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Abstract: The mesh orientation effect on the solution accuracy for composite plate structures
using the DKMT (Discrete Kirchhoff-Mindlin Triangular) element is evaluated. DKMT is a
triangular element that is free of shear locking and shows the best performance in the isotropic and
composite plate in thin and thick problems. Two tests proposed with three and nine layers are
evaluated using two mesh orientations (right orientation, Mesh A, and left orientation, Mesh B). The
convergence of central displacement and total energy is then presented to understand which mesh
orientations give better accuracy. The DKMT element gives good convergence behavior to the
reference solution. Moreover, the DKMT element is not sensitive to mesh distortion. Mesh A
provides better accuracy than mesh B for all cases analyzed in this paper.
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1. Introduction

Composite materials are widely used in civil,
mechanical, and aerospace applications'?. Composite
material provides high stiffness and strength-to-weight
ratio, corrosion, and high-temperature resistance®. An
effective computational method in the composite
application is very expected since the analytical solutions
are only available for simple structures. It is well known
that the Finite Element Method performs well in
computational mechanics?. The composite application
can be found in references®®. One of the composite
material applications is for plate structures, referred to as
bending problems. In the plate bending problem, the
Reissner-Mindlin plate is used to formulate many
elements capable of being used in thick-to-thin plate
structures®!1?,

The phenomenon of shear locking is one of the big
problems in finite element analysis for plate-bending
elements. The elements often gave poor results in thin
plate problems. Reduced and selective integration have
been performed to solve the problem!""'¥. They can
improve convergence performance, but shear locking still
becomes a problem.

Hughes and Tezduyar proposed the Assumed Natural
Strain (ANS) as one of the alternatives to solve the shear
locking'>'®, Many authors use it very effectively to
develop a new element. Bathe and Dvorkin proposed a

variation of the ANS method, and the well-known MITC
element was introduced'”"'?).

Katili proposed Triangular and Quadrilateral elements
called DKMT and DKMQ elements?*-?"). These two
elements give good results in thin and thick plates. The
result of the thin plate problems proved that these two
elements are free of shear locking. The application of
DKMQ and DKMT elements in plate and shell for
isotropic and composite structures has been presented in
literature?>3®. Regarding the promising results of the
DKMT element, it is important to continue studying
meshing strategy in composite applications.

The main objective is to demonstrate the effect of mesh
orientation on the solution accuracy of the DKMT element
in composite applications. In numerical simulation,
meshing is one of the important step®*“? a proper
meshing strategy in line with the efficiency and accuracy
of numerical simulations. Two numerical tests proposed
by Srinivas and Pagano and Hatfield are evaluated by
using two different mesh orientations*' . The
convergence of central displacement and energy is then
presented to understand which mesh orientations give
better accuracy.

2. DKMT element

The detailed formulation of the DKMT element in the
composite application has been presented in*3?. Here, we
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recall that formulation briefly; the details can be found in
references’*32). The internal and external energies (I1) of
DKMT element are:

IT = 1_Iint +Hext
I, = f, dA
<o ®
Ty = Iy + 1T,
1 .
I, = §I<X>[Hb]{x} dA (bending energy)
A
s _ 1
IG, = E.[(<X>[HS]{X})dA (shear energy)
Where curvature <X> is expressed as :
Bx,x
{X} =1 Byy (2)
Bx,y+By,x

And <y> is the transverse shear strain. In this element,
the shear strain is interpolated independently. The matrix
Hooke’s for bending and shear ( [Hp] ,[Hs] ) are:

b e e | 3
[Hy]= Hy, He, :§Z[H]i(zi3+1_zi3) )
i=1
Sym. Hy,
[HS] _ Kll'ﬁsn KlZ Egz
sym.  w, H, 4)
. _ H . H ' nl
with [HJ = {Sy?n. H; } = ;[G],h. h = (Z.+1 g )

where nl is the number of layers, z; is presented in (Fig.
1) and 13, K12, K22 are the shear correction factors.

z

. z=+h/2
i=nl
h/2

Middle surfaces (z = 0)

hi2
Zi
i=1 z=-hi2

Fig. 1: Layer orthotropic.

DKMT element uses the linear interpolation for
transverse displacement ( w ) and incomplete quadratic
interpolation for the rotations (f,, By) as in (Fig. 2):

Fig. 2: DKMT Element.

W:ZNi\Ni

By = Z N; B, + Z R Cy ABy (5)
By =ZNi By + z P S¢ ABy

N; and Py are the linear and quadratic functions, while Cy
and S are the cosines direction of side k (Fig. 3).

J=5. 1) Ci=cos o= x5/Ly
Sp=sinow=y;/Li
f’.‘!,t:S,aL
n}):,(‘h

i=(x, 1%)

Fig. 3: Geomtery on side 4.
We can express equation 2 as:
xx Bx:x

=11y (=1 Byy
Xxy Bxry By x

:[Bbﬁ]{unh[BbAﬁ}{ABsn} (6)

Where the linier part of curvature (Bbﬁ) and quadratic

part of curvature (Bh o )

0 - 00 - 00 - 0
1 Y32 Y13 ¥21 (7)
[Bbﬁ}:ﬂo 0 x 0 0 %3 0 0 x
0 x3 -y32 0 X3 -%13 0 X1 -y21
Rx Ck
[B ]— TS k=456 (®)
bag | = Aoy Sk =45,
Reoy Ck + Px Sk
Rox=h1Rog +hoPom 5 Poy = 021Rce +i22Pom

With

(un)=(w Bx By W2 B2 Byz W5 PBya Bya)

and <ABsn>:<ABS4 ABs, ABse>the temporary degrees
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of freedom at the mid-side nodes that will be eliminated
later by using the Discrete Kirchhoff Mindlin method. The

independent shear deformation on the side i —:

2
Ys = _§¢kABsk )
_ inv inv 12
Py _(Hsk21ku32 * Hskzszkzz) T2 (10)

2
L

[Hs, |- sz]T[HSJ[RkJ )

And Ly is the length of the side k, moreover [RkJ and

[sz] are given by:
2 2
Sk Ck SkCk S c (12)
_| e 2 _ _| Sk Ck
[l €2 sEonen | [rel[ S 2]
-25¢C  25kCk SZ-C}

The shear strain can be written as :
Y
(=2} J o @)

b 0 0
‘:Bs]’ 1 {*YB *hlﬂ(lfn) —2n 1 } 2 Lo (14)

rldetD][ ws %] & N2E (-g))l V2
0 0 -lg
¢4 0 O
[%]zé{ 0 ¢g o] 15)
0 0 g

By using the Discrete Kirchhoff Mindlin method, we can
express :

{ABs, } =[Aa] A T{un} (16)
With:
1 : 0
[a]t=-32 T 0 (17)
2 . A+ds) 4
(+d6)
and [AJ] is:

2 ¢ s, 2 css 0 0 0
L e 18
1 2 2 (18)
[A]l==| 0 0 0 -5 ¢C S5 = G S
120, 0
£ C S 0 0 0 -= C S
L L

By introducing equations (17 — 18) into (6), we have :
{1}~ (8o ) 19)
[Bo]=[ By, |+[ Boy, J[n] ™ [A]

Then, by introducing equations (17 — 18) into (13), we

obtain the assumed shear strain field as:

=]t (1o JTAin] - @

Yy
and:
(1j)4¢4) 0 0
[An]=[A ATt 0 B o (1)
(1+45) 6
0 0
(1+46)

3. Results and Discussion

To compare the solution accuracy of the DKMT
element in a composite plate structure, we analyze 2 cases.
The first is a simply supported (SS) sandwich plate
proposed by Srinivas, and the second is a three and nine-
layer SS plate proposed by Pagano and Hatfield**®). The
results of convergence are presented in central
displacement and total energy. Two mesh orientations are
evaluated to understand the effect of mesh orientation on
the accuracy of the solution. The right orientation is Mesh
A, and the left orientation is Mesh B.

3.1 Srinivas sandwich plate.

Figure 4 shows the geometric details of the simply
supported (SS) sandwich plate proposed by Srinivas’?.
Due to the symmetry condition, only the area of ABCD is
analyzed. The details of Mesh A and Mesh B are also
presented in Fig.4. The material properties are: Ej
=34156MPa ; Er =1.7931MPa ; vir=044; Gir=1
MPa ; G;z = 0.608 MPa ; Grz = 1.015MPa. The three
layers of a 0/0/0 symmetrical sandwich plate with the
boundary condition w= 3, = 0 on the boundary of the plate
are evaluated. In this test, we use C=1,C=10,and C =
50, where C is the factor proportionality of layer 2 (core)
and layers 1 and 3 (skin).
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Y
h =100 D c L=1000
A B X

1.=1000

D C D C

A B A B
Mesh A Mesh B
4x4%x2 4x4x%x2

Fig. 4: SS sandwich plate.

The results of the central deflection at point C are
presented in Tables 1 and Fig. 5 for two different mesh
orientations. The analytical solutions are used as reference
solutions*). In this test, the central displacement is
expressed as :

W G (Core)

w, == 2 (22)

Table 1 and Fig. 5 present the results for uniform mesh.
We found the results given by the DKMT element are
close to the proposed solution. Also, the results of mesh A
converge faster than mesh B for a small number of
elements. To understand the behavior of the whole
structure, we also show the results of the total energy of
the structure (Fig. 6). Again, we found that mesh A
performs better than mesh B. Starting from 16x16x2
element, mesh A and B give similar results. Mesh A
performs better than mesh B for coarse mesh (small
number of elements). It is essential to use mesh A for
coarse mesh to get accurate results.

Table 1. The Central deflection wc.

c=1 c=10 C=50

NxNx2 11=22=0.8333; k2= 0 [x11 = k22 = 0.3521 ; k12 = 0 [¥11=x22=0.0938 ; k12=0

MESH A MESH B MESH A MESH B MESH A MESHB
4x4x2 180.812 | 176221 41.951 40565 16.935 16.153
8x8x2 181133 | 179.921 41.997 41.608 16.880 16.645
16x16x2 181.294 |  180.975 42.002 41.895 16.853 16.785
32x32x2 181.340 |  181.258 42.000 41971 16.843 16.823
64x64x2 181.352 | 181330 41.999 41.991 16.839 16.834

Srinivas 181.050 41.910 16.750
c=1 c=10

182 4250

181 -—
150 42,00
179 4150

217 ®
177 = MESHB 41,00 ~e-MESHB
176 ~e-MESH A —-MESHA

40,50

175 —=SRINIVAS
174 40,00
0 8 16 2 32 0 8 16 2 2

Fig. 5: The central deflection wc.

1,94E+09 4,60E+09

4,50E+09

190E+409

Energy

09

~s-MESHB “ ~a—MESH B
1,82E409 4,30E+09
~-VESH A ~o-MESH A
1,78E+09 4,20E+09
0 8 16 2 32 0 8 16 2 2

Fig. 7: Distorted mesh for mesh A.

Figure 7 shows the distorted mesh used to analyze the
sensitivity of the DKMT element to the element distortion.
Table 2 and Fig. 8 present the results for central
displacement. The two mesh orientations give the results
close to the reference solution. Moreover, we can find
again that mesh A performs better than mesh B for a small
number of elements. The same behavior is also found in
total energy convergence, as presented in Fig. 9. We can
conclude that the DKMT element is not sensitive to mesh
distortion and gives convergence results as a uniform
mesh.

Table 2. The Central deflection wc.

c=1 c=10 c=50

NxNx2 | k11=x22=0.8333;x12=0 [x11=x22=0.3521 ; k12=0 |11 =x22=00938:x12=0
MESH A MESH B MESH A MESH B MESH A MESHB
4x4x2 182311 178.083 42317 41171 17.152 16.499
8x8x2 181.404 180.442 42.085 41773 16.935 16742
16x16x2 181.341 181.113 42.022 41.939 16.865 16812
32x32x2 181.350 181.293 42.004 41.983 16.845 16831
64x64x2 181.354 181.340 42.000 41.994 16.840 16.836
Srinivas 181.050 41.910 16.750
c=1 c=10
182,00 42,
® P

-e~MESHB = a0 ~a~MESH B
—e-MESHA
—SRINIVAS

2050 —e-MESHA
—SRINIVAS

2 2 0 8 16 2 2
N

Fig. 8: The central deflection wc distorted mesh.

c=1 c=10

1,96E+09 4,60E+09
-e-MESHB “ : -5~ MESH B
1,84E+09 4,30E+09
~e-MESH A ~e-MESHA

1,80E+09 4,20E+09
0 8 16 24 2 0 8 16 2 2
N N

Fig. 9: The convergence of energy with a distorted mesh.

3.2 The 3 and 9 layers SS Plate

Figure 10 presents the details of three and nine-layer
square plates proposed by Pagano and Hatfield*>*?). The
uniform and distorted mesh are evaluated by varying L/h
ratio (L/h = 4, 10, 50, 100). The Material properties used
inthistestare E.=25MPa; Er=1MPa;vr=0.25;
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GLr= 0.5 MPa ; Grz= 0.2 MPa. We use shear correction
factor for 3 - layer case: k11 = 0.570 ; k22 = 0.882 ; k12
= k21 =0 and stratification 0/90/0 symmetrical. While
for 9 — layer case, we use k11 = 0.670 ; k22 = 0.666 ;
k12 = x21 = 0 and stratification 0/90/0/90/0/90/0/90/0
symmetrical. The boundary conditions are w = s = 0 on
the plate boundary. The sinusoidal loading f, = fo
sin(nx/L)sin(my/L) is applied to the structures. The
convergence behavior is presented in the form of vertical
displacement in point C, which is expressed as:

4,00 )
2,00 Lh=4 ~8-MESH B i Lh=100
0900

—e—MESH A

—e-MESH B
—e—MESHA
—PAGANO —PAGANO

0 8 16 2 2 0 8 16 2 32
N N

Fig. 12: The central deflection wc ( 9 layers).

Table 5. The central deflection wc ( 3 layers distorted mesh).

3-layer
NxNx2 Lih=4 L/h =10 L/h =50 L/h =100
MESHA | MESHB | MESHA | MESHB | MESHA | MESHB | MESHA | MESHB
4x4x2 4.746 4.688 1714 1.663 1.017 0.951 0.997 0.900
8x8x2 4.754 4.732 1732 1723 1.024 1011 1.003 0.989
16x16x2 | 4749 4737 1737 1725 1.028 1.023 1.004 1.001
32x32x2_| 4747 4.736 1738 1727 1.029 1.024 1.005 1.002
64x64x2 | 4.746 4740 1738 1.728 1.030 1.025 1.005 1.002
REF. 4.491 1.709 1.031 1.008
8,00 1,05

6,00

> 400

0,00

Lh=4

8 16
N

L/h=100

-5-MESH B
—e—MESHA
—PAGANO

Fig. 13: The central deflection wc ( 3 layers distorted mesh).

We also perform the test using distorted mesh,

presenting the results in Tables 5 - 6 and Fig. 13— 14. The
results are also compared with the solution proposed by
Pagano and Hatfield*#%. The DKMT element gives good
results that converge to the reference solutions for the two
mesh orientations. We observe once again that mesh A
gives better results than mesh B.

Table 6. The central deflection wc ( 9 layers distorted mesh).

! (
©T'wQ . 23)
we=—ry ; Q=4Gyy +[EL +Er (L+2vr7) ]/ (1-2v 7071 )
128h f,
; ;
2 £ L=1001 o C L=10041
Mesh A Mesh H
E R ) 4 dAx2
A B x Pl 5 v
- —
E=10041 L=1001
[ hs
h hz h
[ hy
Fig. 10: The 3 and 9 layers.
Table 3. The central deflection we ( 3 layers).
3-layer
NxNx2 L/h=4 L/h =10 L/h =50 L/h =100
MESH A MESHB [MESH A MESHB | MESHA | MESHB | MESHA | MESHB
4x4x2 4.746 4567 1.714 1.667 1.017 0.945 0.997 0.904
8x8x2 4.754 4.744 1.732 1.720 1.024 1.011 1.003 0.957
16x16x2 4.749 4.745 1.737 1.722 1.028 1.018 1.004 1.001
32x32x2 4.747 4.747 1.738 1.728 1.029 1.017 1.005 1.004
64x64x2 4.746 4.746 1.738 1.733 1.030 1.027 1.005 1.005
REF. 4.491 1.709 1.031 1.008
5 Uh=4 E L/h=100
2,00 e MESH B -8-MESH B
—-MESH A 0% —-MESHA
0,00 ——PAGANO 085 I
8 16 24 32 0 8 16 24 32
Fig. 11: The central deflection wc ( 3 layers).
Table 4. The central deflection wc (9 layers).
9-layer
NxNx2 Lh=4 L/h =10 L/h =50 L/h =100
MESHA | MESHB| MESHA | MESHB | MESHA | MESHB | MESHA | MESH B
4x4x2 4.210 4.148 1.506 1.446 1.006 0.934 0.991 0.901
8x8x2 4.181 4.158 1511 1.489 1.015 1.005 1.000 0.974
16x16x2 4.167 4.160 1511 1.505 1.017 1.012 1.002 0.996
32x32x2 4.162 4.161 1.511 1.508 1.018 1.015 1.002 1.001
64x64x2 4.160 4.160 1511 1510 1.018 1.016 1.003 1.001
REF. 4.079 1512 1.021 1.005

Table 3 and Table 4 show the results of central
displacement for 3-layer and 9-layer cases for different
values of L/h. We observed that the results were very close
to the reference solution. Figure 11 and Fig. 12 present the
convergence behavior for L/h = 4 and 100. We found that
mesh A performs better than mesh B. Mesh A performs
better than mesh B for coarse mesh (small number of
elements). It is essential to use mesh A for coarse mesh to
get accurate results.

9-layer
NxNx2 Lh=4 L/h=10 L/h =50 L/h =100
MESHA | MESHB| MESHA | MESHB | MESHA | MESHB | MESHA | MESH B
4x4x2 4.210 4.148 1.506 1.458 1.006 0.924 0.991 0.904
8x8x2 4.181 4.158 1511 1.489 1.015 1.001 1.000 0.988
16x16x2 | 4.167 4.159 1511 1.506 1.017 1.012 1.002 0.996
32x32x2 4.162 4.160 1511 1.509 1.018 1.014 1.002 1.001
64x64x2_|  4.160 4.160 1511 1.510 1.018 1.015 1.003 1.001
REF. 4.079 1512 1.021 1.005
5,00 1,05
1,00 —
4,50
0,95
— . .
400 £ 090 L/h=100
Ln=4 —-=-MESH B 85 -=-MESHB
3,50 —e-MESH A 80 —e—MESH A
—PAGANO - —PAGANO
3,00 075
8 16 24 32 0 8 16 24 32
N N

Fig. 14: The central deflection wc ( 9 layers distorted mesh).

4. Conclusions

The effect of the mesh orientation on the solution
accuracy for the DKMT element has been presented in
two different directions. The results showed that the
DKMT element gives good convergence behavior
compared to the reference solution proposed by Srinivas
and Pagano & Hatfield. Starting from 8x8x2 element
(small number of elements), the results given by DKMT
are close to the reference solution. In addition, we found
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that the DKMT element is not sensitive to mesh distortion.
For all tests using distorted mesh, the DKMT element
gives convergence results as uniform mesh. Moreover, we
found that mesh A performs better than mesh B for coarse
mesh (small number of elements). Meshes A and B give
similar results when the number of elements increases
(starting from 16x16x2). We found that meshing strategy
is an essential factor in determining the accuracy of
numerical simulation. Finally, the DKMT element can be
used as an alternative element to analyze composite plate
structures.
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