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VARIOUS REGULARITY ESTIMATES FOR THE
KELLER-SEGEL-NAVIER-STOKES SYSTEM IN BESOV SPACES

TAIKI TAKEUCHI

ABSTRACT. We show the local well-posedness for the Keller-Segel-Navier-Stokes system with initial
data in the scaling invariant Besov spaces, where the solution exists globally in time if the initial data
is sufficiently small. We also reveal that the solution belongs to the Lorentz spaces in time direction,
while the solution is smooth in space and time. Moreover, we obtain the maximal regularity estimates
of solutions under the certain conditions. We further show that the solution has the additional
regularities if the initial data has higher regularities. This result implies that global solutions decay
as the limit ¢ — oo in the same norm of the space of the initial data. Our results on the Lorentz
regularity estimates are based on the strategy by Kozono-Shimizu (J. Funct. Anal. 276 (2019), no.
3, 896-931).

1. INTRODUCTION

In this paper, we consider the initial value problem for the Keller-Segel-Navier-Stokes system of
parabolic-elliptic type in RN, N > 2;

on —dAn = -V - (nVc) —u - Vn, t>0,zeRY,

—Ac=n, t>0,2zeRY,

(1.1) ou —vAu = —(u-V)u—Vp+nVe, t>0,zeRY,
V-u=0, t>0,zeRY,

n(0,z) = a(x), u(0,z)= b(x), z e RV,

where n = n(t,x), ¢ = c(t,x), u = u(t,x), and p = p(t,x) are the unknown functions standing for
the density of the cell, the concentration of the chemo-attractant, the velocity of the fluid, and the
pressure, respectively. In addition, (a,b) = (a(x),b(z)) is the given initial data and 0 < d,v < oo
are the given constant.

Our purpose in this paper is to show the local well-posedness for (1.1) with initial data (a,b)
in the scaling invariant Besov spaces, i.e., (a,b) € B;gJFN/T(RN) X B;;JFN/q(RN) with suitable
conditions. Here we also treat the case of p = co. Moreover, we reveal that the solution belongs
to the Lorentz spaces in time direction, while the solution is smooth, i.e., in C*° class in space and
time. We also show that the solution exists globally in time if (a,b) is sufficiently small. In fact,
the global solution decays as the limit ¢ — oo in the same norm of the space of the initial data.
In addition, we obtain the mazimal regularity estimates of solutions under the certain conditions.
Finally, we prove the additional regularities of solutions if the initial data has higher regularities.

The system (1.1) is regarded as a mathematical model of chemotaxis taking into account the
effect of the viscous fluid flow. The original model of chemotaxis without flow effect is well-known
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as the Keller-Segel system [21] given by
on — dAn = -V - (nVe), t>0,zeRY,
(1.2) —Ac=n, t>0,zeRY,
n(0,x) = a(x), reRY.

Here the system (1.2) is called parabolic-elliptic type. On the other hand, if the second equation
in (1.2) is dyc — Ac = n instead of —Ac = n, then the system is called parabolic-parabolic type.
Both models are well-established to analyze the effect of chemotaxis, so they have been researched
mathematically from various aspects [2, 16, 30, 36,39,41]. As for the system (1.1), it is expected
that the more complicated phenomenon occurs on account of the effect of the viscous fluid flow.
Let us mention on some previous works dealing with the Keller-Segel-Navier-Stokes system briefly
here. In the case of the whole space RY, Duan-Lorz-Markowich [11] achieved to construct global
classical solutions for N = 3 provided that the initial data have sufficient regularities in the Sobolev
spaces with a smallness condition. Kozono-Miura-Sugiyama [22] obtained global mild solutions for
N > 2 in the scaling invariant spaces with a smallness condition. Yang-Fu-Sun [50] enlarged the
spaces of the initial data compared with the case of [22]. Kang-Lee-Winkler [18] recently showed the
existence of global weak solutions for N = 3 without any smallness assumption of the initial data.
Finally, for fairly recent contribution, let us refer to Yomgne [10]. He introduced a new function
space which may be regarded as an extension of BMO™!(R™) and showed the existence of mild
solutions. This result might give the largest space of the initial data ensuring the well-posedness. In
the case of a bounded convex domain 2 C R with a smooth boundary, Winkler [40,43] constructed
global classical solutions for N = 2 and global weak solutions for N = 3 even if the initial data
are arbitrarily large. In addition, the smoothing effects and the stability of global solutions are
also discussed in [42,44]. We also notice that damping terms of logistic type might affect the
original system in a positive way, so there are several results on construction of global solutions
of the Keller-Segel-Navier-Stokes system with logistic terms. We should refer to Tao-Winkler [37]
and Winkler [46, 48] for such results. Here, although a similar system to (1.1), i.e., the case of
parabolic-parabolic type has been fully studied in the above literatures, the corresponding results
to those of such a system (1.1) has not been obtained yet. The system (1.1) might be initially
proposed by Gong-He [14], who considered (1.1) with d = v = 1 in 2D case and showed that the
solution (n,u) exists globally in time for arbitrary initial velocities b provided ||a|| ;1 g2y < 8. This
result may be regarded as that of the 2D original Keller-Segel system dealing with the critical mass
[3,4,9,13,15,29]. On the other hand, our motivation is to reveal the properties of solutions of (1.1)
in higher dimensional case, including the well-posedness, regularity estimates, smoothing effects,
and time-decay properties of global solutions.
Concerning the well-posedness, we notice that

(1'3) Hn)\(07 .)HBT_ﬁ-"N/T(RN) = Hn(07 .)”B;§+N/T(RN)’ HU)\(O, ')HB;;‘FN/‘I(RN) = H’LL(O, .)"B;;+N/Q(RN)

provided that A = 2/ for j € Z, where (ny(t,7),u\(t,7)) = (A\2n(A\%, \z), \u(\?t, \z)). This

implies that the space BE§+N/T(RN) X B;,1,+N/q(RN) is one of scaling invariant spaces to (1.1).

Our results on the local and global well-posedness for (1.1) with initial data in B, p2+N/ "(RN) x
B;;JFN/Q(]RN) are based on the standard method by Fujita-Kato [12,20] and Kato [19], namely,
introducing the time weighted spaces and construction of mild solutions of (1.1). In fact, we further
show that the solution belongs to the Lorentz spaces in time direction with the exponent p appearing
in the space B,:g+N/T(RN) X B;;JFN/’J(]RN) of the initial data. Our result may be regarded as an
improved version compared with [12,19,20]. Hence, this is an advantage of considering the initial
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data in BEPQJFN/T(RN) X B;,I,JFN/q(RN) for general 1 < p < co. In addition, we show the smoothing
effects of solutions, namely, the solution belongs to C*° class in space and time. Although it may be
expected that solutions of parabolic type PDEs are smooth, we construct solutions with the initial
data in the space with the homogeneous norm. Since the inclusions on the derivative indices fail
to hold, i.e., Bf}p(RN) Z Bffp(RN) even if sp < s1, we need to pay attention to the proof of the
smoothing effects of solutions for such spaces. Regarding this problem, we give the simple procedure
via bootstrap argument by showing the regularity properties of mild solutions of the linear heat
equation. We may expect that our method to obtain the smoothing effects is still valid for any
semilinear parabolic type PDEs in the homogeneous Besov spaces framework. Moreover, we show
the maximal regularity estimates of solutions under the certain conditions. According to the result
by Kozono-Shimizu [26, Theorem 2] who showed the maximal Lorentz regularity theorem for the
Navier-Stokes system, the solution belongs to another scaling invariant space obtained from the
structure of the Stokes system [26, Lamma 3.1]. Thus we introduce another scaling invariant space
as well. Once we establish the nonlinear estimates for such a space, we may show the maximal
regularity estimates immediately.

Before considering the system (1.1), we shall simplify (1.1) by eliminating the unknown functions
Ve and Vp. Since the Poisson equation —Ac = n in RN has the well-known solution formula

_ —(2m) (log| - ]) *n it N =2
“TU NV =2wn_1) - [FNxn it N> 3,

by setting the function
x
1.4 K(x)=——-
(1.4) (z) v 1ol
for x € RV \ {0}, we have Ve = K *n. Here wy_1 denotes the surface area of a unit ball in R,
Therefore, by operating the Helmholtz projection P := I + V(—A)7!V - to both sides in the third
equation of (1.1), we may obtain

om—dAn= -V - (n(K *n)) —u-Vn in (0,00) x RY,
(1.5) ou—vAu=—P(u-V)u+ P(n(K xn))  in (0,00) x RY,
n(0) =a, u(0)=>b in RY,

This paper is organized as follows: We state our main results in the next section. More precisely,
we give the local and global well-posedness results for (1.5) with initial data in the scaling invariant
Besov spaces. In addition, we also give the maximal regularity estimates and additional regularities
of solutions under the certain conditions. In Section 3, we recall the definitions of some function
spaces and fundamental properties. Section 4 is devoted to the proof of the local well-posedness
results. In Section 5, we show the maximal regularity estimates and additional regularities of solu-
tions under the certain conditions. We further show the global well-posedness with the time-decay
properties of global solutions. In Appendix, we prove the regularity properties of mild solutions of
the linear heat equation.

2. MAIN RESULTS

In this section, we shall state our main results. In the following, let B;f p = Bf p(RN ) and L*P
denote the homogeneous Besov spaces and the Lorentz spaces, respectively. We also abbreviate
I+ lzge ) = I - llnee(o,mysx) and || - lzae(xy = I - [lzew((0,r);x) for simplicity. We will introduce
more details of notations and function spaces in Section 3.
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2.1. Local and global well-posedness in the scaling invariant Besov spaces. In this subsec-
tion, we state our main results on the local well-posedness for (1.5) with initial data in the scaling
invariant Besov spaces, where the solution exists globally in time if the initial data is sufficiently
small. We also give the time-decay properties of global solutions.

Theorem 2.1. Let 1 < p < co. Suppose that 1 < r,q < N satisfy

(2.1) -1/N<1/r—1/g<2/N, 1/N <3/r—2/q, 2/r—3/q<1/N

and 0 < s,a, 8 < 1 satisfy

(22 { (1/2) max{3 — N/r,3 — N/q} < s,a <min{l + N(1/r —1/q),2 - N(1/r —1/q)},
max{3 — N/r —a,(1/2)(2 - N/q)} < < 2.

In addition, suppose that the initial data (a,b) € Tp2+N/T P(B;;JFN/Q)N. Then the following

statements hold:
(i) There exist 0 < T < 0o and a solution (n,u) on (0,T) x RN of (1.5) satisfying

ne BO([0,T); B, 2Ny n () 0%((0,T); B 2N n BT,
0<y<oo

8,571 c COO((O T) 25 4+N/r)7
t/2n € BC([0,T):; Ba NI e Bo(jo,7); BT,
ne L2/a’p((O,T)'Ba_2+N/T) L2/s,p((0 T) BS Q—i-N/r)7

(2.3) .

we BO([0,T); P(B AN/ 9Ny 0 () C((0,T); P(By 1N/ n B) YY),

0<y<oo
deu € C((0,T); P(B2 NNy,
t%%u € BC([0,T); P(BI NIV, 92w € BO([0,T); P(B:,*VM)N),

we LOP((0,T); P(BOT NN A L2/o0((0,T): P(BE, N 9)N)
with
(2 4) t1—1>r—Ii-10 ||’I’L( ) - a‘|B;§+N/T — 07 tl—i}—ll’-lo ta/QHn(t)HBﬁl—Q*'N/T - 07 tl—i>1:Ii-10 t8/2||n(t)||3:;2+1\’/7“ = 07

: = im t5/2 , — im ¢5/2 ‘ —
Jim, fa(t) = bll ooy = 0, lim 72 u(t) | o-rensg = 0, Jim /2 u(®)] gronss = 0.

Moreover, the following estimates

||n||L%0(B;§+N/T) + ||uHL%9(B;;17+N/Q)

< O (0 ) Jally av + (L 272 [BlLy 1inse)
Brp Bg,p

a/2 B/2
It nHL%O(Bﬁ;“N/T) + HnHL;/a,p(Bz;HN/r) + It u‘|L%o(B§;1+N/q) + HUHL?W’(Bf;“N/q)

< C (@ 2all g-zense + 12 1b] rena )

hold with some constant C = C(N,r,q,p,s,a, 3) > 0 independent of d,v,T,a,b,n, and w. Likewise,
the estimates (2.5) hold with o and [ replaced by s.
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(ii) There exists a constant 0 < k < 1 independent of the initial data (a,b) such that a mild
solution (n,u) on (0,T) x RN of (1.5) satisfying

n e L¥°((0,T); BE 2N, we L¥P((0,T); P(BI NN,

(2.6) lim sup {)\u(t € (0,7) | ”TL(t)HBg;Q-kN/r > \)/?

A—00

+Au(t € (0,7)] Hu(t)HBéa;}JrN/q > A)5/2} <K

is unique, where p denotes the usual Lebesgue measure on (0,T).
(iii) Suppose that (n,w) is the solution on (0,T) x RN of (1.5) with the initial data (a,b) €

BT_,EHV/T X P(Bq_,;—i_N/q)N obtained in (i). Likewise, suppose that (n.,us) is a solution of (1.5) with

an nitial data (a., by) € B;§+N/r X P(BC;;JFN/Q)N. There is a constant 0 < § < 1 such that if

(@, by) BE,?JFN/T X P(Bq7;+N/q)N satisfies
(2.7 fa = aulg 2o+ b= bl s <0

then it holds that

HTL - n*HL%o(B;§+N/T) + ”u - u’*”L%o(B;;JrN/Q)
< (0 + a0~ aully e + 1+ )b bully 1)
TP a.p
a/2( _ —
28) 672 = 1)l ey + 12 =l gz

BI2(qy — —
+ [[£7% (u U*)||L%o(35;1+zv/q)+||u U*||L;/B,p(35;1+zv/q)

<C (d_o‘/2||a — au jaenr + v b~ b*|yB_1+N/q)
P a,p

with some constant C = C(N,r,q,p,s,a, ) > 0 independent of 0,d,v,T,a,b,as,bi,n,u,ny, and
w,. Likewise, it holds that (2.8) with o and (B replaced by s.

Remark 2.2. (i) The left-hand sides of the estimates (2.5) are invariant under the change of scaling
(na(t, ), ur(t,r)) = (AN2n(\%t, Az), \u(A\?t, A\x)), where A = 27 for j € Z. This property may be
regarded as a scaling invariance corresponding to that of the initial data (1.3).

(ii) The method of construction of solutions relies on introducing the time weighted spaces,
i.e., the approach by Fujita-Kato [12,20] and Kato [19]. In fact, we may obtain the regularity of
solutions in space compared with the initial data since Bil C Bi p holds for all 1 <r < oo, s € R,
and 1 < p < oco. This result is obtained from the smoothing estimates of the heat semigroup in Bﬁ o
given by Kozono-Ogawa-Taniuchi [23].

(iii) Moreover, we show that the solution also belongs to the Lorentz spaces in time direction. Here
it should be noticed that the interpolation exponent p of the initial data appears in the regularity
of the solution in the Lorentz spaces. This is an advantage of considering the initial data in Bﬁ o
for general 1 < p < oo. We also note that this idea stems from Kozono-Shimizu [26].

(iv) We reveal that the solution is smooth, i.e., in C'° class in space and time even if the initial data
belongs to the space with the homogeneous norm. In addition, we may expect that our method to
obtain the smoothing effects is still valid for any semilinear parabolic type PDEs in the homogeneous

Besov spaces framework. Here note that it seems to be difficult to show n € C*°((0,T); BT_ 12 +N/ B

and u € C*((0,7); P(B;lHN/q)N), i.e., smoothing effects for the interpolation exponent, but we

see that d;n and 0;u have the desired regularity. These smoothing effects correspond to that of the
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heat semigroup. In fact, the author [35] recently showed the space-time analytic smoothing effects
of the heat semigroup in B;? o

(v) Theorem 2.1 (ii) states the uniqueness of mild solutions of (1.5). Notice that all of mild
solutions (n,wu) satisfying (2.3) necessarily fulfill the condition (2.6). For details, see Proposition
3.7. Hence, our result may be regarded as an improved version compared with the usual uniqueness
obtained by the Banach fixed point theorem.

Theorem 2.3 (In case p = o0). Suppose that 1 < r,q < N satisfy (2.1) and 0 < s,,5 < 1
satisfy (2.2). There exists a constant 0 < go < 1 such that if the initial data (a,b) € By RRARMAU
P(B;éOJrN/q) satisfies

(2.9) lim sup (2(*2+N/T)jHA.jaHLr + 2(71+N/‘I)jHA.ijLq> < €0,

Jj—o0
Then the following statements hold, where {Aj}jeZ denotes the dyadic decomposition:
(i) There exist 0 < T < oo and a solution (n,u) on (0,T) x RN of (1.5) satisfying

ne () (BOW0.T):BEN ) ne(0,1): B

0<y<oo
g € C((0,T); B2,
t°/2n € BO((0,7); By ™), /%0 e BC((0,T); BS,*),

(2.10) .
we () (BC(0.1): P(B NN >mCO°<<0,T>;P<B;;”N“>N>),
0<y<oo
drw € C=((0,T); P(BLTNY),
2w € BO((0,7); P(By MON), - #+/2u € BO((0,7): P(B; "))
with
. - _ : a/2 — ; 5/2 —
o) Jim (n(t) —a,00) =0, lim %7 (n(t), pa) =0,  lim % (n(t), ¢s) = 0,
’ . . _ . B8/2 _ . s/2 _
Jim (u(t) b, fo) = 0, Jim 172 (u(t), f5) = 0, lim 1 (u(t), f,) = 0
for all pg € B_/(?FQ )N/T and fg € (B q_/(i;'ll)]\lf/q) , where 0 = 0,a, 3,s. Here BC,, denotes the space

of all bounded weakly-star continuous functions and (-,-) denotes the duality pairing. Moreover, the
following estimates

Hn” —2+N/r + HUH —1+N/q)

<c (<1 - d*a”)rraugw (147 )bl i)
7,00 q,00

(2.12) o 5
||t nHL%O(BzIQJFN/T) + ||t u||L%O(B§I1+N/Q)

| < O (" all gz v bl 1)

hold with some constant C = C(N,r,q,s,a,3) > 0 independent of d,v,e0,T,a,b,n, and w. Like-
wise, the estimates (2.12) hold with a and B replaced by s. The uniqueness assertion remains true
in the same way as in Theorem 2.1 (ii).
(i) Suppose that (n,u) is the solution on (0,T) x RN of (1.5) with the initial data (a,b) €
—2+N/r 5—1+N/g\ N
B X P(Bgoo ")

7,00

satisfying (2.9) obtained in (i). Likewise, suppose that (n.,us) is a
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solution of (1.5) with an initial data (a., by) € B_2+N/T X P(B;;FN/Q)N. There is a constant

0 <6 <1 such that if (ax, by) € BZEOJFN/T X P(Bq,éoJrN/q) satisfies (2.7) with p replaced by oo, then
it holds that
= il eyt 0l v

§C<u+dﬂmwa—%H=HMW+U+V%me—MH‘gWQ’

(2.13)
1497200 = 1) oy + 16720 = ) | oo

with some constant C' = C(N,r,q,s,a, ) > 0 independent of §,d,v,e0,T,a,b,a, be,n,u,n., and
u,. Likewise, it holds that (2.13) with o and [ replaced by s.

Remark 2.4. (i) In case p = oo, since the Schwartz space . N Bf is not dense in Bfoo, it
is necessary to assume the smallness condition (2.9) for the high frequency part of the initial
data. Here notice that the function ¢ in the closure of . N Bﬁyoo for the norm || - || 5, satisfies
lim]‘_ﬂ:oo 2S]HAj(p||LT =0.

(ii) Although it is unknown whether the continuity like (2.4) is valid due to the lack of the density,
we may show the weak-star continuity by the duality argument. For this reason, the case of r = 1
or ¢ = 1 is excluded.

(iii) In case p = oo, we do not have to consider the Lorentz regularity of solutions since it holds

that n € L¥*>((0,T); BX 77"y and w € L¥52°((0,T); P(BS, N 9)N) for all (n, u) satisfying
(2.10). For details, see Proposition 3.7.

Theorem 2.5 (Global existence and time-decay properties). In Theorems 2.1 and 2.3, there exists
a constant € = e(d,v, N, r,q, p,s,c, ) > 0 such that if (a,b) € By, 2+N/T x P(By. 1+N/q) satisfies
(214) lallgzrse + bl xra <
then T = oo holds. In particular, the decay estimates of the global solution are given by
(2.15) In(E)] ga-2snse = OE),  |lw(®)l| yo-rinsa = O ?)
r,1 q,1
as t — oo. Likewise, it holds that (2.15) with o and 8 replaced by s. Moreover, if 1 < p < oo, it
holds that
(2.16) Jim [ (0) s =0, Jim [u(®)] 5 ew0 = 0.
If p = o0, it holds that
(2.17) lim (n(t),p) =0, tlim (u(t), f)=0

— 00

2— N/T 1 N/
wrena ond f € (Bt )Y

Remark 2.6. (i) The decay rates (2.15) of the global solutions coincide with the rates of the
solutions of the linear heat equation. In fact, we see by Kozono-Ogawa-Taniuchi [23, Lemma 2.2]
that ||etA<pHBs+5 < Ct~ WQH@HB . We may expect that these results are obtained since the method

for all p € B

of construction of global solutlons relies on the linear analysis and perturbation theory.

(ii) Chae-Kang-Lee [6-8] obtained the decay rates of global solutions of the Keller-Segel-Navier-
Stokes system in RY, N = 2,3. Compared with our results, they [6] showed the decays as the limit
t — oo in the sense of L*°. Although it is assumed sufficient regularities of the initial data, they
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achieved to relax the smallness assumptions. The method in [6] is based on the a priori estimates,
so our method is entirely different from that of [6]. On the other hand, they [7] also considered a
similar model and showed that its solutions behave like the heat kernel asymptotically. Unlike the
case of [6], the method in [7] has some similarities to ours since the method relies on introducing
the time-weighted spaces and estimating the integral systems.

(iii) The properties (2.16) imply that the global solution (n,w) decays as the limit ¢ — oo in the
same norm of the space of the initial data. This may be regarded as a corresponding result to that
of Kato [19, Note] who considered the Navier-Stokes system with initial data in P(L")". Moreover,
Kozono-Okada-Shimizu [24, Theorem 1] also showed the time-decay properties with initial data in

P(B(Z;+N/q)N provided N < ¢ < oo and 1 < p < oco. Here it should be noticed that we further
obtain the time-decay properties (2.17) in the sense of the weak-star topology even if p = cc.

2.2. Maximal regularity estimates. In this subsection, we state our main results on the maximal
regularity estimates of solutions obtained in Theorem 2.1 under the certain conditions.

Theorem 2.7. In Theorem 2.1, suppose that 1 < r,q < 3N/5 satisfy (2.1). If s satisfies 0 < s < 2/3
along with (2.2), then the solution (n,u) on (0,T) x RN of (1.5) has the following properties

ong | EOm A€ BOQDLBE),  am Ane LVn(O.T) BT,

' t*0pu, t*Au € BC([0,T); P(B2*™NON), gpu, Au € LV*2((0,T); PB4
with
(2.19) Jim @)l gas-zene =0, lim *[lu()ll gas-rense =0

having the estimates

S S
1l e gz remimy Nl oo gzszeniey Nl o gy 1l e ey

(2.20) ) )
< O (@ llall gzesr + 7l o100
and
( ||t5@thLoTo(stf4+N/r) + ||atn||L;/s,p(stf4+N/r)
<C (d‘s(d + llall g-2enm)llall g-24ne +v7°(d + ||b||3—1+N/q)\|b||3—1+zv/q) ,
(2.21) P P q,p q,p

HtsatuHL?(ijferN/q) + H8tu||L;/5,p(B§;3173+N/q)

| < 0 (a7 4 lall s )lall eme + 27> + 1Bl o) bl i)
where C' = C(N,r,q,p,s) > 0 is a constant independent of d,v,T,a,b,n, and u.

Remark 2.8. (i) To show Theorem 2.7, we suppose the stronger conditions 1 < r,q < 3N/5 so
that we may take 0 < s < 2/3. In this case, the derivative indices of the initial data (a,b) €
BE,?JFN/T X P(B;;JFN/CI)N are greater than —1/3 and 2/3, respectively.

(ii) Since it holds that (2.18), we may conceive of Theorem 2.7 as a maximal regularity theorem
for the system (1.5). Here, by the real interpolation, we have

52s—44+N/r 152s—2+N, S— 525—3+N, 525—14+N, S
(2'22) (BTfL " / 7BT’751 " /T‘)I—S,p = Brvpz—‘rN/r? (B(LSI " /q7Bq,Sl - /q)l—S,P = Bq7;+N/q.

Notice that (X, D(A))1_1/a,o is known as a space of initial data in theory of the maximal L°-
regularity [31, Definition 3.5.1]. Hence, the relations (2.22) may be regarded as a corresponding
space to (X, D(A))1_1/a,o- Moreover, in the case of t!=H_weighted L* space, the space of initial
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data is given by (X, D(4)),—1/a,o [31, Theorem 3.5.5]. Hence, by letting 4 = 1 — s and a = oo
formally, we have similar relations to (2.22) as well.

2.3. Additional regularities. In this subsection, we state our main results on the additional
regularities of solutions obtained in Theorem 2.1 if the initial data has higher regularities.

Theorem 2.9. Let 1 < r,qg < N, 1 < p < oo, and 0 < s < 1 be as in Theorem 2.1 and let
N/(N—-1+4+5) <0 <N and 0 < o < s. Suppose that (n,wu) is the solution on (0,T) x RN of (1.5)
with the initial data (a,b) € B;,?JFN/T X P(B;;JFN/q)N obtained in Theorem 2.1. If the initial data
has the additional regularity

(a,b) € (B, 2N LP) x (B, }TN/1 LNO/ (V=N

then the solution also satisfies

n e BC([0,T); LY), t7/*n € BC([0,T); Bg,),
(2.23) NO/(N—6)\N 2 . N
w € BC([0,T); P(LNY/N=N) 47/ € BC([0,T); P(BRg)v—0y.)")
with
. B _ . o2 o
(2.24) Jim lIn(t) = allze =0, Am # (Ol 55, =0,
: . . _ : o/2 . —
tgl-ls-lo lu(t) — bl no/v—6) = 0, tk}}rlot Hu(t)HB]‘{,e/(Nfg)‘l 0

Moreover, the following estimates

17l nge oy + [lull Lo (pvosv-ory < 2(|all e + (1Bl Lrvosav-0)),

(2.25) _ -
||t0/2n||L§S; (Bg ) + ||t"/2u||L5.2(37V0/(N_6) ) <C (d a/2||a||L9 t+v U/QHbHLN@/(N*B))

hold with some 0 < T, < T and constant C = C(N,r,q,p,s,a,3,0,0) > 0 independent of
d,v,T,Ty,a,b,n, and w. In addition, there exists a constant e, = e,(d,v,N,r,q,p,s,,3,0,0) >0
such that if (a,b) € BE,?JFN/T X P(B;;+N/q)N satisfies (2.14) with € replaced by ey, then T =T, = 00
holds.

Remark 2.10. Theorem 2.9 plays a key role in the proof of the time-decay properties of global
solutions, i.e., Theorem 2.5. It should be noticed that we do not have to assume the smallness
condition for the norm of L? x P(LN/(N=0)N to obtain the estimates (2.25) with T, = co. The
proof relies on considering the linearized problem by using the solution obtained in Theorem 2.1.
We refer to [24, Lemma 3.2] for this strategy.

Remark 2.11. (i) As mentioned before, it has been also considered damping terms of logistic type
[37,46,48]. Since these results yield the global existence of solutions with the aid of logistic terms,
it might be expected that our results are improved by considering such structures as well.

(ii) Concerning the nonlinear term V-(nVe) in (1.1), which stands for the effect of the chemotactic
cross-diffusion, it should be noticed that a slight modification of the term is also interesting in some
applications. Here, Xue-Othmer [49] have been proposed that the term V- (nS(z,n,c)- Vc) is used
instead of V - (nV¢) to describe the more exact physical model from the experimental observation.
However, since S(x,n,c) is an RV*N_valued function, studying such a model is not so easy in
contrast to the usual model. In spite of the fact, by assuming that N = 2 and the domain Q C R?
is bounded, Winkler [45,47] showed the global existence of classical solutions without the smallness
assumption of the initial data. Here, since results in the higher dimensional case are not enough
yet, it is also interesting to extend our results to the corresponding system.
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3. PRELIMINARIES

3.1. Notations and function spaces. In the following, let us introduce notations and function
spaces used throughout this paper. Let .7 (R") and .#/(RY) denote the Schwartz space and its
dual space, respectively. We also set #(RY) := {p € .Z(R™) |0 ¢ supp Fy}, where F denotes the
Fourier transform. The homogeneous Besov spaces are defined by

B} ,(RY) = {p e S (RY)] el s vy = 2141l r ey Yjezllio(zy < o0}

for 1 <r <oo,s€R,and 1 < p < oo, where {Aj}jez denotes the dyadic decomposition defined
by Bahouri-Chemin-Danchin [1, Proposition 2.10 and Definition 2.15]. By the definition, we see
immediately that B RN ¢ B; (RN) for 1 < pg < p1 < oo. Here we note that the space

B;f, ,(RY) is suitable to consider the scaling invariant spaces, but B;f ,(RY) defined as above is not

rpo(

Banach space. In fact, any function ¢ € ./(R") satisfying ||¢|| 5. @~y = 0/is not identically zero
Tp

but polynomials. However, if s < N/r or s = N/r with p = 1, then the spaces Bﬁ p(RN ) become
Banach spaces [32, Theorem 3.20].

Let X be a Banach space. Then, the Banach space of all bounded continuous X-valued functions
on an interval I C R is denoted by BC(I; X). Let L%(I; X) denote the Bochner-Lebesgue spaces on
I and we write ¢ € L{! (I; X) if ¢ € L*(K; X)) holds for arbitrary compact subintervals K C I. The
Lorentz spaces on I are defined by L**(I; X) := {¢ € Li (I; X) | ||l Lor(r,x) < 00} for 1 < o < o0
and 1 < p < oo with the norm

{55 (Y p* (1)) dr [T}/ P 1f1<,0<oo

SupO<7’<oo T Lo *(T) if p=

H‘P”L‘%P(I;X) = {

where ¢* denotes the rearrangement of ¢ given by Castillo-Rafeiro [5, Definitions 4.4 and 6.1].
Notice that the Lorentz space is a quasi-Banach space with the properties L%*(I; X) = L*([; X)
and LY (I; X) C L*P1(I; X) for 1 < pp < p1 < oo [5, Definition 6.1 and Theorem 6.3]. Moreover,
in case p = oo, the Lorentz space L*°°(I; X) coincides with the weak Lebesgue space. In fact, it
holds that
el Locerixy = sup Au(t € I|[lp(®)llx > A
0<A<o0

for 1 < o < 00, where p denotes the usual Lebesgue measure on I [5, Theorem 6.6].

Let {e®}o<t<0o denote the heat semigroup on RY. For the Helmholtz projection P on RV, we
write PX := {Pyp|y € X}. It should be noticed that P is a bounded operator from B;? p(]RN )
onto itself for any 1 < r < oo, s € R, and 1 < p < oo [25, Proposition 2.1]. In the following,
we will abbreviate X := X (RN ) for a function space X (RY) defined on RY. Also, we write
I llegexy = 1 lzeeqomyxys T lzeexy =11+ llzerom)ix)s and llo,¢llx = llellx + [l¢]x for
simplicity.

3.2. Fundamental properties of the homogeneous Besov and Lorentz spaces. In this sub-
section, we shall recall the fundamental properties on the spaces defined in the previous subsection.
In what follows, let X and Y denote Banach spaces. The following proposition plays a crucial role
as the Sobolev embeddings in the homogeneous Besov spaces:

Proposition 3.1. (i) For 1 < r < g < o0,s € R, and 1 < p < oo, the following continuous
embedding BS C Bs;N(l/T_l/q) holds.

(ii) For 1 < r < 00, the continuous embedding BN/T

C BC C L* holds.
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For the proof of (i), see Bahouri-Chemin-Danchin [1, Proposition 2.20]. On the other hand, we
may show (ii) by Sawano [32, Theorem 3.21] with the aid of (i), i.e., Bivl/r C BgOJ C BC. The
density and duality properties for the homogeneous Besov spaces are given as follows:

Proposition 3.2. Let 1 <r < oo,s € R, and 1 < p < co. Then the set S C Bﬁ,p 1s dense in

By . Moreover, it holds that (B; ))* = Br_/(rfl),p/(pfl)'

Proof. The first assertion is given by Bahouri-Chemin-Danchin [1, Proposition 2.27]. See also
Sawano [32, Theorem 3.15]. The duality properties may be shown by Bahouri-Chemin-Danchin
[1, Proposition 2.29] and the fact that . N B} , is dense in B}, provided 1 <, p < oo. O

Next we give the fractional Leibniz rule in the homogeneous Besov spaces.

Proposition 3.3. (i) Let 1 <r <o00,0<s< 00,1 <p<oo, and 0 < A\g, \1 < 0o. Assume that
1< qo,q1,70,71 < 00 satisfy 1/r = 1/qo0 + 1/'Q1 =1/ro+ 1/r1. Then, for every ¢ € B;;;‘O N B
and ¢ € Bfgfé\l N qufgo, it holds that pip € B} , with the estimate
b, < OURl ol o + 12l 5ng 190 geon),

where C'= C(N,qo,q1,70,71, S, Ps Ao, A1) > 0 is a constant independent of ¢ and 1.

(i) Let 1 <r < 00,0 < s <o0, and 1 < p < oco. Assume that 1 < qo,q1,70,71 < 00 satisfy
/r=1/q+1/q1 =1/ro+1/r1. Then, for every p € By ,NL™ and ) € By ,N L%, it holds that
INNS Bf , Wwith the estimate

.< . ” .
vl < Clielsy Iolsa + el l9ls, ),
where C'= C(N, qo,q1,70,71, S, p) > 0 is a constant independent of ¢ and 1).

The proof of Proposition 3.3 is given by Kaneko-Kozono-Shimizu [17, Proposition 2.2]. Concern-
ing the estimates of the function K defined by (1.4), we may show the following proposition by the
Hardy-Littlewood-Sobolev inequality:

Proposition 3.4. Let 1 <r < N, s € R, and 1 < p < oo. Then the following estimates
1Kl < Clielr, 1K *¢lls, < Clls,

hold for all p € S, where rg := (1/r —1/N)~! and C = C(N,r,s, p) > 0 is a constant independent

of .

Proof. Tt is sufficient to show the first estimate. Since |K(z)| < wiy|z|N~! for all z € RY from
the definition (1.4) of K, we have || K % ¢||rro < wy™|||-|1V "' #|¢|||zo. Thus we obtain the desired
estimate by virtue of the Hardy-Littlewood-Sobolev inequality [33, V, Theorem 1]. O

Let us verify the Holder inequality for the Lorentz spaces.

Proposition 3.5. Let 1 < a < 00,1 < p < 00, and I C R. Suppose that 1 < ap,a; < oo and
1 < po,p1 < o0 satisfy 1/a = 1/ag+ 1/ay and 1/p = 1/pg + 1/p1, respectively. Then, for every
p € LY (I;R) and ¢ € L*P1(I;R), it holds that oy € L*P(I;R) with the Holder inequality

ol Lowe(rr) < 21/a"90||L0‘0790(I;R)||¢||L“1791(I;R)-

In particular, it holds that || Le.r(rr) < CllollLeorar) ¥l Loverr) for all ¢ € L*P(I;R) and
€ LYP(I;R) with some constant C = C(ay, a1, p) > 0 independent of 1, p, and 1.
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Proof. Notice that it holds by Castillo-Rafeiro [5, Theorem 4.11] that (pvy)*(7) < ¢*(7/2)*(7/2).
Hence, in case 1 < p, po, p1 < 00, the usual Holder inequality yields

[y mre )

T

s 1/
< 21/a {/ (Al/ao_l/po(p*()\)Al/al_l/plw*()\))pd)\} 14
0

) 1/P0 ()
< gt/e {/ (Al/aol/posp*()\))pod)\} {/ (/\l/all/p1¢*()\))p1d)\}
0 0

= 21/0[”90HL%’90(I;R)HwHLQI’pl(IﬂR)'

1/p1

The remaining cases may be shown in a similar manner. This completes the proof of Proposition
3.5. O

By combining the Holder inequality and the Hardy-Littlewood-Sobolev inequality for the Lorentz
spaces, we may show the estimates of the bilinear singular integral operators in the Lorentz spaces.

Proposition 3.6. Let 1 < a<o00,1 <p<o0,0<A<1—1/a, and 0 < T < oo. Suppose that
p € L*P((0,T); X) and ¢ € L*P((0,T);Y), where 1 < ag, aq < 00 satisfy 1/a+X=1/ag+1/a;.
Then, for the function Ix(p,1)) defined by

Lo )t)i= [ (6= elxllvdr, 0<t<T:
it holds that Tx(p,v) € LYP((0,T);R) with the estimate
1270, )l my < Clll ooy 16l v
where C' = C(ag, a1, p, ) > 0 is a constant inpedendent of T, p, and 1.

Proof. We define % and 1) by setting

—on . lle@®lx te(0,T), = ._ J @Iy te(0,T),
“’(t)'_{ o teR\ (0,7), W)‘_{ 0 teR\O.T)

Then it holds that

1Zx(p, ) ()] < / |t — 7Y@ (r)||¢(7)|dr
for all ¢ € R. Thus we have
(3.1) IZ5 (2, D)l Lo 0,1)R) < ClBY N Lasasn—tomm)

since the Hardy-Littlewood-Sobolev inequality [33, V, Theorem 1] is still valid for Lorentz spaces
by virtue of real interpolation theory [38, p.134]. Here we note that 0 < 1/a+ A < 1. On the other
hand, Proposition 3.5 gives that %y € L(l/a+)‘)71’p(R; R) holds with the estimate

(3.2) |I¢$HL<1/Q+A)—1,,)(R;R) < @l Leor @r) |9l Lov e ®ir) = Cllell oo (0,1):3) 191 Lore (0,79 -

Hence, we may show the desired estimate by (3.1) and (3.2). This completes the proof of Proposition
3.6. O

The following proposition gives the relation between the time weighted spaces and the weak
Lebesgue spaces:
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Proposition 3.7. Let 0 < f <1 and 0 < T < oo. Then, for every ¢ € LS ((0,T); X) satisfying
tPo € L>®((0,T); X), it holds that ¢ € LY5>((0,T); X) with the estimate

el prymoe ) < 176 Lo (x)-
Moreover, if limy_, o t?||o(t)||x = 0, then it holds that limy_,o Au(t € (0,T) | |le(®)|lx > NP = 0.

Proof. By the assumption, we have ||¢(t)||x < Mt=? for all 0 < t < T, where M := ||tﬁgoHL%o(X).
Thus we see that

ul(t € (0,7) [Hle(®llx > A < ult € (0,T) | Mt > XN)?
< ult € (0,00) | (M/N)YF > )7 = M/,

which yields ||| 1/8.00 .y < M. Next we assume that lim;—, o t?)lo(t)||x = 0. Then, for arbitrarily
T

(X)
small 0 < £ < T, there exists 0 < T. < T such that ||o(t)||x < et=? for all 0 < ¢t < T.. On the other
hand, we have ||p(t)||x < MT=P?1=B/2 for all T. < t < T. Hence we observe that

u(t € (0,T) ] lle®)lx > A)°

< u(t e (0,T)|et™ > NP + pu(t € (To, T) | MTP/278/2 5 )P

< p(t € (0,00) | (/N7 > 1) + p(t € (0,00) | T (MNP > 1) = /A + TP (M/A)?,
which implies limsup, ., Au(t € (0,T) | [|o(t)][x > N)? < e. Therefore, letting £ — +0 yields the
desired result. This completes the proof of Proposition 3.7. U

3.3. Linear theory of the heat semigroup. In this subsection, we shall give some properties of
the heat semigroup. First we recall the smoothing estimates of the heat semigroup in the homoge-
neous Besov spaces.

Proposition 3.8. Let 1 <r<g<oo,s€eR, 1 <p<o0, and 0 < B < oco. Then it holds that
A
el < llell s,
letglg, < NPl ifr <y,

5 < Ct-WN/2)(/r=1/a)=p/2

tA .
el s Il ..

for all 0 <t < o0 and ¢ € S, where C = C(N,r,q,s,p,[) > 0 is a constant independent of t and
®.

Proposition 3.8 may be shown by Kozono-Ogawa-Taniuchi [23, Lemma 2.2] with the aid of Propo-
sition 3.1. We also recall the space-time estimates of the heat semigroup.

Proposition 3.9. Let 1 <r<g<o0,s € R, 1< p<00,0<f <00, and 0 <v < oo. Assume
that 1 < o < oo satisfies 1/a = (N/2)(1/r — 1/q) + B/2. Then, for every ¢ € B , it holds that

p?
¢ e L**((0, 00); B(‘;lﬂ) with the estimate
B o pperny < Cv Y|l 5
H HL ,p(quﬁ) <Cv ” HBM)’

where ®(t) := e"*? ¢ for 0 <t < oo and C = C(N,r,q,s,p,3) > 0 is a constant independent of v
and .



14

The proof of Proposition 3.9 is given by the author [34, Proposition 3.2]. In what follows,
When there is no danger of confusion, we will use the notations e"**¢ € L*?((0,00); BS+5 ) and
||le” goHLa,p(BsH;) < Cv=Y%|p| 5. , where ¢ denotes an integration variable. Namely, it does not

oo (Bg1 TP

make particular sense to use the time variable ¢ in these notations. We should refer to Kozono-
Shimizu [26], who established the maximal Lorentz regularity theorem for the Stokes system by
using the above estimates. In the last of this subsection, we verify the vanishing properties of the
heat semigroup.

Proposition 3.10. (i) Let 1 < r < 00, s € R, 1 < p < o0, cmd0<6<oo Then, for every

€ Brp, it holds that lim;_, tﬁ/QHetAgoH sto = 0 and lim;_,« ||€! <p||Bg =0.

(ii)) Let 1 < r < oo, s € R, and O < ﬁ < 0. Then, for every ¢ € B,,OO, it holds that
limy_, ¢ < » — p, ¢> =0 forally € B 1)1 In addition, it holds that lims_, t8/2 <etA<p,1/1> =

0 for all ¢ € B;/?; 1 and limtﬁoo< cp ¢> =0 for ally € BT/(T 1
Proof. (i) Let ¢ € B;p be arbitrary. By Proposition 3.2, we may take a sequence {(pj};?il C S of
functions satisfying lim;_,o [|¢ — (ijBip = 0. Then we see by Proposition 3.8 that
. A . A : A
lim sup ¢%/2 | ¢! (p”Bs-{l»ﬁ < limsup t%/2 || (¢ — @j)HBsJ{ﬁ + lim sup /2| ! (,OjHBS-&I-B
t—+0 m t—+0 " t—+0 r
< Clip = ¢jllgs . +limsupt®2 ;]| yors = Cllo = @il 55
TP t——+0 1 P
limsup ||| 3, < limsup [ (¢ — 1) 5+ limsup [y 5,
t—o00 P t—00 P t—00 TP
<l = @jllps +Climsupt™{lp;ll go2 = o — @jll 3
P t—00 P P
which yield the desired results by letting j — oo.

(ii) The first assert1on is a simple consequence of the strong continuity of the heat semigroup
{e!"™}octcoo in BT /( 1o In fact, it holds that

limsup (' — @, ) = limsup (o, e'Bep — w><hmsupHsoHBs ey =l =0
t—+40 t—40 -1

for all ¢ E Br/(r 1)1 since (B;/?r—l) DF = BT"’:OO from Proposition 3.2. Next, let ¢ € pro and
(NS Br Jro 1) be arbitrary. By Proposition 3.2, we may take a sequence {1; }3’0 1 C F of functions

: +
satisfying lim;_, o Hw_ijB;/S(flm = 0. Noting that (BT/S(T 51) )* = Byt B and (BT/S(T D, ) B;foo,

we see by Proposition 3.8 that

1772 (e, )| < 1972 |(e 2, — )| + 72 (e 2, 05)
< PPNER N gl =il s, + 17 el NSl

/(r—1),1
< Cliellgy 0= illg s+ ellgy_Nsllss

/(r=1),1

which implies limsup, , ¢ [t%/2 ("2, )| < C||90HBS ¥ — %HB P Hence, letting j — oo
1),1

gives that lims, ¢ th/2 < tAyp, w> = 0. The rest statement may be shown in a similar manner. This
completes the proof of Proposition 3.10. g
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Remark 3.11. The reason why we exclude the case of r = 0o or p = oo in (i) is due to the lack of
the density. Indeed, the set .y is not dense in B} , if r = oo or p = co. Likewise, since the proof of
(ii) is based on the duality argument, we also exclude the case of r = 1 in (ii).

4. LOCAL WELL-POSEDNESS IN THE SCALING INVARIANT BESOV SPACES

In this section, we shall show the local well-posedness for (1.5) with initial data in the scaling
invariant Besov spaces. To this end, we construct mild solutions of (1.5) by the Banach fixed point
theorem.

4.1. Nonlinear estimates. First we establish the nonlinear estimates in the homogeneous Besov
spaces.

Lemma 4.1. Let 1 <r,g < N, 1 <p<o00,0<a,8<1, and 0 <n < oo. Then the following
statements hold for all p,7) € .7 and f,g € S with some constant C = C(N,r,q,p,,3,1) > 0
independent of p,, f, and g:

(i) If « > (1/2)(3 — N/r), it holds that

IV - (U * )| g sesn < Ol go-rsmsoll bl 2o + 10l v Il g zenres)
(i) If 1/r —1/g < 2/N,a <2—-N(1/r—=1/q), a+ 8>3 —N/r, and V - f =0, it holds that
1f - Vol goso-senimin < CUFI go-rensarnl|@ll gazense + 1 Fll go-renralloll gozinsren).

(11i) If B> (1/2)(2— N/q) and V - f =V - g =0, it holds that
H(f ’ v)g||335)—3+1\’/q+n < C(HfHBg’;l-&-N/qu||g||357;1+N/q + ||f”357;1+1\7/q||gHBg’;1+N/q+n)-

(i) If1/r—1/qg > —1/N,2/r—1/q > 1/N, and (1/2)(3—N/q) < a <1+ N(1/r—1/q), it holds
that

60K * 9| gaa-ss7asn < Ol a0 190 o ssoe + il o 2s [l o avesn).
Proof. (i) Since 1 <r < N and 0 < a < 1, we may take rg, 71, and A such that
0<1/r <min{(1 —«)/N,1/r—1/N}, 1/ro=1/r—1/r, A=1—a— N/r;.

Then we have r < 1o < N, r < (1/rg — 1/N)7%,(1/r1 + 1/N)~! < 0o, and A > 0. Therefore, it
holds by Proposition 3.1 that

Ya—2+N/r+n Yo—2+N/ro+n _ p2a—3+N/r+n+X
BT,P / C BTO:P / - Brmﬁ / ’

Sa—2+N/r Sa—1+N/r — A
B, C B(l/r1+1/N)—1,oo - B(l/r1+1/N)‘1,oo'

Noting that 2a — 3 + N/r > 0, we see by Propositions 3.3 and 3.4 that
I (pUK #)) | ga-ss3es0 < Cll (K 5 0 o sinnen

ol goo—senmner | K * 9ll goa  + H@HB@%H/N)?I,MHK * W\B?f/:sf//];;j;;)

||¢||BQQ—3+N/T‘+7]+)\)
(1/r1+1/N)~ 10 /r1+1/N)~ 100 T0-#

< O(
< Olllell gza—senrmener [l g el 5o
< C(H@ngag%wwn||¢||Bg;2+N/f' + HSDHBg;HN/r‘WHBg;HN/Hn)-
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(ii) Since 1/r —1/g < 2/N,0 < a < min{1,2 — N(1/r —1/q)}, and 0 < § < 1, we may take
q0,q1,70,71, Aa, and Ag such that

max{0,1/r —1/q} < 1/q1 < min{l/r, (2 — a)/N}, 1/go=1/r—1/q1, Aa=2—a— N/q,
0<1/ri <min{l/r,1/q,(1 = B)/N}, 1/ro=1/r—1/ri, \g=1—-5—N/r;.

Then we have ¢ < qo,m1 < 00, 7 < q1,70 < 00, and Ay, Ag > 0. Therefore, it holds by Proposition
3.1 that

q1,00?

S8—14+N/q+n S8—14+N/qo+n _ pa+B—3+N/r+n+Aa H0—2+N/r ha—24+N/q1 _ Rp—Aa
{Bq,p C qu,p - qu,p ) Bhp C Bquoo =B

S o— S o— Sa+B—3+N/r+n+X 56— 58— S—A
Br?fp 24+N/r+n c B% 2+N/ro+n _ B B /r+n 5’ Bg,pl—HV/q C tholo—i-N/rl — Bm,oﬁo-

70,0 T0,P
Noting that a« + 8 — 3+ N/r > 0 and f- Ve =V - (fp), we see by Proposition 3.3 that
1F - Vol gats-ssn/min < C| Foll gats-sen/rin
TP 0
< o — r S—Aa .- .o - T
< C(HfHBqupﬁ BN /rn+Aa ||SD”Bq1>,\oo + Hf”BTlA,?oH(’OHBTJf B+N/r+1+g)

< OO g remmmsall ol gozr + 1 go-renvall ol gozimsn).

(iii) Since 0 < 8 < 1, we may take qo, g1, and A such that
0<1/q1 <min{l/q,(1=B)/N}, 1/ =1/¢—1/q1, A=1-5—N/q.
Then we have g < qp,q1 < oo and A > 0. Therefore, it holds by Proposition 3.1 that

H8—14+N/q+n 8—1+N/qo+n _ 1R28-2+N/q+n+A
{qup c BQOW - BQ07P ’

HB8—1+N, SB—1+N, H—A
By, N i L

q1,00°

Noting that 26 — 2+ N/g >0 and (f-V)g =V - (f ® g), we see by Proposition 3.3 that

[(f - V)QHB2[3—3+N/q+n <C|f ®9H32ﬁ—2+1v/q+n
9P q,p
< C(HfHng;HN/qMMHg”Bq—ﬁw + ||f”Bq—1§oo ”g||325;2+1\’/q+n+)\)
< C(||f||3§y;l+N/q+n”gHBg’;HN/q + ||f”357;1+1\'/q||9H35’;1+N/q+n)-
(iv) Since 1/r —1/¢ > —=1/N, 2/r —1/¢ > 1/N, and 0 < @ < min{1,1+ N(1/r — 1/q)}, we may
take qo, g1, and X such that
max{0, —(1/r —1/q),} <1/q1 < min{l/r —1/N,1/¢—1/N,(1 —«a)/N},
1/go=1/g—1/q1, A=1—a—N/q.

Thus we have r < g9 < N, q < (1/g0 — 1/N)™' < 00,7 < (1/q1 + 1/N)™' < o0, and A > 0.
Therefore, it holds by Proposition 3.1 that

Sa—2+N/r+n Sa—2+4N/qo+n _ H2a—3+N/qg+n+\
Br,p C BQOaP - qu,p ’
Sa—2+N/r Sa—14+N/q _ pH-A
By, C B jgre178)1,00 = Bijgr11/m3)1 00
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Noting that 2a — 3 + N/q > 0, we see by Propositions 3.3 and 3.4 that
lo (K * )| 20724
q,p

< Clllel gzosensarner | Bl 5on + Nl 1K * || goa—s+n/a+n+r)

/a1+1/N)~1,00 (1/g9—1/N)~1,p
< C H2a—2 33— 3~ S2a—3
- (HSDHBgo’pHN/qMMHwHBu?qﬁl/N)—l,oo * H90||B(1?q1+1/m_1m||¢||B§0’ps+zv/q+n+x)

< Clgl go2smreenl 9l s+ Il o sewi 0] g swrnin)
This completes the proof of Lemma 4.1. O

Lemma 4.1 determines the condition of the space of initial data. Namely, we consider the following
condition:

Proposition 4.2. Let 1 < p < oo. Suppose that 1 < r,q < N satisfy (2.1). Then there exist
0 < s,a,f < 1 satisfying (2.2). In particular, for the nonlinear estimates in Lemma 4.1, it holds
that

(IV - (oK 5 )| goosensrss
< C(H‘P”gg;ﬂNﬁMHi/JHBg;?JrN/r + H‘PHB;},;%N/rHwHBg;%N/Mn)a
1f - Vel gats—atn/min
P
" < Ol gy rsmmsnllol g zensr + 15 g vomalel oz
H(f ’ v)g||32ﬁf3+1\’/q+n
9P
< CUIF N gp-rewraso gl go=rensa + 1 F 1 gp-renvalgl go-ronrasn),

(K ) -

L < C(H‘P”3gf+N/r+nHi/JHBg,;HN/r + ‘|¢"Bg;2+N/rHinBg;%N/wn)
for all 0 < n < oo. Likewise, it holds that (4.1) with o and B replaced by s.
4.2. Construction of mild solutions. We define the following function spaces
n € BO([0,T); B 2™N/™), we BO([0,T); P(B, TN 9)N),
4.2) X2 ={ (n,u) |10 € BO([0,T): Bey "), 192w € BO(10,T); P(BL YY),

; /2 _ . B/2 .
tk}l}_lo HT n“L?O(B:;2+N/T) = 0, tl_l)l}_lo HT UHL?O(B‘iII-kN/q) = 0
with the norm
||n7'uz||Xa,B = ||n||L°°(B;§+N/T) + HuHLoo(B;;"’N/Q) —|— [n u]X;f’B’
where
e ||pe/2 8/2
[’I’L,U]X%,B T ||t nHL%O(B?’;%LN/T) + ||t uHL%o(Bf;lJrN/Q)'

To construct of solutions of (1.5), we begin with considering the integral forms of (1.5), i.e.,

(4.3)

n=e¥?a — I(n,n) — L(u,n) in (0,00) x RY,
u = e""2b — Ji(u,u) + Jo(n,n) in (0,00) x RY,
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where the nonlinear terms I1, I, J1, and Jo are defined by

( Li(n,m)(t) := /0 =Ty . (n(7)(K *m)(r))dr,

Iy(u,m)(t) := / A=A (y(7) - Vim(7))dr,
(4.4) 0

i (w, v)(8) = /O AP (u(r) - V)o(r)dr,

Ja(n,m)(t) := /0 ’EDAP(n(7)(K % m)(7))dr

for all 0 < t < oo. The aim of this subsection is to construct of solutions of (4.3). Here, in case the

\

initial data (a,b) € By AN P(B,, N YN it is more complicated to show the corresponding
result. Hence, first we con51der in case the interpolation exponent is finite.

Theorem 4.3. Let 1 < p < oo. Suppose that 1 < r,q < N satisfy (2.1) and 0 < s,a,5 < 1
satisfy (2.2). In addition, suppose that the initial data (a,b) € B, 2+N/T X P(B;;JFN/Q)N. Then the
following statements hold:

(i) There exist 0 < T < oo and a unique solution (n,u) € X%’B NX7° on (0,T) x RN of (4.3)
satisfying

(45) i () = all y-sese =0, lim fJu(t) = bl v = 0.

Moreover, the following estimates

Il oo < C (U d=Dllall oz + (14122 [0l o)
(4 6) T Brp By,
n, u]x;ﬁ <C <d_a/2||a||3;§+N/r + V_B/2||bHB;;+N/q>

hold, where C = C(N,r,q, p,s,a, ) > 0 is a constant independent of d,v,T,a,b,n, and w. Likewise,
the estimates (4.6) hold with o and (B replaced by s.

(ii) Suppose that (n,w) € X370 X5° is the solution on (0,T) x RN of (4.3) with the initial data
(a,b) € 2+N/T X P(B(;;JFN/q)N obtained in (i). Likewise, suppose that (n,ws) is a solution of
(4.3) wzth an initial data (as,by) € B_2+N/r X P(B;;JFN/CI)N. There is a constant 0 < 6 < 1 such

that if (as,bs) € By 2+N/T x P(By. 1+N/q) satisfies (2.7), then it holds that

( I = st = oo < C ((1 +d7)la = aull pzensr + (L4726 - b*||Bq,;+N/q) ,
A7) " ’
[N — Ny, u — “*]X;ﬂ <C (d_o‘/2||a - a*IIBT_iw/T + 782 - b*”B,;},W/‘I) ;

where C'= C(N,r,q,p,s,a,3) > 0 is a constant independent of d,v, T, a,b, a., by, n,u,n., and u,.
Likewise, it holds that (4.7) with « and 8 replaced by s.
(iii) In the statements of (i) and (ii), there exists a constant e = e(d,v, N,r,q,p,s,a, ) > 0 such

that if (a,b) € By, 2+N/r x P(By. 1+N/q) satisfies (2.14), then T' = oo holds.

Since we obtained the nonlinear estimates (4.1), we may construct solutions of (4.3) by the Banach
fixed point theorem, i.e., we may prove Theorem 4.3.

Lemma 4.4. Let 1 < p < o0 and 0 < T < oo. Suppose that 1 < r,q < N satisfy (2.1) and
0 < s,a,B < 1 satisfy (2.2). Then, for the nonlinear terms Iy, I2, J1, and Jy defined by (4.4), it
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holds that
|G, m) ()] gz < Cant™ XN nl| o oz [172ml| o gozeney,
2, ) (8)| gog-zevse < Cant ™20l o g rinsa 7 m||Loo (BorI;
) 11 (u, U)(t)‘|35£—1+N/q < Cgut ﬁ/zj”Tﬁ/QUH (BESI+N/a) || 75/2 ’UHLOC RIS/
\||J2(n’m)(t)||B5ff1+N/q < Caupt 6/2]||Ta/2n||Lm o 2+N/r)||7' m|’L§O(Bg;2+N/T)

forall0<t<T,0<d,v<o0,j=0,1, and (n,u),(m,v) € X%"B, where Cq, = C(d,v,N,r,q,p,s,a,3) >
0 is a constant independent of t,T,n,m,u, and v. Moreover, the following estimates

(M3, s g2y < ol ooty Il s oz

||12(u7m ” 2/0‘P S0 — 2+N/T) (BB 1+N/q HmH Q/QP(BQ 2+N/7)

(4.9)

(B2, SLHN/ay HUH Z/ﬂp(BB AtN/ay

)
11(08,0) 2700 10 <
)

\HJQ(n,m H Q/ﬁpBﬁ 1+N/q) S C’d,,HnH 2/a p( BO- 2+N/r HmH 2/a p(Ba 2+N/r)

hold for all (n,w), (m,v) € L2/r((0,T); BE2TV/") x L2/B»P((0,T);P(B§;3+N/‘1) ). Likewise, it
holds that (4.8) and (4.9) with o and S replaced by s.

Proof. First, we see by (4.1) that

[u(t) -V (t)ll sato-aenyr < Cllu

10 I(a®)- F)0(E) 250 < Cllu

hold for all 0 < ¢t < T'. Hence, it holds by Proposition 3.8 and (4.10) that
(

t
1 (r, m)(O)| gos—2n/r < Ca / (t — 1)~ T2 - (n(7) (K 5 m)(7))|| joa—senrdr
T, O r,00
t
< Cay / (t = 7)Y In(7)| yaainsre[M(T)]| azinsrdr,
0 7,00 ,00
t
2 (w, m) ()] gog=2en/r < Cap / (t — )220 (1) - Vm(7)|| gassainyedr
T, 0 7,00
t
< Cay / (t — 1) ADP2I Y au(7) | so—vensallm(T) | go—zinsedr,
0 q,00 7,00
t
|1 (w, v)(t)|]ng;1+N/q < C’dﬂ,/ (t — )~ (BI+2=28)/2 (4 (r) . V)U(T)||B§B—3+N/qd7'
q, 0 ,00
t
< Cay / (t = 1)~ BRI ()| go-rewsallv(7) g1 nsadr,
0 q,0 q,0

t
HJQ(n, m)(t)”Bf}jl*l+N/q S Cd,l// (t — T)7(6J+2*2a)/2||n(T)(K % m)(T)“B§a73+N/da
q, 0 ,00

t
< Cay / (t = 1) DI (1) | paoenseIm(T)]| ya2sn/rdT
0 7,00 7,00
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for 7 = 0,1. Here we note that the relation fg(t — 1) lrpldr = B(A, u)t*#~1 holds for 0 <
t <ooand 0 < A u < oo, where B(A, ) denotes the beta function defined by B(\, u) := fol(l -

) 1ri=1dr < 0o. Since we see by (2.2) that 0 < , B < 1 satisfy 8 < 2a, we obtain (4.8). On the
other hand, we may show (4.9) with the aid of Proposition 3.6. This completes the proof. O

Proof of Theorem 4.3. (i) Let 0 < T' < oo be arbitrary. Define the mappings ®; and ®2 by setting
{Mn, u)(t) = e"®a— Li(n,n)(t) — I(u,n)(t), 0<t<T,

(4.11) A
Do(n,u)(t) :==€e"2b— Ji(u,u)(t) + Ja(n,n)(t), 0<t<T

for (n,u) € X3 N X3*. Since it holds by (4.8) that

A
(| ®1(n, (Dl 520w < et all pzemir + 2Cd,y[n,u]§(ta,ﬁ,

10, @) (0| oz < e all gomsvwsn +2Cant ™, ul s

)
(

H(I)Q(nv u)(t)HB;;'*N/q < HthAbHB(;;‘FN/q + 2Cd,V[n7 u]itaﬁ?
(

@20, @) (D) -7 < €2l oronsa + 2Cuant ™[l s
\ q,1 q,1 t

for all 0 < ¢t < T, we have

(4.12)  [@1(n,w), Da(n, u)] yor < 2| B q| peorensr + t8/2)| "2 b|| ppoiensa +4Cau[n, u]ita,ﬂ.
[ q,

Thus we obtain lim;_, 1 o[®1(n, u), P2(n, u)] a,s = 0 from Proposition 3.10. In addition, we also see

by Proposition 3.8 that
[@1(n, w), Pa(n, u)

X7

Hx%vﬁ

(4.13) - )
<C <(1 +d /2)||CLHB;;27+N/T + (1 + v 5/2)”b||3;;+N/q> + 8Cdjl,[n,u]

2
X,?'B’
which yields (®1(n,u), Pa(n,u)) € X%’ﬁ. In a similar manner, it holds that

|P1(n, u) — @1 (m,v), Pa(n,u) — <I>2(m,v)HXa,ﬁ
(4.14) r

<16Cq,([n, u]X%,ﬁ + [m, ’U]X%,,a)”n —m,u — 'vHX%,g.

Notice that the same method implies that (4.12), (4.13), and (4.14) hold with « and j replaced by
s. Now we take 0 < T' < oo satisfying

(4.15) [edAa, e”tAb]X o < 1/(27Cy,)
T

B
77X
and consider the condition

(4.16) [n, u < 1/(25Cy,).

a,B S,8
X2Pnxs

Here notice that we may take such a T by virtue of Proposition 3.10. Then, for all (n,u) €
X2P N X5* satisfying (4.16), it holds by (4.12), (4.15), and (4.16) that

[@1(n, w), Do (n, w)] <1/(25Cy,).

X3Pnxs®
Besides, since it holds by (4.14) and (4.16) that

Hq)l(nv u) - <I>1(m,'v), @Q(TZ,’U/) - q)Q(mv v)”X;’BﬂX;’S < (1/2)”n —m,u — v”X%BmX%s?
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we may apply the Banach fixed point theorem to the mapping (®1, ®2). Therefore, there exists

a unique solution (n,u) € X37 N X5 of (4.3) with the estimate (4.16). Note that it holds by
Proposition 3.8 that

(4.17) €¥8a,e"8b] 0p < C (d*aﬂuau ez + v B B,HN/Q) .
T P q,p
Thus we obtain
[n, U]X%B <C <d*a/2||a||B;Z+N/r + V76/2Hb|’3;,13+N/q> + (1/16)[77,, U]X%ﬂ

from (4.12), which yields

[m,ul oo < 2C (A7l yzonir + 2Bl yrivsa )
Likewise, it holds by (4.13) that

.l s < 26 (L4 )l s + (L 22 bl 20 )
T Tp q,p

In addition, we see by the system n = e¥?a —I;(n,n) — Ir(u,n) and u = e"**b— J; (u, u) + Jo(n,n)
that

A
In(t) = all gz < le®a = all s +2Caun, s,

vtA 2
Jos(t) — il era < 162D — bl s+ 200l

by virtue of (4.8). Hence, the strong continuity of the heat semigroup yields (4.5).

(ii) Take an arbitrary initial data (a., b.) € B;ngN/r X P(B;;JFN/(’)N. Notice that by the
condition (4.15), there exists a constant 0 < A < 1 satisfying

dtA vtA 7
[6 a/, e b]X%’BﬂX;’S < 1/(2 Cd7y) — )\
Hence, we see by Proposition 3.8 that
dtA tA
€200, €18,
< [P (ay — a), e”*? (b, — b)]X;,BmX;,s + [e¥Pa, e”tAb]X;,ng;,s
<0 (@ + ) aw — all yzeni + 52 £ 07 by~ bl resa) +1/(27Ca) — A
0 9P
hold. By taking & := \/(C(d=*/? + d=3/? + v=P/2 4 1=5/2)), we obtain

[e¥a,, el’tAb*]X%,ﬁnX;s <1/(2"Cq,)

provided that (as, b,) satisfies (2.7). Thus we see that the existence time interval of (n.,w.) may
be chosen the same time interval T as the original one. Moreover, we have

(4.18) [n, u]X;”BmX;’S + [n*,u*]X;,gmx;s <1/(2°Cq,)

by virtue of (4.16). Since (n,u) and (n., u.) satisfy the system

dtA

n=ea —I(n,n) — I(u,n), u=e""2b — Ji(u,u) + Jo(n,n),
ny = eMPa, — I (ny, ny) — Ip(Usy 1), Uy = " 2by — Jy (s, us) 4 Jo (s, 0y,
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we observe that
In(t) = me(®) ] y-nse < €% (@ — @) y-2inse + (1/8)0 = 1y — 2] s,
0 T,P T

(

I(8) = 1 () gz < e = @) oo+ (L)%l 1 — ],
(
(b~

)
)
() = we () y-1087a < €72 (b = b y-1087a + (1/8)[1 = nay u — ] o,
q;p Bg,p T
[u(t) = wa(t)|] o180 < |72 (b — by)
\ Bq,l

with the aid of (4.8) and (4.18). Therefore, it holds by Proposition 3.8 that

* 58— 1 8 t_ﬁ/Q - * - * @
||Bé3’11+N/q+( /8) [n—ne,u—u ]XTYB
(I — 1, u — Ui o5 < C ((1 +d=%?)||a — axll g2 + (1 + v B2y ||b — b*‘|B—1+N/q)
T P 9P
+ (1/2)[n — 1, u — U] oo,
T
[N —n,u — U*]X;«B <C (d_a/QH‘L - a*Hg;g%—N/r + V_B/2||b - b*||3;l1)+N/f1>

+ (1/4)[n — Ny, U — u*]X%,ﬂv

\
which yield (4.7).

(iii) In the proof of (i), we note that the existence time interval T  is determined by (4.15).
Therefore, if (a,b) € BE,?JFN/T X P(B;;JFN/(J)N satisfies

1

27Cd,yc(d7a/2 + d*S/Z + y,ﬁ/g + V*S/2)’
we see by (4.17) that (4.15) is valid for any 0 < T' < oo. Thus we may take T' = co. This completes
the proof of Theorem 4.3. O

”aHBT_,2,+N/T + ||bHBq—;+N/q <

Remark 4.5. It should be noticed that Theorem 4.3 yields the existence of solutions of (4.3), but we
do not know whether the density of the cell n is non-negative in (0,7") even if the initial density a is
so. This is the most fundamental question to see that the system (4.3) describes the physical model
exactly. Unfortunately, since we consider the case where the initial density a might be chosen in the
distribution class, it is not so easy to show the non-negativity. Regarding this problem, by imposing
the additional assumption such that a belongs to the space of bounded continuous functions, we
may expect to obtain the non-negativity. We also refer to Kozono-Sugiyama [27, Theorem 1.3]
for the result on the non-negativity of solutions of the Keller-Segel system in the scaling invariant
spaces framework.

4.3. Lorentz regularity in time direction, uniqueness assertion, and smoothing effects.
In this subsection, we shall show the following lemmas, which yield the proof of Theorem 2.1:

Lemma 4.6. (i) In Theorem 4.3, by taking 0 < T < oo small as necessary, the solution (n,u) €
X2P N X535 of (4.3) also satisfies

n e LY*r((0,T); Be >Ny n L2/o#((0,1); BN,

= L2/5,P((07T); P<Bqﬁ,1 1+N/q) )N L2/37p((0,T);P(B;lH—N/q)N)

(4.19)

with the estimate
(4.20) HnHLZT/a’p(Bf,IHN/T) + HUHLQT/’B”J(Bf,IHN/Q) <C (dia/ZHGHBEﬁN/r + y*/»’/2Hb||B;;+N/q> ;

where C = C(N,r,q,p,s,a,3) >0 is a constant independent of d,v,T,a,b,n, and w. Likewise, the
estimate (4.20) holds with o and [ replaced by s.
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(i) Suppose that (n,u) is the solution on (0,T) x RN of (4.3) with the initial data (a,b) €
BE,?HV/T X P(B;;+N/q)N obtained in (i). Likewise, suppose that (n.,us) is a solution of (4.3) with
an initial data (a.,b.) € By 2+N/r x P(By, 1JrN/q)N. There is a constant 0 < § < 1 such that if

(ax,bs) € By, 2+N/T x P(By. 1+N/q) satisfies (2.7), then it holds that

||n - n*HLé/a,p(B?‘yl—2+N/r) + Hu - U*HL2/B,p(B,8—1+N/q)

(4.21)
S C( a/2Ha — a:*” —2+N/r +v ﬁ/2||b b H —1+N/q) ’

where C'= C(N,r,q,p,s,a, ) > 0 is a constant independent of d,v,T,a,b, a,, by, n,u,n., and u,.
Likewise, it holds that (4.21) with « and B replaced by s.

(i1i) In the statements of (i) and (ii), there exists a constant € = e(d,v, N,r,q,p, s, a, ) > 0 such
that if (a,b) € B_2+N/T P(B;;+N/Q)N satisfies (2.14), then T = oo holds in (4.19), (4.20), and
(4.21).

Lemma 4.7. There exists a constant 0 < k < 1 independent of the initial data (a,b) such that a
solution (n,w) of (4.3) satisfying (2.6) is unique.

Lemma 4.8. In Theorem 4.3, the solution (n,u) € X%° 0 X3* of (4.3) is a solution of (1.5) in a
classical sense. In fact, it holds that

ne [ C=(0,1); BN n Bl ), g € C((0,T); B2,
(4 22) 0<y<oo
we () C®(0,T);P(B N1 BITHNONY g e 0((0,T); P(BLT NN,
0<y<oo

Note that the method of the proof of Lemma 4.6 is based on Kozono-Shimizu [26]. Lemma 4.6
shows that the solution also belongs to the Lorentz spaces in time direction, where the interpo-
lation exponent p in the homogeneous Besov spaces affects the Lorentz regularity. Lemma 4.7 is
the uniqueness assertion of solutions of (4.3). Since the solution (n,u) obtained in Theorem 4.3
necessarily fulfills the condition (4.7) by virtue of Proposition 3.7, we may regard Lemma 4.7 as
an improved result compared with the usual uniqueness given by the Banach fixed point theorem.
Lemma 4.8 implies the smoothing effects of the solution of (4.3). Here it should be noticed that we

consider the initial data (a,b) € 2+N/ " x P(B,, ;HV/ 7)N' Since the inclusions on the derivative

indices fail to hold, i.e., le 04 B ), even if s < s1, we need to pay attention to the proof of Lemma
4.8.

Proof of Lemma 4.6. (i) We introduce the following function space

(4.23) V= 12 (0, T); BTN L2500, 1) PN

with the norm ||n,uHY;,5 = ”n||L§_‘/a,p(Bﬁl—2+N/T) + ||u\|L§/g,p(B§;1+N/q). Then the mappings ®; and
®y defined by (4.11) satisfy the following estimates

1910, )l sy < €2l gz + 2l s
200,03 70, < 1”2l gaeny + 2wl
by virtue of (4.9). Thus we have

(4.24) [@1(n, ), @2(n, w) |00 < [|ea, e 2bl|yas +4Ca [, s
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In a similar manner, it holds that

||‘I>1(n,u) - (I)l(ma ’U), (I)Q(na ’U,) - q)Q(m?v)Hyj‘}ﬁ

(4.25)
< 8Cau (I, wllys + 1,0 y00) 0 = 1,0 = 0]y

Now we take 0 < T < oo satisfying
(4.26) |e¥Aa, e”mbHY;,BmY;s + [e¥Pq, e”tAb]X%,ﬁnX;,s <1/(27C4,)
and consider the condition

(4.27) Hn,uHYTa,ng;,s + [n, U]X;,ﬁmx;s <1/(2°Cy,).

Then, for all (n,u) € X3 N X3 N Y7 NY3* satistying (4.27), it holds by (4.12), (4.24), (4.26),
and (4.27) that

||<I>1(TL, u)7 @9 (TL, u) Hy;vﬁmy;’s + [(I)l (’I’L, u)v (1)2(”’ u)]x;j’ﬁmx;s < 1/(260d,v)'

Here we notice that (®1(n, u), ®a(n,u)) € X3P N X3 N Y27 NV holds. Besides, since it holds
by (4.14), (4.25), and (4.27) that
|®1(n, u) — ®1(m,v), Pa(n, u) — Do(m, v)HX%,amX;,smYTa,ng;,s

S (1/2)”77, - m, u — ’UHX;’ﬁﬂX;JSﬁY;’ﬁﬂY;’S7

we may apply the Banach fixed point theorem to the mapping (®1, ®3). Therefore, there exists a
unique solution (n,u) € X%’B NX3°N Y;’ﬁ NY;* of (4.3) with the estimate (4.27), where we use
the fact that the solution (n,w) € X7 N X3* of (4.3) is unique. Note that it holds by Proposition
3.9 that

(4.28) le®*2a,e"2b]|y a5 < C (d_a/2||a|| P 1] B;;Wq) :

Thus we obtain

« < d—Oé/2 o — T _ﬁ/Q b 3 ) 1 1 @
Il < C (42 all ysonse + 02l o) + (1/16) .l

from (4.24). Hence, we have (4.20).
(ii) We may show in the same way as in the proof of Theorem 4.3 (ii).
(iii) In the proof of (i), we note that the existence time interval 7" is determined by (4.26).

Therefore, if (a,b) € BEﬁ’LN/T X P(B;;JFN/Q)N satisfies
< 1
27Cd,u0(d*°‘/2 + d—s/2 + p—0B/2 + V—s/2)’

we see by (4.17) and (4.28) that (4.26) is valid for any 0 < T' < co. Thus we may take T'= co. This
completes the proof of Lemma 4.6. O

Il -zva7e + 18] o107

Before showing Lemma 4.7, we give the following proposition, which ensures that the pair of
functions (n,u) satisfying (2.6) are small by taking a time interval ¢ sufficiently small:

Proposition 4.9. Let 1 < a < 00,0 < T < 00, and X be a Banach space. Suppose that ¢ €
L4>((0,7); X) satisfies

limsup Au(t € (0,7) ] [lo(t)]x > N> <

A—00
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with some constant 0 < k < oo. Then there exist a constant R, > 0 and functions pg €

*((0,T7); X) and o1 € LY*((0,T); X) such that
leollgex) < Ry llprllpoce(xy < 26, 9 =0 + 1.
Proof. The assumption allows us to take R, > 0 so that

sup - Au(t € (0,7) [ [lp(t)llx >NV < 25
Re<A<oo

holds. Now we define

_ [ o) i e®)lx < Ry, _J 0 iffe)lx < R,
polt) = { 0 if [|o(t)|x > Re, (1) = { e(t) if le(t)|x > R

Then we have ¢ = ¢g + o1 and o € L>((0,T); X) with [|¢o||Le(x) < R In addition, we obtain

o1 HL:‘;"’O(X)

= maX{ sup  Au(t € (0,T) ] er(H)llx > N, sup  Au(t € (0,T)|ller(t)]x > A)1/0‘}
0<A<Rx R, <A<o0

< max {Rw € O.T) el0llx > RV, sup Ault € 0.7 o(0)x > A)”a}
r<ALOO
< 2k,

which completes the proof of Proposition 4.9. g

Proof of Lemma 4.7. First we shall show that if (n,u) satisfies (2.6), then it holds that
(429) HnHLi/a,oo(Bg’;OQ-&-N/r) + ”uHLi/ﬁ,oo(Bg’;}-ﬁ-N/Q) S Ck

for sufficiently small 0 < h < T, where C' > 0 is a constant independent of h and . In fact, by
Proposition 4.9, there exist a constant R, > 0 such that the following decompositions
{ HnOHL%o(BSf;O2+N/T) S RK)J ||n1HL§1/av°°(Bg’;02+N/T) S 2/{'7 n =mng + ni,
1woll oo penray < By lltnll 2ro00 go-rinya) < 26, w = uo +us
hold. Thus we obtain

||n||L3/a,m(Bg;o2+N/r [[mol 2/aoo(Baf2+N/r)+ Il /o0 go—2eniry)

HUH 2//3 OO(Bﬂ 1+N/C1)

C(

(HnO” 2/& a— 2+N/'r)+2K/) < C(Rﬁtam_'_z,{)
(”UOH 2/B00 (BB1+N/ay +HU1H 2/B.00 (- 1+N/q))
c(

[[uol] 28 (pE /ey T 2k) < C(Rut?? + 2k),

\

which yield HnHLg/a,w(Ba,%Nﬁ) + ”uHLz/ﬁ,oo(B,871+N/q) < CR,(t*? +P/2) 4 4Ck. Hence, by taking
t 7,00 t q,00

0 < h < T sufficiently small, we have (4.29). Now we assume that (n,u) and (m,v) are solutions

of (4.3) satisfying (2.6). Since (n,u) and (m,v) satisfy

{ n=ea—1I(n,n)— Lu,n), w=e"b—J(u,u)+ Jo(n,n),

m = e Ba —I(m,m) — I(v,m), v=e""b—J(v,v)+ Jo(m,m),
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we observe that

HTL - mHLi/a,oo(Bg’;?JrN/r) < 4Cd,l/CH (HTL - m|’Li/aa°°(B?‘fjg02+N/T) + HU - U”Li/ﬁaw(Bfi;}JrN/q)) )

||u - ’UHLEL/B’OO(B‘?;}JFN/Q) < 4Cd,VCK/ (Hn - m”Li/a,oo(ngerN/r) + ||u - UHLZ/B,OO(BigclJrN/lI))
from (4.9) and (4.29). Hence, by taking x < 1/(2%C,,C), we have

||n - mHLi/avoo(Bg’goz“'N/T) + Hu - UHLi/’B’OO(Bg’;}_"N/q) = 07
which yields n = m and w = v in (0, h). Since we have
HnHL2/av°°((h,2h);B,‘f’g02+N/’") + HuHLQ//&,oo((h’Qh);Bg’;}JrN/q) <Ck
like (4.29), we may show that n = m and v = v in (0, 2h) in the same way. Thus we obtain n = m
and w = v in (0,7"), which complete the proof of Lemma 4.7. O
Finally, we show Lemma 4.8. To this end, we give the following propositions:

Proposition 4.10. Let 1 <r < oo, s€R, 1 <p< oo, and 0 <v < oo. Then, for every p € Bﬁm’
it holds that
e""®p e BC([0,00); B )N (] C™((0,00); By, N B)T).
0<y<oo
In addition, for every ¢ € BS __, it holds that

o0
eBoe () (BCu(10,50): B) N C=((0,00): B
0<y<oo

provided 1 < r < 0.
Proposition 4.11. Let 1 < r < o00,s € R0 < v < 00, and 0 < T < oo. Then the following
statements hold: ‘

(i) Let 0 < o < 2 and assume that ¢ € L5 ((0,T); By 53 satisfies Hq)HL%"(Bi,oo) < o0, where the
function ® is defined by

t
(4.30) B(t) = / DD (e, 0<t< T
0

Then it holds that '
de () G R0,y
0<f8<2—a
with the estimate
Hq)HCl—(“*'ﬁ)/Q((s,T);BﬁjB)
< Cv e PR L TP )@ oo,y + CvmOTORA+ TR l0] o e

forall0 <e <T and 0 < < 2 — a, where C = C(N,r,s,«a,3) > 0 is a constant independent of

v,T,e, and . Here C|. denotes the space of all locally bounded ~v-Héolder continuous functions.
(ii) Let 1 < p < 00,0 <y < 1, and 0 < 1 < oo and assume that ¢ € C ((0,T); Bi5")

satisfies H(I)HL%O(BS ) < 00, where the function ® is defined by (4.30). Then it holds that 9;®, A® €
CL.((0,T); By A with the identity 0;® — vA® = o having the estimate
10:®, VA(I)HC’Y(([;’T);B;S:;")

1, \—n/2 - . - :
< Ce(ve) " (1+e V)”‘I’”L;O(Bgm)*'c(lJrTA’Jrf 7)||90Hm((g/z,T);Bifr,]’)
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for all0 <e < T, where C = C(N,r,s,p,7,1n) > 0 is a constant independent of v, T, e, and .

The proof of Proposition 4.10 is given by the author [35, Corollary 3.10]. In fact, it is shown that
the heat semigroup in the homogeneous Besov spaces has space-time analytic smoothing effects in
[35]. For Proposition 4.11, we will give the proof in Appendix. Here, Proposition 4.11 is variant
properties of Lunardi [28, Proposition 4.2.1 and Theorem 4.3.4] by considering the space with the
homogeneous norm. In addition, note that the assumption on the behavior of ¢ near ¢t = 0 is slightly
weaker than that of [28, Proposition 4.2.1 and Theorem 4.3.4].

Proof of Lemma 4.8. By the estimates (4.1), we obtain
IV - (1) (%) (0)), w(t) - 9 (D) s
HI(w(®) - V)u(t), n(t) (K * n)(@)l] 2a-sersa < CE[n, w3

(4.31)

Thus we see that the solution (n,u) € X;,s of (4.3) satisfies
(4.32) V- (n(K #n)),u-Vn € LS((0,T); By FN=20=9),
. (u-V)u,n(K xn) € L2 ((0,T); (B 1N/q-2(1-8) N

Moreover, it holds that
(4.33) (), B )| oo zevrmy + (11 (ws w), o ()] e sy < 4Cq[n, ul3ss

from (4.8). Hence we may apply Proposition 4.11 (i) by virtue of (4.32) and (4.33). This implies
that

Linn), Lun)e () Cpl%((0,1); B>V,

loc
0<s0<2s
Ji(u,u), Jo(n,n) ﬂ C’ISOCSO/2 T); (B;?flJrN/q)N)v
0<sp<2s
which yield n € C/2((0,7); Bi7* ™) and w € G2((0,7); P(B:7%)N) from the system n =

eq — Iy (n,n) — Ir(u,n) and u = e"**b — J;(u,u) + Jao(n,n) combined with Proposition 4.10. In
addition, since it holds that (4.1) for all 0 <7 < oo, letting n = 0 in (4.1) yields

V- (K *n)),u- Vn e C2((0,T); BN,

loc
(4.34)
(u- V)u,n(K *n) € CL2((0,T); (B2 NN,
Here we see that
(4.35) Hll(n n) fg(u n)|| 25 4+N/r + HJl(u u) Jg(n n)”L"O(BQS 3+N/q> < CTl S[n u]Xss

by the direct computation with the aid of (4.31). Hence we may apply Proposition 4.11 (ii) by
virtue of (4.34) and (4.35). This implies that

0,1y (n,n), AL (n,n), O Io(u,n), Aly(u,n) € CE2((0,T); B2V,

loc
Ty (u, w), Ay (u,w), Oy Jo(n,n), Ada(n,n) € CY/2((0,T); P(BL /9N

with the identities
oli(n,n) —dALi(n,n) =V - (n(K xn)), Ol(u,n)—dAly(u,n)=u-Vn,
OhJ1(u,u) — vAJy(u,u) = P(u - V)u, O Ja(n,n) —vAJs(n,n) = P(n(K xn)).
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Therefore, we see by Proposition 4.10 and the system n = %4

e"2b — i (u, u) + Jo(n, n) that (n,u) satisfies

a— Ii(n,n) — Ir(u,n) and u =

n € BO([0,T); By 2N/ n G2 ((0,T): B 2N/ n B2,
On € CE)/CQ( , T 28 4+N/T>7
[

u € BC(
dru € C2((0,T);
Note that letting n = 2s in (4. ) 1mphes that

V- (n(K *n)),u- Ve C2((0,T); By,

(u- V)u,n(K *n) € CoL2((0,T); (BN,

loc

(0
O,T) (B 1+N/q) )ﬂ C{SO/CQ((O,T);P(B;;JFNM N Bgfl_HN/q)N),

(4.36)

Hence we may apply Proposition 4.11 (ii) again by virtue of (4.35) and (4.36). This yields the gain
of regularity of (n,u) in space. Repeating this argument implies that

(ne () CL,T); BN A BTN,
0<y<oo
O € ﬂ CISO/CQ 0, T 25 44+N/r BZIZJFN/T),
0<y<oo
we () CL0,7); p(qu;W/QmB;;HN/‘I)N),
0<v<oo
due () CL0,T); P(BE N Bl NNy
0<y<oo

hold. Thus we see that (n,u) is a solution of (1.5) in a classical sense. In addition, taking 7
arbitrarily large in (4.1) gives
V(K xn),u-Vne () Cot*?((0,1); BN n B,

loc
0<y<oo

(w-Vyu,n(K xn) e () Cut*?((0,1); (B N1 BT HNHN),

loc
0<y<o0o
This yields the gain of regularity of (n,«) in time from the system oyn = dAn—V-(n(Kx*n))—u-Vn
and Oyu = vAu — P(u - V)u + P(n(K *n)). Therefore, repeating this argument gives that (4.22)
holds. This completes the proof of Lemma 4.8. O

Proof of Theorem 2.1. (i) By Theorem 4.3 (i), we obtain the solution (n,u) € X%’B N X7° of (4.3)
with (2.4) having the estimates (4.6). Moreover, Lemmas 4.6 (i) and 4.8 imply that the solution
(n,u) of (4.3) is a solution of (1.5) in a classical sense satisfying (4.19) and (4.22) with the estimates
(4.20). Thus we see that (n,u) satisfies (2.5).

(ii) It is shown from Lemma 4.7.

(iii) By combining Theorem 4.3 (ii) and Lemma 4.6 (ii), we obtain (2.8). This completes the
proof of Theorem 2.1. O

4.4. In case the interpolation exponent is infinity. This subsection is devoted to consideration
in case the initial data (a,b) € B_2+N/T P(B;éjN/q)N. In this case, since . N Bﬁ,oo is not dense

in BTOO, the heat semigroup {e'®}o<i<oo does not have the strong continuity. To get over this
problem we shall decompose the initial data into the smooth part and the remeinder part. Besides,
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although it is unknown whether (2.4) hold, we may expect the weak-star continuity by the duality
argument.

Proposition 4.12. Let 1 <r < oo and s € R. Suppose that p € B;ioo. Then, for the functions g
and @1 defined by pgy 1= A Ajgo and @1 = Z?ij*ﬂ Ajgp with j. € Z, it holds that

j=—00

o€ [ BiwnNB), wr1€ [ BiwnBI), v=¢0+¢

0<y<o0o 0<y<oo
with the estimates
(]*+1)C Skl A
”‘POHBSMSiH‘P”Bs » leollgs <€ sup 27| Agpl|r,
1 1 700 —00<k<ji+1
27V C e A
le1llgs— < 5=l g e1llge < C sup 27| App| Ly
I € fogliols . ol <O s 2%l

for all 0 < v < oo, where C = C(N,r,s) > 0 is a constant independent of vy, j«, and p. Here
{A;}jez denotes the dyadic decomposition.

Proof. Since AJAk = 0 holds for |j — k| > 2 by Bahouri-Chemin-Danchin [1, Proposition 2.10], we
have

L . ]*+1 k j*+1)C
leoll g = > 26 FR Ay < Cllells, > o o= el s
keZ k=—00
lpoll g = sup 2| Appollr < C sup  2%F[| Aol pr
nO kel —00<k<jut1
The remaining estimates are shown in the same way. This completes the proof. O

To show that solutions are weakly-star continuous at ¢t = 0, we verify the following lemma:
Lemma 4.13. Let 1 <1 < 00,55 €R 0<a<20<3<00,0<v <00, and0<T < oo.
Suppose that F' € Li5, ((0,T); B;%) satisfies

M := sup t*P||F(t)|| pz0_ + sup 7/
o<t<T o<t<T

< 0.
B

t
/ e”(t_T)AF(T)dT
0

Then it holds that

t
B2 v(t—1)A _
tLHEOt </0 e F(T)dT,<,0> 0

for all p € Br/(r IRE

Proof. Let ¢ € B;/S(;E 1 be arbitrary. By Proposition 3.2, we may take a sequence {goj}]?’il C S

= 0. Here, noting that (B )= Bff)oo from

of functions satisfying lim; . | — @jl| 5-s—5 r/(r A
r/(r—1),1
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Proposition 3.2, we see by Proposition 3.8 that

‘</Ot v(t=TA (s chpj>’ /) j>‘dr

<[ HF(T)HB:%OHe”(H)A%HB—Zo dr

t
< / M=ol (u(t — 7))o | ymr-asmdr
0 'r/('r 1),1

< MCB(1/2+ /4,1 — /2y~ 2HelAgl2meld g a2,

'f’ r—1

where B denotes the beta function. Thus we have

t
. v(t—7)A N\
t1—1>I—Ii-10 </0 e F(1)dr, g03> 0

since 0 < a < 2. Noting that (B r/(r 61) »a ij;f, we observe that

t
’tﬁ/Q </ e”(t_T)AF(T)dT,go>‘
0
t t
< th/2 </ ey(t_T)AF(T)dT,QO — <,0j>' + P72 </ e”(t_T)AF(T)dT, <pj>‘
0 0

t
1 ¢8/2 </ e”(t_T)AF(T)dT,goj> ,
0
lim sup

t
tﬁ/2</ ey(tT)AF(T)dTaSD>‘ < Mllo = @jll e
t—+0 0

Therefore, letting j — oo yields the desired result. This completes the proof of Lemma 4.13. O

< MHSD - Q)OJ'HB;/S(:fl) )

which implies

1)1'

Proof of Theorem 2.3. In case p = 0o, we introduce the space

B (n,w) n € BCy([0, T)'B*2+N/r)’ u € BCw([O,T);P(B;é:N/Q)N)’
=4 (n,u .

’ /0 € BO((0,T); BTN, 192w € BO((0,7); P(BE, /1))
instead of the space X%’ﬂ defined by (4.2). Then, in the same way as in the proof of Theorem 4.3
(i), we may show that

(@1 (n, ), Ba(n,w)] yars < t*2(|e%a| yazinr + 7272 yo-rinsa + 4Ca [0, Ul 2a s,
: B B X

|P1(n,w) — ®1(m,v), Pa(n,u) — Po(m, v)||

X5P
< 16Cq,([n, u]X%,B + [m, U]X%,H)Hn —m,u — UHX%,[;
like the estimates (4.12) and (4.14), where ®; and ®4 are defined by (4.11). Here, Proposition 4.12

implies that the initial data (a,b) can be decomposed into a = ag + a1 and b = by + by with the
properties

. N
awe (| BEN B, g <O sup 20 Ay,
0<y<oo Jx<k<oo
S— vy—1+N
by € ﬂ p(qujN/QmB;l N/aN 1b1]l , _1+N/q<c sup 2(T1FNOR| A bl L.

]* <I€<OO
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Hence we see by Proposition 3.8 that
[etha’ thAb]Xaﬂ < [etha()’ eytAbO]X%,B + [ethal’ eutAbl]

T
g [etha()’ el/tAbO]

8
X

B
X7

+Cd_o‘/2 sup 2(_2+N/T)k||AkCL||LT+CV_B/2 sup 2(_1+N/q)k||Akb||Lq.
Jx<k<oo Jx<k<oo

On the one hand, it holds by Proposition 3.8 that

[e¥2ag, e/ by <C (d_a/4Ta/4||a0||33g—2+1v/w + d_s/4T8/4Hao||35/o2o—2+N/r

o, s,8
X&Pnxs

+V_6/4T'8/4||bo||35g71+1v/q + V_S/4Ts/4Hbo”B;/;flw/q)

since ag € 3%2_%]\% N BZ/IZ_HN/T and by € P(Bi/lz_HN/q N B;,/IZ_HN/q)N, on the other hand
the assumption (2.9) allows us to suppose that

1
QSC(d,VC'(diol/2 + d—s/2 + p—B/2 + V*S/Z) :

sup (202N Ayl 4+ 201N A1 ) <
j* §k<00

Thus we observe that (4.15) holds by taking 0 < T' < oo sufficiently small. This gives that we may
apply the Banach fixed point theorem in the same way as in the proof of Theorem 4.3 (i). As a by-
product, we obtain (2.12). In addition, we may show (2.10) in the same way as in the proof of Lemma
4.8. Next, let us verify the weak-star continuity (2.11). By the system n = e®2a— I (n,n)—I>(u,n)
and u = e""2b — Ji(u,u) + Jao(n,n), we have

(n(t) = a,¢) = (¢"a—a,0) = (L(n,n), ) = (Li(w,n), ¢)
<u(t) - bv f> = <€VtAb_ b7.f> - (Jl(uvu)7f> + <J2(n7n)7.f>

for all ¢ € Bf/_(fy_/;)l and f € (B;/_(ZIV_/(IJ)J)N. Hence we observe that lim—, o (n(f) — a,¢) = 0 and
lim¢—, 4o (u(t) — b, f) = 0 with the aid of Proposition 3.10 and Lemma 4.13. In a similar manner,
we have (2.11). For the statement (ii), we may show in a similar manner to the proof of Theorem

4.3 (ii). This completes the proof of Theorem 2.3. O

5. ADDITIONAL PROPERTIES OF SOLUTIONS UNDER THE CERTAIN CONDITIONS

In this section, we shall show the additional properties of solutions of (1.5) obtained in Theorem
2.1 under the certain conditions. We also show that global solutions of (1.5) decay as the limit
t — oo in the same norm of the space of the initial data. Continuing from the previous section, we
will use the function space X7:* defined by (4.2).

5.1. Maximal regularity estimates. Let us show the maximal regularity estimates of solutions,
i.e., Theorem 2.7, where the idea of the proof relies on Kozono-Shimizu [26, Theorem 2]. To obtain
the maximal regularity estimates, we introduce another scaling invariant space obtained from the
structure of the bilinear estimates. Once we establish the nonlinear estimates for such a space, we
may show the desired estimates immediately.
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Lemma 5.1. Let 1 < p < o0 and 0 < T < oo. Suppose that 1 < r,q < N satisfy (2.1) and
0 < s < 1 satisfies (2.2). Then it holds that

([t°V - (n (K*m))HLm(BZS 44N/ <C||ts/2n|| prozenym 18 Pml|, (B2 NIy
(1 (w - vm)HLw(BQQ aen/ry < C||t5/2uHLoo(Bg s |5/ m|| By

||t5(u : v)vHLoo '25*3+N/q) < C||t8/2u”Loo(BS*1+N/‘Z)Ht ,vHLoo(BS*hLN/lI)a

[t (K« m)]| gy S C||t5/2n|| Bry2Ty 22 /2mH Bry2NTy
for all (n,w), (m,v) € X3:°, where C = C(N,r,q,p,s) >0 is a constant independent of t,T,n, m,u,
and v. Moreover, the following estimates
Hv ( (K*m)>H l/sp( 25— 4+N/r) < CHnH 2/sp( s— 2+N/T ”mH 2/sp(Bs—2+N/r),
r,1
Hu . vm”L;/s,p(Bisl—él-&-N/r) S CHUHLg—’/e,p(B;—ll-&-N/q)HmHLgﬂ/e,p(B:’—lQ-&-N/r),

(5.2)
o N0l gzponiay < Cllwl g gaoniay [0l e yeniay.

HTL(K * m)HL;/SvP(B;S;?’JFN/Q) < CHn”Li/SvP(B:*IQJFN/T)||m"L§/SvP(B:;2+N/T)

hold for all (n,w), (m,v) € L¥*P((0,T); By, ™™™y x L2/5¢((0,T); P(BS V4N,

Proof. Since we see by (4.1) that

IV - (a8 (B 5 m)O) | g < Clln()] ge-ziwsellm(E) | oz,
[u(t) - Vim(t

(
[(u(t) - V)ult
(

() (K m) (@)]] g2s-ssra < ClIn()] go-zre [m(E)]] go- 2

” 25 4+N/r < CHU

| g2e-se/a < Cllu

)
)
)
)

hold for all 0 < ¢ < T', we obtain (5.1) and (5.2) with the aid of Proposition 3.5. This completes
the proof. O

Proof of Theorem 2.7. We introduce the function spaces X%SQS and Y:,%S’2s defined by (4.2) and
(4.23), respectively. Then, by setting n = s in (4.1), we may show the following nonlinear estimates

2o Fatas )l ez + 12t ), o, ) v

S Cd,l/ Hn, u”X,;’SmX%S’ZS ”m, UHX;’SOX%S’2S7

HII(n7 m), [Q(U, m)HL;/SaP(Bf,Sl—2+N/T) + HJl (uv ’U), JQ(”? m)HL;/SaP(B;,Sl—l'*‘N/Q)

S Cd,l/ Hn, UHY;,SOY’Z%S,2S Hm, UHY;,SHY’Z%S,2S
in a similar manner to the proof of (4.8) and (4.9). Here we note that these estimates are valid
provided that s satisfies 0 < s < 2/3 along with (2.2). Therefore, in the same way as in the proof
of Theorem 4.3 (i) and Lemma 4.6, we see that the solution (n,w) also satisfies

tne BO(O,T): BN, e V(0,1 BT,
t*u € BC([0,T); P(Bgi_HN/q)N), we LY5P((0,T); P(Bgi—HN/q)N)



33

with (2.19) having the estimates (2.20). On the other hand, we see by the system d;n = dAn —V -
(n(K *n)) —u-Vn and Oyu = vAu — P(u - V)u + P(n(K *n)) that

[0 (@) || gos—a4n/r < Cdln@)[| g2o—2vn/r + |V - (n() (K 5 n)(2)), u(t) - Vr(t)|| goo-asnr,
r,1 1 r,1

5.3
>3 10ea(t)l] g2a-ssa < Cvlu(t)l] gaa-sansa + | P((t) - V)u(t), P(n()(K * n) ()] g20-5+5/a

hold. Since
||t8/2n|| q 2+N/'r +Hn” 2/9/)( s— 2+N/'r‘ + ||t8/2u|| g 1+N/q + ||u” 2/9p( s— 1+N/q)
q
<C (d—s/Z a B —s/2 bl . )
S HGHBT,3+N/ + v ||Bq,;+zv/q
hold from (2.5), we see by (5.1) and (5.2) that

169 (0 %), (- V) sy + 160 D) K ) s

+ ||V (n(K *n)),u- Vn||L1/s,p(B2sf4+N/7“) + ||(w - V)u,n(K x* n)HL1T/s,p(B§TS+N/q)
2
< C (7 Plall ornsr + 2Bl gorin )

Hence, it holds by (5.3) that (2.21), which complete the proof of Theorem 2.7. O

5.2. Additional regularities. We shall show that if the initial data has higher regularities, then
the solution also has the additional regularities. To this end, we consider the linearized problem by
using the solution obtained in Theorem 2.1.

Lemma 5.2. Let 1 < p < 00 and 0 < T < oo. Suppose that 1 < r,q < N satisfy (2.1) and
0 < s < 1 satisfies (2.2). In addition, suppose that N/(N —1+s) <60 < N and 0 < o < s. Then,
for the nonlinear terms I, I2, J1, and Jo defined by (4.4), it holds that

[ Mm) Ol < Caut™ " Inllnge o) I 2l o sy,
1o, ) (8) g, < Od,ut—<0/2>j\|m||Lgo<Le>ur%n gy

o0 7ot 0) Dl gy < Cant™ 7l e o[ /%H e
12 m) gy < Cant™ I I oo oo 7 ml| e ez

forall0 <t <T,0<d,v<oo,j=0,1, and(n,u),(m,v) € X:‘(;’SQBC([O,T);LexP(LNG/(N*Q))N),
where Cq, = C(d,v,N,r,q,p,s,0,0) > 0 is a constant independent of t,T,n,m,u, and v.

Proof. First we note that (2 —s)/N < 1/6 + (1 —s)/N < 1. Hence, by taking 65 such that 1/6, =
1/0 + (1 — s)/N, we have 1 < 65 < N. Since it holds by Proposition 3.1 that Bf;QJrN/T c LN/(@2=s)
and BSEHN/(] c LN/(=5) we obtain
lo(K + P)Ires < Cliellzoll$ll ara—) < Cllelipellell goozenr,
levllLes < Cllollzollvllprra-s < Cllello 9l gs-rn7a,
q,

ledll Lasos—m-1 < Cllgllprosv-o [¥llipyvia-o < Cllellpyvorov—o [Pl ga-1en7a
q,
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for all p,v € . by virtue of Proposition 3.4. In addition, we see by Proposition 3.8 that
|3V - Fl o5 < Capt =721 22D £
6,1

12 - £1] 501

< O, t—(1-8)/2-1/2=(c/2)j e
o dv Il fcasos—1/m)-1

1 F gy, o, S Cant™ 2| |,

for all f € V. Since the condition V-u = V -v = 0 implies that uw - Vm = V - (um) and
(u-V)v=V-(u®wv), we observe that

,

¢
Hh(n,771)(15)“13;7]-1 < C’dﬂ,/ (t — 7)3/27 /2371 0 (7) (K s m)(7)|| po. d,
: 0

t
HIQ(U,m)(t)HngI < Cdﬂ,/ (t — 7)27 /2= (7 )ym(7)|| po. dr,
: 0

t
s/2—(0/2)j—1
1 (w 0)Dll ey < Caw /O (t = 7)*>7 P2 () @ o(7)I| L2 g1/ -1 AT,
t
[J2(r, m)(8)]] gos < Cd,u/ (t = 7)*27 /I i (r) (K m)(7)|| o dr,
L NO/(N—6),1 0
which yield (5.4) combined with the above estimates. This completes the proof. O

Proof of Theorem 2.9. We begin with considering the following linearized problem;
(5.5) 1 =elq — I)(m,n) — Ir(u,7) in (0,7) x RY,
. = e"'2b — Jy (@, u) + Jo(7, n) in (0,7) x RY,

where (n,u) € X7" is the solution on (0,T) x RY of (1.5) and (7, %) is the unknown function. Let
0 < Ty < T be arbitrary. Define the mappings ¥; and ¥s by setting

Uy (m,a)(t) = ea — L(7,n)(t) — L(u,A)(t), 0<t<T,
Uy (m, @) (t) = e”'2b — Jy(w, u)(t) + Jo (7, n)(t), 0<t<T,
for (m,w) € X7°N BC([0,T.); LY x P(LNV/(N=0))N)  Then, we see by (4.8) and (5.4) that

W1 (7, @), Wa (7, )| xss

<C (d‘s/ ?llall y-2enr + v=/2||b)| B—w/q) + Cau[n, u] x s [70, ) x 20,
(5.6) P “p T T

101 (7, )| g (o) + (W2 (M, @) Lo (Lvosv-0y

< llallzo + 1bllpworcv-o) + Canln, ulzs (Illzss wo) + 1 e (zvoscn-or))

with the aid of Proposition 3.8. Thus we have (¥ (7, @), ¥2(7,@)) € X" N BC([0,T.); LY x
P(LNV/(N=0)N) In a similar manner, we also have
W1 (7, @) — U1(m, ), Vo (7, @) — Wa(,9) || xz0 < Capln, ulxs: 7 —m, 0 — 0| xs0,

(
101 (7, @) = Wi (2, 0)| Lo (10) + [[W2(, @) — Wa (170, 0)|| Lo (pve/v-0))
< Cayln, ulxss (Hﬁ — g (o) + lw — ﬁ”L%i(LNW(N*G))) :

Hence, by taking 0 < T, < T such that
(5.7 Im e < 1/(2Ca,).
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we may apply the Banach fixed point theorem to the mapping (¥, Us). Therefore, there exists a
unique pair

(5.8) (m,@) € X3:° N BCO([0,T,); LY x P(LNO/(N=0)N)

of functions satisfying (5.5). In fact, we see that (7, @) coincides with (n,u) since (n,u) € X7:°
satisfies (4.3) and since the solution (7, @) of (5.5) satisfying (5.8) is unique. Thus we obtain

||n||L§s; (o) + HuHLOTo*(LNW(N*Q)) < 2(llallge + 16l Lrosv-6))

by combining the estimates (5.6) and (5.7). Likewise, we obtain

/2 . /2 . —0/2 ] —o/2 )
It ”||L§s; Bg,) T |t U||L5-§(B%0/(N_e)ﬂl) <C (d ||‘1||B;§+N/r +v ||bHB;;+N/q>

from (5.4) and (5.7). For the properties (2.24), we may show by the estimates

( In(t) = allo < [le"®a — al|go + MCapln,ul -,

lu(t) = bll ooy < [0 = bl pvoov-0) + MCapln, ul e,

A —
() 35 < lle®®all g+ MCapt™n, ulxps,

. < ||eVtA . —o/2 s
g, <1, MOy
with the aid of Proposition 3.10, where M := [|n||pec(z0) + H’U/HL%O(LNQ/(N—G)). Moreover, since the

condition (5.7) of T, is independent of the initial data (a,b), we can extend the existence time
interval T to T by repeating this argument with replacing initial data within many steps. Thus we
obtain (2.23), which complete the proof of Theorem 2.9. O

5.3. Time-decay properties of global solutions. Finally, we consider the time-decay properties
of global solutions. Since it is shown that the solution exists globally in time from Theorem 4.3
(iii), it is sufficient to show that global solutions decay as the limit ¢ — co. To show the time-decay
in the same norm of the space of the initial data, we use the density argument.

Lemma 5.3. Let 1 < p < o0 and 0 < T < oo. Suppose that 1 < r,q < N satisfy (2.1) and
0 < s < 1 satisfies (2.2). In addition, suppose that 6 satisfies

(5.9) max{1/N,1/N — (1/r —1/q),s/N +1/r—1/q} <1/0 < (s+2)/N.
Then, for the nonlinear terms Iy, 12, Ji, and Jo defined by (4.4), it holds that

() Ol 2w < Caat! ™ @1, e ) 1720, 752 e,

M2ty m) @) g2 < Caat' ™ ([l o) + el oo uvosn-o))

s/2 s/2
(510) X (HT mHLtOO(Bi_l2+N/T) + HT u|’LfO(B;31+N/q)> 5

1-N/(20 2 2
11, o)l 1070 < Cant 1O w, v| o g vosix—ay |7, 7 Ol o ey

1-N/(26) s/2 s/2
172, m)($)]] 107 < Cant s mll e o 1, 705 m| oo o2y

for all0 <t < T,0<d,v< oo, and (n,u),(m,v) € X5:°NBC([0,T); L7 x P(LNY/(N=0)N) “where
Cap =0C(d,v,N,r,q,p,5,0,0) >0 is a constant independent of t,T,n, m,u, and v.
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Proof. First notice that we may take 6 satisfying (5.9) by (2.1). Since 2—N/r < (1/2)(3—N/r) <s
holds from 1 <r < N and (2.2), there exist r < r, < N/(2 —s) and ¢ < ¢« < N/(1 — s) such that
max{1l/r+1/N—-1/0,1/g+1/N—-1/0} <1/r, <min{l+1/N —1/6,(1 —s)/N +1/q},
1/¢g+1/N—-1/0<1/q. <1+1/N —1/0.

Then it holds by Proposition 3.1 that

s—24+N/r s— 2+N/7“* s—14+N/q s— 1+N/q* s—14+N/q $—2+4+N/r
BT1 C B ; Bq71 C B ; Bq7l - B(l/r 1Ny

Hence, for 1 <rg <r and 1 < ¢y < ¢ satisfying
1/rg=1/rs +1/0 —1/N, 1/q9=1/q.+1/60 —1/N,

we obtain

(B )| pe-aravrme < OULP ga-zinsms 1Bl pjo-rmmr + el B 5 0 groonrr, )

(1/7‘*—1/N) 13

el '5—2+N/T|W}||L9 + el zoll¥| 's—2+N/r),

£l go—2inme  lollpo + ||fHLN9/N o[l g wm)
(1/7«*—1/1\1)— 1

< C(
< C(
Hf@” =2/ S <C(
< 1N grsmsallelzo + U flsocs-o el s
< C(
< C(

If ©gll 5 L/ < 1l gs—1+n7ac gl prvosov—oy + (| Fll prvosov-o) |Gl go-14n/ar)
qx,1 k1

1F1l gs—renvallgll pnvosov—o) + |1 F | Lvosov—o) gl gs—14n/a)
q,1 q,1

for all ¢, € .7 and f,g € .V by virtue of Propositions 3.3 and 3.4. In addition, we see by
Proposition 3.8 that

|| thv f” —2+N/r <Cd + (N/2)(1/re—1/7)—(1/2)(1—s+N/r—N/rs) Hf”

s— 2+N/'r*,

Heymv'fHB—yN/q < Cyyt~ N2/ a0=1/0)=(1/2)(1=s+N/q= N/q*)||f|| =1 N/as
q 261

Heymf”gjw/q < Oyt~ N2 ro=1/a)=(A/2)(A=s+N/q=N/rs) HfH o 2N/

for all f € .. Since the condition V-u = V - v = 0 implies that u - Vm = V - (um) and
(u-V)v=V"-(u®wv), we observe that

t
1 (nsm) ()| g-23/r < Cap /O (t = 1) 2N/ (7) (K % m)(7)]| yoosnyr. dr,

rg,1

t
H2(w, m) ()] g2/ < Ct /0 (t =) 2N () (r)]| oz d,
T, e,

t
11 (u, v)(ﬂ”B—i-’-N/q < Cayv / (t— T>S/2_N/(26) |lu(r) ® /U(T)HBS—i-‘rN/q* dr,
q, 0 a9,

t
192(n m) ($)]| g-re570 < Cat / (t — 1)/ 2 N/CO| () (K % m)(7)]| po-e AT,
q, 0 79,
which yield (5.10) combined with the above estimates. This completes the proof. O

In case the interpolation exponent p = oo, it is unknown whether global solutions decay in the
same norm of the space of the initial data. However, we may obtain the time-decay properties in
the sense of the weak-star topology.
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Lemma 5.4. Let 1 < r < 0,5, € R,0 < a <2, and 0 < v < oo. Suppose that F €
Lys.((0,00); ByY,) satisfies

loc

< 00.

M:wwmem+m] |
By

0<t<oo 0<t<oco

t
/ e”(th)AF(T)dT

0

t
lim </ eV(tT)AF(T)dT,<p> =0
t—o0 0

be arbitrary. By Proposition 3.2, we may take a sequence {¢;}2; C %

Then it holds that

for all p € Br/(r AL

Proof. Let ¢ € BT/(T 1

of functions satisfying lim;_, [[¢ — ;|| 5-= = 0. Hence, in a similar manner to the proof of
r/(r—1),1
Lemma 4.13, we have

t
KAWWWdWM /MW%< R T Y

1/(77

< MCB(a/4,1 = a/2 ™ o4 )| oy atare,
/ )1

'r (r—1

which yields

t
tlg]& </0 /DA R (1) dr, (pj> =0.

Thus we may show the desired property in the same way as in the proof of Lemma 4.13. O

Proof of Theorem 2.5. First, notice that we may take T' = oo, i.e., obtain global solutions (n,u) by
virtue of Theorem 4.3 (iii). Hence, it remains to prove (2.16) and (2.17). Suppose that 1 < p < oo.
Since 1 < r,q < N satisfy (2.1), we may take 6 so that

max{2/N,s/N+1/r—1/q} <1/0 < (s+2)/N

holds. Since 6 also satisfies N/(N —1+3s) < 6 < N, Theorem 2.9 implies that if we choose an initial
data

(a*, b*) S (B;gJFN/T N LG) X P(B;pl""N/q N LNQ/(N—Q))N
satisfying

with sufficiently small 0 < e, < 1, then the corresponding solution has the additional regularity

(14, ux) € BC([0,00); LY x P(LNY/(N=0)N) Here, by the assumption (2.14), we may assume that

the initial data (a, b) satisfies [|al| ;—2+n/r + bl 5-14v/4 < €+/2. In addition, we may take a sequence
P 9P

{(aj,bj)}52; C A x ()N of functions satisfying
Jll)m (Ha - CLJH 72+N/7' + Hb b]HB(;;+N/q) = 0

by virtue of Proposition 3.2. Thus we see that {(a;,b;) ;2. fulfills the corresponding condition

(5.11) by taking j, sufficiently large. On the one hand, Theorem 2.1 (iii) yields

il (”” = ll gz + e = “J"’La(B;i*N/q)) =0
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where {(n;,u;)}32; denotes the corresponding solution with the initial data {(a;, b;)}32, . On the

J=j
other hand, since {(n;,u;)} satisfies (4.3) and since 6 satisfies (5.9), we see by (5.10) that

o0
J=Jx
(In;(t) ||B;§+N/r

< HCthajHB;ngN/r + Gt NV/20) (HnjHLtOO(L@) + ||uj||Lt°°(LN9/<N*9))) [, ws]xss,

2t (D)1l 174

< Heymb]’HBfHN/q + Cd,ytl_N/(w) (H”j”L;;O(LG) + HujHL;X’(LNG/(N*W)) [, wy]xze.
a,p

Thus we have

Jim [l (0)] 21000 =0,

for each j. < j from 1 — N/(260) < 0 and Proposition 3.10. Therefore, we observe that

Jim ot (9] 1w = 0

timsup ( ()] y-zesr + [(t)| 5-sena )
t—o00 P P

< timsu (Ing (0l zoe + ot 15500 ) +llm = 5l e ot =l o
= HTL - nj”[/g(Br—j"'N/T) + HU - uj”[/g(B(;’lfN/Q)a

which yields (2.16) by letting j — co. Finally, we shall verify (2.17). In case p = oo, since (n,u)
satisfies (4.3), we have

(n(t), @) = (¢"%a,0) = (11(n,m), ) = (L1 (w,), ).
(u(t), £) = ("0, f) = (Ji(u, w), ) + (J2(n.n). f)

for all ¢ € Bf/?ivf I) Land f € (B;/?flvf f) 1)N . Therefore, by combining Proposition 3.10 and Lemma
5.4, we conclude that (2.17) hold. This completes the proof of Theorem 2.5. O
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APPENDIX A. REGULARITY PROPERTIES OF THE HEAT SEMIGROUP

In this appendix, we give the proof of Proposition 4.11, i.e., the regularity properties of mild
solutions of the linear heat equation. We note that the proof of Proposition 4.11 is mainly based on
Lunardi [28, Proposition 4.2.1 and Theorem 4.3.4]. Here, let us recall the definition of the y-Holder
spaces, namely, we define

._ lo(t) — (1)l x
lellevieryxy = llellLeo(e,r):x) +€<t7T81<l$’t# =P

for0 <e <T < o00,0<7vy<1, and a Banach space X.

Proof of Proposition 4.11. (i) Take an arbitrary 0 < ¢ < T and fix it. Then the following decom-
position
t
(A1) O(t) = "1=5/D2p(c/2) + / e’y (r)dr
€/2
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holds for all e < ¢t < T. Thus we see by Proposition 3.8 that

1905530 < OOt =2/2) 71006/l +C [ (vle =) @D ()l o

< C(ve)™P? H‘M‘L;?(Bg +COS.(vT)" P

o)
holds for all 0 < f <2 —«a and € < t < T, where S; := H‘PHLoo((a/g ), =0 Noting that

(A2) (thA _ I)eu(t—T)A _ /
t

—T

t+h—T t+h—T

e d\ = v / A’ M AN
t

—T
holds for all e <t < T,0 <7 <t,and 0 < h <T —t, we see by (A.1) that
O(t+h) — D(t)

t t+h
:( vhA I) v(t—e/2) A(I)(E/Q) / ( vhA I) v(t—7)A ( )dT+/ €V(t+h_T)A(p(T)d7'
t

t+h—1 t+h
= 1// Ae e I=/DRp (e /2) d)\—i—z// / e My )d)\dT—i-/ "R (1) dr
e/2Jt t

holds. Hence, it holds by Proposition 3.8 that
|®(t+ h) — <I>(t)HBs+ﬂ

< cy/ (X)X A D e f2) | 5,

t+h—1 t+h
+C’Su/ / 2 <a+ﬂ>/2dxd7+cs/ v(t 4+ h — 7))~ @A/ 2qr
/2 Jt
< CWh)' PP (w(t —e/2)7M|1B(/2)]l 5

t
L 08y (@tB)/2 / ((t = 1)+ _ (4 4 = r)~@tB)/2)gr 4 01 —(0+8)/2p1~(0+)/2
€/2

< Cu*5/25*1h1*5/2yyq>\|LoTo( :

By T CS.y~(@t8)/2pl—(ath)/2,

which yields

1 oy .
g 1B+ h) = W) gers < Cv T2 @] ooy + OS2,
(ii) Take an arbitrary 0 < ¢ < T" and fix it. Then it holds that
t t
(A.3) AertAGr = 1 D’y = (I — e(I7e/2)8)
€/2 €/2

for all e <t < T. Hence, it holds by (A.1) that
t
(A4)  AB() = A0ty + [ AR () = ) T = D)),

By the definition of the Hélder spaces, we have

le(T) = o)l gon < Ke(t —7)7
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for all /2 < 7 < t, where K, := Hg0||m((6/2 ). B34m): Thus we see by Proposition 3.8 that
) yDPr,p
|AD() 20

< Cult - 2/2) 20/ 5 +C [ =) ol) = 0 g + 20K

< Ce) V2 sy + ORar (1 +TY),
Besides, we see by (A.2), (A.3), and (A.4) that the following decomposition
AD(t+ h) — Ad(t)

t
— A(euhA _ I)eu(tfs/Q)A(I)(g/2) + A(eu(t%»th)A _ eu(tf-r)A)(sO(T) o go(t))dT
€/2

t t+h
L, AR (o(t) — o(t + h))dT + /t AN (o(1) — (t + h))dr
3

_ 1/71(1 N ey(t+h75/2)A)(p(t + h) + 1/71(1 _ ey(tfs/Q)A)(p(t)

h t t+h—T1
_y / (— A2 -2/A8 (2 /2)dA + v / / (—A)2e (o(r) — (1))dNdr
0 e/2Jt—r

t+h
— v (@B = TR (o(t) — o(t + h)) + / A UTTDA(o(r) — o(t + h))dr
t

h
- I/il(I o 6U(t+h75/2)A)(90(t + h) o @(t)) +/0 Aeu)\Aeu(tfs/Q)Asp(t)d)\

holds for all e <t < T and 0 < h < T — t. Therefore, noting that the following calcuration

t t+h—1 t 0
/ (t—1)7 / A 2d\dr = / h(t =) Yt +h—71)"tdr < h? / N tn+1)"tdn < ChY
€/2 t—T €/2 0

from a substitution n = (¢ — 7)/h, we see by Proposition 3.8 that

AR + h) = AD(H)] goin

t+h—7 )
()2 (r) — ()] e

h t
<Cv / (A LN (—A) DG 2) | st + O / /
0 e e/2Jt
t+h
+ 207 () — (t + M g + 0/ w(t+h—7)" elr) — et + M gendr
| t ,
h
+ 27 lp(t+ h) — Pl gatn + C/ (V)\)%IGD\H(—A)vey(t%ﬂm@(ﬂHgsgn
) 0 L)

t t+h—1
< OO (vt = /2) @ + O™ [y [ arar
’ €

t+h
+ 2K W+ CKv! / (t+h—7)"Ydr + 2K ' + CvV W K (vt —e/2)) )
t
< C(Vs)—l—ﬂ/%—w\|<1>||L%O(Bs )+ CKv (1 4e7)h7,
which yields

1
SIAR(E +h) = AGO)] gy < Cve) 26|l g5, + R (1427,
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Thus we see that A® € C] ((0,T); By5") holds with the estimate

AR (o ),y < Ce Nwe) 21 + e NNl oy ) + CR(L+T7 +677).

Hence, we also have 8;® = vA® + ¢ € C ((0,T); Bi5"). This completes the proof of Proposition

loc
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