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We refine the decay estimate of the heat semigroup {7'()},, defined on homogeneous Besov spaces B;{q(R”) for
s €R, p,q € [1, ], which is obtained by Kozono et al. (2003). In particular, we give an explicit representation
of a constant appeared in the decay estimate of {T(r)},5,, which provides a space-time analytic smoothing effect
of {T(t)}5. As a by-product, we obtain a radius of convergence of the Taylor expansion exactly. Furthermore,

it is also showed that {T'(1)}5, is a bounded analytic Cy-semigroup on BS (R") for s € R, p,q € [1, o), where
{T(®)},59 can be extended as an analytic function of ¢ on the sector {r € (C\ {0} | |argt| < 0} with an explicitly

given constant 6.

1. Introduction

Let us consider the family of the operator {T(f)},5o in R"(n > 1)
defined by T(t) := F-le=lE’F for each r > 0, where F and 7~! denote
the Fourier transform and inverse Fourier transform, ie.,

) = / S fEdE (1.1)

. —ié-x
FLAUG) = /Rne S(x)dx, @y

for all f belonging to the Schwartz space & in R”, respectively. Recall-
ing the heat kernel G, defined by

1x1

—e 4 (1.2)

G (x) 1= F e |(x) =
(4zzt)2

for all (z,x) € (0,0) x R", we see that T(r) = G, * holds for all r > 0.

The family of such an operator is often denoted by {T'()},5¢ = e} >0

and called the heat semigroup.

In this article, we prove a space-time analytic smoothing effect of
the heat semigroup {7'(r)},.o on homogeneous Besov spaces BS /(R
for ] < p < oo,s € Rand 1 < g < oo, together with a radlus of
convergence of the Taylor expansion. The homogeneous Besov spaces
B;‘q (R™) will be introduced in Definition 2.1. We also show thgt the heat
semigroup {7'(r)} 5 is a bounded analytic Cy-semigroup on B;,q(R") for
l<p<oo,seRand 1 £ g < oo, i.e.,, T(¢) can be extended to an
£(BS (]R"))-Valued analytic function in the sector {t € C\ {0} | |arg?| <

0} w1th an explicitly given constant . In addmon, we reveal that even
if the case of g = oo, the heat semigroup {T'()},5, is a bounded analytic
C,-semigroup on some closed subspace of B;m(]R").

For the proof of the space-time analytic smoothing effect of
{T()},50, we shall show a decay estimate of the heat semigroup {T'(r)},5
on B;’ ,R). Namely, we refine the inequalities given in Bergh-
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Lofstrom?!» Chapter 6 and Kozono-Ogawa-Taniuchi,?> lemma 22 and we
obtain an increasing rate of the constant depending on the space-
time derivative. Here, the derivations of those inequalities are mainly
based on Fourier multiplier theory. Specifically, in order to improve the
basic estimates on the homogeneous Besov spaces, we precisely analyze
the estimates of the multipliers |£|° and (i&)* which are symbols of
the fractional Laplacian (— A)% and differential operator 0¢. Since the
homogeneous Besov spaces B"/ P(R") are continuously embedded in
the space L®(R") of bounded functlons, we shall show a space-time
analytic smoothing effect of the heat semigroup {T'(#)},», on B;’ q(]R"),
by estimating the constant appeared in the decay estimate.

The paper is organized as follows: The next section introduces
notations and function spaces used throughout this paper. In Section 3,
we state our main results. More precisely, we first give a decay estimate
of the heat semigroup {7'(t)},5o, on homogeneous Besov spaces B;’q(IR" ).
Secondly, we state that {T'(t)},5, defined on B;’ q(R”) has a space—
time analytic smoothing effect, which implies that 7'(r) f becomes real
analytic jointly in space and time even though f is singular data
such as the Dirac measure § that are unable to handle the standard
Lebesgue space L?(R") framework. Thirdly, we state that {T'(1)},5 is a
bounded analytic C,-semigroup on BA ,(R"). Fourthly, several proper-
ties of {T'(?)},59 on B3 (R") are glven Wthh can be obtained by the
above results. From Sectlon 4, we show the several estimates on the
homogeneous Besov spaces B[j HUSON which is needed in the proof of our
maln results. Section 4 proves the estimates of the fractional Laplacian
(- A)z and differential operator 9% on B3 (IR"), where these estimates
are based on a precise analysis of the multlphers [€]° and (i&)*. In
Section 5, we refine the decay estimate of {T'(r)},5o on B;’ q(]R") given in
Kozono-Ogawa-Taniuchi,? 1¢mma 2.2 by combining the analysis of the
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multipliers and the estimate of the heat kernel G,. Section 6 shows our
main results. By applying the decay estimate of {T'(t)},», on B‘ SR
with the aid of higher derivative estimate of functions thernselves on
B;’q(R"), we establish a precise decay estimate of {T'(1)};5o on B;,q(R” ),
which provides a space-time analytic smoothing effect of {T'()},5, on
BS ,(R"). To prove the space-time analytic smoothing effect, the em-

beddmg B"/ P(R") ¢ L*(R") and the Stirling formula play an important
role. As a by -product, we obtain that {T'(#)},5, is a bounded analytic
Cy-semigroup on B;q(IR") Finally, in Section 7, we give the proof of
Corollaries 3.9, 3.10, and 3.11 which are an immediate consequence
of our theorems. In Appendix, we prove that {T(#)},5, on B;’q(R") is a
bounded Cj-semigroup which has differentiability on ¢ > 0.

2. Preliminaries

In this section, we define notations and function spaces. The natural
numbers are denoted by N and the real numbers by R. Define N :=
Nu {0}. For a multi-index a = (ay, ..., a,) € N, we set

a . 301 Xn @ . 9 X e
0% =0y 0y, x¥i=x e x,t, la| i==a; + - +a,.

A binomial coefficient is written as (%). Let B, be the open ball in
R" centered at origin and radius r > 0. For Banach spaces X and Y,
let £(X,Y) denote the Banach space of all bounded linear operators
from X to Y. If X =Y, we write £(X) := L(X, X). For an open set
Q, let BC(2) and BUC(£) denote the Banach spaces of all bounded
continuous functions and bounded uniformly continuous functions on
Q, respectively. Define BCK(Q) := {f € CK(Q)| 0% f € BC(2), |a| < k}
and BUCK(Q) := (f € CK@)|0°f € BUC(R), |a| < k) for k €
N. We write C®(£) as the set of all analytic functions on Q. Define
BUC®(Q) := nkeNo BUCK(Q) and BUC?(Q) := C?(R) N BUC®(R).
For the case of X-valued function spaces, we write BC*(2;X) and
BUCK(@2; X). For m € N, we define the Sobolev spaces H"(R") and
H™R") by

H™R") := {f es’

I Nmgeny 2= Y, 102 fll 2ny < 00 }

|a|<m
H"(R") 1= {f es' /P | 1 W gy = NC=2)% Il 2qgeny < 0 }

where &’ and & are the sets of all tempered distributions and polyno-
mials on R”, respectively. Notice that the following relation
Col lf lgm@emy < Y, 101l 2y < Coll £ Nl imeny
|a|=m

holds for all f € H™(R"), where C,, > 0 is a constant independent of
f- In particular, for every f € H"(R"), it holds that C; YAl Hngny <
1A 2 ey + 1N rmgny < Conllf 1 pgmzeny-

It is well known that the Fourier transform F and inverse Fourier
transform F~! defined by (1.1) can be extended on §’. We see that the
relations

R =F g Flifgl=F ')« F g

hold for all f,g € &. In addition, the Parseval identity ||F f||;2gn) =
(27r)g I f1l 2(gny holds for all f L?(R"). Since the elementary relations
FI:f1= GOFIfL,  FI=HY f1= PN FIf]

hold for all N € N, a € Ng and f € &, we can define the fractional
Laplacian as a Fourier multiplier operator (—A)% = FlgI°F foro e R.

For 1 < p < oo, let us introduce the Banach spaces M,(R") defined
by

||P||Mp(Rn) ‘= sup

fes\{0}

M @R =< pe s’
d L/ Lormy

NF~ oF £l Loy }
—_— < .

(2.1)

It is known that the space M,(R") has a scale invariance property.
Namely, for every p € M H(RM), the function p,(&) := p(4¢) satisfies
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||pA||Mp(Rn) = ||p||Mp(]Rn) for all 2 € R\ {0}. In addition, since & = LP(R")
holds for all 1 < p < o, the Fourier multiplier operator F~!pF can be
extended to the bounded operator from L?(R") to LP(R") and we obtain
||p||Mp(Rn) = ||F’1pF||£(Lp(Rn)). For the case of p = oo, the above state-
ment does not hold due to § # L®(R"). However, even if the case of p =
o0, the Hahn-Banach theorem gives that the Fourier multiplier operator
F~1pF can be extended and we have ol ey = IIF~ pP||£(Lw(R,.))
For details, see Bergh-Lofstrom. !> Definition 6.1.1, Theorem 6.1.3 Therefore,
since it holds by the Hausdorff-Young inequality that

IF ' 1oF Ul ogeny = ICF ™" 0) 5 fll oy < NF " oll L1y 1L | Loy

we see that

||P/1||MP(RH) = ||P||M,,(1Rn) = ”F_IPFHL(LF(R”)) < ”P_l/’”L‘(]R”) (2.2)

holds for all 1 <p< oo and 1 € R\ {0}.
We recall the definition of the homogeneous Besov spaces B; SR
as follows.

Definition 2.1. Let us take a function ¢ € § satisfying

suppp ={E €R"|1/2< 5] <2}, &) >0 forl1/2<|é| <2,
T (2.3)
Y o2& =1 forall ¢ eR"\{0).
Jj=—o0
We also define the sequence {¢,} ;¢ of function by
@, =F o278 (2.4)

for j € Z. Then, for 1 < p < 0, s € Rand 1 < g < o, we define the
homogeneous Besov spaces B;q(]R") by

L a , _
B;q(R") ={fes /2| ”f”B;'q(]R”) < oo}
with the norm

1

5} ) q
{ 2 (2¥le; * f”Lﬁ(]R"))q} 1<g<oo,

j==co

”f”Bf,v,,(R") = .
sup {2””(.0,- * f”LF(R")} q = o0.
jez

In case q = co, we introduce the closed subspace B*
defined by

(R") of B;YW(R")

p,oo+

poc_,_(R”) = {f € B;.W(Rn) jE{_Pw 2YNl@; # fllpgny =0 } . (2.5)
We easily see that the sequence {¢,} ;cz of function defined by (2.4)
satisfies

@ x@=0 (Ij—k|l22) (2.6)
and the elementary embedding on the homogeneous Besov spaces

X n N n N
BMO(R )CB (R yC B

0 o R C B (R (1<q)<q) <o)

holds. Besides, we see that the embedding
B;/IP(R”) C B&,I(R") C BUCR") c L®(R") (1< p< o)

holds by Bahouri-Chemin-Danchin? Proposition 2.20 and
Sawano,* Theorem 3.21, Remark 3.22 Notice that we need to consider the
space modulo polynomials & in the definition of the homogeneous
Besov spaces B;Y q(]R") in order to make it the Banach space. However,
in case s < n/p or s = n/p with ¢ = 1, we can obtain the Banach space
without considering the space modulo polynomials % by modification
the definition of homogeneous Besov spaces BS (R”) For details, see
Sawano,>> Theorem 2.33, Definition 2.18 Thep  we w111 write such Banach
spaces as B;’ q(]R"). In the following, for a space X(R") defined on R”,
we will abbreviate X := X(R").
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3. Main results

Here we state our first result on a decay estimate of the heat
semigroup {T(¢)},5o on homogeneous Besov spaces B;q.

Theorem 3.1. Let 1 < p < oo and s € R. For every f € B;_oo, it holds
that 9°9/T(nf € B'* for all « € Ny, j € No, 0 > 0 and t > 0 with the
estimate

M“Tmmyw<mzwwmmm

where K > 0 is a constant defined by
lal

212, 2
K = Cn,o- <7>

with C, , > 0 independent of p,s,a, j,t and f. Here 00 :=1.

lal
la| Z j/(lal + 1) + D"

Remark 3.2. Kozono-Ogawa-Taniuchi?: Lemma 2.2 already showed the

decay estimate of the heat semigroup defined on homogeneous Besov
spaces. However, we further consider the space-time derivative and
reveal an increasing rate of the constant depending on the space-time
derivative in the inequality. Note that by setting || = j = 0, our result
coincides the result given by Ref. 2, Lemma 2.2.

By Theorem 3.1, we may show a space-time analytic smoothing
effect of the heat semigroup {T(#)},», on homogeneous Besov spaces
B . Our second result reads as follows.

Theorem 3.3. Let1 < p < oo and s € R. For every [ € B;w,
it holds that u := T(t)f € C®((0,00) X R"). More precisely, for every
(g, xg) € (0, 00) X R", it holds that

D)

k=0 |a|=k

[ ,14(109)(0)

u(t,x) = alj]

—_— (- fo)j(x —x)*
for all (t,x) € (0, c0) X R satisfying |t — t,| < zty/(2'2en).

Remark 3.4. (1) Theorem 3.3 states that the solution u(z, x) of the
heat equation with the initial data f € B;’oo is necessarily analytic in
space-time even though s is arbitrarily chosen in (—oo, o).

(2) By Theorem 3.3, we see that the solution u(z,x) of the heat
equation with the initial data f € B;’oo is real analytic in space-time
with radius of convergence for time variable at least zt,/(2'2en) at the
point (), xy) € (0,00) X R". In addition, a radius of convergence for
spatial variables is infinity, which implies that it can be represented by
the same Taylor expansion for every x € R" under the condition 7 > 0.
The reason is due to the difference of the increasing rates |«| llz‘ and j/,
in Theorem 3.1. We also see by the Stirling formula that

1
/al2,\/ i 12
hm{%ﬂ(31>ﬂu+w} e
jooo | j! T it

(3) As is mentioned before, in general, it is necessary to consider
the space modulo polynomials in the definition of the homogeneous
Besov spaces. However, it does not cause any troublesome since any
polynomial is real analytic with respect to spatial variables.

Remark 3.5. We should refer®® for recent contributions to the space
or time analyticity of the solutions of the heat equation. Furthermore,
there are several results on the space or time analyticity of solutions
of the Navier-Stokes system,’~!! Schrédinger equations,'*!®> Burgers
equation'* and primitive equations.'®

As a by-product of Theorem 3.1, we see that the heat semigroup
{T(1)},»0 on homogeneous Besov spaces B‘q is a bounded analytic
Cy-semigroup. Our third result reads as follows.
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Theorem 3.6. Let 1 <p<oo,s€Rand1<q< oo
(i)Incase 1 < p < ooand 1 < q < . T(t) can be extended to an
E(B;’q)—valued analytic function in the sector X on the complex plane C

defined by
>:={1teC\{0 t] <sin™! ( =2 ,
{ € C\ {0} ||arg?| < sin (212en>}
ie, T(t) e C“’(Z;E(B;Y q)). More precisely, for every t, € X, it holds that
& 9T tg) o
T@) = ;) i (t—1to) in L(B} ) 3.1

for all t € C\ {0} satisfying

. - V.
|t —15] < |to| sin <sm ! < = )- |argt0|>.
212en

(i) Incase 1 < p < oo with ¢ = . (3.1) holds with B;oo
;,oo+'

(i) Incase 1 < p < o and 1 < q < oo. The family of the operator

{T(t)};50 is a bounded analytic C-semigroup on B;’q. Namely, for an

arbitrary small 6 > 0, it holds that

replaced by

|h|—»1<lfrhlez§ TS = Slig, =0 (3.2)

fordl f € B;,q, where

3, = {teC\{O} 'Wg’l < sin”! <2|72ren> _5}.

(@ii') In case 1 < p < oo With g = 0. (3.2) holds with B;m

B .. '
P, X
(iii) In case 1 < p < 0. It holds that T(t) € C*((0, oo);E(B;

for all ¢ > 0. More precisely, for every t, > 0, it holds that

replaced by

Bs+n'))

S AT (Io)

T = Z

J=0

(t1—10Y in L(B By

p,oo’
for all t > 0 satisfying |t — t,| < nty/(2%en).

Remark 3.7. (1) Theorem 3.6 states that the Taylor expansion of T'(r)
like (3.1) is valid as an C(B;,q)-valued function for all 1 < p < ©
provided 1 < g < oo. However, in case ¢ = oo, neither Cjy-property
nor analyt1c1ty is valid since the domain D(—4) is not dense in BY . To
get around such difficulty, we may introduce the closed subspace Bp ot
as in (2.5), which yields both Cj-property and analyticity of T'(r) as an
E(B* )valued function. On the other hand, since (B;A ) = B* holds
for all 1 < p<oowith I/p+1/p' =1, we see that T(r)f is weakly -star

continuous at t =0 for all f € B;,w, ie.,

hl—ig—lO(T(h)f - f,g)=0 forallge B;,fl.

Furthermore, we may regard 7'(r) as an analytic C(BS B”") valued
function for all ¢ > 0. This is due to the smoothing effect of T(t)

(2) It is seen from general theory of semigroups that the heat
semigroup on homogeneous Besov spaces is a bounded analytic C-
semigroup since it satisfies

10T cqsy,) = IAT @ s, = O /1),

For details, see Engel-Nagel.!0> Theorem 46 Compared with this argu-
ment, in Theorem 3.6, we further reveal a sector ¥ on which the
heat semigroup is extended analytically. We may establish the same
estimate of the [l(B; )-valued function 7'(¢) in the similar manner as in
Theorem 3.3, which implies that a radius of convergence is still at least
wty/(2'%en) at the time , > 0. Since this radius depends on time ¢, > 0,
we may see that T'(r) can be extended analytically on the sector X by
connecting the disk of convergence at each time #, > 0.
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Remark 3.8. There are some results which show that the heat
semigroup on non-homogeneous Besov spaces is an analytic semi-
group. Bae!” showed that the Stokes operator —PA defined on non-
homogeneous Besov spaces Bj (R!) in the half space generates an
analytic semigroup. In addition, Taniuchi'® treated in case p = co under
some additional conditions.

Finally, we state properties of the heat semigroup {T(t)};5, on
homogeneous Besov spaces B; " which are an immediate consequence
of the above theorems.

Corollary 3.9.
0%0/T(1) € L(BS

P00’

having the estimate

Let 1 < p < oo and s € R. Then, it holds that
B;l)forallaeN",jeNOandt>0with|a|+jzl

. _m_.
1050/ T Ol ey iy ) = O <r ; ,) as 1 — +0 or 1 = co.
In addition, aga{T(z) € BUC((g, ); E(B;m, B;l)) holds for all € > 0.

Corollary 3.10. Let1 <p<o,s€Rand1<qg< .

(()Incase 1 <p< oo and 1< q< co. Forevery f € B;q, the function
u:=T@)f satisfies
u € BUC([0,0); B, ) n BUC”((e,00); B, 1 B1*) N C”((0,00) X R")

for all e,6 > 0. In particular, u satisfies the heat equation

ou—Au=0
u©0)=s

in the following sense:

in (0, c0) X R"

in R"

Qu(t,x) = Au(t,x) for all (1.x) € (0.c0) xR, lim [lu(t) = [, = 0.
1=+ .

(i) In case 1 < p < oo with g = co. All of the above results hold with
B; , replaced by B, .
Corollary 3.11. Let 1l < p < oo, s € Rand | < g < co. Assume that
s <n/pors=n/pwith q=1. Then, it holds that 0*0!T(1) € £(B;q,L°°)
forall a e N, j € Ny and t > 0 with the estimate

i -1z 2j—s
1020/ TD)ll 35, 1) = O (z 2 (§+let+2) ‘)> ast— +0 ort — co.

In particular, for every f € B’;’q, it holds that

n .
(p+|a|+21 s)

1 .
sup 12 1020/ T (1) fll o < o0

0<t<oo
and T(t)f € BUC®((e,0); BUC®) holds for all ¢ > 0. Moreover, if
1 < p < oo, it holds that

lim 0%’ T(t)f(x)| = 0.
|x| >0 x“t

4. Estimates of differential operators on the homogeneous Besov
spaces

In this section, we will show the estimates of the fractional Lapla-
cian (—A)% and differential operator ¢ on the homogeneous Besov
spaces. The method in this section is based on Fourier multiplier theory
given in Bergh-Lofstrom.!» Chapter 6

LetlSpSoo,se]RiandlSqSoo.ForeveryfeB;'q,

it holds that (~4)% f € B37* and 0°f € B} for allc € R and « € N
with the estimates

Lemma 4.1.

=22 Fllgye <22ol + D2C,lf gy,

10X F N gt < 22Nl + D2C,If g,

where C, > 0 is a constant independent of p, s, q,c,a and f.
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To prove Lemma 4.1, first we show the basic proposition on the
higher derivative estimate of the function |&|°.

Proposition 4.2. Let R > 1. It holds that

1021171 < G RV (Jo] + 1)1V (4.1)

foralle € R, B € Ng and & € By \ {0}, where C; > 0 is a constant
independent of £, R and o.

Proof. If |f| = 0 or || = 1, then (4.1) obviously holds for all ¢ € R.
Assume that (4.1) holds for all ¢ € R and for some g € Ng with
|| = k € N. Then, we have

102161721 < Gy R (Jo = 21 + DFIE172F < GRS (o] + 3117727+ “2)
<3°C,RN (o] + 11|77,

Since it holds by the Leibniz rule that

9, 001¢1” = oL elel" ey =0 ) <f)<ag|:|"*2)a§*’5j

r<p

= o(@L1E" g +0 ) (f ><ag|¢|”*2>a§*’f.,

r<p
it follows from (4.2) and |ag‘y§j| <1 that

l0;,021¢1°1 < lol101E17211g;1 + 1] (f) At

r<B

2 S T
<ol 3*CyR¥ (|o| + DF|E|°~27F 1|

+ o] Z <€)3|VICVRM2(|°'| + Dlrljgle=2-1l

y<B

< 3kCﬂRk2(|G| F 1Yol Rk2(|0_| 4 k!

X Z <g>3|7\cy|§|5*2*|7|

r<p

2
— Rk (lo_l + 1)k+l|§|6—(k+l)

3kC <ﬁ>3lrlc ke=lrl-1 L
x{ ﬁ+;ﬁ L J3rce

Notice that |£[*7"'"1 < R* holds since y < p is satisfied in the
summation. Hence we have

R 3kc <ﬂ>3mc lyl-1
{ ﬂ+;ﬂ L )3C e
< RV {3kc,, +RY <’;>3|7'c,}
r<p

< R(k+l)2 {3kcﬂ + Z <ﬁ>3y|cy}’
7<p N\

which implies that (4.1) holds for g € Nj with || = k + 1. This proves
Proposition 4.2. []

Next, we prove the estimates of the multipliﬂers |€]° and (i€)* which
generate the Fourier multiplier operators (—4)2 = F~1|£|°F and 9% =
FolGeF.

Proposition 4.3. Let ¢ € § be defined by (2.3). It holds that

if p(&) = £1°,
if p(&) = (i&)*

29721l 12

2 < j
2ol 2 < {2|"’|12|”’|||(.0||L2

and

207210l (|a| + 1)"C,, || @l| g
2leliglel(ja| + 1)"C, [l @l g

if p(&) = 1&1°,

if p(&) = (i&)*

foralloc eR,a € N(’; and j € Z, where C, > 0 is a constant independent
of o,a, j and .

1P/ Ol g < {
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Proof. By the definition (2.3) of the function ¢ € &, it is sufficient to
consider on the annulus 1/2 < |£| < 2. In the case of p(¢&) = |€]7, we
have

[p(278)] = 127¢|° = 2°71¢|° < 20721,
In the case of p(¢) = (i€)*, we also have
@9 = i2/8)%| = 217V |ge| < 2oV gl < olebialed,

Hence it follows that

Q' E0ll,2 = < / Ip(2j§)w(§)|2d§> ’
1/2<|¢1<2

29720l 2
= 2leliglal lloll 2

if p(&) = 1£1°,
if p(&) = (i&)".

Next, we take a multi-index g € Ng satisfying || = n. Then, in the case
of p(&) = |&|°, it holds by the Leibniz rule and Proposition 4.2 that

10l (p2 N < Y, <f>2”j|0§|§|“||0§_y<p(é)l

r<p
<27y (”) ¢, (ol + D11 M9l 7 (@)l “4.3)
r<p Y
<27(lol + 1"C, Y, l&I° Mol 7 p(@).

v<p

Hence we have

1

1022 D)l 2 = < [ (ﬂ(2j§)<p(é))lzd§>2
1/25)¢1<2

<2%(lo| + 1)'C,

x Haaeld |a’3‘yrp<f>|2df:>
g,‘; </1/25|5|52 :

1
<27 (o] + 1y'C, ¥ 2l </ 7 ooV Pd )2
(ol +10'C, Y, UL LU

r<p
<2729 (o] + 1)'C, Y 19} " @l 12
r<p

1=

which yields

0@ el <C, Y, 10202
|Bl=n

<2721 o| + 1y'C, Y D19 gl 2
1Bl=ny<p
<292 (|o| + 1)"C, |l -
In the case of p(&) = (i€)*, we note that

<a>§"_7 if y <a,
14

Ve _
65'}’: - .
0 otherwise

and the estimate of binomial coefficients
!
k k—j+1 k .
=TT —= <TI1%<k+1
(1)-T15 <I15 <o
Jj=1 j=1
hold. Hence it follows that

l}&°] < <';>|§"’V| <lg (‘;f) <lg W ey + 1y
j=1

j=1 N

for k,1 e Ny with ] <k

J
< [el ™ al + D

y € N, we see that

provided y < «. Since the estimate is also valid for all multi-index

|07(p@ )] = l0L@i8)"| = 1@ i)\ 0]&| < 21V (Ja + D) jg| =]
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holds for all a,y € Ng. Therefore, it holds by the Leibniz rule that

0l (2 DN < Y, (f ) 101 (o7 EN192 7 ()]

r<p
<y (ﬁ)zxauw + D10l (o))
r<p ¥

<2"i(lal +1)'C, 2;} el =10l (@)1,
1S

This inequality is similar compared with (4.3), so we can derive desired
estimate in the similar manner as in the case of p(¢) = [£|°. This
completes the proof of Proposition 4.3. []

By Proposition 4.3, we may prove the following estimate.

Proposition 4.4. Let 1 <p < oo and ¢ € § be defined by (2.3). It holds
that

209201 (|o | + 1>%l"cn||rp||m if p(&) = 1EI°,
20kl (a| +1)2"C,llgllgn if pE) = (iE)"

fordloc €R, a €N and j € Z, where C, > 0 is a constant independent
of p,o,a,j and ¢.

lo@@~ &)y, < {

Proof. By (2.2), we have ||p(p(2’fcf)||Mp < NP @ &)@l for all
1 < p < co. Let us define the constant R; > 0 by

1
127 &)@l gyn ) n
Ry '=\"——7r] . 4.4
/ (Ilp(Zféf)wlle @4

In the L2 framework, the Parseval identity || F f]| > = (27:)% [ /1l ;2 holds.
Then, the Schwartz inequality and polar coordinates give that

1

2
/ P2 Ol ldx < < / dx>
[x|<R; IXI<R;
1
. 2 2
X ( /| ‘ [P~ [p(2 &)@l(x)] dx)
xSRl

1
R; 2 )
s(um /0 r"-ldr> 17 102 Ol 2

< C,R 16290l 2

and

/ [P~ [p(2 &)@l(x)|dx
|x|>R;

1 1
2 2
s( / |x|—2"dx> < / |x|2"|r—1[p(zfm](x)ﬁdx)
|x|>R; |x|>Rj
w 3 N
s<|31|/ r‘2"~r"‘1dr> (/ x| P~ [p(2 &)@) ()] dx)
R; R”

<CR ( / IXIz"IF"][p(2’5)(p](x)lde>
Rfl

[STE

We set P(£) := p(2/&)g(&) for simplicity. Since the relation F~![f](-x) =
(27)™"F[f]1(x) holds, the substitution x = —¢ and the Parseval identity
give that

1 1
< /]R |x|2"|r—1[P]<x>|2dx)2 - ( /]R I—§|2"|P‘1[P](—é)|2d§>2

1

1 " 2 2
= n (/ [ 1EIMFLPIO)|| d«f)
@n: \Jrs

i 2 \3
=< / I=4)2 P)| d:)
R7

= =D2 P2 = I Pllggn
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which implies that

1

2 (/ x| F~ [p(2 &)@](x)] dx)

< C, R, 1 Ol 1.

Combining these inequalities, it holds by (4.4) that

||Fl[ﬂ(2j§)w]||u=< / + / >|P1[p<2f¢)w](x>|dx
|X|<R; |x|>R;

<c, <R,? /@&l ,> + R, ||p(2f:>¢||m>

/ [P~ [p(2 &)@l(x)ldx < C,
[x|>R;

. . 1
=C, (lp@ &l 21102 E)@ll gn ) 2 .

Therefore, in the case of p(¢) = |£|°, we have

1710 &)lllr < G, (10 Ol 2102 )l 1n) 2
<C, (27129 gll 2 - 2727\ (6| + 1Y'Cyll @l yn ) 2
< 29920l (|6] + 1)%C,,||(P”H"'

In the case of p(&) = (i€)*, we also have

17 o2 Ol 1 < C, (102 el 2 ||p(2j§)<ﬂ||m)%
<€, (22l - 2020 o] + 17°C, ol ) *
<2120 (o] + 12 C, Il g,
which completes the proof of Proposition 4.4. []
Let us show Lemma 4.1 by applying Proposition 4.4.

Proof of Lemma 4.1. Let {9, } ¢z be defined by (2.4). By the definition
(2.1) of the space M, (2.6) and the relation Fp,](¢) = p(27%¢), we

have
j+1
o, « F pF Allle = Y, llo; * @ F 1o £l
k=j—-1
j+l1
= Y WP WFel * () % Nl
k=j—1
Jj+l
= Y IF ' FeFle; * fllllL
k=j-1
Jj+1
<llg;* flie Y, IoFeullu,
k=j—1
j+1
=llp; * flip kzl w2 Ol -
“~

Therefore, in the case of p(¢)

= ¢1°, it holds by X"
and Proposition 4.4 that

. zo'k <3. 2|O’|20‘j

Jj+1 Jj+1

Y oo O, < Y, 2752710l + D2 C,llgll o

k=j—1 k=j—1
<222°1(o] + 12 C, llpll .
which yields
267U, 5 (=2 fllr < 22N o| + DZC, M@l g - 2Nl @; * £l 1o
In the case of p(¢) = (i&)%, we can show as well. This completes the

proof of Lemma 4.1. []

5. Decay estimate of the heat semigroup on homogeneous Besov
spaces

The aim of this section is to obtain a decay estimate of the heat
semigroup on homogeneous Besov spaces, i.e., to prove the following
Lemma.
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Lemma 5.1. Let1 <p<coandseR. Forevery f € B; o it holds that

T f € B;t” for dll ¢ > 0 and t > 0 with the estimate

2ne

T(t gsto <
TSN _< -

7 .
) @+ DG
where C, > 0 is a constant independent of p, s,c,t and f.

First we recall the elementary propositions. The following proposi-
tion is derived from theory of the real interpolation.

Proposition 5.2. (i) Let 1 < P-4-4o- 41 < and 50,81 € R with sy # 5.
For 0 < 0 < 1, it holds that (B.° p v where s € R is defined
by s =(1-0)sy+ 0s;.

(i) Let X\, X,,Y, and Y; be Banach spaces. Then, if T € L(X, X|) N
L(Yy, Yy), it holds that T € L((Xy, Yp)g,4» (X1, Y1)p,) forall 1 < q < oo and
0 < 0 < 1 with the estimate

P:40° pql)Gq -

1T 2, Ylog (X1 Y1)pg) = ||T||£(X0 X1)||T||£(YO Y

For the proof of (i), see Bergh-Lofstrom.!» Theorem 6.4.5 Eor the proof
of (ii), we refer to Lunardi.!9> Theorem 1.6 Next proposition is easily
derived.

Proposition 5.3. It holds that

(a+ b)a+b < 2a+baabb

for all a,b > 0. Here 0° := 1.

Proof. If a = 0 or b = 0, then the estimate clearly holds. So, we may
assume that a, b > 0. Let us take the one-parameter function f defined

by f(x) := xlogx for x > 0. Then we see by f”(x) = 1/x > 0 that f is
a convex function. Hence it holds that

fOx+(A=0)y) <0f(x)+(1-0)f(y),
ie.,
@x + (1 —0)y)log(@x + (1 —0)y) < Oxlogx+ (1 —0)ylogy

for all x,y > 0and 0 < 6 < 1. Taking x = 2a, y = 2b and 6 = 1/2, we see
that

(a + b)log(a + b) < alog(2a) + blog(2b)
holds. Hence it holds that

log(a + b)**® < log(2°t*ab?),

which yields the desired estimate. []

We see the basic estimate of the heat kernel G, defined by (1.2).

It holds that
2nN \N
I Gl < (=)

forall N eNandt > 0.

Proposition 5.4.

Proof. Fort> 0 and 1 <j < n, it holds that

1
19, Gell 1 = —n/
(4rn)z Jre
o) x2 ) Xz,
=;]/ e_TjrdxjH 1 ]/ e_T];dxk
Art)z /= k#j (4rt)z 7

2 © X; 9 1\3
= : e Wdx; = (—) .
s Jo 2t it

(4rt)2
Since the relation

x| _lx?
- a4 dx

2

G,y = Flem @O o ot [prlel porlel?)

= (Fle ) w Pl = G, v G,
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holds for all #,7 > 0, for a multi-index § = (f;,...,,) € Nj satisfying

|l = N, we see by the Hausdorff-Young inequality that

102Gl = 108! -+ 02 (G -+
= 110y, Gyyn) * - % Oy

#* Gyl

GI/N)”L1
, "N b Ny Y
. 2 2
SH”aijt/N“le S1_[(5) =(;> '
=1 =1

Notice that it holds by the multinomial theorem that

N!
OV = (=02 ==V = ﬁ,< o = ¥ S BD
|B1=N [Bl=N "
respectively. Hence we have
I=ONG N = | Y ﬁ,( WG| < Y Fuo”’G,uLl
|1B1=N L IBI=N
2N 2nN
< X o :
35 -y’

which completes the proof of Proposition 5.4. []

In the following, we show Lemma 5.1. Note that the proof relies
on Kozono-Ogawa-Taniuchi.? Lemma 2.2 Besides, since Proposition 5.4
is only valid in case N is a natural number, we need to apply real
interpolation theory to extend the estimate for an arbitrary positive real
number.

Proof of Lemma 5.1. Let {9, } ;7 be defined by (2.4). Then, for N € N,
it holds by the Hausdorff-Young inequality and (2.6) that

Jj+1

g, = TONe =Y, oy * oy G+ s
k=j-1
j+l1
= Y M) Ng) (NG * (@) * Nl
k=j—1
Jj+1
<le; * flir Y, NN« (NGl
k=j—1

Here, the definition (2.1) of the space M, and the relation F[g@,](¢) =
P(27k¢) gives
I(=H o) = (NGl = IFE N For) * (NG, Il 1

= IF N Fo )P (-)N Gl

< HEN 075, =DV Gl 1.

Notice that it holds by Zf;;_l 272Nk < 3.22N2-2NJ and Proposition 4.4

that
Jj+l Jj+l "
NEN o7 )y, < 272NERNON + 1)2C, ||l gn
1
k=j—1 k=j—1

<2 NN (N + 1)2C, gl 0.
Hence we see by Proposition 5.4 that

252Nl (T )l o < 252N N1, 5 flly - 272NV (N +1)3

2nN\N
x C ne ( )
el - (=
25N\ [
= <L> (N +12G,lloll
t
: Zsj”(/’j * fllpes
which implies that
25nN N n
||T(f)f||B;gN < < Zt > (N + 1)2CV,||f||B;,vo0 (5.2)

holds for all N € N. Note that since ||T(t)f||3;°o < ||f||B;m holds, (5.2)
is also valid N = 0 as 0° := 1. For any ¢ > 0, there exists N € N such
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that 2(N —1) < o < 2(N +1). Hence we may choose 0 < 6 < 1 satisfying

c=2(1-6)(N—-1)4+20(N +1). (5.3)

Since it holds by (5.2) that

25uN=D\V' s
IIT(t)fIIB;;g(H < <T N2C,lIf N
PN+ D\ "
ITOSN gse2n+n < <— (N+22C,IIfllgs _»
.00 it P00

, B2N+Dy holds. By

poo

BTN~ 1)) n £(B‘

pco

we see that T(r) € £(B‘
Proposition 5.2, we have

(BSE&(N*I)’BSJ;(Z’(NJA))HY] — Bs+o"

which yields T(t) € £(B?
(5.3) that

B”") Hence we see by Proposition 5.3 and

5 _ N-1 1-6
(N 1)) N}
it
0

Bn(N + 1\ .
x {(%) <N+z>z} sl

p,o0’

[SIE

IIT(I)fllg;fln < {

< 25" % N 1 5 N+2 EC
(7)) W+D2IN+D2CI SNl
25, % o %"’2 o %
<(== Z 2) (— 3) C 35
< < — > (2 + ) + n”f”B,,m
25n % gy (0O % 2 1 2 .
< (;> 257 (2)2 2235+ DIC,If gy,

2no ? z
< (222) @+ nicirig,.
which completes the proof of Lemma 5.1. []

6. Space-time analytic smoothing effect of the heat semigroup on
homogeneous Besov spaces

Before showing our main result on a space-time analytic smoothing
effect, we shall show the properties of the heat semigroup {T'()},»,
on homogeneous Besov spaces Béq It is well known that the heat
semigroup {7T'(t)},5o on L” is a bounded analytic C,-semigroup for all
1 < p < =. Hence, by theory of the L? framework, we may also prove
the properties of {T'(r)},5o on B; ,In fact, we see that the following
propositions hold.

Proposition 6.1. Let ]| <p<o,se€Rand 1 <q< .
(i) Incase 1 < p < oo and 1< q < co, the heat semigroup {T(t)},5o on
B;‘  isa bounded C,-semigroup which satisfies

IT@Of gy, <f gy, Ta+0f =TOT@S,

, ) ) (6.1)
AT(Wf =ATW)f in B,
and
hl—i»TO TS = fllg, =0 (6.2)

forallt,7>0,jeNand f € B;!q.

(i) In case 1 < p < oo with g = oo, the heat semigroup {T(t)}», on
B;,oc Lisa bqunded C,-semigroup which satisfies (6.1) and (6.2) with B;m
replaced by B, ..

(i) In case p = o0 and 1 < q < oo, the heat semigroup {T(t)},»o on
Bs, ,sa bounded semigroup which satisfies (6.1). In addition, for all t > 0
and fe BA o it holds that

Jm TG+ f =T gy, =0 (6-3)
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(iv) In case p = q = oo, the heat semigroup (T (1)}, on Bw o @
bounded semigroup which satisfies (6.1) and (6.3) with Bf,c  replaced by

s
00,00+"

Proposition 6.2. Let 1 < p < oo and s € R. Forevery f € B;’m, it holds

that T(t)f € B;*f and

a{ T f =NT@O)f in B;j“, hli“lo T +hf-TOf Be = 0

forall 6 >0 and t > 0.

The proof of Propositions 6.1 and 6.2 will be given in Appendix.
In Proposition 6.1, we need to pay attention to the C,-property and
differentiability on ¢+ > 0 for the case of p = o or ¢ = . In case
1 < p < o0 with g = oo, we need to consider the additional condition
lim;_,, o 2S/||(pj * fll;» =0 of (2.5) in order to obtain both Cj-property
and differentiability on ¢ > 0. On the other hand, since (B‘S = BS
holds for all 1 < p < oo with 1/p+ 1/p’ = 1, we obtain the weakly star

continuity at t =0 for all f € B;’oo, ie.,

. B _ -
hliIEO (T(h)f — f,g)=0 forallge Bp,,l.

Furthermore, Proposition 6.2 states that regarding the function 7'(r) f as
a B;j”-valued function gives differentiability on ¢ > 0 without consid-
ering the condition (2.5). In case p = oo, the heat semigroup {T'(t)},5o
on Bgo, , o longer satisfies the C,-property. However, differentiability
on ¢t > 0 is still valid.

Now we are in a position to prove Theorem 3.1. The method of the
estimate relies on Lemmas 4.1 and 5.1.

Proof of Theorem 3.1. For every f € B;w
and 5.1 that

020 T f s = NOTATOF o

, it holds by Lemmas 4.1

<22(Ja] + 1)2 <29 Q) + D CITOS || grosiarsns

.l

<21 (Ja] + 3G+ DI CITOf | greoriats
p.1
< 22U+ (1o £ DI+ 1)3

1 .
o (Zn(o + lal +2)) 2 (eHlalv2)
nt

e +lal + 2/ + D2C Nl -
Here, it holds that
(+lal+2j+ DI < (e+DI(lal +2j+ DI <Cp (el + DI+ D3

Besides, we see by Proposition 5.3 that

(o + |a| + 2j)%(”+‘“‘+2f) < {20+ 60 (|a) + 2j)|a|+2j}%
1
<C, {2Ia|+2j L plal+2) |a|\a\(2j)2j}§

; el .

= G2 a| 2 )Y,

which yields

1 .
Bn(o + |a| +2j) ) 2@+
it

25\ 2@ +Hal+2)
= <_t> (o + |a] +2j)2(5+|0!|+21)
T

lal

¥p\ 2 1
Cn,o' (7) t 2

lal

7\ 2
Cn,o' (7) t

IN

(o+lal+2)) | 2\a\+2j|a|‘;i'(2j)j

1 . |a| .
M6 T 27y
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Hence we see that
||a°'af TOf] Bt
P,

< 2al+4i(g] +1)3(j + 1)2

27n %H
“(%)
/4

(el +D2G+D2C 1 g
laly

212 2
s<7> 1% el + 17+ HDC, N f g

-1 Pyl i
g 2 2y

This completes the proof of Theorem 3.1. []

By Theorem 3.1, we may see a space-time analytic smoothing effect
of the heat semigroup on homogeneous Besov spaces. Besides, esti-
mating the constant appeared in the inequality by the Stirling formula
provides a radius of convergence of the Taylor expansion.

Proof of Theorem 3.3. Let f € B; be arbitrary. Notice that the
function f is an element of the quotient space §’/% by the definition
of the homogeneous Besov spaces BS , which implies that the function
f is represented by f+P in the usual sense for some polynomial P € 2.
However, we may assume that P = 0 holds. In fact, we have

TO(f +P)=TO)f +TOP =Tt f +F! [e_’lfleP] =Tt f+P

for all 7 > 0 since supp F P = {0} holds for any non-zero polynomial P.
Furthermore, any polynomial P is real analytic with respect to spatial
variables, and therefore it is sufficient to consider the case of P = 0
when showing the space-time analyticity of the function T'(t)(f + P).
Then, in the following, we show the space-time analyticity of the
function u :=T(r)f. For any k, j, € N, satisfying s —n/p < ko +2j, we
define

op :=n/p+ky+2jy—s>0.

Then, we see by Theorem 3.1 that a“afu = 6“6’ THf € BZ+”° holds for
all @ € Nj and j € N,. Now let us take a multl 1ndex a € Nj satisfying
lag| = ko. By Lemma 4.1, we have

o i
1105700 0ull usp = 1105 470020 ull oy
p] p.1

<C

n.kq.jo ||df('6{u|| B/ rkot2io
p.1

1070/ ull s+v0
ol

"kolo

for all « € Nf and j € N,. Since the embedding B;'/l” c L* holds,

we see that 05 /"4 € L* holds. Notice that in order to see the
analyticity of the function u, it is sufficient to consider the function
0;00/u instead of u. Given (t, x) € (0, 00) x R”, the remainder term of
the Taylor expansion is estimated by

a+ag ~j+j
dy 09 u(t,, x,) ; N
ol (t =1 (x = xq)
|la|=k e
a+ag ~j+j i k
<y a,—j,na 00 u(t,, Il o It = 1 1x = xo
la|=k
1 a ~J j k
< Y = Cpgip 1020/ ll ovon It = 1 1x = x|
=k alj: .1

for all j,k € Ny, (1,x) € (0,00) x R" and for some (7,,x,) € (0, 0) X R”
satisfying min{z,7,} < t, < max{z,z,}. Since it holds by Theorem 3.1
that

k.
A 2125\ 2" L ne n
llo%o u||Bl+l% < Copsikoro — k27 (k+ 1"+ 1)
p.

-3 (00+k+2])

X t, N5,
12 £
k 2
<j 2n U+l)" 3 (222) k4 1y
mt, 7t
1
—300
1,2 ,,,,skU,ollfIIBA
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we see by (5.1) that

1 J j k
> Fj,cn,,,,ko,,ona“a ull oo 11 = 1ol I =

|al=k
jj 212,
SF 7 (j+1)n|t—10|j
: *
|
LIy <2 ”> (k + 1)"]x = xo|*
ot al Tkl nt,
1
—300
't*z nprkojollf”B?

i (012 J
:j.— <Fn|f—fo|> G+
k (9123 4
k 2
xk’ik_<2 |x—x0|2> k+1)"
it

’10'0
2
. Cn,p,:,kn,jg ”f” B;‘m~

The following well known Stirling formula

NN< eN

NUT 2z N

(6.4)

gives that

1 a AJ J k
2 177 kg 1950 ull oo It = 101 Ix = xq
lal=k ¥/ pl

J J
< <2—”|z—to|> G+ 1"
2xj \ 7t

k
k k 12,3 2
k™32 (2 " |x—x0|2) k+1y"

\2rk L,

_la
3 .
-1, C,,’p,s,ko,jo ”f”B;m

) k
LGy 212¢p T+ 1) (212623 5\ 2
T|t—t0| . 1 T|X—x0|

1 k
12

k272
1

~3% )
1 Cn,p,s,ku,jo ”f”[i‘:w0
Here, for an arbitrary x € R", we see that

k

) k+ 1" 212 2.3 7

lim ( . 1) #|x—x0|2 =0
k— o0 k§+§ it

holds. Besides, taking ¢ > 0 such that |r — 1| is sufficiently small, we
also see that

i+ 1) 12 J
lim g+ <M|t_t0|> =0
it

i 1
Jjooo i3 «

holds. Therefore, for such a ¢ > 0, it follows that

at+ag ~j+j
. 9y 00 u(r,, x,) ; B
im |3 S ) (- xg)

>

171
lal=k @

which implies that the following Taylor expansion

u(t, x) = Z Y % ’”(lo’x‘))(z—zo)f(x—xo)” 6.5)

k=0 |a|=k

is valid. Therefore, again by estimating the remainder term of (6.5), we
see that (6.5) is absolutely convergence under the condition |7 —7,| <
nty/(2"%en). This completes the proof of Theorem 3.3. []

In the similar manner, we also see that the heat semigroup on
homogeneous Besov spaces is a bounded analytic Cy-semigroup.

Proof of Theorem 3.6. (i) Given ¢, > 0, the remainder term of the
Taylor expansion is estimated by

af“T(z )

LS+l i
(t - 1oy < _—!||0,] T(’*)”[:(B;'q)h—fov

LGBy
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for all j € Ny, + > 0 and for some ¢, > 0 satisfying min{r,7,} <

t, < max{t,ty}. Then, for every f € B ,» We see by Lemma 4.1 and
Theorem 3.1 that

1077 T sy, < 140/ TCO gy, < CN T N
< <2]”ﬁ>jjj(j + 1)"t;jcn||f||3;m
< (%)jfj(j+ DG,
which yields
||a{+'T(f*)||£(Bi.q> < <%>jjf(j +1)"'C,

Hence we see by (6.4) that

IA
|-

1 Jj+1 . Jj 212n J s n J
j!”a’ T(t*)Hﬂ(B;‘q)ll fol . JU+D"C, - 1t =1l

ii [ ol2 J
7 <mn|l—lo|> G +1D'C,
j 12 J
< (Eli-yl) G+1rc,
V2rj \ Tl
i 1 n 12 J
S(j+1) (2 enlt—t0|> c
j2 it
Taking ¢ > 0 such that |z — ¢, is sufficiently small, it holds that

: 1)" 12 J
hmM(Z enlt—to|> -0,

N 1
0 ks
J j 71'1*

-

which implies that the following Taylor expansion

00 /
T(ty) . ;
T = Z;) 7 (t—10) inL(BS) (6.6)
j=
is valid. Therefore, again by estimating the remainder term of (6.6),
we see that (6.6) is absolutely convergence if + € C \ {0} satisfies
|t —ty] < zty/(2"%en). Therefore, for every t, > 0, T(t) can be extended
to an analytic E(B;’q)—valued function in the following disk

te D) := {teC\{O} ‘|t—t0|<”—to}.
212en

We see by proceeding above method for each 7, > 0 that T(¢) is
extended analytically on

U b= {zec\ 0} '|z—r0|<212’° }

15>0 >0

which coincides the sector

o . 7
> = {te@\{O} |arg?| < sin™! <212en> }

Since the function T'(¢) is extended analytically on X, we may consider
the Taylor expansion (6.6) at the time #, € X. The radius of conver-
gence of (6.6) at the time 7, € X is given the distance between 7, and
%, which implies that (6.6) is valid for all r € C\ {0} satisfying

. .1
|t—t0|<|t0|sm<sm <212en> | gt0|>

by the direct calculation.
(") In case 1 < p < oo with ¢ = oo, we can show as well by
considering BS

, instead of B3

(ii) Since the heat semlgroup {T(®)};50 on B;,q is a bounded Cj-
semigroup under the conditions | < p < 0o and 1 < ¢ < o0, We
see that the heat semigroup {7'(r)},5, on B;’ ,isa bounded analytic
Cy-semigroup.

(ii") In case 1 < p < oo with ¢ = oo, notice that the heat semigroup

{T(1)},5 on B; w4 is @ bounded Cj-semigroup.
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(iii) By Theorem 3.1, for every f € B;’m, it holds that
) 212, i
o] T )fllgste < { == ) JU+D"Coollf 58
il nt, peo

for all & > 0. In the same way as in (i), we see that for each 7, > 0, the
Taylor expansion

Ty . . .
_ t (PPN s s+o
@) = 20 e (t—to) in L(B) . B,
iz

holds for all ¢ > 0 satisfying |t —t,| < nty/(2'%en). This completes the
proof of Theorem 3.6. []

7. Properties of the heat semigroup on homogeneous Besov spaces

Finally, we show Corollaries 3.9-3.11. Before showing them, we
recall the basic proposition on the homogeneous Besov spaces.

Proposition 7.1. Let 1 < p < oo,s € Rand 1 < g < oo. We set

Sy 1= {f € 8|0 & suppFf}. Then, it holds that S, = B;qq. Namely, there
exists a sequence {f;}2 | C S, of function satisfying
Jim 1S = fell gy, = O

For the proof, we refer to Bahouri-Chemin-Danchin.3- Proposition 2.27
Proof of Corollary 3.9. In the following, we assume that j > 1 holds

instead of the condition || + j > 1. Hence we see by Lemma 4.1 and
Theorem 3.1 that

1030/ T s, = 14050, TNl g: | < C,1050]” T I govo
d > P

| ) ol . (7.1)
<K p = KT Sl
forall f e B;’oo, which yields
||0ja{T(t)||g<g;w,3;l> =0 (t'%‘_’) ast— +0ort — co.
In particular,
||0,T(1)f||[;;_l <Kkr! N s (7.2)

holds. Besides, for each ¢ > 0, we take s € R satisfying |h| < /4. Then,
it follows that

@)t +h)f - Tw®f
= NT@/DT )2+ T /4 f — NT /DT /2T (/4 f
= AT /8T )2+ AT (t)4)f — AT /DT ()2)AT(t/4) f
e CA TT)/HT /2 + )OIt/ f - T(t/O,T)t/4)f ).
Since it holds by (9,T)(t/4)f € B;,l that

T@/2+ O T)t/Hf —TE/D)OT)t/4)f

= in B® ,
p.l

t/2+h
//2 0, T)(t)(0,T)(t/4) fdz
we see by (7.2) that

IT /2 + WO, T)t/4)f —T/DO,T)t/HS B

t/2+h
s/ N0, T @l geps HNOTIE/Hf Nl g dr
12 1 .1

< sup
t/2—|h|<t<t/2+|h|

<K@/4™

t/2+h
10,7l e / KG/& Ml de
pl t/2 P

sup
t/4<r<3t

0,T g gs  h.
p 10T @l e H 1715

10
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Hence, by (7.1), we have

03/ T)e + h)f = 0] TS N,

= 19/ T)t/DUT /2 + WO T /D f = T(/2)OT)t/H) ]} B
< KG/4)7 2 T@/2 4+ MOT/A] — T/ DO/ g,

o
SK@/H 2 sup IIazT(T)IIg([;;l)llfllgzmh,

t/4<r<3t/4

which implies that
: J j ) . —
lim |00 T)(t + ) = 0Z0{T(t)llaa;w,3;1> =0

holds and we see that aga{ T(t) € C((0, oo);ﬁ(B;!oo, B; \)) holds. By (7.1),
We also have

lod _

sup [1020/ T/ Nl < Ke 2 7|1/l
e<I<c0 pl P
for all € > 0. Hence we obtain agga{T(z) € BUC((g, ); E(B;’oo, B; D) In
case |a| > 1 with j = 0, we can show as well. This completes the proof
of Corollary 3.9. []

Proof of Corollary 3.10. We set u :=T(¢)f. Since the heat semigroup
{T(t)};50 on B;Y , is a bounded Cy-semigroup upder the conditions 1 <
p<ooand 1 < g < oo, we have u € BC([0, 00); B;’q). If j > 1, we see by
Corollary 3.9 that

9/u € BUC((e, 00); B ) C BUC((¢, 0; B )
holds for all £ > 0, which yields
u € BUC([0, 00); By ) N BUC®((e, 00); By ).
In the same way as in Corollary 3.9, it holds by Theorem 3.1 that
lim 0%/ u)t + h, ) = %0 uz, )| Bt
= lim 1070, + h)f = 0O TW S | gee
= Jim 1030 T)t/2{T /2 + W] =T/ f Higeie
< lim K(t/27 2 DT @72 4 b f =T /2 f gy, =0
and

N 1 .
sup [10%07ull goro < Ke™ 22D 11,
£e<t<co Pl P4

holds for all £ > 0. Hence we see that u € BUC®((g, o); B;Jq") holds.
By combining the result, Theorems 3.3 and 3.6, we obtain

u € BUC([0, ); B;,q) N BUC®((g, ®); B;’q n B;j") N C?((0, c0) X R™).

This completes the proof of Corollary 3.10. []

Proof of Corollary 3.11. Assume that f € B'; J with s < n/p. Then, by
Theorem 3.1, we have

1

. . L 42—
1050 TS gtp = 1050, TS W govcnrp—n < Ki 2 (jeieteass)
ps b,

1/ls;, 7-3)

for all @ € Nj and j € N,. Since BZ/1P C BUC holds, it follows from
(7.3) that
! (%+Ia|+2j—s)

sup t2
0<t<co

1050/ T()f | < KIS s, 7.4)

which implies that

i _L(xn 2j—s
1050, Tl e, 10y = O <t 2 (+iet+2) ‘>> ast— +0 or t - .

Hence we see that 9{T(r)f € BUC holds for all 1 > 0, which yields
T(t)f € BUC®. Furthermore, taking s, € R such that s < sy < n/p,
we see by Theorem 3.1 that T(t/4)f € B;OI holds and 99/ T(t)g € L*®



T. Takeuchi

holds for all g € B;”l with the estimates

IIT(I/4)f|I,3:o] <Kl flg,

+la|+2j— ‘0) (7.5)

020/ T(t)gll oo <t -3 Kllgll 0 -
.l

Hence, in the same way as in Corollary 3.9, it holds by (7.5) that
lim 3 N02@/T) + h)f = 0% T@)f |l ==
|a|<k
= 1lm Z ||aa(ajT)(l/4) T2+ WT@/Hf =TC/DTE/HfH e
|a|<k
< hm 2 K(1/4) 2( +|lx|+2j—x0)
|a|<k
X |IT@/2+T/Hf - T(t/2)T(t/4)fII,)-,A-o1
< llm Z K(t/4) 2( +|a|+2j—s0)
0\ a2k

X sup

19T @ o0 IT @ /A f N g0 B
t/4<t<3t/4 ! ﬁ(prl) Bp,l

+|u|+2,-—x0)
< lim K(@t/4) dt sup 10, T (@)l p o0\l f g5 R =0
|£‘k iJase<iifs £, W

and we see by (7.4) that

j ~ (2 +lal+2j-s
sup > 1950/ T()f I < D, Ke 3 (e °)||f||B;,q <o

e<t<oo |a| <k Ja| <k

holds for all € > 0. Hence we have T(¢t)f € BUC®((e, ); BUC®). By
Theorem 3.6, the following relation

0°T(1)f € C”((0, 0); B;{lp) C C?((0, c0); BUC)

holds, which yields T'(r)f € BUC®((e, c0); BUC®).

Next, assume that 1 < p < oo. First we note that T(1)f € BUC
holds in the usual sense, under the condition ¢ > 0. Hence the value
T()f(x) € R is well defined for each (z,x) € (0,00) x R". Since we
see by Proposition 7.1 that &, = ';?1 holds, we may take a sequence
{gk}e, C S of function satisfying

Jim IIT(t/Z)f—gkIIBSol =0.
—00 D,

Notice that
0% T(1)f(x) = N T(1) f (%)

= %A T/D{T/2)f (%) — g, ()} + 02 AT (1/2)g; (%)

= 0%/ T)(t/DAT(1/2)f (x) — g (x)} + %3] T)(t/2)gx(x)
holds for all (¢, x) € (0, 00) x R". Since it holds by (7.5) that

1@ T /T /D f = e}l < Kiay2) 2 (5 H17277%0)

x T@/2)f —gkll,;o],
P
we have

1020/ T (1) £ (x)] < 1070/ TY(t/2D{T(t/2)f = gi}ll oo + 10%(/ T)(2/2)g (X)]

< k72 270 i o g
Pl

+ 1023/ T)(t/2)gi ().
Hence we see by g, € &, that
limsup [029/ T (1) f (x)]
|x|=>o0

ﬂ+|oz|+2j—.s0)

1
< K(I/Z)_Z(” 1T¢/2)f - gkll,;o + lim sup 0% (3! T)(1/2)g; (x)|

|x|>o0

1(n .

= k2 ) gl 0 ko)
pl

For the case of s = n/p with ¢ = 1, since we see by Lemma 4.1 that

a”’d’T(t)f IS B"/” 1#1=2/ holds for all f e B:/p, we can prove as in

case s < n/p under the condition |a| +j > 1. If |a] = 0 and j = 0,

11
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note that [T f |l gvp < IIf1l z» and Bz/lp C BUC hold. This proves
.1 .1 i
Corollary 3.11. I:Ip "
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Appendix

In this appendix, we give the proof of Propositions 6.1 and 6.2.
Namely, we show that the heat semigroup {7'(#)},», on homogeneous
is a bounded Cj-semi which has differentiability on
t > 0, and we also show that the function 7T'(r) f has differentiability on
¢ > 0 with respect to the norm on B;j" forall f e B;'m.

Besov spaces B; .

Proof of Proposition 6.1. (i) First we note that for 1 < p < oo, the
heat semigroup {T(t)},5o on L satisfies the following relations

IO <111l
Jim IT()f = Fllp =0,

T+ f =TOT()f,

ATOf = A¥T@f in L (A1)

forallt,z > 0, j € Nand f € L. Hence, for the Cj-property, we see

< >N+l = )
li|=N lilsN

X (29T (h)(@; * )= @; * fll )’

< (292 fllw)' =0 (N > )
[/I=N+1

lim
h—+0

. P
Jim T F = 71,

for all f € B;, - For differentiability of T'(r) on ¢t > 0, first we note
that AT(t)f € BS holds for all f € BS t>0and j € N. In fact, it

holds by Lemma 5 1 that T(t)f € BHZ’ and we see by Lemma 5.1 that
AT f € BY . Besides, since the relatlon (A.1) holds, we have

TG+hg-TWg=Tu/2+MNT(/2)g—-TE/DT(/2)g
t/2+h
= / (0,T)(x)T(t/2)gdr in LP
t/2

for all g € L?, which yields
t/2+h
1T+ hmg-TMgll < // N0, T @l eonIT@/2)gl pd T
1/2

t/2+h
< sp 10Tl // lgll ode
t/2

1/2—|h|<r<t/2+]h|

< sup

< ||31T(T)||c(u7)||g||uh
t/4<t<(31)/4

for |h| < 1/4. By setting the constant M, := SUP, /a<r<n/a 10Tl rry <
oo depending only on ¢ and p, it holds that

H Te+hg-TOg H Ta+hmg-TMg ‘
h h

IA

— AT (g H
L

+ 14T gl
Lr

IN

sup
t/4<t<(31)/4

+ 10, TONl e ryllgll o
<2M;ligllLp-

19, T ez llgl o
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Hence we see by (A.1) that

. Te+hf-TOS 4

B I
pq

= lim +

hr0 |j|zzzv:+1 V=N

t+h)p; —T)(o; q
R L
n .

= Z (2 S2M g f”Lp)q -0 (N - o),

|jIZN+1

which implies that
o,Tf = AT(t)f in B;,q

holds. Hence, we see by induction that (6.1) holds.
(ii) By the definition (2.5) of B;’oo ,» it holds that

lim 25j||¢j # flipp=0
J—too

for all f e B; w4+ Hence, in the similar manner as in (i), we see that

sup
[jI2N+1

+ sup

1i Thf — g <1
JAm TR = fllg < lim <N

i
—+0

X {2Y\ITh)@; * /)= @; * fllv}

< sup {292l = fllpp} >0 (N - )
[jI=N+1

and

. | Te¢+h)f-T@f
hlin+10 h arms 3
< lim sup + sup

h=+0\ |jI=N+1  |jISN

NT@+h)ep; = ) =T, * )
X 427 — AT (1), * f)
h "

< sup {2 -2M,ll@; * fll} =0 (N — o).

[j/I=N+1

(iii) Note that T(r)f € BUC holds for all f € L* and ¢ > 0. Since the
heat semigroup {T'(#)},5o on BUC is a bounded analytic C,-semigroup,
we see that

ITOMie <N llpe. TC+Df =TOT@)S,
Jim T @+ f = TOf N =0, AT f =AT@Of inL®

for all 1,7 >0, j € N and f € L*. Hence we can show as in (i).
(iv) Combining the result of (ii) and (iii), it can be easily seen. This
proves Proposition 6.1. []
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Proof of Proposition 6.2. We see by Lemma 5.1 that T(t)f € B;j"
holds forall f € B;m and o > 0. Hence, by the result of Proposition 6.1,
we see that T(¢)f satisfies the desired properties as a B;j"-valued
function. This proves Proposition 6.2. []

References

1. Bergh J,
York: Springer-Verlag;
Wissenschaften; No. 223.

2. Kozono H, Ogawa T, Taniuchi Y. Navier-Stokes equations in the Besov space near
L>* and BMO. Kyushu J Math. 2003;57(2):303-324.

3. Bahouri H, Chemin J-Y, Danchin R. Fourier Analysis and Nonlinear Par-
tial Differential Equations. Heidelberg: Springer; 2011:xvi+523. In: Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences]; vol. 343.

4. Sawano Y. Homogeneous Besov spaces. Kyoto J Math. 2020;60(1):1-43.

5. Sawano Y. Theory of Besov Spaces. Singapore: Springer; 2018:xxiii+945. In:
Developments in Mathematics; vol. 56.

6. Dong H, Zhang QS. Time analyticity for the heat equation and Navier-Stokes
equations. J Funct Anal. 2020;279(4):108563. 15.

7. Han F, Hua B, Wang L. Time analyticity of solutions to the heat equation on
graphs. Proc Amer Math Soc. 2021;149(6):2279-2290.

8. Zhang QS. A note on time analyticity for ancient solutions of the heat equation.
Proc Amer Math Soc. 2020;148(4):1665-1670.

9. Kozono H, Okada A, Shimizu S. Characterization of initial data in the homoge-

neous Besov space for solutions in the Serrin class of the Navier-Stokes equations.

J Funct Anal. 2020;278(5):108390. 47.

Dong H, Pan X. Time analyticity for inhomogeneous parabolic equations and the

Navier-Stokes equations in the half space. J Math Fluid Mech. 2020;22(4). Paper

No. 53, 20.

Bae H. Analyticity of solutions to the barotropic compressible Navier-Stokes

equations. J Differential Equations. 2020;269(2):1718-1743.

Hoshino G. Global well-posedness and analytic smoothing effect for the

dissipative nonlinear Schrodinger equations. J Dynam Differential Equations.

2019;31(4):2339-2351.

Ogawa T, Sato T. Analytic smoothing effect for system of nonlinear Schrodinger

equations with general mass resonance. Hiroshima Math J. 2020;50(1):73-84.

Iwabuchi T. Analyticity and large time behavior for the Burgers equation and

the quasi-geostrophic equation, the both with the critical dissipation. Ann Inst H

Poincaré Anal Non Linéaire. 2020;37(4):855-876.

Giga Y, Gries M, Hieber M, Hussein A, Kashiwabara T. Analyticity of solutions to

the primitive equations. Math Nachr. 2020;293(2):284-304.

Engel K-J, Nagel R. One-Parameter Semigroups for Linear Evolution Equations. New

York: Springer-Verlag; 2000:xxii+586. In: Graduate Texts in Mathematics; vol.

194, With contributions by S. Brendle, M. Campiti, T. Hahn, G. Metafune, G.

Nickel, D. Pallara, C. Perazzoli, A. Rhandi, S. Romanelli and R. Schnaubelt.

Bae H-O. Analyticity for the Stokes operator in Besov spaces. J Korean Math Soc.

2003;40(6):1061-1074.

Taniuchi Y. On heat convection equations in a half space with non-decaying data

and Stokes semi-group on besov spaces based on L%. J Differential Equations.

2009;246(7):2601-2645.

Lunardi A. Interpolation Theory. 3rd ed. Edizioni della Normale, Pisa;

2018:xiv+199. In: Appunti. Scuola Normale Superiore di Pisa (Nuova Serie)

[Lecture Notes. Scuola Normale Superiore di Pisa (New Series)]; vol. 16.

Lofstrom J. Interpolation Spaces. An Introduction. Berlin-New

1976:x+207. In: Grundlehren der Mathematischen

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.


http://refhub.elsevier.com/S2666-8181(21)00091-7/sb1
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb1
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb1
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb1
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb1
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb2
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb2
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb2
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb3
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb3
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb3
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb3
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb3
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb3
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb3
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb4
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb5
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb5
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb5
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb6
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb6
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb6
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb7
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb7
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb7
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb8
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb8
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb8
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb9
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb9
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb9
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb9
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb9
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb10
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb10
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb10
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb10
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb10
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb11
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb11
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb11
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb12
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb12
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb12
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb12
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb12
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb13
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb13
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb13
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb14
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb14
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb14
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb14
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb14
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb15
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb15
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb15
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb16
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb16
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb16
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb16
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb16
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb16
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb16
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb17
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb17
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb17
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb18
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb18
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb18
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb18
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb18
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb19
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb19
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb19
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb19
http://refhub.elsevier.com/S2666-8181(21)00091-7/sb19

	Space–time analytic smoothing effect of the heat semigroup defined on homogeneous Besov spaces
	Introduction
	Preliminaries
	Main results
	Estimates of differential operators on the homogeneous Besov spaces
	Decay estimate of the heat semigroup on homogeneous Besov spaces
	Space–time analytic smoothing effect of the heat semigroup on homogeneous Besov spaces
	Properties of the heat semigroup on homogeneous Besov spaces
	Declaration of competing interest
	Appendix
	References


