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LR — BJ H[R"M for 1 < p < o and s € R. We show that

e f € BC((0,); BS »@®M) for all f € BS (]R") In addltlon we reveal a sufficient condition of f € B3 »@®RM
for ensuring the C0 property eAf e BC([O ©0); BSV (R")). We also give examples of [ € BS‘ R™ Whlch have
the property e’ f & BUC((0, 1); B;,M(R"))'

1. Introduction

In this paper, we consider the heat semigroup defined on homogeneous
Besov spaces BS w@®" forn > 1,1 < p<co,and s € R. We begin with
recalling the deﬁmtlon of the homogeneous Besov spaces: Let . (R")
denote the Schwartz space. Then we define the Fourier transform F
and its inverse 7! by setting

(Fy)(©) = / ey (x)dx,  (F7ly)(x) = / ey ()de
R" Qo

for y € S (R"). Let ¢ € ./ (R") satisfy the following conditions:
suppp = {& € R"” | 1/2 < €] £2},
@& >0forall 1/2 <& <2,
2 @277&) =1 for all £ e R"\ {0}.

JEZ

(1.1)

We introduce the homogeneous dyadic blocks {4 ;}jez by setting 4 ;=
F-lo@2~/)F for j € Z. Then, for ] < p< o, s € R,and 1 < q < oo,
define the homogeneous Besov spaces B;’q(R”) by setting B;’q(R") =
{(f e SR PR | ||f||B;q(Rn) < oo} with the norm

(2@ P}
1 g ey += st 12T e
SUpjez 2% ||Ajf||u(]R")
where ./(R") and 2(R") denote the dual space of .(R") and the set
of all polynomials on R”, respectively. We also set .#,(R") := {f €
Z(R")| 0 ¢ supp F f}. Next we introduce the heat semigroup by setting
¢4 := P~ F for 0 < t < oo. Since 7 and 7~! may be extended to
the operators from .#’(R") onto itself, in what follows, we focus on the
heat semigroup e'4 B;,W(R") - B;,w(R”).
Our purpose of this paper is to show that

if 1 <g< oo,
if g=o0

¢ f € BC((0, 0); B) (R") (1.2)
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for all f € B;,w(R"). In addition, if lim;_ ., 2%||4; f|| sy = O holds,
then we prove ¢4 f € BC(|0, oo);B;m(]R")). Next we give examples of
f e BS »@®" such that for any 0 < t < oo, the functions ¢'4f may
not be approxlmated in the topology of BS «(R") by functions belonging
to .7,(R"). We also reveal that ¢'4f ¢ BU C((0, 1); BS »@®™") for such
examples.

To describe the details of our results, we shall recall the properties
of the heat semigroup defined on homogeneous Besov spaces B; (R™).
Kozono, Ogawa, and Taniuchi Ref. 1, Lemma 2.2 (ii) showed that for
every f € BS »(@®"), it holds that e’A f e B””(R") forall 0 < t <
c and 0 < ¢ < co. This implies that ¢4 f has sufficient regularity,
so we may regard it as a smoothing effect of the heat semigroup. In
addition, recently, the author Ref. 2, Theorems 3.1 and 3.3 improved
the estimate given in Ref. 1, Lemma 2.2 (ii) and showed the space—
time analytic smoothing effect of the heat semigroup. More precisely, for
every f € B;,M(R"), the function ¢4 f becomes real-analytic in (0, co) X
R". Moreover, if 1 < p < o0 and 1 < g < oo, then the heat semigroup
e'd B;q(R") - B;q(R”) is a bounded analytic C,-semigroup Ref. 2,
Theorem 3.6 (ii). In particular, it holds that ¢4 f € BC([0, 0); B‘ (R"))
for all f € B;’ q(]R") Besides, Ozawa and the author Ref. 3, Theorem
1.1 refined the estimate given in Ref. 2, Lemma 5.1. As a by-product,
we also refined the lower bound of the radius of convergence given
in Ref. 2, Theorem 3.6 (i).

Next we focus on the case of B;m(]R"). In this case, it may no longer
be expected that the heat semigroup is a C,-semigroup. One of the
typical ways to give some sense of the limit lim,_, (e f is to consider
the dual spaces. In fact, we see that ¢4 f € BC,([0, o); B; L (®M) for all
fe B;YW(R") and 1 < p < oo with the property ’

. A — D—S n
tHT0<e’ f=fw)=0 forallye B (R),

where p’ := p/(p—1). We refer to several results*~1° for the construction
of mild solutions to the parabolic PDEs with initial data in B;W(R”). In
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these results, the dual spaces are used to verify that solutions converge
to the initial data as t — +0.

As mentioned above, it is not expected that e'4f € BC([0, x);
B;AVOO(R”)) in general. It may be regarded that this claim is similar to
the fact that e'4f ¢ BC([0, o0); L®(R")) for some f € L*(R"). However,
even so, we have ¢f € BC((0,); L°(R") for all f € L®(R").
The reason why such a property is obtained comes from the fact that
edf € BUCIR") for all 0 < ¢t < o and f € L®(R"). Therefore,
even though the heat semigroup ¢® : L®(R") — L®(R") is not a
C,-semigroup, we see that " f is continuous on (0, c0) in the topology
of L®(R"). Hence, our results which state that (1.2) may be regarded
as a corresponding result to the case of L*(R"). Here note that the
author Ref. 2, Theorem 3.6 (iii) has already shown that the bounded
linear operator ¢4 : BY SR = B;*“(]R") is real-analytic in (0, c0) for
all0 <o < 0. However in this case, the topology had to be replaced
by that of the different spaces B;j"(R”) with that of the original one
B (R").

In our results, we show that the property ¢'4 f € BC([0, »); B;,M(R”))
is valid under the condition lim,_, 25714 ; fll Lr@ny = 0. In other words,
we do not have to assume the condition

jEf_noo 2Xj||A.jf||Lp(]Rn) =0, 1.3)
which implies that there exists a function f € Bs ~@®" such thatedf €
BC([0, 0); BS »([@RM) holds even though f may not be approximated in
the topology of B‘ ([®R") by functions belonging to .#;,(R"). In addition,
we also give examples of f such that ¢'4 f may not be approximated by
functions belonging to .#,(R"). Such a phenomenon may be described
by analyzing the smoothing effect of the heat semigroup precisely.
From our results, we observe that

lim ZSjllA.jemf”LP(R") =0 1.4
J—=

forall0<t<ocoand f € B;YM(R"). However, we do not know whether
another limit j — —oco converges to 0. In fact, we may find examples of
f such that

liminf 2|14, f || p(gny > 0
Jj——

for all 0 < ¢ < 0. So these results are given by the precise analysis of
the smoothing effect that the heat semigroup has.

1.1. Main results

Here we shall state our main results. Recall that ¢ is the function
satisfying (1.1). Let BC, BUC, and C® denote the space of the bounded
continuous functions, the space of the bounded uniformly continuous
functions, and the set of the real-analytic functions, respectively. In ad-
dition, we set the Sobolev spaces H"(R") := {f € L*(R") | Al gmgny 2=
Dlajem 105l 2y < 0o} for m € N.

Theorem 1.1 (Sufficient Condition for the Cy-Property). Let 1 < p < o
and s € R. Then the following statements hold:

(i) Suppose that f € B;’W(R”). Then it holds that
25 ||Aj(etAf - f)”Lp(]Rn)
< G4 = exp(=20) 2@l yaceny - 2714 £l o)

forall 0 <t < oo and j € Z, where C,, > 0 is a constant depending only on
n.

(1.5)

(i) Let 1 < g < oo and suppose that f € B;’ q(]R"). Then it holds that

Jo
lim 2 @714 f = Dllpp@n)? =0 if 1 <q < oo,
t—+0 j (16)

lim  sup 2”||A (e"f - N er@ny =0

1—-+0 —00<j<jo

ifg=o0

for all j, € Z.
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(iii) Suppose that f € B;’OO(R") satisfies

jllrg 2Sj||Ajf||Lp(Rn) =0. 1.7)
Then it holds that
¢ f € BC([0,00); B, (R")). 1.8)

In addition, suppose that 1 < q < co. Then for every [ € B;,q(R"), it holds

that

¢'“f € BC([0,00); B (R")). 1.9)

Remark 1.2. (i) It is known that the following relation holds for all
I<p<oandseR:

pw+(Rn . {f e Bv (R")

ISt ken € SR, }

li - 3 mmy =0
kggo IIf fk”B,,,m(R ) (1.10)

= {f € B (R

jEfinco 204 fll pgny = 0 } .

We will verify that (1.10) in the last part of this paper. If we as-
sume that f € B;’w 4(R"), then Ref. 2, Theorem 3.6 (ii’) implies that
the C,-property (1.8) is valid. Compared with this result, we see by
Theorem 1.1 (iii) that it is sufficient to assume that (1.7) to obtain
the C,-property (1.8). Hence, the relation (1.10) implies that we have
improved the result of Ref. 2, Theorem 3.6 (ii’) since we do not have
to assume that (1.3). In particular, we do not have to take a function
/ which may be approximated by functions belonging to .#,(R"). We
refer to Sawada Ref. 11, Definition 4 for comments related to the Cy-
property of the heat semigroup on homogeneous and non-homogeneous
Besov spaces.

(ii) The assertion such that we do not have to assume that (1.3)
is natural in some sense: In our results, we focus on the heat semi-
group on homogeneous Besov spaces B;,w(R"). Here let us consider the
non-homogeneous Besov spaces B;’w(R”), namely, let us consider the
following norm;

||f||3;°°(]R") = ||7?_1[}(Ff]||Lp(RH) + sup 2Sj||Ajf||Ln(R"),
: 0<j<co

where y := 1 - Yo ., ®27/-). In this case, we may expect that the
condition (1.3) is not necessary. Moreover, we may regard that the
condition (1.7) corresponds to the assumption appearing in Ref. 7,
Theorem 1.3, Ref. 4, Theorem 2.3, Ref. 12, Theorem 2 (ii), Ref. 5,
Theorem 4 (2), and Ref. 10, Theorem 2.3. In these results, it is assumed
that the high-frequency part of the initial data is small to ensure the
existence of mild solutions. Similarly to our assumption, it is not
assumed the smallness condition of the low-frequency part.

(iii) As a by-product of the proof of the C,-property (1.8) under the
condition (1.7), we also see that (1.9) for all f € Bfn,q(R") although
it is known that ¢4 f ¢ BC([0, 00); L®(R")) for some f € L®(R"). This
claim provides a clear difference between L*(R") and fo,, q(R”), but
we should mention that the assertion (1.9) is a known result. In fact,
Iwabuchi Ref. 13, Theorem 1.2 has already shown that the C,-property
corresponding to (1.9) holds in a more general situation. We also note
that the method of the proof of Theorem 1.1 is similar to that of Ref. 13,
Theorem 1.1.

Theorem 1.3 (Smoothing Effect of the Heat Semigroup on BS w@®M). Let
1 < p < oands € R. Suppose that [ € B* w@®"). Then the following
statements hold:

(i) It holds that
29114, £l Lony < Cpexp(=22 D10l gy 1.f 11 5 oy .11

for all 0 <t < o0, where C, > 0 is a constant depending only on n.
(ii) It holds that
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¢ f € BC((0, 00 B, _(R")n () BC"((e. o0); B _(R") N C((0, 00): B (R")

meN

forall0<e< 1.

Remark 1.4. (i) Theorem 1.3 (i) states that (1.4) holds for any
fe B;,w(R"). Namely, the function ¢4 f satisfies the assumption for
the Cy-property in Theorem 1.1 (iii). Therefore, we see that (1.2).
As mentioned before, in the case of f € BS »@®"), we consider the
dudal space to obtain the continuity of e'4 f 1n 'some sense. Indeed, we
may obtain the weak-star continuity, so such a way is used to obtain
the time-continuity of mild solutions to the parabolic PDEs in several
papers.*® However, Iwabuchi and Nakamura Ref. 14, Remark 1.3.2
have pointed out that we obtain (1.2) even though f € B;’W(R”). We
give proof in detail of such a claim.

(ii) Concerning Theorem 1.3 (ii), the author Ref. 2, Theorem 3.6
(ii) has already shown that ¢4 : B;’q(R") - B;’q(R") is a bounded
analytic C,-semigroup under the conditions 1 < p <o and 1 < ¢ < oo.
What we have to do to show Theorem 1.3 (ii) is to verify that ¢4 f €
C*®((0, 0); B‘ »@®™"). Once we may show such a property, we have

efAf e C’”((O 00); BA »@®™") in a similar manner to the proof of Ref. 2,
Theorem 3.6 (ii). Moreover, by combining the method of the proof
of Ref. 2, Theorem 3.6 (i) and the result of Ref. 3, Theorem 1.3, we
also see that ¢4 B;,M(R") - B;,OO(R”) may be extended analytically

on
(2 L01/2)
largt| < sin <( . ) i, s

where I'(a) := [; 19" le~*d 4.

3= {teC\{O}

Theorem 1.5 (Counterexamples) Let 1 < p < ooand0 < 6 < n

and let § € B_"+" P(R") denote the Dirac measure. Define f, := 6 and
fi=11"¢e B;‘;”/”(R"). Then it holds that

2s’”j||A.jetAfm||Lp(Rn) 2GC,, exp(—22j+2t)||(ﬂ||Ll(Rn)

forall0 <t < o, j € Z and m = 0,1, where s, := —n + n/p and
sy :=—c+n/pand C,, > 0 is a constant depending only on ¢ and n. In
particular, it holds that

1}@2; 251114, foll Loy > O (1.12)
Moreover, it holds that

e f,, & BUC((0, 1); BS"’ w(@RM). (1.13)

Remark 1.6. (i) From Theorem 1.3 (i), we see that the heat semigroup
has a smoothing effect such that (1.4) holds for any f € B;,W(R")~
However, we do not know whether

. sin i A
Jim 214, Nl Lpny = 0

holds or not. Concerning this problem, Theorem 1.5 gives counterex-
amples which satisfy (1.12). Therefore, the relation (1.10) implies that
the function ¢4 f,, may not be approximated by functions belonging to
Z(R™. In addition, the property (1.12) states that e’ f,, ¢ BS’” R
forany 1 < ¢ < 0 and 0 < ¢t < 0. Since it holds by Ref. 1, Lemma
2.2 (ii) that e'A fu € BS'””(]R") for all 0 < ¢ < oo, we also see that
eAf, & B (R for any 0 < 6 < oo with the aid of Ref. 15,
Proposition 2 22.

(ii) The property (1.13) implies that e’4f,, ¢ BC([0, 1]; B;fgo (R™)), so
we may verify that e : B,n (R") — B," (R") is not a Cy-semigroup
certainly. However, we note that Theorem 1.3 (ii) yields !4 fm €
BC((0, c0); B, (RM)).

2. Proof of main results

In the following, we shall show our main results, Theorems 1.1, 1.3,
and 1.5. The method of the proof of Theorems 1.1 and 1.3 is mainly

Partial Differential Equations in Applied Mathematics 10 (2024) 100718

based on analyzing the symbol e~/'* of the Fourier multiplier operator
et = P-le7I°F. Since we consider only the case of the whole space
R", in what follows, we abbreviate like L? := LP(R"), H™ := H™(R"),
and B;,q = B;,q(R”).

2.1. Preliminaries

Here we verify the basic properties of the function ¢ satisfying (1.1)
and the homogeneous dyadic blocks {4;} ;7. First we note that

17~ o~ Yl Lo = 2="/P0 | P~ @y (2 )] 1o 2.1

forallj €7Z,1 < p < o0, and y € C*(R"\{0}) from simple substitutions.
In addition, noting that (1.1) yields supp p(2~/-) = {¢ € R" |2/~ < |¢] <
2/+1} we observe that
4,4, =0for |j—k|l =2,
. oo (2.2)
Ay = Z Ajdyy for jeZ and y € 7.
k=j—1

To show Theorems 1.1 and 1.3, let us verify Lemma 2.1, which provides
the estimates of the symbol e~'I" >, Here we define the homogeneous

Sobolev spaces H" = {f € " ||fllgm := Dlaiem 10812 < oo} for
m € N.
Lemma 2.1. (i) It holds that

lmlaxla” MR | <2241 4 11 (1 4 (g e
al=J
foral0<t< oo, £€R", and j € N.

(ii) It holds that

(2.3)

g™ = o)l gm < Cppple™/?

— — .2
e L™ =1+ Pllgm < Cpall@ll gn

fordl0 <t < o, 0 €R, and m € N, where C,,, > 0 is a constant
depending only on m and n.
(iii) It holds that

17~ @ exp(=2%1] - )1l .1 < C, exp(=2%*D] @]l
17~ To(exp(=2%1] - 17) = D]l 1 < C,(1 — exp(=22F21)! 2 |||
and
77 [ (" @xp=2%11 - 1 =+ 2% - P,

< Cn22k+] {1 — Q¥+ - exp(_22k+2t))}1/2

+ loeDllell g

llellgn

forall 0 <t < o and k € Z, where C, > 0 is a constant depending only on
n.

Proof. (i) In case j = 1, the estimate (2.3) trivially holds for all
0 <t < oo and &£ € R”. Assume that (2.3) holds for j = j. Then, for any
a € (NU {0})" satisfying |a| = jj, it holds by (2.3) that

2 2 2 2
105, 0 ™) = 10 Q& e ™)) < 20102 & ™K + 20gl0g e
<201+ [EDe ™ 4+ 2ele] - 22001+ Y07 (14 [¢yoe 4P
< 2%0+24(1 + 1Yo (1 + |§|)/u+le—tlﬁl2
forall 1 <k <n 0<t< oo, and & € R". Thus we see that (2.3) holds
for all j € N.

(ii) Since ¢ satisfies the condition (1.1), it suffices to consider the
case of 1/2 < [£] < 2. Let « € (NuU {0})" satisfy |a| = m. Then, by
combining (2.3) and the Leibniz rule, we have

_ 2
10¢ (@& = o)}

< |aa¢(§)lle"\5\ -6l +C, 2 |aﬁ(p(§)||a“ B o=tlER|

f<a
<(@* +oDIogp(o)]
+Cpn Z |6?(p(€)| ‘22(|a|—|ﬂ|),(1 + t)lal—lﬁl—l(l + |5|)Ia|—|ﬁ|e—t|¢|2

f<a

<@ 410D @@ + Cppe™ 11+ 0" Y oL ()]

f<a



T. Takeuchi

for all 0 < t < co and ¢ € R. Noting that supy,«., e /31 + )" < oo,
we observe that

10 {0 = )} < Cpppe™/ 4+ [0D) Y 100,

pLa

which yields e - o) fm < Cpn(e™® + oD@l gm. Similarly, we
also obtain

|02 {@@) " (4 = 1)+ gD}
<102 | @ — 1)+ 12|

+ o 21000 (1107 10 1ePP) )

p<a

< 10 1g1? = 17 (1 = e
+ Cm,nl; |a§(p(;:)| (22(\0\*|ﬁ|)(] + t)\ll\*lﬁlfl(l + |§|)I0f|*|ﬁ\e*ll"fl2 +2(1 + |§|))
<1050 117 = ' (1 = e ¥+ G, @A+ 0" 4 1) Y 10l

p<a
Here we set w(t,r) := r—t~1(1 —e™™) for t,r € (0,0). Then we see by
dw(t,r)=t"2e""(tr+ " — 1) > 0 and lim, , oy (t,r) =0 that

0<wy(ty,r) <wyl(ty,r) 2.4)

forall 0 <7y <1, < o and 0 < r < oo. In addition, since d,w(t,r) =

1—e™ > 0 yields sup; uq,<q w(t,r) = y(1,4) =4 —171(1 — e™¥), we have

sup Il =171 - e ) <4 -1 - e <4 2.5)

1/2<)¢1<2
for all 0 < ¢ < co. Noting that supy,., e /*(1 + /"' < co, we observe
that
2
102 (@& (@ = D+ 1P} < Cppy ) 102 0(D,
f<a
which yields the desired estimate.
(iii) We see by Ref. 3, Proposition 3.2 that
17~ [p exp(=2%1] - )]l .
< Clloexp=2%1] - D)1} lp exp(=2%1] - )
for all 0 < # < oo and k € Z. Since it holds by the assertion of (ii) and
(1.1) that

lpexp(=2%1| - Pl 2 < exp(=2%* D)@l 12,

llp exp(=2%1] - )l gn < C, exp(=2%*1/8)|@ll yn = C, exp(=2* D]l 0.
we have

17~ (@ exp(=221] - )]l 1

< C, - (exp(=2%*2) @l 12)'/? - (exp(=2% 3|l )/

< C,exp(=2%731) ||l o

Similarly, by applying Ref. 3, Proposition 3.2 and the assertion of (ii),
we have
17~ Te(exp(=2%1] - %) = Dl 11
< G llglexp(=2%1] - 1) = DI llgtexp(=224] - 1) - DI/
<G, (1= exp(=2*0)lloll )/ - lloll )2
< C,(1 = exp(=2221) 2| | g
for all 0 <t < 0o and k € Z. Moreover, we also obtain
77! [ (" exp=2241 - Py =+ 224 - 2|,
< Cyllg exp(=2%1 - 1) = 1)+ 2% - P
x Nl exp(=2%1] - ) = 1)+ 22| - P11 2
for all 0 <t < o0 and k € Z. Here, by recalling (2.5), we observe that
o™ (exp(=2%1] - 1) = 1) + 22| - )] .2
= 2%l )~ exp(=2%1] - H) = D+ 1 - D)l 2
<2 4 @*n7M 1 —exp(—4- 2@l 2
= @2 711 — exp(=2* "))l .2

Partial Differential Equations in Applied Mathematics 10 (2024) 100718

Since the assertion of (ii) yields

ot (exp(=2%1] - ) = 1) + 22| - D)l g

= 2%l p(@* D7 exp(=2%1] - 1) = D) + |- Pl go < C, 2%l g
for all 0 <t < 0o and k € Z, we have

|77 o {r exp=2211 - Py -+ 2% - 2} |,

<€, - {2 — 7 (1 = exp(=2220)llgll 2} 7 - K lll )2
< €221 (1 - 22271 (1 —exp(=2220)} 2 Yl gl g,

which completes the proof of Lemma 2.1. []
2.2. Smoothing effect of the heat semigroup: Proof of Theorems 1.1 and 1.3

By using the estimates given in Lemma 2.1, we shall show our main
results, Theorems 1.1 and 1.3.

Proof of Theorem 1.1. (i) Noting that (2.1) and (2.2), we see by the
Young convolution inequality that

2914y f = Pl

j+l
<29 3 |l dg(e f = Dl
k=j—1
o , (2.6)
=29 Y 1P e e = D x (Al
k=j—1
Jj+l o
< Y IF etexp(=2%1] - 1) = Dl 1 - 2114, £l o
k=j-1

forall 0 <t < oo and j € Z. In addition, we see by Lemma 2.1 (iii) that

Jj+1
X IF gexp(=2%1] - 1) = Dl
k=j—1
Jj+l1
<G, Y (= exp(=2%*21)' 2 |||l
k=j-1

< C,(1 = exp(=2%*)12| ||| yn

for all 0 <7 < oo and j € Z, which yields (1.5).
(i) Let j, € Z. If 1 < g < o, then it holds by (1.5) that

Jo
> QYA f = )l )
Jj=—o0
. jO . .
< C,(1 = exp(=220 )12l N 2|14, fll 10)

-

< C,(1 = exp(=2 )72l gl|, £ 1%, -
p.q

If ¢ = oo, then we also see by (1.5) that
sup 29[| 4;(e"f = Plls

—00<j<jo

< C, (1 —exp(=2%0" ) 2 il yu sup 29|14, £l o
00<j<jo

< Cy(1 = exp(=2**1)' 2|1l gull £ N 3 . -
Therefore, by letting r — +0, we have the desired result.

(iii) Let f € B; «- Then the estimate (1.5) implies that

sup 2914, f = Py < Cull@llgn sup 29114, f 1| o
Jo<j<eoo Jo<j<oo

for all 0 <t < oo and j, € Z, which yields

e s = Flgy,,
< sup 2904 ES = Nl +Cyllollgn sup 2714 £ -
—00<j<jy Jo<j<eo

Therefore, by using (1.6), we observe that

. " -
limsup [l f = fligs < Cyll@llyn sup 29114, 1l
1—+0 s JoSi<eo
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for all j, € Z. Since we have assumed that (1.7), by letting j, - o, we
obtain (1.8). Next we consider f € Bg’o » where 1 < g < o0. In a similar
manner to the above argument, by noting (1.5), we deduce that

Jo la
lle'f = Fllsg, < { > @14 f - f)IILeo)"}

Jj=—00
<] 1/q
+C,lll g { Z(2S’IIA,-f||Lw)"}
J=Jo
forall 0 <t < 0 and j, € Z. SmcefeBS and1<q<co by letting

Jjo — oo after taking + — +0 with the aid of (1 6), we obtain the desired
result. This completes the proof of Theorem 1.1. []

Proof of Theorem 1.3. (i) In a similar manner to the derivation of the
estimate (2.6), we obtain

Jj+l
29014, flle < 0 IF T@exp(=221] - D)l - 2914, £ o
k=j—1
Jj+1
<A llgg,, D, 1P Teexp(=2* - )l
k=j—1

for all 0 <7 < o0 and j € Z. Here, Lemma 2.1 (iii) implies that

Jj+1 Al
> 1P pex=21 - Pl <€, Y, exo-2* 0ol
k=j—-1 k=il

< C,exp(=2%70) || gn

for all 0 <t < o0 and j € Z, which yields (1.11).
(ii) Assume that ¢4 f € C®((0, 0); B;’oo) with the property

A, _ A s 3
oM f = A" S in B @2.7)

for all 0 < ¢t < oo and m € N U {0}. Then we may show that "4 f €
C((0, oo);B;_oo) in the same way as in the proof of Ref. 2, Theorem
3.6 (iii). Moreover, by combining (2.7) and Ref. 1, Lemma 2.2 (ii), we
observe that

m tA X tA —m .
1o7'e' f Il < Clle™ Fllgyram < Ce™If gy

for all e < t < oo and m € N u {0}, which yields the desired result.
Therefore, it is sufficient to show that (2.7). In case m = 0, the property
(2.7) trivially holds. Assume that (2.7) holds for m = m. Since -4 =
F- |2F, in a similar manner to the derivation of the estimate (2.6),
we obtain

257

‘Aj {h—l(AmO QA £ gm0 gtd £y

Jj+1

<29 Y |4 {n7 44 am0et ) - (4,40 et ) - A4 406
k=j—1

Jj+1

_2Yj Z

k=j—1

P o {H @ =1 P Y]« dyame

Z HF l[(p{h (exp(— 2%kp) - 1H

k=j—1
x 2|\ 4;4m0 e 1]l 1

ST R

forall0 <7 < o, j € Z, and 0 < h < 1. Here, it holds by (2.4) and
Lemma 2.1 (iii) that

2 77! [o (" exp=22n1 - Py = D+ 2241 Y] |,
k=j—1

Jj+1 12
<C Z 22k+1 {1 22k+2h)_l(1 _exp(_22k+2h))} ”(p”HH

k=j—1
< G254 (1= @)1 = exp(=22+m) Y N1l g
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for all j € Z and 0 < h < 1. Therefore, we obtain

25

‘A.j {h—l(AmUe(r+h)Af — Am0e!d £y —

1/2

<G {1 - 2¥+ Tl el

X 2594, 4m0 e £

—exp(-2%**n))}

forall0 <t < o0, j € Z, and 0 < h < 1. In addition, if m, = 0, then
(1.11) yields

27114;4™0¢ 4 f |l 1o < G, exp(=2" D)l 1/ 113 -

If my > 1, then it holds by (1.11) and Ref. 1, Lemma 2.2 (ii) that

2911 d;am0 el p < M2Y||IPDAL; DAL o
pl

< M2%9(2/2)7"0 || 4;e P4 £ 40
0
< M0 exp(=270) 1 -

where M > 0 is a constant independent of j, 7, and f. Hence, we
observe that

29]14;4m0¢ f |1 < M(1+17"0) exp(=200)1 f 11 35
for all my € Nu {0}. Now we fix j, € Z. Then we see by (2.4) that

sup 2%

—00<j<jy

< MM+ {1 — %0+~ (1 - exp(—22j0+4h))}1

|Aj {h—l(Amo e(t+h)Af — A™0 e’Af) _

2 _
P+ rmof g

sup 2Sj A {l’l (Amo e(t+h)Af A™Mo erAf)

jo<j<00

SMA+T"0Nf Nl

sup 2%%3 exp(—2%51),
Jo<j<oo

which imply that

”h—l (amo e(x+h)Af — AM0 e’Af) _

< M2200 {1 = @20 iy (1 = exp(=22rH i} (L om0

sup 2%+ exp(—2%7%r)
Josi

0<j<o0

+ M1+ ") fllg

forall 0 <t < oo, j, € Z, and 0 < h < 1. Since
: _ (m2o+4 =11 _ _A2jg+4 1/2

Jim {1 = @%0*hy~1(1 - exp(—2%07*h))}

— i 1 “lp=h _ 1 172 _

hf?o{ +h(e )} 0.

by letting 2 — +0, we obtain

lim sup ”h_l(AmU eUTMA f _ pmogld py
h—+0

SMA+"f s

sup 2%+ exp(—2%~ 6t)
" jo<j<eo
Hence, taking j, — oo implies that 9,(4™edf) = A™*ledf in B;’oo.
Since we have assumed that (2.7) holds for m = m;, we obtain
a;"UHe’A f = Amotledf in B;’m, so we have the desired result. This
completes the proof of Theorem 1.3. []

2.3. Counterexamples: Proof of Theorem 1.5

Next we show Theorem 1.5. To give the lower bound of the L?-norm
for the function containing the Fourier transform, we choose examples
f so that (Ff)(&) > 0 and (Ff)AE) = a(A(Ff)(€) for all ¢ € R" and
0 < A < oo with some function a of 4.

Proof of Theorem 1.5. We see by Ref. 16, p. 131 that F|- |77 =
¢l - 1"7° and 76 = 1 with some constant ¢, > 0. Thus we have

Fl)@) =1, Ff)Q) =2 V|7 =270 F g,
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for all j € Z. Hence it holds by (2.1) that
250 || 4;e £l 1o
= 2w |F (@@ )e P F £l o
= 20w+ /DI | P [ exp(=271] - P)(F £, )l 1o
= 1P @ exp(=2%1] - PYF f,]ll 1o
for all 0 <t < 0o and j € Z. Here, since ¢ satisfies the condition (1.1),
by noting that 7 f,, > 0 and e/¢* = cos(£- x) +i sin(¢ - x), we observe that
_ ; 2
[P~ g exp(=2%1] - )YF £,,)(x)]
_ 1
(2”)2n
_ 1
(2”)2n
L
(27[)2»1
> 1
(2”)2»1
forall0 <t < o0, x € R", and j € Z. In addition, if |x| < z/6 and |&| < 2,

then we have |&- x| < [€]|x| < n/3, which yields 1/2 < cos(é - x) < 1.
Therefore, noting that (1.1), we obtain

(2.8)

2

/R e F (&) exp(=27 H|E )T £,)(E)dé

2
( /]R cos(& - X)p(&) exp(=2% z|5|2)<rfm>(:>d:>

2
(/R sin(& - )@(&) eXp(—22jlIélz)(rfm)(cf)d5>

2
( /]R cos(¢ - x)p(&) exp(—2% r|5|2)<r’fm>(»:>df>

. -1 24 . 12 2
lxllg/élr [pexp(=271] - |DF f,,1(x)]

2 (2.9)
2Cyp (exp<—22f+2r) / w(é)déf)
RVI
for all 0 < ¢ < o0 and j € Z, which implies that
2°m! ||A'jef4fm Il e

1/p

> inf [F'gexp(=2%1] - |)F f,,](x)] < / dx)
IxI<z/6 Ix|<x/6

> C,,exp(—27 D)@l 1.

Next we show (1.13). We take 7, and ¢, so that 0 < 7, < #; < 1. Then,
in a similar manner to the derivation of the identity (2.8), we have

250 || 4; ("1 £,y — €04 £l 1o
= 17 oexp(=2%1,] - ) = exp(=2% 10| - PYF £l 1o
for all j € Z. In addition, similarly to the estimate (2.9), we also obtain

. - i i 2
ot 1P e(exp(=271 |- %) = exp(=2Y1g] - P)F £, 1)

2
>C,, ( /]R w(é)(eXP(—22jto|§|2)—eXp(—ZZ’tllélz))d§> .

Here, since ¢, < t;, the mean value theorem yields e~" — ¢™"1" >

re 1" (t; —ty) for all 0 < r < co. Thus we have

. - i i 2
ot 1P e(exp(=21 |- %) = exp(=2Y1g] - P)F £, 1)

2
>C,, <<r1 —19) /R @(&) - 2% |€|* exp(-2%1, |5|2>d5>

2
2C,, (221'*201—to>exp<—22f*2n> / (p(é)dé) ,
Rn
which yields

250 || 4; ("1 £, — €04 £ )l 1o
> inf [P eexp(—2%1| - |*) — exp(=2%to| - IP)F £,,1(x)]

~ Ixl<x/6

1/p
X </ dx>
|x|<7/6

> C,, 2572t — tg) exp(=27*21))loll 11

for all j € Z. Let 0 < n < 1. Then, by setting #, = /2 and ¢, = 5 in the
above estimate, we observe that
sup 207 || 4; ("4 f,, — €2 £l o > C, 25 P nexp(=27 )@l 1

19,11 €(0,1),
Ity —tgl<n
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for all j € Z, which implies that

il A (o114 A
sup  sup 2|4 (e S, — 0N f )l
0<j<oo0 g1 €01,

[t —tgl<n

> Coullolln sup 2% 3nexp(=2%+2y).

0<j<oo

Here, since 0 < 5 < 1, we may take 0 < j < oo so that 27% <y < 27%+2,
Noting that 2% =35 exp(—2%+25) > 273¢719, we observe that

A A
sup e f, =€ fll pm 2 Coull@llp
10,1 €0, 1), Preo

Ity —tgl<n

for any 0 < 5 < 1, which yields (1.13). This completes the proof of
Theorem 1.5. [

3. Proof of the characterization (1.10) of the function spaces

Let us verify the characterization (1.10) of the spaces B;‘m . Such a
fact is mentioned in Ref. 15, Remark 2.28, but for the convenience of
the readers, we give the proof in detail here.

Proof of Eq. (1.10). Let 1 < p < oo and s € R. Assume that f € Bfm
and there exists a sequence { f} },cn C -7 of functions such that
Jim IS = fellgg = 0.
Then the Young convolution inequality and (2.1) imply that
2914; ficllr = 271F L@@ - 1701 - I°F £l 1o
=271F @) - 1771+ P PP il
S25NF ol 1N P 1PF £l

forall j € Z, k € N, and o € R. Here we note that | - |”F f, € .# for any
o € R from the condition 0 ¢ supp F f,.. Hence, by setting ¢ = s + 1 and
letting j — oo, we have lim;_, 257 ||Aj fill» = 0. In addition, by setting
o = s—1 and letting j — —oco, we also see that lim;_,_, 2%||4; ;|| ;» = 0.
Therefore, we obtain

limsup 27|14, /1l 1p < sup 27 [|4;(f = fill Lo +limsup 2% |4, fill 1
Jj—o+oo JEL Jj—x0
=/ = fillg,
for any k € N. By letting k — oo, we have
1im 2%14; fll;» = 0. B.D
J—too

Conversely, suppose that f € B; satisfies (3.1). Take j, € N and

0

set fj, = ji—jo A, f. Noting that (2.1) and (2.2), we see by the Young
convolution inequality that
Wiglls, = 227 1d; XAl < X0 27 D NSl
' JEL I=—jp p J=jo—1 I=j-1
Jot1 Jj+1

= Y 29 D AP e x4l
j=—Jjo—1 1=j—1
Jo+1 Jj+l

< Y D FE el 214 flls

J==jp=11=j-1

Jo+l  j+l1
—1
<Wfllgg, 2 X 1P ol
j==jo—11=j-1

<3Qjo +INF @l IS N,

Hence, we obtain f; o € B; L which implies that we may take a sequence
{fjo.x ken © F of functions satisfying

Jm 17, = il =0
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by virtue of Ref. 15, Proposition 2.27. Moreover, in a similar manner
to the above computation, we have
If = £yl < sup2¥ l4; 41110
IR el -l
j+1
< sup 29 ) IF @@ )1 (4, Nl
lilzjo  1=j=1

Jj+1
<sup O NF ol 2114 £l
1i1Zjo 1=j=1
<3IF @l sup 27114, £l

1i1Zjo
which yields
1 = Fiokllig, IS = iy, + 15 = Ll

<3Pl sup 29114; £l o+ 11f, = Fioull e
Sl s 1
1i1ZJo P

for all k € N. Since letting k — o yields
timsupllf — £ xllzs < 3IF ol sup 29114; £
k—oo P lilZJo
and since we have assumed that (3.1), by taking j;, - oo, we have the
desired result. []
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