0 > 0 and t > 0 with the estimate

/2
IT O F e @y < Mont ™21 f gy .

Remark 1.2 (i) The decay estimate of T(¢) f € BS 7 (R") for f € B o (R™) was
first shown by Kozono-Ogawa-Taniuchi [16, Lemma 2 2]. However, it is unknown the
dependence of a bound on n, p, s, and o in [16, Lemma 2.2]. Then, the second author
[23, Lemma 5.1] refined the decay estimate by considering the dependence on the
regularity index o. In contrast to these results, we give an explicit bound depending
only on ¢ and n. Moreover, we also refined the increasing rate of o as compared with
[23, Lemma 5.1].
(i1) Concerning the increasing rate of o for fixed n, we have

Myn=0@"" aso - 40, M,, = 0(@"*C7c>?) aso — oo,
where C,, := 25/%(n/(2¢))"/*{I'(n/2)}~'/2. In addition, since the Stirling formula

yields T'(n/2 + 1) ~ (4n/n)'2(n/(2€))"/>t! and [n/2 + 1]! < T(n/2 +2) ~
(47 /)% (n/(2e))"/**+2, we obtain

(2/7.[)}1/2”2 n—3/2(n/(26))3n/2+6 3/8
Ky ~ {nfl/z(n/(Ze))"/ZH . . } ||‘/7|| n/2+l](]er)

3/8 34
~ {(Z/ﬂ)n/z(n/(Ze))nJrS} H(p”H/[n/2+l](Rn)

3n/8 2\—3n/16 ,15/8
~ 38 e?) O I

By using the Stirling formula again, we have

(n/2e)" (T (n/2)) ™" ~ (n/@n))', (1.1)
which implies that the increasing rate of n for fixed o is given by

3/4
M;, = O(nSn/SC(rTzn(Za—i-lS)/S”(p” /[il/2+l](Rn)) asn — oo,

where C, := (25/2)1/32ne?)=3/1%20 + 1)3/8.

(iii) The value [n/2 + 1] appearing in K, comes from the condition of m € N
such that f| =1 |x|7?"dx < oo, namely, 2m > n + 1. This condition is used for
the estimate of the Fourier multipliers. In addition, the powers appearing in K,, are
related to 3/4, which comes from the interpolation inequality on B;, ¢(R"). However,

the value 3/4 is not essential in the estimate.

As aresult of Theorem 1.1, we may show the two results on the analyticity of the
bounded linear operator 7'(-) and the complex-valued function 7'(-) f, respectively.
In addition, we also give an explicit lower bound of the radius of convergence of the
Taylor expansion. We first state the result on the analyticity of 7 (-). In the following,
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let E(B co®RM), BS 7 (R™)) denote the Banach space of all bounded linear operators
from By, . (R") onto B;ﬁ“ (R™),
Theorem 1.3 Let 1 < p < oo and s € R. Then the operator T (-) is real analytic in

(0, 00) as an L(B o (RM), BH” (R™))-valued function for all o > 0. In addition, it
holds that

ey A 0] .
Ty =Y j,(tO)(t—to)"

j=0

in L(BY, o (R"), B)Y7 (R™)) for all 19, t > 0 satisfying

n/2
[t —1to] < (2’1—6) M. (1.2)

211e

Next, we shall state the result on the analyticity of 7 (-) f, namely, the space-time
analyticity of solutions to the heat equation. Before doing so, we should mention
the problem which the homogeneous Besov spaces B;’ q(R") have. By recalling the

definition of B;’ q(R”), we see that the function f € B;’ q(R") is regarded as an
element of the quotient space ./ (R")/ 2 (R"), so it does not make sense to consider
the value of f(x) € C at x € R". However, we may overcome this problem by
introducing a suitable realization. More precisely, we make use of the result given by
Bourdaud [2, Theorem 4.1 (1)]. Then we have the following consequence:

Proposition 1.4 Ler 1 < p < 00,5 € R, and 1 < g < o0. Suppose thats —n/p ¢ N.
Then there exists a unique continuous linear operator ® : B‘;,, q R") — L' (R™) such
that ® has the following properties:

(1) It holds that {Of + P| P € (R™")} = f forall f € B;’q(R”).
(i) It holds that (P f)(A-) = ®(f (X)) forall f € B;’q(R”) and )\ > 0.

By regarding the element ® f € ./(R") as a function of B;’ ¢R"), we may con-
sider the value of f(x) € C. Therefore, we introduce the function space B;’ q R™) :=
@B;)Q(R") ={df e SR f € B;,q(R")} under the condition s —n/p ¢ N.
Then for every f € B;’q(R"), we may take g € Bls,’q(R”) such that f = &g, so
we may regard || f ||B;,_q(R") = ”g”B;,,q(R”)' By using the notation Bi},q (R™), we may
state our main result on the space-time analyticity of solutions to the heat equation.
Theorem 1.5 Let | < p < oo and s € R. Suppose that s —n/p ¢ N. Then for
every f € B, o (R"), the function u(-) := T (-) f is real analytic in (0, 00) x R". In
addition, it holds that

=Y 32 WR0.30) (i e (1.3)

alj!
k=0 |a|=k

for all (ty, x0), (¢, x) € (0,00) x R” satisfying (1.2).
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Remark 1.6 (i) Concerning Theorem 1.5, the condition (1.2) states that the radius of
convergence is independent of the spatial variables xg, x € R". On the other hand,
noting that (1.1), we have

(2e>”/2 T/t 7%

n 211e 210gp1/2"

Here, compared with the radius m#y/ 2%2en) = O(m™Y) of convergence in the
preceding result [23, Theorem 3.3], we see that the decay rate as n — 00 is
improved to O (n~Y/%). We also note that the corresponding ratio is 1245 /(210en1/2)y.
2126}1/(7'[[()) = 4(n/7'r)1/2.

(ii) The second author showed that {7 (¢)};>0 is a bounded analytic Cop-semigroup
on BY (R”) provided 1 < p,q < oo [23, Theorem 3.6]. Namely, 7'(-) can be
extended analytically on some sector X in the complex plane C. By Theorem 1.3, we
also see that 7 () can be extended analytically on

larg?| < sin™! (%)n/z _F(n/2)
g n 211,

in a similar manner to the proof of [23, Theorem 3.6].

E::{te@\{O}

Remark 1.7 (i) In this paper, we use the definition of the homogeneous Besov spaces
which is based on the sequence {¢;} jez. On the other hand, we may define the homo-
geneous Besov spaces in another way instead of using {¢;}jcz; By taking a suitable
non-negative function ¢ € C§°(R" \ {0}) and setting ¢, := Fle(é)] forx > 0,
we may introduce the norm

o0 dn1/e
. -5
”f”B;,’q(]R") = {/0 (A" Nlgs * f”LP(R”))qT} s

which is equivalent to that of our definition. Moreover, this norm has the property such
that ||f()»-)||3;1‘1 ®r) = AS_”/pIIfIIB;‘q(Rn) for all » > 0, so we may expect that the
computations in this paper will become simpler. However, since our results focus on
giving an explicit bound, we have to pay attention to using another definition of the
function spaces, i.e., another norm. In particular, to compare with the previous result
of the second author [23], we use the same definition as in [23].

(ii) For recent results on the analyticity of solutions to the heat equation, Dong-
Zhang [5] and Zhang [25] showed the time analyticity in the case of complete non-
compact Riemannian manifolds M. Han-Hua-Wang [8] also considered the case of
weighted graphs G. In addition, Zeng [24] showed the time analyticity of solutions to
the biharmonic heat equation and the heat equation with potentials in the case of M.
Concerning the nonlinear problems, there are recent contributions on the analyticity
of solutions to the Navier-Stokes system [1, 4, 17], Schrodinger equation [9-11, 19,
20], Burgers equation [12, 13], and primitive equations [6].
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This paper is organized as follows: We give some notations and key estimates in
the next section. In Sect. 3, we show the explicit estimates of the differential opera-
tors (—A)°/? and 3% on B‘;y ¢R"). Moreover, we prove Theorem 1.1, i.e., the decay
estimate of T'(¢) f € B;ﬁ” (R™) for f € B;yoo(R”) with an explicit bound depending
only on the regularity index o > 0 and space dimension n. Section 4 is devoted to the
estimate of a lower bound of the radius of convergence (1.2) of the Taylor expansion,
namely, the proof of Theorems 1.3 and 1.5. In Appendix, we show explicit pointwise
estimates of higher order derivatives of the power function |£|° for o € R.

2 Preliminaries

In this section, let us give some notations used throughout this paper. Let Ny :=
NuU {0} = {0,1,2,...}. Then, for multi-indices & = (ay,...,a,) € Nj and

B = Bi,....By) € NI we set || = aj + - + oy, ! = ail -,
o n o . N .

and (Z) = (%i) e (gn), where (,3/,) denotes a binomial coefficient. We also set

x® = x{"---x," and 9% = 0y, - 0y forx = (x1,...,x,) € R". Let [a] denote

an integer such that [a] < a < [a] + 1 for @ € R. The surface area of the unit ball
in R” is denoted by w,—1 := 271"/2{F(n/2)}’1, where I" is the gamma function, i.e.,
I'(a) == [;°»*"'e~ d\ with a > 0. Concerning the Fourier transform F and its
inverse F~1, we use the following definitions

FI1E) = / e fdx, FUAR) = o
R @)

/ ¢S f(E)ds
Rll
for f € ./ (R").Itis well-known that 7 and F~! can be extended to the operators from
' (R™) onto itself. Moreover, let .75 (R") := {f € Z(R")| fRn fx)gx)dx =
Oforall g € Z[®R")} and let (—A)?/? : Fo(R") — TR, (A2 =
F~l&|°F for ¢ € R. Then (—A)?/? is well-defined. Noting that .#/(R")/ 2 (R")
and .7 (R") are homeomorphic [22, Theorem 2.25], we see that (—A)°/2 can be
extended to the operator from .’ (R")/ 22 (R™") onto itself. In what follows, the family
{T (¢)}:>0 of the operators denotes the heat semigroup, i.e., T (¢) := f‘le_tmz}" for
t > 0.Letp € . (R") denote the function which is taken in the definition of B;, q (R™)
unless explicitly stated otherwise. In addition, for a function space X (R") defined on
R", we abbreviate X := X (R").

Next, we state explicit pointwise estimates of higher order derivatives of the power
function |£|° for o € R.

Proposition 2.1 Let o € R. Then it holds that
107 1€17] < (max{2, o]} + D]y g7~

forallE e R" \ {0} and y € Njj.

The proof of Proposition 2.1 is given in Appendix. By using Proposition 2.1, we
may show the following estimates, which play an important role in giving an explicit
bound in Theorem 1.1:
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Proposition 2.2 Leto € R, @ € N}, and m € N. Then it holds that

Viglo lo—m)| m.
|y|5m,n1l7zx<\s\<2|af 15171 <2 (max{2, [o|} + 1)"m!, 2.1

M<n1nl1/2<|gl<2|ayga| < 2= (max {2, [a|H™. (2.2)

Proof In the case m < o, we have |y| < o forall y € Nj satisfying |y| < m, which
gives that maxy <g|<2 |€]1°~I¥l = 29=I¥| Thus we see by Proposition 2.1 that

Vg0 lylo1 . Ho—lyl
|y|5m,nllflzxs\swszlaf £l |§\Iﬁiﬁ(m“{2’ lorl} - D) mt -2

= max 2° (max{1, |o|/2} + 1/2)!"Im!
ly|<m

= 2% (max{l, [o]/2} + 1/2)"m!

=2°""(max{2, |o|} + 1)"m!.

In the case o' < m, we have maxi/2<jej<2 [£]7 717 = 277 for all y € N satisfying
|¥| < o. Thus we obtain

1/2<\$\<2|3y|%‘|0| < 277" (max{2, o]} + 1)"'m!

in the same way as above. If o < |y| < m, then it holds that max 2<¢|<2 |g|le—Ivl =
2lvl=o < 2m=9 which yields

A (916171 < 2770 (max(2, [o ) 4 1" !

Hence we obtain (2.1). Concerning the estimate (2.2), assume that y < «. Then we
see that Bgéo‘ = (;‘)é“‘_y for all £ € R”. Since it holds that

k Lk—j+1 ko
(Jz[[—.snysk

for all k € N and I € Ny satisfying I < k, we have |8§’§"‘| = (;‘)|$""7’| <
|E]!“I=1¥I(max{1, |«|})!”!, which implies that

vea| < olel-lyl Iyl — plel 17
max  19: 871 =2 (max{2, l|h"" = 2" (max{l, |a|/2})

< 21 (max{1, la|/2)" = 217" (max(2, &)™,

provided |y| < m. In addition, if « < y, then we have ag &% = 0, which yields (2.2).
This completes the proof of Proposition 2.2. O

Finally, we give the L!-estimate of the derivatives of the heat kernel G,(x) :=
(4m)’”/2e""|2/(4t) for (z, x) € (0, 00) x R”". The following proposition is regarded
as an improved estimate in [23, Proposition 5.4]:

Birkhauser
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Proposition 2.3 It holds that

n)n/z 2N }N

N i
(=AY Gl < {(26 [(n/2)t

forall N e Nandt > 0.

Proof Since AG; = 8,G; = (4rt)~"2t= 1 {|x|/(4t) — n/2}e~ W /4D forall (¢, x) €
(0, 00) x R", we have

1 2
[AG: L1 = m/ % g e IXI7/ED g
T n
_ Ol /OO ron o2/ =1 g
@rnyn?t Jo |41 2

in the case n > 2. Thus we see by w,_| = 27"/>{I'(n/2)}~! that

}"2 n

—r2/41) .n—1
e r'dr.
4t 2

2 o
IAG I = m/o

In addition, the substitution r = (41)'/21 yields

IAG: |1
__ 2 /Oo ‘xz _ E( e
Tn/2) Jo 2
2 00 /2
__ / (xz - f) e F a1y — / (Az — E) e
Cn/2)t | J yurz 2 0 2

2 A A V? n\n/2 2
o (5 T 5 17)- @
T(n/2)t 2 ST 2 o 2e T'(n/2)t

for all # > 0. Here we notice that the above identity is still valid in the case n = 1.
Therefore, since Gy = G; * G, for all ¢, T > 0, the Young convolution inequality
implies that

I=M)NGillp < 1AGyNIY, = {(

n\n/2 2N OV
2_e> F(n/Z)t}

forall N € N and ¢ > 0. This proves Proposition 2.3. O

3 Explicit Estimates of Some Operators on the Homogeneous Besov
Spaces

In this section, we shall show the explicit estimates of differential operators (—A)7/?
and 9¢ on B;’ o We also prove the refined decay estimate of {7 (¢)};>0, namely,
Theorem 1.1.
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3.1 Estimates of Differential Operators

Let us set

M, , = 220010/ (o 1=lo=n/2=1D) (max 13 15[} 4+ 1)/2K,,
Mo = 2272 (max {2, | [)"/2([n/2 + 11) ™" TVE,,

g .— 2[n/2+1] 2[n/2 + 1]H3 /@
n = (277)"/4{F(n/2+ 1)}1/2 { }

[n/2+1]
. @l grin

3.1)

and show the following theorem:

Theorem3.1 Let 1 < p,q < coands € R. For every f € B;!q, it holds that

(=N f e Bf,,_qg forallo e Rand d¢ f € B;;)alfor all a € Njj with the estimates

2 ~ ~
”(_A)U/ f”B;;qJ = 3M0,n||f||[3;,qv “8?]“”3;*{)04 < 3Ma,n ”f”B;]q

To show Theorem 3.1, we consider the symbols |£|° and (i&)“ of the Fourier
multiplier operators (—A)?/?2 = F~1|£|° F and 0y = F~L(i&)* F. We begin with
giving the L' -estimate of the function 7 ~! f, where the estimate will be used to obtain
the estimate of the Fourier multipliers.

Proposition 3.2 Let m € N satisfy 2m > n + 1. For every f € H™, it holds that
F~Vf e L with the estimate

1/2 1—n/(4m)
_ 2mw, ' n 1-n/Q 2
177l < (2n)n/;n§/2 <2m —n) A TR (O ST A

Proof Let R > 0 be arbitrary. Then, by the Cauchy-Schwarz inequality and Parseval
identity | F fl;2 = 27)"?| f|l,2, we have

1/2 1/2
/ If’l[f](x)ldx§< / dx) ( / |f*‘[f]<x)|2dx>
[x|<R |x|<R |x|<R
R 1/2
Wn—1 /O r”‘ldr> IF7 Fll 2

o, Z1 (R™\!'/?

=<

S

Birkhauser
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In addition, since m € N satisfies 2m > n + 1, it holds by the Cauchy-Schwarz
inequality and F~![f](x) = 2n) " F[f1(—x) that

f FLA 100l
|x|>R

1/2 1/2
< ( / |x|—2'”dx> ( / 2 [f](x>|2dx>
|x|>R |x|>R
00 1/2 1/2
< (wn_l /R rom ~r”*‘dr> @)™ ( /R . |x|2m|f[f1<—x)|2dx>
r—(Zm—n) ooy 1/2
= (wn_l [—Zm_n} ) Qo) F ™ F Il
R
w,” R—@2mn) 12
B (Qn)nl/Z ( 2m —n ) ||(_A)mnf”Lz'

Hence, by setting

R = (2'" - n)‘/@”” <||<—A>m/2f||Lz>””’
"\ i |

we observe that

IF = fll

3 “’;i/—zl 1 (2m—n n/(4m) ) 1 n O\ 1/2—n/@m)
= @m)n/2 | nl/2 n QCmn)l/2 \2m —n

< A1 M = aym2 g nem

Zma)l/2

()T e cap e,
(zn)n/2 3/2 —n

which completes the proof of Proposition 3.2. O
In the following, we consider the multiplier p, where p(§) := |£]° or p(§) := (i§)*.
Let us give the following estimate, which may be regarded as an improved version
compared with [23, Proposition 4.3]:
Proposition 3.3 Leto € R, @ € N}, and m € N. Then it holds that
I(=2)"*[p2* &)@l 2

< {2""*"””+’”/2<max{2, o1+ D" ) lglm if p(&) = [£1°.
= plelktlal=m/2(max {2, |a|})"™ (m) @l am if p(§) = (i§)”

forallk € Z.
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Proof Notice that we have
1/2
m!
=" flla = > Fuaffniz 3.2)
IBl=m "

for all f € H™. In the case p(§) = |£|7, since suppp = {£ e R"|1/2 < |§] < 2},
forall B € N satistying || = m, we see by the Leibniz rule and Proposition 2.2 that

pf (12" eI o)} = 27K Y (’j)|a§|5|"||af‘ycp(s)|

y=B

< 20kHlo=ml(max {2, |o|} + 1)"m! Z (lj) |8§7V¢(S)|’

v=B

which yields

18£1p 2 )il 2 < 2%~ (max{2, o[} + 1)"m! Y (ﬁ ) 107 gl 2.
v=B

Hence it holds by (3.2) that

I(=A)"2[p2*E)plll 2
2 1/2

< 20‘k+\0—m|(max{2’ |O_|} + 1)m(m|)3/2 Z i Z (’B)llag_yg)”LZ
|Bl=m B! Y<B v

Here we note that

2
1 B B—vy
> 5 (2 (5) w7
|Bl=m v=<B
1 B\ ab-v B\ ab—v
=> EZ@)"% ol 32 (0 ) 1 ol
|Bl=m = y<B Y'<B
1 _ ’
<y Zmnaf Yol Y 2" 10) ¢l
Bl=m y=p VP TV y'=p
<2" 3" S0 elizllelian = 2" el m.
|Bl=my=pB

which implies the desired estimate. In the case p(§) = (i§)%, forall 8 € Nj satisfying
|B| = m, we also see by the Leibniz rule and Proposition 2.2 that
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ELCNERIIESY (5 )|ag @kig)|10f 7 p(e)]
y=B

< plelktlel=m (max (2, la|})™ Z (5)|3£y¢(§)|.

y=B

Thus we have the desired estimate in the same way. This completes the proof of
Proposition 3.3. O

By combining the estimates in Propositions 3.2 and 3.3, we may show the following
estimate, which provides the proof of Theorem 3.1 immediately. Here we set

~ 2(m/n) n 1=n/(4m) (3n)/(4m)
nm ~— (271)”/4{F(n/2+ 1)}1/2 <2m —I’l) (m') " " ||§0||H”’-

Proposition3.4 Let 0 € R and o € Njj and let m € N satisfy 2m > n + 1. Then it
holds that

IF ek e)ell 1
_ [ 2okt e/Cmnel=lo=mD max(2, jo |} + "2 Kym if p§) = 151°,
- plolkled=n/2 (max {2, a2 (m!) " CM K, if p(§) = (i)

forallk € Z.

Proof We see by Proposition 3.2 that

IF o 2% 8) gl 1
1/2

2mw, n 1=n/(@m) 1-n/ 2
S e <2m — n) e P [EN R Pre M A

for all k € Z, provided 2m > n + 1. We also notice that

2751 gl 2 if p(§) = [51°

k @lip2 1Y ,

IPE 5wl = {2'“"+'“'||¢||Lz if p(§) = (i5)"

by a direct computation with the aid of supp ¢ = {§ € R" | 1/2 < |&| < 2}. Therefore,
in the case p (&) = |&]9, it holds by Proposition 3.3 that

IF ok o)l

1/2 1—n/4

Zma)n_l ( n ) n/(m)(zgkﬂg\“(p”Lz)l—n/(Zm)
2m —n

= (271)”/2}13/2

2
x 27O a2, 1)+ 17 ) |

1/2 1—-n/@4
_me,y n n/(4m) _yok+lo|=(n/@m) (o] ~lo—ml)+n/4
= @m)"/2n3/2 \2m —n

x (max{2, o]} + "2 m) /@ o)l .
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Since w,_1 = 27T (n/2)} ™' = na™*{T'(n/2 + 1)}, we have

1/2
men/_l n/a 2(m/n)

e 2T Qo) T ()2 + D)2

which implies the desired estimate. In the case p(§) = (i§)%, we may show the desired
estimate in a similar manner. This proves Proposition 3.4. O

Corollary 3.5 Let o € R and a € Nj. Then it holds that

g ok 278 My if p(8) = IEI°,
”-7: [/0(2 S)(p]”Ll < {2|ak—|aﬂa’n lfp(%') — (l%-)ol

forall k € Z, where 1\710,,, and Aﬁ/ia,n are the same constants defined by (3.1).

Proof In Proposition 3.4, since we may take m € Nsothatn/2+1/2 <m <n/2+1,
we observe that

g w2+ n[n-mey )
nm = (277)”/4{1"(11/2—1— 1)}1/2 m—n " @l gins2+11
< 2[n/2 4+ 1] 2([n/2 + 1];)3 n/(2n+2) ol e
n/2+1] = .
= Qm)WHT (n)2 + 1D}/2 " @l ginren n
Moreover, in the case p(£) = |£]°, we see that
212 ifo € (—00, 01,
o—/Cm)(lol=lo—ml) _ ) on/2-@2no)/(n+2) if & e ©.n/24 1) and m = n/2 + 1,
27n/2 ifo e[n/2+1,00),

and
2~ (n/Cm))(|o|—lo—m])

2027/t f o € (0,n/2+ 1/2) andm = n/2 + 1/2,
22 ifo €[n/2+1/2,n/24+1)andm =n/2+1/2.

Thus we obtain 2~ @/@m)(ol=lo—m) < >=0/+2)(ol-lo—n/2=1D for 3]l ¢ € R,
which yields the desired estimate. In the case p(§) = (i£)%, we may show the desired
estimate in a similar manner. |

Proof of Theorem 3.1 First we notice that g = >, , (¢ * g) for all g € L? and
@j * ¢ = 0forall j,k € Z such that |j — k| > 2 from the definition of {¢;};ez.
Hence, we see by the Young convolution inequality that
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lpj * F ' oF fllle <Y llgk * @)+ F [pF e

keZ
Jj+1
< D gy £+ F  oe@ 7 )]y
k=j—1
Jj+1
<llgj = flier D> 1F oe7 1l
k=j—1

for all j € Z. Since | F~'[op %O = |F'o2*€)¢l|l;1 holds for all k € Z
from simple substitutions, by applying Corollary 3.5 and using

Jj+l
Z 20k:20(]—1)+20]+26(]+1):20](2—0+1+20)§320']+|O'|’
k=j—1

we obtain

3Mon - 277 |lgj  fllLe if p(€) = [£1°,

) —1
g+ 7 F e < {3Ma,n‘2|aj||<ﬂj*f||u’ if p(§) = (i6)”

forall j € Z. Thus we have the desired estimates. This completes the proof of Theorem
3.1. O

3.2 Decay Estimate of the Heat Semigroup

In this subsection, we shall show the refined decay estimate of 7'(¢) f € B;J“l” for

f € 1‘3;’ oo» 1.€., Theorem 1.1. To obtain an explicit bound, we make use of the L'-
estimate of the derivatives of the heat kernel given in Proposition 2.3. We begin with
showing the following lemma:

Lemma3.6 Let 1 < p,qg < ocoand s € R. For every f € B}Y,’q, it holds that
Tt f € B‘;)')zzN forall N € Nandt > 0 with the estimate

n )ﬂ/2 25N

1T fll ggrav =2 {(_ L(n/2)t

N
n/2 g .
> ] 4N +2)" 2Kl fl 5

where K, is the same constant defined by (3.1).

Proof Notice that T(t)f = G; x f holds for all t > 0, where G,(x) :=
(4m)’”/2e""|2/(4t) for (¢, x) € (0, 00) x R". Therefore, in a similar manner to the
proof of Theorem 3.1, we have [l@; (T (t) f)llLr < ll@;* fllr ,/(J:rjl._l lox * Gell 1
forall j € Z and ¢t > 0. In addition, by the Young convolution inequality, we observe
that
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ok * Gellpr = 1((=A) N ) % (=AY G|l 1
< IFE N o 2*O 1 1 (=2)N Gl
= 1725 2N o1l 1 (= )N Gl 1

forall N e N, k € Z, and t > 0. Since it holds by Corollary 3.5 that
”f_l[lzksl_ZI\lw]”Ll E 2—2Nk+2N+n/2(2N + l)n/zk‘n
— 2_2Nk+2N(4N + 2)11/2En’

by applying Proposition 2.3 and using
Jj+1
Z 272Nk _ 9=2N(j=1) 4 9=2Nj 4 »=2N(j+1)
k=j—1
— 272Nj (2N 4] 272Ny < 92NN+

we obtain

n )n/z 2N

llg; * (T(t) )llLe 52{(27 ['(n/2)t

N
} @N +2)"2K, - 27N llgj % fllLo

forall N € N, j € Z, and t > 0. Thus we have the desired estimate. This proves

Lemma 3.6.

O

Notice that the decay estimate in Lemma 3.6 is valid in the case N € N. Then, we
shall extend the decay estimate to the general regularity index o > 0. To this end,
we show the interpolation inequality of By, , with an explicit bound. By combining

Lemma 3.6 and the interpolation inequality, we may show Theorem 1.1.

Proposition3.7 Let 1 < p <00, —00 < §9 < §1 < 00, and 0 < 6 < 1. For every

fe Bls,‘foo N B;l,oo, it holds that f € B; | With the estimate

1

1 1 1-6 (%
s < 1 -S| HS )
”f”BpJ ~ log2 ( + S1 —so> 0(1 —6) ”f”B}:(,)oo”f”Bpl,oo

where s := (1 — 0)sg + Os1.

Proof Let j, € Z be arbitrary. Since s = (1 — 0)sg + 651, we obtain

I, =1 2o + 20 |27l il

J<i—1 =k

< L (51—50)0 ] " —(s1=50)(1-0) j
=f i, D 2 +1F g, D22
J=js—1 Jzjx
2(51=50)0 jx« 2—(s1=50)(1-6) jx

= 2e=o0 — 1 My + T5=m=wa=a 1V 151
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Hence, by taking j. € Z so that

1l o £ 1l o

U Bp,o00 < 7 (51=50) ji < 251750 U Bp.0 ’

I F 1l g% Il £ 1l g%
p.oo P,

we deduce that
0
1 ILF 1 s
. < 281—3‘0 p,0 L
“f”BpJ — 20s1—50)0 — 1 ( ”f”BSO ”f”gp?oc
p.oo

1 [FATTR
+ Lo £ o
1 — 2—(s1-50)(1-6) Bpoo

||f||,_f;§3Oo

- L : LAIE 1£1E
T\ = 2-Gi=s0)8 1 —2—(s1—s0)(1-6) B Bloo

Here, since it holds that 1/(1 —27%7) < (a¢log2)~!(1 4+ 1/7) forall 0 < & < 1 and
0 < 7 < o0, we observe that

1 1 - 1 ] 1 1
1 — 2—(s1—50)0 + 1 —2-G1=50)(1-6) = Jog?2 + s1—s0/) 6(1—0)
which implies the desired estimate. This proves Proposition 3.7. O

Proof of Theorem 1.1 First we consider the case of o > 2. Then we may take k € N
and 0 < 0p < 1 so that 0 = o¢ + k holds. Here we note that k¥ > 2. In addition, by
letting 6 := o /(2k), we have 0 < 0 < 1 and

s+o=s54+2k6 =1 —0)s +0(s +2k).

Hence we see by Proposition 3.7 that

1 1 1
T(t psto < —— (14— ) ———1ITO LI 1T @) £
1T f N s, _log2< +2k> 9(1_9)” ()f”Bi,,oo” ()f”B;-f—O%k

forallt > 0. Since k > 2 and k < o < k + 1, we deduce that

1 +1 1 2kQk+1) 1 _20Qk+1) 1
log2 2k) 0(1—0)  log2 oRk—0) " log2 ok —o0)

2 o+1 2 k+2
= 1+ < 1+
log?2 2k — o log?2 k—1

2 3 10
= 2+ = .
log2 k—1 log2
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Noting that 8 = o /(2k), we see by Lemma 3.6 and ”T(t)f”B;,,m < ”f||B§,oo that

IIT(t)fII IIT(I)f IIBS+2k

0
n\n/2 25k n2 % .
< H(ze) o /z)t} @+2"2R | 1Sy

iz 2% |77 2 10/ (2h)
() mom | @k PRI

T(n/2)t

Therefore, since o /(2k) < 1/2 + 1/(2k) < 3/4, we obtain
IIT(l)fII IIT(l)f||BA+2k

< (i)"/zzsi" ” 2040 + 2" K3 F1
N()" | e ARA P

which yields
IIT(t)fIIB;frlv

a/2 3.3)
10 n\n/2 2% ~
n/2 3/4 .
{(26) } 2Uo +2" 2R £l

~ log2 ['(n/2)t

Next we consider the case of 0 < o < 2. Then, by letting 6 := o/4, we have
0<6 <1and

s+o=54+40=(1—-0)s +0(s +4).
Hence we see by Proposition 3.7 that

1 1
1T fllgsse = log2 (1 + > I IIT(t)fII ||T(t)f||Bs+4

forall + > 0. Since 0 < o < 2, we deduce that

1 1 1 1 5 42 10
log2 4)6(1—-6) log2 4 oc(@—o0) olog2
Noting that 8 = o /4, we see by Lemma 3.6 that

ITO AL T W < 2] ()" 2 Vo 9||f||~-
B} oo By~ 2e)  T(n/2)t " Bp.oo

nan/2 26 /2 /2
_ e . /2 o/4 .
—{(26) m/z)t} @102 £l

Birkhauser



61 Page 18 of 27 Journal of Fourier Analysis and Applications (2023) 29:61

Therefore, since o /4 < 1/2, we obtain

26
T(n/2)t

1-6 9 n\n/2 o n/2 % \1/2
ITOA IO = 1(55) @ 102RD) P f gy

which yields

10 nan2 20 °7? ~
T) f |l asto < (—) 2102 )2 Fllas .
17O 1o, _Ulogz{ 2 /z)t} ( D20 F g

(3.4)

Here, by the estimates (3.3) and (3.4), we observe that

1T () f]| greo < max {(0/2)"/2{2(40 + 2R P4 (1/0)(2 - 10”/21?,1)”2}
p.1

10 (/nn2 26 72
Xlog2{(2_e> F(n/Z)t} 171 o

10n/4 }

o/2
§max{(a/2) o (4o +2)3/8

10 - nyn2 26 77
(4 N3/ K 341 ( - .
% gzt TR () s W

forall o > 0 and t+ > 0. Since we have 10"*(40 4+ 2)73"/8 < (10%2/23)"/8 =
(25/2)"/8 and since it holds that

10 ~
gzt 282K,
3/4
I 3n/8 2[n/2 + 1] /
= (20 +1) 1 7
log2 Qm)MHT (n/2 + 1}V

: {MF’”@“&
n

3/4
||(p||H[)1/2+1]

= K, (20 + 1)>"/8,

we obtain the desired estimate. This completes the proof of Theorem 1.1. O

4 Radius of Convergence of the Taylor Expansion

In this section, we give the proof of Theorems 1.3 and 1.5. Namely, we calculate a
lower bound of the radius (1.2) of convergence of the Taylor expansion appearing
in Theorems 1.3 and 1.5. To this end, we make use of Theorems 1.1 and 3.1. We
also notice that the following continuous embedding B;{ f C L°°, which yields the
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pointwise estimate of the remainder term of the Taylor expansion (1.3). We first give
the proof of Theorem 1.5. Theorem 1.3 may be shown in a similar manner.

Proof of Theorem 1.5 We focus on a derivation of a lower bound (1.2) of the radius of
convergence of the Taylor expansion (1.3). Assume thats —n/p ¢ Nand f € B;, 0o
Setu(t, x) := (T () f)(x) for (z, x) € (0, 00) x R" and consider the remainder term
of the Lagrange form

1 i .
Y At 1) — o) (x — xo)™
Oy ! ]!

of the Taylor expansion (1.3) at an arbitrary (fg, xo) € (0, c0) x R", where (f, x) €
(0, 00) x R™ is around (g, xo) and (4, x4) = (0t + (1 — 0)tg, Ox + (1 — 0)xp) with
some 0 < 6 < 1. Since we consider the case where k, + j, is sufficiently large, we
may take ko, jo € No so that kg < ks, jo < jx, and kg + 2jo > s — n/p. Hence, by
setting k := k, — kg and j := j. — jo, we observe that

1 ; .
> - T S0 9T U, 2 (1 — 10)7* (x — x0)™*
ot | =k S

1 i o
< 18] XU (1) | Lot — tol/ T |x — xoFTRO.
émgko (@+a)!(+jo)t

Here, since Bn/f’ C L and since 8,j+j° Xt (1,) = 920 AJo (Z),j 3%u(ty)), we see by
Theorem 3.1 that

"
18/ 8y T 0u(t) || oo

1
2 (@ +a0)!(j + jo)!

oo |=ko
<SS it aEru) ) 4
- Ol']' ! * Bp,l

oo [=ko

¢ J o
m Il 81 ax u(ty) ||B£9;r2jo+n/p
for all o € Njj satistying || = k, where C > 0 is a constant depending on ko and
jo‘ but not on k, and j,. In addition, noting that ¢ := ko + 2jo +n/p —s > 0 and
8,/ 0fu(ty) = oY AJu(ty), by combining Theorems 1.1 and 3.1, we deduce that
187 0w grosaionin < C Mo Majnllt(t)l o s
P, p,
=~ - 2/)/2
=< CMa,nM2j,nMao+|a|+2j,nt* (Cotlel+2))/ ”f”BZ;oo
Concerning the constants depending on « and j, we have

My nMaj, < C2HF4 (ja| + 1)"2(j + 1)"/2,
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where C > 0 is a constant independent of « and j. In addition, it holds that

Moy tia)+2j,n

. - (Co+lal+2))/2
<cfootlel+2) (coHlal+2/)/2 (i)nﬂ 26 ’ (o] + /8
= 2 2) T2 J

. i (la|+2j)/2
<C og + |la| +2j (lal+2/)/2 (i)n/Z 26 (ol + j)”0/2+3n/8
- 2 2e I'(n/2) ’

provided that || + j is sufficiently large. Therefore, noting that Zm:k 1/a! = nk/k!,
we obtain

1 i .
anl 'Btj* A% Uty x5) (o) * (x — x0) %

lo =k

L +k+2j)/2 .
=¢ aljl " "MZJ nMog-+i42j,nts ;0 n Hf\l Nt — 1o/ I0|x — x|k Fho

laj=k ~ "
k/24j
U ok+4j k2 n2 26

=C 2 (50/2 + /2 /2+] ( )
- ‘O[‘Z_k alj! (00/2 +k/2+ j) oy O

x Pk, j)It — 10790 [xxg kKo 1705

210 }k/2+j

/2
(00/2 +k/24 R+ i(ze>" Fo

—kvv

x Pk, Dl = ol 01 —xo fHROY £y

where P(k, j) := (k+j)?/23/8(k+1)"/2(j +1)"/2. In addition, since (a+b)* " <
20+bgapb for a, b > 0 from [23, Proposition 5.3] and since (1 + a/b)? < ¢* for
a,b > 0, we have

. 2 \K/2+i .
(ao/2+k/z+j)k/2+f=(1+ o0/ ) (k)2 + j)k/>+i

k/2+ j
< 600/2 . 2k/2+J(k/2)k/2]j

< C2jkk/2jj
Hence we see by k¥ /k! < ¢X that

210
T'(n/2)tx

k2 ) (N2 210,21x — xo|? k2 ]J n/2 2“|t7t0| ; &
<c k — _ ——— 1 |t —19]0)x — xo|0
k! (26) T (/)i (29) Ty, | VoM~ ol
k/2 J
n/2 2106252 x — xo |2 n\n/2 2 el — 1) A
<cC ( ) i (7) 2 AL oo x — xoffo.
2e kT(n/2)ty 2e I'(n/2)ty
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Here we recall that kg, jo € Ny are the fixed indices and k = k. — ko and j = j. — jo.
Notice that for any x, xg € R"” and t, > 0, by taking k, € N sufficiently large, we
have

0,2,2 21k/2 0,22 21k/2
{(n)n/zzl e2n?|x — x| } zk_k/4{(n)n/221 e“n‘|x — xo| } Sk_k/4~

2¢ kT (n/2)t, 2¢ K'72T (n/2)t,

Hence, the remainder term of the Taylor expansion (1.3) converges to 0, provided that
|t — to| is sufficiently small so that

211,

= () T
n

holds. Once we see that (1.3) is valid for ¢ > 0 satisfying the above condition, in the
same way as above, we may show that (1.3) holds, provided (1.2). This completes the
proof of Theorem 1.5. O

Proof of Theorem 1.3 We see that

18/ T@) f Nl e < 3Majn T @) f W sz < 3MajnMoyajnt ™22 flIgy

for all j € Ny and ¢ > 0 by virtue of Theorems 1.1 and 3.1, which yields T'(¢) €

K(B;;,OO, B;ﬁ") with the estimate

IT PO 3y 540y < 3MajnMotajnt™ T2,

Therefore, in a similar manner to the proof of Theorem 1.5, we may show the desired
result. This completes the proof of Theorem 1.3. O
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Appendix A: Explicit Pointwise Estimates of Higher Order Derivatives
of |£]°

In what follows, we give explicit pointwise estimates of higher order derivatives of the
power function |£]|° for o € R, i.e., the proof of Proposition 2.1. A direct calculation
of the derivatives of the function |£|° is troublesome, but the derivatives of the function
|€|? are easy to handle. Here, since |£]° = (]£]%)°/? holds, we shall show the formula
of higher order derivatives of composite functions ¥ (f(-)), where f : R* — R and
¥ : R — R. We should note that our method of the proof of Proposition 2.1 is similar
to that of Kajitani [15].

In addition, we also mention that the formula of higher order derivatives of compos-
ite functions ¥ (f (+)) is called the Faa di Bruno formula, and there are a lot of previous
works giving a variant formula of the original one. For instance, Roman [21, Theorem
2] gave a new proof of the Faa di Bruno formula in the case of f : R — R and
Y : R — R. Gzyl [7, Section 2] considered the more general case, i.e., f : R" — R”
and ¢ : R™ — RP. Constantine-Savits [3, Theorem 2.1] and Leipnik-Pearce [18,
Theorem 4.2] also treated the case of f : R” — R™ and ¢ : R” — R. For more
details in this direction, we refer to the survey on the history of the Faa di Bruno for-
mula by Johnson [14]. We may reach the desired formula by considering the special
case of the above results, but to avoid introducing complicated notations of indices,
we give a simple proof of the corresponding formula by focusing only on the case of
f :R" - Rand ¢ : R — R. Our method of proof is based on the Taylor theorem.
We note that such a method is mentioned by Meyer [14, Section 3]. See also [18] for
the representation of the remainder term.

Proposition A.1 Let € C*°(R) and f € C*®(R"). Then it holds that

o 3
HUUEIEFD S SR A ))]‘[ =T

k=1 a(])+'~'+a(k)—a
a®, ...,a(k);éO

foralla € N\ {0} and x € R".

Proof Let x, xo € R" and m € N be arbitrary. By the Taylor theorem, we have

1
FO) = flo)= Y —0¥f (o) —x0) + R (x),
I<la|<m
0)
T U

X— X0 |x — x0|m
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which implies that

k
1
@ = fo) =1 D0 —a o) —x0)® b + R, ).
I<la|<m
(1)
. ) (%)
Jim e T =0
for all k£ € N. By the Taylor theorem again, we also obtain
21
YD) = Y (G0 = Y @G ) = Faol + RY (£ (),

k=1 "

i R (v)
m e
= f(xo) [T — f(x0)|™

Here, since f(x) — f(xg) = V f(x4) - (x — x0) with some x, € R", we notice that
i Ry (f(0) RY () () — fo)]”
im sup ————— = lim sup
x—>xo X —xo0|™ x—xo [ f(xX) = fxo)|™ |x — xo[™

. R (f(x))
<limsup —————
X— X0 |f(x) - f(x0)|m

IVfxol™ =0

Moreover, let us set Ry, (x) 1= Y_p_ (k)= (059) (f (x0)) R}, ) (x). Then, by a direct
computation, we observe that

m 1
> @V ~ fao)
k=1 "

1<|a|<m

k
| 1
=Zk,<a$n//)<f<xo>)[ > a'a,‘é‘f(XO)(x—XO)“] + R ()
k=1 " .

3

—_

k=

1
@ eon ] [ 2 Lo Y o) - x0)?” ] +RY ()
1

=1 l1<)a®|<m

3

1 k

D,()
= - k¢)(f(x0)) Z [l—[ (j;)('XO) ] (x — xO)a(l)+u.+a(k) " R,Sf’) )
k=1 1<jeM], - je®zm L=t ¢

=~

k“._.

" k oq®
Z KaZUEVEDD 2 [1_[ a({)('xm (x = x0)* + R (x)

1=la|<m () 4.4 o0 = =1
a(”,...,a(k);éo

||

- XX et 0))1_[ ({)(fo) o 4 RO (.
1<|a|<m | k=1 01(1)+--~+a(k)_a
a(l),...,a(k);&o
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Therefore, it holds that

Y (f(x) = ¥ (f(x0))

lo £ ga®
= f(akvf)(f(xo))]'[ (lf)(, O )"
I=lal=m k=1 () 4 . 4 o0 — 4

Ol(l), ol a® #0
+RP(F0) + R ().

Since limxexO{R,(,,z)(f(x)) + R,(,f) (x)}lx — xo|™™ = 0, the uniqueness of coefficients
of the Taylor expansion yields

||

a®
LR =Y Y mehnr ))H S 00)

OIS
k=1 M .. +a(k)—a
a, . a® 20

which completes the proof of Proposition A.1.

Proposition A.2 It holds that

||

k1O
DI H|Z<z>!'=ﬂe(1+e)'““1

= aW g q® =g =1
ot(l), .‘.,a(k)géo

foralla € Nj\ {0} and 6 > 0.

Proof Set %y = {x = (x1,

X)) ER"|x14+---+x, < 1/(1+6)} and define the
functions v : (—oo, 1 +1/8) — (0, 00) and f : % — (0, 00) by

1 1
YO =T e Y T T T e )

respectively. Since we have

— {f(x)}_l . 1= (14 +xn)
V(f(x) = (FO) 1 —0/(14+6) 1—(x1+-+x,)—0/(1+6)
6/(1+06)
1+ ’
1/(146) — (x1 + -+ x»)
it holds that

10/(1 +0
a)‘f{llf(f(x))}|x=0= !0 /(1 + 0)

= la|
{1/ +6) — (x1 + -+ x| la|!10(1 + 6)e!.
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In addition, we deduce that

k'6/(1 4 0)}k
1—0t/(1+ o)+ _,
1Bl
{1—(xp 4+ )}

afw(r)‘rzl = — k0% (1 + ),

o,y = = IBI!

forall k € N and 8 € Nj. Therefore, by applying Proposition A.1 with x = 0, we
obtain

7] |a(l)|v

k
1 !

loel _ E : 2 — L keka + | |
le|!O(1 + )™ = a! 7 k16" (1 9)1_1 O

k=1 M1y q®—y
o, a® 40

||

ko, On
— ! k M
a(1+6) ) 6 > Il a1’
k=1 g4 qpq®_yi=1
a(”,..‘,a(k);éO

which yields the desired estimate. This proves Proposition A.2. O

Proof of Proposition 2.1 By setting ¥ (1) := t°/? and f(£) := |&|%, we have |£]° =
¥ (f(£)). Since 35y () = {12, (0/2 — 1)}?/* ¥ for all k € N, Proposition A.1
gives that

)
V 2
14 H

g =y, Y {H(o/z—n}w 2k]"[ S0

k=1 V(IZJFNJFVYLV
yW, s y®z0

Here, by a direct calculation, we have

0 if|B| =3,
1> = 0or2 if B =2,
266 if 1Bl =1,

which yields |a§ I€12] < 2|€|>" P!, Thus we obtain

)
e

k) g 12k—(ly D)4y ©1) kyg2k—|y]
1_[ 0 =278 H (zn_z'%' H <m

=1 ll ll
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for all k € N, provided y ™ + ... + y® =y In addition, if |o| < 2, then it holds
that

k—1 k—1 k—1
[Terz=d|<[]do/21+0 <[]0 +D =k
=0 1=0 1=0

If |o| > 2, then it holds that

k—1 k—1 k—1
[[@2=D <[]dos21+D < []lo/210 +1) = |o/2/"k,
=0 =0 =0

which implies that | ]_[5‘:_01 (/2 — )| < (max{l, |o/2|)*k! for all & € R. Hence, we
see by Proposition A.2 that

18 1£1°]

[yl 1 k 1
<y > - (max{1. o2 ktigl =2 2 jg 2T
k=1, 4. 10—y I=1

yD Ly W0

14 . k |)/(l)|!
<ylElP Iy > (max{2, [o[D* ] | T

k=1, 4y =y =1

yD Ly W20
— ee—irt, 7L y1-1
= ylg17 7 T max(2, o) (max(2, fo 1) + 1)
< (max{2, o[} + DYy g7 =71,
which completes the proof of Proposition 2.1. O
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