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MAXIMAL LORENTZ REGULARITY FOR THE KELLER-SEGEL SYSTEM OF
PARABOLIC-ELLIPTIC TYPE

TAIKI TAKEUCHI

ABSTRACT. We construct local strong solutions of Keller-Segel system of parabolic-elliptic type for
arbitrary initial data in the homogeneous Besov space which is scaling invariant. We also show that
the solution exists globally in time for small initial data. The solutions belong to the Lorentz space
in time direction since our method relies on the maximal Lorentz regularity of heat equations.

1. INTRODUCTION

We consider the Keller-Segel system of parabolic-elliptic type in R™, n > 2;
Ou = Au—V - (uVv), t>0,zeR",
(1.1) 0= Av+u, t>0,zeR",
u(0, ) = up(z), x € R",

where u = u(t, z) and v = v(t, z) are the unknown functions standing for the density of amoebae and
the concentration of the chemo-attractant, respectively, while ug = ug(z) is the given initial data.
This system introduced by Keller-Segel [16] in 1970 is a famous mathematical model of chemotaxis.

In this article, we prove the existence and uniqueness of local strong solutions of (1.1) for initial

data ug € B};§+n/p(R”) for 1 < p < oo and 1 < g < oo (Notice that we can also construct

solutions in the case of ¢ = oo if high frequency part of the initial data is sufficiently small). Here,
B;,q(R") denotes the homogeneous Besov space, which is defined by Definition 1.1. We also prove
the existence and uniqueness of global strong solutions for small initial data ug € Bp_, 3+n/ P(R™).
Now we assume that a pair of function (u,v) is the solution of (1.1). Then we see that the function
(ux(t, z),vx(t, 7)) := (AN2u(\%t, A\x), v(\%t, A\x)) is also the solution of (1.1) for all A > 0. Notice that
the relation
”U)\(O, ')HB}:i‘Fn/P(Rn) = ||UOHB;(21+TL/I)(R7L)

holds for all A > 0. Such a Banach space is called a scaling invariant space, and it is empirically
known that this is a very crucial notion in the theory of PDEs. This argument is called Fujita-
Kato principle since they first construct solutions of the Navier-Stokes system for initial data ug
belonging to the homogeneous Sobolev space H'/ 22(R") as the scaling invariant space in their
paper [10]. Since then, there have been a lot of researches on construction of solutions for the
Navier-Stokes system in other scaling invariant spaces which are wider than H/ 22(R™) together
with more precise analysis. For such previous works, see, e.g., Kato [15], Giga [11], Giga-Miyakawa
[12], Taylor [26], Kozono-Yamazaki [21]|, Cannone [5] and Koch-Tataru [17].

As for the Keller-Segel system, there also exist various previous works. In particular, Jager-
Luckhaus [14] and Nagai [22] established fundamental works, and gave a several remarkable results.
See, also Nagai-Senba [23]. Let us introduce some further contributions to (1.1). Biler [2] first

Key words and phrases. Keller-Segel system, Maximal Lorentz regularity, Homogeneous Besov spaces, scaling
invariant.

1



2

constructed self-similar solutions of (1.1), and then Diaz-Nagai-Rakotoson [9] proved existence of
local classical solutions of (1.1) for ug € L*(R") N HYP(R™) with 2 < n < p. In 2D-case, they also
showed that the solution exists globally in time under the crucial hypothesis that the initial mass
is less than 87, i.e., [p» updzr < 8m. Biler-Cannone-Guerra-Karch [3] constructed global solutions
(u,v) of (1.1) in the class

u € Cy([0,00); PM™™2)
for small ug € PM" 2 with n > 4, where PM? denotes the pseudo measure defined by

PM = {ue S | Fue LR, Ilulpae = || |"Fo] o an) < o0 }

for a > 0 with C,, denoting the set of weakly-star continuous functions. Corrias-Perthame-Zaag [8]
constructed global weak solutions (u,v) of (1.1) satisfying

[l @n) = l[uollr@ny, @)l Lr@ny < lluollzr@n)

for all t > 0 and max{1,n/2 — 1} < p < n/2 if uy belongs to L'(R") N L/?(R") and l[woll pnr2 mny
is small with n > 2. Ogawa-Shimizu [24] treated the end-point case of p = 1 in the homogeneous
Besov space B?Q(RQ) and constructed the local classical solution (u,v) of (1.1) in the class:

u € O([0,T); BY 5 (R*)) N C((0,T); B o(R?*) N CH((0,T); BY o(R?)) N L*((0,T); By o(R?)).

Furthermore, if the initial data ug € B%Q(RQ) is small, their solution is a global one, i.e., T' = oo.
Based on the time-weighted homogeneous Sobolev space originally introduced by Fujita-Kato [10],
Iwabuchi [13] considered the scaling invariant space equipped the norm given by

1—n
t)]] 24 1720 ||u(t) | (e
SUp [u()l g 24/ ey +SUDE 21 () [ o)

o B if p<n,
+ Supt§ ﬁ”(—A) §u(t)HLr(Rn) < 0
t>0
. 272 Y1 oy < <p<
SR IO g gy + 520 072 ) ) < 00 nspse

with 1 < p < oo and n/2 < p, where ¢, r and p are arbitrary with some conditions, and constructed
a global mild solution for small initial data ug € B, Zn/p (R™).
Our method is based on the maximal Lorentz regularity for the linear heat equation introduced

by Kozono-Shimizu [20]. Indeed, we construct the global strong solution (u,v) of (1.1) in the class
O, Au € L1((0,00); B,y (R™))

with the initial data ug € B;(?Jrn/p(R”) for 2/a+mn/r =4+ sand 1 < ¢ < co. It should be noted
that the third exponent ¢ in the homogeneous Besov space coincides with the second exponent of
the Lorentz space in the time direction. Hence our result covers the result based on the usual L%
maximal regularity. On the one hand, Ogawa-Shimizu [24] treated a marginal case B?’z(RQ) of the
end-point in maximal regularity, on the other hand they are necessary restricted to ¢ = 2. Our
method makes it free to handle arbitrary exponent 1 < ¢ < oo including ¢ = co. Notice that under
some additional condition for the initial data ug € B;, oy n/p (R™), we are able to construct a local
strong solution, unlike Iwabuchi [13] consider small initial data for ¢ = co. In comparison with the
iteration procedure for construction of mild solutions, the maximal regularity has an advantage for
giving a straightforward method to that of strong solutions with higher regularity.

Before we state our main result, let us define some notations and function spaces. Let F denote
the Fourier transform and let (—A)%S = F71 . |*F for s € R. We also define the homogeneous
Besov spaces B;q (R™) as follows.



Definition 1.1. We take a function ¢ € . satisfying
suppp = {§ € R" [1/2 < [§] <2}, ¢(£) >0 for 1/2 < [¢] <2,

o0

Z ©(&/2) =1 forall £ € R™\ {0},

j=—o00
where .7 is the Schwartz spaces in R". We define the sequence of function {¢;};cz by
(1.2) pj = F Lp(E/?)
for j € Z. Then, for 1 < p,q < oo and s € R, we define the homogeneous Besov spaces B;q(R”) by
By (B = (€ 7/ 2| ],y < o0}

with the norm

o0
> (2905 Fllre@ny)” 1 <q< oo,
HfHB;ﬁq(Rn) = j=—00
sup {2 [lp; * fll Lo r } q = oo,
jez

where ./ and &2 are the sets of all tempered distributions and polynomials on R™, respectively.

We will abbreviate B;q(R”) as B;q. For 1 < p,q < oo, an interval I C R and a Banach space
X, the X-valued Lebesgue space and Lorentz space on I are denoted by LP(I; X) and LP(I; X),
respectively. We will write

[|O¢u, AUHL‘%Q((O,T);X) = ||atu||L°‘vq((O,T);X) + ||AUHLO‘1‘1((0,T);X)
to simplify the notation.
In the following, we consider the single form;

{@u —Au=-V-(uV(-A)"tu) in (0,00) x R",

(1.3) u(0) = ug in R",

by eliminating the function v from (1.1) formally. Our main result reads as follows.

Theorem 1.2. (i) Let 1 <p < oo and 1 < g < co. For every ug € B;2+n/p, there exist 0 < T < oo

and a unique solution u on (0,T) x R™ of (1.3) in the class

dyu, Au € L“((0,T); BS)
(1.4) 2 n
for somel <r <oo, seR, 1< a< oo such that — 4+ — =4+ s.
a T

In addition, it holds that

we Lo9((0,T); B )
for somer <r* <oo, s" €R, a <a” <oco satisfying — + — =2+ s".
e r

(it) Let n/2 < p < oo and {¢j}jcz be defined by (1.2). There exists € = e(n,p) > 0 such that if
ug € Bp‘gj”/” satisfies
(1.6) sup 2025 g % ugll i <
N<j<oo
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for some N € Z, then there exist 0 < T < oo and a solution u on (0,T) x R™ of (1.3) satisfying
(1.4) and (1.5) with q replaced by co.

Concerning the uniqueness, there exists a constant n = n(n,p,r,s) > 0 such that if the initial
data ug and the solution u of (1.3) in the class (1.4) satisfy

| 1
(1.7) sup 2(_2+5)3||90j * uo|L» + lim sup {tu (7’ € (0,7) ‘ [0cu(T), Au(T)|[ gs > t) ) } <1
N<j<oo t—00 i

for some N € Z, then u is unique.
(iii) Let 1 <p < oo and 1 < q < oco. There exists e, = €.(n,p,q) > 0 such that if uy € Bp_,ngn/p
satisfies

(18) ool oz < e

there exists a solution u on (0,00) x R™ of (1.3) satisfying (1.4) and (1.5) with T = co.
Concerning the uniqueness, in case 1 < q < oo, u is unique in the class (1.4). In case ¢ = 00, u
is unique in the class (1.4) under the condition (1.7) provided n/2 < p < oco.

Remark 1.3. (i) The classes (1.4) and (1.5) are scaling invariant spaces to (1.1). In fact, we see
that the following relations

19rur; Auall ooyt ) = 10 Al peaoryiss ) Iallosaoryissr ) = ller ooyt )

are valid for all A > 0, where uy(t, z) := A\2u(\*t, \x).
(ii) By Theorem 1.2, we see that the effect of the third index ¢ of the homogeneous Besov space

B, §+n/ P of initial value appears in the solution class L*%((0, T); ;fl) in time direction. Notice that

the following elementary embedding in the homogeneous Besov spaces and Lorentz spaces
5—2+4n/p 5—2+n/p a,q a,q* *
Bp,q C Bp,q* , LY CL for1<¢g<q <o

holds. This may be regarded as a significant difference between Iwabuchi [13] treating ¢ = oo.
Furthermore, as for regularity of solutions in the space variables, we may take ¢ = 1 which may be
regarded as gain of regularity of solutions compared with the initial data in B;, ngn/ P,

(iii) The argument of Theorem 1.2 (ii) is the result of (i) in case ¢ = co. Notice that the condition
n/2 < p is required since it is essential that the derivative of homogeneous Besov space for initial
B;g;‘”/P

data ug € should be negative. Notice that the condition (1.6) states that the high frequency

part of ug € Bp_, Ej P i sufficiently small. In particular, for n/2 < p < oo, every ug € gl 2(R")

necessary satisfies (1.6), since

tim sup 2025 5 w0 = 0.
Jj—00

(iv) Notice that the relation

1
(1.9) |0, AuHLam((OvT);Bin) = stl;g {t,u (T € (0,7) ‘ |Opu(T), Au(T)HBi1 > t) o }

holds since the Lorentz space L is equivalent to the weak L% space. Therefore, in case ¢ = oo,
the conditions (1.7) states that the local norm of (1.9) is small enough. Notice that if dyu and Au
belong to L*((0,7); By 1), it holds necessary that

1
lim sup {t,u (7‘ € (0,7) ‘ HatU(T)aAu(T)HB:I > t) a} = 0.

t—o00
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(v) As is mentioned above, Theorem 1.2 is based on the maximal Lorentz regularity theorem
by Kozono-Shimizu [20]. This theorem stems from the real interpolation theorem, so we have to
exclude the case a =1 in Theorem 1.2.

Remark 1.4. Besides various existence and uniqueness of strong and mild solutions, there are
several interesting results on blow-up phenomena of solutions to (1.1). See, for instance, Blanchet-
Carrillo-Masmoudi [4], Cieslak-Winkler [6] and Conca-Espejo-Vilches [7].

2. PRELIMINARY ESTIMATES FOR THE NONLINEAR TERM

First, let us give the maximal Lorentz regularity theorem for heat equations introduced by
Kozono-Shimizu [20]. Notice that some results in this section are shown in our previous paper.
Now we define the function spaces Ma 4((0,T); By 5) by

Mag((0,T); By g) := {u: (0,T) = B} 3| Opu, Au € L((0,T); By ), u(0) = 0},

where 1 < o, 7 < 00,1 < 3,¢ < o0 and s € R. Here, M, 4((0,7); ijﬁ) is a Banach space endowed
with the norm

Hu”Ma,q((O,T);Bﬁﬁ) = [|Opu, AUHLa,q((o,T);B;B) for u € Ma q((0,T); fﬁ)

Proposition 2.1. (i) Let > 0,0 < s+25 and 1 < p <r < oo. For everya € Bg,oo; it holds that
eBa e ij% with the estimate

_nf(1_1\_1 _
[(~8) a5, < C s (5-7)-3(+28 Vallg, , 0<t<oo
where C = C(n,p,r,o,s,3) > 0.

(ii) Let 6 >0,0 <s+28,1<p<r<oo,1<q¢g<oc0andl < a< oo satisfy
1 1 1

S22 s+ 28— o).

5 2(p r>+2(8+ﬁ o)

For every a € Bg’q, it holds that e®a € L*9((0,0); ijzﬁ) with the estimate

||(—A)'BetAaHLa,q((o,oo);B;f,l) < CHa”Bg’q,
where C = C(n,p,r,q,0,5,3) > 0.

For the proof of (i), see Kozono-Ogawa-Taniuchi [18, Lemma 2.2]. For the proof of (ii), we refer
to our previous paper [25, Proposition 3.2].

Theorem 2.2. Let 1 <r<oo,1<p<r,seR,1<¢q, <00 andl < a <o satisfy

1 2 1 n n 2 n
(2.1) - < —4+-, A+-<s5<-2+—-, —+-—=4+s.
p nor D roa T
For every ug € B;(?-i—n/p and f € L*9((0,T); B;‘f’ﬁ), there exists a unique solution u of

Ou—Au=f in (0,T) x R",
u(0) = ug in R"

in the class

Oyu, Au € L¥((0,T); BS 5)
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with the estimate
[0¢u, AUHLa,q((o,T);Bjyﬁ) <C (HUOHB;E-M/P + Hf”Lavq((O,T);Bj,B)) )
where C = C(n,r,p,s,q,5) > 0 is a constant independent of T

Theorem 2.2 is the maximal Lorentz regularity theorem for heat equations. This theorem is
shown by our previous paper [25, Theorem 3.1]. Next, we state a proposition on inequalities for the
homogeneous Besov spaces.

Proposition 2.3. (i) Let 1 < py < p; <00, 1< q < o0 and sg, s1 € R satisfy
1 S0 1 S1

For every f € Bf,g,q, it holds that

sz, < Clifllsze,

where C' = C(n7p07p17 S0, 81) > 0.

(ii) Let 1 < p,q < 00, s,0,u >0 and 1 < pg,p1,710,71 < 00 satisfy
1 1 1 1 1

p Po pl_ro 1

For every f € Bzgfg N Byt and g € Bp_lcfoo N BEY, it holds that fg € B;”q with the estimate

179l < (M llggeallolier + 1l lgll e )
where C' = C(n, po, p1,70,71,S,0, ) > 0.

The first part of Proposition 2.3 is related to the basic theory on the Sobolev embedding. We
refer to Bergh-Lofstrom [1, Theorem 6.5.1] for the proof in the case of the non-homogeneous Besov
spaces. The second part of Proposition 2.3 is related to the Leibniz rule in the homogeneous Besov
spaces. Kozono-Shimada [19, Lemma 2.1] showed the formula for the Triebel-Lizorkin spaces.

Lemma 2.4. Let1<r<oo,1<p<r,seR, 1<g< o0 and 1< a< o satisfy (2.1). We have
r<r*<oo, s*€R and a < a* < 0o satisfy
1 1 s+4 1
<

2.2 S -
(2.2) p+r n r*’

no 11 2 n .

D roor a* r
For every function u on (0,T) x R™ such that

Byu, Au € L*((0,T); B,) and ug := u(0) € B 2T"/P,
it holds that e'®ug € L*9((0,00); Bi: 1) and u € L*™9((0,T); Bs. ;) with the estimates
A
e ol por.aqo 0psm: ) < Clluoll ozinsm,
tA
IIU||La*,q((o,T);35:71) <le u0||La*,q((0,T);Bi:71) + Cl10yu, Aull paago,1).: )

where C = C(n,r,p,s,q,7*,s*) > 0 is a constant independent of T'.

This lemma states that if both d,u and Awu belong to a Lorentz space, then u belongs to another
Lorentz space. For the proof, see our previous paper [25, Lemma 4.3]. To give a condition on the
solvability of (1.3), we prepare a basic proposition on exponents.



Proposition 2.5. Let 1 <r < oo.
(i) There exists 1 < p < r satisfying

1 1 1
(2.3) - < =+ -
p nor
(ii) There ezists s € R satisfying
2
(2.4) L T T Nl
p T r
(i1i) Let us take o € R satisfying
2
(2.5) AN
a T

Then o € R also satisfies 1 < a < 00.

(w) If 1l <r<oo,1<p<r,sceRandl < a < oo satisfy (2.3), (2.4) and (2.5), there exists
s* € R satisfying

o1t Lospil ety
m — —, = —s+ —.
ax p,23,s S 58t o
In addition, if we define o® and r* in such a way that
1
(2.6) =2, —+-—-=2+s"
a T
it follows that
( . 1 1 s+4 1
r<r <oo, —+--— >
r n r
1 1 1
(2.7) max 72+ﬁ,78,5+1 <s*<s+2-n|--——],
p 2 ror*
a<a <o, —(+-—_-=2+5".
« r

Especially, the exponents (r,p, s, ) and (r*,s*, a*) satisfy (2.1) and (2.2), respectively.

Since it is not difficult to show this proposition, we may omit it. Now we are in a position
to estimate the nonlinear term —V - (uV(—=A)"!u). In order to construct a solution of (1.3) by
combining the maximal Lorentz regularity and the successive approximation method, we need to
show that the nonlinear term belongs to the Lorentz space which dyu and Awu belong to.

Lemma 2.6. Let 1 <g<oo,1<r<oo,1<p<r seRandl < a< o satisfy (2.3), (2.4) and
(2.5). Suppose that (u,w) is a pair of function on (0,T) x R™ satisfying

Dy, A, Dyw, Aw € L¥(0,T): BYy),  u := u(0), wo := w(0) € B, 2"/,
Then it holds that V - (uV(—A)"lw) € L*9((0,T); Bfl) with the estimate

19+ @V (=8 0) ooy ) < € (€200l agoryses ) + 1900 Ml oy )

r

A
x (Il woll o a0y ) + 1900 Al oo y5,)

for some r <r* < oo, s* €R and a < a* < 0o satisfying
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where C' = C(n,q,r,p,s,7*,5*) > 0 is a constant independent of T'.

Proof. Since 1 <g¢<o0,1<r<oo,1<p<r,seRandl < a< oosatisfy (2.3), (2.4) and (2.5),
by Proposition 2.5, there exists r < r* < 0o, s* € R and a < a* < oo satisfying (2.7). By Lemma
2.4, we have
tA
le UOHLQ*,q((om);Bﬁ:J) < CHUOHB;gM/m

tA
e wOHLa*,q((o,oo) Bﬁ:yl) < C||w0||3;3+n/p,

3

(2.8) i
lll o oo,y ) < el o aoryssr ) + CllO: Aull poaqomyis )
A
[l o aqo,mysmes ) < e wollpaaqo,myspes )+ OO, Awll ooy, -
Since
uD1(—A)"lw
V. (uV(-A)lw) = V- :
uDy (—A) " tw

= ZDZ(UDz(—A)_lw)
i=1
= {(Dsu)Di(—A)'w + uDF(—A) T w},
=1
we see that
IV @9 (=2)"0) 5 < D (IDa)Di(=2) Ml e+ luDH=A) w5 ) -
=1

By (2.7), we have s/2 < s*, s +1 < s*. Since we also have
—s —1<s"—s—-1, 0<s*—s—1,
it is possible to choose o € R such that
max{0,—s" —1} <o <s" —s—1.
Let us define pg and p; as the relations

1 1 s¥—s—0—-1 1 1 s*+o+1

po T* n p1 ot n
since s* —s—o0—1, s*+0+1>0, we have
7" < po,p1-
Hence it holds by Proposition 2.3 that

8™ Ss+o+1 8% H—o—1
B, B, B c BT



Since the relations (2.5) and (2.6) are valid, we observe

1+1_1 s*—s—0—-1 1 s*+o+1
Do pl_r* n r* n
1/2
:<?:—28*+s>
n\r
1 2
nES
n o
1
=

Hence we see from Proposition 2.3 that

I(Diu) Di(=2) " w] oy, < C (HDz'uHB;;gHDv:(—A)_leBP;OO + 1Dl o !Dz‘(—A)_leB;;ﬂaH))
<C< 540 H—0— H—0— 540 >
< O (lullgsrerllwlgoor + llull goorrf[wll gsren

<O (lullgy; Nollge  +lullge Twlg: )

< Cllullps; lwllger

and

D38l < € (gl D2l g + el o IDH-8) oo )
< C (Il gzl os + Nl o ol s

<O (ullgy; Neollge  +lullge Ilg: )

< Cllull gz lwll g

respectively, which implies that

n

IV @V (=)0l 5 <D (D) Di(=2) Ml g, + [uDF(=A) " wl g, )

i=1

M:

<3 (Ol ol + Ol ol )
1=
|

< Cllullge Nwllgs: -
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By (2.6), we have by the Holder inequality and an elementary embedding in the Lorentz spaces that

”V(UV(—A) )HLOHI (0,T) BS HHV uv( A)ilw)HBfJ L4(0,T)
< HC U|| Hs* W || s*
<[l Nl .o
T 1
< HUHB”LM(OT [P
<l

= Cllull o 4((0,T);B2x )”wHLa 4((0,7);B2 )

By combining this estimate and (2.8), we obtain the desired estimate and we complete the proof. [

3. CONSTRUCTION OF SOLUTIONS
Let us state a proposition on the estimate for the recurrence inequality.

Proposition 3.1. Let C > 0 and 0 < M < 1/(4C). Assume that a positive sequence {c;}72,
satisfies
OéoSCM2, aj+1§0(a?+2Maj+M2)
for all 7 > 0. Then it holds that
1-2CM —/1—-4CM
sup a; < < 00

Especially, it follows that

2C (M—l—supaj) < 1.

320

This proposition is easily derived from induction, so we may omit the proof. Next, we show the
proposition on the decomposition of functions. We will apply this proposition to prove the existence
and uniqueness of solutions of (1.3) in the case of ¢ = 0o

Proposition 3.2. (i) Let n/2 < p < 00, ¢ > 0 and {p;}jez be defined by (1.2). If ug € Bpoo 24n/p
satisfies (1.6) for some N € Z, then it holds that

(3.1) ug = u(()l) + u(()Q) with u(()l) e LP, Hu(()2)HB_2+n/p < Ce
p,o0
where C' = 3||FLo| 1.
(ii) Let 1 <r <oo, s €R, 1 <a<ooandn>0. Ifu in the class
Opu, Au € L¥((0,T); By4)

satisfies

(3.2) lim sup {tu (T e (0,7) ] |0ru(7), Au(r)l|ps | > t)i} <,

t—o0
there exists R, > 0 such that
N (1) = 0u(t), Aut)] 5, = NO(0)+ NO(1), 0<t<T

(3.3)
with ||N HLOO(O T) < Rny ||N(2)||L°"°°(0,T) < 2n.



Proof. (i) Let us define

N 00
1 2
’U,(()) = E gpj*u(), Ué) = E goj*uo.

Since 2 — n/p > 0, it holds that

N
1
iz < S lles * uollze

j=—o00
N
(—2+2)5) . } (2-2);
S IR A R P
(25N
= L 2(72+%) HuOHB;ﬁjn/?-

By the definition of the sequence of function {¢;};ez, we have

pixer=0 (5—k>2), lejl=I1F"eln

for all j, k € Z. Hence it holds that

2 Copm); )
||“(() )”Bp—g;rn/p = sup {2( p)]HSOj % u(() )HLP}

JEZ
o0
%*( 5 ¢>

k=N+1

= sup 2(72+%>‘j

JEZ

Lp

,2+£ y
= sup {2< P>JH@j*(%—1+<Pj+<Pj+1)*UOHLp}
N<j<oo

_2+£ ;
<sup (il + el + lesnal) sww {2078 oy el |
W=/ N<j<oo
<3| F el e
This implies that the relation (3.1) is valid and we complete the proof.

ii) Since the condition (3.2) holds, by taking R, > 0 sufficiently large, we have that
n

}SQn.

Q=

sup {tu (re©.1) ] |Oru(r), Au(r)]| | > t)

t>R,
We define
N(®) = o). Au(®)l s, . 0<t<T.

N(t) if N(t) < Ry, [ 0 iN(t) <R,
N() ::{ é) ifNEt§>R7,, N() ‘_{ N(t) ifNEt;>Rn.
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Then we have N = NV + N2) and ||N(1)HLOO(O’T) < R,,. By the definition of N(?), we see that

)

IN®|| oo (0,1)

Q=

0<t<R, t>R,

= max{ sup {t,u (7’ €(0,7) ‘N(Q)(T) > t);} , Sup {t,u (7‘ € (0,7) ‘N@)(T) > t)

t>R,

= maX{RnM (T € (0,T) ‘N(Q)(T) > Rn)‘l* , Sup {tu (7‘ € (0,7) ‘N(2)(T) > t>i}}

< 2n.

This completes the proof. O

Let us construct a solution of (1.3). By the successive approximation method, we regard (1.3) as
a heat equation with the nonlinear term. The estimate of the nonlinear term yields a sequence of
solutions to the heat equation by the maximal Lorentz regularity.

Proof of Theorem 1.2. (i) We first note that for every 1 < p < oo, there exists r € R such that

1 1 1
l<r<oo, 1<p<r, —-<—+-.
p n T

By Proposition 2.5, there also exists s € R and 1 < o < oo satisfying (2.4) and (2.5). In the
following, we abbreviate My := M, 4((0,7); B; ). By Theorem 2.2, there exists a solution U™* of

U —AU* =0 in (0,00) x R",
(3.4)

U*(0)=up inR"
with the estimate
10:U, AU*”L‘%Q((O,T);Bﬁ,l) < C||U0"B;3+n/p

for all 0 <T' < co. We set U_; := 0 and consider the sequence {U;}32, of function on (0,7) x R"
satisfying the following equations

. U — AU; = =V - (U* + U;—1)V(=A) " (U*+U;_1))  in (0,T) x R",
(3:5) U;(0) =0 in R"

for all 7 > 0. Let us define
My = e uoll porao e ) + 100U AU | oo myss, )

Since

oU*, AU* € L*((0,T); .;f’l), ug = U*(0) € B;ngn/p’
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it follows from Lemma 2.6 that

|V - (U*V(—A)_lU*)HLM((&T);BTS«J)

< € (e ol poragomyies ) + 100" AU | ooy Bﬁ,l>)2 < oM

V- (Ujv(_A)_lU*)HL%(I((O,T);BT%J)

< ClUjllmer (HetAUOHLa*yq((o,T);BjIJ) + HatU*7AU*”L”‘#((QT);B;Q) < CMr||Ujllmy
IV (T A ) ooy < CMUlLaar

IV (Ujv(_A)ilUj)HLO‘H((O,T);BTSJ) < O||U;l4,

for some r < r* < 00, s* € R and a < a* < 0o satisfying

2 n
> =
(67 r

Noting that U_; = 0, it holds by Theorem 2.2 that

=2+ 5"

Toll ez < CIV - (UV(=2) U pevao.my s,
< CMf,
(3.6) U1 lmr < CIV - (U + UV(=D) U™ + Uil oo,y
< CM# + CMr||Uj | pmy + CMr||Uj |y + CIU; 347
= C (IUj 13y + 2Mr|| Ul + M7) -

Hence we have by induction that U; € My for all j > 0. We set U; := U; — U;_; for all j > 0.
Notice that Uy = Uy and

Wji= =V (U +U)V(=2)" (U" +Uj) = (U" + Uj-)V(=A) (U + Uj-1))
= -V (UV(-A)'TU; + U, V(-A)'U* + U;V(-A)'U; + U; 1 V(-A)71T))
holds. Hence we have by (3.5) that
OUjp1 —AUjs1 =W,  in (0,T) x R",
{ Uj41(0)=0 in R"
for all j > 0. Since U; € My for all j > 0, it holds by Lemma 2.6 that

V- (U*V(—A)_lﬁj)||La,q((o,T);Bg’1)

<C (HetAUOHLQ*"I((O,T);B,S“:J) + [0:.U, AU*HL%(I((O,T};B%)) HUJHMT = CMTHUJ'HMW
IV - @920 | oaoryie ) < CMIT Lt

IV @59 (=2)" U peaosmyii ) < CIT e 1T e

IV - (U1 V (=) T poaqoryis ) < CIUi1lmz 1T aag-
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By Theorem 2.2, it follows that

”Uj"rl”MT < CHWJHLOJJ((O’T);BZI)
< O (Mr|Ujllme + MrllU; e + 1T 105l vt + 101l v 1Tl )
= C @Mz + [Ujllmr + 1Uj=1lmr) Ul a1

<20 (MT +sup HUjHMT> 1Tl pmep
J=Z

and we have

i
1Tl < {20 (MTJrSgIg!!Uj!!MT)} 10ol| at-
JZ

Noting that the relation (3.6), taking 0 < 7' < oo such that My < 1/(4C), we have by Proposition
3.1 that

2C (MT+Sup||Uj||MT> < 1.
Jj=20

Hence we see by

o0

J
{20 (MT sup HUjHMT> } 0ol my < o0
JZ

§=0 j=0
that the limit of sequence
U= lim Up=3 U; inMr
§=0
is convergence. Since U € M, we have U(0) = 0 and
We set
W, ==V (U +U)V(-=A)H(U* +U;) — (U + U)V(-A) 1 (U* + 1))
= V- (UV(-A) U - U) + (U - U)V(-A) T
+(U; = U)V(=A)'U; + UV (=A) Y (U; = U)).
Since it holds by Lemma 2.6 that
IV (@805 = U)oy,

< O (e ol ooy ) + 1060 AU oy ) 105 = Ullaa
< CMr||Uj = Ul My

IV - (U5 = )V (=8) U | ooy ) < CMrlIU; = Ullwgg

IV - (U = D)V (=2)"U) gouaorrye ) < CNUG = Ular 10

IV - UymaV(=8) " U5 = ONl eaqorrye ) < ClUs—1latr 105 = Ul
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we see that
IWjll a0y 82 ) < CMT|Uj = Ullmag + CMr|[Us = Ul ptr
+ U = Ullme 10Ul mz + CllU 1l i U = Ul
—0 (j— o0).
Therefore, by taking j — oo in (3.5), we have that
U — AU = -V - (U*+U)V(=A) L (U*+U)) in (0,T) x R",
U0) =0 in R".
Since U* is a solution of (3.4), we see that u := U* 4+ U is a solution of (1.3). We also see by
Oyu, Au € L*((0,T); B;il), ug = u(0) € B;§+"/p
and Lemma 2.4 that u € L*9((0,T); B;f;kvl)
Finally, we show that the solution of (1.3) is unique. Let us u; and us be the solution of (1.3) in
the class (1.4). We set @ := u; — ug. Since
—V  (uV(=A)ug) + V- (uaV(=A) ug) = =V - (@V(=A) 'y + upV(-A) ')
holds, we have by (1.3) that
o — AT = -V - (@V(=A)tuy + upV(=A)"'@)  in (0,7) x R",
a(0) =0 in R™.
Let us define
My = e Suoll v aqo,oy; ) + 10ctun At o015, + 10002, Atiall oo,
It holds by Lemma 2.6 that
- ~1
IV - @mV(-4) Ul)HLa,q((o,g) B:))

< Cllat, (el oozt )+ 101 M1 gy ) < CMLT e
IV 2V (=)0 | o001,

<C (HetAuo||La*,q((07a);]'3::’l) + ||5’tug7Au2\|La,q((o7a);Bil)) [l m, < CMg|allm,
for all 0 < o0 < T'. Hence we have by Theorem 2.2 that
[l m, < CIV - @V(=A)"" ur + U2V(_A)_1H)HLavq((o,g);BgJ)
< CM|ullm, + CM|[a]| .
= 20 Mg |[l m, -

By taking 0 < o < T such that M, < 1/(4C), it holds that

_ L.
[l < 51l

and we see that u(t) = 0 for all 0 < ¢ < 0. By repeating this argument, we have that u(t) = 0 for
all 0 < t < T and we also see that uq = us.
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(ii) Assume that ug € B, /P gatisfies (1.6). By Proposition 3.2, we obtain the decomposition
satisfying (3.1). Notice that we need the relations My < 1/(4C) and M, < 1/(4C) to show the
existence and uniqueness of the solution of (1.3). Since the exponents in (i) satisfy

2 n

2
(3.7) —+—=4+s, —+£—2+s*,
(0% r

at r* -
we have by Proposition 2.1 that

A (1)o@
Het ué)”Bﬁ:,l SCt 2”(10 7“) 258 Hué)”Bg’m

272)
r

I
Q
™
2
+
[ V)
/N

(1)
fuPll gy _
_ 1 419 n
<o =078 W)

as well as

Noting that 2 —n/p > 0, it holds that

1
T a¥
A (1 A, (1)a*
lef “(())”LQW((o,T);BS* ) S (/0 e u((’)"aBi:ldt)

r*,1
1
3.8 T _ 1 x(o_n ¥
(38) <ol ([ Car)
0
1 n
< Ol T (5)
as well as
1 1 12—z
(3.9) 122Ul oy < Cls T (3),

Notice that we have by (3.7) that

1 n/1 1 +1 4 n 1 n (1 1 +1 "y n
a 2\p r 2 p) o 2\p r* 2 p)’

it holds by Proposition 2.1 and (3.1) that

tA

(2) . (2)
e ug HLa*’OO((O,T);BjI’l) < Cllug |’B;g;rn/p < Cg,

(310) a2 @
[PANCN HL%OO((O,T);B??’I) < Cllug ||B;gjn/p < Ce.

Since U* in (i) is a solution of (3.4), we have the representation U* = e®ug and the relation

O U* = AU* = AetPuy. Therefore, taking e > 0 and T > 0 such that

T%<27%) < 1

E< ——, _—,
24C? 24C2||ul"|| v
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we have by (3.8), (3.9) and (3.10) that
My = || ug|| por, ()8t ) T NOU™ AU fasoe (0,1, B 1)
= |le! u0||La*,oo((0 B ) T 2[|Aef UOHLW ((0,1):B3 )

L 1
< Cuy HLPT2< ) oo g 20 |ul! HLpTz( %) 4 oce
< 1
4C"
Hence we see that there exists a solution of (1.3).

Concerning the uniqueness, assume that u is a solution of (1.3) in the class (1.7). By Proposition
3.2, there exists R, > 0 and it holds that (3.3). Then, we have that

B¢, Al pooo (00,5 ) = IN® + N3l pa.00 0,0

1

<{ [ w0y} v

< Rnaé + 2.
It holds by (3.8) and (3.10) that
lig n
||etAU0||La*’°°((0,a);BjI ) < CHu[()1)||Lpa'2< :D) + C?]
Let us take n > 0 and o > 0 such that
1 1 (2_7) 1

N< ———, 0a+4o0? < .
8C(4+C) 8C(Cl[ulM || e + 2Ry)

Then, for the solutions u; and wug of (1.3) in the class (1.7), it holds that
tA
Mé = He UOHLO‘*@O((O,U);Bj:’l) + ||atU17 AU1||La,oo((07g);Bil) + ||atu2, AuQHLa,oo((O’U);B:‘l)

1(og_n
< | 1ro? ®5) £ o+ 2(Ryot +21)
<L
4C"

Hence we see that the solution of (1.3) in the class (1.7) is unique.

(iii) Assume that ug € By g 2/P satisfies (1.8). It is sufficient to show that Mp < 1/(4C) holds
for all 0 < T < oo to prove the existence a global solution of (1.3). It holds

A A
Het UOHL“*"I((O,T);Bi:’l) < CE*, HAet UOHL""‘?((O,T);B;?VI) < Ce,

as well as (3.10). Therefore, taking £, > 0 such that

< 1
1202’
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it holds that

Mr = e uollpar aqo,ry ez )+ 10607 AU o,y

*

_ tA tA
= Ml uoll por oo mysms ) + 2 A 0l oo,y )
1

1C

for all 0 < T < oo. This completes the proof of Theorem 1.2. O
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