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Abstract

The importance of developing machine learning algorithms is increasing day by day. Many

algorithms have been invented for decades, but most have yet to theoretical results. The-

oretical results yield new insights into algorithms, so developing algorithms along with

theoretical developments is essential. Most machine learning algorithms are iterative op-

timization algorithms that update their solution for every round, so one wants to find an

optimal solution as fast as possible. Some algorithms are known as good ones empirically,

but theoretical analysis shows that some have a bad example that makes the algorithm

converge slowly. On the other hand, some algorithms are shown to converge in polyno-

mial time, while they are slow in practice since they need to solve optimization problems

in their internal update. Therefore, one wants to develop an algorithm theoretically and

practically well. This thesis has two main backbones. One is boosting algorithms, and the

other is Frank-Wolfe algorithms. All algorithms we develop come from these algorithms

and their connection. The connection is also our contribution.

This thesis mainly focuses on boosting algorithms, one of the most popular frameworks

in machine learning. Intuitively, boosting is a class of algorithms that convert a set of

low-performance predictors into a high-performance one. We focus on boosting algorithms

for binary classification, although many variants of settings exist. Boosting algorithms

for binary classification have been developed, but most are trying to improve empirical

performance. In other words, they try to find a low-performance predictor as fast as

possible. Theoretically, one wants to show how many hypotheses are sufficient to achieve

some goal.

This thesis starts by analyzing boosting algorithms that maximize the margin instead

of minimizing some losses. After that, we extend to the regression setting that handles

the insensitive loss. Then, we extend these techniques to other fields. One is the extended

formulation, a technique for optimization. The other is online combinatorial optimization,

a class of machine learning. The following paragraphs summarize each contribution in
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this thesis.

First, we propose a unified view for boosting algorithms that optimize the soft margin.

With this view, some boosting algorithms for maximizing the soft margin are instances

of the Frank-Wolfe algorithms. In addition, this unified view provides a significantly

simplified analysis technique for some past algorithms. Furthermore, it invokes a better

algorithm.

Second, we propose a boosting algorithm for regression whose loss is the insensitive

loss function. The insensitive loss is convex but non-smooth; it is hard to analyze the

convergence rate. We use a similar technique to the one in the unified view, and the

resulting algorithm converges favorably.

Thirdly, we propose a boosting algorithm over a compressed space. Although this

research was studied a few years ago, our algorithm works in a more general setting.

Furthermore, we extend this algorithm to an extended formulation for general large-

scale optimizations. The resulting algorithm can apply not only to convex optimization

problems but also to mixed-integer problems.

Finally, we adopt the unified view attained at the beginning of this thesis to Metaround-

ing, a tool for online combinatorial linear optimization. The proposed algorithm comes

from the boosting algorithm but has been adjusted for this problem setting. As a result,

the algorithm is a generalization of a boosting algorithm. Our algorithm improves the

convergence rate from the previous one under the same setting.

All algorithms in this thesis verified their practical advantage in numerical experi-

ments. Codes are available for free.
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Chapter 1

Introduction

The importance of developing machine learning algorithms is increasing day by day. Many

algorithms have been invented for decades, but most have yet to theoretical results. Some

practical algorithms have proved to converge slowly for the worst case. Furthermore,

theoretical results yield new insights into algorithms, so developing algorithms along with

theoretical developments is essential. On the other hand, theoretically guaranteed algo-

rithms are often slow in practice since they solve complex sub-problems. Therefore, one

wants algorithms that have a convergence rate and are practical.

This thesis starts with boosting algorithms, one of the most popular frameworks in

machine learning. Intuitively, boosting is a class of algorithms that iteratively collects

a low-performance predictor from a weak learning algorithm and combines them into a

high-performance one. We focus on boosting algorithms for binary classification, although

many variants of settings exist. Boosting algorithms for binary classification have been

developed, but most try to improve the weak learning algorithms. For example, XG-

Boost [17] and LightGBM [49] improve the performance of the decision tree algorithm,

and CatBoost [72] provides a better feature engineering technique for categorical fea-

tures. Although these algorithms perform well for real datasets, theoretical developments

are few. Most algorithms use the Gradient Boosting Machine (GBM, for short) [29],

which is known to converge if the objective function is smooth [36]. The objective func-

tion is an empirical (surrogate) loss in many situations. So, choosing a proper objective

yields a fast algorithm. GBM is also known as an instance of the coordinate descent

algorithm [58]. On the other hand, soft margin optimization is known as a popular boost-

ing objective [21]. Intuitively, the objective aims to maximize confidence for all training

points, ignoring some outliers. The resulting predictor performs well compared to the
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CHAPTER 1. INTRODUCTION

one that minimizes the empirical loss [9, 81]. Since the objective function of the soft

margin optimization does not have the strong-smoothness property, one cannot directly

apply GBM to obtain an iteration bound. Many algorithms have been invented to deal

with this issue [21, 88, 97, 99]. Some algorithms have a favorable convergence rate but

are slow in practice, and vice versa. Therefore, we aim to design a boosting algorithm

for soft margin optimization that has a convergence rate and is practical for real-world

applications.

To achieve this goal, we use the well-known optimization algorithms, Frank-Wolfe

algorithms. Frank-Wolfe algorithms are the class of first-order optimization algorithms

over a closed and convex set. This thesis provides a unified view of some soft margin

boosting algorithms via Frank-Wolfe. This insight provides a boosting algorithm with the

same iteration bound to the previous works and converges fast for real-world datasets.

The insight is also helpful in developing a boosting algorithm for a regression setting with

a particular loss function. Furthermore, we divert the technique to other fields, such as

extended formulations and online combinatorial linear optimizations. As Fujita et al. [31]

proposed an algorithm that emulates AdaBoost? [76] over a decision diagram, we propose

ERLPBoost [99] over the one. The resulting algorithm may yield a non-optimal solution

but is faster than the original ERLPBoost. We also verify the effectiveness of our solution

by numerical experiments. For the online combinatorial linear optimization, we develop a

Metarounding algorithm. The previous Metarounding algorithm [30] was designed based

on SoftBoost [97]. We design a Metarounding algorithm based on ERLPBoost [99]. The

convergence rate for our algorithm is much better than that of Fujita et al. Furthermore,

our algorithm can be seen as a generalization of ERLPBoost.

In summary, we obtain four practical algorithms with convergence rates. We verified

the effectiveness of all algorithms by numerical experiments on artificial and real-world

datasets.

1.1 Contributions

This thesis has two backbones. One is boosting algorithms, and the other is Frank-Wolfe

algorithms. All contributions came and developed from either of them. Our contribution

starts with developing a boosting algorithm for binary classification via the Frank-Wolfe

technique. The following contributions use the insights into other fields, such as regression,

extended formulation, and online combinatorial linear optimization.

2



CHAPTER 1. INTRODUCTION

Broadly speaking, this thesis proposes:

1. A unified view for soft margin maximizing boosting algorithms and a boosting

scheme that comes from Frank-Wolfe algorithms,

2. A Frank-Wolfe-based boosting algorithm for regression whose objective function is

the soft insensitive loss,

3. An extended formulation for general optimization problems that have linear con-

straints and its application to the soft margin optimization, and

4. A Metarounding algorithm, a tool for online combinatorial linear optimization, that

is designed based on a Frank-Wolfe-based boosting algorithm.

Each of them corresponds to Chapters 3 to 6 in this order. The following paragraphs

summarize each of the contributions.

First, we bring a new interpretation for soft margin boosting via the Fenchel duality

theorem. As GBM can be seen as an instance of a coordinate descent algorithm, we

show that some soft margin boosting algorithms can be seen as instances of Frank-Wolfe

algorithms. The duality view provides us with an analysis technique so one can prove

the convergence rate in a much simpler way. Furthermore, with this insight, we pro-

pose a general boosting algorithm for the soft margin optimization that can be combined

with an arbitrary algorithm. With an appropriate choice of algorithm, our algorithm can

reproduce ERLPBoost [99] and Corrective ERLPBoost [88]. Given a set of m-training

examples for binary classification and a hyperparameter ν ∈ [1,m], our algorithm finds

ε-approximate solution of the soft margin optimization in O(ln(m/ν)/ε2) iterations. Fur-

thermore, our analysis simplifies the ones for ERLPBoost and Corrective ERLPBoost.

Chapter 3 handles this topic.

Second, using a similar technique, we propose a regression boosting algorithm for the

insensitive loss. The insensitive loss regards a small loss as zero. As discussed in Chap-

ter 4, this setting is the `1-version of the one in ν-support vector regression algorithm [83].

The problem is considered in some papers [21, 24]. Similar to the soft margin optimiza-

tion, the loss function is not smooth, so GBM does not guarantee any convergence rate.

We propose a Frank-Wolfe-based boosting algorithm that converges in polynomial time.

Similar to the first contribution, the resulting algorithm takes m-examples for regression

and a parameter ν ∈ [1,m] and then returns an ε-approximate solution of the objective

function in O(ln(m/ν)/ε2) iterations. Chapter 4 handles this topic.

3



CHAPTER 1. INTRODUCTION

Thirdly, we propose an extended formulation for solving large-scale optimization prob-

lems. Our method compresses the set of constraints into a data structure called Non-

deterministic ZDD (NZDD, for short) [31], and then solves the compressed problem to

get an optimal solution. We also emulate ERLPBoost [99] over the NZDD and show

the convergence rate, which depends on the size of the data structure for compression.

Emulating a boosting algorithm over an NZDD was studied by Fujita et al. [31], which

works when the training examples are separable. In this sense, our algorithm is a gener-

alization of theirs. Although the proposed algorithm may return a different solution to

the one before compression, we verify the effectiveness of our algorithm in experiments.

In addition, we demonstrate some experiment for mixed integer programs. As the result

shows, our work is effective when the compression works. Chapter 5 handles this topic.

Lastly, we consider Metarounding, a tool for the online combinatorial linear opti-

mization problem, by diverting the insights of boosting algorithms. Roughly speaking,

Metarounding converts a point x ∈ relax(C) of a closed convex set relax(C) ⊂ Rn of a

combinatorial set C ⊂ relax(C) into a combinatorial concept c ∈ C whose loss is not so

bad in expectation. If a Metarounding exists, one can combine it with an online linear

optimization algorithm A over relax(C) to construct an online combinatorial linear opti-

mization algorithm whose α-regret is the same as the one for the 1-regret of A. In this

sense, Metarounding is a generic tool for online combinatorial linear optimization. The

previous Metarounding algorithm by Fujita et al. [30] finds an ε-approximate solution in

O(n2 ln(n)/ε2). Our algorithm drops the n2 term under the same assumption; that is, the

proposed algorithm finds an ε-approximate solution in O(ln(n)/ε2). The computational

complexity per iteration is the same, so our algorithm is superior to Fujita et al.’s [30]. We

also verify the performance of our algorithm by some numerical experiments. Chapter 6

handles this topic.

Chapter 7 summarizes this thesis and leaves some future works.
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Chapter 2

Preliminary

Throughout this thesis, we denote scalars by lower case letters, vectors by bold lower case

letters, and matrices by upper case letters. We denote the ith entry of a vector w by

wi, and we denote by Ai,j the (i, j)th entry of a matrix A. O denotes the zero matrix,

and In denotes the n-dimensional identity matrix. We omit the subscript n of In if the

dimension is clear from the context. 1n denotes the n-dimensional vector whose entries

are 1. We omit the dimension and denote 1 if it is clear from the context. We denote the

jth canonical basis vector by ej.

The inner product of two vectors x,y is denoted by x · y or x>y. The `p-norm of a

vector x is denoted by ‖x‖p. Especially, we use `1-norm ‖x‖1 =
∑

i |xi|, `2-norm ‖x‖2 =
√
x · x, and `∞-norm ‖x‖∞ = maxi |xi|. We say that a symmetric matrix A ∈ Rn×n is

positive semi-definite if x>Ax ≥ 0 holds for all x ∈ Rn. In other words, all eigenvalues

of A are non-negative. We denote the positive semi-definiteness of A by A � O. For two

matrices A,B ∈ Rn×n, we denote A−B � O by A � B.

Basically, sets are represented by calligraphic capital letters. Exceptionally, we de-

note n-dimensional probability simplex by ∆n = {d ∈ [0, 1]n | ‖d‖1 = 1}, and the set

{1, 2, . . . , n} is denoted by [n]. For a finite set C, we denote the probability simplex

{d ∈ [0, 1]C | ‖d‖1 = 1} by ∆C. For sets C,D ⊂ Rn, the set operations, union, in-

tersection, and difference, are denoted by C ∪ D, C ∩ D, and C \ D, respectively. In

addition, we use the notion C − D = {c − d | c ∈ C,d ∈ D}, and for a matrix

A ∈ Rm×n, we write AC = {Ac | c ∈ C}. The core of a set C ⊂ Rn is denoted by

core(C) = {w ∈ C | ∀v ∈ Rn,∃t > 0,∀τ ∈ [0, t],w + τv ∈ C}. Furthermore, for a set

C ⊂ Rn, we introduce the indicator function IC : Rn → {0,+∞} defined by IC(x) = 0 iff

x ∈ C.

5



CHAPTER 2. PRELIMINARY

Finally, we introduce an important lemma for our analysis, which appears in the proofs

of the Frank-Wolfe algorithms (e.g., [46]).

Lemma 2.1. Let {εt}t∈N ⊂ R be a sequence such that

∃c > 0, ∀t ∈ N, εt+1 ≤ (1− λt)εt + cλ2
t , (2.1)

where λt = 2
t+2

for all t ∈ N. Then, the following holds.

εt ≤
4c

t+ 2
for all t = 1, 2, . . . (2.2)

Proof. We prove this lemma by induction on t. For the base case t = 1, using Eq. (2.1),

ε1 ≤
(

1− 2

0 + 2

)
ε0 + c

(
2

0 + 2

)2

= c ≤ 4c

1 + 2
.

Now we move to the induction step. Assume that Eq. (2.2) holds for t ≥ 1. Using Eq. (2.1)

again, we have

εt+1 ≤
(

1− 2

t+ 2

)
εt + c

(
2

t+ 2

)2

=
4c

t+ 2

t+ 1

t+ 2
≤ 4c

t+ 2

t+ 2

t+ 3
=

4c

t+ 3
,

where at the second inequality, we use the fact t+1
t+2
≤ t+2

t+3
. Therefore, Eq. (2.2) holds for

all t = 1, 2, . . . , which concludes the proof.

2.1 Convex analysis

Our algorithm and analysis highly depend on convex analysis, so we introduce some basic

notations and properties. Basically, we follow the notation adopted the books by Borwein

and Lewis [7] and Boyd and Vandenberghe [8]. For a function f : C → (−∞,+∞], we

denote its domain by

dom f = {x ∈ C | f(x) < +∞}.

That is, dom f denotes the set of points whose value of f takes a finite value.

We say that a set C ⊂ Rn is convex if the following holds.

∀x,y ∈ C, ∀λ ∈ [0, 1], λx+ (1− λ)y ∈ C

Similarly, we say that a function f : C → R, defined over a convex set C, is convex if the

following holds.

∀x,y ∈ C, ∀λ ∈ [0, 1], f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)

6



CHAPTER 2. PRELIMINARY

If a function f is differentiable, we denote its gradient vector at x by ∇f(x). If f is

convex, the following holds.

∀x,y ∈ C, f(y) ≥ f(x) +∇f(x)>(y − x)

That is, the tangent planes of f at any point are always below f . If f is not differentiable,

we denote its sub-differential by ∂f(x) = {g | f(y) ≥ f(x) + g · (y − x), ∀y}. We call

each element g ∈ ∂f(x) as a sub-gradient of f at x. If f is twice differentiable, we denote

its Hessian at x by ∇2f(x).

Definition 2.1 (Strong convexity). A differentiable function f : C → R is said to be

α-strongly convex w.r.t. `p-norm over C if

∀x,y ∈ C, ∀α ∈ [0, 1], f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y)− 1

2
α(1− α)‖x− y‖2

p.

If an α-strongly convex function f is differentiable, the above definition is equivalent

to the following one.

∀x,y ∈ C, f(y) ≥ f(x) +∇f(x) +
α

2
‖y − x‖2

p.

Furthermore, if f is twice differentiable, the above is equivalent to ∇2f(x) � αI for all

x ∈ C.

Definition 2.2 (Smoothness). A differentiable function f : C → R is said to be β-smooth

w.r.t. `p-norm over C if

∀x,y ∈ C, f(y) ≤ f(x) +∇f(x) +
β

2
‖y − x‖2

p.

If f is twice differentiable, the above is equivalent to ∇2f(x) � βI for all x ∈ C.

The strong convexity of the entropy function is a central property for our analysis.

The relative entropy function DKL : ∆m ×∆m → R+∪ is defined by

DKL(p‖q) =
m∑

i=1

pi ln
pi
qi
.

Here, we define pi ln
pi
qi

= 0 if pi = 0, pi ln
pi
qi

= +∞ if pi 6= 0 and qi = 0. The fol-

lowing Lemma shows strong convexity of the relative entropy function from the uniform

distribution.

7



CHAPTER 2. PRELIMINARY

Lemma 2.2 (Example 2.5 in [87]). Let R(d) =
∑m

i=1 di ln
di

1/m
be the relative entropy

function from the uniform distribution 1
m

1 ∈ ∆m. Then, R is 1-strongly convex w.r.t.

`1-norm over ∆m.

Proof. By definition of R, for any p, q ∈ ∆m and for any α ∈ [0, 1],

αR(p) + (1− α)R(q)−R(αp+ (1− α)q)

= α

m∑

i=1

pi ln pi + (1− α)
m∑

i=1

qi ln qi −
m∑

i=1

(αpi + (1− α)qi) ln(αpi + (1− α)qi)

= α

m∑

i=1

pi ln
pi

αpi + (1− α)qi
+ (1− α)

m∑

i=1

qi ln
qi

αpi + (1− α)qi

= αDKL(p‖αp+ (1− α)q) + (1− α)DKL(q‖αp+ (1− α)q)

Using the Pinsker’s inequality, DKL(p‖q) ≥ 1
2
‖p− q‖2

1 for all p, q ∈ ∆m, we have

αR(p) + (1− α)R(q)−R(αp+ (1− α)q)

≥ α
1

2
‖p− (αp+ (1− α)q)‖2

1 + (1− α)
1

2
‖q − (αp+ (1− α)q)‖2

1

= α(1− α)‖p− q‖2
1,

which implies the 1-strong convexity of R.

The following lemma is helpful to make a convex function to be a strongly convex one.

Lemma 2.3. Let f be a convex function and let g be an α-strongly convex function. Then

f + g is also an α-strongly convex function.

Proof. The result follows from the definition. For all x and y and for all α ∈ [0, 1],

(f + g)(αx+ (1− α)y)

= f(αx+ (1− α)y) + g(αx+ (1− α)y)

≤ αf(x) + (1− α)f(y) + αg(x) + (1− α)g(y)− 1

2
α(1− α)‖x− y‖2

= α(f + g)(x) + (1− α)(f + g)(y)− 1

2
α(1− α)‖x− y‖2

which is the α-strong convexity of f + g.

Definition 2.3 (Fenchel conjugate). The Fenchel conjugate f ? : Rn → [−∞,+∞] of a

function f : Rn → [−∞,+∞] is defined as

f ?(y) = sup
x∈Rn

y · x− f(x).

8



CHAPTER 2. PRELIMINARY

Table 2.1: Summary of notations.

R The set of real numbers

N The set of natural numbers

∆n n-dimensional probability simplex

[n] The set of positive integers up to n

C,D Sets

x, θ Scalars

x,θ Vectors

A,M Matrices

ej The jth canonical basis vector

1n,1 n-dimensional all 1 vector

f ? The Fenchel conjugate of f

The Fenchel conjugate of the max function x 7→ maxi∈[n] xi is the indicator function

I∆n of the probability simplex and vice versa. This relation is used throughout our thesis.

By definition, the following is derived as observations.

Observation 2.1. Let f, g : Rm → (−∞,+∞] be functions such that

∃c > 0, ∀x, f(x) ≤ g(x) ≤ f(x) + c.

Then, f ?(y)− c ≤ g?(y) ≤ f ?(y) holds for all y.

The following lemma shows a relation between f and its conjugate f ?. This lemma is

shown in the Ph.D. thesis of Shalev-Shwartz [86].

Lemma 2.4. Let ‖ ·‖ be some norm and let ‖ ·‖? be the dual norm of ‖ ·‖. If f : Rm → R
is an α-strongly convex function w.r.t. the norm ‖ · ‖, its Fenchel conjugate f ? is an

1/α-smooth function w.r.t. the dual norm ‖ · ‖?.

The following theorem is a central tool for our analysis.

Theorem 2.1 (Fenchel duality theorem [7]). Let f : Rm → (−∞,+∞] and g : Rn →
(−∞,+∞] be convex functions, and a linear map A : Rm → Rn. Define the Fenchel

problems

γ = inf
x
f(x) + g(A>x), ρ = sup

y
−f ?(−Ay)− g?(y). (2.3)

9



CHAPTER 2. PRELIMINARY

Input: A set of training examples S = {(x1, yi), (x2, y2), . . . , (xm, ym)} ⊂ X × Y .

For t = 1, 2, . . . , T :

1. Booster chooses a distribution dt ∈ ∆m over S.

2. Weak Learner returns a hypothesis ht ∈ H.

Booster defines the weights {w1, w2, . . . , wT} on the hypotheses {h1, h2, . . . , hT}.
Output: A convex combination

∑T
t=1wtht of hypotheses {h1, h2, . . . , hT} ⊂ H.

Figure 2.1: The boosting protocol.

Then, γ ≥ ρ holds. Further, γ = ρ holds if 0 ∈ core
(
dom g − A>dom f

)
. Furthermore,

points x̄ and ȳ are optimal solutions for problems in Eq. (2.3) respectively if and only if

−Aȳ ∈ ∂f(x̄) and ȳ ∈ ∂g(A>x̄).

Table 2.1 summarizes important notations.

2.2 Boosting

Boosting is known as a class of algorithms for supervised learning. Boosting is a pro-

tocol between two algorithms: the booster and the weak learner. For each iteration

t = 0, 1, 2, . . . , T , the booster chooses a distribution dt ∈ ∆m over the training examples

S = {(x1, y1), (x2, y2), . . . , (xm, ym)} ⊂ X × Y . Here, X is some set we do not need to

care about, and Y is the set of target values that depends on the problem. Then, the weak

learner returns a hypothesis ht ∈ H to the booster from some pre-defined set of hypotheses

H from X to Y . Throughout this thesis, we assume that H is finite. This assumption is

reasonable since most practical hypothesis sets, such as decision trees, are induced to be a

finite set throughout training examples even though it is not. The boosting algorithm aims

to produce a convex combination HT =
∑T

t=1wtht of the hypotheses {h1, h2, . . . , hT} ⊂ H
that achieves a goal. Here, we note that some boosting algorithms, such as Graph Separa-

tion Boosting [2], consider other compositions HT = f(h1, h2, . . . , hT ) with an aggregation

rule f rather than a convex combination of functions. But this setting is beyond the scope

of our thesis.

For the binary classification setting, i.e., Y = {−1,+1}, one of the goal is to minimize

a surrogate loss
∑m

i=1 e
−yiHT (xi). This goal is used for AdaBoost [28], the most well-known

10



CHAPTER 2. PRELIMINARY

Input: Initial point x1 ∈ C and an accuracy parameter ε > 0.

For t = 1, 2, . . . , T :

1. Observe a gradient ∇f(xt) at xt ∈ C.

2. Find an extreme point st ∈ arg mins∈C s · ∇f(xt).

3. If (xt − st)>∇f(xt) ≤ ε then set T = t− 1 and break.

4. Choose a next iterate xt+1 ∈ C.

Output: xT+1 ∈ C such that f(xT+1)−minx∈C f(x) ≤ ε.

Figure 2.2: The Frank-Wolfe protocol.

boosting algorithm. Chapter 3 adopts the soft margin maximization as the goal, so we

describe it in Section 3.1 for details.

For the regression setting, i.e., Y = R, minimizing the squared loss
∑m

i=1 (yi −HT (xi))
2

is a common goal. Chapter 4 considers a different goal and analyze the convergence rate

of the algorithm for this setting, we explain this goal in Section 4.1.

Boosting is also applicable for other settings such as Multi-class classification [28, 82],

Ranking [27], and so on. These algorithms are beyond the scope of this thesis, so we do

not describe them. See [67, 80] for details.

Fig. 2.1 summarizes the boosting protocol.

2.3 The Frank-Wolfe algorithms

The Frank-Wolfe (FW) method is a class of optimization algorithms that only uses first-

order information of the objective and a linear optimization oracle over the feasible region.

The best advantage of the FW algorithm is the projection-free property; there is no

projection onto C, so the running time per iteration is faster than the projected gradient

methods. The original FW algorithm is a first-order iterative algorithm invented by Frank

and Wolfe [26]. The FW algorithm solves the problems of the form: minx∈C f(x), where

C ⊂ Rm is a closed convex set and f : C → Rm is an η-smooth and convex function.

In each iteration t = 1, 2, . . . , the FW algorithm seeks an extreme point st ∈ C
that minimizes the inner product s>t ∇f(xt). Then, it updates the iterate as xt+1 =

11



CHAPTER 2. PRELIMINARY

xt + λt(st − xt) for some λt ∈ [0, 1]. Although the classical result [26, 46] suggests

λt = 2/(t+ 1), one can choose other step size like

λt := clip
(xt − st+1)>∇f(xt)

η‖st+1 − xt‖2
, (2.4)

where clip x = max{0,min{1, x}}. This λt minimizes the right-hand-side of the smooth-

ness relation

f(xt+1) = f(xt + λt(st+1 − xt)) ≤ f(xt) + λt∇f(xt) · (st+1 − xt) +
η

2
λ2
t‖st+1 − xt‖2,

and is often called the short-step strategy. Alternatively, one can choose

λt ∈ arg min
λ∈[0,1]

f(xt + λ(st+1 − xt))

by line search. This step size improve the objective more than the short-step strategy.

Since the FW algorithm aims to find an optimal solution, one can choose xt+1 by solving

the problem: xt+1 ← arg minx∈ConvHull({s1,...,st+1}) f(x). This update rule is called the

Fully Corrective FW algorithm (e.g., [46]). Although the fully corrective update yields

xt+1 that most decreases the objective over the convex hull, it loses the fast computational

advantage per iteration. One can find other updated rules developed so far, such as

Away-step, Pairwise, and Blended Pairwise rules, but this topic is outside the scope of

our thesis, so please check the papers [19, 45, 54, 71, 94]. Fig. 2.2 summarizes the Frank-

Wolfe protocol. Line 3 measures the optimality gap. By the optimality of st+1 and the

convexity of f , the following holds for all x? ∈ C.

(xt − st+1)>∇f(xt) ≥ (xt − x?)>∇f(xt) ≥ f(xt)− f(x?)

Thus, if the optimality gap satisfy (xt−st+1)>∇f(xt) ≤ ε, then f(xt)−minx?∈C f(x?) ≤ ε

holds.

Most of the FW algorithms converge to an ε-approximate solution in O(η/ε) iter-

ations if the objective function is η-smooth1 w.r.t. some norm over C [26, 46]. This

bound is optimal for non-strongly convex but smooth objective since some paper showed

Ω(1/t1+δ) for arbitrarily small δ > 0 [11, 102]. On the other hand, some FW-type algo-

rithms converge linearly when the objective function is not only smooth but also strongly

convex [54, 71, 94].

1Some papers, such as Jiang and Ravikumar [77], Hazan and Kale [39], and Hazan and Minasyan [40],

suggest techniques for general convex functions.
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Chapter 3

Boosting as Frank-Wolfe

This chapter introduces the relationship between some boosting algorithms for soft margin

optimization and the Frank-Wolfe algorithms. After that, we propose a boosting algorithm

that optimizes the soft margin while maintaining a convergence guarantee.

Theory and algorithms for large-margin classifiers have been studied extensively since

those classifiers guarantee low generalization errors when they have large margins over

training examples (e.g., [81, 67]). In particular, the `1-norm regularized soft margin opti-

mization problem, defined later, is a formulation of finding sparse large-margin classifiers

based on the linear program (LP). This problem aims to optimize the `1-margin by com-

bining multiple hypotheses from some hypothesis class H. The resulting classifier tends

to be sparse, so `1-margin optimization is helpful for feature selection tasks. Off-the-shelf

LP solvers can solve the problem, but they are still not efficient enough for a huge class

H.

Boosting is a framework for solving the `1-norm regularized margin optimization even

though H is infinitely large. Various boosting algorithms have been invented. LP-

Boost [21] is a practical algorithm that often works effectively. Although LPBoost termi-

nates rapidly, It is shown that it takes Ω(m) iterations in the worst case, where m is the

number of training examples [97]. Shalev-Shwartz and Singer [88] invented an algorithm

called Corrective ERLPBoost (we call this algorithm Corr. ERLPBoost for shorthand)

in the paper on ERLPBoost [99]. C-ERLPBooost and ERLPBoost find ε-approximate

solutions in O(ln(m/ν)/ε2) iterations, where ν ∈ [1,m] is the soft margin parameter. The

difference is the time complexity per iteration; ERLPBoost solves a convex program (CP)

for each iteration, while C-ERLPBooost solves a sorting-like problem. Although ERLP-

Boost takes much time per iteration, it takes fewer iterations than Corr. ERLPBoost in

13
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practical applications. For this reason, ERLPBoost is faster than Corr. ERLPBoost. Our

primary motivation is to investigate boosting algorithms with provable iteration bounds,

which perform as fast as LPBoost.

This paper has two contributions. Our first contribution is to give a unified view of

boosting for soft margin optimization. We show that LPBoost, ERLPBoost, and Corr.

ERLPBoost are instances of the Frank-Wolfe algorithm.

Our second contribution is to propose a generic scheme for boosting based on the

unified view. Our scheme combines a standard Frank-Wolfe algorithm and any algorithm

and switches one to the other at each iteration in a non-trivial way. We show that

this scheme guarantees the same convergence rate, O(ln(m/ν)/ε2), as ERLPBoost and

Corr. ERLPBoost. One can incorporate any update rule to this scheme without losing

the convergence guarantee so that it takes advantage of better updates of the second

algorithm in practice. In particular, we propose to choose LPBoost as the secondary

algorithm, and we call the resulting algorithm Modified LPBoost (MLPBoost).

In experiments on real datasets, MLPBoost works comparably with LPBoost, and

MLPBoost is the fastest among theoretically guaranteed algorithms, as expected.

The results in this chapter appear in [64].

3.1 Soft margin optimization

Most boosting algorithms aim to find a convex combination H = sgn ◦
∑

h∈Hwhh of

hypotheses inH ⊂ [−1,+1]X that minimizes the empirical losses
∑m

i=1 L(yi, H(xi)), where

sgn : R→ {−1,+1} is the function such that sgn(θ) = +1 if and only if θ ≥ 0. It is well

known that the generalization error of h is

E(x,y)∼P [L(y, h(x))] =
1

m

m∑

i=1

L(yi, h(xi)) +O

(
1√
m

)
, w.h.p.,

where P is a distribution over X ×{±1} such that S = {(x1, y1), (x2, y2), . . . , (xm, ym)} ∼
Pm. Therefore, minimizing the empirical loss is a reasonable goal for machine learning.

AdaBoost [28], known to minimize the exponential loss (x, y) 7→ e−yh(x), decreases its

test error by collecting hypotheses in H even after zero training loss is achieved. This

phenomenon has been studied extensively [9, 81] and it has been found that AdaBoost

tends to yield a large margin hypothesis. Here, the margin of a point (x, y) ∈ X×{±1} for

a hypothesis h : X → [−1,+1] is defined by ρh(x, y) = yh(x) and the margin of a sample
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S = {(x1, y1), (x2, y2), . . . , (xm, ym)} ⊂ X × {±1} for h is ρ? = mini∈[m] ρh(xi, yi). If a

hypothesis h achieves its minimum margin ρ? ≥ θ for some θ > 0, a better generalization

ability is attained. That is, if h has margin at least θ for all points in S, the following

relation holds [81].

Pr
(x,y)∼P

[y 6= h(x)] = Pr
i∼U[m]

[ρh(xi, yi) ≤ θ] +O

(
1

θ

√
lnm

m

)
, w.h.p.,

where U[m] is the uniform distribution over [m]. Both terms on the right-hand side become

small if the margin parameter θ is large. So, one wants to maximize the margin of a sample

S. Although many other margin-based bounds exist [9, 32], a large margin still implies

a better generalization guarantee1. Finding a large margin classifier can be written as a

linear program.

max
w

min
i∈[m]

yi
∑

h∈H

whh(xi) s.t. w ∈ ∆H

This optimization problem is called the hard margin optimization since the formulation is

valid if there exists w ∈ ∆H satisfying hypothesis x 7→
∑

h∈Hwhh(x) perfectly classifies

all training examples. Unfortunately, the margin of the output hypothesis of AdaBoost

is known to asymptotically optimizes the margin (e.g., [76, 78]). With these issues, sev-

eral algorithms for margin-maximizing boosting have been developed. AdaBoost? [76],

TotalBoost [101], and SparsiBoost [59] are the most successful ones that maximize the

hard margin. If a convex combination
∑

h∈Hwhh exists that perfectly classifies all train-

ing points, these algorithms guarantee the finding of a combined hypothesis whose mar-

gin is the largest in polynomial time. Since linear separability does not generally hold,

the relaxed version of margin optimization, named soft margin optimization is consid-

ered [21, 75].

max
ρ,w,ξ

ρ− 1

ν

m∑

i=1

ξi

s.t. yi
∑

h∈H

whh(xi) ≥ ρ− ξi, ∀i ∈ [m],

w ∈ ∆H, ξ ≥ 0.

Intuitively, the soft margin optimization aims to find a convex combination of hypotheses

that maximizes the margin for most points. The rest points are regarded as outliers.

In this sense, soft margin optimization is robust for outliers. The parameter ν ∈ [1,m]

1Lower bounds are also studied, see for example [35].

15



CHAPTER 3. BOOSTING AS FRANK-WOLFE

controls the ratio of outliers. That is, the optimal w regards at most ν points as outliers.

Similar formulation is found in Support Vector Machines [83]. Therefore, an algorithm

that optimizes the soft-margin is applicable even though a convex combination of hy-

potheses that perfectly classifies the training points does not exist.

In order to analyze the soft margin boosting algorithms, we need to define the weak

learnability. To define the weak learnability for margin optimization, we consider the dual

problem of the soft margin optimization. For notational simplicity, let A ∈ [−1,+1]m×H

be the matrix such that Ai,h = yih(xi). Then, the soft margin optimization can be written

as

max
ρ,w,ξ

ρ− 1

ν

m∑

i=1

ξi

s.t. (Aw)i ≥ ρ− ξi, ∀i ∈ [m],

w ∈ ∆H, ξ ≥ 0.

The edge minimization problem, the Lagrange dual problem of the soft margin optimiza-

tion, is

min
d

max
h∈H

(d>A)h + I∆m,ν (d), (3.1)

where ∆m,ν = {d ∈ ∆m | ‖d‖∞ ≤ 1/ν}. The quantity (d>A)h =
∑m

i=1 diyih(xi) is often

called the edge of the hypothesis h w.r.t. the distribution d ∈ ∆m,ν . Shalev-Shwartz and

Singer [88] showed that one can rewrite the soft margin optimization problem in a much

simpler form via Theorem 2.1:

max
w∈∆H

−I?∆m,ν
(−Aw) = max

w∈∆H
min
d∈∆m,ν

d>Aw. (3.2)

Furthermore, the duality gap between Eq. (3.1) and Eq. (3.2) is zero. The soft margin

optimization aims to find an optimal combined hypothesis
∑

h∈H w̄hh, where w̄ ∈ ∆H

is an optimal solution of Eq. (3.2). Although the edge minimization and soft margin

optimization problems are formulated as a linear program, solving the problem for a huge

class H is hard. Boosting is a standard approach to dealing with the problem.

To analyze a boosting algorithm, one needs to assume the performance of the weak

learner.

Assumption 3.1 (The g-weak learnability for margin optimization). Let g > 0 be a fixed

but unknown parameter. A g-weak learner takes a distribution d ∈ ∆m over training

examples and returns a hypothesis h ∈ H such that (d>A)h =
∑m

i=1 diyih(xi) ≥ g.
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Table 3.1: Soft margin boosting algorithms their upper and lower bound of the number

of weak learner call. The column Sub-problem per round shows the problem that the

boosting algorithms solve. m is the number of training examples, ε is the accuracy

parameter for Eq. (3.3), and ν ∈ [1,m] is the capping parameter.

Algorithm Upper bound Lower bound Sub-problem per round

LPBoost [21] - Ω(m) Linear program (LP)

C-ERLPBoost [88] O(ln(m/ν)/ε2) - Sorting

SoftBoost [97] O(ln(m/ν)/ε2) - Convex program (CP)

ERLPBoost [99] O(ln(m/ν)/ε2) - Convex program (CP)

Here, we emphasize that the parameter g is unknown to the boosting algorithm. With

this assumption, the goal of booster is to find a solution w ∈ ∆H such that

min
d∈∆m,ν

d>Aw ≥ g − ε (3.3)

for arbitrarily small ε > 0. Note that if the weak learner returns a hypothesis h ∈ H that

maximizes the edge (d>A)h, the above goal becomes to find an ε-approximate solution

of Eq. (3.2).

Find w̄ ∈ ∆H such that

− I?∆m,ν
(−Aw̄) = min

d∈∆m,ν

d>Aw̄ ≥ max
w∈∆H

min
d∈∆m,ν

d>Aw − ε = max
w∈∆H

−I?∆m,ν
(−Aw)− ε.

Therefore, this chapter aims to find a convex combination
∑

h∈Hwhh of hypotheses in H
satisfying Eq. (3.3).

3.2 Related work

FWBoost [96] seems to be related to our work. FWBoost is a boosting algorithm designed

for minimizing a general loss function by the Frank-Wolfe algorithm. Since Frank-Wolfe

algorithms work over the closed convex set, they introduce the `1-norm ball constraint.

Note that the objective function for the maximization problem in Eq. (3.2) is not a smooth

function, so one cannot apply the FWBoost directly to guarantee the convergence rate.

Many boosting algorithms that maximizes the soft margin have been invented [22, 85],
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but here we introduce three important algorithms, LPBoost [21], ERLPBoost [99], and

Corrective ERLPBoost [88].

LPBoost [21] is a practical boosting algorithm for solving problem in Eq. (3.2). In

each iteration t, LPBoost updates its distribution as an optimal solution to problem

dt ← arg min
d

max
k∈[t]

(d>A)hk + I∆m,ν (d). (3.4)

That is, LPBoost uses an optimal solution to the edge minimization problem over the

hypothesis set {h1, h2, . . . , ht} ⊂ H. LPBoost converges to an ε-accurate solution rapidly

in practice. However, Warmuth et al. [97] proved that LPBoost converges in Ω(m) it-

erations for the worst case. In the same paper, SoftBoost [97], the soft margin version

of TotalBoost [101], is invented. SoftBoost converges in O(ln(m/ν)/ε2) iterations, but

it tends to be too conservative. Thus, SoftBoost is not practical because it takes time.

After that, the stabilized version of LPBoost, ERLPBoost, was invented by Warmuth et

al. [99]. The main idea behind ERLPBoost comes from the bundle method [91]. Bundle

methods [51, 55, 84] are stabilized versions of the cutting-plane method [50]. The cutting-

plane method is known to cause a zig-zag phenomenon, and thus, it converges very slowly

in some situations [3, 55]. The cutting-plane method corresponds to LPBoost in this case.

Therefore, ERLPBoost can be seen as a stabilized version of LPBoost, i.e., an instance of

the bundle method. ERLPBoost updates the distribution as the solution of

dt ← arg min
d

max
k∈[t]

(d>A)hk + I∆m,ν (d) +
1

η
R(d). (3.5)

Here, R(d) =
∑m

i=1 di ln di + lnm is the relative entropy from the uniform distribution
1
m

1 ∈ ∆m,ν . They proved that ERLPBoost finds a solution that achieves Eq. (3.3) in

O(ln(m/ν)/ε2) iterations. They also demonstrate that ERLPBoost tends to terminate in

fewer iterations than LPBoost. The disadvantage of ERLPBoost is its computational com-

plexity; ERLPBoost solves convex programs in each iteration. This disadvantage leads to

much more computation time than LPBoost. The Corrective ERLPBoost (Corr. ERLP-

Boost, for short) [88] is the corrective version of ERLPBoost. This algorithm achieves the

same iteration bound with much faster computation per iteration than LPBoost. Corr.

ERLPBoost maintains the weight wt ∈ ∆H that only has non-zero values on the entries

corresponding to the past hypotheses {h1, h2, . . . , ht} ⊂ H. Corr. ERLPBoost updates

its distribution over the training instances as

dt ← arg min
d
d>Awt + I∆m,ν (d) +

1

η
R(d). (3.6)
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Unlike LPBoost and ERLPBoost, Corr. ERLPBoost maintains weights on the hypothe-

ses attained until the current round. After receiving a hypothesis ht+1 ∈ H with the

corresponding basis eh+1 ∈ ∆H, Corr. ERLPBoost updates the weights on hypotheses as

wt+1 = wt + λ(eht+1 −wt), where λt ∈ [0, 1] is some proper value. Although this update

rule seems to be a convex program, Shalev-Shwartz and Singer [88] showed an algorithm

that solves Eq. (3.6) in O(m lnm) time. This algorithm seems better than LPBoost and

ERLPBoost. However, Warmuth et al. [99] demonstrated that Corr. ERLPBoost takes

much more iterations than LPBoost and ERLPBoost. Therefore, the overall computa-

tion time is worse than LPBoost. Table 3.1 summarizes the boosting algorithms for soft

margin optimization.

To the best of our knowledge, there is only one previous work suggests a relation

between a boosting algorithm and the Frank-Wolfe algorithm [18]. Their paper shows that

AdaBoost [28] is an instance of the Frank-Wolfe algorithm. However, their interpretation

is only for the primal problem, while ours comes from the primal-dual problems.

3.3 The relation between soft margin boostings and

Frank-Wolfe algorithms

We first show a unified view of the boosting algorithms via Fenchel duality. From this

view, LPBoost, ERLPBoost, and Corr. ERLPBoost can be seen as instances of the Frank-

Wolfe algorithm with different step sizes and objectives. Using this knowledge, we derive

a new boosting scheme.

3.3.1 A unified view of boosting for the soft margin optimization

This section assumes that the weak learner always returns a hypothesis h ∈ H that max-

imizes the edge w.r.t. the given distribution. We start by revisiting Corr. ERLPBoost.

Recall that Corr. ERLPBoost (and ERLPBoost) aim to solve the convex program

min
d
g(d>A) + f ?(d), (3.7)

where f = I∆m,ν + 1
η
R and g(θ) = maxh∈H θh. Since 1

η
R is a 1

η
-strongly convex function

w.r.t. `1-norm, so is f . By Fenchel duality, the dual problem is

max
w∈∆H

−f ?(−Aw) = − min
w∈∆H

f ?(−Aw) = − min
θ∈−A∆H

f ?(θ), (3.8)
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where −A∆H = {−Ad | d ∈ ∆H}. Since dom g = RH and dom f = ∆m,ν , dom g −
A>dom f = {θ−A>d | θ ∈ RH,d ∈ ∆m,ν} = RH. Obviously, 0 ∈ core(dom g − A>dom f)

so that the optimality gap is zero. Further, f ? is an η-smooth function w.r.t. `∞-norm.

Thus, the soft margin optimization problem becomes a minimization problem of a smooth

function.

In each iteration t, Corr. ERLPBoost updates the distribution dt ∈ ∆m,ν over exam-

ples as the optimal solution of Eq. (3.6). This computation corresponds to the gradient

computation ∇f ?(θt), where θt = −Awt. Then, obtain a basis vector eht+1 ∈ ∆H corre-

sponding to hypothesis hht+1 ∈ H that maximizes the edge; ht+1 ∈ arg maxh∈H(d>t A)h.

We can write this calculation regarding the gradient of f ?;

arg max
eh:h∈H

d>t Aeh = arg min
eh:h∈H

(−Aeh)>∇f ?(θt) = arg min
θ∈−A∆H

θ>∇f ?(θt).

Thus, finding a hypothesis that maximizes edge corresponds to solving linear programming

in the Frank-Wolfe algorithm. Further, Corr. ERLPBoost updates the weights as wt+1 =

wt +λt(eht+1−wt), where λt is the short-step2. From these observations, we can say that

the Corr. ERLPBoost is an instance of the Frank-Wolfe algorithm. Since f ? is η-smooth,

we can say that this algorithm converges in O(η/ε) iterations for a max-edge weak learner.

Similarly, we can say that LPBoost and ERLPBoost are instances of the Frank-Wolfe

algorithm. Let Et := {eh | h ∈ {h1, h2, . . . , ht}} be the set of basis vectors corresponding

to the hypotheses up to round t. LPBoost and ERLPBoost update the distribution as

the optimal solutions dL
t ∈ ∂I?∆m,ν

(−AwL
t ) and dE

t = ∇f ?(−AwE
t ), where

(LPBoost) wL
t ← arg max

w∈ConvHull(Et)
−I?∆m,ν

(−Aw), (3.9)

(ERLPBoost) wE
t ← arg max

w∈ConvHull(Et)
−f ?(−Aw). (3.10)

Therefore, we can say that LPBoost and ERLPBoost are instances of the fully-corrective

FW algorithm for objectives I?∆m,ν
and f ?, respectively. Under the max-edge weak learner

assumption, one can derive the same iteration bound for ERLPBoost since f ? is η-smooth.

We summarize these connections to the following theorem.

Theorem 3.1. LPBoost, ERLPBoost, and Corr. ERLPBoost are instances of the FW

algorithm.

2They also suggests the line search update. This case yields a better progress than short-step, so the

same iteration bound holds.
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Algorithm 1 A theoretically guaranteed boosting scheme

Input: Training examples ((xi, yi))
m
i=1 ∈ (X ×{±1})m, a g-weak learner WL : ∆m → H,

a FW algorithm F , a secondary algorithm B, and parameters ν > 0 and ε > 0.

1: Set A = (yih(xi)) ∈ [−1,+1]m×H.

2: Obtain a hypothesis h1 = WL(d0), where d0 = 1
m

1.

3: Set w1 = e1.

4: for t = 1, 2, . . . , T do

5: Compute the distribution dt = ∇f ?(−Awt) = arg mind∈∆m,ν

[
d>Awt + 1

η
R(d)

]
.

6: Obtain a hypothesis ht+1 = WL(dt).

7: Set εt := min0≤τ≤t(d
>
τ A)hτ+1 + f ?(−Awt) and let Et+1 := {ehτ}t+1

τ=1.

8: if εt ≤ ε/2 then

9: Set T = t, break.

10: end if

11: Compute the FW weight wFt+1 = F(A,wt, eht+1 , Et,dt).
12: Compute the secondary weight wBt+1 = B(A, Et+1).

13: Update the weight wt+1 ← arg minw∈{wFt+1,w
B
t+1} f

?(−Aw).

14: end for

Output: Combined classifier HT =
∑T

t=1wT,tht.

Algorithm 2 LPBoost rule B(A, E)

Input: A matrix A ∈ [−1,+1]m×H and a set of vectors E ⊂ RH.

Output: w ∈ arg maxw∈ConvHull(E) mind∈∆m,ν d
>Aw.

3.4 A general boosting scheme for soft margin opti-

mization

We propose FW-like boosting schemes from the above observations, shown in Algo-

rithm 1. Algorithm 1 takes two update rules, a FW update rule F and a secondary update

rule B. Both algorithms return a weight w ∈ ∆H. Intuitively, the FW update rule wFt is a

safety net for the convergence guarantee. Further, the convergence analysis only depends

on the FW update wFt+1, so that one can incorporate any update rule to B. For example,

one can use the update rule Eq. (3.10) as B(A, Et+1). Algorithm 1 becomes ERLPBoost

in this case since wt+1 = wBt+1 holds for any t. Even though this setting, the convergence

guarantee holds so that we can prove the same convergence rate for ERLPBoost by our
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Algorithm 3 Short step rule F(A,w, s, E ,d)

Input: A matrix A ∈ [−1,+1]m×H, vectors w, s ∈ RH and d ∈ Rm, and a set of vectors

E ⊂ RH.

Output: wF = w + λ(s−w), where λ = clip d>A(s−w)
η‖A(s−w)‖2∞

.

general analysis.

Recall that our primary objective is to find a weight vector w that optimizes Eq. (3.2).

The most practical algorithm, LPBoost, solves Eq. (3.2) over past hypotheses, so using

the solution as B is a natural choice. Algorithm 2 summarizes this update. Note that

the LPBoost update differs from the fully-corrective FW algorithm since the objective

function is f ?, not I?∆m,ν
.

Furthermore, as described by Shalev-Shwartz and Singer [88], one can compute the

distribution dt = ∇f ?(−Awt) by a sorting-based algorithm, which takes O(m lnm) it-

erations3. Thus, the time complexity per iteration depends on the secondary algorithm

B.

Before getting into the convergence analysis, we first justify the stopping criterion

in Algorithm 1. This criterion is similar to the one in FW but strictly better than it.

Therefore, our algorithms tend to converge in early iterations.

Lemma 3.1. Let εt := min0≤τ≤t(d
>
τ A)hτ+1 + f ?(−Awt) be the optimality gap and let

η = 2
ε

ln m
ν

. Then, εt ≤ ε
2

implies −I?∆m,ν
(−Awt) ≥ g − ε.

Proof. By the weak-learnability assumption, εt ≥ g + f ?(−Awt). The statement follows

from Observation 2.1.

Now, we prove the convergence rate for our scheme. This theorem also covers the

convergence rate for ERLPBoost and Corr. ERLPBoost.

Theorem 3.2 (A convergence rate for Algorithm 1). Assume that the weak learner returns

a hypothesis ht+1 ∈ H that satisfies (d>t A)ht+1 ≥ g for some unknown guarantee g. Let F
be the FW update with classic step λt = 2

t+2
, or short-step as in Algorithm 3. Then, for

any secondary algorithm B, Algorithm 1 converges to an ε-accurate solution of Eq. (3.2)

in O
(

1
ε2

ln m
ν

)
iterations.

3They also suggest a linear time algorithm, see [42].
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Proof. First of all, we prove the bound for the classic step size. We start by showing the

recursion

εt+1 ≤ (1− λt)εt + 2ηλ2
t . (3.11)

By using the definition of wt+1 and the η-smoothness of f ?,

εt − εt+1 ≥ f ?(−Awt)− f ?(−AwFt )

= f ?(−Awt)− f ?(−Awt + λtA(wt − eht+1))

≥ λt(A(eht+1 −wt))
>∇f ?(−Awt)− 2ηλ2

t , (3.12)

where Eq. (3.12) holds since A ∈ [−1,+1]m×n and eht+1 ,wt ∈ ∆H. By the non-negativity

of the entropy function and the definition of dt, we get

(A(eht+1 −wt))
>∇f ?(−Awt) = d>t A(eht+1 −wt)

≥
[

min
0≤τ≤t

(d>τ A)hτ+1 − d>t Awt −
1

η
R(dt)

]

=

[
min

0≤τ≤t
(d>τ A)hτ+1 + f ?(−Awt)

]
= εt. (3.13)

Combining Eq. (3.12) and Eq. (3.13), we obtain Eq. (3.11).

Now, we have Eq. (3.11). Applying Lemma 2.1, we obtain εt ≤ 8η
t+2

. By the definition

of η, εT ≤ ε
2

holds in T = 32
ε2

ln m
ν
− 2 iterations. Lemma 3.1 yields the convergence rate.

For the short-step case, that is, the case where we employ Algorithm 3 as F , we get

a similar recursion:

εt − εt+1 ≥ f ?(−Awt)− f ?(−AwFt )

≥ λt(A(eht+1 −wt))
>∇f ?(−Awt)−

η

2
λ2
t‖A(wt − eht+1)‖2

∞ (3.14)

≥ λ(A(eht+1 −wt))
>∇f ?(−Awt)− 2ηλ2, ∀λ ∈ [0, 1].

Since the short-step is the maximizer of Eq. (3.14), the last inequality holds for all λ ∈
[0, 1]. Optimizing λ in RHS and applying the inequality Eq. (3.13), we get εt− εt+1 ≥ ε2t

8η
.

Using Lemma 20 in [88], we obtain the same iteration bound.

Theorem 3.2 shows a convergence guarantee for the classic step and the short-step.

The line search arg minλ∈[0,1] f
?
(
−A(wt + λ(eht+1 −wt))

)
always yields better progress

than the short-step, so the same iteration bound holds.
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Algorithm 4 Pairwise rule F(A,w, s, E ,d)

Input: A matrix A ∈ [−1,+1]m×H, vectors w, s ∈ RH and d ∈ Rm, and a set of vectors

E ⊂ RH.

1: Let w =
∑
v∈E αvv be the current representation of w and let E = {v ∈ E | αv > 0}.

2: Compute an away basis vAway ∈ arg minv∈E d
>Av and set λmax = αvAway .

3: λ ∈ arg minλ∈[0,λmax] f
?(−A(w + λ(s− vAway))).

Output: wF = w + λ(s− vAway).

Other variants of the boosting scheme The FW update rule wFt+1 of Algorithm 3

comes from the FW algorithm with short-step sizes. One can apply other updates rules

as F . Pairwise Frank-Wolfe (PFW) is the one of a state-of-the-art Frank-Wolfe algo-

rithm [54]. The basic idea of PFW is to move the weight from the most worthless hy-

pothesis to the newly attained one. Algorithm 4 is the scheme that applies the PFW. By

a similar argument, one can prove the convergence rate for Algorithm 4.

Corollary 3.1 (A convergence rate for Algorithm 4). Let k(t) = |{τ ∈ [t] | λτ <

λτ,max}| be the number of good steps by iteration t. Then, Algorithm 4 converges with

rate O(η/k(t)).

3.5 Experiment

First of all, we note that the gradient boosting algorithms, like XGBoost [17] or Light-

GBM [49], solve different problems, so we do not compare our work to them. We compare

LPBoost, ERLPBoost, Corr. ERLPBoost, and our scheme on Gunnar Rätsch’s bench-

mark datasets4, Kaggle datasets5, and LIBSVM datasets6 We use a computer with Intel

Xeon Gold 6124 CPU 2.60GHz processors. We call Algorithm 1 with the secondary al-

gorithm shown in Algorithm 2 as MLPBoost. In MLPBoost, we adopt the short-step

strategy as the Frank-Wolfe step size. Since the parameter η is a huge value, we expect

the secondary algorithm, the LPBoost sub-routine, to be adopted much more frequently.

One can try other step strategy, but it is enough for this experiment to show the perfor-

mance of our algorithm. We also use the short-step strategy for Corr. ERLPBoost. We

4http://theoval.cmp.uea.ac.uk/~gcc/matlab/default.html#benchmarks
5https://www.kaggle.com/
6https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
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use the Gurobi optimizer 9.0.17 to solve the sub-problems of these boosting algorithms.

The sub-problem of ERLPBoost cannot be solvable directory, so we use the sequential

quadratic programming technique. See the following paragraph.

Implementation of ERLPBoost For each round t = 1, 2, . . . , ERLPBoost solves the

following convex programming

(γ,d) = arg min
γ,d

γ +
1

η

m∑

i=1

di ln
di

1/m
(3.15)

s.t. (d>A)h ≤ γ, ∀h ∈ {h1, h2, . . . , ht},

d ∈ ∆m.

Since Gurobi does not accept such entropy terms di ln
di

1/m
, we use the sequential quadratic

programming technique [70]. More precisely, let d1 = 1
m

1 be the initial distribution.

Starting from k = 1, we solve the following quadratic programming until it converges.

(γk+1,dk+1) = arg min
γ,d

γ +
1

η

m∑

i=1

1

2dk,i
d2
i +

(
ln

dk,i
1/m

)
di

s.t.
(
d>A

)
h
≤ γ, ∀h ∈ {h1, h2, . . . , ht},

d ∈ ∆m,ν

Since the objective function is strongly convex, we expect this procedure to converge in a

few rounds. This procedure terminates if either one of the following holds: (i) the optimal

value does not decrease more than 10−9 (ii) there exists i ∈ [m] such that di = 0. If the

quadratic programming terminates at round k, it outputs dk as the solution to Eq. (3.15).

Settings We use the capping parameters ν ∈ N := {0.01m, 0.05m, 0.1m, 0.2m} and the

tolerance parameter ε = 0.01, where m is the number of training examples. As discussed

in the previous sections, the soft margin optimization regards at most ν examples as

outliers. We use the weak learner that returns a decision tree of depth 2. The splitting

rule for the decision tree is based on the entropic impurity.

Computation time We measure the running time for each round. The algorithms

may take long to converge, so we abort the computations after an hour. Since LIBSVM

datasets are huge, we abort the computations for them after five hours. Figs. 3.1 to 3.4,

7https://www.gurobi.com/
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Table 3.2: The worst-case behavior of LPBoost when given m training examples with

capping parameter ν = 1. As suggested by Warmuth et al. [97], one can extend to the

soft margin setting ν ∈ (1,m]. Even for such cases, similar phenomenon happen.

LPBoost ERLPBoost MLPBoost

# of iterations m/2 2 2

Figs. 3.5 to 3.8, and Figs. 3.9 to 3.12 show the comparison for the benchmark datasets,

Kaggle datasets, and LIBSVM datasets, respectively. In order to clear the endpoints of

the curves, we draw marks. The marks L, E, C, and M correspond to LPBoost, ERLPBoost,

Corr. ERLPBoost, and MLPBoost. Here, we note that the curves show the soft margin

objective defined in Eq. (3.2), which is not the objective function for ERLPBoost, Corr.

ERLPBoost, and MLPBoost. Therefore, the curves for these algorithms do not increase

monotonically. As we expected, MLPBoost performs like LPBoost for some datasets.

Some experiments show that the stopping criterion may be bad since MLPBoost does

not terminate even though it has already reached an approximate value. Although the

results highly depend on the datasets, MLPBoost performs well compared to ERLPBoost

and Corr. ERLPBoost. Furthermore, MLPBoost is as fast as LPBoost for some datasets,

such as Ringnorm, Twonorm, and Waveform.

The worst case for LPBoost Figs. 3.1 to 3.12 show that LPBoost outperforms other

algorithms. Although LPBoost has no non-trivial iteration bound, it has the worst-case

lower bound. For the worst case, it takes m/2 iterations [97]. The paper suggests a

weak learner for the worst case, which picks one from O(m) hypotheses. The hypothesis

set has two good hypotheses that construct a margin-maximizing combined hypothesis,

and the rest are the bad ones. One of the good hypotheses can be attained at the first

iteration, which gives uniform distribution to the weak learner. Since LPBoost assigns

zero weight to some examples, the weak learner chooses bad hypotheses repeatedly. Even

in this case, MLPBoost and ERLPBoost terminate in 2 iterations8. These algorithms put

a non-zero weight for all examples so the weak learner can produce the good hypothesis

in the second iteration. We summarize this fact in Table 3.2 since the experiment figure

has no information due to the behavior.

8One can try this experiment by using https://github.com/rmitsuboshi/miniboosts.
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Figure 3.1: Comparison of the algorithm for the benchmark datasets with parameters

ε = 0.01 and ν = 0.01m. The vertical axis shows the soft margin objective values and the

horizontal one shows the cumulative time (seconds). All algorithms aborted in an hour,

so some algorithms did not reach the approximate solution. The tuple on each title shows

(# of examples, # of features).
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Figure 3.2: Comparison of the algorithm for the benchmark datasets with parameters

ε = 0.01 and ν = 0.05m. The vertical axis shows the soft margin objective values and the

horizontal one shows the cumulative time (seconds). All algorithms aborted in an hour,

so some algorithms did not reach the approximate solution. The tuple on each title shows

(# of examples, # of features).
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Figure 3.3: Comparison of the algorithm for the benchmark datasets with parameters

ε = 0.01 and ν = 0.1m. The vertical axis shows the soft margin objective values and the

horizontal one shows the cumulative time (seconds). All algorithms aborted in an hour,

so some algorithms did not reach the approximate solution. The tuple on each title shows

(# of examples, # of features).
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Figure 3.4: Comparison of the algorithm for the benchmark datasets with parameters

ε = 0.01 and ν = 0.2m. The vertical axis shows the soft margin objective values and the

horizontal one shows the cumulative time (seconds). All algorithms aborted in an hour,

so some algorithms did not reach the approximate solution. The tuple on each title shows

(# of examples, # of features).
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Figure 3.5: Comparison of the algorithm for the Kaggle datasets with parameters ε = 0.01

and ν = 0.01m. The vertical axis shows the soft margin objective values and the horizontal

one shows the cumulative time (seconds). All algorithms aborted in an hour, so some

algorithms did not reach the approximate solution. The vertical dashed line shows the

an-hour time limit. The tuple on each title shows (# of examples, # of features).
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Figure 3.6: Comparison of the algorithm for the Kaggle datasets with parameters ε = 0.01

and ν = 0.05m. The vertical axis shows the soft margin objective values and the horizontal

one shows the cumulative time (seconds). All algorithms aborted in an hour, so some

algorithms did not reach the approximate solution. The vertical dashed line shows the

an-hour time limit. The tuple on each title shows (# of examples, # of features).
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Figure 3.7: Comparison of the algorithm for the Kaggle datasets with parameters ε = 0.01

and ν = 0.1m. The vertical axis shows the soft margin objective values and the horizontal

one shows the cumulative time (seconds). All algorithms aborted in an hour, so some

algorithms did not reach the approximate solution. The vertical dashed line shows the

an-hour time limit. The tuple on each title shows (# of examples, # of features).
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Figure 3.8: Comparison of the algorithm for the Kaggle datasets with parameters ε = 0.01

and ν = 0.2m. The vertical axis shows the soft margin objective values and the horizontal

one shows the cumulative time (seconds). All algorithms aborted in an hour, so some

algorithms did not reach the approximate solution. The vertical dashed line shows the

an-hour time limit. The tuple on each title shows (# of examples, # of features).
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Figure 3.9: Comparison of the algorithm for the LIBSVM datasets with parameters ε =

0.01 and ν = 0.01m. The vertical axis shows the soft margin objective values and the

horizontal one shows the cumulative time (seconds). All algorithms aborted in five hours,

so some algorithms did not reach the approximate solution. The vertical dashed line shows

the an-hour time limit. The tuple on each title shows (# of examples, # of features).

33



CHAPTER 3. BOOSTING AS FRANK-WOLFE

0 2500 5000 7500 10000 12500 15000 17500
0.5

0.4

0.3

0.2

0.1

0.0

So
ft
 m
ar
gi

n

C
EML

Covtype (581K, 54)

0 2500 5000 7500 10000 12500 15000 17500

0.4

0.3

0.2

0.1

0.0 C EML
Epsilon (400K, 2K)

0 2500 5000 7500 10000 12500 15000 17500

0.8

0.6

0.4

0.2

0.0 CEML
Gisette (6K, 5K)

0 2500 5000 7500 10000 12500 15000 17500

0.5

0.4

0.3

0.2

0.1

0.0

So
ft
 m
ar
gi
n

CEM L
Madelon (2K, 500)

0 2500 5000 7500 10000 12500 15000 17500
0.5

0.4

0.3

0.2

0.1

0.0

C

EM L
News 20 (29K, 1.3M)

0 2000 4000 6000 8000 10000 12000 14000
0.8

0.6

0.4

0.2

0.0 CE ML
Phishing (11K, 68)

0 2500 5000 7500 10000 12500 15000 17500
0.6

0.5

0.4

0.3

0.2

0.1

0.0

So
ft
 m

ar
gi
n

C
EML

RCV1 Train (20K, 47K)

0 2500 5000 7500 10000 12500 15000 17500
Cumulative time (sec)

0.4

0.3

0.2

0.1

0.0
C
EML

Real Sim (72K, 20K)

0 2500 5000 7500 10000 12500 15000 17500
Cumulative time (sec)

0.6

0.4

0.2

0.0 CEML
Skin Nonskin (245K, 3)

0 5000 10000 15000 20000
Cumulative time (sec)

0.6

0.4

0.2

0.0

So
ft
 m

ar
gi
n

C EML
SUSY (5M, 18)

CERLPBoost
ERLPBoost
MLPBoost
LPBoost

Figure 3.10: Comparison of the algorithm for the LIBSVM datasets with parameters

ε = 0.01 and ν = 0.05m. The vertical axis shows the soft margin objective values and

the horizontal one shows the cumulative time (seconds). All algorithms aborted in five

hours, so some algorithms did not reach the approximate solution. The vertical dashed

line shows the an-hour time limit. The tuple on each title shows (# of examples, # of

features).
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Figure 3.11: Comparison of the algorithm for the LIBSVM datasets with parameters

ε = 0.01 and ν = 0.1m. The vertical axis shows the soft margin objective values and

the horizontal one shows the cumulative time (seconds). All algorithms aborted in five

hours, so some algorithms did not reach the approximate solution. The vertical dashed

line shows the an-hour time limit. The tuple on each title shows (# of examples, # of

features).
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Figure 3.12: Comparison of the algorithm for the LIBSVM datasets with parameters

ε = 0.01 and ν = 0.2m. The vertical axis shows the soft margin objective values and

the horizontal one shows the cumulative time (seconds). All algorithms aborted in five

hours, so some algorithms did not reach the approximate solution. The vertical dashed

line shows the an-hour time limit. The tuple on each title shows (# of examples, # of

features).
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Chapter 4

Solving Linear Regression with

Insensitive Loss by Boosting

This chapter develops a boosting algorithms for regression problem, while the previous

one considers binary classification. Many regression algorithms aim to find a function

that minimizes the average loss for training points. The regression boosting algorithm

we consider here aims to find a function that minimizes the sum of Hinge loss plus the

Hinge loss parameter. The most recent work for this setting is the regression version of

LPBoost [21]. Similar to the LPBoost algorithm for classification, the regression version

does not have a convergence rate.

This chapter introduces a new boosting algorithm for the setting. The proposed

algorithm converges to an ε-approximate solution in O (ln(m/ν)/ε2) rounds.

The results in this chapter appear in [66].

4.1 Problem setting

Throughout this chapter, we consider a regression problem. Given a sequence S =

{(x1, y1), (x2, y2), . . . , (xm, ym)} ⊂ X×Y of training examples and a parameter ν ∈ [1,m],
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ξi

ξj ρ

ρ

Figure 4.1: An one-dimensional example of Eq. (4.1). All examples except for some

outliers only differ ρ from its prediction.

we aim to solve the following problem

min
ρ,w,ξ

ρ+
1

ν

m∑

i=1

ξi (4.1)

s.t. ξi ≥

∣∣∣∣∣yi −
∑

h∈H

whh(xi)

∣∣∣∣∣− ρ, ∀i ∈ [m],

∑

h∈H

wh = 1, w ∈ RH+ , ξ ≥ 0,

where Y = [−b, b] ⊂ R is a bounded set for some b > 0 and H ⊂ YX is a hypothesis set

to be combined. That is, we aim to find the best convex combination of hypotheses in H
for (4.1). Here, the hyperparameter ν plays a role in the upper-bound of the fraction of

outliers. This formulation is effective when one knows the fraction of outliers. Figure 4.1

illustrates this problem. Since the ρ-insensitive loss to be considered is not smooth so

that one cannot apply the previous algorithm solves Eq. (4.1) by modifying LPBoost to

regression problems [21]. Similar to LPBoost, their algorithm for Eq. (4.1), LPBoost-

Regression, does not have a convergence guarantee. This paper aims to derive a boosting

algorithm that converges in polynomial iterations regarding accuracy parameter ε > 0

and sample size m ∈ N.

We consider the following protocol for regression boosting; In each round t, Booster

chooses a distribution over S. Then, Weak Learner returns a hypothesis h ∈ H whose

prediction is slightly better than random guessing. Note that our boosting protocol only

changes the distribution over examples, while gradient boosting protocol also change the

target values {yi}mi=1. At the end of this paper, we also verify the effectively and property

of our algorithm through some real-data demonstration.
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4.2 Related work

The following problem is the `2-regularized version of Eq. (4.1), which is known as ν-

SVR [83].

min
ρ,w,b,ξ

ρ+
1

ν

m∑

i=1

ξi +
C

2
‖w‖2

2 (4.2)

s.t.|yi − (w · xi + b)| ≤ ρ+ ξi, ∀i ∈ [m]

They introduced a parameter ν to SVR, which controls an upper bound of the fraction of

outliers. Similar to the result for ν-SVR, one can prove that the parameter ν is an upper

bound of the fraction of examples that lie outside of the tube of width ρ. Shawe-Taylor and

Cristianini [89] analyzed the generalization ability of non-separable cases of SVR, which

includes ν-SVR. Roughly speaking, they showed in Theorem VIII.3 that the probability

that a test point (x, y) has non-zero ρ-insensitive loss is bounded by O( 1
ρ2 lg 1

ρ2 lg m
ρ

).

Solving Eq. (4.2) is equivalent to the following problem for some R > 0.

min
ρ,w,b,ξ

ρ+
1

ν

m∑

i=1

ξi (4.3)

s.t. |yi − (w · xi + b)| ≤ ρ+ ξi, ∀i ∈ [m],

‖w‖2 ≤ R.

One can derive this equivalence in the following way; Let w? be the optimal solution

to Eq. (4.2). Setting R = ‖w?‖2, one can show that an optimal solution of Eq. (4.2) is

a feasible solution of Eq. (4.3), and vice versa. Our formulation, Eq. (4.1), is obtained

by restricting R = 1 and replacing the norm of w from `2 to `1. Thus, we expect the

resulting hypothesis to have a small generalization error and some degree of sparsity.

Gradient Boosting Machine algorithms, also known as GBMs, are invented by Fried-

man [29]. Unlike the classical boosting setting, their protocol modifies target values

{yk}mk=1 instead of the distribution over examples. XGBoost [17] and LightGBM [49],

are the most known GBMs for regression. These algorithms restrict the weak learner to

produce decision trees. Even though they work very well in practice, boosting is more

wide framework in origin. Further, the weak learner is assumed to return a decision tree

that approximately minimizes the training loss with respect to some loss function. This

approximation comes from two factors; feature binning, which significantly decreases run-

ning time, and quadratic loss approximation, which allows using general loss functions.
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Both are great ideas for speedup, but theoretical analysis becomes hard since most gradi-

ent boosting-based analyses assume a weak learner that minimizes certain loss functions.

4.3 Our algorithm

First, we derive the Lagrange dual problem to Eq. (4.1). Eq. (4.1) can be represented as

min
ρ,w,ξ

ρ+
1

ν

m∑

i=1

ξi

s.t. ξi ≥ yi −
∑

h∈H

whh(xi)− ρ, ∀i ∈ [m],

ξi ≥
∑

h∈H

whh(xi)− yi − ρ, ∀i ∈ [m],

∑

h∈H

wh = 1, w ∈ RH+ , ξ ∈ Rm
+ .

Let d+,d− ∈ Rm
+ , γ ∈ R, s ∈ RH+ , and ψ ∈ Rm

+ be the Lagrange variables for the above

problem. Define the Lagrangian as

L(ρ,w, ξ;d+,d−, γ, s,ψ)

=ρ+
1

ν

m∑

i=1

ξi

+
m∑

i=1

d+
i

(
yi −

∑

h∈H

whh(xi)− ρ− ξi

)
+

m∑

i=1

d−i

(∑

h∈H

whh(xi)− yi − ρ− ξi

)

+ γ

(
1−

∑

h∈H

wh

)
−w · s− ξ ·ψ. (4.4)

Solving Eq. (4.4) w.r.t. the primal variables (ρ,w, ξ), we obtain the dual problem of the

following form.

max
d+,d−,γ

m∑

i=1

(d+
i − d−i )yi + γ,

s.t. γ ≤ −
m∑

i=1

(d+
i − d−i )h(xi), ∀h ∈ H,

d+ + d− ≤ 1

ν
1,

m∑

i=1

d+
i + d−i = 1, d+,d− ≥ 0.
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Given any feasible solution d+ and d−, the optimal γ is minh∈H−
∑m

i=1(d+
i − d−i )h(xi).

Thus, the objective function becomes

m∑

i=1

(d+
i − d−i )yi + min

h∈H
−

m∑

i=1

(d+
i − d−i )h(xi) = min

h∈H

m∑

i=1

(d+
i − d−i )(yi − h(xi)),

Thus, we get the Lagrange dual problem of Eq. (4.1).

max
d+,d−

min
h∈H

m∑

i=1

(d+
i − d−i )(yi − h(xi)) (4.5)

s.t. d+ + d− ∈ ∆m,ν ,d
+,d− ≥ 0,

or equivalently,

max
d∈∆m,ν

min
h∈H

m∑

i=1

di|yi − h(xi)|. (4.6)

That is, the dual problem Eq. (4.6) aims to find a distribution over S that maximizes

the average of absolute error for all h ∈ H. Based on the duality, we define the weak-

learnability for Eq. (4.1) as follows. Note that this weak learnability is motivated for the

one for classification.

Definition 4.1. A hypothesis set H ⊂ YX is said to be γ-weak learnable if for any

distribution d ∈ ∆m,ν, there exists a hypothesis h ∈ H such that
∑m

i=1 di|yi − h(xi)| ≤ γ.

We call an algorithm that returns such a hypothesis as a γ-weak learner.

A γ-weak learner is “weak” in the following sense; As described in Eq. (4.1), our

objective is to find a convex combination of hypotheses whose loss for each training point

(xi, yi) is at most ρ, except for some outliers. On the other hand, a γ-weak learner is only

required to return a hypothesis whose average absolute loss w.r.t. a given distribution is

at most γ.

From now on, we will construct a boosting algorithm that finds an ε-approximate

solution of Eq. (4.1), assuming the existence of a γ-weak learner. For notational simplicity,

let A ∈ Rm×H be the matrix such that Ai,h = yi − h(xi). With this notation, we define
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the entropy regularized problem of Eq. (4.5).

max
d+,d−

g


−

[
d+

d−

]> [
A

−A

]
− f

([
d+

d−

])
(4.7)

where f

([
d+

d−

])
= I∆m,ν (d

+ + d−) +
1

η
R(d+ + d−),

g (θ) = max
h∈H

θh.

By Theorem 2.1, one can obtain the dual problem of Eq. (4.7):

min
w∈∆H

f ?

([
A

−A

]
w

)
, (4.8)

where f ? is the Fenchel conjugate function defined as

f ?

([
A

−A

]
w

)
= sup

(d+,d−)

[
d+

d−

]> [
A

−A

]
w − f

([
d+

d−

])
(4.9)

= sup
d∈∆m,ν

m∑

i=1

di|(Aw)i| −R (d) .

By definitions of f and g,

0 ∈core


dom g −

[
A

−A

]>
dom f




=core

({
w − A>(d+ − d−) | w ∈ RH,

[
d+

d−

]
∈ dom f

})

holds so that the optimal value of Eq. (4.7) and the one of Eq. (4.8) are the same.

Note that one can obtain Eq. (4.1) in terms of Fenchel dual problem by adopting The-

orem 2.1 to the following problem

max
d+,d−

g


−

[
d+

d−

]> [
A

−A

]
− I∆m,ν (d

+ + d−).

The resulting primal problem is:

min
w∈∆H

max
d∈∆m,ν

m∑

i=1

di

∣∣∣∣∣yi −
∑

h∈H

whh(xi)

∣∣∣∣∣ (4.10)
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Since the strong duality also holds for this case, one can see Eq. (4.10) as an alternative

formulation for the original problem in Eq. (4.1).

With an appropriate choice of η > 0, the following relation holds for problems Eq. (4.1)

and Eq. (4.8).

Lemma 4.1. If η ≥ 2
ε

ln m
ν

, an ε
2
-approximate solution to Eq. (4.8) is an ε-approximate

solution to Eq. (4.1).

Proof. We first note that the Fenchel dual problem

min
w∈∆H

I?∆m,ν

([
A

−A

]
w

)
= min
w∈∆H

max
(d+,d−)

(d+ − d−)>

[
A

−A

]
w − I∆m,ν (d

+ + d−)

= min
w∈∆H

max
d∈∆m,ν

m∑

i=1

di|(Aw)i|

of Eq. (4.5) is equivalent to Eq. (4.1) since dom g = RH and dom I∆m,ν = ∆m,ν . By our

choice of η, the regularization term 1
η
R(d) takes a value in [0, ε

2
]. Thus, I∆m,ν (d) ≤ f(d) ≤

I∆m,ν (d) + ε
2

holds for all d ∈ ∆m,ν . Using Observation 2.1, we have

I?∆m,ν

([
A

−A

]
w

)
− ε

2
≤f ?

([
A

−A

]
w

)
(4.11)

and f ?

([
A

−A

]
w

)
≤I?∆m,ν

([
A

−A

]
w

)

for all w ∈ RH. Therefore, an ε/2-approximate solution to Eq. (4.8) is also an ε-

approximate solution to Eq. (4.1).

According to Lemma 4.1, it is enough to solve Eq. (4.8).

We summarize our proposed algorithm in Algorithm 5. This algorithm is based on

Frank-Wolfe algorithms [26, 46] to problem Eq. (4.8). The most time-consuming part

of Algorithm 5 is the computation of distribution dt in Line 3. For a given vector |(Aw)i|,
the optimization problem in Line 3 can be done in O(m lnm) time. See [88] for more

details.

Further, Algorithm 5 differs from the Finding Universal Strategy (FUS) algorithm

proposed by Vadhan and Zheng [95]. Though we can modify the FUS algorithm to solve

our problem, it is computationally expensive in the projection step, while our algorithm

uses an effective projection as in Line 3. Furthermore, our algorithm terminates as soon

as the condition in Line 6 is satisfied, while the FUS algorithm has no stopping criterions.
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Algorithm 5 A regression boosting algorithm for insensitive loss

Input: Training set S = {(xi, yi)}mi=1 ⊂ X × Y ,

a γ-weak learner Wγ : ∆m → H, and parameters ν > 0 and ε > 0.

1: Set A ∈ Rm×H as Ai,h = yi − h(xi), and w = 0.

2: for t = 0, 1, . . . , T do

3: Compute the distribution dt = arg maxd
∑m

i=1 di|(Aw)i| − f(d).

4: Obtain a hypothesis ht+1 ←Wγ(dt).

5: εt := f ?

([
A

−A

]
wt

)
−maxq=0,1,...,t

∑
i dq,i|Ai,hq |.

6: if εt ≤ ε/2 then

7: Set T = t, break.

8: end if

9: Update wt+1 = wt + 2
t+2

(eht+1 −wt).

10: end for

Output: Combined hypothesis
∑

h∈HwT,hh.

Theorem 4.1 (A convergence rate for Algorithm 5). Let η ≥ 2
ε

ln m
ν

. Under the γ-weak

learnability assumption, Algorithm 5 outputs a combined hypothesis H =
∑

h∈HwT,hh

satisfying

max
d∈∆m,ν

m∑

i=1

di|yi −H(xi)| ≤ γ + ε

in T = O(b2 ln(m/ν)/ε2) iterations.

Note that if the weak learner always returns the best hypothesis, that is, a hypothesis

satisfying

ht ∈ arg min
h∈H

m∑

i=1

dt,i|yi − h(xi)|,

Theorem 4.1 guarantees the algorithm to find an ε-approximate solution to Eq. (4.1).

To prove Theorem 4.1, we use Lemma 2.4. Since the Hessian of f at d is ∇2f(d) =
1
η

diag(1/d1, 1/d2, . . . , 1/dm), the minimal eigenvalue is at least 1/η, which immediately

implies 1/η-strongly convexity of f w.r.t. `1-norm. Thus, applying Lemma 2.4, we can

say that f ? is η-smooth w.r.t. `∞-norm.

Now we move on to the proof of Theorem 4.1. Note that this analysis slightly gen-

eralizes the one for Frank-Wolfe algorithms; Frank-Wolfe algorithms assume an oracle

44



CHAPTER 4. SOLVING LINEAR REGRESSION WITH INSENSITIVE LOSS BY BOOSTING

20 40 60 80 100 120 140 160
0.0

0.2

0.4

0.6

0.8

1.0

1 m
|{

i
[m

]||
y i

f(x
i)|

}|

diabetes (train)

LightGBM (lambda-L1 = 0.1)
LightGBM (lambda-L1 = 10.0)
LightGBM (lambda-L1 = 50.0)
Our work ( = 0.1m)
Our work ( = 0.2m)
Our work ( = 0.3m)
Our work ( = 0.4m)

Figure 4.2: Absolute losses and the number of training examples whose losses are at most

ρ. As this figure shows, Algorithm 5 tends to output a hypothesis with a small error for

the farthest example.

that always returns an extreme point maximizing the inner porduct to the given gradient

vector, which corresponds to the weak learner that returns the best hypothesis for our

case. Further, the stopping criterion defined from line 6 to 8 in Algorithm Algorithm 5 is

better than those in the Frank-Wolfe algorithms.

Proof of Theorem 4.1. Let εt be the optimality gap defined in line 5 of Algorithm 5 and

let λt = 2
t+2

. We first show that εt ≤ ε/2 implies the ε-optimality of Eq. (4.1).

By the γ-weak learnability assumption and our choice of η,

εt = f ?

([
A

−A

]
wt

)
− max

q=0,1,...,t

m∑

i=1

dq,i|Ai,hq | ≥ f ?

([
A

−A

]
wt

)
− γ

Combining the above inequality with Eq. (4.11), we have

εt ≥ I?∆m,ν

([
A

−A

]
w

)
− γ − ε

2

Using εt ≤ ε/2 yields the ε-optimality of Eq. (4.1).

Now we prove the convergence rate for {εt}t. By definition of wt+1 and the smoothness
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of f ?, we get

εt − εt+1 ≥f ?
([

A

−A

]
wt

)
− f ?

([
A

−A

]
wt+1

)

≥− λt

[
d+
t

d−t

]> [
A

−A

]
(eht+1 −wt)−

η

2
λ2
t

∥∥∥∥∥

[
A

−A

]
(eht+1 −wt)

∥∥∥∥∥

2

∞

≥− λt

[
d+
t

d−t

]> [
A

−A

]
(eht+1 −wt)− 2λ2

tηb
2

≥− λt

[
d+
t

d−t

]> [
A

−A

]
(eht+1 −wt)− 2λ2

tηb
2

≥λt



[
d+
t

d−t

]> [
A

−A

]
wt − γ


− 2λ2

tηb
2

≥λt



[
d+
t

d−t

]> [
A

−A

]
wt − f

([
d+
t

d−t

])
− γ


− 2λ2

tηb
2,

where we use the non-negativity of f for the last inequality. Since
[
d+
t d−t

]
is the

maximizer of Eq. (4.9), we can write

f ?

([
A

−A

]
wt

)
=

[
d+
t

d−t

]> [
A

−A

]
wt − f

([
d+
t

d−t

])
.

Therefore,

εt − εt+1 ≥ λt

[
f ?

([
A

−A

]
wt

)
− γ

]
− 2λ2

tηb
2 ≥ λtεt − 2λ2

tηb
2.

Rearranging the terms, we obtain the recursion

εt+1 ≤
t

t+ 2
εt + 2

(
2

t+ 2

)2

ηb2 for all t ≥ 0. (4.12)

Using Lemma 2.1, we have εt ≤ 8ηb2

t+2
. Plugging our choice of η into the inequality,

εt ≤
16b2 ln(m/ν)

ε

1

t+ 2
.

Thus, εt ≤ ε/2 holds in T = 32b2

ε2
ln m

ν
iterations, which concludes the proof.
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4.4 Experiment

We demonstrate 5-fold cross validation for our work1 and LightGBM [49]. LightGBM is

one of the state-of-the-art boosting algorithms used for wide range of applications, includ-

ing classification and regression. Gradient boosting algorithms, such as LightGBM, are

known to converge in polynomial iterations if the objective function is smooth [36]. Since

our objective function in Eq. (4.1) is not smooth and not supported in LightGBM, we used

the setting described in Table 4.1. We use the weak learner that returns a best regression

tree of depth 1. We ran Algorithm 5 over the parameters ν ∈ {0.1m, 0.2m, . . . , 0.4m}.
For LightGBM, we used the setting in Table 4.1. Fig. 4.2 shows a ROC-like curve for

Table 4.1: LightGBM setting

Parameter Value(s)

objective regression l1

boosting gbdt

max depth 1

min data in leaf 1

num leaves 4

deterministic True

lambda l1 0.1, 10, 50, 100

min data in bin 1

enable bundle False

max bin # of training examples

diabetes dataset2, obtained from sklearn.datasets.load diabetes() in Python. Since

our formulation regards the loss of sufficiently close points as zero, our algorithm tends to

have large errors for the closest points compared to LightGBM. On the other hand, our

formulation forces the loss to be small uniformly so that our algorithm wins at some point.

For example, the solid red line in Fig. 4.2 corresponds to our algorithm with parameter

ν = 0.1m, which wins around |y − f(x)| = 80. This means that 90% of examples have

errors at most |y − f(x)| = 80. The rest 10% of examples are regarded as outliers.

1The code is available at https://github.com/rmitsuboshi/insensitive_regression_boosting.
2One can obtain the original dataset from https://www4.stat.ncsu.edu/~boos/var.select/

diabetes.html.

47

https://github.com/rmitsuboshi/insensitive_regression_boosting
https://www4.stat.ncsu.edu/~boos/var.select/diabetes.html
https://www4.stat.ncsu.edu/~boos/var.select/diabetes.html


Chapter 5

Extended Formulations via Decision

Diagrams

So far, we have considered boosting algorithms via Frank-Wolfe. From this chapter, we

consider quite different problems.

The results in this chapter appear in [53].

Large-scale optimization tasks appear in many areas such as machine learning, op-

erations research, and engineering. Time/memory-efficient optimization techniques are

more in demand than ever. Various approaches have been proposed to efficiently solve

optimization problems over huge data, e.g., stochastic gradient descent methods [23] and

concurrent computing techniques using GPUs [74]. Among them, we focus on the “com-

putation on compressed data” approach, where we first compress the given data somehow

and then employ an algorithm that works directly on the compressed data (i.e., with-

out decompressing the data) to complete the task, in an attempt to reduce computation

time and/or space. Algorithms on compressed data are mainly studied in string pro-

cessing [34, 43, 56, 57, 79], enumeration of combinatorial objects [61], and combinatorial

optimization [5]. In particular, in the work on combinatorial optimization, they compress

the set of feasible solutions that satisfy given constraints into a decision diagram so that

minimizing a linear objective can be done by finding the shortest path in the decision

diagram. Although we can find the optimal solution very efficiently when the size of the

decision diagram is small, the method can only be applied to specific types of discrete

optimization problems where the feasible solution set is finite, and the objective function

is linear.

Whereas, we mainly consider a more general form of discrete/continuous optimization
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problems that include linear constraints with integer coefficients:

min
x∈X⊂Rn

f(x) s.t. Ax ≥ b (5.1)

for some A ∈ Cm×n and b ∈ Cm, where X denotes the constraints other than Ax ≥ b,
and C is a finite subset of integers. This class of problems includes LP, QP, SDP, and

MIP with linear constraints of integer coefficients. So our target problem is fairly general.

Without loss of generality, we assume m > n, and we are particularly interested in the

case where m is huge.

In this paper, we propose a pre-processing method that “rewrites” integer-valued linear

constraints with equivalent but more concise ones. More precisely, we propose a general

algorithm that, when given an integer-valued constraint matrix (A, b) ∈ Cm×n × Cm of

an optimization problem in Eq. (5.1), produces a matrix (A′, b′) ∈ Cm′×(n+n′) × Cm′ that

represents its extended formulation, that is, it holds that

∃s ∈ Rn′ , A′

[
x

s

]
≥ b′ ⇔ Ax ≥ b

for some n′ and m′, with the hope that the size of (A′, b′) is much smaller than that of

(A, b) even at the cost of adding n′ extra variables. Using the extended formulation, we

obtain an equivalent optimization problem to Eq. (5.1):

min
x∈X⊂Rn,s∈Rn′

f(x) s.t. A′

[
x

s

]
≥ b′. (5.2)

Then, we can apply any existing generic solvers, e.g., MIP/QP/LP solvers if f is linear or

quadratic, to Eq. (5.2), combined with our pre-processing method, which may significantly

reduce the computation time/space than applying them to the original problem Eq. (5.1).

To obtain a matrix (A′, b′), we first construct a variant of a decision diagram called a

Non-Deterministic Zero-Suppressed Decision Diagram (NZDD, for short) [31] that some-

how represents the matrix (A, b). Observing that the constraint Az ≥ b can be restated

in terms of the NZDD constructed as “every path length is lower bounded by 0” for an ap-

propriate edge weighting, we establish the extended formulation (A′, b′) ∈ Cm′×(n+n′)×Cm′

with m′ = |E| and n′ = |V |, where V and E are the sets of vertices and edges of the

NZDD, respectively. One of the advantages of the result is that the size of the resulting

optimization problem depends only on the size of the NZDD and the number n of vari-

ables, but not on the number m of the constraints in the original problem. Therefore, if
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Table 5.1: Characteristics of previous work on optimization with decision diagrams (DDs)

and ours.

Coeff. of lin. consts. Variables Objectives DDs

Prev. work Any type Binary/Integer Linear Feasible solutions

Ours Binary/Integer Any type Any type Lin. consts.

the matrix (A, b) is well compressed into a small NZDD, then we obtain an equivalent

but concise optimization problem in Eq. (5.2).

To clarify the differences between our work and previous work regarding optimization

using decision diagrams, we summarize the characteristics of both results in Table 5.1.

Notable differences are that (i) ours can treat optimization problems with any types of

variables (discrete, or real), any types of objectives (including linear ones) but with inte-

ger coefficients on linear constraints, and (ii) ours uses decision diagrams for representing

linear constraints while previous work uses them for representing feasible solutions of

particular classes of problems. So, for particular classes of discrete optimization prob-

lems, the previous approach would work better with specific construction methods for

decision diagrams. On the other hand, ours is suitable for continuous optimization prob-

lems or/and discrete optimization problems for which efficient construction methods for

decision diagrams representing feasible solutions are not known. See the later section for

more detailed descriptions of related work.

Then, to realize succinct extended formulations, we propose practical heuristics for

constructing NZDDs, which is our third contribution. Since it is not known to construct

an NZDD of small size, we first construct a ZDD of minimal size, where the ZDD is a

restricted form of the NZDD representation. To this end, we use a ZDD compression

software called zcomp [92]. Then, we give rewriting rules for NZDDs that reduce both the

numbers of vertices and edges, and apply them to obtain NZDDs of smaller size of V and

E. Although the rules may increase the size of NZDDs (i.e., the total number of edge

labels), the rules seem to work effectively since reducing |V | and |E| is more important

for our purpose.

Experimental results on synthetic and real data sets show that our algorithms im-

prove time/space efficiency significantly, especially when (i) m� n, and (ii) the set C of

integer coefficients is small, e.g., binary, where the datasets tend to have concise NZDD
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representations.

5.1 Related work

Various computational tasks over compressed strings or texts are investigated in algo-

rithms and data mining literature, including, e.g., pattern matching over strings and

computing edit distances or q-grams [34, 43, 56, 57, 79]. The common assumption is that

strings are compressed using the straight-line program, which is a class of context-free

grammars generating only one string (e.g., LZ77 and +LZ78). As notable applications of

string compression techniques to data mining and machine learning, Nishino et al. [69]

and Tabei et al. [90] reduce the space complexity of matrix-based computations. So far,

however, string compression-based approaches do not seem to be useful for representing

linear constraints.

Decision diagrams are used in the enumeration of combinatorial objects, discrete opti-

mization and so on. In short, a decision diagram is a directed acyclic graph with a root and

a leaf, representing a subset family of some finite ground set Σ or, equivalently, a boolean

function. Each root-to-leaf path represents a set in the set family. The Binary Decision

Diagram (BDD) [10, 52] and its variant, the Zero-Suppressed Binary Decision Diagram

(ZDD) [52, 60], are popular in the literature. These support various set operations (such

as intersection and union) in efficient ways. Thanks to the DAG structure, linear opti-

mization problems over combinatorial sets X ⊂ {0, 1}n can be reduced to shortest/longest

path problems over the diagrams representing X . This reduction is used to solve the exact

optimization of NP-hard combinatorial problems (see, e.g., [5, 6, 14, 44, 68]) and enumer-

ation tasks [61, 62, 63]. Among works on decision diagrams, the work of Fujita et al. [31]

would be closest to ours. They propose a variant of ZDD called the Non-deterministic

ZDD (NZDD) to represent labeled instances and show how to emulate the boosting al-

gorithm AdaBoost? [76], a variant of AdaBoost [28] that maximizes the margin, over

NZDDs. We follow their NZDD-based representation of the data. But our work is dif-

ferent from Fujita et al. in that, they propose specific algorithms running over NZDDs,

whereas our work presents extended formulations based on NZDDs, which could be used

with various algorithms.

The notion of extended formulation arises in combinatorial optimization (e.g., [20,

103]). The idea is to re-formulate a combinatorial optimization with an equivalent dif-

ferent form, so that the size of the problem is reduced. For example, a typical NP-hard
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combinatorial optimization problem has an integer programming formulation of expo-

nential size. Then a good extended formulation should have a smaller size than the

exponential. Typical work on extended formulation focuses on some characterization of

the problem to obtain succinct formulations (see, e.g., [25]). Our work is different from

these in that we focus on the redundancy of the data and try to obtain succinct extended

formulations for optimization problems described with data.

5.2 Non-deterministic ZDD

The non-deterministic Zero-suppressed Decision Diagram (NZDD) [31] is a variant of

the Zero-suppressed Decision Diagram(ZDD) [52, 60], representing subsets of some finite

ground set Σ. More formally, NZDD is defined as follows.

Definition 5.1 (NZDD). An NZDD G is a quadruple G = (V,E,Σ,Φ), where (V,E) is

a directed acyclic graph (V and E are the sets of nodes and edges, respectively) with a

single root with no-incoming edges and a leaf with no outgoing edges, Σ is the ground set,

and Φ : E → 2Σ is a function assigning each edge e a subset Φ(e) of Σ. More precisely,

we allow (V,E) to be a multigraph, i.e., two nodes can be connected with more than one

edge.

Furthermore, an NZDD G satisfies the following additional conditions. Let PG be

the set of paths in G starting from the root to the leaf, where each path P ∈ PG is

represented as a subset of E, and for any path P ∈ PG, we abuse the notation and let

Φ(P ) =
⋃
e∈P Φ(e).

1. For any path P ∈ PG and any edges e, e′ ∈ P , Φ(e) ∩ Φ(e′) = ∅. That is, for any

path P , an element a ∈ Σ appears at most once in P .

2. For any paths P, P ′ ∈ PG, Φ(P ) 6= Φ(P ′). Thus, each path P represents a different

subset of Σ.

Then, an NZDD G naturally corresponds to a subset family of Σ. Formally, let L(G) =

{Φ(P ) | P ∈ PG}. Fig. 5.1 illustrates an NZDD representing a subset family.

A ZDD [60, 52] can be viewed as a special form of NZDD G = (V,E,Σ,Φ) satisfying

the following properties: (i) For each edge e ∈ E, Φ(e) = {a} for some a ∈ Σ or Φ(e) = ∅.
(ii) Each internal node has at most two outgoing edges. If there are two edges, one is

labeled with {a} for some a ∈ Σ and the other is labeled with ∅. (iii) There is a total
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{a} {b, c}

{b}
{c} {d}∅

{d}

Figure 5.1: An NZDD representing {{a, b, c}, {b}, {b, c, d}, {c, d}}.

order over Σ such that, for any path P ∈ PG and for any e, e′ ∈ P labeled with singletons

{a} and {a′} respectively, if e is an ancestor of e′, a precedes a′ in the order.

We believe that that constructing a minimal NZDD for a given subset family is NP-

hard since closely related problems are NP-hard. For example, constructing a minimal

ZDD (over all orderings of Σ) is known to be NP-hard [52], and construction of a minimal

NFA which is equivalent to a given DFA is P-space hard [47]. On the other hand, there is

a practical construction algorithm of ZDDs given a subset family and a fixed order over

Σ using multi-key quicksort [92].

5.3 NZDDs for linear constraints with binary coeffi-

cients

In this section, we show an NZDD representation for linear constraints in Eq. (5.1) when

linear constraints have {0, 1}-valued coefficients, that is, C = {0, 1}. We will discuss

its extensions to integer coefficients in the later section. Let ai ∈ {0, 1}n be the vector

corresponding to the i-th row of the matrix A ∈ {0, 1}m×n (for i ∈ [m]). For x ∈ {0, 1}n,

let idx(x) = {j ∈ [n] | xj 6= 0}, i.e., the set of indices of nonzero components of x. Then,

we define I = {idx(ci) | ci = (ai, bi), i ∈ [m]}. Note that I is a subset family of 2[n+1].

Then we assume that we have some NZDD G = (V,E, [n+ 1],Φ) representing I, that is,

L(G) = I. We will later show how to construct NZDDs.

The following theorem shows the equivalence between the original problem in Eq. (5.1)

and a problem described with the NZDD G.

Theorem 5.1. Let G = (V,E, [n + 1],Φ) be an NZDD such that L(G) = I. Then the
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following optimization problem is equivalent to problem in Eq. (5.1):

min
x∈X⊂Rn,s∈R|V |

f(x) (5.3)

s.t. se.u +
∑

j∈Φ(e)

x′j ≥ se.v, ∀e ∈ E,

sroot = 0, sleaf = 0,

x′ = (x,−1),

where e.u and e.v are nodes that the edge e is directed from and to, respectively.

Before going through the proof, let us explain some intuition on problem in Eq. (5.3).

Intuitively, each linear constraint in Eq. (5.1) is encoded as a path from the root to the

leaf in the NZDD G, and a new variable sv for each node v represents a lower bound of

the length of the shortest path from the root to v. The inequalities in Eq. (5.3) reflect

the structure of the standard dynamic programming of Dijkstra, so that all inequalities

are satisfied if and only if the length of all paths is larger than zero. In Fig. 5.2, we show

an illustration of the extended formulation.

Proof. Let x? and (x̂′, ŝ) be the optimal solutions of problems Eq. (5.1) and Eq. (5.3),

respectively. It suffices to show that each optimal solution can construct a feasible solution

of the other problem.

Let x̂ be the vector consisting of the first n components of x̂′. For each constraint

a>i x ≥ bi (i ∈ [m]) in Eq. (5.1), there exists the corresponding path Pi ∈ PG. By repeat-

edly applying the first constraint in Eq. (5.3) along the path Pi, we have
∑

e∈Pi

∑
j∈Φ(e) x̂

′
j ≥

ŝleaf = 0. Further, since Φ(Pi) represents the set of indices of nonzero components of

ci,
∑

e∈Pi

∑
j∈Φ(e) x̂

′
j = c>i x̂

′ = a>i x̂ − bi. By combining these inequalities, we have

a>i x̂−bi ≥ 0. This implies that x̂ is a feasible solution of Eq. (5.1) and thus f(x?) ≤ f(x̂).

Let x′? = (x?,−1). Assuming a topological order on V (from the root to the leaf),

we define s?,root = s?,leaf = 0 and s?,v = mine∈E,e.v=v s?,e.u +
∑

j∈Φ(e) x
′
?,j for each v ∈

V \ {root, leaf}. Then, we have, for each e ∈ E s.t. e.v 6= leaf, s?,e.v ≤ s?,e.u +
∑

j∈Φ(e) x
′
?,j by definition. Now, mine∈E,e.v=leaf s?,e.u +

∑
j∈Φ(e) x

′
?,j is achieved by a path

P ∈ PG corresponding to arg mini∈[m] a
>
i x?− bi, which is non-negative since x? is feasible

w.r.t. Eq. (5.1). Therefore, s?,e.v ≤ s?,e.u +
∑

j∈Φ(e) x
′
?,j for e ∈ E s.t. e.v = leaf as well.

Thus, (x′?, s?) is a feasible solution of Eq. (5.3) and f(x̂) ≤ f(x?).

Given the NZDD G = (V,E), Eq. (5.3) contains n + |V | − 2 variables and |E| linear

constraints, where |V | − 2 variables are real. The most naive construction, where the re-
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∅
∅
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Figure 5.2: An illustration of the extended formulation. Left: Original constraints as

in Eq. (5.1). Middle: A NZDD representation of the left constraints. Right: The matrix

form Eq. (5.3) of the middle diagram without constant terms. This example reduces the

13 constraints to 9 constraints by adding 2 variables.

sulting NZDD contains two nodes (root and leaf), and every root-to-leaf path corresponds

to a constraint, has the same problem size as the original one. Thus, the problem size

cannot be worse than the original one.In particular, if Eq. (5.1) is LP or IP, then Eq. (5.3)

is LP, or MIP, respectively.

5.4 Extensions to integer coefficients

We briefly discuss how to extend our NZDD representation of linear constraints to the

cases where coefficients of linear constraints belong to a finite set C of integers. There are

two ways to do so.

Binary encoding of integers We assume some encoding of integers in C with O(log |C|)
bits. Then, each bit can be viewed as a binary-valued variable. Each integer co-

efficient can be also recovered with its binary representation. Under this attempt,

the resulting extended formulation has O(n log |C|+ |V |) variables and O(|E|) linear

constraints.

Extending Σ Another attempt is to extend the domain Σ of an NZDD G = (V,E,Σ,Φ).

The extended domain Σ′ consists of all pairs of integers in C and elements in Σ.

Again, integer coefficients are recovered through the new domain Σ′. The resulting

extended formulation has O(n|C| + |V |) variables and O(|E|) linear constraints.

While the size of the problem is larger than the binary encoding, its implementation

is easy in practice and could be effective for C of small size.
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5.5 Construction of NZDDs

We propose heuristics for constructing NZDDs given a subset family S ⊆ 2Σ. We use

the zcomp [92, 93], developed by Toda, to compress the subset family S to a ZDD. The

zcomp is designed based on multikey quicksort [4] for sorting strings. The running time

of the zcomp is O(n log2 |S|), where n is an upper bound of the nodes of the output ZDD

and |S| is the sum of cardinalities of sets in S. Since n ≤ |S|, the running time is almost

linear in the input.

A naive application of the zcomp is, however, not very successful in our experiences.

We observe that the zcomp often produces concise ZDDs compared to inputs. But, concise

ZDDs do not always imply concise representations of linear constraints. More precisely,

the output ZDDs of the zcomp often contains (i) nodes with one incoming edge or (ii) nodes

with one outgoing edge. A node v of these types introduces a corresponding variable sv

and linear inequalities. Specifically, in the case of type (ii), we have sv ≤
∑

j∈Φ(e) z
′
j + se.u

for each e ∈ E s.t. e.v = v, and for its child node v′ and edge e′ between v and v′,

sv′ ≤
∑

j∈Φ(e′) z
′
j + sv. These inequalities are redundant since we can obtain equivalent

inequalities by concatenating them: sv′ ≤
∑

j∈Φ(e′) z
′
j +

∑
j∈Φ(e) z

′
j + se.u for each e ∈ E

s.t. e.v = v, where sv is removed.

Based on the observation above, we propose a simple reduction heuristics removing

nodes of type (i) and (ii). More precisely, given an NZDD G = (V,E), the heuristics

outputs an NZDD G′ = (V ′, E ′) such that L(G) = L(G′) and G′ does not contain nodes

of type (i) or (ii). The heuristics can be implemented in O(|V ′| + |E ′| +
∑

e∈E′ |Φ(e)|)
time by going through nodes of the input NZDD G in the topological order from the leaf

to the root and in the reverse order, respectively.

5.6 `1-norm regularized soft margin optimization

The `1-norm regularized soft margin optimization is a standard linear programming for-

mulation of finding a sparse linear classifier with large margin (see, e.g., [21, 97, 99]). We

are given a set S = {(x1, y1), . . . , (xm, ym)} ⊂ X × {−1, 1} of labeled instances, where

X ⊂ Rn is the set of instances. For clarity, we assume that the domain is the set of binary

vectors, i.e., X = {0, 1}n. This is common in many applications when we employ the bag-

of-words representation of instances. Given a parameter ν ∈ (0, 1] and a sequence S of
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labeled instances, the `1-norm regularized soft margin optimization is defined as follows1:

max
ρ,w,b,ξ

ρ− 1

νm

m∑

i=1

ξi (5.4)

s.t. yi(w
>xi − b) ≥ ρ− ξi ∀i = 1, 2, . . . ,m,

∑

j

wj + b = 1,w ∈ Rn
+, b ≥ 0, ξ ∈ Rm

+ .

For the parameter ν ∈ (0, 1] and the optimal solution (ρ?,w?, b?, ξ?), by a duality argu-

ment, it can be verified that there are at least (1− ν)m instances that has margin larger

than ρ?, i.e., yi(w
?>xi − b?) ≥ ρ? [21].

We formulate a variant of the `1-norm reguralized soft margin optimization based on

NZDDs and propose efficient algorithms. Our generic re-formulation of Eq. (5.3) can

be applied to the soft margin Eq. (5.4) as well. However, a direct application is not

successful since Eq. (5.4) contains O(m) slack variables ξ and each ξi appears only once

in m linear constraints. That implies a resulting NZDD contains Ω(m) edges. Therefore,

we are motivated to formulate a soft margin optimization for which a succinct NZDD

representation exists.

Our basic idea is as follows: Suppose that we have an NZDD G = (V,E,Φ,Σ) such

that each path P corresponds to a constraint yi(w
>xi + b) ≥ ρ. Our idea is to introduce

a slack variable βe on each edge e along the path P , instead of using a slack variable ξi

for each instance i ∈ [m].

With these notations, we define a variant of soft margin optimization problems on an

NZDD.

max
ρ,b,w,β

ρ− 1

νm

m∑

i=1

∑

e∈Pi

βe (5.5)

s.t. yi(w
>xi − b) ≥ ρ−

∑

e∈Pi

βe, ∀i = 1, 2, . . . ,m,

n∑

j=1

wj + b = 1, b ≥ 0, w ∈ Rn
+, β ∈ RE

+.

Note that the sum of the slack variables
∑

e∈Pi βe for each instance xi is more restricted

than the original slack variable ξi. This observation implies the following.

1For the sake of simplicity, we show a restricted version of the formulation. We can easily extend the

formulation with positive and negative weights by considering positive and negative weights w+
j and w−

j

instead of wj ad replacing wj with w+
j − w−

j .
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Proposition 5.1. An optimal solution of Eq. (5.5) is a feasible solution of Eq. (5.4).

Although problem Eq. (5.5) is a restricted version of Eq. (5.4), we observe that this

restriction does not decrease the generalization ability in our experiments, which is shown

later.

Now we introduce an equivalent formulation of Eq. (5.5) which is fully described with

an NZDD. To do so, we specify how to construct the input NZDD as follows.

NZDD G representing the sample S. Let I+ = {idx((xi, 1)) ∈ 2[n+1] | yi = 1, i ∈
[m]} and I− = {idx((xi, 1)) ∈ 2[n+1] | yi = −1, i ∈ [m]} be the set families of indices of

nonzero components of positive and negative instances, respectively. For I+ and I−, let

G+ = (V +, E+, [n + 1],Φ+) and G− = (V −, E−, [n + 1],Φ−), be corresponding NZDDs

such that L(G+) = I+ and L(G−) = I−, respectively. Finally, we connect G+ and

G− in parallel; We denote the resulting NZDD as G = (V,E, [n + 1],Φ), where V =

V + ∪ V − ∪ {root, leaf} \ {leaf+, leaf−} and E = E+ ∪E− ∪ {(root, root+), (root, root−)},
such that (i) two leaf nodes leaf+, leaf− of G+ and G− are merged into a new leaf node

leaf, (ii) there are two edges e from a new root node root to root nodes of G+ and G−

with Φ(e) = ∅, and (iii) for other edges e ∈ E, Φ(e) = Φ+(e) if e ∈ E+ and Φ(e) = Φ−(e)

if e ∈ E−.

max
ρ,w,β,s

ρ− 1

νm

∑

e∈E

meβe (5.6)

s.t. se.u + sgn(e)
∑

j∈Φ(e)

wj + βe ≥ se.v, ∀e ∈ E,

sroot = 0, sleaf ≥ ρ,
n∑

j=1

wj − wn+1 = 1,

wj ≥ 0, i ∈ [n], wn+1 ≤ 0,β ≥ 0,

where me is the number of paths going thorough the edge e, and sgn(e) is defined as

sgn(e) = −1 if e ∈ E− and sgn(e) = 1, otherwise. The constants me can be computed

in time O(|E|) a priori by a dynamic programming over G. Note that the bias term

−b correspond to wn+1 for notatinal convenience. Then, by following the same proof

argument of Theorem 5.1, we have the following corollary.

Corollary 5.1. Eq. (5.6) is equivalent to Eq. (5.5).
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Algorithm 6 Column Generation

Input: NZDD G = (V,E,Σ,Φ)

1: Let d1 ∈ [0, 1]|E| be any vector satisfying Eqs. (5.9) to (5.11). Let J0 = ∅.
2: for t = 1, 2, ... do

3: Let jt = arg maxj∈[n+1] sgn(j)
∑

e:j∈Φ(e) sgn(e)de and let γ̂t be its objective value.

4: if γ̂t ≤ γt + ε then

5: Set T = t− 1 and break.

6: end if

7: Let Jt = Jt−1 ∪ {jt} and update (dt+1, γt+1) as:

min
d,γ

γ (5.7)

s.t. sgn(j)
∑

e:j∈Φ(e)

sgn(e)de ≤ γ, ∀j ∈ Jt,

constraints Eqs. (5.9) to (5.11).

8: end for

Output: the Lagrangian coefficients (wT ,βT , ρT ) for the subproblem w.r.t. JT .

Eq. (5.6) has O(n + |V | + |E|) variables and O(|E|) linear constraints, whereas the

original formulation Eq. (5.4) has O(n + m) variables and O(m) linear constraints. So,

with a concise NZDD representation of the sample, we obtain an extended formulation

whose size is independent of m of the sample size. In later subsections, we propose two

efficient solving methods for problem Eq. (5.6).

5.6.1 Column Generation

In this subsection, we propose a column generation-based method for solving the

modified `1-norm soft margin optimization problem in Eq. (5.6). Although the size of

the extended formulation Eq. (5.6) does not depend on the size of linear constraints m of

the original problem, it still depends on n, the size of variables. The column generation

is a standard approach of linear programming that tries to reduce either the size of

linear constraints/variables by solving smaller subproblems. In our case, we try to avoid

problems depending on the size of variables n.

By a standard dual argument of linear programming, the equivalent dual problem
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of Eq. (5.6) is given as follows.

min
γ,d

γ (5.8)

s.t. sgn(j)
∑

e:j∈Φ(e)

sgn(e)de ≤ γ, ∀j ∈ [n+ 1],

∑

e:e.u=u

de =
∑

e:e.v=u

de, ∀u ∈ V \ {root, leaf}, (5.9)

∑

e:e.u=root

de = 1,
∑

e:e.v=leaf

de = 1, (5.10)

0 ≤ de ≤
me

νm
(e ∈ E), (5.11)

where sgn(j) = 1 for j ∈ [n] and sign(j) = −1 for j = n + 1. Here, the dual prob-

lem Eq. (5.6) has |E| + 1 variables and n linear constraints. Roughly speaking, this

problem is to find a vector d that represents a “flow” from the root to the leaf in the

NZDD optimizing some objective, where the total flow is 1. The objective is γ, the upper

bound of sgn(j)
∑

e:j∈Φ(e) sgn(e)de for each j ∈ [n + 1]. The column generation-based al-

gorithm is given in Algorithm 6. The algorithm repeatedly solves the subproblems whose

constraints related to γ are only restricted to a subset Jt ⊆ [n + 1]. Then it adds jt+1

to Jt (updated as Jt+1), where jt+1 corresponds to the constraint that violates condi-

tion Eq. (5.9) the most with respect to the current solution (γt,dt). It can be shown that

the column-generation algorithm finds an ε-approximate solution. The details are shown

in Appendix. As for its time complexity analysis, similar to other column generation

techniques, we do not have non-trivial iteration bounds. In the next section, we propose

another algorithm with theoretical guarantee of an iteration bound.

5.7 Performing ERLPBoost over an NZDD

We emulate ERLPBoost [99] on an NZDD. The algorithm is the same as ERLPBoost

except for the update rule. Let d0
e = me

m
for all e ∈ E. In each iteration t, the compressed

version of ERLPBoost solves the following sub-problem

min
γ,d

γ +
1

η

[∑

e∈E

de ln
de
d0
e

− de + d0
e

]
(5.12)

s.t. sgn(j)
∑

e:j∈Φ(e)

sgn(e)de ≤ γ, ∀j ∈ Jt,

constraints Eqs. (5.9) to (5.11).
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Algorithm 7 ERLPBoost over an NZDD

Input: NZDD G = (V,E,Σ,Φ)

1: Set d0
e = me

m
for all e ∈ E. Let J0 = ∅.

2: for t = 1, 2, ... do

3: Find a hypothesis jt ∈ [n+ 1] that maximizes the edge w.r.t. dt−1.

4: Set δt := min1≤q≤t P
q(dq−1)− P t−1(dt−1).

5: if δt ≤ ε/2 then

6: Set T = t− 1 and break.

7: end if

8: Compute the minimizer dt of Eq. (5.12).

9: end for

10: Solve Eq. (5.8) over JT = {jt}Tt=1 to get the optimal weights wT on hypotheses.

Output: f =
∑

j∈JT w
T
j hj.

Here, η > 0 is some parameter. One can rewrite Eq. (5.12) in terms of d by introducing

max function. We denote the resulting objective function as P t(d). Algorithm 7 shows

ERLPBoost over an NZDD. We can also obtain a similar iteration bound like ERLPBoost.

Theorem 5.2. If η = 4
ε

depth(G) max{1, ln 1
ν
}, then Algorithm 7 outputs an ε-approximate

solution to Eq. (5.8) in T ≤ 144
ε2

depth(G)2 max
(
1, ln 1

ν

)
iterations.

Before proving Theorem 5.2, we look into some properties and prove some Lemmata.

By definition, Algorithm 7 solves the following sub-problem;

min
d

max
j∈Jt

{
sgn(j)

∑

e∈E

sgn(e)I[j∈Φ(e)]de

}
+

1

η

[∑

e∈E

de ln
de
d0
e

− de + d0
e

]
(5.13)

s.t. I[u=root] + I[u6=root]

∑

e=(·,u)∈E

de = I[u=leaf] + I[u6=leaf]

∑

e=(u,·)∈E

de, ∀u ∈ V,

de ≤
me

νm
, ∀e ∈ E,

where I is the indicator function such that

I[P ] =





1 if P is true,

0 if P is false.

Here, we prove a stronger result in terms of weak learner; In each iteration, weak learner

returns a hypothesis jt ∈ {1, 2, . . . , n} such that

sgn(jt)
∑

e∈E

sgn(e)dt−1
e ≥ g (5.14)
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for some unknown parameter g > 0. This assumption is the same as the one in ERLP-

Boost [99]. First of all, we give two technical lemmas.

Lemma 5.1. Let depth(G) = maxP∈PG⊂2E |P |. Let d ∈ R|E| be any feasible solution

of Eq. (5.13). Then,
∑

e∈E de ≤ depth(G).

Proof. Let G′ be a layered NZDD of G obtained by adding some redundant nodes. Since

this operation only increases the number of edges,
∑

e∈E de ≤
∑

e∈E′ de holds, where E ′

is the set of edges of G′. let E ′k be the set of edges at depth k. Then,

∑

e∈E

de ≤
∑

e∈E′
de =

K∑

k=1

∑

e∈E′k

de =
K∑

k=1

1 = depth(G),

where at the second equality, we used the fact that for a feasible d, the total flow at any

depth equals to 1.

The following lemma shows an upper bound of the unnormalized relative entropy for

a feasible distribution.

Lemma 5.2. Let d be a feasible solution to Eq. (5.13) for an NZDD G. Then, the

following inequality holds.
∑

e∈E

de ln
de
d0
e

− de + d0
e ≤ depth(G) ln

1

ν

Proof. Without loss of generality, we can assume that the NZDD is layered. Indeed, if the

NZDD is not layered, we can add dummy nodes and dummy edges to make the NZDD

layered. Further, we can increase the edges on the NZDD to make me = 1 for all edge

e ∈ E. Fig. 5.3 and Fig. 5.4 depict these manipulations. With these conversions, the

initial distribution d0 becomes d0
e = 1/m for all e ∈ E and the feasible region becomes

Let Ek ⊂ E be the set of edges at depth k.

∑

e∈E

de ln
de
d0
e

− de + d0
e =

depth(G)∑

k=1

(∑

e∈Ek

de ln
de
d0
e

− de + d0
e

)

=

depth(G)∑

k=1

∑

e∈Ek

de ln
de
d0
e

, (5.15)

where the last equality holds since in each layer, the total flow equals to one. For each

edge e ∈ E with me > 1, define a set Ê(e) of duplicated edges of size |Ê(e)| = me.

Further, define

∀ê ∈ Ê(e), d̂ê =
de
me

, d̂0
ê =

d0
e

me

=
1

νm
.
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Figure 5.3: A conversion from an NZDD

to a layered NZDD. The added nodes

and edges are depicted with dotted lines.

Note that this manipulation does not

change the depth of the original NZDD.

mee ̂e1 ⋯̂e2 ̂eme

Figure 5.4: Edge duplication for an edge

e ∈ E, i.e., duplicating the edge to the

parallel edges of size me. With this ma-

nipulation, mêk becomes one for all du-

plicated edges êk ∈ Ê(e).

Then,

∑

ê∈Ê(e)

d̂ê ln
d̂ê

d̂0
ê

=
∑

ê∈Ê(e)

de
me

ln
de/me

d0
e/me

= de ln
de
d0
e

holds. Thus, for any feasible solution d, we can realize the same relative entropy value

by d̂. Therefore, we can rewrite Eq. (5.15) as

depth(G)∑

k=1

∑

e∈Ek

de ln
de
d0
e

=

depth(G)∑

k=1

∑

ê∈
⋃
e∈E Ê(e)

d̂ê ln
d̂ê

d̂0
ê

. (5.16)

By construction of Ê(e), d̂ê ∈ [0, 1/νm]. Therefore, we can bound Eq. (5.16) by

depth(G)∑

k=1

∑

e∈Ek

de ln
de
d0
e

≤
depth(G)∑

k=1

ln
m

νm
= depth(G)

1

ν
.

Let δt = mink∈[t] P
k(dk−1) − P t−1(dt−1) be the optimality gap. The following lemma

justificates the stopping criterion for Algorithm 7.

Lemma 5.3. Let P T
LP be an optimal solution of Eq. (5.8) over JT = {j1, j2, . . . , jT}. If

η ≥ 2
ε

depth(G) ln 1
ν
, then δT+1 ≤ ε/2 implies g−P T

LP ≤ ε, where g is the guarantee of the

base learner.

Note that if the algorithm always finds a hypothesis that maximizes the right-hand-

side of Eq. (5.14), then this lemma guarantees the ε-accuracy to the optimal solution

of Eq. (5.8).

63



CHAPTER 5. EXTENDED FORMULATIONS VIA DECISION DIAGRAMS

Proof. Let P T (d) be the objective function of Eq. (5.13) over JT = {j1, j2, . . . , jT} ob-

tained by Algorithm 7 and let dT be the optimal feasible solution of it. By the choice of

η and Lemma 5.2, we get

1

η

∑

e∈E

[
de ln

de
d0
e

− de + d0
e

]
≤ 1

η
depth(G) ln

1

ν
≤ ε

2
.

Thus, P T (dT ) ≤ P T
LP + ε/2. On the other hand, by the assumption on the weak learner,

for any feasible solution dt−1, we obtain a jt ∈ [n+ 1] such that

g ≤ sgn(jt)
∑

e∈E

sgn(e)dt−1
e .

Using the nonnegativity of the unnormalized relative entropy, we get

g ≤ min
t∈[T+1]

sgn(jt)
∑

e∈E

sgn(e)dt−1
e ≤ min

t∈[T+1]
P t(dt−1).

Subtracting P T (dT ) from both sides, we get

g − P T (dT ) ≤ min
t∈[T+1]

P t(dt−1)− P t(dt) = δT+1 ≤ ε

2
.

Thus, δT+1 ≤ ε/2 implies g − P T
LP ≤ ε.

With Lemma 5.3, We can obtain a similar iteration bound like ERLPBoost. To see

that, we need to derive the dual problem of Eq. (5.13). By standard calculation, you can

verify that the dual problem becomes:

max
w,s,β

1

η

∑

e∈E

d0
e

(
1− e−ηAte(w,s,β)

)
+ sroot − sleaf −

1

νm

∑

e∈E

meβe (5.17)

sub. to.
∑

j∈Jt

wj = 1,w ≥ 0,β ≥ 0

Ate(w, s,β) := sgn(e)
∑

j∈Jt

sgn(j)I[j∈Φ(e)]wj + se.u − se.v + βe, ∀e ∈ E

Let P t(d), Dt(w, s,β) be the objectives of the optimization sub-problems Eqs. (5.13)

and (5.17), respectively. Let dt be the optimal solution of Eq. (5.13) at round t and

similarly, let (wt, st,βt) be the one of Eq. (5.17). Then, by KKT conditions, the following

hold.

∑

j∈Jt

sgn(j)wtj


 ∑

e∈E:j∈Φ(e)

sgn(e)de


 = max

j∈Jt
sgn(j)

∑

e∈E:j∈Φ(e)

sgn(e)de (5.18)

We will prove the following lemma, which corresponds to Lemma 2 in [99].
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Lemma 5.4. If η ≥ 1/3, then

P t(dt)− P t−1(dt−1) ≥ 1

18η depth(G)

[
P t(dt−1)− P t−1(dt−1)

]2
,

where depth(G) denotes the max depth of graph G.

Proof. First of all, we examine the right hand side of the inequality. By definition,

P t(dt−1) ≥ P t−1(dt−1) and

P t(dt−1)− P t−1(dt−1)

= sgn(jt)
∑

e∈E:jt∈Φ(e)

sgn(e)dt−1
e − max

j∈Jt−1

sgn(j)
∑

e∈E:j∈Φ(e)

sgn(e)dt−1
e

= sgn(jt)
∑

e∈E:jt∈Φ(e)

sgn(e)dt−1
e −

∑

j∈Jt−1

sgn(j)wt−1
j

∑

e∈E:j∈Φ(e)

sgn(e)dt−1
e

=
∑

e∈E

sgn(e)dt−1
e


sgn(jt)I[jt∈Φ(e)] −

∑

j∈Jt−1

sgn(j)I[j∈Φ(e)]w
t−1
j




=:
∑

e∈E

dt−1
e xte,

where the second equality holds from Eq. (5.18).

Now, we will bound P t(dt)− P t−1(dt−1) from below. For α ∈ [0, 1], let

wt(α) := (1− α)

[
wt−1

0

]
+ α

[
0

1

]
. (5.19)

Since (wt, st,βt) is the optimal solution of Eq. (5.13) at round t,

Dt(wt, st,βt) ≥ Dt(wt(α), st−1,βt−1)

holds. By strong duality,

P t(dt)− P t−1(dt−1)

=Dt(wt, st,βt)−Dt−1(wt−1, st−1,βt−1)

≥Dt(wt(α), st−1,βt−1)−Dt−1(wt−1, st−1,βt−1)

=
1

η

∑

e∈E

d0
e

(
1− e−ηAte(wt(α),st−1,βt−1)

)
− 1

η

∑

e∈E

d0
e

(
1− e−ηA

t−1
e (wt−1,st−1,βt−1)

)

= − 1

η

∑

e∈E

d0
e

(
e−ηA

t
e(w

t(α),st−1,βt−1) − e−ηA
t−1
e (wt−1,st−1,βt−1)

)
.
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By KKT conditions, we can write dt−1 in terms of the dual variables wt−1, st−1, and βt−1:

dt−1
e = d0

e exp


−η


sgn(e)

∑

j∈Jt−1

sgn(j)I[j∈Φ(e)]w
t−1
j + st−1

u − st−1
v + βt−1

e






= d0
ee
−ηAt−1

e (wt−1,st−1,βt−1)

Therefore,

P t(dt)− P t−1(dt−1) ≥ − 1

η

∑

e∈E

d0
ee
−ηAt−1

e (wt−1,st−1,βt−1)
(
e−ηαx

t
e − 1

)

= − 1

η

∑

e∈E

dt−1
e

(
e−ηαx

t
e − 1

)
.

Since xte ∈ [−2,+2], 3±xte
6
∈ [0, 1] and 3+xte

6
+ 3−xte

6
= 1. Thus, using Jensen’s inequality,

we get

P t(dt)− P t−1(dt−1) ≥− 1

η

∑

e∈E

dt−1
e

(
exp

[
3 + xte

6
(−3ηα) +

3− xte
6

(3ηα)

]
− 1

)

≥− 1

η

∑

e∈E

dt−1
e

(
3 + xte

6
e−3ηα +

3− xte
6

e3ηα − 1

)
=: R(α).

The above inequality holds for all α ∈ [0, 1]. Here, R(α) is a concave function w.r.t. α

so that we can choose the optimal α ∈ [0, 1]. By standard calculation, we get that the

optimal α ∈ R is

α =
1

6η
ln

∑
e∈E d

t−1
e (3 + xte)∑

e∈E d
t−1
e (3− xte)

(5.20)

Since xte ≤ 2 for all e ∈ E, α ≤ 1
6η

ln ln
5
< 1

3η
. Thus, α ≤ 1 holds. On the other hand,

∑
e∈E d

t−1
e xte ≥ 0 so that α ≥ 1

6η
ln 1 = 0. Therefore, we can use Eq. (5.20) to lower-bound

P t(dt)− P t−1(dt−1).

P t(dt)− P t−1(dt−1)

≥− 1

η


1

3

√√√√
(∑

e∈E

dt−1
e (3 + xte)

)(∑

e∈E

dt−1
e (3− xte)

)
−
∑

e∈E

dt−1
e




= − 1

η


1

3

√√√√9

(∑

e∈E

dt−1
e

)2

−

(∑

e∈E

dt−1
e xte

)2

−
∑

e∈E

dt−1
e




By using the inequality

∀a, b ≥ 0, 3a ≥ b =⇒ 1

3

√
9a2 − b2 − a ≤ − b2

18a
,
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we get

P t(dt)− P t−1(dt−1) ≥ 1

18η

(∑
e∈E d

t−1
e xte

)2

∑
e∈E d

t−1
e

≥ 1

18η

(∑
e∈E d

t−1
e xte

)2

depth(G)

=
1

18η depth(G)

[
P t(dt−1)− P t−1(dt−1)

]2
,

which is the inequality we desire.

We introduce the following lemma to prove the iteration bound of the compressed

ERLPBoost.

Lemma 5.5 ([1]). Let (δt)t∈N ⊂ R≥0 be a sequence such that

∃c > 0, ∀t ≥ 1, δt − δt+1 ≥ (δt)2

c
.

Then, the following inequality holds for all t ≥ 1.

δt ≤ c

t− 1 + c
δ1

Now we are ready to prove Theorem 5.2.

Proof of Theorem 5.2. By definition of η, η ≥ 1/3 holds. Thus, by Lemma 5.4, we get

P t(dt)− P t−1(dt−1) ≥ 1

18η depth(G)

[
P t(dt−1)− P t−1(dt−1)

]2

≥ 1

18η depth(G)

[
min

1≤q≤t
P q(dq−1)− P t−1(dt−1)

]2

=
(δt)2

18η depth(G)
.

On the other hand,

P t(dt)− P t−1(dt−1)

=

(
min

1≤q≤t
P q(dq−1)− P t−1(dt−1)

)
−
(

min
1≤q≤t

P q(dq−1)− P t(dt)

)

≤
(

min
1≤q≤t−1

P q(dq−1)− P t−1(dt−1)

)
−
(

min
1≤q≤t

P q(dq−1)− P t(dt)

)

=δt−1 − δt.
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Figure 5.5: The comparison for synthetic datasets of a MIP problem. The horizontal axis

represents the number of constraints of the original problem.

Thus, we get the following relation:

δt−1 − δt ≥ (δt)2

cη
, where c = 18 depth(G).

Lemma 5.5 gives us δt ≤ cη
t−1+ cη

δ1
. Rearranging this inequality, we get T ≤ cη

δT
− cη

δ1 + 1.

Since δ1 =
∑

e∈E:j1∈Φ(e) sgn(e)d0
e ≤ depth(G), we have cη

δ1 ≥ 72
ε

depth(G) > 1. Therefore,

the above inequality implies that T ≤ cη
δT

. As long as the stopping criterion does not

satisfy, δt > ε/2 hold. Thus,

T ≤ 1

δT
· 36 depth(G)

2

ε
depth(G) ·max

(
1, ln

1

ν

)

≤144

ε2
depth(G)2 max

(
1, ln

1

ν

)
.

5.8 Experiment

We show preliminary experimental results on synthetic and real large data sets2. The

tasks are, the mixed integer programming, and the `1-norm regularized soft margin op-

timization. Our experiments are conducted on a server with 2.60 GHz Intel Xeon Gold

6124 CPUs and 314GB memory. We use Gurobi optimizer 9.01, a state-of-the-art com-

mercial LP solver. To obtain NZDD representations of data sets, we apply the procedure

described in the previous section.

2https://bitbucket.org/kohei_hatano/codes_extended_formulation_nzdd/.
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Table 5.2: Computation time (seconds) for constructing NZDDs for synthetic MIP

datasets, described in Table 5.3. All datasets have n = 25 features and each instance

have k = 10 nonzero components.

m ZCOMP Reducing proc. Total

4× 105 0.39 1.02 1.41

8× 105 0.76 1.38 2.14

12× 105 1.08 1.41 2.49

16× 105 1.36 1.10 2.46

20× 105 1.60 0.33 1.93

Preprocessing of datasets The datasets for the `1-norm regularized soft margin op-

timization are obtained from the libsvm datasets. Some of them contain real-valued

features. We convert them to binary ones by rounding them using 0.5 as a threshold.

NZDD construction time and summary of datasets Computation times for con-

structing NZDDs for the MIP synthetic datasets and synthetic and real datasets of the

`1-norm regularized soft margin optimization are summarized in Tables 5.2, 5.4 and 5.6,

respectively. Note that the NZDD construction time is not costly and negligible in general

because once we construct NZDDs, we can re-use those NZDDs for solving optimization

problems with different objective functions or hyperparameters such as ν in the soft mar-

gin optimization.

Mixed Integer programming on synthetic datasets First, we apply our extended

formulation Eq. (5.1) to mixed integer programming tasks over synthetic data sets. The

problems are defined as the linear optimization with n variables and m linear constraints

of the form Ax ≥ b, where (i) each row of A has k entries of 1 and others are 0s

and nonzero entries are chosen randomly without repetition (ii) coefficients ai of linear

objective
∑n

i=1 aixi is chosen from {1, ..., 100} randomly, and (iii) first l variables take

binary values in {0, 1} and others take real values in [0, 1]. In our experiments, we fix

n = 25, k = 10, l = 12 and m ∈ {4 × 105, 8 × 105..., 20 × 105}. We apply the Gurobi

optimizer directly to the problem denoted as mip and the solver with pre-processing the

problem by our extended formulation (denoted as nzdd mip, respectively. The results are
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Table 5.3: Summary of synthetic datasets for MIP. The term “original” and “extended”

mean the original and the extended formulations, respectively.

Data size NZDD size Variables Constraints

n m |V | |E| Original Extended Original Extended

25 4× 105 13, 321 177, 356 25 13, 344 400, 000 177, 356

25 8× 105 17, 771 241, 488 25 17, 794 800, 000 241, 488

25 12× 105 19, 348 249, 749 25 19, 371 1, 200, 000 249, 749

25 16× 105 17, 819 204, 723 25 17, 842 1, 600, 000 204, 723

25 20× 105 6, 161 55, 555 25 6, 184 2, 000, 000 55, 555

summarized in Fig. 5.5. Our method consistently improves computation time for these

datasets. This makes sense since it can be shown that when m = O(nk) there exists an

NZDD of size O(nk) representing the constraint matrix. In addition, the pre-processing

time is within 2 seconds in all cases.

`1-norm soft margin optimization on real data sets Next, we apply our methods

on the task of the `1-norm soft margin optimization. This problem is a standard opti-

mization problem in the machine learning literature, categorized as LP, for finding sparse

linear classifiers given labeled instances. We compare the following methods using a naive

LP solver, (i) previous formulation (denoted as naive), (ii) our formulation over NZDD

(denoted as nzdd naive). Formulations of both (i) and (ii) is placed in previous sections.

We measure its computation time (CPU time) and maximum memory consumption, re-

spectively, and compare their averages over parameters. Further, we perform 5-fold cross

validation to check the test error rates of our methods on real data sets. In fact, the

test error rates are similar between methods for (i) and (ii). This means our extended

formulation is comparable to the standard one in terms of generalization performance.

Test error rates Table 5.7 summarizes the test error rates of soft margin optimization

algorithms using cross validation. These results imply the extended formulation Eq. (5.6)

is comparable to the original problem Eq. (5.4) to obtain generalization ability.

We compare methods on some real data sets in the libsvm datasets [16] to see the

effectiveness of our approach in practice. Generally, the datasets contain huge samples
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Table 5.4: Computation times (seconds) for NZDD construction for the synthetic datasets,

described in Table 5.5. all data have n = 20 features.

m ZCOMP Reducing proc. Total

1× 105 0.08 0.14 0.22

2× 105 0.15 0.14 0.29

3× 105 0.25 0.12 0.37

4× 105 0.31 0.08 0.39

5× 105 0.39 0.05 0.44

6× 105 0.46 0.05 0.51

7× 105 0.53 0.03 0.56

8× 105 0.60 0.02 0.62

9× 105 0.68 0.01 0.69

10× 105 0.72 0.00 0.72

10
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Figure 5.6: Comparison of computation times (sec.) for real data sets of the soft margin

optimization problem. The y-axis is plotted in the logarithmic scale.

(m varies from 3× 104 to 107) with a relatively small size of features (n varies from 20 to

105). The features of instances of each dataset is transformed into binary values. Results

are summarized in Fig. 5.6. Note that these results exclude NZDD construction times

since the compression takes around 1 second, except for the HIGGS dataset (around 13

seconds). Furthermore, the construction time of NZDDs can be neglected in the following

reason: We often need to try multiple choices of the hyperparameters (ν in our case) and

solve the optimization problem for each set of choices. But once we construct an NZDD,

we can be re-use it for different values of hyperparameters without reconstructing NZDDs.
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Table 5.5: Summary of synthetic datasets for the soft margin optimization. The term

“original” and “extended” mean the original and the extended formulations, respectively.

Data size NZDD size Variables Constraints

n m |V | |E| Original Extended Original Extended

20 1× 105 4, 202 55, 147 100, 021 59, 370 200, 001 110, 297

20 2× 105 6, 663 82, 810 200, 021 89, 494 400, 001 165, 623

20 3× 105 11, 022 103, 323 300, 021 114, 366 600, 001 206, 649

20 4× 105 13, 596 120, 994 400, 021 134, 611 800, 001 241, 991

20 5× 105 12, 565 128, 670 500, 021 141, 256 1, 000, 001 257, 343

20 6× 105 13, 796 127, 139 600, 021 140, 956 1, 200, 001 254, 281

20 7× 105 13, 513 114, 471 700, 021 128, 005 1, 400, 001 228, 945

20 8× 105 9, 569 95, 454 800, 021 105, 044 1, 600, 001 190, 911

20 9× 105 6, 725 75, 318 900, 021 82, 064 1, 800, 001 150, 639

20 10× 105 3, 914 40, 226 1, 000, 021 44, 161 2, 000, 001 80, 455

Table 5.6: Computation times (seconds) for constructing NZDDs for real datasets of the

soft margin optimization.

dataset ZCOMP Reducing proc. Total

a9a 0.04 0.20 0.24

art-100000 0.10 0.43 0.53

real-sim 0.24 0.99 1.23

w8a 0.27 4.20 4.47

HIGGS 13.13 0.00 13.13

Table 5.7: Test error rates for real datasets

Data sets lpb nzdd naive nzdd erlp

a9a 0.174 0.159 0.157

art-100000 0.000 0.0004 0.004

real-sim 0.179 0.169 0.532

w8a 0.030 0.030 0.029
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Chapter 6

Online Combinatorial Linear

Optimization via a

Frank-Wolfe-based Metarounding

Algorithm

Metarounding is an approach to convert an approximation algorithm for linear optimiza-

tion over some combinatorial classes to an online linear optimization algorithm for the

same class. We propose a new metarounding algorithm under a natural assumption that

a relax-based approximation algorithm exists for the combinatorial class. Our algorithm

is much more efficient in both theoretical and practical aspects.

The results in this chapter appear in [65].

6.1 Problem setting

Online decision-making problems using combinatorial objects arise in many applications,

e.g., routing, advertisements, and resource allocation tasks. Examples of combinatorial

objects include permutations [41], k-sets [100], paths [37], matching [15, 41], spanning

trees [73] and so on.

Let C ⊂ Nn be a combinatorial class, i.e., a set of combinatorial objects, where each

combinatorial object is represented as a positive vector. More formally, online combinato-

rial linear optimization over a combinatorial class C is defined as a repeated game between

a player and an environment. The protocol is the following: For each round t = 1, 2, . . . ,
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METAROUNDING ALGORITHM

OLO over 
Metarounding

Environment

<latexit sha1_base64="z9nkZXqLEexurVSqYSx1hb/bYn4=">AAACKHicbVDJSgNBEO1xjXGLehG8NAbBg4QZcTsGvXiMYBbIjKGn00madPcM3TVCGMav8STot3iTXP0Lb3aWg0l8UPB4r4qqemEsuAHXHTpLyyura+u5jfzm1vbObmFvv2aiRFNWpZGIdCMkhgmuWBU4CNaINSMyFKwe9u9Gfv2ZacMj9QiDmAWSdBXvcErASq3CoR/K1GdCZC3APle46Z5hL3iyVtEtuWPgReJNSRFNUWkVfvx2RBPJFFBBjGl6bgxBSjRwKliW9xPDYkL7pMualioimQnS8QcZPrFKG3cibUsBHqt/J1IijRnI0HZKAj0z743E/7xmAp2bIOUqToApOlnUSQSGCI/iwG2uGQUxsIRQze2tmPaIJhRsaPmZNVSGmnd7MPNKGsosb7Py5pNZJLXzkndVuny4KJZvp6nl0BE6RqfIQ9eojO5RBVURRS/oFb2jD+fN+XS+nOGkdcmZzhygGTjfv9pEpdk=</latexit>

`t 2 [0, 1]n

<latexit sha1_base64="DkOlfLC65Xodi4HkLBpk+tv+MSA=">AAACKHicbVDLSgNBEJyNrxhfUS+Cl8EgeAq74usYzMVjBPOAbAizk0kyZGZ2mekVwrJ+jSdBv8Wb5OpfeHM2ycEkFjQUVd10dwWR4AZcd+Lk1tY3Nrfy24Wd3b39g+LhUcOEsaasTkMR6lZADBNcsTpwEKwVaUZkIFgzGFUzv/nMtOGheoJxxDqSDBTvc0rASt3iiR/IhKZdwD5X2JcEhpSIpJp2iyW37E6BV4k3JyU0R61b/PF7IY0lU0AFMabtuRF0EqKBU8HSgh8bFhE6IgPWtlQRyUwnmX6Q4nOr9HA/1LYU4Kn6dyIh0pixDGxndqJZ9jLxP68dQ/+uk3AVxcAUnS3qxwJDiLM4cI9rRkGMLSFUc3srpkOiCQUbWmFhDZWB5oMhLLySBDIt2Ky85WRWSeOy7N2Urx+vSpX7eWp5dIrO0AXy0C2qoAdUQ3VE0Qt6Re/ow3lzPp0vZzJrzTnzmWO0AOf7F5k1puM=</latexit>

ct 2 C
<latexit sha1_base64="HvmAfWqvdlLVb9z9y215Bg1vmbE="></latexit>

xt 2 relax(C)
<latexit sha1_base64="3O85CJ08PgPW2zW93rGdEkaRWLM=">AAACL3icbVDLSsNAFJ34rPEVdenCwSLUTUnE17LYjcsK9gFNKJPptB06k4SZiVhCln6NK0G/RdyIWz/BnZM0C9t64MLhnHu59x4/YlQq2/4wlpZXVtfWSxvm5tb2zq61t9+SYSwwaeKQhaLjI0kYDUhTUcVIJxIEcZ+Rtj+uZ377gQhJw+BeTSLicTQM6IBipLTUs45cjtQojBJXcCgIQ49pJZcwYkk9Pe1ZZbtq54CLxClIGRRo9Kwftx/imJNAYYak7Dp2pLwECUUxI6npxpJECI/RkHQ1DRAn0kvyR1J4opU+HIRCV6Bgrv6dSBCXcsJ93ZndKOe9TPzP68ZqcO0lNIhiRQI8XTSIGVQhzFKBfSoIVmyiCcKC6lshHiGBsNLZmTNrMPcFHY7UzCuJz1NTZ+XMJ7NIWmdV57J6cXdert0UqZXAITgGFeCAK1ADt6ABmgCDJ/AMXsGb8WK8G5/G17R1yShmDsAMjO9frtWqAg==</latexit>

relax(C)

Figure 6.1: A conceptual diagram for online combinatorial linear optimization via

metarounding. In each round t, metarounding converts a vector xt into a combinato-

rial vector ct ∈ C.

(i) the player chooses ct ∈ C. Then, (ii) the environment reveals a loss vector `t ∈ [0, 1]n

and (iii) the player incurs the loss ct · `t.
The player’s goal is to minimize the α-regret defined by

RT (α) =
T∑

t=1

ct · `t − αmin
c∈C

T∑

t=1

c · `t,

for as small α ≥ 1 as possible.

There are two approaches for online combinatorial linear optimization over C. The

first approach is to design algorithms for individual classes [15, 41, 100, 104, 105]. The

second approach is so called offline-to-online conversion, which uses an offline approxi-

mation algorithm over C to construct an online algorithm over C [30, 33, 48]. An offline

approximation algorithm takes ` as input and then outputs a vector c ∈ C satisfying

c ·` ≤ αminc′∈C c
′ ·`. The offline-to-online conversion approach is generic in that once we

design an efficient conversion algorithm, we can just use known approximation algorithms

for different combinatorial classes. For example, Garber proposed an algorithm that calls

the sub-routine O(lnT ) times for each round t and achieves RT (α) = O(T 2/3) [33]. The

paper also proposed an algorithm that calls the sub-routine O(
√
T lnT ) per round and

achieves RT (α) = O(
√
T ). The algorithm needs to know the number of total rounds

T and the approximation ratio α a priori. In addition, the number of sub-routine calls

depends on T , so the conversion via the sub-routine may slow for a huge T .

Another offline-to-online conversion approach is to use metarounding [12], which uses

a relaxation-based approximation algorithm. In fact, for many combinatorial classes C,
there are relaxation-based approximation algorithms. Thus, the requirement is natural.

Metarounding converts a vector x ∈ relax(C) into a combinatorial vector c ∈ C, where

relax(C) is a convex set satisfying C ⊂ relax(C). The relax-based approximation algorithms

takes ` as input and then outputs a vector c ∈ C satisfying c · ` ≤ αminp∈relax(C) p · `.
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METAROUNDING ALGORITHM

The only difference between relaxation-based approximation and the approximation algo-

rithm is the right-hand-side of the condition. Using the relaxation-based approximation

algorithm as sub-routine, metarounding algorithms aim to output a vector c ∈ C ran-

domly to satisfy Ec[c] · ` ≤ αx · ` for all `. Thus, combining the metarounding algorithm

with an arbitrary online linear optimization algorithm over relax(C), one can achieve

RT (α) = α(1-regret of the OLO algorithm) [30]. Thus, once an efficient metarounding

algorithm is obtained, we can fuse it to an OLO algorithm to obtain a better regret

bound. Fig. 6.1 shows the concept of metarounding for online combinatorial linear op-

timization over C. Assuming the existence of such relax-based approximation algorithm,

Fujita et al. [30] proposes a metarounding algorithm that finds a distribution λ ∈ ∆C

satisfying Ec[c] · ` ≤ (α+ ε)x · ` for all ` in O(M2diam∞(C)2n2 ln(n)/ε2) iterations, where

diam∞(C) = max{‖c‖∞ | c ∈ C} is the maximal value of a combinatorial vector c ∈ C
and M = max{1/xi | xi 6= 0, i ∈ [n]} is the input-dependent constant.

This paper proposes a new metarounding algorithm that finds a distribution λ ∈ ∆C

over C that satisfies Ec∼λ[c] · ` ≤ (α + ε)x · ` for all ` ∈ [0, 1]n in O(diam∞(C)2 ln(n)/ε2)

rounds. This guarantee is significantly better compared to the one by Fujita et al. [30].

Our algorithm is designed based on Frank-Wolfe algorithms [26, 46]. Table 6.1 summarizes

the previous works and our contribution.

Our technical contribution is two-fold. The first contribution is a re-formulation of

the optimization problem for metarounding, based on a new observation (Proposition

1). This formulation enables us to derive algorithms with better iteration bounds. The

second contribution is a new boosting-based metarounding algorithm. Our algorithm is

similar to ERLPBoost[99], but ours employs a modified regularizer which is better suited

for metarounding. In fact, it can be viewed that our algorithm is a generalization of

ERLPBoost for the approximation factor α > 1. Furthermore, our analyses are based

on those for Frank-Wolfe, which are completely different from those for ERLPBoost. As

a result, our result significantly improves Fujita et al’s on the number of approximation

oracle calls per trial from O(diam∞(C)2n2 ln(n)/ε2) to O(diam∞(C)2 ln(n)/ε2). We also

observe its significant improvements in the preliminary experiments.

6.2 Related Work

Fujita et al. [30] try to solve the problem with a boosting approach based on SoftBoost [97].

The resulting algorithm named MbB (the shorthand for “Metarounding-by-Boosting”) is
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Table 6.1: Comparison of the previous works. Our assumption is the same as the one

in Fujita et al. [30]. Note that the work by Fujita et al. and ours aim to optimize

(α + ε)-regret RT (α + ε) for arbitrarily small ε > 0.

Algorithm
Approx. alg.

oracle

# of oracle calls

per trial
Regret

Kalai et al. [48] Any O(T ) O(T 1/2)

Garber [33] Any O(n2 lnT ) O(T 2/3)

Garber [33] Any O(n2
√
T lnT ) O(T 1/2)

Fujita et al. [30] Relax-based O(diam∞(C)2n2 ln(n)/ε2) O(T 1/2)

This work Relax-based O(diam∞(C)2 ln(n)/ε2) O(T 1/2)

guaranteed to terminate in O (M2n2 ln(n)/ε2) iterations, where M is the input-dependent

constant. They showed the efficiency of MbB by numerical experiments against the ellipsoid

method [13]. There are two main advantages for MbB. The first is that MbB does not need

to know the approximation ratio α a priori. The other is that the iteration bound for MbB

does not depend on the iteration T of online algorithms. Previous works take O(lnT ) [33]

to O(T ) [13] iterations for every round of online combinatorial optimization, where T is

the number of total rounds for the online algorithm.

6.2.1 Margin optimization boosting algorithms

Boosting is a common machine learning technique that combines multiple low-accuracy

predictors to yield a highly accurate one. Since the predictors to be combined are chosen

from a set of exponentially many predictors, one cannot compute the combined predictor

directory. The main idea of boosting is to collect the most promising predictors one by

one until some condition is satisfied.

Gradient Boosting Machines [29], such as XGBoost [17] and LightGBM [49], are pop-

ular algorithms that minimize some loss functions. For binary classification, it is well

known that a predictor that maximizes the quantity so-called “margin” instead of min-

imizing loss functions is known to have smaller losses for unseen data [81]. Thus, some

algorithms, such as LPBoost [21], SoftBoost [97], and ERLPBoost [99], are proposed to

optimize the margin.
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Algorithm 8 Metarounding by ERLPBoost

Input: x ∈ relax(C), accuracy ε > 0, and a relax-based α-approx. algorithm B.

1: Initialize ¯̀
0 = 1

n
x, `0 = 1

n
1 and set H?(C̄(0)λ0) =∞, η = 2 ln(n)/ε.

2: for k = 0, 1, 2, . . . , K do

3: Call the approximation algorithm to obtain ck+1 ∈ B(`k).

Let c̄k+1 = (c1/M, c2/M, . . . , cn/M).

4: if εk := H?(C̄(k)λk)−maxj≤k c̄j+1 · ¯̀
j ≤ ε/2 then

5: Set K = k. break.

6: end if

7: Set λk+1 ← arg minλ∈∆k+1
H?(C̄(k+1)λ), where C̄(k+1) =

[
c̄1 c̄2 . . . c̄k+1

]
.

8: Set ¯̀
k+1 = ∇H?(C̄(k+1)λk+1) = arg max ¯̀∈∆n

¯̀>C̄(k+1)λk+1 − 1
η
∆(¯̀) and `k+1 =

(¯̀
k+1,1/x1, ¯̀

k+1,2/x2, . . . , ¯̀
k+1,n/xn)

9: end for

10: Solve Eq. (6.1) over c1, c2, . . . , cK+1 and let the optimal solution be λ?.

Output: λ? ∈ ∆C

6.3 The Frank-Wolfe-based algorithm

First, we revisit the approach by Fujita et al. [30]. In MbB, they formulate an α-metarounding

as an algorithm that solves the following optimization problem.

min
β,λ

β s.t.
∑

c∈C

λcci ≤ βxi, ∀i ∈ [n], (6.1)

λ ∈ ∆C.

The Lagrange dual problem for Eq. (6.1) is

max
γ,`

γ s.t. ` · c ≥ γ, ∀c ∈ C, (6.2)

` · x = 1, ` ≥ 0.

Eq. (6.2) has O(|C|) constraints, so MbB uses the column-generation approach like soft

margin boosting algorithms; That is, starting from C̃ = ∅, they solve a problem under

the constraints in Eq. (6.2) over C̃ and then append a new combinatorial vector c ∈ C to

C̃ one by one until some conditions are met. One can see that Eq. (6.2) can be seen as

so-called “Edge minimization” in boosting (See, e.g., [21, 97]). In fact, setting x = 1 in

Problem Eq. (6.2) corresponds to margin optimization. With this insight, MbB is proposed
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based on a boosting algorithm named SoftBoost [97], but the resulting guarantee is not

as good as the one in SoftBoost.

We want to use the state-of-the-art soft margin optimization named ERLPBoost [99]

to solve Eq. (6.2), which uses a normalized relative entropy regularizer, but there are

some issues. First, constraint ` · x = 1 makes the direct application hard. ERLPBoost

succeeded because its feasible region is probability simplex, while Eq. (6.1) is not. One

naive idea is to use unnormalized relative entropy instead of the normalized one. This

approach results in a similar result to Fujita et al. since the variable ` is unbounded. With

these issues, we use a different approach, a Frank-Wolfe-based approach similar to the one

in Mitsuboshi et al. [64]. First, we convert Eq. (6.2) to an equivalent bounded problem

and then use an ERLPBoost-like problem. The resulting algorithm is a generalization of

the soft margin boosting in the following sense: Our algorithm becomes ERLPBoost if

we set x = 1.

6.3.1 Bounding the dual variable

Before getting into our main result, we prove the following proposition.

Proposition 6.1. Let M := max{ 1
xi
| xi 6= 0, i ∈ [n]}. There is an optimal solution

(γ?, `?) to Eq. (6.2) satisfying `?i ≤M for all i ∈ [n].

Proof. Let (β?,λ?), (γ?, `?) be optimal solutions to Eqs. (6.1) and (6.2), respectively.

Without loss of generality, we can restrict the combinatorial set to C? := {c ∈ C | λc > 0}.
We consider the following two cases.

1. ∀i ∈ [n], xi 6= 0. This case,

`? · x >
∑

j 6=i

`?jxj +Mxi >
∑

j 6=i

`?jxj +M min
k∈[n]

xk ≥ 1,

which contradicts to the constraint `? · x = 1, so that `?i ≤M for all i ∈ [n].

2. ∃i ∈ [n], xi = 0. Since (β?,λ?) is a feasible solution,
∑
c∈C? λ

?
cci ≤ β?xi = 0, which

implies λ?c = 0 or ci = 0 for all c ∈ C?. By definition of C?, λ?c > 0 for all c ∈ C?, so

we have ci = 0 for all c ∈ C?. Thus, `?i ci = 0 does not affect to the objective value

γ?. So we can set `?i = 0 without losing the optimality.
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As discussed in the above proof, the variables {`i | xi = 0, i ∈ [n]} do not contribute

to the optimal value, so we assume that xi > 0 for all i ∈ [n] without loss of generality.

Furthermore, restricting ` ∈ [0,M ]n does not affect the optimal solution to Eq. (6.2), so

we consider the following problem

max
γ,`

γ s.t. ` · x = 1, ` · c ≥ γ, ∀c ∈ C, 0 ≤ ` ≤M , (6.3)

where M is the value defined in Proposition Proposition 6.1. To clarify the analysis, we

rewrite the above problem by introducing ¯̀ = (`1x1, `2x2, . . . , `nxn) and C̄ = {c̄ | c̄ =

(c1/x1, c2/x2, . . . , cn/xn), c = (c1, c2, . . . , cn) ∈ C}.

max
γ, ¯̀

γ s.t. ¯̀ · c̄ ≥ γ, ∀c̄ ∈ C̄, ¯̀∈ ∆n. (6.4)

Obviously, Eq. (6.4) is equivalent to Eq. (6.3). Thus, the following sections focus on

solving Eq. (6.4).

6.3.2 The regularization

Regularizing a smooth function to a convex objective function does not make the objective

smooth while regularizing a strongly convex function makes it strongly convex. So, we use

a strongly convex regularizer R( ¯̀) =
∑n

i=1
¯̀
i ln

¯̀
i

1/n
to the objective function of (6.4) then

consider the primal problem. We solve Eq. (6.4) by ERLPBoost-based algorithm, shown

in 8. Our algorithm aims to find an ε/2-approximate solution to the following problem.

max
γ,`

γ − 1

η
R( ¯̀) s.t. ¯̀ · c̄ ≥ γ, ∀c̄ ∈ C̄, ¯̀∈ ∆n. (6.5)

Note that, by definition, R( ¯̀) ≤ lnn holds for all ¯̀∈ ∆n.

Let I∆n be the indicator function for ∆n, J(θ) = maxc∈C̄ θc be the max function over

RC̄, and let H = I∆n + 1
η
R. With these notations, one can rewrite Eq. (6.5) as

max
¯̀
−J(− ¯̀>C̄)− I∆n( ¯̀)− 1

η
R( ¯̀) =: max

¯̀
−J(− ¯̀>C̄)−H( ¯̀), (6.6)

where C̄ =
[
c̄1 c̄2 . . .

]
∈ Rn×C̄ is the matrix whose column vectors are elements of C̄.

By Theorem 2.1, the dual problem of Eq. (6.6) is

min
λ

J?(λ) +H?(C̄λ) = min
λ∈∆C̄

H?(C̄λ). (6.7)

Since dom J = RC and dom I∆n + (1/η)R = ∆n, with a similar argument in Chapter 3,

we have 0 ∈ core
(
dom J − C>dom I∆n + (1/η)R

)
so that the strong duality holds. Since
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H is 1/η-strongly convex w.r.t. `1-norm, its conjugate H? is η-smooth w.r.t. `∞-norm.

The objective function H? is a smoothified version of the one in Eq. (6.1).

The smoothness of the objective function is a key property for our analysis, so we

aim to solve Eq. (6.7) instead of Eq. (6.1). Algorithm 8 summarizes our method, which

maintains the quantity εk defined in Line 4.

Lemma 6.1. Let x ∈ relax(C) be an input to Algorithm 8 and let εk = H?(C̄(k)λ) −
maxj∈[k] c̄j · ¯̀

j−1 be the optimality gap defined in Line 4 of Algorithm 8. If η ≥ 2 ln(n)/ε,

εk ≤ ε/2 implies Ec∼λk [c] · ` ≤ (α + ε)x · ` for all ` ∈ [0,M ]n.

Proof. Recall that ¯̀
k = ∇H?(C̄(k)λk) = arg max ¯̀∈∆n

¯̀>C̄(k)λk − 1
η
R( ¯̀). By definition of

H?, the following holds for all ` ∈ [0,M ]n.

H?(C̄(k)λk) = ¯̀>
k C̄

(k)λk −
1

η
R( ¯̀

k)

≥ ¯̀>C̄(k)λk −
1

η
R( ¯̀) ≥ `>C(k)λk −

1

η
lnn ≥ Ec∼λk [` · c]− ε

2
.

On the other hand, by the assumption of the B, we have

max
j∈[k]

¯̀
j · c̄j+1 = max

j∈[k]
`j · cj+1 ≤max

j∈[k]
α min
p∈relax(C)

`j · p

≤αmax
j∈[k]

`j · x = αmax
j∈[k]
‖ ¯̀

j‖1 = α,

where the second inequality comes from the fact that x ∈ relax(C). Combining the above

relations, we have

εk = H?(C̄(k)λk)−max
j∈[k]

c̄j+1 · ¯̀
j ≥ Ec∼λk [` · c]− ε

2
− α, ∀` ∈ [0,M ]n.

Thus, εk ≤ ε/2 implies Ec∼λk [` · c] ≤ α+ ε = (α+ ε)‖ ¯̀‖1 = (α+ ε)x ·` for all ` ∈ [0,M ]n,

which is the relation we desired.

Lemma 6.1 assures that the output λ? of Algorithm 8 is an ε-approximate solution

for Eq. (6.1). Thus, we can focus on proving how quickly the optimality gap converges.

The following lemma shows the convergence rate.

Lemma 6.2. For all {µk}k≥1 ⊂ [0, 1], the sequence {εk}k≥1 generated by Algorithm 8

satisfies the following relation.

∀k ≥ 1, εk+1 ≤ (1− µk) εk + 2ηµ2
kM

2diam∞(C)2. (6.8)
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Proof. First of all, λk+1 is chosen to optimize

min
λ∈∆k+1

H?(C̄(k+1)λ), C̄(k+1) =
[
c̄1 c̄2 . . . c̄k+1

]
∈ [0,Mdiam∞(C)]n×(k+1),

so thatH?(C̄(k+1)λk+1) ≤ H?(C̄(k+1)λ) holds for all interior points λ = λk+µk
(
ec̄k+1

− λk
)

with µk ∈ [0, 1]. Thus, using the η-smoothness of H?,

εk − εk+1 ≥ H?(C̄(k)λk)−H?(C̄(k+1)λ)

≥ − µk∇H?(C̄(k+1)λk)
>C̄(k+1)

(
ec̄k+1

− λk
)

− η

2
µ2
k‖C̄(k+1)(ec̄k+1

− λk)‖2
∞

≥ − µk ¯̀
kC̄

(k+1)
(
ec̄k+1

− λk
)
− 2ηµ2

kM
2diam∞(C)2

= − µk ¯̀
k · c̄k+1 + µk ¯̀>

k C̄
(k)λk − 2ηµ2

kM
2diam∞(C)2

≥ − µk ¯̀
k · c̄k+1 + µk

[
¯̀>
k C̄

(k)λk −
1

η
R( ¯̀

k)

]
− 2ηµ2

kM
2diam∞(C)2

= − µk ¯̀
k · c̄k+1 + µkH

?(C̄(k)λk)− 2ηµ2
kM

2diam∞(C)2

≥ µkεk − 2ηµ2
kM

2diam∞(C)2.

Rearraging terms, we get the recurrence relation.

Theorem 6.1. Algorithm 8 terminates in K = O
(
M2diam∞(C)2 ln(n)/ε2

)
iterations.

Proof. Since Lemma 6.2 does not specify the sequence {µk}k≥1 ⊂ [0, 1], we choose µk =
2

k+2
. Applying Lemma 2.1 with c = 2ηM2diam∞(C)2, we have

εk ≤
8ηM2D2

∞
k + 2

. (6.9)

Setting the right-hand-side of Eq. (6.9) to be at most ε/2, we εK ≤ ε/2 is achieved

after K ≥ 16ηM2diam∞(C)2/ε ≥ 32M2diam∞(C)2 ln(n)/ε2 iterations.

By Theorem 6.1, εK ≤ ε
2

holds after K = O
(
M2diam∞(C)2 ln(n)/ε2

)
iterations. Fur-

ther, Lemma 6.1 guarantees that the output λK ∈ ∆C satisfies Ec∼λ[c] · ` ≤ (α + ε)x · `
for all ` ∈ [0,M ]n. Therefore, Algorithm 8 is a matarounding algorithm. We remark that

if x = 1, the convergence rate is the same as in ERLPBoost. In this sense, our algorithm

can be seen as a generalized version of ERLPBoost. Furthermore, our analysis uses the

Frank-Wolfe-like analysis, significantly simplifying the one ERLPBoost.
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Figure 6.2: Comparison of previous works and our work. Both figure uses combinatorial

vector of dimension n = 20. Left: comparison of running time. Right: comparison of

cumulative losses. KKL ’09 is the algorithm proposed by Kakade et al., 2009 [48]. In this

experiment, we set |C| = 100.

6.4 Experiment

The algorithm proposed by Garber [33] requires solving large-scale quadratic programs

withO(n2
√
T lnT ) variables forO(

√
T )-regret andO(n2 lnT ) variables forO(T 2/3)-regret.

Therefore, one cannot compute a combinatorial vector even though the number of oracle

calls is sub-linear in T . For this reason, we compared our algorithm against to the algo-

rithm by Kakade et al. [48] that achieves O(
√
T )-regret1. We performed our experiment

on Intel Xeon Gold 6124 CPU 2.60GHz processors.

Our experiment was demonstrated on a set cover instance, generated with the same

procedure by Fujita et al. [30]. We choose a fixed item size m = 10 and measure the

running time by varying the number of sets n ∈ {10, 50, 100, 200, 500, 1000}. The input

for metarounding is a solution of relaxed set cover problem with a random cost vector

x ∈ [0, 1]n. Here, the relaxation means that the variable takes value in [0, 1] instead of

{0, 1}.
Running time. We compared the algorithm proposed by Fujita et al. [30] and our

algorithm. We use the Gurobi optimizer 9.0.12 to solve the sub-problems. To solve the

entropy minimization, we used the sequential quadratic minimization approach; it first

minimizes the quadratic approximation of the objective, then the objective function is

updated to the approximation around the optimal solution. This procedure repeats until

1The program is available at https://github.com/rmitsuboshi/metarounding_mitsuboshi.
2https://www.gurobi.com/
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convergent. As shown in the left side of Fig. 6.2, our algorithm is extremely fast compared

to the others.

Cumulative loss. We compared the algorithm proposed by Kakade et al. [48] and

our algorithm. In each round, the loss vector is generated randomly. Our algorithm

uses the classic online gradient descent algorithm [38] over [0, 1]n as the online linear

optimization. The algorithm achieves RT (1) = O(
√
T ) over relax(C), so combining it

with our metarounding achieves RT (α) = O(
√
T ). As in the right side of Fig. 6.2, our

algorithm is empirically superior to the other.

83



Chapter 7

Conclusion

This thesis studied the Frank-Wolfe-based boosting algorithms and their extention to

other fields. Most of the proposed algorithms have a convergence guarantee that is at

least the same as the one for the previous works. We designed the algorithms to be

applicable to real-world datasets since their running times per round are fast.

This thesis started with developing a unified view for soft margin boosting algorithms,

such as LPBoost, ERLPBoost, and the Corrective ERLPBoost. The view comes from

Frank-Wolfe algorithms via the Fenchel duality. With this unified view, we proposed a

general boosting algorithm that can be combined with arbitrary secondary algorithm.

Using LPBoost as the secondary algorithm, the proposed boosting algorithm converges

quickly without losing its convergence rate. The algorithm’s convergence rate is the same

as the ones for the previous works. Furthermore, the analysis simplifies the ones for

ERLPBoost and the Corrective ERLPBoost.

Then, we used the technique of the Frank-Wolfe-based boosting to the regression

boosting that handles a soft version of the insensitive loss. Applying the Frank-Wolfe

view for boosting algorithms again, we proposed a boosting algorithm with a polynomial

convergence guarantee even though the objective function is not smooth.

After that, we considered to apply the technique to other fields. The first one was for

extended formulations. Extended formulations are the general approach for optimization

problems that reduce the constraints by slightly increasing the variables without changing

the optimal value and solutions. We proposed an extended formulation for optimization

problems with linear constraints via Non-deterministic ZDD that is applicable not only

to convex programs but also to mixed integer programs. Furthermore, we adopted the

extended formulation to soft margin optimization and proposed a boosting scheme and

84



CHAPTER 7. CONCLUSION

some algorithms. We also showed a convergence rate for one of the algorithms that

depends on a parameter of the compressed data structure.

Finally, we applied the technique to Metarounding, a tool for the online combinatorial

linear optimization problem. The existence of Metarounding implies an online algorithm

whose α-regret is sub-linear in T . We proposed a Metarounding algorithm that is also

designed based on the Frank-Wolfe-based boosting algorithm. The algorithm has a con-

vergence guarantee, which is significantly better than the previous work under the same

setting.

So far, we have diverted the technique of the Frank-Wolfe-based boosting algorithm

to other fields, such as online learning. Some natural questions arises.

• Can we use the technique in other fields?

• Can we bring the technique back to the Frank-Wolfe algorithms?

Furthermore, the resulting algorithms have the same iteration bound to the ones in the

Frank-Wolfe algorithms. Can we improve the convergence rate by specializing the anal-

ysis to the objective functions? There is a known lower bound for the hard margin

boosting [59]. The lower bound is in terms of the number of hypotheses. The paper also

showed an optimal boosting algorithm named SparsiBoost that runs AdaBoost? first to

obtain a combined hypothesis and then sparsifies it to obtain one with consists of fewer

hypotheses. AdaBoost? collects a hypothesis for every iteration, so the number of hy-

potheses to be combined matches the number of iterations. Since the iteration bound for

AdaBoost? does not match the lower bound, SparsiBoost is not optimal regarding the

number of rounds. There are some gaps between our bound and the lower bound. So,

filling this gap is one of the future works.

Lastly, there is a known conjecture by Warmuth [98]: Can a perturbed version of

LPBoost be ERLPBoost? We still believe one can design a perturbed LPBoost via the

Frank-Wolfe-based approach with a polynomial convergence rate in expectation or with

high probability.
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[75] G. Rätsch, T. Onoda, and K. Müller. Soft Margins for AdaBoost. Mach. Learn.,

42(3):287–320, 2001.
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