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BREAKDOWN OF C*-SMOOTHING EFFECTS OF SOLUTIONS TO THE
SEMILINEAR HEAT EQUATION IN THE WHOLE SPACE

TAIKI TAKEUCHI

ABSTRACT. The semilinear heat equation in the whole space R™ is considered, where the nonlinear
terms are given as the forms #+|u|" or +|u|* 'u. In particular, we focus on global solutions for small
initial data in L*"~Y"/2(R™) under the conditions 1+ 2/n < k < 0o and x ¢ N. We reveal that the
global solutions have a regularity nearly C'((0,00); C*T2(R™)). Moreover, by taking special initial
data, we show that the global solutions do not belong to C'*°-class in space. From these results, we
see that the space C""2(R™) may be regarded as a threshold of the regularity in space. The proof
relies on the estimates of higher order derivatives of the nonlinear terms #+|u|® and +|u|* ™ !u.

1. INTRODUCTION

In this paper, we consider the following initial value problem for the semilinear heat equation in
the whole space R", n > 2;

(1.1)

Owu — Au = )\|u|’“lul, t>0,zeR"
u(0,x) = up(x), xz € R",

where u = wu(t,z) is the unknown function and ug = wug(z) is the given initial data. In what
follows, we focus on the case where u and ug are the real-valued (possibly sign-changing) functions.
Moreover, 1 < Kk < 00,1 =0,1, and A € R\ {0} are the given constants.

The main purpose of this paper is to reveal the smoothing effects of global solutions u to (1.1)
for sufficiently small initial data ug € L"~D"2(R"), where 1 + 2/n < k < co. More precisely,
by assuming that x ¢ N, we show that the global solutions to (1.1) have a regularity nearly
C((0,00); C*T2(R™)). In addition, we also show that the global solutions u do not belong to C*°-class
in space by taking special initial data wug.

The semilinear heat equation (1.1) is one of the typical examples of nonlinear parabolic PDEs. The
equation (1.1) was introduced by Fujita [13,14] for study on the blow-up phenomena of solutions
to the nonlinear parabolic PDEs, but it is also known that the equation (1.1) may be regarded
as a mathematical model describing the combustion of the solid fuel [3]. Therefore, even now,
various studies on the mathematical analysis of the equation (1.1) have been conducted. Fujita [13]
considered the case where A = 1 and both the initial data ug € BC?(R") \ {0} and the solution u
are non-negative. And then he revealed the condition such that the solutions u to (1.1) exist globally
in time; if 1 < k < 1+ 2/n, then (1.1) has no global solution. If 1 +2/n < k < co, then (1.1) has a
global solution for sufficiently small ug. The essential exponent 1+ 2/n is called the Fujita exponent.
Moreover, Hayakawa [19] and Kobayashi, Sirao, and Tanaka [23] showed that (1.1) has no global
solution in the critical case Kk =1+ 2/n. Weissler [50,51] also obtained the corresponding results to
[13,19,23] in the case of ug € L"(R™) \ {0}. We also refer to [28,49] for the results in this direction.

Here we note that in the results of [13,19,23,28,49-51], it is assumed that both ug and u are non-
negative. In contrast to the above results, we will consider general ug and u, namely, sign-changing
functions. In this case, the problems on the existence or non-existence of global solutions to (1.1)
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become more complicated. First we mention the results on the existence of global solutions to (1.1)
with initial data ug in scaling invariant spaces. By following the method due to Kato [21], we may
expect that if the initial data wg is sufficiently small, then (1.1) has a global solution u. For the
known results in this direction, we refer to, e.g., [16,25,33,34,52|. Note that in these results, it is
assumed the corresponding condition to 1 +2/n < k < 00, so we observe that a similar result is still
valid under the condition 1+2/n < k < co. However, concerning the opposite case 1 < k < 1+42/n,
it is known that for any 1 < x < 1+ 2/n, we may choose an initial data ug such that (1.1) has
a global sign-changing solution u, unlike the case where u is non-negative. We refer to |7, 8,38, 53]
for such results. In addition, Mizoguchi and Yanagida [35, 37| considered the case where n = 1,
A =1, and | =1 and obtained a new critical exponent 1+ 2/(m + 1). Here m denotes the number
of sign-changes of the initial data ug. More precisely, if 1 < k < 1+ 2/(m + 1), then any solution
to (1.1) with initial data ug blows up in finite time. If 1 +2/(m + 1) < k < oo, then we may
take an initial data ug such that (1.1) has a global solution. For the other results on the blow-up
phenomena of sign-changing solutions, we refer to, e.g., [5,11,27,36,42]. In this way, the studies on
sign-changing solutions to (1.1) do not seem to be progressing enough due to the difficulty of the
analysis in comparison with the case of non-negative solutions. Therefore, revealing the properties
of sign-changing solutions to (1.1) such as the blow-up phenomena is one of the major issues. See
also the book [41] written by Quittner and Souplet for a survey including the topic of the existence
or non-existence of global solutions to the semilinear parabolic equations.

We recall that our aim in this paper is to reveal the smoothing effects of global solutions to (1.1),
so next we shall mention the parabolic smoothing effects. In general, we may expect that solutions to
the parabolic PDEs are smooth even if the initial data have a singularity. The classical arguments
are written in the well-known book by LadyZenskaja, Solonnikov, and Ural’ceva [26]. In addition,
there are various previous works on the analyticity of solutions to the nonlinear parabolic PDEs.
We refer to [15,22,30,46| for the well-known results. In particular, Masuda [31] and Gruji¢ and
Kukavica [17] considered the semilinear heat equation in a bounded domain 2 C R";

Oru — Au = u”, t>0,x €0,
u(0,x) = up(x), x €,

where k£ € N satisfies £ > 2. Masuda [31] assumed x = 2 and the Neumann boundary condition
dyulan = 0 and showed the analyticity of solutions w in time. Gruji¢ and Kukavica [17] assumed
the Dirichlet boundary condition u|sg = 0 and revealed the analyticity of solutions u in space and
the estimate of analyticity radius. In addition, it is also known that solutions to several abstract
parabolic equations are analytic by using the method of the parameter trick, which is given by
Angenent [1]. The parameter trick is based on the maximal regularity theorem and the implicit
function theorem, so this method may be applied to various nonlinear parabolic PDEs. For the
applications of the parameter trick, we refer to [10,12,39,40|. As stated above, a lot of studies on
the smoothing effects of the parabolic PDEs have been conducted.

In contrast to the previous works, we show the breakdown of C°°-smoothing effects of solutions
to the semilinear heat equation (1.1). Let us consider why such a phenomenon occurs. A major
difference between our case and those of Masuda [31] and Gruji¢ and Kukavica [17] is the nonlinear
term. They considered only the case where the nonlinear term is given by " with x € N, but
we consider the following forms |u|® or |u|*~'u with x ¢ N. So, the breakdown of C*°-smoothing
effects comes from the structure of the nonlinear terms. Here we consider the nonlinear term |u|”.
The typical way to obtain the regularities of solutions is combining the smoothing effects of the
analytic semigroup and the estimates of the nonlinear term. More precisely, if we obtain a solution
u € C((0,00) x R™) to (1.1), then the nonlinear term |u|® of (1.1) may be regarded as a given
function. Therefore, by applying the smoothing effects of the analytic semigroup to the given



function |u|® € C'((0,00) x R™), we see that u has a regularity nearly
C1((0,00); C(R™) N C((0, 00); C*(R™)).

Roughly speaking, since d;u and Au may have similar regularities to those of |u|® € C((0,00) x R™)
from the original equation (1.1), we see a gain of regularities of u. In addition, we may expect that
|u|® also has higher regularities by using new regularities of u. Hence, by the bootstrap argument,
we may expect that u is smooth. Here let us focus on the regularities of the derivatives of |u|”. By
setting h(7) == |7|" for 7 € R, we have |u|® = h(u). We consider the derivative 9y with respect to
the first component of x € R”. Then, since 0,h(7) = s7|7|*"2, we have O |u|® = ru|u|*"201u from
the chain rule for the composite functions. Noting that we have to use the chain rule, we observe
that the regularities of |u|® strongly rely on those of the function h. Since h € Cf (R) \ C[2I7(R)
for any small o > 0 in the case of k ¢ N, we may expect that |u|® € C((0,00); Cf:.(R™)) if u has
sufficient regularities. Likewise, the chain rule is also valid for the derivative d; with respect to the
time variable ¢. Thus we have

[u® € C((0,00); CLie (R™)) N Ot (0, 00); CFI=1R™) 1 C (0, 00); O (R™))

loc loc
at least formally. Note that the sum of regularity indices of space and time coincides with &, i.e.,
(1+k —[K]) + ([k] = 1) = (k — [K]) + [k] = k. Consequently, since dyu and Au may have similar
regularities to those of |u|® from (1.1), we may expect that
w € C1((0,00): Ciie(R™) N C((0, 00); Gt (R™) N G ™ ((0, 00); O (R™)

loc loc

n CH“_[K]((O, 00); C[“}JFI(R")) n CH—[N]((()’ 00); C[KHQ(R")).

loc loc

(1.2)

In addition, by using h ¢ C[57(R), we also expect that
u ¢ C((0,00); Cipt#+ (R™)).

loc
In our main results, we show that such an anticipation is true in some sense. However, we should
emphasize that the property h ¢ C’I’ZJCFU(R) is obtained by considering the whole line R. In fact, we
see that h € C°°(0,00) since h(7) = 7" for 7 > 0. This means that we expect the breakdown of
C°-smoothing effects only in the case where we consider sign-changing solutions u to (1.1). It is

also necessary to choose sign-changing initial data ug to obtain such a solution wu.

1.1. Main results. Here let us state our main results in this paper. The main topic is the smoothing
effects of solutions to the equation (1.1), but before considering such a topic, we recall the result on
the existence of global solutions to (1.1). To this end, we rewrite the equation (1.1) as an integral
form by using the heat semigroup {e**};~o. Let us define e'® := Gy * for 0 < t < oo, where we
set Gy(x) == (4mt) /2~ 1=1*/(4D) for (¢,2) € (0,00) x R™. Noting that we will take the initial data
ug € LE=D™2(R™) under the condition 14 2/n < k < oo, we shall consider the following integral
equation:

t
(1.3) u(t, ) = e®ug + A / DA (ju| ) (7, )dr  in (0, 00) x LETH/2(RY),
0

The solution u to the integral equation (1.3) may be called a mild solution to the original equation
(1.1). Here we begin with stating the following result given by, e.g., Weissler [51, Theorem 3 (b)]
and Quittner and Souplet [41, Lemma 20.22 (i)|, which ensures the existence of global mild solutions
u to the semilinear heat equation (1.1) for sufficiently small initial data ug € L=D"/2(R"):

Proposition 1.1. Let 1+2/n < k < 00,1 = 0,1, and A € R\{0}. There exists a constant 0 < § < 1
such that if the initial data ug € LE~D2(R™) satisfies

(14) ||u0||L(n—1)n/2(Rn) S (5,
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then the equation (1.3) has a global solution u € BC([0, 00); L"=1n/2(R™)).

Remark 1.2. (i) The condition 1+ 2/n < k < oo ensures that the integrability index of the space
L=Dn/2(R™) satisfies 1 < (k — 1)n/2 < co. Here, the exponent 1+ 2/n is well-known as the Fujita
exponent. Note that the space L"~1)"/2(R™) of the initial data is a scaling invariant space to (1.1).
In fact, if u satisfies the first equation of (1.1), then w,(t,z) == n* " ~Du(n?t, nzx) also satisfies the
first equation of (1.1) for all 0 < n < co. For such a function w,,, we observe that

[ (0, | poe=yn /2y = 1[40, ) s=1ym 72 gy

for all 0 < n < oo.

(ii) We remark that the global solution u to (1.3) satisfies the original equation (1.1) in a classical
sense. In addition, if we choose an arbitrary initial data ug € L#"~"/2(R™) without any smallness
condition (1.4), then we obtain a local solution u to (1.1). As stated before, evenif 1 < x < 1+2/n,
there exists an initial data ug such that we may construct a global sign-changing solution to the
equation (1.1). For more details, we refer to [7,8,38,53]. In this paper, we focus on the global
solutions u obtained in Proposition 1.1 under the condition 1+ 2/n < k < co. To reveal precise
regularities of global solutions, we will use the smoothing effects of the heat semigroup. Therefore,
we go back to the construction of global mild solutions, namely, we will state a more precise and
refined statement of Proposition 1.1 and give its proof in Section 3.

(iii) In addition, the global solution u to (1.3) is unique under the suitable assumption of u. Such
a consequence follows from the Banach fixed point theorem [50, Theorem 1|. Here we also note that
there have been studies on the unconditional uniqueness and non-uniqueness of solutions to (1.3).
More precisely, for the initial data uy belonging to a Banach space E, if a solution u to (1.3) such
that u € BC([0,00); F) is unique, then we say that the unconditional uniqueness holds. Conversely,
if the unconditional uniqueness does not hold, then we say that the non-uniqueness holds. For the
solution u to (1.3) obtained in Proposition 1.1, we may observe that the unconditional uniqueness
holds under the assumptions n > 3 and n/(n — 2) < k < oo by using the method of Brezis and
Cazenave |6, Theorem 4|. Moreover, in the case of n > 3 and k = n/(n — 2), Terraneo [47, Corollary
0.9] and Matos and Terraneo 32, Corollary 2| showed that the non-uniqueness holds. For the other
works in this direction, we refer to, e.g., [9,18,20].

Since Proposition 1.1 ensures the existence of global mild solutions to (1.1), we shall focus on our
main topic, the smoothing effects of solutions to (1.1). First we state that the global mild solutions u
to (1.1) have a regularity nearly C((0,00); C**2(R")) under the condition « ¢ N. Here, let B (R™)

and BZQ(R") denote the Besov spaces and the homogeneous Besov spaces, respectively.

Theorem 1.3 (Smoothing effects). Let [ = 0,1 and A € R\ {0}. Suppose that 1 +2/n < k < 00
satisfies k ¢ N. In addition, suppose that u is the global solution to (1.3) with the initial data
ug € LW=D"/2(R™) obtained in Proposition 1.1. Then it holds that

£/ Dy € BO([0, 00); B 1 (RM),

K K 0 K—0O n
(1.5) we () CR(0,00) (BEE N B 0BT (RY),
0,0€(0,1)
(1.6) u e CEFIE (0, 00); BUCKH =Y (R™)) n b7 19 (0, 00); BUCHH 14 (R))

forj = 0,1, where p = (k—[r])"t(k—1)n/2. Here, [] denotes the integer satisfying k—1 < [k] < k.

Remark 1.4. (i) Note that BgOJ(R") C BUC(R"™) from [44, Theorem 3.21 and Remark 3.22|. By
letting 6 = 1/2 in (1.5), we have u € C1/7((0,00); B 1(R™)). Noting that B {(R") ¢ BUC2(R™)

loc
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from x > 1, we observe that u € C((0,00); BUC?(R")). In addition, the regularity (1.6) implies
u € C((0,00); BUC(R™)). Therefore, we see that u is a classical solution to (1.1). Note that it
has already been known that the global solution u to (1.3) becomes a classical solution. A new
contribution of Theorem 1.3 is to reveal precise regularities like (1.5) and (1.6).

(ii) The regularities (1.5) and (1.6) look like complicated, but we may expect that (1.6) holds
from the relation (1.2). Concerning the regularity (1.5), we note that Bgoffe(R”) C CFH(RM).
Therefore, by setting §# = 0 and § = 1 in (1.5) formally, we see that the solutions u to (1.1) have a
reqularity nearly

C((0, 00); C(R™)) 1 C((0, 00); CH(R™),
which has appeared in (1.2) as well.
(iii) Moreover, comparing (1.2) with (1.5), we see that (1.5) contains the additional space
(BEZ}fﬁim N B PR,

Ez}jf)gn /2.1 (R™) coincides with that of the space

L=Dn/2(R™) of the initial data. Note that we cannot expect that u(t,-) € L"(R") for 0 < t < oo
and 1 < r < (k — 1)n/2 due to the estimate of the heat semigroup in the unbounded domain

R™. In addition, while B([Z]jf)i/z {(R™) comes from the usual Sobolev space Wkh(s=1n/2(Rn) " the

space B/’:EUJFQG (R™) appears by considering the Sobolev-Slobodeckij spaces, which are regarded as a

Here, the integrability index (k — 1)n/2 of the space B

fractional version of the Sobolev spaces. The index p = (k — [k])(x — 1)n/2 will appear in Lemma
4.5 (ii) which gives the estimate of the nonlinear term |u|*~‘u! in the sense of the Sobolev-Slobodeckij
spaces.

(iv) The reason why we assume that x ¢ N is due to the characteristic of the Holder spaces and
the smoothing effects of the analytic semigroup. If x € N, then we expect that different reqularities
from (1.5) and (1.6) will be obtained.

Next, we shall state the breakdown of C*°-smoothing effects. This means that the solutions u to
(1.1) have smoothing effects in some sense, but the solutions u do not belong to C*°-class in space
in general. Let C§°(R™) denote the set of all smooth functions with compact support.

Theorem 1.5 (Breakdown of C'*°-smoothing effects). Let I = 0,1 and A € R\ {0}. Suppose that
14+2/n < k < oo satisfies k ¢ N. Then there exist ug € C°(R™) and 0 < T < 1 such that

(1.7) u(t,-) ¢ U Crr2to (Rn)

0<o<1—(k—[K])

for all 0 < t < T, where u is the solution to (1.1) with the initial data ug obtained in Proposition
1.1. In particular, u ¢ C*°((0,00) x R™).

Remark 1.6. (i) As mentioned in Remark 1.4 (ii), we see that the solutions u to (1.1) have the
regularity nearly C((0,00); C**2(R")). Therefore, comparing this regularity with (1.7), we observe
that C**2(R") may be regarded as a threshold of the regularity in space of solutions u to (1.1).

(i) If we assume that x € N and if k — € N is an even number, then the nonlinear term |u|* v/
appearing in (1.1) is given by u”. Note that Masuda [31] and Gruji¢ and Kukavica [17| have treated
the analyticity of solutions in such a case. Conversely, if kK — [ € N is an odd number, then it holds
that |u|""'u! = |ulu""!. Since the absolute value |u| of u still remains, we expect the breakdown of
C*°-smoothing effects as well. However, in this case, it seems that the discussions will become more
delicate.

(iii) The proof of Theorem 1.5 is strongly based on the property of solutions u such that u(to, zo) =
0 and Vu(to, o) # 0 for some (tg,z9) € (0,00) x R™. To this end, we choose sign-changing initial
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data ug € C§°(R™). This means that we do not know whether the same property (1.7) is valid even
if the initial data ug are non-negative.

This paper is organized as follows: In the next section, we give notations and function spaces
used in this paper. We also recall the embeddings of the Besov spaces and the properties of the heat
semigroup. Moreover, we state the key estimates for the terms |¢|*~!¢! with the power nonlinearity.
Section 3 is devoted to the proof of the existence of global solutions to (1.3). In Section 4, we show
the smoothing properties of solutions to (1.3), i.e., Theorem 1.3. Finally, in Section 5, we reveal the
breakdown of C'*°-smoothing effects, namely, we prove Theorem 1.5. In Appendix, we give the proof
of the key estimates and verify the smoothing properties of mild solutions to the heat equation.

2. PRELIMINARIES

2.1. Notations and function spaces. In this subsection, we give notations and function spaces
used in this paper. For 0 < k < 00, let [k] denote the integer satisfying Kk — 1 < [k] < k. For j € N
such that 1 < j < n, let 9; denote the derivative operator with respect to the j-th component of
z € R" Let a = (aq,...,ap) € (NU{0})" be a multi-index. Then we set |a| = a; + -+ + ay, and
0% =0 --- 09,

Let C'(R™) be the set of all continuous real-valued functions defined on R". We also set C™(R") =
{p € C(R™")|0%p € C(R"), 0 < |a] < m} for all m € N. In addition, define the function space
BC(R™) := (C'N L*>)(R") equipped with the norm || - [| go®n) = || - [ Lo (rn). Let BUC(R™) denote
the closed subspace of BC(R™) such that all of ¢ € BUC(R™) are uniformly continuous on R"™. We
also define BC™(R") and BUC™(R") in a similar manner to the case of C"(R"), where the norm
of BC™(R") and BUC™(R") is given by [¢llpcm®n) = 2 ja)<m 08¢l ®n)- In the case of a
fractional index 0 < v < 1, we define the Hélder spaces C7(R") == {¢ € BUC(R")||l¢llcv®n) =
[l oo ) + [@lcv(®ny < o0}, Where

p(21) = p(xo
Wl = s (o)l

z0,21 ER™, moF#x1 |1 — 20
In addition, we also set C™™(R") = {p € BUC™(R")|[l¢llgm+r(mn) = 2ja1<m 105 @l Loo(mn) +
2 lal=m 0% lcv@ny < oo} for m € N. If ¢ € C7(K) holds for any compact subset K C R", then we
write ¢ € C)) (R™). The same notation is used for the other function spaces as well.

Let 1 <17 < oo and m € NU{0}. Then the Sobolev spaces W™"(R") are defined by W™"(R") =
{p € 'R [ @lwn e = Syatem 1080l 1y < oo} In addition, for 1 <7 < 00, 0 < 5 < 00,
and 1 < ¢ < 0o, we define the Besov spaces B} (R") and the homogeneous Besov spaces B;iq(R”)
by setting

B} ,(R") = {p € S (R") |ll¢llps, @) = {271 459llr (zn) }jezllia(z) < o0},
Bl (R") = {p € S ®") | 0ll g gy = {27450l Lr(rmy sezlliagzy < o0},

respectively, where .#”/(R"™) denotes the set of all tempered distributions on R™ and {A;};cz and
{A;} ez denote the dyadic blocks given in [2, Proposition 2.10 and Definitions 2.15 and 2.68|.

Let I C R be an interval and let X be a Banach space. Then, let C(I; X) denote the set of
all continuous X-valued functions defined on I. The same notation is used for the other function
spaces as well. In particular, the norm of the Holder spaces C7(I; X) is given by || fllcv(rx) =

I fll oo (1;x) + [flev(r,x), where

1f(t1) — f(o)llx
. = su .
[f]cv(]’X) to,t1 EIE()#U |t1 - tO|’Y
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We also use the notation C| (I;X), namely, if f € C7(K;X) holds for any compact subinterval
K C I, then we write f € 1OC(I X).

In What follows, we will use the following abbreviations: For a function space X (R") defined
on the whole space R, we set X = X(R"). For 1 < r < oo and a Banach space X, we set
- llzrxy = Il |- ((0,00);x)- In addition, for 0 < e < 1, we also set || - [|r(x) = || [|Lr((c,e-1);x)- The
same abbreviations are used for the other function spaces as well.

2.2. Basic properties on the Besov spaces and the heat semigroup. In this subsection, we
recall basic properties on the Besov spaces By, and the heat semigroup {etA }>0. In what follows,
the inclusion A C B implies the continuous embedding, namely, A C B implies that there is some
constant C' > 0 satisfying ||¢||p < C||¢|la for all ¢ € A. We begin with recalling the embeddings
and characterizations of the Besov spaces B

Proposition 2.1. (i) Let 1 <r <o00,0<s<00,0< 0 <00, and 1 < gy < g1 < oo. Then it holds
that By, C By, C By, C B} and BS+0 - BS

7,40 T,q1

(ii) Let 1 < r < oo and m E NU {O} Then zt holds that By C W™" C B, and BY, C

BUC™ C B, o In addition, it holds that Bgl CcL"C BQ’OO
(i4) Let 1 < r < co. Suppose that 0 < s < oo satisfies s ¢ N. Then the Besov spaces By, are
characterized as follows;

o p(x zo) H"
) // Getolen) Z PO 1y 40, < Ol
RoxRn  |T1 — 330\

laf<[s]

o0 "
el < el + 3 // AL it JCONY

RnxRn |71 — To| (3Dt

|al=

where C > 0 is a constant independent of ¢. In addition, it holds that B3, ., = C* with the
equivalence of norms.
(iv) Let 1 <rog <711 <o00,0<s<00, and 1 < q < oo. Then it holds that

Bs—l—n(l/ro 1/r1) C Bs Bs+n(1/7"0 1/r1) C Bs

70,9 1,97 70,9 T1,9°

In particular, it holds that BY; C LO/r=a/n)” for 1<r<ooand0<o<njr.

Proof. The assertion of (i) is shown in [43, Propositions 2.2 and 2.3]. The assertion of (ii) may
be verified by combining [43, Propositions 2.1, 2.2, 2.3, and 2.4 and Theorems 2.2 and 2.3| with
[2, Proposition 2.39]. Concerning (iii), we may show from [48, Remark 4, p.189] and [43, Theorems
2.2, 2.3, and 2.7|. In addition we may verify (iv) by [2, Proposition 2.20] and [43, Theorem 2.5]. [

Next we give the properties of the heat semigroup {e2}~0.

Proposition 2.2. (i) Let 1 < rg < oo and ¢ € L™. Then it holds that e®®¢ € W0 with the
estimate

IV7e 2l < CE72|g]l o
for j =0,1 and for all 0 < t < oo, where C' > 0 is a constant independent of t and ¢. In addition,
if To < 00, then it holds that ey € Bgl,l with the estimate

e
for all rg <ry < oo and 0 <t < o0.

(ii) Let 1 < rg < co. Then, for every ¢ € L', it holds that

lim t(n/?)(l/ro 1/r1) ”etA

t—+0 (pHBgl»l =0
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for all 1o <11 < oc0.

Proof. The first estimate of (i) is well-known. The second estimate of (i) is derived by [24, Lemma
2.2 (ii)] with the aid of Proposition 2.1 (ii) and (iv). The statement of (ii) may be obtained by the
same argument as in [45, Proposition 3.10 (i)]. O

2.3. Key estimates for the terms with the power nonlinearity. In this subsection, we state
the key estimates for the terms |p|*!¢! with the power nonlinearity. These estimates play an
essential role in the proof of our main results, Theorems 1.3 and 1.5. First we show the simple
inequalities.

Proposition 2.3. (i) Let 0 < k <1 and | = 0,1. Then it holds that
|7 = ol < 25 + Dy — 7ol
for all 79,71 € R.
(ii) Let 1 < k < 0o and | =0,1. Then it holds that
157 — ||| < max{k, 2572k} (|71 "7 + [ 7o]" ) T — 7o
for all 79,71 € R.

(i17) Let 1 < k < 00, 1 =0,1, and r,r1 € [1,00]. Assume that max{l,kx — 1} < o < oo satisfies
1/r=(k—1)/ro+ 1/r1. Then it holds that

‘n—l

a8 = lol" ' pllr < max{r, 2" 2k} (el + lpollFra)lor — ol
for all g, 1 € L'™ONL™.
Proof. (i) Since the desired estimate is easily obtained in the case of 79 = 0 or 74 = 0, we assume
that 79 # 0 and 71 # 0. In case [ = 0, we see by 0 < k < 1 that
(2.1) [T1|” < (I = 70l + |70)" < |71 = 70[" + |70["
for all 7,71 € R, which yields ||71]" — |70|®| < |71 — 70/%. In case | = 1, if 79,71 € R satisfy
|71 — 70| > |70]/2, then we see by (2.1) that
57 = 7ol 70| < [ml® + |70l < 1 — 7ol + 2070]® < |1 — 70l + 2 (2|11 — 7ol)"
= (2"t + 1)|m — 7o|"
If 71,70 € R satisfy |71 — 70| < |70]/2, then it holds by 7o # 0 that |r79 — 78| < 78/2. Since
—78/2 < 1170 — 7§, We have 75 < 2779, which yields 7179 > 0. Hence, it holds by (2.1) that

’nfl

|71ty — |70 Lro| = |7 " — |70|"| < |11 — 70"

Consequently, we observe that |7 |~ 1m — |70|" tro| < (2FF 4+ 1) |7 — 70"

(ii) Since 1 < K < oo, by applying the mean value theorem to the function h(7) == |7|*~!7! defined
on R, we observe that |h(m1) — h(70)| = |0rho(7)||T1 — 70| holds for all —co < 71 < 79 < 0o with
some 71 < T < 7p. Thus we see by 9.h(7) = k|7|* 271"l and |7.| < |71 + |70 that

In=tet = Il tob] < w(iml + rol)* s = ol
< max{r, 2" 2k} (|71 |" + 70| Y |71 — 7o
for all 7,79 € R.
(iii) By the assertion of (ii) with the aid of the Holder inequality, we deduce that

|nfl ’Ii*l 2/172 |n71

KMot ]" ™ + ool prosee-n llor — ol
< max{r, 27w} ([le1ll T + lleollFra) o1 — woll L
This proves Proposition 2.3. g

= ‘Pll — |0 906”1] < max{k,



9

The following lemma will be used to obtain the regularities of solutions u to (1.1) and to show
the breakdown of C'*°-smoothing effects:

Lemma 2.4. Let 1 < k < 00 and l = 0,1. Suppose that m € N satisfies 1 < m < k. Then the
following statements hold:

(i) It holds that

Yo 1RO (@) = (RY o) ()]

1<|a|<m
< O+ [lenllsem + llpollsem) ™™ Y 108 {p1(x) — wo()}
laj<m
for all x € R™ and ¢g,p1 € BC™, where
o] n
(2.2) RY @ =03 (lol* ') = § TT (s + 1= 5) p Ll 2 G T T (950)
j=1 j=1

and C' > 0 is a constant independent of x, pg, and 1.
(i) It holds that

Y 108l (@) = (ol ") (@)}

|a|=m
< Cl(lpn "2 oo () = (ol 2™ oo (@) D (051 ()™
la|=1
+C(1+ [lprllzem + llvollzem )™ Y 7 |05 {er(x) — pol(@)}|
la|<m
for all x € R™ and ¢g, p1 € BC™.
(111) Let 0 < e < 1. Then it holds that
> oA D ) = (ol fo) ()}
|a|=m—1
< Cl( AT ) = (fol* 2D 2|0t 2)] Y 107 falt, o)™
lal=1

+ (A + | fill BerBom—1y + HfO”B(J,;(B(ﬁ%l))Hﬂ%1
x> (1080A )~ folt. ) + 1002 L fa(t,w) — folt,2)})

la<m—1

for all (t,x) € (e,e71) xR"™ and fy, f1 € C*((0,00); BC™1), where C' > 0 is a constant independent
ofe, t, z, fo, and f1. Here || - ||pcrem-1y = || - || Bcr((c,e=1);BOm1)-

The proof of Lemma 2.4 is given in Appendix.

Remark 2.5. (i) For the assertion of Lemma 2.4 (i), by computing the derivatives of |p|* !, we
see that

Bio (Jo" ") = Kl o 40,
3i18io(|80|ﬁ_180l) = ’{(K’ - 1)|90’n_4+l§02_l(ai1§0)81'0§0 + ’{‘80|H_2+l‘p1_lailaioso
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for all ip,41 € [1,n]. Concerning the first term on the right-hand side of the above relations, we may
expect that the corresponding term is given by

|

[Tk +1=35) p Lol 2ol T (9;)%
j=1

j=1

in the case of 92(|p|" !y!). Here, note that the above term is the worst term in the sense of

reqularities of ||~ 2t plel=l " Therefore, the definition (2.2) of Rg)go gives the remainder terms

of 83 (||*~*h).
(ii) By assuming m # & in the assertions of Lemma 2.4, we avoid the case where the term
|~ (m=D ™= appears. Moreover, concerning Lemma 2.4 (iii), we agree that |02 fi(t, )| ' =1 in
the case of m = 1. Hence, the assertion of Lemma 2.4 (iii) is still valid for m = 1 even though we
assume only f; € C*((0,0); BO).

(iii) All of the statements of Proposition 2.3 and Lemma 2.4 may be extended to the case of the
general domain 2 C R™.

3. CONSTRUCTION OF GLOBAL MILD SOLUTIONS

As stated before, we see by Proposition 1.1 that the equation (1.3) has a global solution u under
the condition (1.4). Although our aim in this paper is to reveal regularities of solutions to the
semilinear heat equation (1.1), we begin with constructing global mild solutions in order to apply
the smoothing effects of the heat semigroup.

Proposition 3.1 (Global mild solutions). Let 1+2/n < k < 0o, l = 0,1, and A € R\ {0}. Suppose
that ug € L5=D2 gnd pg, py € (1,00) satisfy

2 1 2
3.1 _E g 12
(3.1) max{O,(ﬁ_l)n( ﬁ)}<p0<(f£—1)n’
—1 1 -1 _
(3.2) max{O, 2 _ B }<<min{ 2 ’1_'% 72_"‘3 2}
(k=1)n Po y4l (k—1)n po n Do

and set ps == co. Then the following assertions hold:
(i) There exists a constant 0 < 0 < 1 independently of uog such that if (1.4), then the equation
(1.3) has a global solution u satisfying

(3.3) u € BC([0, 00); L Dm/2) -/ (s=D)=n/Cridy, € BC([0,00); B, 1),
(34) tl_ig—li,-lo (tl/(ﬁ—l)_n/(ij) Hu(t7 )HB;‘?]’1 + ||U(t7 ) — U0‘|L(n—1)n/2> =0

for 5 =0,1,2. In addition, the following estimate

2
(3.5) [ull poo (roe-tmn2y + Y sup /DT CPD |yt |5 < Clluollpes—vns2
=0 0<t<oo Py

holds, where C > 0 is a constant independent of §, ug, and u.
(ii) Suppose that u is the global solution to (1.3) with the initial data ug obtained in (i). In
addition, suppose that v is a global solution to (1.3) with an initial data vy € LE=Dn/2 satisfying
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llvollf(x—1yn/2 < 6. Then it holds that
2

lu = 0ll poo (pe-vinszy + Y, sup /TPy ) — o(t, )| go

0<t<oo Pyl

(3.6) =~

< Cllug — voll fs—1)n/2,
where C' > 0 is a constant independent of §, ug, vo, u, and v.

Remark 3.2. (i) As stated before Proposition 1.1, Weissler [51, Theorem 3 (b)] and Quittner and
Souplet [41, Lemma 20.22 (i)] have already shown the existence of global solutions to (1.3) with the
initial data ug € L~D"2 Our result is regarded as a slightly improved version compared with
[51, Theorem 3 (b)] and [41, Lemma 20.22 (i)| from the viewpoint of the space (3.3) of the solutions.
More precisely, for the space (3.3) of the solutions, we note that Bgl C L" for all 1 <r < o0. Such
regularities are obtained by Proposition 2.2 (i), namely, the estimate of the heat semigroup {e**};o
on homogeneous Besov spaces vaq given in [24, Lemma 2.2 (ii)].

(ii) We also recall Remark 1.2 (iii). Namely, the global solution u to (1.3) is unique under the
suitable assumption of u. In particular, if n > 3 and n/(n —2) < k < oo, then a global solution
u is unique by assuming only u € BC/([0,00); L=~D"/2(R")) from [6, Theorem 4]. However, this
assertion does not hold in the case of Kk = n/(n — 2) from [32, Corollary 2].

The proof of Proposition 3.1 relies on the basic argument due to Kato [21]. More precisely, we
will make use of the estimates of the heat semigroup and the Banach fixed point theorem. We also
refer to [41, Lemma 20.22 (i)]. To this end, we first verify the conditions of the indices py and p;
appearing in the space (3.3) of the solutions.

Proposition 3.3. (i) Let 1 +2/n < k < co. Then there exists 1 < py < oo satisfying (3.1). In
addition, there exists 1 < p; < oo satisfying (3.2).

(ii) In the statement of (i), let p satisfy 1/p = (k — 1)/po + 1/p1. Then it holds that 1 < p < oo
and

n 1 n (1 1
. —— <1 | -——= 1
(3.7) 0<2p — <bL 0<2< ><

for j=0,1.

Proof. (i) First we note that 0 < 2{(k — 1)n}~! < 1 from the condition 1 +2/n < k < co. Since we

have 5 5 5
_ 2 k)= 2
(k—1n (k- 1)n( ) n 0

it holds that 5

2
ﬁ—l)n(Q_H)} < (k—1)n <5

max {0,

which ensures the existence of 1 < py < oo satisfying (3.1). In addition, we see by (3.1) that

2 2 k—1 _n—1>0
(k—Dn l(s=1)n  po J  po ’

ol ey —2 o125,
Do (k—1)n n
l_n—l_{ 2 _fi—l}: B 2 -0,
Do (k—1)n Do (k—1)n
2 -2 2 -1 1 2
VR SN | S S
n Do (k—1)n Do po (k—1)n
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and
K— 2

2

- — >0 if ke (1+2/n,2],
n bo

2 k-2 2 2 2

— — >——(k—2)- = >0 if ke (200).

n Do n (k=2) (k—=1n (k—1)n if k€ (2,00)

Thus we obtain

2 k—1 . 2 k—1 2 K—2
max < 0, — < min , 1 — ,— — <1,
(k—1)n Do (k—1)n po N Do
which implies that we may take 1 < p; < oo satisfying (3.2).
(ii) Since 1/p = (x — 1)/po + 1/p1, it holds by (3.2) that

1 11 _1 _1
R R I —(1—” >:0.

p Po p1 Po Po
Thus we have 1 < p < co. Moreover, we obtain
n 1 (k=Dn 1 L
2p k—1 2po k—1  2p’

n<1 1>_"<F~—2+1>
2\p po 2\ po p)’

Hence, by using (3.1) and (3.2), we observe that

(k—1)n 1 n (k—1)n 1 n 2 k—1 0
2po k—1  2p; 2po k=1 2 |(k—1n Do o
1 (k=Dn 1 L >1_(f<;—1)n. 2 n 1 n 2 _o,
2po k—1 2p 2 (k=1n k—1 2 (k—1)n
n(ff—2+1>>n{/€—2+ 2 m—l}_n{ 2 1}>0
2\ 1o D1 2 [ po (k—1)n Do 2 | (k—=1)n po '
n(k—2 1 n({k—2 2 KkK-—2
1-= + ) >1-C += - =0,
2\ po p1 2\ po n Do
-1
1_U>0
2po

Thus we have (3.7).
In what follows, we show Proposition 3.1.
Proof of Proposition 3.1. (i) Define the function space X by setting
1/ (n=1=n/Cri)y € BO([0,00); BY, 1), 4 =0,1,2,

li 1/(k=1)—n/(2p;) I - =0.i=0.1.2
Jim ¢ ey | =0.5=0.1,

(3.8) X :={ue BC([0,00); LHEHn/2)
In addition, we also set

1
[u]x, ::Z sup 7_1/(/4—1)—n/(2pj)||u(7_7,)HBO. ’ 0<t< oo,
=0 o<r<t Pj,1

t
(3.9) ZW (u,v)(t,-) = / DA (Ju) "l — o) oh (7, )dr, 0<t<oo
0
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for u,v € X. Here we take p so that 1/p = (k —1)/pp + 1/p1. Then it holds by Proposition 3.3 (ii)
that (3.7). Since Bg’l C L" for all 1 <r < oo and since max{1l,x — 1} < py < oo, Propositions 2.2
(i) and 2.3 (iii) yield

e (Jul™ =t — o) (7, )| sy

< COH D= B (juf ) (7,) = (ol 1) (7, ) o
< OO (Ju(r Y !+ ol )l D) = o g
0>

1

for all t,7 € (0,00) and u,v € X. In the same way, we also deduce that

A 1,1 1,1
e (Jul™ "’ = o]~ o") (7 )] 5o

Pj,1
< C R (Ju(r, !+ ol Dl ) = o7 g,
0 )

for j = 0,1. Moreover, there holds

e (ul™"u! = o) (7, I g,

< Ot (jul "l ) (7, ) = (o) (7 ) oo

< Cr e ur, )"+ (! ) lur) = vl g
Since

t 1
(3.10) / (t — 1) 1P Ydr = B(a, )t B(a, B) = / (1 -7 dr <
0 0

forall 0 < ¢ < oo and a, 8 € (0,00), by combining the above estimates, (3.7), and (3.10), we observe
that

I (s 0) (8, ) sy

<c/ )T E ulr, Gt 4 (g lu(r) = (g dr

(3.11) t ot
< C(M}:l + M}:l)[u — ), /0 (t — 7)1/ (= D)=/ 2p) - (=1)n/ (2po) =1n/ (2p1) =1/ (k=1) g
< O([uli" + Iy, Dlu = vlx,

for all 0 < t < oo and u,v € X. Similarly, we obtain

I (u, o) (2, Mg,

,1
<C/ 2P (u(r, 1%, +Hv(ﬂ-)!Bo Mu(r, ) —o(r, ) go dr
Pl 0,1 P1,

t
< C([U]I;(_l + [’U]";(_l)[u — U]Xt / (t — T)_(N/Q)(l/p—l/pj)7_(5—1)n/(2p0)_17_n/(2p1)_1/(n_1)d7_
< . .
0
< C([u];}:l + [v];”gl)[u — o)y, -t~/ (5=Dn/(2p))
for j = 0,1, which yields

(3.12) I (s 0) (8, ) e + [T (s 0))x, < Ol + o]y, D = vlx, -
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In addition, it holds that

t
[ = o) s
t/2

BY,
t
< [ (= e (e, gt ot lutr) = o(r ) g dr
t/2 BPOal BPo,l 0,1
B13) <o + 5 sup Y Dllu(r ) ol g
o<r<t hadl
t
“ / (¢ — 7)~ (5= 0n/C2p0) 7 (5= 1)/ (2p0) 1 =1/ (5=1) g -
t/2

< Ol + 5" sup 7/ u(r, ) = o(r g, -0,

Now we define the mapping ® by setting
t
(3.14) (Du)(t,-) == ePug + ATV (u,0)(¢, ) = ePug + )\/ DA (u by (1, )dr, 0 <t < oo
0

for u € X. Then the estimate (3.12) implies that

(3.15) (@) (t, ) pin-vnse < [l uoll pin-vynse + Clulk,,  [@ulx, < [euglx, + Clulk,
for all 0 <t < oo and u € X. In addition, noting that
(u)(t,-)
t/2 ¢
— e(t/Q)Ae(t/Q)AuO + )\/ e(t/2)Ae(t/27T)A(‘u|/~cflul)(7_7 )dT + )\/ e(tiT)A(‘U|K7lul)(T, )dT
0 t/2

::é“ﬂA«¢uxwzf»+A/je“—ﬂﬁuquuﬁwf»h
t/2

for all 0 < t < oo, we see by (3.13) and Proposition 2.2 (i) that
@)t g

< Ot/ (@u)(t/2, )0 + O sup Dl

< Ot/ @0) . (4/2)/ 2p0)=1/(5=1)[@yy] _’_Ct*l/(ﬁfl)[u]ﬁle sup 71/(“*1)Hu(7,‘)HBo ;)
0<r<t o
which yields

swTW*%@wwwm1sc@@w&+ma+mwaTW*WMnm@)
o<r<t bt} o<r<t bt

from (3.15). By Proposition 2.2 (ii) and the definition (3.8) of X, we obtain

tim ([@u]x, + /D @u)(t, ) o ) =0.

t—+0
Since it holds by (3.15) and Proposition 2.2 (i) that
(3.16) [Pullx < Clluoll ix-1n/2 + Cllull,
where
(3.17) lullx = llull pooqponszy + bilxe + sup /0Dt ) 5o

0<t<oo
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we have ®u € X. In addition, noting that
(Du)(t,) = (Po)(t,-) = AT (u, ) (¢, )
for all 0 <t < oo and u,v € X, we also see by (3.12) that
(3.18) I(@u)(t, ) = (@0)(t, ) pes-rnrz + [Ru — v]x, < O([u)5]" + [o]}, Dlu — v]x,.
Moreover, it holds by
(@u)(t,-) = (Pv)(t-)
t

= 6(75/2)A(((I>u)(t/27 D) = (Pv)(t/2,-)) + A[/2 e(th)AOu’ﬁflul . ]v|"‘*lvl)(7', Ndr

and (3.13) that
(@)t ) — (@)t )0
< O(t/2) /|| (@u)(t/2, ) — (Do) (t/2. ) | Lro
OV w5 sup Y fulr ) — ol g

< O (12 6D — @], + O (a5 + b vl
with the aid of Proposition 2.2 (i). Therefore, we see by (3.18) that
(3.19) 1®u — @ollx < C(lullx + lollx )l - vllx.

(r=1)n/2 gatisfies

Here we assume that ug € L
(3.20) l|wo]] fos—ynyz < 3(4C) ™/ (71,

Note that the condition (3.20) may be fulfilled by the assumption (1.4). We also assume that
u,v € X satisfy

(3.21) max{]|ullx, [lollx} < (40)"V¢Y.
Then we see by (3.16), (3.19), (3.20), and (3.21) that
[®ullx < C-3(4C)™/ =D 4 ¢ (40)~F/ =D = (40)~ V(=)
[u—@ollx < C(AC) " + (O Dlu—vllx = 1/2)u—vlx.

Therefore, the Banach fixed point theorem ensures the existence of a unique v € X such that ®u = u.
In addition, since it holds by (3.16) and (3.21) that

lullx < Clluoll o2 + C - (AC)H|ullx = Clluoll pos-1nr2 + (1/4) ullx,
we have (3.5). Noting that
u(t, ) —up = e®ug —ug + ANZW (u, 0) (¢, )

for all 0 < ¢t < oo, by using (3.12), the definition (3.8) of X, and the strong continuity of the heat
semigroup {e*®};~0, we observe that

lim sup [|u(t, -) = ol poe—1yn/2 < limsup [[e®ug = ug|| fs-1)n/2 + Clim sup[u]§, = 0.
t—+0 t—+0 t—+0

Hence we have (3.4).
(ii) By the statement of (i), we see that u,v € X satisfy (3.21) and

u(t, ) = etAUO + )‘I/g) (u’ O)(t7 ‘)7 U(tv ) = etAUO + )‘I/g) (Ua 0)(t7 )



16

for all 0 < t < oco. Since
u(t,-) —v(t,-) = e (up — vo) + NZW (u, v) (¢, )

D2 (u(t/2, )—v(t/2,'))+k/t DA (Jul = o[ ) (7, ),
t/2

it holds by (3.12) and Proposition 2.2 (i) that
[u(t, -) = vt ) peemsnsz + [u = v]x, < Cllug = voll poe—vymsz + C(Jlull5 " + [Joll5 )l — vllx
and it holds by (3.13) and Proposition 2.2 (i) that
Ju(t.) — v(t. Vo
< C(t/2)7 ) lu(t/2,-) = 0(t/2, )| ro + OtV (a5 + ol e = vllx
< OB (g/2) @R D [y — ]y, + OV (a5 ol e = vllx
Therefore, the estimate (3.21) implies that
lu = vllx < Cllug = voll pes—1nrz + Clull3™ + [0l 5l — vllx
< Cllug = voll pe-1yn/2 + C((AC) ™ + (4C) ) [lu — o] x
= Clluo — voll pes—1n/2 + (1/2)|lu — o] x,
which yields (3.6). This completes the proof of Proposition 3.1.

4. SMOOTHING PROPERTIES OF SOLUTIONS

This section is devoted to the proof of the smoothing effects of the solutions u to (1.3), namely,

Theorem 1.3.

4.1. Basic properties. To obtain the regularities of the solutions, we combine the parabolic smooth-
ing effects and the estimates of the terms |u|~‘u! with the power nonlinearity. Here we state the

smoothing properties of mild solutions to the heat equation.

Proposition 4.1. Let 1 < ro < co and suppose that f € LL ((0,00) x R™) satisfies

sup / 1e®2 f (7, )| prodr < oo.

0<t<oo JO
Define Zf by setting

t
(4.1) (Zf)(t,-) ::/0 DA (7, )dr, 0 <t < 0.

Then the following statements hold:
(1) Let o < ry < 0o. Suppose that f € LS ((0,00); L™ ). Then it holds that

Ife () Cul((0,00); BY ).

0<0<1
(ii) Let ro <11 < 00 and 0 < s < 0o. Suppose that f € Ly5,((0,00); By, o). Then it holds that
Ife () Ghl((0.00: B,
0<o<1

(iii) Let k = 0,1, m € NU{0}, and 0 < v < 1. Suppose that f € CFT7((0,00); BUC™). Then it

loc

holds that
If € CEF((0,00); BUC™) N CETY((0, 00); BUC™?)

loc loc



17
with the identity Lf — AZf = f in (0,00) x R™.

The proof of Proposition 4.1 is given in Appendix. Concerning the estimates of |u|*~‘u!, we begin
with giving the simple estimates. Here we use the abbreviations like || || poo(zoo) = || || oo ((c,e~1);1.00)

Proposition 4.2. Let 1 <k < o0 andl = 0,1. Then the following assertions hold:
(i) Let 0 < o < 1. For every p € C°, it holds that |p|" 'l € C7 with the estimate

el ler < (max{2w, 2" 'k} + Dellf< el

(ii) Let 0 <y < 1. For every f € C} ((0,00); BUC), it holds that | f|*~! fl € C _((0,00); BUC)
with the estimate

LA oz ey < (max{26, 257 6} 4+ Do 10y | Lo zov
for all0 <e < 1.
Proof. (i) Since |||¢|"!¢!|| L < ||¢||5e and since Proposition 2.3 (ii) implies that
(el ") (1) = (]! (w0)| < max{s, 2*/"_2/“”v}(|<P(1‘1)\”_1 +lp(zo)"lp(21) — ¢(20)|
< max{r, 2"k} - 2|0l 7= - lellow |21 — @ol”
for all xg, z1 € R™, we have the desired result.

(i) Since f(t,-) € BUC holds for each 0 < t < oo, we see by Proposition 2.3 (ii) that (| |~ f!)(¢,-) €
BUC. In addition, it holds that ||| f|*~* f!]| oo ey < 1112 (100)- By applying Proposition 2.3 (ii)
again, we also obtain

(P ) = (L1 ) (o, )]
< max{r, 2"k} (|f (t1,2)["7" + [ £(to, )" )| F (11, 2) = f(to, z)]
< max{r, 272k} - 2| 5 ooy - 1f oz oo ltr — tol

for all 0 < e < 1, tg,t1 € (6,67 !), and x € R™. Thus we have the desired result. This completes the
proof of Proposition 4.2. O

4.2. Auxiliary regularities. By combining Propositions 4.1 and 4.2, we may show the following
regularities of the solutions u to (1.3):

Lemma 4.3. Let 1 +2/n < k < o0, | =0,1, and A € R\ {0}. Suppose that ug € LE~D2 Then
the solution u to (1.3) obtained in Proposition 3.1 (i) has the following regularities

(4.2) we [ Cul((0,00); B N B 4,01,
0<o<1
(4.3) u € C¥2((0,00); BUC) N CL2((0, 00); BUC?).
Proof. First we notice that
(4.4) eug € [ C*((0,00); BUCT 0 W (s=hin/2)
jeN

from wug € L~D™2 In the same way as the derivation of the estimate (3.11), we see that

(4.5) sup / e (]~ ul) (7, )| psmrymsedr < Ol

0<t<oo
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where || - || x is given by (3.17). Moreover, since Bgl C L" for all 1 < r < oo, the condition (3.3)
and Proposition 2.3 (iii) imply that
Il ) (8, ) poss—1y < Cllult, ) oo 1t ) Lo < O/ Cro) Dy
Il ) (8, M pwmvmre < Cllult, MFEHult Yl po—nnre - < O Hullk
for all 0 < t < oo, which yield

(4.6) lu"tul € LS. ((0, 00); LPo/ (v=1) ([ (k=1n/2),

Hence it holds by Proposition 4.1 (i) that

(4.7) Z(w,0) € [ Cic?((0,00) B 1)1 N B 1)01),
0<6<1

where 7" (u,0) is defined by (3.9). Here we note that (3.7) yields 0 < (x — 1)n/(2pp) < 1, so we
may take 6y such that
(k= 1)n/(2po) < b < 1.

290

Then, since Proposition 2.1 (iv) implies that BZQ?(K 1 C B, (H_l)n/po, it holds by (4.7) that

0 260— 0
70w, 0) € Cigg™((0,00) B " B s )
Thus we see by (4.4) that
uc Cl?)c((ov OO); Bgo 1N B?R—l)?’l//Q 1)

for sufficiently small 0 < o < 1. Noting that B, ; C C7, we see by (4.6) and Proposition 4.2 (i)
that

ul*"'ut € Li%.((0,00); €7 0 Lw—1n/2),
Therefore, by combining (4.4), (4.5), and Proposition 4.1 (i) and (ii), we have (4.2). Moreover, since
u € 01/2(( 00); BUC) from (4.2), Proposition 4.2 (ii) yields

loc
sl € CY2((0, 00); BUO).

loc

Thus we have (4.3) by virtue of (4.4), (4.5), and Proposition 4.1 (iii). This completes the proof of
Lemma 4.3. O

4.3. Estimates of higher order derivatives of the nonlinear term. In the previous subsection,
we showed that the solutions u have the regularities (4.2) and (4.3). Here, the proof is based only on
the simple estimates given by Proposition 4.2. Since we do not consider the derivatives of |u|*~u!
yet, we next focus on the estimates of the derivatives of |u/*'u!. To this end, we will apply the
key estimates given in Lemma 2.4. As well as the previous subsection, we use the abbreviations like
[ - HBC,}(Loo) = HBCl((s,s*l);L(’O)'

Lemma 4.4. Let 1 < k < oo and | = 0,1. Suppose that m € Z satisfies 0 < m < k. Then the
following assertions hold:
(i) For every ¢ € BUC™, it holds that |o|" 'l € BUC™ with the estimate

el lBem < O+ llellBem)™ ™ Hllpem,

where C' > 0 is a constant independent of .
(ii) Let 1 < r < 0o. For every ¢ € BC™ NW™ it holds that |p|* 'l € W™ with the estimate

el lwmr < O+ llelBom) ™ Hollwm.
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Lemma 4.5. Let I = 0,1. Then the following assertions hold:
1) Suppose that 1 < k < oo satisfies k ¢ N. For ever e C*, it holds that || ¢t € CF with
pp Yy e ¥ ¥
the estimate

llel™ "¢ lon < C+ Nl per)™ T ollen,
where C' > 0 is a constant independent of ¢.
(ii) Suppose that 1+ 2/n < k < oo satisfies k ¢ N. Set p == (k — [r])"1(k — 1)n/2. For every
¢ € BCW nwhs=n/2n Br it holds that |o|" ¢t € B .7 with the estimate
PP
lel e o < Coll + el et el ez + 2l 5,)
for all 0 < 0 < k — [K], where Cy > 0 is a constant independent of ¢.
Lemma 4.6. Let j = 0,1 and [ = 0,1. Suppose that 1 < k < 0o satisfies k ¢ N. Then, for every

f e CL((0,00); BC) N ¢V 17((0, 00); 05 9),

loc

it holds that | f|"~ f! € cItee [K]((O 00); BUCI=7) with the estimate

loc
A Pllgsetamsy < COF 1l pes @) U ey + 17 gt sy
for all0 < e <1, where C' > 0 is a constant independent of € and f.

Proof of Lemma 4.4. (i) In the case of m = 0, the desired result may be obtained by Proposition
2.3 (i) or (ii). Hence, in the following, we assume that 1 < x < oo and 1 < m < k. Then it holds by
Lemma 2.4 (ii) that

Y 13 (lel e (@)

|a| =1«
< Of(lel* 2™ He™ D (@)] Y 185e(@)™ + O+ el pem) ™1 Y 05 ¢(@)]
(4 8) |a|=1 |a|<m
< Clell™lelget Y 108e@)| +CA+ lplpem)"""" Y |05e()]
laf=1 laj<m
< O(L+ [lpllpem)™m1 Y7 105e()]
la<m

el < lloll e that

Y lgel™ ') le= < O+ flellsem) " el somn.

laf<m

for all 1 < m, < m. Thus we see by |||¢

In addition, by applying Lemma 2.4 (ii) again, we observe that

> 1o {(el" b (1) = (o' (o)}

|al=m

(4.9) < Ol(lel" 2™ N (@1) = (|l ™) (wo) ||Z| ()]
al=1

C(L+ llellem) ™1 > (05 {e(w1) — @(wo)}
la|<m

for all xg, 21 € R™. Here we note that |p|*=2m+pm=l = |¢ ¢™ ! and kK —m > 0. Since

¢ € BUC™ and since (4.9) holds, Proposition 2.3 (i) or (ii) implies that |p|*~!¢! € BUC™, which
yields the desired result.

’(n m)—(m—1I)
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(i) Since [||¢[* "'oY L < [l@l5 ¢l L, We may assume that 1 < m < k. Then (4.8) is valid for
all 1 < my < m. Thus we have the desired estimate, which completes the proof of Lemma 4.4. [

Proof of Lemma 4.5. (1) We set m = [k]. Since 0 < k —m < 1 holds from x ¢ N and since

|| 2mtlym=l — |p|s=m=(m=Um=l hy combining (4.9), Proposition 2.3 (i), and the mean value
theorem, we obtain

> 105Ul e @) = (lel* ! (o)}

|ae|=m
< Clp(a1) = (@)™ - llelGer + CA+ [l@llpem) ™1 Y~ 105 {e(21) = @(0)}
la<m
< C(llellperler = o)™ - llelger + CA + llellpom)™ ™ - lpllonlz1 — zo*™

< CA+llelisem) " Hlellexler — zol*™™

for all zo, x; € R™. Therefore, we have the desired result with the aid of Lemma 4.4 (i).
(ii) Since k ¢ N, we have 0 < k — [k] < 1. By setting m := [k], we see that (k —m)p = (k—1)n/2.
Here, by (4.9) and Proposition 2.3 (i), we deduce that

Y 12 {Uel* ) @) = (Lol ) o) P
|a|=m

< O(lp(ar) = (@)™ lell5en + CL+ @l pom) 00 3 7 |02 {p(a1) — wl(wo) }7

laj<m
for all zg,z; € R™. Hence it holds by Proposition 2.1 (iii) that

L (|l _ r=l P
> / / 92 (el ) = (e D o},
R xRn |21 — ao|(Fmm=letn

|lal=m

(k—1)n/2

{L‘1 i)

<c // oln) e - ol
R xR |$1 _J;0|(n m—o)p+n

Cl1+ lplpom) e S [ AT Z 2B g, g,

T SR w1 — wo| (el

< O+ lollaom) =2 (IS0 + el )

(n 1n/2,(k—1)n/2

< Co(1+ llellpem) D2 (lollit s + el 55, )7

Therefore, we have the desired result with the aid of Proposition 2.1 (iii) and Lemma 4.4 (ii). This
completes the proof of Lemma 4.5. O

Proof of Lemma 4.6. We set m := [k]. Then we have 0 < kK —m < 1 from k ¢ N. First we consider
the case of j = 0. Since f € C((0,00);C*), Lemma 4.5 (i) yields |f|*~!f' € L2 ((0,00); C*) with
the estimate

(4.10) A peeony < COLA+ e em) ™™ M f L peo o)
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In addition, since |f[s—2mtl fm—t — | fls=—m—(m=1) gm=l and since 0 < kK —m < 1, by combining
Proposition 2.3 (i) and Lemma 2.4 (ii), we observe that

1021 Y ) — (15 ) (o, )}

|al=m

< CI(f 12 (b, @) = (LF172H N (o, )] Y 105 f(t )™

laf=1

+ O+ [ flleemem)™ ™1 Y [09{f(t1,x) — f(to, x)}|

la|<m

< Clf(tr2) = fto, )™ | f 7o oy + C+ I f e (pom)) ™ I f(t1, ) = f(to, )l Bem

for all 0 < e < 1, tg,t; € (6,67 1), and 2 € R". Here, the mean value theorem yields

D 10U O ) = (1) (0, 2)}

laf=m

< C[Ifllperze)lts = t)*™™ - I /|7 (o)
C+ Il pee(omy) ™t 1 llgr=m(pemylts = tol ™™™

CA+ e mem)™ ™ U 1 5et ey + 1 lcmpom)ltr = tol "™
Noting that |f|*~! ! € L2 ((0, 00); C*), we have
11 N emmpomy < O+ 1 flleoBem)™ ™ Ul poey + 1 lcx-mzom))-

Therefore, by combining the above estimate and (4.10), we have the desired result.
Next we consider the case of j = 1. Now we assume that

(4.11) P15 0u(F17H ) € Lise((0,00); BUC™ )
with the estimate
(4.22) [[1F157" fll peo(pem—1) 10 F 157 Pl ee(Bom—1y < CA+ I fll e oe-1)) T  fll Beron-1)-

Then, by combining Proposition 2.3 (i) and Lemma 2.4 (iii), we observe that

Y 13U N s 2) = (F15 ) (to. ) Y

|a|=m—1
< CY(2mt ity g, m) — (1524 ) ko, @) 100 (b1, )] S 105 F (b, )|
la|=1
+ C(+ Il peapen—)™ ™ S0 (102t 2) = flto, )} + 1002 {F (b1, 2) = f(to, 2)})

|| <m—1

< Clf(t,2) = Flto, D) I s 117 e
+ O+ I sexwon)™* ™ (I () = Fto, Mpomms + 18 (1) = Flto, Ve )
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for all 0 < e < 1, tg,t1 € (¢, 1), and 2 € R"™. Here, the mean value theorem yields

Y 13U Y ) = (LA ) (o )

|a|l=m—1

< C(Iflperze)lts = ta)*™™ - [l f I Bcr (Bom-1)
+ C(1+|Iflper (pom-—1)) "1 ||f||cl+~fm(BCm71)lt1 — o™
<C(+ ”fHBcl(BCm 1))K+m 1<Hf’ Bcl L) + |’f”051+*’~*m(30m—1))|t1 — o™

Noting that (4.11), we have

(1 1 e mpom-1y < C(L+ | fllBor(Bom-1))""™~ 1(HfH301 ooy I llgren=mpom-1y)-

Therefore, by combining the above estimate and (4.12), we have the desired result. Hence, it remains
to verify that (4.11) with the estimate (4. 12)
In case k > 2, note that |f|F=Lfl = [f|5=1=0=D =L fand 9,(|f|" L fY) = k| f|"- 10D 119, f.
Since f € C’l((O o0); C* 1) it holds by Lemma 4.5 (i) that the following estimates
A1 ) poo(onm1y < CHFIFT 0D A7 oo onmny 1 £l oo (o1
<C(1+ HfHLgo(BCmfl))Hm_gHfH%go(cmfl),
10 (L1 D) | zge ey < CULAT D P o onn) I fll B (0
< CA+|fllpere—1)" "2 fll oo (o1

hold. This implies that (4.11) and (4.12) are valid.
In case 1 < k < 2, note that 0 < k—1 < 1. Thus we see by f € C*((0,00); C*~1) and Proposition
4.2 (i) that the estimate

157l e omm1y < Cll ooy 1l Lo on 1y

holds. In addition, it holds by &;(|f|*~'f') = s|f|* 2T 1718, f that 0,(|f|*~'f') € L. ((0,00); L)
with the estimate

(T D PP [ e [ ey
Noting that |f|F=2H f1=t = | f|(s=D=(=D 1=l by applying Proposition 2.3 (i), we also obtain
DI £ 1) = (177 1) 2 0)
< (07172 P tn) = (P2 ) @ w0) |00 (1 )
A2 w09 f (1 1) = F(E 7o)}
< C(1f(ta1) = St 20) M poae) + 1 |0 () = f(t,20)}H)),

which yields 9;(| f|"~! f!) € L§°.((0,00); BUC) from f € CF ((0,00); C*~1). This implies that (4.11)
and (4.12) are valid as well. This completes the proof of Lemma 4.6. O

4.4. Proof of Theorem 1.3. Once we obtain the estimates of higher order derivatives of the
nonlinear term ]u|”‘lul, we may show the smoothing effects of the solutions u, i.e., Theorem 1.3.
The remaining step is just combining Proposition 4.1 and the estimates in the previous subsection.
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Proof of Theorem 1.3. Since
((0,00); BUC! n Whis=1n/2)

loc loc

u € CU((0,00); Bio 1 N Bl _1)21) C C i

from (4.2), we see by Lemma 4.4 (i) that |u|*~lu! € L ((0, 0o); W (#=11/2) Hence, the embedding

Wwhis=hn/2 gl and Proposition 4.1 (ii) imply that

(k—1)n/2,00

I/(Ql)(uv 0) € m Clloce((o ) B(l:Qf)n/Q 1)
0<o<1

with the aid of (4.5), where ¥ (u,0) is defined by (3.9). Thus we obtain

1 9 20 1426
(413) UAS m Cloc O OO B ,1 DB(: 1)n/2,1>
0<O<1

from (4.2) and (4.4).
Here we consider the case of 14+ 2/n < k < 2. Since the regularity (4.13) implies that

(4.14) u € Li5.((0,00); C" N Bf,_1),/2.1):
it holds by Lemma 4.5 that
(4.15) \u|“_lul € Li5.((0,00);C" N B %)
for all 0 < 0 < Kk — [k]. Therefore, by combining (4.5) and Proposition 4.1 (ii) again, we obtain
(4.16) IV (w,0) € [ Ch’((0,00); B n By,
0,0€(0,1)

which yields (1.5) with the aid of (4.4). Moreover, we see by (1.5) and (4.3) that
u € C'((0,00); BUC) N Ct((0,00); C*).

loc

Hence it follows from Lemma 4.6 that [u["~'ul € C{'-1((0,00); BUC?). Here, (4.5) and Proposition
4.1 (iii) imply that

IO (u,0) € CE_((0, 00): BUCY) N CF=1((0, 00): BUC?),

loc

which yields
(4.17) u € CE((0,00); BUCY) N CE-1((0, 00); BUC?)

loc
with the aid of (4.4). Since the regularity (4.17) yields
u € C1((0,00); BUC) N Ciee((0,00); €71,
by applying Lemma 4.6 again, we have |u|[*~lu! € Cf _((0,00); BUC). Proposition 4.1 (iii) and (4.4)
imply that
u € CLER((0,00); BUC) N CF((0,00); BUC?).

By combining the above regularity and (4.17), we have the desired result.

Next we consider the case of 2 < k < 0o and k ¢ N. Since (4.13) yields

01/2((0 OO) oo 1 N B(zfi—l)n/Q,l) C 01/2((0 OO) BUYC'1 M W2 (R 1)”/2)

loc loc

we see by Lemma 4.4 that
jul" !l € L§3.((0, 00); BUCT W2 {s=1n/2),
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By combining (4.5) and Proposition 4.1 (ii), we deduce that

1 0 1+29 2420
ﬂ C’loc B ﬂB(n 1)n/2, 1)’
0<6<1
which yields
1 0 1+29 24260
uwe [ C((0,00); BY N BL)n2.1)
0<o<1

with the aid of (4.4). Moreover, by repeating the above argument, we have

1+20 K]+20
(4.18) we [ Col((0,00) BE T 0Bl ).
0<o<1
Since k ¢ N, it holds by (4.18) that (4.14). Hence, Lemma 4.5 implies that (4.15). Since (4.5) and
Proposition 4.1 (ii) yield (4.16) and since (4.18), we obtain (1.5). Moreover, from (1.5) and (4.3),
we have

u € C'((0,00); BUC) N CE-1((0, 00); C7).
Therefore, it holds by Lemma 4.6 that |u|*~u! € CK;M((O, 00); BUC!H), which yields

I()(u O) S C1+R ['{]((O oo) BUC["{]) mC“{ [N]((O OO) BUc[n]JrQ)

loc

by virtue of (4.5) and Proposition 4.1 (iii). Thus we have
(4.19) w € Ciot" (0,000 BUCH) 1 G ™ (0, 00); BUCKH?)

loc

with the aid of (4.4). Since the regularity (4.19) implies that

u e CH(0, 00); BUC) N O 17 ((0, 00); 0771,

loc
by applying Lemma 4.6 again, we obtain |u|*~'u! € Cllotm [H](( 00); BUCH=1). Hence we see by
Proposition 4.1 (iii) and (4.4) that
ue O (0, 00); BUCH 1Y) A 0718 (0, 00); BUCKHIHY,

loc loc

By combining the above regularity and (4.19), we have the desired result. This completes the proof
of Theorem 1.3. g

5. BREAKDOWN OF C'*°-SMOOTHING EFFECTS

In this section, we show that the solutions u to (1.1) do not belong to C*°-class in space by taking
special initial data ug under the condition x ¢ N. To show such a property, we choose sign-changing
initial data wug. In addition, it is necessary to use the fact that the solutions u have the properties
u(to, o) = 0 and Vu(to, zo) # 0 for some (tg, zg) € (0,00) x R™. First we give the following lemma,
which ensures that the solutions u are close to ug in the sense of BC! if ¢t > 0 is small:
Lemma 5.1. In the statement of Proposition 3.1 (i), assume that the initial data ug € Ls=Dn/2
BUC!. There exists a constant 0 < 8, < 1 independently of ug such that if ||uol| ,(s=1yn/2npcr < Ox,

then the corresponding solution u to (1.1) also satisfies u € BC([0,1); BUCY) with the properties
lull oo 01);801) < Cliwollp-vmrznpers  Jim lu(t, ) — ol per =0,

where C' > 0 is a constant independent of d., ug, and u.
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Proof. Define the function space Y by setting Y := X N BC([0,1); BUC') with the norm ||ully =
|l x + llull oo ((0,1);801), where X is defined by (3.8) and (3.17). We consider the mapping & given
by (3.14) again. Here, since Propositions 2.2 (i) and 2.3 (iii) imply that

1772 (Jul* ! — o=l (7, ) o
(5.1) < CtIP| (Jul ) (7, ) = (ol ') (7, ) | e

< CEIP(Jlulr, 5=+ o )5 lulr, ) = o(r, ) e
for j =0,1 and for all ¢,7 € (0,1) and u,v € Y, we observe that

t
IV (@u)(t, )| zoe < [V uo[ Lo +C/ (t =) lu(r, ) Fodr < | V7ugllzee + Cllullf
0

and
IV (@u)(t,-) = VI (®0)(t, -)|| Lo

<€ [t =19 (utr = + lolr NG latr, ) = ol

< C(lully™ + [lollF Hllu — vlly-
Hence we have
[Pullpoe((0,1);Bc1) < Clluolper + Cllully,

[®u — @v|| oo ((0,1);B01) < C(llullf" + ol Hllw — vy
for all u,v € Y. By the estimates (3.16) and (3.19), we obtain
1@ully < Clluolles-vn/2nper + Cllully,  1®u— @vlly < C(lully™" + Iolly™) llu = vlly-

Therefore, by assuming that ug € LE=D/2 0 BUC? satisfies ||uo|| f(c—1yn/2nper < 3(4C)~H/ (51
and u,v € Y satisfy max{||ully, |[v]y} < (4C)~/ =D we obtain a unique global solution u € Y in
a similar manner to the proof of Proposition 3.1 (i). In addition, it holds by (5.1) that

IV9ult, ) — Viugllz < Ve ug — Vgl + C / )2, ) dr

< Ve Pug — Viug|| oo + CH /2 |lul§
for 7 = 0,1 and for all 0 < ¢t < 1, which yields
lu(t,-) = wollpcr < Clle"®uo — uol|per + C(t+72)[Jul]y-
Therefore, by letting ¢ — 40, we have the desired result. This proves Lemma 5.1. ]

In what follows, we show Theorem 1.5. We will make use of the key estimates in Lemma 2.4
again.
Proof of Theorem 1.5. First we take a sufficiently small constant 0 < 1 < 1 and an initial data
ug € Cg° such that
uo(w) = neos(r|zf?) for |x| <1, Juollpe-vn2nper < b
Then we see that
uo(x) >n/2if x| < /1/3, wo(x) < —n/2if \/2/3<|z| <1

by direct computations. In addition, by Lemma 5.1, we may take 0 < T' < 1 so that the correspond-
ing solution u to (1.1) satisfies

(5.2) lu(t, ) — woll e + [1Vu(t, ) — Vugll = < n/4



26
for all 0 < t < T. Now we fix 0 < tg < T. If |z| < 1/1/3, we see by (5.2) that
u(to, ©) = uo(x) — uo(x) +ulto,z) = uo(x) — ||ulto, ) — uollze = n/4.
Similarly, if \/2/3 < |z| < 1, we obtain
u(to, ©) = uo(x) — uo(x) + u(to, ) < uo(x) + [lulto, ) — uollL= < —n/4.

Hence, by applying the intermediate value theorem with the aid of u(tg,-) € BUC", we may take

zo € R” satisfying 1/1/3 < |zo| < 1/2/3 and
(5.3) u(to, xo) = 0.
In addition, noting that Vug(z) = —2mnsin(r|z|?)x for |z| < 1, we have
|Vug(z)| > 27y [sin(r|z)?)| |z| > 2mn - 1/V2-1/2 = V2mn/2
for 1/2 < |z| < v/3/2. By using (5.2) again, we also obtain
|Vu(to, z)| = |Vuo(z) — Vug(x) + Vu(to, x)|
> [Vug(x)| — [|Vulto, ) = Vuollz= > (vV27/2 — 1/4)n.
Here, the above estimate implies the existence of 1 < 7 < n such that
(5.4) Byulto, )] > bi= (VEr/2 — 1/4)(n/n) > 0
for 1/2 < |z| < v/3/2. Since u satisfies (1.1), it holds that
0j"Opu(to, x) — 07" Aulto, ) = A@;”(\uﬁ*lul)(to,:r)

for all x € R™, where m := [k]|. Therefore, we see that

— (07" Au(to, z1) — 05" Aulto, z0))

J

(5:5) = A(@?(]u!”*lul)(to, x1) — 5’?(\u!“*lul)(to,xo)) — (07" Opu(to, x1) — 95" Oyu(to, o))

for all x; € R™. Here we recall that xp € R” satisfies (5.3). In what follows, let o == (aq,...,ap) €
(NU {0})™ denote the multi-index satisfying a;; = m and «; = 0 for i # j. We note that x ¢ N,

ie, 0 < Kk —m < 1. Hence, by using the definition (2.2) of Rg), we may obtain the following
representation

O (|ul*~"u') (to, ) = {H(Fv +1- i)} (Jul*=2" ™) (b, 2) (Djulto, )™ + (RS ) (to, )

i=1

for all z € R™. Then, from the relation (5.3), we have 8;”(\u|"‘*lul)(to, xg) = (Rg)u)(to, xg). There-
fore, it holds by Lemma 2.4 (i) that

107 (Jul" ") (to, 21) — O (Jul™"u!) (to, mo)|
> C|(Jul*2m ™) (to, 21) (Djulto, 21))™] — [(RPW) (to, 21) — (RPw)(to, z0)]

Z C|u(t0,x1)|”_m|8ju(t0,m1)\m — CM Z |8fu(to,x1) — 8£u(t0,$0)|,
[B|<m

(5.6)
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where M = (1 + [Jul| pso(pom))* ™ 1. Noting that u € C((0,00); BUCH*Y) from (1.6), by com-
bining (5.5) and (5.6), we observe that
\8;»”Au(t0, .’13'1) - 8§”Au(t0, l‘o)|
> Clu(to, 21)|" " 9julto, x1)|™ = CM > |05u(to, z1) — 05 u(to, o)

18]<m
- |8Jm8tu(t0, .561) - 8;-”87511(150, x0)|
> Clu(to, z1)|" " |0ju(to, 21)|™ — CM||u(to, )l gwte - |21 — o]
= Cllowulto, lewss - o1 — x0T
forall 0 < o < 1 — (k —m). Since 1/2 < /1/3 < |zo| < 1/2/3 < V/3/2, we may take a sufficiently
small 0 < hg < 1 so that 1/2 < |zg + he;j| < v/3/2 and
u(to, o + he;) — u(to, o)
h

for all 0 < h < hg, where e; € R"™ denotes the j-th standard basis vector. Then, noting that (5.4) is
valid for 1/2 < |z| < +/3/2, we see by (5.3) and (5.4) that

[u(to, w0 + he;)|" " |Ojulto, xo + he;)[™
_ |9ju(to, o + hey)™ <|U(foa o + hej) — uto, Io)|>ﬁ_m+o Jy—

- a]u(t()a xO)

b
< Z
-2

|u(t0,m0 + hej)|" h
\8ju(t0,xo+hej)|m b romto —m+
. t _ hH m-r+o
ulto.zo + heyr 7070

m K—m-+o
> b <b> hnfero
~ |u(to, zo + hej)|7 \ 2

for all 0 < h < hg. Therefore, by letting x1 = x¢ + he; in the estimate (5.7), we observe that

07 Aulty, 20 + he:) — O™ Aulty, o) > —— 0 LA R
7 07 0 J 7 07 0 - |u(t0,x0+h6‘])‘a’ 2

_ CM(HU(tO, ‘)||Cn+o' + ||(9tu(t0’ ')ch-&-a)hﬁ_m""a,

Consequently, since (5.3) holds, we have

lhrgi%f W’aj Au(to, zo + hej) — 07" Aulto, zo)| = oo,

which yields u(to, ) ¢ Cl’f)'g%" for all 0 < o0 < 1 — (k —m). This completes the proof of Theorem
1.5. O
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APPENDIX A. KEY ESTIMATES FOR THE TERMS WITH THE POWER NONLINEARITY

In this appendix, we give the proof of the key estimates, i.e., Lemma 2.4. To this end, we focus
on the representation of higher order derivatives of || ~!¢!. The proof is based only on induction,
but we have to deal with a lot of complicated calculations.
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Lemma A.1. Let 2 < kK < o0 and I = 0,1. Suppose that m € N satisfies 2 < m < k. Then the
following statements hold:
(i) Suppose that ¢ € BC™. Then it holds that

n

O3 (lel" o) (@) = Mgl "2 ™) (@) [ [ 060(2))

j=1

+ > {2t ) (PY), o) ()}

J=1

(A.1)

for allz € R™ and o € (NU{0})" satisfying || = m, where

m

My m 3:H(”+1*j)7 P(l o, P _H Z HO<7Jh/3 9390

j=1 h=1|8|<m

@

and c,, ‘aghp € R are some constants independent of x and .

(ii) Suppose that f € C1((0,00); BC™1). Then it holds that

P10 2) = Mo 1127021205 00) [0 10
(A.2) j=1
+Z{ P2 ety ) (@, S ) () |

for all (t,x) € (0,00) x R™ and o € (NU{0})" satisfying |o| = m — 1, where

Ql'(fl,)oc,jf = H Z noa,j hﬁaﬂf Z /(f)agmﬁataﬂf

h=1|B|<m—1 [B]<m—1

0

and
CI{/ a’]’

hg € R are some constants independent of t, x, and f.

Proof. (i) First we consider the case of m = 2. By a direct computation, we have

03, 0i (") = 03, (k]| 10400
= K(KJ - 1)|Q0’H_4+1902_l(811 90)81'090 + ’{‘90|H_2+Z‘P1_lai1ai090

for all ig,i; € [1,n]. Thus we have the desired result by taking suitable constants cg)a ing € R.
Since the condition 2 < k < 3 yields m = 2, in the following, we assume that 3 <k < oo.
Then we may take m € N so that 2 < m < k — 1. Here we also assume that (A.1) holds for all
a = (aq,...,a,) € (NU{0})" satisfying |« = m. By computing the derivative of (A.1), we observe
that

8:05 (lp" ' 0") = M m {01l 2™ o™ O [[(@50)% + Mol 2™ o™ 10, [ [ (90)%
(A.3) = =
Z |<,0|H 2m—+l1 m l+]Pfgl,2x,j(p)



for all 1 <4 < n. Here it holds that

8i(‘¢|ﬁ72m+l(pmfl+j)
(A4) _ (KZ —2m + l)’w‘m—Zm-H—QSOaiSO . (pm—l-i-j + ‘(p‘fi—2m+l . (m —1 +j)g0m_l+j_1ai(,0
= (k — m + j)|p| 22t g g0

for all 1 <i <mn and j € NU{0}. In addition, we also obtain

(A.5) 0 [[(@590)% =< 0 (0;0)% ' 0:050 [ (95.0)% ¢ -
=1 =1

JxFJ

By using (A.4), we observe that

- K—2m m— l - : K—2m— m+1— l
0 Y (el IR, ) = 7 {(n = m )l (P, oy
j=1 j=1
(A.6) -
(‘(p|n—2m—2+l m+1—l+ja p(l)

=2

@ j—19P)-
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Now we set o/ == (aq,...,a; +1,...,a;,). Then, by combining (A.3), (A.4), (A.5), and (A.6), we

have

n
0% (| 1h) = Mg ||~ 2m= 2= U5, TT (8500)%
j=1

n
+ Myl 2" ™Y 7L a(050) 10050 [ (91.0)

Jj=1 J«#J
m
. —9m— 4 l
+ 3 s = m gm0 o)
j=1
m—+1

+ Z |n 2m—2-+1 m+1 l+]3 7)() 130)
K,0,] —

n m+1
_ N7m+1‘¢|n72m72+l(pm+lflH(aj a + Z |§0|H 2m— 2+l¢m+1 l+j7)’£21 ]SO)
j=1 j=1
where we set
~( " l
Pi,)a',l‘P = Mem Y S an(0n)™ ' 0i0ne [ (On.0)™™ 3 + (5 —m + 1)(7312,)04,190)@'%

h=1 h«#h

P @ = (5= m+ (P, )0 + 0P, v, (2<j<m),

P/il,)o/,erlcp = 0 Plg Q, m®P-
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By taking suitable constants cg)a, 1hp € R, we observe that

Mn,mz o (Onp)* 7 0i0np [ (On,0) b + (5 — m+ 1) (P 10)igp
hyth

- H Z Cna,l,hﬁ $90

h=1|8|<m
Moreover, since we may take constants Eﬁ)a,7 inp € R so that

m
aipg,)a,j‘P = Z Z CH a,jhﬁa 6590 H Z cfi ,07,h, B ‘T

h=1 { \|Bl<m heth |B]<m

m
:H Z na’uhﬁ e,
h=1|8|<m

we also obtain the representations

. l 1)
(m—m+])(73,£7)a’j<p)3z’<ﬁ+8i73,({aj 1P = H Z na,], h,B8 7

h=1 |B|<m+1
1)
8P}£am§0 H Z /{a ;m,h,B 27%0
h=1|8|<m+1
Hence we deduce that
m+1
02 (161 = Ml 22 1 T 001 + 3 (22 gm0, o)

7j=1 7j=1

with

@ @
Pﬁa’]SO_Pﬁa’](‘O—H Z ’ia Jh.B x(p
h=1|B|<m+1
This implies that (A.1) is also valid for all & € (NU {0})™ satisfying || = m + 1. Hence we have
the desired result.
(ii) Since f(t,-) € BC™! for each 0 < t < oo, the representation (A.1) implies that

m—1
804(’]0‘5 lf ) nm 1|f’ﬁ 2m+2+lfm 1-1 H 8 f a] E(’f‘ﬁ_2m+2+lfm_1_l+]73/(§l)adf)
j=1 j=1

for all @ € (NU{0})" satisfying |a| = m — 1. Noting that

at(|f|nf2m+2+lfmflfl+j) — (K, —m4+1+ j)’f‘f<572m+lfmflJrjatf7

o [ [0 =< ;@)% 00, f T] (05, 1)
j=1

Jj=1 Jx#J



for all j € NU {0} in a similar manner to the calculations of (A.4) and (A.5), we have

002 (£ 1) = Ml f17 2ty £ T (056)%

j=1

+ M&m71|f|n—2m+2+lfm—l—l Z {Oéj(ajf)ajlatajf H (8j*f)aj* }
-1

+ > {—mr 142 P, ot

3

<.
I
—_

NE

+ 3 (it prettigp® )

<
I
)

= Myl fI7 720 7 lﬁfH ;1) +Z [l gt gl ),

Jj=1 Jj=1

where we set

QY =M1 > {ah@h £e10,0f T @O ) } + (k= m+2)(PY Harf,
h=1 h.#h

OV f=(k—m+1+ )P NS +oPY . f, 2<j<m),
éf(fl,)oa7m+1f = 8tfpf(il,)a,mf

By taking suitable constants cg)a, Lhp € R, we observe that

M- 12 {ah 0.)" 0000 T] (@On. 1) } + (5 =+ 2P )OS

hath

( H Z € a,j h 5 T ) Z C;(j,)a’j’m’gataff-

h=1|8|<m—1 [8]<m—1

Moreover, since we may take constants Eﬁ)a, ing € R so that
m—1
HaJ Z ,Jhﬁataﬁf H Z fwz]h*,ﬂaﬁf
h=1 1B|<m—1 ha#h |B|<m—1

m—1
0
( G :rf) Creim p 0002 I
h=1181<m 1Bl<m—1

31



32

we also obtain the representations

(K’_m—i_1+j)(7);£21]f)8f+atpna] lf H Z noc]h,@aﬂf Z f(ﬁi)ajmﬁataﬁf’

h=1 |B|<m-—1 |B]<m—1
m—1
!
atpfg,z;v,mf: Z r(i)a,]hﬁagf Z f(f)avjmﬁataﬁf
h=1 |g|<m—1 |8<m—1

Therefore, by setting Q 0 f = @,({ o .f, we obtain the representation (A.2). This completes the

K,0,7

proof of Lemma A.1. O

Remark A.2. The statement of Lemma A.1 may be extended to the case of the general domain
Q C R" as well.

By applying Lemma A.1, we may show the key estimates.

Proof of Lemma 2.4. (i) First we consider the case of m = 1. Then, since it holds that 0;(|p|*l¢!) =

K|p" 21790 for 1 < i < n and for all ¢ € BC', we see that Rg)go =0 for all « € (NU{0})"
satisfying || = 1. Thus we have the desired result. Since the condition 1 < k < 2 yields m = 1, in
the following, we assume that 2 < kK < 0o and 2 < m < k. In this case, we see by Lemma A.1 that
the representation (A.1) holds. Therefore, by taking m, € N such that 2 < m, < m, we observe
that

M

K—21Mx ms—Il+7 !
RPp = (|l 2metlpme—t+ipl) )
j=1

for all @« € (NU{0})" satisfying |a| = m., which implies that

MM
J— * T j - * j l
RO 1= R0l < 3 (llpr* 2= — Jipol 2= P, o)

=1
™ - ) l

+> (|900\ HPl, o 7’22”%000 :
i=1

Here, since ||~ 2mstHpm=—I+i — |p|=mati=(ma=I+]) yme—l+i and since kK — my + j > 1 for j > 1,
Proposition 2.3 (ii) yields

- * *_l j - * *_l j * 1 * 1
(A7) [l =2 oo T — oo [P =2me Hgf= = < O([lopn | 727 + llpoll 5= lr — ol
In addition, noting that
O] O] _
P i1 = Pam 0= D Cinju 08 (o1 = H D Congnpdiert-
|B]<m. h=2|8|<m.

+ H Z Cr 047] h Bax Z Cffl,)a,j7m*7ﬁa£(¢1 - 900))

h=1 |8|<m. |8 <m.
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we observe that

|PI({I)O¢]'SD]- - P;glzxj900|

<0 Y (182 = wolllallpent + -+ lollpent 92(o1 = wo)l)

< Cllprllsom- + ligollzom )™ > 108 (e1 — o)l

Therefore, by combining (A.7) and (A.8), we obtain

* 1 * 1 *
IR o1 — RY o) < CZ (lerll7= 7 + ol 5™ Dler — ol - ler pems Y 10561l
J=1 ‘6|Sm*
+CZ leoll 5= - (lerll Boms + llpollema)™ "> [02(p1 = o)
|5|§m*
< 0(1 + llerllBoms + llollom )™ ™ >~ 102 (p1 — o)
|/B|§m*

for all & € (NU{0})" satisfying |&| = m.. Since the above estimate is valid for all 2 < m, <m and
since Rg)go =0 for all @ € (NU {0})" satisfying |a| = 1, we obtain the desired result.
(ii) By the definition (2.2) of Rg)gp, we have

Op(lel™ ') = § [T+ 1= 3) ¢ el 2" o™ [T (050)% + R
j=1 j=1

for all @ € (NU{0})" satisfying |a| = m. Thus we deduce that

n
102 (1171408 — o~ 'oh)| < Cllpn|* 2™ o™ — [ol > Hop ! T ] 105011%

3

+ Clgo|*™™ H @501)% — [[(0500) | + IRVp1 = RPpo].

Jj=1
Here, since it holds that

n n

[1@e0)% = T1@500)% | < Clllenlgat + llvollfet) D 102 (p1 = wo)l,

j=1 j=1 18l=1
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by applying the assertion of (i), we observe that

105 (lo1]™"0h = Lol ™) < Cllioa "2 ! — ool "2 o | D 1070 |™
181=1
+ Clle 7= (e lgar + lleolliat) Y 102 (e = wo)l
181=1
+ O+ llerllem + llpollsem) ™1 Y 107 (01 — o)l
|8]<m
< Ollpa "2t — Jpol 2 g Tl Y 107
181=1
+C(L+ Jerllpom + lpollsem) ™™ Y 187(01 = wo)l.
I8|<m

(iii) First we consider the case of m = 1. Then, since 9;(| f|*~'f!) = s|f|* 2t 110, f, we see that

DA = 1ol A0 < w (LA A = ol 2 7 0]+ U foll oo 0e = Fo)) -

Thus we have the desired result. Since the condition 1 < x < 2 yields m = 1, in the following, we
assume that 2 < k < 0o and 2 < m < k. In this case, by using the representation (A.2), we have

10:02 (| f1 " L — | fol L £5)]
< O A2 = | fol 5 mH 0l T 105 11

Jj=1

+Cl ol 0y [ [(05£1)% = Oufo [ [ (95f0)

j=1 j=1

_ —l+j — —l+7 l
37 (a2 = 2 gt o, )

NE

1

[
Il

Ms

(|f o1l f = Q0 fol)

.
Il

< C||f1|“—2m+lf{”* — [ fol" 2™ f o f1] D107 1™+ CSo + S1 + S,
18l=1

where

= fol* ™ |0 T @510 = dufo [ [ (@5 £0) ],

Jj=1 Jj=1

— —1 l
(Hfﬂn %me?z +Jj |f‘n %waWL +]HQma] |>’

2
[
NE

1

<.
Il

NE
i
NE

(|f0’ﬁ7m+j|Q,(.f,)a,jf1 - Qg727jfo|> :

1

<.
I
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Here we see that

3

So < |l foll e zoey § 106(fr = fo)l T ] 10511 + 101 ol H 0511 = [1(@;fo)*

j=1 j=1

< CHfOHLgo(Loo){Iat( — follfll e (e

(A.9)
+lfollser o) (£l f tpory + 1ol T aen ) > 192 (A —fo)l}
1B1=1

< C(+[[fillsersery + 1ol Bersery)™ (Z 100 (f1 = fo)l + 10e(f1 — fo)) :
1Bl=1

Moreover, in a similar manner to the derivation of the estimate (A.8), we deduce that
@ 0
‘Qn o j - Q,‘{ e jf |
<C Z (198 = AN By | il BCa oy +

|B]<m—1
ol ey |02 C = S Fill ez s + ol omsy 002 (i — fo))
< C(l Al e + ol sermen—)™ 32 (1020 = fo)l + 1002 (f1 = fo)l) -

|B|<m—1
Thus we see by (A.7) that
51 < 02 (A1 + ol ) 2 — fo

x Hf1| Boiem-yy > (021 +18:07 f1])

|Bl<m—1
< C(+ | fillpeaem—1y + I foll perpem-1) " = fol,
(A.10) Sy < CZ ||f0||zoomL+oi)(Hf1HBcg(Bom—l) + || foll ez (pom-1y)™

x Z (19207 = fo)l + 202 (1 = fo))

|B|I<m—1
< C(L+ 11l sorsem—1y + 1 foll Box (pom-1y) =™

< 30 (10207 = o)l + 100251 = o))

|B|<m—1

\
Therefore, by combining (A.9) and (A.10), we have the desired result. This completes the proof of
Lemma 2.4. U

APPENDIX B. SMOOTHING PROPERTIES OF MILD SOLUTIONS TO THE HEAT EQUATION

In this appendix, we give the proof of the smoothing properties of mild solutions to the heat
equation, i.e., Proposition 4.1. Such a kind of parabolic smoothing effect may be well-known, but
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we have to pay attention to some viewpoints. The proof of Proposition 4.1 is strongly based on the
argument due to Lunardi [29, Proposition 4.2.1 and Theorem 4.3.1]. Here we note that it is not so
obvious that the heat semigroup e : B} « = B; » is an analytic semigroup. So we do not know
whether we may use abstract results like [29, Proposition 4.2.1] directly. Moreover, the assumptions
in Proposition 4.1 are slightly weaker than those of |29, Proposition 4.2.1 and Theorem 4.3.1|. For

these reasons, we show the smoothing effects by direct computations.

Proposition B.1. (i) Let 1 <ryg <00, 0< s <00, and 1 <T < co. Then, for every p € B
holds that & e € Bﬁ:l with the estimate

70,007

7,00

|85l s < CT/24-0/ 210/ =Yg

forallrg <r; <oo,0<0<o0,jeNU{0}, and 0 <t < T, where C > 0 is a constant independent
of T, t, and .
(ii) Let 1 <7y <00 and 0 < s < oo. Suppose that f € L5 (10,00); By, ). Then it holds that

Tfe (] Cic’((0,00); BE),

ri,l
0<o<1

where Zf is defined by (4.1).

Proof. (i) Note that &/ e!2p = AJet2yp for all j € NU{0}. The usual estimate of the heat semigroup
yields
|ATe 2| < CEI= /DA r0=1/m) )l g

s+cr+n(1/r0 1/7r1) B3+g
1,1

for all j € NU {0} and 0 < t < oco. In addition, since B;
2.1 (iv), we see by [24, Lemma 2.2 (ii)] and [43, Theorem 2.28] that

from Proposition

HA]etA(pHB:]«-Fi' S CHAjetA(pHBS-Q—T-Q—n(l/'Fo—l/‘I‘l) S CHetA(PHBS-!—({-Q—Qj-Q—n(l/To—l/T‘l)
) 0 70>
< Ct*d/%j*(n/2)(1/r071/7"1)H(p”Bfom
for all 0 < 0 < 00, j € NU{0}, and 0 < ¢ < oo. Therefore, noting that By, = L" N Bﬁ,q holds for
0<s<o0,1<r<oo,and 1 <q < oo from [4, Theorem 6.3.2], we observe that
PR7AN i tA PR7AN
|A7e! @I!Bﬁf‘{ < O([|Ae Pl L + [ A€ sOHBw)
< Ct=o/2i= /DA ro=1/r) (1772 || Lo + lellss )
< CTU/Qt o/2—j—(n/2)(1/ro— 1/T1)|’90HBS

(0,00

forall 0 <t <T.
(ii) Let 1 < T < co. By using the estimate in (i), we have

t
NN gz < OT" [ (=7,

1—8 T=t
< CT)| fll ooy, oy [~ (6 = 7]

< CT|| fllos(0,7):Bs

r]_,oo)

=0

forall0 <t < T and 0 < 8 < 1. Thus we obtain

rl,oo) :

IZN o 0,585 20y < CTINS Nl oo (0,192
1,
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In addition, since it holds that

(Zf)(t1,-) — (Zf)(to,-) = /0 O(G(tl—T)A _ e(to—T)A)f(T’ Ndr + / ' e(tl—T)Af(T’ Ndr

to

to t1—7 t1
- / ( / 9" f(T,~)dn) dr + / (DA f (7 Y
0 to—T to

for all 0 < tp < t; < T, by using the estimate in (i) again, we observe that

IZ )1, ) = (ZF) (o, )l g2

to t1—7 a1
<ottt [0 [ el ndr +0T* [ (=D,
0o—T

to

0+1 0 fo gl 1-9]7 1
<CT"T+T )HfHLoo((o,T);Jeeg1 ) / [—77 } o dr+ [—(tl —7) } B
’ 0 n=to—T7 T=to
T=to

< C(T" + T fll =01y, o) ({(h —7)0 = (to — 7)1*9} L

) {(t1 — )t =ttt 4 té_e}

+ (t, — t0)19>

<C(Ttt + Te)HfHLOO((O,T);BS

71,00

for all 0 < 8 < 1. Since ty < t1, we have
[(Zf)(t1,) — (Zf)(to, ')HB;1+219 < C(T" + T fllnoqo.r)ms. (1 — 1),

71,00

which implies the desired result. This proves Proposition B.1. O

Proof of Proposition 4.1. (i) Let 0 < ¢ < 1 and let x. € C*°(0, 00) satisfy

[ 0 forte(0,e/8),
0<x:<1, x(t)= { 1 fort e (g/4,00).

Noting that f = (1 — x.)f + x-f, we have
e/4 t
A1 = xe () dr + [ I ()

for all € < t < co. Concerning the first term of the right-hand side in (B.1), we see by the condition

SUP<t< o0 fg et f(7, )|l LrodT < o0, the embedding Bgo/,io C L™, and Proposition B.1 (i) that

(B.1) (Zf)(t,-) = 6(t/2)A/

0

A e/4
o elt/2 /0 WAL = xe(r)) f (7, ))dr

o
B'rl,l

4
< O/ (1/2) 70 4= (/D o=t / ()R (7,
0

o/2
B'ro,oo

t/2
< OTo/4e—0/4=i—(n/2)(1/ro—1/r1) // ”e(t/%r)Af(T’ N zrodr < o0
0

foralll1<T <oo,e<t<T,j€NU{0}, and 0 < 0 < oo. Therefore, we have

e/4 '
(B2) | e = e Dar € () (e W),

jEN
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In addition, since x. = 0 on (0,&/8) and since f € LS ((0,00); L™), it holds that

XEf € Lloc([oa 00)7 Lrl)‘

Noting that the heat semigroup e® : L™ — L™ is an analytic semigroup, by applying [29, Propo-
sition 4.2.1], we observe that

t
/e(t_T)A( (7) ))dr € ﬂ CL=9([0, 00) ); (L™, W™ 1),
0

loc
0<b<1

Since (L™, W)y, = Bfel from [48, Remark 4, p.186|, we have the desired result.
(ii) We consider the decomposition (B.1) again. Then, since x. = 0 on (0,¢/8) and since f €
L2 ((0,00); BE. ), we have x.f € L2.([0,00); BS ). Therefore, Proposition B.1 (ii) implies that

loc 71,00 loc 71,00

/e(t_T)A( (7)f(7,-))dT € m cl-? ([0, 0); . Bs+20),
0

loc ry,l
0<o<1

By combining the above regularity and (B.2), we have the desired result.

(iii) First we consider the case of k = 0. Take 0 < ¢ < 1 sufficiently small. Since x. = 0 on
(0,/8) and since f € C}! ((0,00); BUC™), it holds that x.f € C7([0,T]; BUC™) for all0 < T < .
Therefore, since the heat semigroup e*® : BUC™ — BUC™ is an analytic semigroup, we see by
[29, Theorem 4.3.1] that

((0,T]; BUC™"2).

loc

t
/ (DA (v (1) f(7, ))dr € CE((0,T); BUC™ N €,
0
Noting that (B.1) and (B.2), we deduce that
(B.3) If € CL7((0,00); BUC™) N O} ((0, 00); BUC™2).

Next we consider the case of k = 1. Then it holds that 9, f € C. .((0,00); BUC™). Here we set

()t = /0 D3 (. (r)D, £ (. ))dr

for 0 <t < oco. Since x. = 0 on (0,&/8), we see that x:0:f € C7(]0,T]; BUC™) for all 0 < T' < c0.
By the same argument as in the case of £ = 0, we observe that

J-f € CE((0,1); BUC™) n ¢ _((0,T); BUC™?)

loc

as well. Moreover, we have
0o 751 (7, ) = — Al A (7, + €780, £ (7,
for all 0 < 7 < t < co. Hence, by integrating from £/2 to ¢, we obtain

t t
f(tv ) - e(t_E/Z)Af(g/Qa ) = Ae(t_T)Af(T’ )dT + / 6(t_T)A8Tf(T’ )dT
€/2 €/2

for all € < t < 0o. Thus we deduce that

e/2 t
— (t—=m)A .
</0 +/€/2> Ae f(r,)dr

e/2 t
= / Ae(t_T)Af(Tv )dT - f(tv ) + e(t_s/2)Af(€/25 ) + / e(t_T)Aan(T’ )dT
0 €/2
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with the aid of (B.3). Notice that

128 f(e/2,) € () C((,00); WHT).
JjEN

In a similar manner to the proof of (B.2), we also see that

€/2 .
/ Ae(t*T)Af(T, dr € ﬂ C*((g,00); W),
0 jeN
Moreover, since x. = 0 on (0,£/8) and x. = 1 on (¢/2,00), we have
t €/2
[ B0 g b = (T~ [ IS m)ons (s
€/2 €/8
for all € < t < oo. Therefore, since 8 f € C|.((0,00); BUC™), it holds by Proposition B.1 (i) that

€/2 . /2 .
//8 187 "2 (xe ()0 f (1, Dl grtedr < cT/? //8 (t—7) " xe(1) 0 f ()| B AT
< CT72e 27310y f || oo (e 8.0 /2):BCm) < 00

forall1<T <oo,e<t<T,0< 0 <o0,and j € NU{0}, which yields

e/
[ 3 et e € () € (e, BUCH),
¢/8 jEN

Hence, by combining the above relations, we obtain AZf € Cl+7((0,oo);BU C™). In addition,

loc

by using (B.3), we also obtain Zf € C-"7((0,00); BUC™*2). Noting that ,Zf = AZf + f and

loc

f e Cllotw((o,oo);BU C"™), we have the desired result. This completes the proof of Proposition
4.1. [l
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