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A B S T R A C T

We consider the heat semigroup 𝑒𝑡𝛥 ∶ 𝐵̇𝑠𝑝,∞(R𝑛) → 𝐵̇𝑠𝑝,∞(R𝑛) for 1 ≤ 𝑝 ≤ ∞ and 𝑠 ∈ R. We show that
𝑒𝑡𝛥𝑓 ∈ 𝐵𝐶((0,∞); 𝐵̇𝑠𝑝,∞(R𝑛)) for all 𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛). In addition, we reveal a sufficient condition of 𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛)
for ensuring the 𝐶0-property 𝑒𝑡𝛥𝑓 ∈ 𝐵𝐶([0,∞); 𝐵̇𝑠𝑝,∞(R𝑛)). We also give examples of 𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛) which have
the property 𝑒𝑡𝛥𝑓 ∉ 𝐵𝑈𝐶((0, 1); 𝐵̇𝑠𝑝,∞(R𝑛)).
1. Introduction

In this paper, we consider the heat semigroup defined on homogeneous
Besov spaces 𝐵̇𝑠𝑝,∞(R𝑛) for 𝑛 ≥ 1, 1 ≤ 𝑝 ≤ ∞, and 𝑠 ∈ R. We begin with
recalling the definition of the homogeneous Besov spaces: Let S (R𝑛)
denote the Schwartz space. Then we define the Fourier transform 
and its inverse −1 by setting

(𝜓)(𝜉) ∶= ∫R𝑛
𝑒−𝑖𝜉⋅𝑥𝜓(𝑥)𝑑𝑥, (−1𝜓)(𝑥) ∶= 1

(2𝜋)𝑛 ∫R𝑛
𝑒𝑖𝜉⋅𝑥𝜓(𝜉)𝑑𝜉

for 𝜓 ∈ S (R𝑛). Let 𝜑 ∈ S (R𝑛) satisfy the following conditions:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

supp𝜑 = {𝜉 ∈ R𝑛 | 1∕2 ≤ |𝜉| ≤ 2},

𝜑(𝜉) > 0 for all 1∕2 < |𝜉| < 2,
∑

𝑗∈Z
𝜑(2−𝑗𝜉) = 1 for all 𝜉 ∈ R𝑛 ⧵ {0}.

(1.1)

We introduce the homogeneous dyadic blocks {𝛥̇𝑗}𝑗∈Z by setting 𝛥̇𝑗 ∶=
−1𝜑(2−𝑗 ⋅) for 𝑗 ∈ Z. Then, for 1 ≤ 𝑝 ≤ ∞, 𝑠 ∈ R, and 1 ≤ 𝑞 ≤ ∞,
define the homogeneous Besov spaces 𝐵̇𝑠𝑝,𝑞(R𝑛) by setting 𝐵̇𝑠𝑝,𝑞(R

𝑛) ∶=
{𝑓 ∈ S ′(R𝑛)∕P(R𝑛) | ‖𝑓‖𝐵̇𝑠𝑝,𝑞 (R𝑛) < ∞} with the norm

‖𝑓‖𝐵̇𝑠𝑝,𝑞 (R𝑛) ∶=

{
{

∑

𝑗∈Z(2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝(R𝑛))𝑞
}1∕𝑞

if 1 ≤ 𝑞 <∞,
sup𝑗∈Z 2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝(R𝑛) if 𝑞 = ∞,

where S ′(R𝑛) and P(R𝑛) denote the dual space of S (R𝑛) and the set
of all polynomials on R𝑛, respectively. We also set S0(R𝑛) ∶= {𝑓 ∈
S (R𝑛) | 0 ∉ supp𝑓}. Next we introduce the heat semigroup by setting
𝑒𝑡𝛥 ∶= −1𝑒−𝑡|⋅|2 for 0 < 𝑡 < ∞. Since  and −1 may be extended to
the operators from S ′(R𝑛) onto itself, in what follows, we focus on the
heat semigroup 𝑒𝑡𝛥 ∶ 𝐵̇𝑠𝑝,∞(R𝑛) → 𝐵̇𝑠𝑝,∞(R𝑛).

Our purpose of this paper is to show that

𝑒𝑡𝛥𝑓 ∈ 𝐵𝐶((0,∞); 𝐵̇𝑠𝑝,∞(R𝑛)) (1.2)

E-mail address: takeuchi.taiki.4t@kyoto-u.ac.jp.

for all 𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛). In addition, if lim𝑗→∞ 2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝(R𝑛) = 0 holds,
then we prove 𝑒𝑡𝛥𝑓 ∈ 𝐵𝐶([0,∞); 𝐵̇𝑠𝑝,∞(R𝑛)). Next we give examples of
𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛) such that for any 0 < 𝑡 < ∞, the functions 𝑒𝑡𝛥𝑓 may
not be approximated in the topology of 𝐵̇𝑠𝑝,∞(R𝑛) by functions belonging
to S0(R𝑛). We also reveal that 𝑒𝑡𝛥𝑓 ∉ 𝐵𝑈𝐶((0, 1); 𝐵̇𝑠𝑝,∞(R𝑛)) for such
examples.

To describe the details of our results, we shall recall the properties
of the heat semigroup defined on homogeneous Besov spaces 𝐵̇𝑠𝑝,𝑞(R𝑛).
Kozono, Ogawa, and Taniuchi Ref. 1, Lemma 2.2 (ii) showed that for
every 𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛), it holds that 𝑒𝑡𝛥𝑓 ∈ 𝐵̇𝑠+𝜎𝑝,1 (R𝑛) for all 0 < 𝑡 <
∞ and 0 < 𝜎 < ∞. This implies that 𝑒𝑡𝛥𝑓 has sufficient regularity,
so we may regard it as a smoothing effect of the heat semigroup. In
addition, recently, the author Ref. 2, Theorems 3.1 and 3.3 improved
the estimate given in Ref. 1, Lemma 2.2 (ii) and showed the space–
time analytic smoothing effect of the heat semigroup. More precisely, for
every 𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛), the function 𝑒𝑡𝛥𝑓 becomes real-analytic in (0,∞) ×
R𝑛. Moreover, if 1 ≤ 𝑝 < ∞ and 1 ≤ 𝑞 < ∞, then the heat semigroup
𝑒𝑡𝛥 ∶ 𝐵̇𝑠𝑝,𝑞(R

𝑛) → 𝐵̇𝑠𝑝,𝑞(R
𝑛) is a bounded analytic 𝐶0-semigroup Ref. 2,

Theorem 3.6 (ii). In particular, it holds that 𝑒𝑡𝛥𝑓 ∈ 𝐵𝐶([0,∞); 𝐵̇𝑠𝑝,𝑞(R
𝑛))

for all 𝑓 ∈ 𝐵̇𝑠𝑝,𝑞(R
𝑛). Besides, Ozawa and the author Ref. 3, Theorem

1.1 refined the estimate given in Ref. 2, Lemma 5.1. As a by-product,
we also refined the lower bound of the radius of convergence given
in Ref. 2, Theorem 3.6 (i).

Next we focus on the case of 𝐵̇𝑠𝑝,∞(R𝑛). In this case, it may no longer
be expected that the heat semigroup is a 𝐶0-semigroup. One of the
typical ways to give some sense of the limit lim𝑡→+0 𝑒𝑡𝛥𝑓 is to consider
the dual spaces. In fact, we see that 𝑒𝑡𝛥𝑓 ∈ 𝐵𝐶𝑤([0,∞); 𝐵̇𝑠𝑝,∞(R𝑛)) for all
𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛) and 1 < 𝑝 ≤ ∞ with the property

lim
𝑡→+0

⟨

𝑒𝑡𝛥𝑓 − 𝑓, 𝜓
⟩

= 0 for all 𝜓 ∈ 𝐵̇−𝑠
𝑝′ ,1(R

𝑛),

where 𝑝′ ∶= 𝑝∕(𝑝−1). We refer to several results4–10 for the construction
of mild solutions to the parabolic PDEs with initial data in 𝐵̇𝑠𝑝,∞(R𝑛). In
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these results, the dual spaces are used to verify that solutions converge
to the initial data as 𝑡→ +0.

As mentioned above, it is not expected that 𝑒𝑡𝛥𝑓 ∈ 𝐵𝐶([0,∞);
𝐵̇𝑠𝑝,∞(R𝑛)) in general. It may be regarded that this claim is similar to
the fact that 𝑒𝑡𝛥𝑓 ∉ 𝐵𝐶([0,∞);𝐿∞(R𝑛)) for some 𝑓 ∈ 𝐿∞(R𝑛). However,
even so, we have 𝑒𝑡𝛥𝑓 ∈ 𝐵𝐶((0,∞);𝐿∞(R𝑛)) for all 𝑓 ∈ 𝐿∞(R𝑛).
The reason why such a property is obtained comes from the fact that
𝑒𝑡𝛥𝑓 ∈ 𝐵𝑈𝐶(R𝑛) for all 0 < 𝑡 < ∞ and 𝑓 ∈ 𝐿∞(R𝑛). Therefore,
even though the heat semigroup 𝑒𝑡𝛥 ∶ 𝐿∞(R𝑛) → 𝐿∞(R𝑛) is not a
𝐶0-semigroup, we see that 𝑒𝑡𝛥𝑓 is continuous on (0,∞) in the topology
of 𝐿∞(R𝑛). Hence, our results which state that (1.2) may be regarded
as a corresponding result to the case of 𝐿∞(R𝑛). Here note that the
author Ref. 2, Theorem 3.6 (iii) has already shown that the bounded
linear operator 𝑒𝑡𝛥 ∶ 𝐵̇𝑠𝑝,∞(R𝑛) → 𝐵̇𝑠+𝜎𝑝,1 (R𝑛) is real-analytic in (0,∞) for
all 0 < 𝜎 < ∞. However, in this case, the topology had to be replaced
by that of the different spaces 𝐵̇𝑠+𝜎𝑝,1 (R𝑛) with that of the original one
𝐵̇𝑠𝑝,∞(R𝑛).

In our results, we show that the property 𝑒𝑡𝛥𝑓 ∈ 𝐵𝐶([0,∞); 𝐵̇𝑠𝑝,∞(R𝑛))
is valid under the condition lim𝑗→∞ 2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝(R𝑛) = 0. In other words,
we do not have to assume the condition

lim
𝑗→−∞

2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝(R𝑛) = 0, (1.3)

which implies that there exists a function 𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛) such that 𝑒𝑡𝛥𝑓 ∈
𝐵𝐶([0,∞); 𝐵̇𝑠𝑝,∞(R𝑛)) holds even though 𝑓 may not be approximated in
the topology of 𝐵̇𝑠𝑝,∞(R𝑛) by functions belonging to S0(R𝑛). In addition,
we also give examples of 𝑓 such that 𝑒𝑡𝛥𝑓 may not be approximated by
functions belonging to S0(R𝑛). Such a phenomenon may be described
by analyzing the smoothing effect of the heat semigroup precisely.
From our results, we observe that

lim
𝑗→∞

2𝑠𝑗‖𝛥̇𝑗𝑒𝑡𝛥𝑓‖𝐿𝑝(R𝑛) = 0 (1.4)

for all 0 < 𝑡 <∞ and 𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛). However, we do not know whether
another limit 𝑗 → −∞ converges to 0. In fact, we may find examples of
𝑓 such that

lim inf
𝑗→−∞

2𝑠𝑗‖𝛥̇𝑗𝑒𝑡𝛥𝑓‖𝐿𝑝(R𝑛) > 0

for all 0 < 𝑡 < ∞. So these results are given by the precise analysis of
the smoothing effect that the heat semigroup has.

1.1. Main results

Here we shall state our main results. Recall that 𝜑 is the function
satisfying (1.1). Let 𝐵𝐶, 𝐵𝑈𝐶, and 𝐶𝜔 denote the space of the bounded
continuous functions, the space of the bounded uniformly continuous
functions, and the set of the real-analytic functions, respectively. In ad-
dition, we set the Sobolev spaces 𝐻𝑚(R𝑛) ∶= {𝑓 ∈ 𝐿2(R𝑛) | ‖𝑓‖𝐻𝑚(R𝑛) ∶=
∑

|𝛼|≤𝑚 ‖𝜕𝛼𝑥𝑓‖𝐿2(R𝑛) <∞} for 𝑚 ∈ N.

Theorem 1.1 (Sufficient Condition for the 𝐶0-Property). Let 1 ≤ 𝑝 ≤ ∞
and 𝑠 ∈ R. Then the following statements hold:

(i) Suppose that 𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛). Then it holds that

2𝑠𝑗‖𝛥̇𝑗 (𝑒𝑡𝛥𝑓 − 𝑓 )‖𝐿𝑝(R𝑛)
≤ 𝐶𝑛(1 − exp(−22𝑗+4𝑡))1∕2‖𝜑‖𝐻𝑛(R𝑛) ⋅ 2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝(R𝑛)

(1.5)

for all 0 < 𝑡 <∞ and 𝑗 ∈ Z, where 𝐶𝑛 > 0 is a constant depending only on
𝑛.

(ii) Let 1 ≤ 𝑞 ≤ ∞ and suppose that 𝑓 ∈ 𝐵̇𝑠𝑝,𝑞(R
𝑛). Then it holds that

⎧

⎪

⎪

⎨

⎪

⎪

⎩

lim
𝑡→+0

𝑗0
∑

𝑗=−∞
(2𝑠𝑗‖𝛥̇𝑗 (𝑒𝑡𝛥𝑓 − 𝑓 )‖𝐿𝑝(R𝑛))𝑞 = 0 if 1 ≤ 𝑞 <∞,

lim
𝑡→+0

sup
−∞<𝑗≤𝑗0

2𝑠𝑗‖𝛥̇𝑗 (𝑒𝑡𝛥𝑓 − 𝑓 )‖𝐿𝑝(R𝑛) = 0 if 𝑞 = ∞
(1.6)
2

for all 𝑗0 ∈ Z.
(iii) Suppose that 𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛) satisfies

lim
𝑗→∞

2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝(R𝑛) = 0. (1.7)

Then it holds that

𝑒𝑡𝛥𝑓 ∈ 𝐵𝐶([0,∞); 𝐵̇𝑠𝑝,∞(R𝑛)). (1.8)

In addition, suppose that 1 ≤ 𝑞 <∞. Then for every 𝑓 ∈ 𝐵̇𝑠∞,𝑞(R
𝑛), it holds

that

𝑒𝑡𝛥𝑓 ∈ 𝐵𝐶([0,∞); 𝐵̇𝑠∞,𝑞(R
𝑛)). (1.9)

Remark 1.2. (i) It is known that the following relation holds for all
1 ≤ 𝑝 <∞ and 𝑠 ∈ R:

𝐵̇𝑠𝑝,∞+(R
𝑛) ∶=

{

𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛)
|

|

|

|

|

|

∃{𝑓𝑘}𝑘∈N ⊂ S0(R𝑛),

lim
𝑘→∞

‖𝑓 − 𝑓𝑘‖𝐵̇𝑠𝑝,∞(R𝑛) = 0

}

=
{

𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛)
|

|

|

|

lim
𝑗→±∞

2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝(R𝑛) = 0
}

.

(1.10)

We will verify that (1.10) in the last part of this paper. If we as-
sume that 𝑓 ∈ 𝐵̇𝑠𝑝,∞+(R

𝑛), then Ref. 2, Theorem 3.6 (ii’) implies that
the 𝐶0-property (1.8) is valid. Compared with this result, we see by
Theorem 1.1 (iii) that it is sufficient to assume that (1.7) to obtain
the 𝐶0-property (1.8). Hence, the relation (1.10) implies that we have
improved the result of Ref. 2, Theorem 3.6 (ii’) since we do not have
to assume that (1.3). In particular, we do not have to take a function
𝑓 which may be approximated by functions belonging to S0(R𝑛). We
refer to Sawada Ref. 11, Definition 4 for comments related to the 𝐶0-
property of the heat semigroup on homogeneous and non-homogeneous
Besov spaces.

(ii) The assertion such that we do not have to assume that (1.3)
is natural in some sense: In our results, we focus on the heat semi-
group on homogeneous Besov spaces 𝐵̇𝑠𝑝,∞(R𝑛). Here let us consider the
non-homogeneous Besov spaces 𝐵𝑠𝑝,∞(R𝑛), namely, let us consider the
following norm;

‖𝑓‖𝐵𝑠𝑝,∞(R𝑛) ∶= ‖−1[𝜒𝑓 ]‖𝐿𝑝(R𝑛) + sup
0≤𝑗<∞

2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝(R𝑛),

where 𝜒 ∶= 1 −
∑

0≤𝑗<∞ 𝜑(2−𝑗 ⋅). In this case, we may expect that the
condition (1.3) is not necessary. Moreover, we may regard that the
condition (1.7) corresponds to the assumption appearing in Ref. 7,
Theorem 1.3, Ref. 4, Theorem 2.3, Ref. 12, Theorem 2 (ii), Ref. 5,
Theorem 4 (2), and Ref. 10, Theorem 2.3. In these results, it is assumed
that the high-frequency part of the initial data is small to ensure the
existence of mild solutions. Similarly to our assumption, it is not
assumed the smallness condition of the low-frequency part.

(iii) As a by-product of the proof of the 𝐶0-property (1.8) under the
condition (1.7), we also see that (1.9) for all 𝑓 ∈ 𝐵̇𝑠∞,𝑞(R

𝑛) although
it is known that 𝑒𝑡𝛥𝑓 ∉ 𝐵𝐶([0,∞);𝐿∞(R𝑛)) for some 𝑓 ∈ 𝐿∞(R𝑛). This
claim provides a clear difference between 𝐿∞(R𝑛) and 𝐵̇𝑠∞,𝑞(R

𝑛), but
we should mention that the assertion (1.9) is a known result. In fact,
Iwabuchi Ref. 13, Theorem 1.2 has already shown that the 𝐶0-property
corresponding to (1.9) holds in a more general situation. We also note
that the method of the proof of Theorem 1.1 is similar to that of Ref. 13,
Theorem 1.1.

Theorem 1.3 (Smoothing Effect of the Heat Semigroup on 𝐵̇𝑠𝑝,∞(R𝑛)). Let
1 ≤ 𝑝 ≤ ∞ and 𝑠 ∈ R. Suppose that 𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛). Then the following
statements hold:

(i) It holds that

2𝑠𝑗‖𝛥̇𝑗𝑒𝑡𝛥𝑓‖𝐿𝑝(R𝑛) ≤ 𝐶𝑛 exp(−22𝑗−5𝑡)‖𝜑‖𝐻𝑛(R𝑛)‖𝑓‖𝐵̇𝑠𝑝,∞(R𝑛) (1.11)

for all 0 < 𝑡 <∞, where 𝐶𝑛 > 0 is a constant depending only on 𝑛.
(ii) It holds that
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𝛴
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H
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𝐵
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𝑚
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f

‖
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‖
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f
𝑛

P
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𝛼

|

𝑒𝑡𝛥𝑓 ∈ 𝐵𝐶((0,∞); 𝐵̇𝑠𝑝,∞(R𝑛)) ∩
⋂

𝑚∈N
𝐵𝐶𝑚((𝜀,∞); 𝐵̇𝑠𝑝,∞(R𝑛)) ∩𝐶𝜔((0,∞); 𝐵̇𝑠𝑝,∞(R𝑛))

or all 0 < 𝜀 < 1.

emark 1.4. (i) Theorem 1.3 (i) states that (1.4) holds for any
∈ 𝐵̇𝑠𝑝,∞(R𝑛). Namely, the function 𝑒𝑡𝛥𝑓 satisfies the assumption for

he 𝐶0-property in Theorem 1.1 (iii). Therefore, we see that (1.2).
s mentioned before, in the case of 𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛), we consider the
ual space to obtain the continuity of 𝑒𝑡𝛥𝑓 in some sense. Indeed, we
ay obtain the weak-star continuity, so such a way is used to obtain

he time-continuity of mild solutions to the parabolic PDEs in several
apers.4–9 However, Iwabuchi and Nakamura Ref. 14, Remark 1.3.2
ave pointed out that we obtain (1.2) even though 𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛). We
ive proof in detail of such a claim.

(ii) Concerning Theorem 1.3 (ii), the author Ref. 2, Theorem 3.6
ii) has already shown that 𝑒𝑡𝛥 ∶ 𝐵̇𝑠𝑝,𝑞(R

𝑛) → 𝐵̇𝑠𝑝,𝑞(R
𝑛) is a bounded

nalytic 𝐶0-semigroup under the conditions 1 ≤ 𝑝 < ∞ and 1 ≤ 𝑞 < ∞.
hat we have to do to show Theorem 1.3 (ii) is to verify that 𝑒𝑡𝛥𝑓 ∈
∞((0,∞); 𝐵̇𝑠𝑝,∞(R𝑛)). Once we may show such a property, we have
𝑡𝛥𝑓 ∈ 𝐶𝜔((0,∞); 𝐵̇𝑠𝑝,∞(R𝑛)) in a similar manner to the proof of Ref. 2,
heorem 3.6 (ii). Moreover, by combining the method of the proof
f Ref. 2, Theorem 3.6 (i) and the result of Ref. 3, Theorem 1.3, we
lso see that 𝑒𝑡𝛥 ∶ 𝐵̇𝑠𝑝,∞(R𝑛) → 𝐵̇𝑠𝑝,∞(R𝑛) may be extended analytically
n

∶=

{

𝑡 ∈ C ⧵ {0}
|

|

|

|

|

|arg 𝑡| < sin−1
(

( 2𝑒
𝑛

)𝑛∕2 𝛤 (𝑛∕2)
211𝑒

)

}

,

where 𝛤 (𝑎) ∶= ∫ ∞
0 𝜆𝑎−1𝑒−𝜆𝑑𝜆.

Theorem 1.5 (Counterexamples). Let 1 ≤ 𝑝 ≤ ∞ and 0 < 𝜎 < 𝑛
and let 𝛿 ∈ 𝐵̇−𝑛+𝑛∕𝑝

𝑝,∞ (R𝑛) denote the Dirac measure. Define 𝑓0 ∶= 𝛿 and
𝑓1 ∶= | ⋅ |−𝜎 ∈ 𝐵̇−𝜎+𝑛∕𝑝

𝑝,∞ (R𝑛). Then it holds that

2𝑠𝑚𝑗‖𝛥̇𝑗𝑒𝑡𝛥𝑓𝑚‖𝐿𝑝(R𝑛) ≥ 𝐶𝜎,𝑛 exp(−22𝑗+2𝑡)‖𝜑‖𝐿1(R𝑛)

for all 0 < 𝑡 < ∞, 𝑗 ∈ Z, and 𝑚 = 0, 1, where 𝑠0 ∶= −𝑛 + 𝑛∕𝑝 and
𝑠1 ∶= −𝜎 + 𝑛∕𝑝 and 𝐶𝜎,𝑛 > 0 is a constant depending only on 𝜎 and 𝑛. In
articular, it holds that

lim inf
𝑗→−∞

2𝑠𝑚𝑗‖𝛥̇𝑗𝑒𝑡𝛥𝑓𝑚‖𝐿𝑝(R𝑛) > 0. (1.12)

oreover, it holds that
𝑡𝛥𝑓𝑚 ∉ 𝐵𝑈𝐶((0, 1); 𝐵̇𝑠𝑚𝑝,∞(R𝑛)). (1.13)

emark 1.6. (i) From Theorem 1.3 (i), we see that the heat semigroup
as a smoothing effect such that (1.4) holds for any 𝑓 ∈ 𝐵̇𝑠𝑝,∞(R𝑛).
owever, we do not know whether

lim
→−∞

2𝑠𝑗‖𝛥̇𝑗𝑒𝑡𝛥𝑓‖𝐿𝑝(R𝑛) = 0

olds or not. Concerning this problem, Theorem 1.5 gives counterex-
mples which satisfy (1.12). Therefore, the relation (1.10) implies that
he function 𝑒𝑡𝛥𝑓𝑚 may not be approximated by functions belonging to
0(R𝑛). In addition, the property (1.12) states that 𝑒𝑡𝛥𝑓𝑚 ∉ 𝐵̇𝑠𝑚𝑝,𝑞(R𝑛)

or any 1 ≤ 𝑞 < ∞ and 0 < 𝑡 < ∞. Since it holds by Ref. 1, Lemma
.2 (ii) that 𝑒𝑡𝛥𝑓𝑚 ∈ 𝐵̇𝑠𝑚+𝜎𝑝,1 (R𝑛) for all 0 < 𝜎 < ∞, we also see that
𝑡𝛥𝑓𝑚 ∉ 𝐵̇𝑠𝑚−𝜎𝑝,∞ (R𝑛) for any 0 < 𝜎 < ∞ with the aid of Ref. 15,
roposition 2.22.

(ii) The property (1.13) implies that 𝑒𝑡𝛥𝑓𝑚 ∉ 𝐵𝐶([0, 1]; 𝐵̇𝑠𝑚𝑝,∞(R𝑛)), so
e may verify that 𝑒𝑡𝛥 ∶ 𝐵̇𝑠𝑚𝑝,∞(R𝑛) → 𝐵̇𝑠𝑚𝑝,∞(R𝑛) is not a 𝐶0-semigroup

ertainly. However, we note that Theorem 1.3 (ii) yields 𝑒𝑡𝛥𝑓𝑚 ∈
𝐶((0,∞); 𝐵̇𝑠𝑚𝑝,∞(R𝑛)).

. Proof of main results

In the following, we shall show our main results, Theorems 1.1, 1.3,
3

nd 1.5. The method of the proof of Theorems 1.1 and 1.3 is mainly
ased on analyzing the symbol 𝑒−𝑡|⋅|2 of the Fourier multiplier operator
𝑡𝛥 = −1𝑒−𝑡|⋅|2 . Since we consider only the case of the whole space
𝑛, in what follows, we abbreviate like 𝐿𝑝 ∶= 𝐿𝑝(R𝑛), 𝐻𝑚 ∶= 𝐻𝑚(R𝑛),
nd 𝐵̇𝑠𝑝,𝑞 ∶= 𝐵̇𝑠𝑝,𝑞(R

𝑛).

.1. Preliminaries

Here we verify the basic properties of the function 𝜑 satisfying (1.1)
nd the homogeneous dyadic blocks {𝛥̇𝑗}𝑗∈Z. First we note that

−1[𝜑(2−𝑗 ⋅)𝜓]‖𝐿𝑝 = 2(𝑛−𝑛∕𝑝)𝑗‖−1[𝜑𝜓(2𝑗 ⋅)]‖𝐿𝑝 (2.1)

or all 𝑗 ∈ Z, 1 ≤ 𝑝 ≤ ∞, and 𝜓 ∈ 𝐶∞(R𝑛⧵{0}) from simple substitutions.
n addition, noting that (1.1) yields supp𝜑(2−𝑗 ⋅) = {𝜉 ∈ R𝑛 | 2𝑗−1 ≤ |𝜉| ≤
𝑗+1}, we observe that

⎧

⎪

⎨

⎪

⎩

𝛥̇𝑗 𝛥̇𝑘 = 0 for |𝑗 − 𝑘| ≥ 2,

𝛥̇𝑗𝜓 =
𝑗+1
∑

𝑘=𝑗−1
𝛥̇𝑗 𝛥̇𝑘𝜓 for 𝑗 ∈ Z and 𝜓 ∈ S ′.

(2.2)

o show Theorems 1.1 and 1.3, let us verify Lemma 2.1, which provides
he estimates of the symbol 𝑒−𝑡|⋅|2 . Here we define the homogeneous
obolev spaces 𝐻̇𝑚 ∶= {𝑓 ∈ S ′

| ‖𝑓‖𝐻̇𝑚 ∶=
∑

|𝛼|≤𝑚 ‖𝜕𝛼𝑥𝑓‖𝐿2 < ∞} for
∈ N.

emma 2.1. (i) It holds that

max
|𝛼|=𝑗

|𝜕𝛼𝜉 𝑒
−𝑡|𝜉|2

| ≤ 22𝑗 𝑡(1 + 𝑡)𝑗−1(1 + |𝜉|)𝑗𝑒−𝑡|𝜉|
2 (2.3)

or all 0 < 𝑡 <∞, 𝜉 ∈ R𝑛, and 𝑗 ∈ N.
(ii) It holds that

‖𝜑(𝑒−𝑡|⋅|
2
− 𝜎)‖𝐻̇𝑚 ≤ 𝐶𝑚,𝑛(𝑒−𝑡∕8 + |𝜎|)‖𝜑‖𝐻𝑚 ,

𝜑(𝑡−1(𝑒−𝑡|⋅|
2
− 1) + | ⋅ |2)‖𝐻̇𝑚 ≤ 𝐶𝑚,𝑛‖𝜑‖𝐻𝑚

or all 0 < 𝑡 < ∞, 𝜎 ∈ R, and 𝑚 ∈ N, where 𝐶𝑚,𝑛 > 0 is a constant
epending only on 𝑚 and 𝑛.

(iii) It holds that
‖−1[𝜑 exp(−22𝑘𝑡| ⋅ |2)]‖𝐿1 ≤ 𝐶𝑛 exp(−22𝑘−3𝑡)‖𝜑‖𝐻𝑛 ,

−1[𝜑(exp(−22𝑘𝑡| ⋅ |2) − 1)]‖𝐿1 ≤ 𝐶𝑛(1 − exp(−22𝑘+2𝑡))1∕2‖𝜑‖𝐻𝑛

nd
‖

‖

‖

−1 [𝜑
{

𝑡−1(exp(−22𝑘𝑡| ⋅ |2) − 1) + 22𝑘| ⋅ |2
}]

‖

‖

‖𝐿1

≤ 𝐶𝑛22𝑘+1
{

1 − (22𝑘+2𝑡)−1(1 − exp(−22𝑘+2𝑡))
}1∕2

‖𝜑‖𝐻𝑛

or all 0 < 𝑡 <∞ and 𝑘 ∈ Z, where 𝐶𝑛 > 0 is a constant depending only on
.

roof. (i) In case 𝑗 = 1, the estimate (2.3) trivially holds for all
< 𝑡 <∞ and 𝜉 ∈ R𝑛. Assume that (2.3) holds for 𝑗 = 𝑗0. Then, for any
∈ (N ∪ {0})𝑛 satisfying |𝛼| = 𝑗0, it holds by (2.3) that

𝜕𝜉𝑘𝜕
𝛼
𝜉 𝑒

−𝑡|𝜉|2
| = |𝜕𝛼𝜉 (2𝑡𝜉𝑘𝑒

−𝑡|𝜉|2 )| ≤ 2𝑡|𝜕𝛼𝜉 𝜉𝑘|𝑒
−𝑡|𝜉|2 + 2𝑡|𝜉𝑘||𝜕𝛼𝜉 𝑒

−𝑡|𝜉|2
|

≤ 2𝑡(1 + |𝜉|)𝑒−𝑡|𝜉|
2
+ 2𝑡|𝜉| ⋅ 22𝑗0 𝑡(1 + 𝑡)𝑗0−1(1 + |𝜉|)𝑗0𝑒−𝑡|𝜉|

2

≤ 22𝑗0+2𝑡(1 + 𝑡)𝑗0 (1 + |𝜉|)𝑗0+1𝑒−𝑡|𝜉|
2

for all 1 ≤ 𝑘 ≤ 𝑛, 0 < 𝑡 < ∞, and 𝜉 ∈ R𝑛. Thus we see that (2.3) holds
for all 𝑗 ∈ N.

(ii) Since 𝜑 satisfies the condition (1.1), it suffices to consider the
case of 1∕2 ≤ |𝜉| ≤ 2. Let 𝛼 ∈ (N ∪ {0})𝑛 satisfy |𝛼| = 𝑚. Then, by
combining (2.3) and the Leibniz rule, we have

|𝜕𝛼𝜉 {𝜑(𝜉)(𝑒
−𝑡|𝜉|2 − 𝜎)}|

≤ |𝜕𝛼𝜉 𝜑(𝜉)||𝑒
−𝑡|𝜉|2 − 𝜎| + 𝐶𝑚,𝑛

∑

𝛽<𝛼
|𝜕𝛽𝜉𝜑(𝜉)||𝜕

𝛼−𝛽
𝜉 𝑒−𝑡|𝜉|

2
|

≤ (𝑒−𝑡∕4 + |𝜎|)|𝜕𝛼𝜉 𝜑(𝜉)|

+ 𝐶𝑚,𝑛
∑

𝛽<𝛼
|𝜕𝛽𝜉𝜑(𝜉)| ⋅ 2

2(|𝛼|−|𝛽|)𝑡(1 + 𝑡)|𝛼|−|𝛽|−1(1 + |𝜉|)|𝛼|−|𝛽|𝑒−𝑡|𝜉|
2

≤ (𝑒−𝑡∕4 + |𝜎|)|𝜕𝛼𝜉 𝜑(𝜉)| + 𝐶𝑚,𝑛𝑒
−𝑡∕4𝑡(1 + 𝑡)𝑚−1

∑

|𝜕𝛽𝜉𝜑(𝜉)|

𝛽<𝛼
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w

|

H
𝜕

f

for all 0 < 𝑡 < ∞ and 𝜎 ∈ R. Noting that sup0<𝑡<∞ 𝑒−𝑡∕8𝑡(1 + 𝑡)𝑚−1 < ∞,
e observe that

𝜕𝛼𝜉 {𝜑(𝜉)(𝑒
−𝑡|𝜉|2 − 𝜎)}| ≤ 𝐶𝑚,𝑛(𝑒−𝑡∕8 + |𝜎|)

∑

𝛽≤𝛼
|𝜕𝛽𝜉𝜑(𝜉)|,

which yields ‖𝜑(𝑒−𝑡|⋅|2 − 𝜎)‖𝐻̇𝑚 ≤ 𝐶𝑚,𝑛(𝑒−𝑡∕8 + |𝜎|)‖𝜑‖𝐻𝑚 . Similarly, we
also obtain
|𝜕𝛼𝜉 {𝜑(𝜉)(𝑡

−1(𝑒−𝑡|𝜉|
2
− 1) + |𝜉|2)}|

≤ |𝜕𝛼𝜉𝜑(𝜉)|
|

|

|

𝑡−1(𝑒−𝑡|𝜉|
2
− 1) + |𝜉|2||

|

+ 𝐶𝑚,𝑛
∑

𝛽<𝛼
|𝜕𝛽𝜉𝜑(𝜉)|

(

𝑡−1|𝜕𝛼−𝛽𝜉 𝑒−𝑡|𝜉|
2
| + |𝜕𝛼−𝛽𝜉 |𝜉|2|

)

≤ |𝜕𝛼𝜉𝜑(𝜉)|
|

|

|

|𝜉|2 − 𝑡−1(1 − 𝑒−𝑡|𝜉|
2
)||
|

+ 𝐶𝑚,𝑛
∑

𝛽<𝛼
|𝜕𝛽𝜉𝜑(𝜉)|

(

22(|𝛼|−|𝛽|)(1 + 𝑡)|𝛼|−|𝛽|−1(1 + |𝜉|)|𝛼|−|𝛽|𝑒−𝑡|𝜉|
2
+ 2(1 + |𝜉|)

)

≤ |𝜕𝛼𝜉𝜑(𝜉)|
|

|

|

|𝜉|2 − 𝑡−1(1 − 𝑒−𝑡|𝜉|
2
)||
|

+ 𝐶𝑚,𝑛(𝑒−𝑡∕4(1 + 𝑡)𝑚−1 + 1)
∑

𝛽<𝛼
|𝜕𝛽𝜉𝜑(𝜉)|.

ere we set 𝜓(𝑡, 𝑟) ∶= 𝑟 − 𝑡−1(1 − 𝑒−𝑡𝑟) for 𝑡, 𝑟 ∈ (0,∞). Then we see by
𝑡𝜓(𝑡, 𝑟) = 𝑡−2𝑒−𝑡𝑟(𝑡𝑟 + 𝑒𝑡𝑟 − 1) > 0 and lim𝑡→+0 𝜓(𝑡, 𝑟) = 0 that

0 < 𝜓(𝑡0, 𝑟) < 𝜓(𝑡1, 𝑟) (2.4)

for all 0 < 𝑡0 < 𝑡1 < ∞ and 0 < 𝑟 < ∞. In addition, since 𝜕𝑟𝜓(𝑡, 𝑟) =
1 − 𝑒−𝑡𝑟 > 0 yields sup1∕4≤𝑟≤4 𝜓(𝑡, 𝑟) = 𝜓(𝑡, 4) = 4 − 𝑡−1(1 − 𝑒−4𝑡), we have

sup
1∕2≤|𝜉|≤2

|

|

|

|𝜉|2 − 𝑡−1(1 − 𝑒−𝑡|𝜉|
2
)||
|

≤ 4 − 𝑡−1(1 − 𝑒−4𝑡) ≤ 4 (2.5)

for all 0 < 𝑡 < ∞. Noting that sup0<𝑡<∞ 𝑒−𝑡∕4(1 + 𝑡)𝑚−1 < ∞, we observe
that

|𝜕𝛼𝜉 {𝜑(𝜉)(𝑡
−1(𝑒−𝑡|𝜉|

2
− 1) + |𝜉|2)}| ≤ 𝐶𝑚,𝑛

∑

𝛽≤𝛼
|𝜕𝛽𝜉𝜑(𝜉)|,

which yields the desired estimate.
(iii) We see by Ref. 3, Proposition 3.2 that

‖−1[𝜑 exp(−22𝑘𝑡| ⋅ |2)]‖𝐿1

≤ 𝐶𝑛‖𝜑 exp(−22𝑘𝑡| ⋅ |2)‖1∕2
𝐿2 ‖𝜑 exp(−22𝑘𝑡| ⋅ |2)‖1∕2

𝐻̇𝑛

for all 0 < 𝑡 < ∞ and 𝑘 ∈ Z. Since it holds by the assertion of (ii) and
(1.1) that
‖𝜑 exp(−22𝑘𝑡| ⋅ |2)‖𝐿2 ≤ exp(−22𝑘−2𝑡)‖𝜑‖𝐿2 ,

‖𝜑 exp(−22𝑘𝑡| ⋅ |2)‖𝐻̇𝑛 ≤ 𝐶𝑛 exp(−22𝑘𝑡∕8)‖𝜑‖𝐻𝑛 = 𝐶𝑛 exp(−22𝑘−3𝑡)‖𝜑‖𝐻𝑛 ,

we have
‖−1[𝜑 exp(−22𝑘𝑡| ⋅ |2)]‖𝐿1

≤ 𝐶𝑛 ⋅ (exp(−22𝑘−2𝑡)‖𝜑‖𝐿2 )1∕2 ⋅ (exp(−22𝑘−3𝑡)‖𝜑‖𝐻𝑛 )1∕2

≤ 𝐶𝑛 exp(−22𝑘−3𝑡)‖𝜑‖𝐻𝑛 .

Similarly, by applying Ref. 3, Proposition 3.2 and the assertion of (ii),
we have
‖−1[𝜑(exp(−22𝑘𝑡| ⋅ |2) − 1)]‖𝐿1

≤ 𝐶𝑛‖𝜑(exp(−22𝑘𝑡| ⋅ |
2) − 1)‖1∕2

𝐿2 ‖𝜑(exp(−2
2𝑘𝑡| ⋅ |2) − 1)‖1∕2

𝐻̇𝑛

≤ 𝐶𝑛 ⋅ ((1 − exp(−22𝑘+2𝑡))‖𝜑‖𝐿2 )1∕2 ⋅ ‖𝜑‖1∕2𝐻𝑛

≤ 𝐶𝑛(1 − exp(−22𝑘+2𝑡))1∕2‖𝜑‖𝐻𝑛

for all 0 < 𝑡 <∞ and 𝑘 ∈ Z. Moreover, we also obtain
‖

‖

‖

−1 [𝜑
{

𝑡−1(exp(−22𝑘𝑡| ⋅ |2) − 1) + 22𝑘| ⋅ |2
}]

‖

‖

‖𝐿1

≤ 𝐶𝑛‖𝜑(𝑡−1(exp(−22𝑘𝑡| ⋅ |
2) − 1) + 22𝑘| ⋅ |2)‖1∕2

𝐿2

× ‖𝜑(𝑡−1(exp(−22𝑘𝑡| ⋅ |2) − 1) + 22𝑘| ⋅ |2)‖1∕2
𝐻̇𝑛

for all 0 < 𝑡 <∞ and 𝑘 ∈ Z. Here, by recalling (2.5), we observe that

‖𝜑(𝑡−1(exp(−22𝑘𝑡| ⋅ |2) − 1) + 22𝑘| ⋅ |2)‖𝐿2

= 22𝑘‖𝜑((22𝑘𝑡)−1(exp(−22𝑘𝑡| ⋅ |2) − 1) + | ⋅ |2)‖𝐿2

≤ 22𝑘 ⋅ (4 − (22𝑘𝑡)−1(1 − exp(−4 ⋅ 22𝑘𝑡)))‖𝜑‖𝐿2

2𝑘+2 −1 2𝑘+2
4

= (2 − 𝑡 (1 − exp(−2 𝑡)))‖𝜑‖𝐿2 .
Since the assertion of (ii) yields

‖𝜑(𝑡−1(exp(−22𝑘𝑡| ⋅ |2) − 1) + 22𝑘| ⋅ |2)‖𝐻̇𝑛

= 22𝑘‖𝜑((22𝑘𝑡)−1(exp(−22𝑘𝑡| ⋅ |2) − 1) + | ⋅ |2)‖𝐻̇𝑛 ≤ 𝐶𝑛22𝑘‖𝜑‖𝐻𝑛

for all 0 < 𝑡 <∞ and 𝑘 ∈ Z, we have
‖

‖

‖

−1 [𝜑
{

𝑡−1(exp(−22𝑘𝑡| ⋅ |2) − 1) + 22𝑘| ⋅ |2
}]

‖

‖

‖𝐿1

≤ 𝐶𝑛 ⋅
{

(22𝑘+2 − 𝑡−1(1 − exp(−22𝑘+2𝑡)))‖𝜑‖𝐿2
}1∕2

⋅ (22𝑘‖𝜑‖𝐻𝑛 )1∕2

≤ 𝐶𝑛22𝑘+1
{

1 − (22𝑘+2𝑡)−1(1 − exp(−22𝑘+2𝑡))
}1∕2

‖𝜑‖𝐻𝑛 ,

which completes the proof of Lemma 2.1. □

2.2. Smoothing effect of the heat semigroup: Proof of Theorems 1.1 and 1.3

By using the estimates given in Lemma 2.1, we shall show our main
results, Theorems 1.1 and 1.3.

Proof of Theorem 1.1. (i) Noting that (2.1) and (2.2), we see by the
Young convolution inequality that

2𝑠𝑗‖𝛥̇𝑗 (𝑒𝑡𝛥𝑓 − 𝑓 )‖𝐿𝑝

≤ 2𝑠𝑗
𝑗+1
∑

𝑘=𝑗−1
‖𝛥̇𝑗 𝛥̇𝑘(𝑒𝑡𝛥𝑓 − 𝑓 )‖𝐿𝑝

= 2𝑠𝑗
𝑗+1
∑

𝑘=𝑗−1
‖−1[𝜑(2−𝑘⋅)(𝑒−𝑡|⋅|

2
− 1)] ∗ (𝛥̇𝑗𝑓 )‖𝐿𝑝

≤
𝑗+1
∑

𝑘=𝑗−1
‖−1[𝜑(exp(−22𝑘𝑡| ⋅ |2) − 1)]‖𝐿1 ⋅ 2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝

(2.6)

for all 0 < 𝑡 <∞ and 𝑗 ∈ Z. In addition, we see by Lemma 2.1 (iii) that
𝑗+1
∑

𝑘=𝑗−1
‖−1[𝜑(exp(−22𝑘𝑡| ⋅ |2) − 1)]‖𝐿1

≤ 𝐶𝑛
𝑗+1
∑

𝑘=𝑗−1
(1 − exp(−22𝑘+2𝑡))1∕2‖𝜑‖𝐻𝑛

≤ 𝐶𝑛(1 − exp(−22𝑗+4𝑡))1∕2‖𝜑‖𝐻𝑛

or all 0 < 𝑡 <∞ and 𝑗 ∈ Z, which yields (1.5).
(ii) Let 𝑗0 ∈ Z. If 1 ≤ 𝑞 <∞, then it holds by (1.5) that

𝑗0
∑

𝑗=−∞
(2𝑠𝑗‖𝛥̇𝑗 (𝑒𝑡𝛥𝑓 − 𝑓 )‖𝐿𝑝 )𝑞

≤ 𝐶𝑛(1 − exp(−22𝑗0+4𝑡))𝑞∕2‖𝜑‖𝑞𝐻𝑛

𝑗0
∑

𝑗=−∞
(2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝 )𝑞

≤ 𝐶𝑛(1 − exp(−22𝑗0+4𝑡))𝑞∕2‖𝜑‖𝑞𝐻𝑛‖𝑓‖
𝑞
𝐵̇𝑠𝑝,𝑞

.

If 𝑞 = ∞, then we also see by (1.5) that

sup
−∞<𝑗≤𝑗0

2𝑠𝑗‖𝛥̇𝑗 (𝑒𝑡𝛥𝑓 − 𝑓 )‖𝐿𝑝

≤ 𝐶𝑛(1 − exp(−22𝑗0+4𝑡))1∕2‖𝜑‖𝐻𝑛 sup
−∞<𝑗≤𝑗0

2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝

≤ 𝐶𝑛(1 − exp(−22𝑗0+4𝑡))1∕2‖𝜑‖𝐻𝑛‖𝑓‖𝐵̇𝑠𝑝,∞ .

Therefore, by letting 𝑡 → +0, we have the desired result.
(iii) Let 𝑓 ∈ 𝐵̇𝑠𝑝,∞. Then the estimate (1.5) implies that

sup
𝑗0≤𝑗<∞

2𝑠𝑗‖𝛥̇𝑗 (𝑒𝑡𝛥𝑓 − 𝑓 )‖𝐿𝑝 ≤ 𝐶𝑛‖𝜑‖𝐻𝑛 sup
𝑗0≤𝑗<∞

2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝

for all 0 < 𝑡 <∞ and 𝑗0 ∈ Z, which yields

‖𝑒𝑡𝛥𝑓 − 𝑓‖𝐵̇𝑠𝑝,∞
≤ sup

−∞<𝑗≤𝑗0
2𝑠𝑗‖𝛥̇𝑗 (𝑒𝑡𝛥𝑓 − 𝑓 )‖𝐿𝑝 + 𝐶𝑛‖𝜑‖𝐻𝑛 sup

𝑗0≤𝑗<∞
2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝 .

Therefore, by using (1.6), we observe that

lim sup ‖𝑒𝑡𝛥𝑓 − 𝑓‖𝐵̇𝑠𝑝,∞ ≤ 𝐶𝑛‖𝜑‖𝐻𝑛 sup 2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝

𝑡→+0 𝑗0≤𝑗<∞



Partial Differential Equations in Applied Mathematics 10 (2024) 100718T. Takeuchi

o
m

‖

for all 𝑗0 ∈ Z. Since we have assumed that (1.7), by letting 𝑗0 → ∞, we
btain (1.8). Next we consider 𝑓 ∈ 𝐵̇𝑠∞,𝑞 , where 1 ≤ 𝑞 <∞. In a similar
anner to the above argument, by noting (1.5), we deduce that

𝑒𝑡𝛥𝑓 − 𝑓‖𝐵̇𝑠∞,𝑞 ≤

{ 𝑗0
∑

𝑗=−∞
(2𝑠𝑗‖𝛥̇𝑗 (𝑒𝑡𝛥𝑓 − 𝑓 )‖𝐿∞ )𝑞

}1∕𝑞

+ 𝐶𝑛‖𝜑‖𝐻𝑛

{ ∞
∑

𝑗=𝑗0

(2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿∞ )𝑞
}1∕𝑞

for all 0 < 𝑡 < ∞ and 𝑗0 ∈ Z. Since 𝑓 ∈ 𝐵̇𝑠∞,𝑞 and 1 ≤ 𝑞 < ∞, by letting
𝑗0 → ∞ after taking 𝑡 → +0 with the aid of (1.6), we obtain the desired
result. This completes the proof of Theorem 1.1. □

Proof of Theorem 1.3. (i) In a similar manner to the derivation of the
estimate (2.6), we obtain

2𝑠𝑗‖𝛥̇𝑗𝑒𝑡𝛥𝑓‖𝐿𝑝 ≤
𝑗+1
∑

𝑘=𝑗−1
‖−1[𝜑 exp(−22𝑘𝑡| ⋅ |2)]‖𝐿1 ⋅ 2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝

≤ ‖𝑓‖𝐵̇𝑠𝑝,∞

𝑗+1
∑

𝑘=𝑗−1
‖−1[𝜑 exp(−22𝑘𝑡| ⋅ |2)]‖𝐿1

for all 0 < 𝑡 <∞ and 𝑗 ∈ Z. Here, Lemma 2.1 (iii) implies that
𝑗+1
∑

𝑘=𝑗−1
‖−1[𝜑 exp(−22𝑘𝑡| ⋅ |2)]‖𝐿1 ≤ 𝐶𝑛

𝑗+1
∑

𝑘=𝑗−1
exp(−22𝑘−3𝑡)‖𝜑‖𝐻𝑛

≤ 𝐶𝑛 exp(−22𝑗−5𝑡)‖𝜑‖𝐻𝑛

for all 0 < 𝑡 <∞ and 𝑗 ∈ Z, which yields (1.11).
(ii) Assume that 𝑒𝑡𝛥𝑓 ∈ 𝐶∞((0,∞); 𝐵̇𝑠𝑝,∞) with the property

𝜕𝑚𝑡 𝑒
𝑡𝛥𝑓 = 𝛥𝑚𝑒𝑡𝛥𝑓 in 𝐵̇𝑠𝑝,∞ (2.7)

for all 0 < 𝑡 < ∞ and 𝑚 ∈ N ∪ {0}. Then we may show that 𝑒𝑡𝛥𝑓 ∈
𝐶𝜔((0,∞); 𝐵̇𝑠𝑝,∞) in the same way as in the proof of Ref. 2, Theorem
3.6 (iii). Moreover, by combining (2.7) and Ref. 1, Lemma 2.2 (ii), we
observe that

‖𝜕𝑚𝑡 𝑒
𝑡𝛥𝑓‖𝐵̇𝑠𝑝,∞ ≤ 𝐶‖𝑒𝑡𝛥𝑓‖𝐵̇𝑠+2𝑚𝑝,∞

≤ 𝐶𝜀−𝑚‖𝑓‖𝐵̇𝑠𝑝,∞

for all 𝜀 < 𝑡 < ∞ and 𝑚 ∈ N ∪ {0}, which yields the desired result.
Therefore, it is sufficient to show that (2.7). In case 𝑚 = 0, the property
(2.7) trivially holds. Assume that (2.7) holds for 𝑚 = 𝑚0. Since −𝛥 =
−1

| ⋅ |2 , in a similar manner to the derivation of the estimate (2.6),
we obtain

2𝑠𝑗 ‖‖
‖

𝛥̇𝑗
{

ℎ−1(𝛥𝑚0𝑒(𝑡+ℎ)𝛥𝑓 − 𝛥𝑚0𝑒𝑡𝛥𝑓 ) − 𝛥𝑚0+1𝑒𝑡𝛥𝑓
}

‖

‖

‖𝐿𝑝

≤ 2𝑠𝑗
𝑗+1
∑

𝑘=𝑗−1

‖

‖

‖

𝛥̇𝑘
{

ℎ−1(𝑒ℎ𝛥(𝛥̇𝑗𝛥𝑚0𝑒𝑡𝛥𝑓 ) − (𝛥̇𝑗𝛥𝑚0𝑒𝑡𝛥𝑓 )) − 𝛥(𝛥̇𝑗𝛥𝑚0𝑒𝑡𝛥𝑓 )
}

‖

‖

‖𝐿𝑝

= 2𝑠𝑗
𝑗+1
∑

𝑘=𝑗−1

‖

‖

‖

‖

−1
[

𝜑(2−𝑘⋅)
{

ℎ−1(𝑒−ℎ|⋅|
2
− 1) + | ⋅ |2

}]

∗ (𝛥̇𝑗𝛥𝑚0𝑒𝑡𝛥𝑓 )
‖

‖

‖

‖𝐿𝑝

≤
𝑗+1
∑

𝑘=𝑗−1

‖

‖

‖

−1 [𝜑
{

ℎ−1(exp(−22𝑘ℎ| ⋅ |2) − 1) + 22𝑘| ⋅ |2
}]

‖

‖

‖𝐿1

× 2𝑠𝑗‖𝛥̇𝑗𝛥𝑚0𝑒𝑡𝛥𝑓‖𝐿𝑝

for all 0 < 𝑡 < ∞, 𝑗 ∈ Z, and 0 < ℎ < 1. Here, it holds by (2.4) and
Lemma 2.1 (iii) that
𝑗+1
∑

𝑘=𝑗−1

‖

‖

‖

−1 [𝜑
{

ℎ−1(exp(−22𝑘ℎ| ⋅ |2) − 1) + 22𝑘| ⋅ |2
}]

‖

‖

‖𝐿1

≤ 𝐶𝑛
𝑗+1
∑

𝑘=𝑗−1
22𝑘+1

{

1 − (22𝑘+2ℎ)−1(1 − exp(−22𝑘+2ℎ))
}1∕2

‖𝜑‖𝐻𝑛

2𝑗+3 { 2𝑗+4 −1 2𝑗+4 }1∕2
5

≤ 𝐶𝑛2 1 − (2 ℎ) (1 − exp(−2 ℎ)) ‖𝜑‖𝐻𝑛
for all 𝑗 ∈ Z and 0 < ℎ < 1. Therefore, we obtain

2𝑠𝑗 ‖‖
‖

𝛥̇𝑗
{

ℎ−1(𝛥𝑚0𝑒(𝑡+ℎ)𝛥𝑓 − 𝛥𝑚0𝑒𝑡𝛥𝑓 ) − 𝛥𝑚0+1𝑒𝑡𝛥𝑓
}

‖

‖

‖𝐿𝑝

≤ 𝐶𝑛22𝑗+3
{

1 − (22𝑗+4ℎ)−1(1 − exp(−22𝑗+4ℎ))
}1∕2

‖𝜑‖𝐻𝑛

× 2𝑠𝑗‖𝛥̇𝑗𝛥𝑚0𝑒𝑡𝛥𝑓‖𝐿𝑝

for all 0 < 𝑡 < ∞, 𝑗 ∈ Z, and 0 < ℎ < 1. In addition, if 𝑚0 = 0, then
(1.11) yields

2𝑠𝑗‖𝛥̇𝑗𝛥𝑚0𝑒𝑡𝛥𝑓‖𝐿𝑝 ≤ 𝐶𝑛 exp(−22𝑗−5𝑡)‖𝜑‖𝐻𝑛‖𝑓‖𝐵̇𝑠𝑝,∞ .

If 𝑚0 ≥ 1, then it holds by (1.11) and Ref. 1, Lemma 2.2 (ii) that

2𝑠𝑗‖𝛥̇𝑗𝛥𝑚0𝑒𝑡𝛥𝑓‖𝐿𝑝 ≤𝑀2𝑠𝑗‖𝑒(𝑡∕2)𝛥𝛥̇𝑗𝑒(𝑡∕2)𝛥𝑓‖𝐵̇2𝑚0
𝑝,1

≤𝑀2𝑠𝑗 (𝑡∕2)−𝑚0
‖𝛥̇𝑗𝑒

(𝑡∕2)𝛥𝑓‖𝐵̇0
𝑝,∞

≤𝑀𝑡−𝑚0 exp(−22𝑗−6𝑡)‖𝑓‖𝐵̇𝑠𝑝,∞ ,

where 𝑀 > 0 is a constant independent of 𝑗, 𝑡, and 𝑓 . Hence, we
observe that

2𝑠𝑗‖𝛥̇𝑗𝛥𝑚0𝑒𝑡𝛥𝑓‖𝐿𝑝 ≤𝑀(1 + 𝑡−𝑚0 ) exp(−22𝑗−6𝑡)‖𝑓‖𝐵̇𝑠𝑝,∞

for all 𝑚0 ∈ N ∪ {0}. Now we fix 𝑗0 ∈ Z. Then we see by (2.4) that

sup
−∞<𝑗≤𝑗0

2𝑠𝑗 ‖‖
‖

𝛥̇𝑗
{

ℎ−1(𝛥𝑚0𝑒(𝑡+ℎ)𝛥𝑓 − 𝛥𝑚0𝑒𝑡𝛥𝑓 ) − 𝛥𝑚0+1𝑒𝑡𝛥𝑓
}

‖

‖

‖𝐿𝑝

≤𝑀22𝑗0+3
{

1 − (22𝑗0+4ℎ)−1(1 − exp(−22𝑗0+4ℎ))
}1∕2 (1 + 𝑡−𝑚0 )‖𝑓‖𝐵̇𝑠𝑝,∞ ,

sup
𝑗0≤𝑗<∞

2𝑠𝑗 ‖‖
‖

𝛥̇𝑗
{

ℎ−1(𝛥𝑚0𝑒(𝑡+ℎ)𝛥𝑓 − 𝛥𝑚0𝑒𝑡𝛥𝑓 ) − 𝛥𝑚0+1𝑒𝑡𝛥𝑓
}

‖

‖

‖𝐿𝑝

≤𝑀(1 + 𝑡−𝑚0 )‖𝑓‖𝐵̇𝑠𝑝,∞ sup
𝑗0≤𝑗<∞

22𝑗+3 exp(−22𝑗−6𝑡),

which imply that
‖

‖

‖

ℎ−1(𝛥𝑚0𝑒(𝑡+ℎ)𝛥𝑓 − 𝛥𝑚0𝑒𝑡𝛥𝑓 ) − 𝛥𝑚0+1𝑒𝑡𝛥𝑓‖‖
‖𝐵̇𝑠𝑝,∞

≤𝑀22𝑗0+3
{

1 − (22𝑗0+4ℎ)−1(1 − exp(−22𝑗0+4ℎ))
}1∕2 (1 + 𝑡−𝑚0 )‖𝑓‖𝐵̇𝑠𝑝,∞

+ 𝑀(1 + 𝑡−𝑚0 )‖𝑓‖𝐵̇𝑠𝑝,∞ sup
𝑗0≤𝑗<∞

22𝑗+3 exp(−22𝑗−6𝑡)

for all 0 < 𝑡 <∞, 𝑗0 ∈ Z, and 0 < ℎ < 1. Since

lim
ℎ→+0

{

1 − (22𝑗0+4ℎ)−1(1 − exp(−22𝑗0+4ℎ))
}1∕2

= lim
ℎ→+0

{

1 + ℎ−1(𝑒−ℎ − 1)
}1∕2 = 0,

by letting ℎ → +0, we obtain

lim sup
ℎ→+0

‖

‖

‖

ℎ−1(𝛥𝑚0𝑒(𝑡+ℎ)𝛥𝑓 − 𝛥𝑚0𝑒𝑡𝛥𝑓 ) − 𝛥𝑚0+1𝑒𝑡𝛥𝑓‖‖
‖𝐵̇𝑠𝑝,∞

≤𝑀(1 + 𝑡−𝑚0 )‖𝑓‖𝐵̇𝑠𝑝,∞ sup
𝑗0≤𝑗<∞

22𝑗+3 exp(−22𝑗−6𝑡).

Hence, taking 𝑗0 → ∞ implies that 𝜕𝑡(𝛥𝑚0𝑒𝑡𝛥𝑓 ) = 𝛥𝑚0+1𝑒𝑡𝛥𝑓 in 𝐵̇𝑠𝑝,∞.
Since we have assumed that (2.7) holds for 𝑚 = 𝑚0, we obtain
𝜕𝑚0+1
𝑡 𝑒𝑡𝛥𝑓 = 𝛥𝑚0+1𝑒𝑡𝛥𝑓 in 𝐵̇𝑠𝑝,∞, so we have the desired result. This

completes the proof of Theorem 1.3. □

2.3. Counterexamples: Proof of Theorem 1.5

Next we show Theorem 1.5. To give the lower bound of the 𝐿𝑝-norm
for the function containing the Fourier transform, we choose examples
𝑓 so that (𝑓 )(𝜉) > 0 and (𝑓 )(𝜆𝜉) = 𝑎(𝜆)(𝑓 )(𝜉) for all 𝜉 ∈ R𝑛 and
0 < 𝜆 <∞ with some function 𝑎 of 𝜆.

Proof of Theorem 1.5. We see by Ref. 16, p. 131 that  | ⋅ |−𝜎 =
𝑐0| ⋅ |

𝑛−𝜎 and 𝛿 = 1 with some constant 𝑐0 > 0. Thus we have

𝑗 𝑗 −(𝑛−𝜎)𝑗 𝑛−𝜎 −(𝑛−𝜎)𝑗
(𝑓0)(2 ⋅) = 1, (𝑓1)(2 ⋅) = 𝑐02 | ⋅ | = 2 𝑓1
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for all 𝑗 ∈ Z. Hence it holds by (2.1) that

2𝑠𝑚𝑗‖𝛥̇𝑗𝑒𝑡𝛥𝑓𝑚‖𝐿𝑝

= 2𝑠𝑚𝑗‖−1[𝜑(2−𝑗 ⋅)𝑒−𝑡|⋅|
2
𝑓𝑚]‖𝐿𝑝

= 2(𝑠𝑚+𝑛−𝑛∕𝑝)𝑗‖−1[𝜑 exp(−22𝑗 𝑡| ⋅ |2)(𝑓𝑚)(2𝑗 ⋅)]‖𝐿𝑝
= ‖−1[𝜑 exp(−22𝑗 𝑡| ⋅ |2)𝑓𝑚]‖𝐿𝑝

(2.8)

for all 0 < 𝑡 < ∞ and 𝑗 ∈ Z. Here, since 𝜑 satisfies the condition (1.1),
by noting that 𝑓𝑚 > 0 and 𝑒𝑖𝜉⋅𝑥 = cos(𝜉 ⋅𝑥)+ 𝑖 sin(𝜉 ⋅𝑥), we observe that

|−1[𝜑 exp(−22𝑗 𝑡| ⋅ |2)𝑓𝑚](𝑥)|
2

= 1
(2𝜋)2𝑛

|

|

|

|

∫R𝑛
𝑒𝑖𝜉⋅𝑥𝜑(𝜉) exp(−22𝑗 𝑡|𝜉|2)(𝑓𝑚)(𝜉)𝑑𝜉

|

|

|

|

2

= 1
(2𝜋)2𝑛

(

∫R𝑛
cos(𝜉 ⋅ 𝑥)𝜑(𝜉) exp(−22𝑗 𝑡|𝜉|2)(𝑓𝑚)(𝜉)𝑑𝜉

)2

+ 1
(2𝜋)2𝑛

(

∫R𝑛
sin(𝜉 ⋅ 𝑥)𝜑(𝜉) exp(−22𝑗 𝑡|𝜉|2)(𝑓𝑚)(𝜉)𝑑𝜉

)2

≥ 1
(2𝜋)2𝑛

(

∫R𝑛
cos(𝜉 ⋅ 𝑥)𝜑(𝜉) exp(−22𝑗 𝑡|𝜉|2)(𝑓𝑚)(𝜉)𝑑𝜉

)2

for all 0 < 𝑡 <∞, 𝑥 ∈ R𝑛, and 𝑗 ∈ Z. In addition, if |𝑥| ≤ 𝜋∕6 and |𝜉| ≤ 2,
then we have |𝜉 ⋅ 𝑥| ≤ |𝜉||𝑥| ≤ 𝜋∕3, which yields 1∕2 ≤ cos(𝜉 ⋅ 𝑥) ≤ 1.
Therefore, noting that (1.1), we obtain

inf
|𝑥|≤𝜋∕6

|−1[𝜑 exp(−22𝑗 𝑡| ⋅ |2)𝑓𝑚](𝑥)|
2

≥ 𝐶𝜎,𝑛

(

exp(−22𝑗+2𝑡)∫R𝑛
𝜑(𝜉)𝑑𝜉

)2 (2.9)

for all 0 < 𝑡 <∞ and 𝑗 ∈ Z, which implies that

2𝑠𝑚𝑗‖𝛥̇𝑗𝑒𝑡𝛥𝑓𝑚‖𝐿𝑝

≥ inf
|𝑥|≤𝜋∕6

|−1[𝜑 exp(−22𝑗 𝑡| ⋅ |2)𝑓𝑚](𝑥)|
(

∫
|𝑥|≤𝜋∕6

𝑑𝑥
)1∕𝑝

≥ 𝐶𝜎,𝑛 exp(−22𝑗+2𝑡)‖𝜑‖𝐿1 .

Next we show (1.13). We take 𝑡0 and 𝑡1 so that 0 < 𝑡0 < 𝑡1 < 1. Then,
in a similar manner to the derivation of the identity (2.8), we have

2𝑠𝑚𝑗‖𝛥̇𝑗 (𝑒𝑡1𝛥𝑓𝑚 − 𝑒𝑡0𝛥𝑓𝑚)‖𝐿𝑝

= ‖−1[𝜑(exp(−22𝑗 𝑡1| ⋅ |
2) − exp(−22𝑗 𝑡0| ⋅ |

2))𝑓𝑚]‖𝐿𝑝

for all 𝑗 ∈ Z. In addition, similarly to the estimate (2.9), we also obtain

inf
|𝑥|≤𝜋∕6

|−1[𝜑(exp(−22𝑗 𝑡1| ⋅ |
2) − exp(−22𝑗 𝑡0| ⋅ |

2))𝑓𝑚](𝑥)|
2

≥ 𝐶𝜎,𝑛

(

∫R𝑛
𝜑(𝜉)(exp(−22𝑗 𝑡0|𝜉|

2) − exp(−22𝑗 𝑡1|𝜉|
2))𝑑𝜉

)2
.

Here, since 𝑡0 < 𝑡1, the mean value theorem yields 𝑒−𝑡0𝑟 − 𝑒−𝑡1𝑟 ≥
𝑟𝑒−𝑡1𝑟(𝑡1 − 𝑡0) for all 0 < 𝑟 <∞. Thus we have

inf
|𝑥|≤𝜋∕6

|−1[𝜑(exp(−22𝑗 𝑡1| ⋅ |
2) − exp(−22𝑗 𝑡0| ⋅ |

2))𝑓𝑚](𝑥)|
2

≥ 𝐶𝜎,𝑛

(

(𝑡1 − 𝑡0)∫R𝑛
𝜑(𝜉) ⋅ 22𝑗 |𝜉|2 exp(−22𝑗 𝑡1|𝜉|

2)𝑑𝜉
)2

≥ 𝐶𝜎,𝑛

(

22𝑗−2(𝑡1 − 𝑡0) exp(−22𝑗+2𝑡1)∫R𝑛
𝜑(𝜉)𝑑𝜉

)2
,

which yields

2𝑠𝑚𝑗‖𝛥̇𝑗 (𝑒𝑡1𝛥𝑓𝑚 − 𝑒𝑡0𝛥𝑓𝑚)‖𝐿𝑝

≥ inf
|𝑥|≤𝜋∕6

|−1[𝜑(exp(−22𝑗 𝑡1| ⋅ |
2) − exp(−22𝑗 𝑡0| ⋅ |

2))𝑓𝑚](𝑥)|

×
(

∫
|𝑥|≤𝜋∕6

𝑑𝑥
)1∕𝑝

≥ 𝐶𝜎,𝑛22𝑗−2(𝑡1 − 𝑡0) exp(−22𝑗+2𝑡1)‖𝜑‖𝐿1

for all 𝑗 ∈ Z. Let 0 < 𝜂 < 1. Then, by setting 𝑡0 = 𝜂∕2 and 𝑡1 = 𝜂 in the
above estimate, we observe that

sup
𝑡0 ,𝑡1∈(0,1),

2𝑠𝑚𝑗‖𝛥̇𝑗 (𝑒𝑡1𝛥𝑓𝑚 − 𝑒𝑡0𝛥𝑓𝑚)‖𝐿𝑝 ≥ 𝐶𝜎,𝑛22𝑗−3𝜂 exp(−22𝑗+2𝜂)‖𝜑‖𝐿1
6

|𝑡1−𝑡0 |<𝜂
for all 𝑗 ∈ Z, which implies that

sup
0≤𝑗<∞

sup
𝑡0 ,𝑡1∈(0,1),
|𝑡1−𝑡0 |<𝜂

2𝑠𝑚𝑗‖𝛥̇𝑗 (𝑒𝑡1𝛥𝑓𝑚 − 𝑒𝑡0𝛥𝑓𝑚)‖𝐿𝑝

≥ 𝐶𝜎,𝑛‖𝜑‖𝐿1 sup
0≤𝑗<∞

22𝑗−3𝜂 exp(−22𝑗+2𝜂).

Here, since 0 < 𝜂 < 1, we may take 0 ≤ 𝑗 <∞ so that 2−2𝑗 ≤ 𝜂 ≤ 2−2𝑗+2.
Noting that 22𝑗−3𝜂 exp(−22𝑗+2𝜂) ≥ 2−3𝑒−16, we observe that

sup
𝑡0 ,𝑡1∈(0,1),
|𝑡1−𝑡0 |<𝜂

‖𝑒𝑡1𝛥𝑓𝑚 − 𝑒𝑡0𝛥𝑓𝑚‖𝐵̇𝑠𝑚𝑝,∞ ≥ 𝐶𝜎,𝑛‖𝜑‖𝐿1

for any 0 < 𝜂 < 1, which yields (1.13). This completes the proof of
Theorem 1.5. □

3. Proof of the characterization (1.10) of the function spaces

Let us verify the characterization (1.10) of the spaces 𝐵̇𝑠𝑝,∞+. Such a
fact is mentioned in Ref. 15, Remark 2.28, but for the convenience of
the readers, we give the proof in detail here.

Proof of Eq. (1.10). Let 1 ≤ 𝑝 < ∞ and 𝑠 ∈ R. Assume that 𝑓 ∈ 𝐵̇𝑠𝑝,∞
and there exists a sequence {𝑓𝑘}𝑘∈N ⊂ S0 of functions such that

lim
𝑘→∞

‖𝑓 − 𝑓𝑘‖𝐵̇𝑠𝑝,∞ = 0.

Then the Young convolution inequality and (2.1) imply that

2𝑠𝑗‖𝛥̇𝑗𝑓𝑘‖𝐿𝑝 = 2𝑠𝑗‖−1[𝜑(2−𝑗 ⋅)| ⋅ |−𝜎 | ⋅ |𝜎𝑓𝑘]‖𝐿𝑝
= 2𝑠𝑗‖−1[𝜑(2−𝑗 ⋅)| ⋅ |−𝜎 ] ∗ −1[| ⋅ |𝜎𝑓𝑘]‖𝐿𝑝
≤ 2(𝑠−𝜎)𝑗‖−1[𝜑| ⋅ |−𝜎 ]‖𝐿1‖−1[| ⋅ |𝜎𝑓𝑘]‖𝐿𝑝

for all 𝑗 ∈ Z, 𝑘 ∈ N, and 𝜎 ∈ R. Here we note that | ⋅ |𝜎𝑓𝑘 ∈ S for any
𝜎 ∈ R from the condition 0 ∉ supp𝑓𝑘. Hence, by setting 𝜎 = 𝑠+ 1 and
letting 𝑗 → ∞, we have lim𝑗→∞ 2𝑠𝑗‖𝛥̇𝑗𝑓𝑘‖𝐿𝑝 = 0. In addition, by setting
𝜎 = 𝑠−1 and letting 𝑗 → −∞, we also see that lim𝑗→−∞ 2𝑠𝑗‖𝛥̇𝑗𝑓𝑘‖𝐿𝑝 = 0.
Therefore, we obtain

lim sup
𝑗→±∞

2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝 ≤ sup
𝑗∈Z

2𝑠𝑗‖𝛥̇𝑗 (𝑓 − 𝑓𝑘)‖𝐿𝑝 + lim sup
𝑗→±∞

2𝑠𝑗‖𝛥̇𝑗𝑓𝑘‖𝐿𝑝

= ‖𝑓 − 𝑓𝑘‖𝐵̇𝑠𝑝,∞

for any 𝑘 ∈ N. By letting 𝑘 → ∞, we have

lim
𝑗→±∞

2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝 = 0. (3.1)

Conversely, suppose that 𝑓 ∈ 𝐵̇𝑠𝑝,∞ satisfies (3.1). Take 𝑗0 ∈ N and
set 𝑓𝑗0 ∶=

∑𝑗0
𝑙=−𝑗0

𝛥̇𝑙𝑓 . Noting that (2.1) and (2.2), we see by the Young
convolution inequality that

‖𝑓𝑗0‖𝐵̇𝑠𝑝,1 =
∑

𝑗∈Z
2𝑠𝑗

‖

‖

‖

‖

‖

‖

𝛥̇𝑗
𝑗0
∑

𝑙=−𝑗0

𝛥̇𝑙𝑓
‖

‖

‖

‖

‖

‖𝐿𝑝

≤
𝑗0+1
∑

𝑗=−𝑗0−1
2𝑠𝑗

𝑗+1
∑

𝑙=𝑗−1
‖𝛥̇𝑗 𝛥̇𝑙𝑓‖𝐿𝑝

=
𝑗0+1
∑

𝑗=−𝑗0−1
2𝑠𝑗

𝑗+1
∑

𝑙=𝑗−1
‖−1[𝜑(2−𝑙⋅)] ∗ (𝛥̇𝑗𝑓 )‖𝐿𝑝

≤
𝑗0+1
∑

𝑗=−𝑗0−1

𝑗+1
∑

𝑙=𝑗−1
‖−1𝜑‖𝐿1 ⋅ 2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝

≤ ‖𝑓‖𝐵̇𝑠𝑝,∞

𝑗0+1
∑

𝑗=−𝑗0−1

𝑗+1
∑

𝑙=𝑗−1
‖−1𝜑‖𝐿1

≤ 3(2𝑗0 + 3)‖−1𝜑‖𝐿1‖𝑓‖𝐵̇𝑠𝑝,∞ .

Hence, we obtain 𝑓𝑗0 ∈ 𝐵̇𝑠𝑝,1, which implies that we may take a sequence
{𝑓𝑗0 ,𝑘}𝑘∈N ⊂ S0 of functions satisfying

lim ‖𝑓 − 𝑓 ‖ ̇ 𝑠 = 0

𝑘→∞ 𝑗0 𝑗0 ,𝑘 𝐵𝑝,1
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f

l

a
d

D

c
i

D

A

J

R
by virtue of Ref. 15, Proposition 2.27. Moreover, in a similar manner
to the above computation, we have

‖𝑓 − 𝑓𝑗0‖𝐵̇𝑠𝑝,∞ ≤ sup
𝑗∈Z

2𝑠𝑗
∑

|𝑙|≥𝑗0+1, |𝑙−𝑗|≤1
‖𝛥̇𝑗 𝛥̇𝑙𝑓‖𝐿𝑝

≤ sup
|𝑗|≥𝑗0

2𝑠𝑗
𝑗+1
∑

𝑙=𝑗−1
‖−1[𝜑(2−𝑙⋅)] ∗ (𝛥̇𝑗𝑓 )‖𝐿𝑝

≤ sup
|𝑗|≥𝑗0

𝑗+1
∑

𝑙=𝑗−1
‖−1𝜑‖𝐿1 ⋅ 2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝

≤ 3‖−1𝜑‖𝐿1 sup
|𝑗|≥𝑗0

2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝 ,

which yields

‖𝑓 − 𝑓𝑗0 ,𝑘‖𝐵̇𝑠𝑝,∞ ≤ ‖𝑓 − 𝑓𝑗0‖𝐵̇𝑠𝑝,∞ + ‖𝑓𝑗0 − 𝑓𝑗0 ,𝑘‖𝐵̇𝑠𝑝,1
≤ 3‖−1𝜑‖𝐿1 sup

|𝑗|≥𝑗0
2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝 + ‖𝑓𝑗0 − 𝑓𝑗0 ,𝑘‖𝐵̇𝑠𝑝,1

or all 𝑘 ∈ N. Since letting 𝑘→ ∞ yields

im sup
𝑘→∞

‖𝑓 − 𝑓𝑗0 ,𝑘‖𝐵̇𝑠𝑝,∞ ≤ 3‖−1𝜑‖𝐿1 sup
|𝑗|≥𝑗0

2𝑠𝑗‖𝛥̇𝑗𝑓‖𝐿𝑝

nd since we have assumed that (3.1), by taking 𝑗0 → ∞, we have the
esired result. □

eclaration of competing interest

The authors declare that they have no known competing finan-
ial interests or personal relationships that could have appeared to
nfluence the work reported in this paper.

ata availability

No data was used for the research described in the article.

cknowledgment

This work was supported by JSPS KAKENHI Grant Number
P22J12100.
7

eferences

1. Kozono H, Ogawa T, Taniuchi Y. Navier–Stokes equations in the Besov space near
𝐿∞ and BMO. Kyushu J Math. 2003;57(2):303–324.

2. Takeuchi T. Space–time analytic smoothing effect of the heat semigroup defined
on homogeneous Besov spaces. Partial Differ Equ Appl Math. 2021;4:100174.

3. Ozawa T, Takeuchi T. Refined decay estimate and analyticity of solutions to
the linear heat equation in homogeneous besov spaces. J Fourier Anal Appl.
2023;29(5). Paper No. 61.

4. Kozono H, Shimizu S. Navier–Stokes equations with external forces in
time-weighted Besov spaces. Math Nachr. 2018;291(11–12):1781–1800.

5. Kozono H, Okada A, Shimizu S. Characterization of initial data in the homoge-
neous Besov space for solutions in the Serrin class of the Navier–Stokes equations.
J Funct Anal. 2020;278(5):108390, 47.

6. Iwabuchi T. Global well-posedness for Keller–Segel system in Besov type spaces.
J Math Anal Appl. 2011;379(2):930–948.

7. Iwabuchi T. Local solvability of the Keller–Segel system with Cauchy data in the
Besov spaces. Math Methods Appl Sci. 2014;37(9):1273–1277.

8. Cannone M, Planchon F. Self-similar solutions for Navier–Stokes equations in 𝐑3.
Comm Partial Differential Equations. 1996;21(1–2):179–193.

9. Cannone M. A generalization of a theorem by Kato on Navier–Stokes equations.
Rev Mat Iberoamericana. 1997;13(3):515–541.

10. Takeuchi T. Various regularity estimates for the Keller–Segel-Navier–Stokes system
in Besov spaces. J Differential Equations. 2023;343:606–658.

11. Sawada O. On time-local solvability of the Navier–Stokes equations in Besov
spaces. Adv Differential Equations. 2003;8(4):385–412.

12. Kozono H, Shimizu S. Strong solutions of the Navier–Stokes equations based
on the maximal Lorentz regularity theorem in Besov spaces. J Funct Anal.
2019;276(3):896–931.

13. Iwabuchi T. The semigroup generated by the Dirichlet Laplacian of fractional
order. Anal PDE. 2018;11(3):683–703.

14. Iwabuchi T, Nakamura M. Small solutions for nonlinear heat equations, the
Navier–Stokes equation, and the Keller–Segel system in Besov and Triebel-Lizorkin
spaces. Adv Differential Equations. 2013;18(7–8):687–736.

15. Bahouri H, Chemin J-Y, Danchin R. Fourier Analysis and Nonlinear Partial Differ-
ential Equations. Heidelberg: Springer; 2011. In: Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences]; Vol. 343.

16. Stein EM. Singular Integrals and Differentiability Properties of Functions. Princeton,
N.J: Princeton University Press; 1970. In: Princeton Mathematical Series, No. 30.

http://refhub.elsevier.com/S2666-8181(24)00104-9/sb1
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb1
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb1
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb2
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb2
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb2
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb3
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb3
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb3
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb3
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb3
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb4
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb4
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb4
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb5
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb5
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb5
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb5
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb5
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb6
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb6
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb6
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb7
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb7
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb7
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb8
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb8
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb8
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb9
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb9
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb9
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb10
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb10
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb10
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb11
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb11
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb11
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb12
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb12
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb12
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb12
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb12
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb13
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb13
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb13
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb14
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb14
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb14
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb14
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb14
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb15
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb15
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb15
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb15
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb15
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb16
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb16
http://refhub.elsevier.com/S2666-8181(24)00104-9/sb16

	Remarks on the smoothing effect of the heat semigroup on ()
	Introduction
	Main results

	Proof of main results
	Preliminaries
	Smoothing effect of the heat semigroup: Proof of ?? 
	Counterexamples: Proof of Theorem 1.5 

	Proof of the characterization besovp of the function spaces
	Declaration of competing interest
	Data availability
	Acknowledgment
	References


