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THE KELLER-SEGEL SYSTEM OF PARABOLIC-PARABOLIC TYPE IN
HOMOGENEOUS BESOV SPACES FRAMEWORK

TAIKI TAKEUCHI

ABSTRACT. We show the existence and uniqueness of local strong solutions of Keller-Segel system of
parabolic-parabolic type for arbitrary initial data in the homogeneous Besov space which is scaling
invariant. We also construct global strong solutions for small initial data, where the solutions belong
to the Lorentz space in time direction. The proof is based on the maximal Lorentz regularity theorem
of heat equations.

1. INTRODUCTION

Consider the Keller-Segel system of parabolic-parabolic type in R™, n > 2;
Ou = Au—V - (uVv), zeR™ t>0,

L1 o = Av + u, rzeR"” t>0,
(1.1) u(0,z) = up(z), z € R",
v(0,z) = vo(x), z € R",

where u = u(t,z) and v = v(¢,x) stand for the density of amoebae and the concentration of the
chemo-attractant, respectively, while ug = ug(x) and vg = vo(x) are the given initial data.

The aim of this article is to show the existence and uniqueness of local strong solutions of (1.1) for
arbitrary initial data (ug,vo) € Bp_f;n/pl (R™) x B,’,Zgz (R™) for some 1 < pj,p2 < oo and 1 < ¢ < oo.
Here, B;’q(R”) is the homogeneous Besov space. We also prove the existence and uniqueness of
global strong solutions for small (ug,vg) € Bp_f; n/p1 (R™) x BZQ/ 12 (R™), including the case of ¢ = oo.
If a pair of function (u,v) solves (1.1), then (uy(t,z),vx(t, ) := (\2u(A\t, Ax),v(\%t, Az)) becomes
also the solution of (1.1) for all A > 0. In addition, the Banach space X xY with norms ||-||x and |||y
is said to be scaling invariant to (1.1) if the conditions [Jux (0, -)||x = |Juol|x and ||vA(0,)|ly = ||volly
are satisfied for all A > 0. Notice that Bp_f; n/p (R™) x B;Q/ P2 (R™) is one of scaling invariant spaces

o (1.1). The notion of scaling invariant spaces is traced back to the Fujita-Kato principle for the
Navier-Stokes system:

ou = Au— (u-V)u — Vm, zeR" t>0,
(1.2) V-u=0, zeR" t>0,
u(0,x) = up(x), x € R™.
Fujita and Kato [11] chose H'/%2(R?) as the scaling invariant space to (1.2). After their work, Kato

[15] and Giga [12] showed the existence of the strong solution of (1.2) for L™(R™) and Cannone [8]

also showed for B:’,—, Cl;f 3/ (R?) with 3 < p < 6. For further results in other function spaces, see, e.g.,
Taylor [27], Giga-Miyakawa [13], Kozono-Yamazaki [22] and Koch-Tataru [16]. For the Keller-Segel
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system, Biler [2] constructed self-similar solutions in R", and then Kozono-Sugiyama [20,21] showed
the existence of strong solutions (u,v) of (1.1) in the class
u € C([0,00); H2/PP(R™)) N C((0, 00); H*P(R™)) N C((0, 00); LP(R™)),
v € O([0,00); H"PP(R™)) N C*((0, 00); LY (R™))
for small (ug,vo) € H2t"/PP(R™) x H™PP(R™) with max{1,n/4} < p < n/2 and
u € BC(0,00); LH(R™)) 1 C((0, 00); HZP(R™)) 1 CL((0, 00); IP(R™)),
v € O([0,00); L'(R™)) N C((0, 00); HPP(R™)) N CH((0,00); LA(R™))  (n/3 < 3p < n/2)

for small (ug,vg) € L™/*°(R") x BMO with additional conditions, respectively. Notice that they
obtained the strong solutions by showing the regularity of mild solutions.
Compared with previous results, we shall construct a strong solution (u,v) in the class

Opu, Au € L*((0,T); BIL(R™)), O, Av € L*»9((0,T); B3 (R™))

with 2/a14+n/r = 4+s1, 2/as+n/r = 2+sy and 1 < g < oo for sufficiently small 0 < T" < oco. To this
end, we follow the approach by Kozono-Shimizu [19], i.e., our method relies on the maximal Lorentz
regularity theorem for the Keller-Segel system in the homogeneous Besov spaces framework. The

crucial point of the approach by Kozono-Shimizu [19] stems from the analysis of the heat equation:
L3 Ou—Au = f in (0,7) x R",
(13) uw(0) =up  inR™

The heat equation (1.3) is divided into two parts, namely

Ou—Au=0 in (0,7) x R",
(1.4) .
u(0)=up inR"
and
Ou — Au = in (0,7) x R™,
(15) ; f | (0,T)
u(0) =0 in R".

For (1.4), by the estimate of the heat semigroup {e?®};>¢ (cf. Kozono-Ogawa-Taniuchi [17, Lemma
2.2]) and the theory of real interpolation, they obtain

1 n/1 1 1

(1.6) HAemuOHLQﬂ((O,oo);Bﬁ’l) < C’HUOHBg’q, for - =3 <p — r> + 5(8 +2—-0).

On the other hand, for (1.5), by the maximal LP regularity for the Laplacian (cf. Hieber [14,
Corollary 1.6.10]) and real interpolation, they also prove

(1.7) ||atu||La,q((o,T);Bﬁﬁ) + HAU”LO"‘I((O,T);B??”B) < CHfHLavq((o,T);Bf’B)'

Combining the estimates (1.6) and (1.7), they derive the maximal Lorentz regularity of (1.3), which

is employed to prove the existence of the strong solution of (1.2) for initial data ug € By, ;Jr”/ P(R™).

Here, notice that, the class of solutions to (1.2) is determined from the estimate (1.6). In our
situation, however, the Keller-Segel system (1.1) consists of two parabolic-type PDEs so that the
suitable choice of function spaces for the initial data Bp_f; n/p (R™) x Bgz,/ #2(R™) becomes more
delicate due to the nonlinear term —V - (uVv). Particularly, in the case of ¢ = oo, the initial data

vg belong to BZQ/ 22 (R™) with n/ps > 0, and hence we cannot directly apply the argument of [19]
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to show the existence of the local strong solution to (1.1) because the number n/py expects to be
negative if we follow the approach due to [19].

Let us give a few comments on our results. First, our results are based on the maximal Lorentz
regularity estimate for the Laplacian, which is established by Kozono and Shimizu [19]. As far as the
author knows, this paper is the first article, which succeeds to apply the maximal Lorentz regularity
of the heat equation to a nonlinear parabolic-type PDE excluded the Navier-Stokes system. Namely,
arguments used in this paper will work not only for the Keller-Segel system but for other parabolic-
type PDEs, especially, for coupling systems of parabolic-type PDEs. The advantage of the maximal
Lorentz regularity approach is that we can obtain strong solutions directly, which means that it is
not necessary to construct mild solutions — the existence proof of strong solutions becomes more
elegant and short.

The main result of this paper reads as follows.

Theorem 1.1. (i) Let 1 < p1,p2 < o0 and 1 < g < co. Assume that

1 1 1 2
(1.8) —_— == — < -
n b1 D2 n

For every ug € Bp_f;rn/pl and vy € BQQ/ZZ, there exist 0 < T < oo and a unique solution (u,v) on
(0,T7) x R™ of (1.1) in the class
(1.9) Opu, Au € L*((0,T); BYY), O, Av € L°9((0,T); BS3)
for some 1 <r < oo, s1,520 € R and 1 < a1 < as < 0o such that
2 n 2 n
ap T a2 T
In addition, it holds that
(1.10) we L*9((0,T); B3), v e L*9((0,T); ngl)
for some r <7135 < oo, s5€R and as < af < oo satisfying
2 n “
— + — =55
oy T 2

(ii) Let 1 < p1,pa < oo satisfy (1.8). Suppose that 1 < q < co. There exists € = e(n,p1,p2,q) >0
such that if ug € B;lz,;n/pl and vy € BSQ/ZQ satisfy

Huo”B;fj”/pl + HUOHB;;/? <&

then we may take T = oo in (1.9) and (1.10). Concerning the uniqueness for ¢ = oo, there exists
a constant n = n(n,p1,p2,r,S1,82) > 0 such that if (ui,v1) and (ug,v2) are the solution of (1.1) in
the class (1.9) with

2 1
Z [limsup {t,u (7’ € (0,00) ) ||8tui(7')HBi11 + HAui(T)”B:11 > t) a1 }
(1.11) i=1 b 7o ’ ’

1
+limsup {w (r € ©.00) | 10wl s + 1 A0i(r)l s, > 1) H <.

then it holds that u1 = uy and v1 = vg.

Remark 1.2. (i) We have not yet obtained a local strong solution for arbitrary large initial data
in the case ¢ = oo due to the reasons mentioned above.



(ii) Compared with the previous studies due to [20,21], the initial data belong to the homogeneous
Besov spaces. In particular, the initial data ug of the density of amoebae can be taken as a singular
data, e.g., the Dirac measure €6(x) with small coefficient € > 0 in 2D case, since § € B,;;‘j”/p(R").

(iii) In 2D case, it is well-known that there exist global solutions of (1.1) if ug € L'(R?) satisfies
the condition [p, upde < 8, without taking vy small. We should refer to [7,25] for the result.

Their method is mainly based on the a priori estimate of (1.1) by skillful technique. On the other
hand, we need smallness assumption on both ug € Bpf; 2/m (R?) and vy € 322/22 (R?). Although
our result does not yield the threshold initial mass of ug like 87, we are able to obtain more general
class Bp_f;r 2/p (R2) of uy which ensures the existence of global solutions. For instance, by taking

p1 = 1 and ¢ = 0o, we see that the class B?W(RQ) of ug with smallness assumption is larger than
that in L'(R?), i.e., L'(R%) C BY (R?).

Remark 1.3. (i) We should notice that it is also known results on the existence of global solution
of the Keller-Segel system for Neumann problems in bounded domains 2. Establishment a pioneer
work to deal with such a problem might be in the paper [9] by Cao, who obtained global classical
solutions of the Neumann problems under the condition that |[uo|| zn/2(q) and |[Vuo|[L» () are small.
Winkler [36] recently treated 1D case and showed the existence of global classical solutions, even if
up is Radon measures on {2, whenever vy € L?(€) holds. Besides, the global existence and blow-up
phenomena of solutions for Neumann problems have been fully in the series of papers of Winkler
[29, 30,32, 33].

(ii) Moreover, we can expect that one obtain farther-reaching results by considering additional
structures of the Keller-Segel system, e.g., with considering logistic sources. For contributions to
the asymptotic behavior, blow-up phenomena and instantaneous regularization of the solution of
the logistic Keller-Segel system, we refer to [23,24,31,34,35,37]. We also note that Biler et al. [3-6]
obtained various results for other settings in the Keller-Segel system.

The rest of this paper is organized as follows. In Section 2, we will recall the notations of functional
spaces and the basic propositions. Section 3 shows the maximal Lorentz regularity theorem for the
heat equations based on the argument due to Kozono-Shimizu [19]. Section 4 deals with estimating
the nonlinear term —V - (vVv). Finally, combining the results obtained in Sections 3 and 4, we
show our main result, Theorem 1.1, in Section 5.

2. PRELIMINARIES

In the following, we define the notation and the function spaces. We write F the Fourier transform
1 .
and we set (—A)2% := F1|.|F for s € R. We also define the homogeneous Sobolev spaces H*P(R")
and the homogeneous Besov spaces B, ,(R") as follows.

Definition 2.1. Let us take a function ¢ € . satisfying

suppp = {§ €R™ | 1/2<[¢[ <2}, ¢(§) >0 for 1/2 < [¢] <2,

o0

Z (€/27) =1 for all £ € R™\ {0},

j=—o00

where . is the Schwartz spaces in R". We set ¢; := F~1p(£/27) for j € Z. Then, for 1 < p,q < oo
and s € R, we define the homogeneous Sobolev spaces H*P(R") and the homogeneous Besov spaces



B3 (R") by
HP(R") == {f € Z" | ||Ifll gow(n) < o}
By ") = {f € 7'/ P | |flp any <0}
respectively, with the norms
1F 1o ggny = I1(=2)2* Fll o @my,

o0

> (299 * flliewn)” 1< g < oo,
Hf”g;yq(Rn) = j=—00
sup {219 * flLr(rn) } q = oo,
jez

where . and & are the sets of all tempered distributions and polynomials on R"™, respectively.

In the following, we will abbreviate H5? := Hsvp(R”) and B;q = B;’Q(R”). For1 <p,q <oo,an
interval I C R and a Banach space X, we write LP([; X) as the X-valued Bochner-Lebesgue space
on I. We also define the Lorentz space LP9(I; X) as the quasi-Banach space of all X-valued locally

integrable functions on I such that
11 {{Ltwﬁ>WWWM<m1Sq<w
Lp; q([ X) Supt>0{t1/pf ( )} < 00 q C e

Here, f* is the decreasing rearrangement of f defined by f*(t) := inf{A > 0 | ps(X) < t}, where
us(N) = plt € I | [f(t)][x > A). Note that the relation ||f|zna(rsx) = |1 £()llx[zra(rz) holds by
a straightforward computation. For more details on the Lorentz space, see Castillo-Humberto [10].

Next we introduce the basic propositions about the estimate of heat semigroup and real interpo-
lation that we will use later.

Proposition 2.2. Let >0, sop<s1+28 and 1 <p < q < oo. For every a € B;OOO, it holds that

etPa e B(’Js,11+25 with the estimate

_n(1_1)_1
[(—APeSal g < EGR)HO0 0 g ct <o
q,

where C' = C(n, p, q, o, $1,3) > 0.
Proposition 2.3. (i) Let 1 < q,qo,q1,p0,p1 < 00 with pg # p1. For 0 < < 1, it holds that
(LPo% (I3 X ), L0 (15 X)) g g = LPU(T; X),
where 1 < p < oo defined by p~! = (1 — G)pal + 9p1_1. Particularly, it holds that
(LpO(I' X) Lpl(l' X))Qq — LP#J(I. X)
(ii) Let 1 < p,q,q0,q1 < 00 and sp,s1 € R with sg # s1. For 0 < 0 < 1, it holds that
(HSOap H817p)9 = B (B;oqo7 B; q1) B;q’
where s € R defined by s = (1 — 0)sg + 0s1.

For the proof of Proposition 2.2, see Kozono-Ogawa-Taniuchi [17, Lemma 2.2]. For the proof of
Proposition 2.3, we refer to Triebel [28, p.134] and Bergh-Lofstrom [1, Theorem 6.4.5]. Notice that
an elementary embedding in real interpolation spaces [1, Theorem 3.4.1] and Proposition 2.3 (i)
imply that

(2.1) LPO(LX)C P X) for 1<qg<q <o



holds.

3. MAXIMAL LORENTZ REGULARITY THEOREM
Consider the following heat equations
Oou— Au=f in (0,7) x R™,
{ u(0) =ug  in R",
ov—Av=g in (0,7) x R",
{ v(0) = v in R",

(3.1)

where 0 < T < co. The aim of this section is to prove the maximal Lorentz regularity theorem for
(3.1). In the following, we will write

[0vu, Aul| poca((o,1),x) = 10cul| Loao,);x) + | AUl Lava0,1):x)
to simplify the notation.

Theorem 3.1. Let 1 <ri,ra <oo, 1 <pi <71, 1<pa<rg, 51,50 €R, 1< q1,q2,51,62 < o0
and 1 < aq,as < o0 satisfy

1 2 1 n n 2 n
<4, At —<s1< -2+ —, —+—=4+s,
(3 2) b1 n n b1 1 a1 1
' 1 2 1 n n 2 n
— <S4+, 2+ —<s<—, — + — =2+s.
p2 n. re D2 2 &%) ()
For every ug € B;f;ln/pl, vy € BZZ,/,’;; fe Lo‘lm((O,T);Bfiﬁl) and g € LO‘Q"I?((O,T);B;?;BQ),

there exists a unique solution (u,v) of (3.1), given by u(t) = e®ug + f(f DA F(Ydr and v(t) =
etPug + fg et="Aq(7)dr, in the class
Oy, Au € LO1((0,T); Bj;ﬁl), Orv, Av € LO2((0,T); B2 5.)

with the estimates

|0, AuHLalvql((O,T);B:iBl) <C <”u0||3p—12’;-1n/p1 + ||f|Lo‘ls‘Z1((07T);B:11ﬁ1)> )

1010, 80l o < © (100l + lolloammomy.,) )
where C' = C(n,r1,72,p1, D2, S1, 52, q1, 42, B1, 2) > 0 is independent of T
To show Theorem 3.1, we first introduce the next proposition.

Proposition 3.2. Let >0, 0 <s+28, 1<p<r<oo, 1<g<o00andl < a< oo satisfy

1 n/l1 1 1
i = 28 —o0).
o 2(p r>+2(s+ﬁ )

For every a € Bg’q, it holds that e®a € L*9((0,00); Bﬁjw) with the estimate

A
”(_A)ﬂet a“Lavq((O,OO);Bﬁ,l) < CHaHBg,qa

where C' = C(n,p,r,q,0,s,3) > 0.
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Proof. Let i = 0,1. Since 0 < s + 283, we choose o; € R sufficiently close to ¢ such that oy < 0 <
o1 < s+ 2p3. Let us take a; € R so that

1 n(l 1 1
—=—(--= = 208 — 0;).
o 2<p r>+2(8+ B —04)
Notice that it holds 1 < a; < 0o due to 1 < a < co. From Proposition 2.2, we have
_1
||(—A)ﬂetAaiHB:,1 < Ot 2 lag o

for all a; € Boi

p,00?

which implies that

=2 i) 5,

1

| 1
<supiq A <t€ 0, o0 ’ Ct @il|ai|| i > A)ai = Clla;|| pos -
Lo0%0(0,00) — >\>Ig{ H ( ) [ ZHBp,oo | ’”Bp,oo

Since 0¢g < 0 < o1, there exists 0 < # < 1 such that o = (1 — #)og + 6o1. Hence, by the definition
of o, we observe a~! = (1 — 0)ag ' + 6a; . Thus, Proposition 2.3 yields

I(=2) e 2all paa(o,00::,) = H”(_A)ﬁet%“’??l Loa(0,00)

for all a € Bqu. O

< Cllalls,

Corollary 3.3. Let 1 < p; <rp < oo, 1 <pp <19 <00, 81,82 € R, 1 < q1,92 < 00 and
1 < ag,ay < oo satisfy

n 2 n n 2 n

—4+f<81, 7_'_7:4_;'_81, —2+f<82, — 4+ — =2+ s9.
b1 ar T b2 Qz T2

Then, for every uy € Bpf;;n/pl and vy € BZQ/Z; it holds that e®uqy € Lo‘l’ql((O,oo);Bﬁlljz) and

etPug € L92((0, 00); Bf;J{Q) with the estimates

A A
[ravey U0||La1’q1((o7oo);331171) < C||U0||B;1%;;L/p1, |Ae! Uo||La2,q2((o7oo) B2 ) < C||UO||B;?2/ZZ‘2’

where C = C(n,r1,72,p1,D2, 51, 52,41, q2) > 0.
For a Banach space X, we define
Maq((0,T); X) :={u:(0,T) - X | Owu, Au € L*((0,T); X), u(0) =0},

where 1 < o < oo and 1 < ¢ < oo. If X is a UMD space, Mq4((0,7); X) is a Banach space
endowed with the norm

Ul Moo (0,1):x) = [0, Aul| pasaqoryx)  for u € Mag((0,7); X).
To simplify the notation, we will write M ((0,7); X) := M o((0,7); X) for 1 < o < oco. If X is
homogeneous Besov spaces, we have the following proposition.
Proposition 3.4. Let 1 < a,r < o0, 1 < fB,q < o0 and s € R. For every f € La’q((O,T);Bfﬂ),
there exists a unique solution u € Mgy 4((0,T); Bﬁﬁ) of
{@u—Auzf in (0,T7) x R™,

(3:3) w0)=0  inR",

given by u(t) = f(f e(=TAf(1)dr, with the estimate
el v g0yi83 1) < O loaorys8,

)7
B
where C' = C(n,a,r, B,q,s) > 0 is independent of T
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Proof. Let i = 0,1. We take s; € R such that sp < s < s1. For 1 < a; < oo and f €
LY ((0,T); H*""), there exists a unique solution u € M, ((0,7); H*") of (3.3), given by u(t) =
fg e(t="A f(1)dr, with the estimate

el o, rystrsimy < ClFl oo,y

For the details, see Hieber [14, Corollary 1.6.10]. We define the solution operator S that maps from
L ((0,T); H5") to Mg, ((0,T); H%"). Since sy < s < s1 and since Proposition 2.3, there exists
0 < 6 < 1 such that (HSO’T,Hslvr)gﬁ = Bﬁﬁ for all 1 < 8 < oo. Then, by the real interpolation
theorem, we obtain

S € LLY((0,T); By 3), Ma, ((0,T); By ).
Taking 0 < 1 < 1 such that a=! = (1 — n)aal + nafl is valid, by Proposition 2.3, we observe
(L°((0,T); By ), L™ ((0.T); By g))n.g = LYU((0,T); By ).
Hence, the real interpolation theorem shows that S is a bounded operator in the sense that
S L%(0,T); By g) = Mag((0,T); By ).

Here, it is clear that the operator norm of S is independent of T'. This completes the proof of
Proposition 3.4. U

Now, we are in a position to prove Theorem 3.1.
Proof of Theorem 3.1. We see that (uy,v1) = (e®ug, ! vg) solves the following equations
Oup — Aup =0 in (0,7) x R™,
u1(0) = up in R",
o1 — Avy =0 in (0,7) x R™,
v1(0) = v in R".
Noting that dyu; = Aup = Aet®ug and dv1 = Avy = AetPuy, it follows from Corollary 3.3 that

A
HatUhAul”Lal,ql((o,T);Bjiﬁl) = 2| A¢’ u0||La1"“((0’T)5B:i,61)

T

tA
< 2| Ao pora ((0,000571 )
<C .
< Cluol 240
as well as
|Opv1, AUIHLazyqz((oyT);B:;[b) < C””OHg%gg-

For f € L9 ((0,T); B® , ) and g € L*>9((0,T); B® , ), by Proposition 3.4, there exists a unique

r1,61 2,82

solution (uz, v2) € May g (0,7); BJ} 5,) X Maz.ax ((0,T); B ) of

1 2,02

u(0) =0  in R",
{Otvg — A’Ug =g in (O,T) X Rn,

{Otug — AUQ = f in (O,T) X Rn,

v2(0)=0  inR",



given by ug(t) = fg e=DAF(1)dr and vo(t) = fg e(=")2g(7)dr, with the estimates

2l v,y 0y, ) < Ol v oy, 02l omysz ) < Cl9lloa s, )-
Then we see that (u,v) := (uj + ug,v1 + v3) solves (3.1) with the estimates

[0, Au||La1’QI((O’T)§Bji,61) < ||8tul,Aul||La1,q1((o,T);Bji761) + HUQHMC*MH((O’T);Bi},ﬁl)

< C(HUOHBp—len/m + ”fHLal,(n((o,T);B:} ﬁ1)>a

”815117AU||La27q2((o7T);Bj§752) < ”815111,Avl||La2,qz((0,T);Bj§’62) + ||U2HM%%(((),T);B;;@)

< C(llvoll yms + 19l onn oz, )

This completes the proof of Theorem 3.1. O

4. PRELIMINARY ESTIMATES FOR THE NONLINEAR TERM

In this section, we will estimate the nonlinear term —V - (uVv) to obtain a solution of (1.1) by
applying the maximal Lorentz regularity theorem. For that purpose, we first introduce the following
well-known the Hardy-Littlewood-Sobolev inequality.

Proposition 4.1. Let0 << 1, 1<a<1/0 and1 < q<oo. For f € L*4(0,00), we define
1o)== [ o= p)ar

Then it holds that Iyf € L +9(0,00) with the estimate

1o f 1| Lo.a(0,00) < Cllf I Leva(o,00)
with C = C(a, 0) > 0, where a < o < oo defined by
1 1
— =——0.
a* o'

This inequality is easily derived from Stein [26, V, Theorem 1] and Proposition 2.3. Next, we
give the propositions of embedding and paraproduct formula for the homogeneous Besov spaces.
Proposition 4.2. (i) Let 1 <py <p; < o0, 1 <qg< o0 and sg,s1 € R satisfy

1 S0 1 s1

For every f € B, ,, it holds that

Il < Clifllze.,

where C' = C(n7p07p1780781) > 0.

(ii) Let 1 < p,q < o0, s,0,u>0 and 1 < pg,p1,7r0,m1 < 00 satisfy
1 1 1 1 1
S =
P po P1 o T

For every f € B;;fg N Bfo‘foo and g € B;l"’oo N Bﬁij, it holds that fg € B;q with the estimate

179155, < C (1 lggeglallme + 1 s lgll e )
where C = C(n, po, p1,70,71, S, 0, i) > 0.
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For the proof of (i), the case of the non-homogeneous Besov spaces is shown by Bergh-Lofstrom
[1, Theorem 6.5.1]. For (ii), the case of the Triebel-Lizorkin spaces is shown by Kozono-Shimada
[18, Lemma 2.1]. By applying them, we have the following Lemma. This shows that if d;u and Au
belong to the same Lorentz space, then u also belongs to the Lorentz space of a different class.

Lemma 4.3. Let 1 < ri,reo <00, 1 <p;r <ry, 1 <py <19, 81,88 €ER, 1< qq,q0 < o0 and
1 < g, s < oo satisfy (3.2). We havery <rj < oo, ro <1y <oo, si,s5 €R, a1 <aj < oo and
g < o < 0o satisfy

(4.1)
1 1 4 1 1 1 2
7+7_51+ < —, —2+n<31‘<81+2—n<—*), —*4—%:2—#3“{,
p1 T n 1 p1 o Qp
1 1 So 4 2 1 n . 1 1 2 .
— + — = <7, 7<32<52+2—7’L — — > 7-’*7:82
P2 T2 n T3 P2 T2 Ty Qy Ty

For every functions u and v on (0,T) x R™ such that
Opu, Au € L*9((0,T); Bf,ll 1), Ow,Av e L%((0,T); Bﬁ; 1)

with ug == u(0) € Bpjﬁ”/pl and v := v(0) € B;LQ/,Z; it holds that e™uqy € Lalm((o,oo);Bi% 1)
etPuy € LQS’%((O,OO);BTQ’%J); u € La’{,q1<(07T);Bi;1> and v € LO‘E"D((O,T);B:gl) with the esti-
mates

<C o—24n/p1 3
o = Clollgzgom
. < Clvoll ansey s
i = ol

A
e ] + Clldvu, Aull poran o,y 51 )0

) LT ((0,7);B’} °1 )

< Jle"u

where C' = C(n,r1,72,p1, D2, S1, 52, q1, 42,75, 75, 51, 55) > 0 is independent of T'.
Proof. Let us define f := 0yu — Au and ¢ := 0yv — Av. Then it holds f € L*9((0,T); Bfll 1
g € L°2%((0,T); B2 ) with

pee(0m8% ) + Cll0ww, Avll oz o.y572 )0
T

* . sk
2, L5 (0153 )

) and

1Nl o, a((0,7);B, ) S 1eu, Al oy, (0,78, 1)

) Hg”L%ﬂz((o,T);Bfg,l) < 10, Avll poz.az o mysm2 )
with the identities
Ou— Au = f in (0,7) x R™,
{ u(0) = ug in R",
Oow—Av =g in (0,7) x R",
{ v(0) =v9  inR"™

Hence we see by Theorem 3.1 that u and v have the following representations
t
u(t) = eBug + Ft), F(t) = / =72 F(1)dr
(4.3) °
o(t) = eBuy+ GlL), G(t) = / =72 (1) dr.
0
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It holds by (4.1) and Proposition 3.2 that

tA
< - < . .
Ie UOHLQT’ql((O,oo);BjiiJ) < Cllwol gz lle L3 920,008 ) Clivoll sy

It holds by Proposition 2.2 that

(t—7)A _%(%_%) 3(s1—s1)
[ 2D gy < CE=7) o £ g1 s
r¥.1
e %7%{ L(st—s2)
He(t_T)Ag(T)HBs; <C(t—r7) 2< : 2) e lg(m)ll 22
r;,l ?
for all 0 < 7 < ¢, since conditions (3.2) and (4.1) are valid. We define
n {1 1 1 n (1 1 1
Bri=1— = —— —)—=(sI— fyi=1— o ———)—=(s5—
! 2 (rl rf) 1= s1) B2 2 <r2 r;> 5 (52— 52)
We find that
t
IFOl s < [ 18 dr
Br%,l 0 B’l‘%,l
t N 5 B U U DS
< C(t—T) 2<T1 7‘1) 2( 1 1)”](-(7,)”3511(:[7'
0 1
t
=0 [ gy ar
0 r1,1
T
<C [ 1=
0 1,1
as well as

T
9 _
IGOls <C [ 1=l gl gz
T’S,l 0 T2

Since it holds that 1 < a3 < o and 1 < az < a5 with

1 1 1 1 1 1
0<7_7<7<1’ 0<7_7*<7<1
a7 Oél (05} a9 042 a9
and since
1 1 1 1
7_7*:917 7_7*:027

we see that 01,02 € R satisfy 0 < 01,02 <1, 1 <aj; <1/6; and 1 < ag < 1/63. Let us define

oS O0<7<T, s 0<7<T,
Wiy d WOz, o< <t lal, 0<7 s
0 T<T, 0 T<rT.

Since f € Lv0((0,T); B ) and g € L»%((0,T); B?2,), we have that Ny € L% (0, 00) and

ry,l ro,1

Ny € L*>%2(0, 00). Since
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we deduce from Proposition 4.1 that
160 N7 . 5.y < CUNG s 0.0) = € 1)
Here, it should be noticed that
Oo 01—1 g 011
TN = [ 1= "INy = [ 1= B ) gy

Similarly, we have that

Lo1,91 (O,T) == CHfHLal,ql ((O’T);B:i,l)'

2o, Ngll o3, 92(0,00) = < Cllgl poz.az (0,7; B2,

Since
IE@ o5 < CUaNp)(B), [NG@)] o5 < CIa, Ng)(D),
ri‘,l S
it follows that
10 s ot = |[IFON g < CT0 Nl ot .y < Ol lgonn oy
) ’ T 1 ,1 Lal ql(OT)
as well as
1G]l

. < ey
L (OT)BE ) Cllgllzen oy )
5

Hence, from (4.2) and (4.3), we have that

< tA
” HLO‘I ql )Bgi 1) = ||€ UOHLO‘T’ql((O,T);BSI + H || ((0 T)7B * 1)
’I‘l7 Tl, 1,
tA .
< 1l i 0||f||m,ql((O,T);B;iyl)
tA
S He uOHLO‘T‘ql ((O,T);BS:I: + CHatu; AUHLal,ql ((O,T);lel’l
rl,l
as well as
o < tA . . . )
e HLQ? 2((0,T);B 3 SV le UO”L"‘T‘”((O,T);B;?EJ) + CHatv’AUHLQQ’”((O,T);BEJ)
This proves Lemma 4.3. O

Next, we state the basic proposition about the exponents. This proposition gives a condition on
the solvability of (1.1).

Proposition 4.4. Let 1 <r < oo.
(i) There exist 1 < p1,p2 <1 satisfying
1 2 1 11 1 1 1
" I L YER A
pronor p2 2\p1 P2 nor

(ii) There ezist s1,s2 € R satisfying

2 1 1 1 1 n
maxqy—4+n|{——-),-44+n|—4+——— <s1 < =24 —,
p2 T pbr Pp2 T r

(4.5)
n n 1 n 1 1

max< —24+ —, 2+ — 51+ 1, =51+ —p <sa<s1+2—n|———-|.
D1 2 2r

P2
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Particularly, it holds that

n n n n
4+ — <5< 24—, 24 —<s53<—.
p1 r b2 r
121) Let us take a1, € R satisfying
11) Let tak R satisfyi
2 n 2 n
(4.6) — 4+ —=4+4+s8, —+—=2+s9.
(05} T a9 T

Then a1, a9 € R also satisfy 1 < ap < as.

(i) If 1 <r < oo, 1 <p1,p2 <71 51,82 € R and 1 < a1 < g satisfy (4.4), (4.5) and (4.6),
there exist r <15 < o0, s5€ R and ag < o < 00 satisfying

1 1 s9+42 1
<

p2 T n Ta

n . 1 1
— <s<st+2-—n(--——),
(4.7) P2 T

2

n
— — S92,
* *

Qg T9

n
s1— 82— 853+ —+2=0.
)

(v) If1 <r<oo, 1 <pi,pa<r, si,s2€Randl < a; < ay satisfy (4.4), (4.5) and (4.6), it
follows that

1 1 s1+4 1
<

r<ri<oco, —+--— —
;oo n 3
n 1 1
(4.8) 2+ —<si<si+2-n|-——]),
p1 T
o1 < of < oo 3+£—2+s*
1 1 ) CVT TT_ 1

where s] := s2, r] =71, 0o (= 2.

The proof is done by a straightforward calculation. So, we may omit it. By the previous propo-
sition, we will estimate the nonlinear term —V - (uVv). If the nonlinear term belongs to the same
space as the Lorentz space to which d;u and Awu belong, we can construct the solution by applying
the maximal Lorentz regularity and the successive approximation method.

Lemma 4.5. Let 1 < g<oo, 1 <r<oo, 1 <pi,po<r s, €R and 1 < a1 < ag satisfy
(4.4), (4.5) and (4.6). Suppose that (u,v) is a pair of function on (0,T) x R™ satisfying

Opu, Au € L*((0,T); BYY), 0w, Av e L*9((0,7); BS3)

with ug := u(0) € Bp_f;n/pl and vy :=v(0) € Bgz/ff. Then it holds that V-(uVv) € L*1((0,T); 35,11)
with the estimate

HV . (’LLV’U)”LQI,q((O,T) B:,ll) S C (||etAu0||La2’q((O,T);Bi?l) + ||atu, AU”Lal,q((O,T) B:,ll )

) )

tA s
X<W m“ﬁwmmﬁéfH@%AM”“@ﬂﬂﬁ>7
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or some r < ry < oo, s5€R and ag < ab < oo satisfying
2 2 2
2 n

—+ —=s
oy oy Y
where C = C(n, q,r,p1,D2, 51, 52,75, 55) > 0 is independent of T.

Proof. Since 1 < ¢ < o0, 1 <r<oo, 1 <p,pa <7, 81,82 € Rand 1 < a1 < ay satisfy (4.4),
(4.5) and (4.6), by Proposition 4.4, there exist 7 < r5 < 0o, s5 € R and as < ab < oo satisfying
(4.7). By (4.8), applying Lemma 4.3 to ] =, sj = s2 and of = as, we have

A
leuoll pez.a(o,00572) < Clluoll gozinsmns

tA
* . sk < n
. e UOHLD‘Q"?((o,oo);Brg,l) < Clleoll g/,
’ A
||u||La2’q((07T);Bi,21) < Het UUHL%»‘J((O,T);Bj?l) + C||0yu, AUHL“M((O,T);Bj}l)v
* sk < tA * . sk «@ 58 .
HU”L%‘I((O,T);BTE,J < e UOHLQT(I((O,T)%BT;I) + Clow, Aclly 29((0.T);B,1)
Since
uD1v n n
V- (uVv) =V - : = Di(uDiw) = {(Dwu)Dw + uDjv},
uD,v i=1 i=1
we have

n
IV @V0) g < 3 (D) Davll gy + luDol e ) -
=1

Since s1 — 5o — 85 +n/r5 +2 =0, we have that
1 1 1
a9 Qo aq
Since

n
31+2:s§+52—r—*<s§+82, s1+1<s9, s1+2<ss,
2

it follows that
l—s5<sy—s1—1, —s9<s5—51—2, 0<so—s1—1, 0<s5—3s1—2.
Hence it is possible to choose o, 1 € R such that
max{0,1 —s5} <o <s2—s1 —1, max{0,—so} < p <s5—s —2.

Let us define ré, 7"8 , p(l) and p% in such a way that

1 1 82—81—0—1 1_1 S;-l-U—l
7(1)_;_ n ’ %_5_ n ’
1 1 so+4p I 1 s3—s1—pu—2
Py r  n 2oy n '

since sp —s; —o—1, s5+0—1, so+p, s5—s1 —p—2>0,it holds that

1 1 * 2 .2
r < T, Po> Ty < To,Po-



Hence we have by Proposition 4.2 that

B C Bféﬁ”“v B , C B, U“, B3 Cc B/ et B L C leﬂ‘+2

Since s1 — s3 — s5 +n/r5 +2 =0, we observe

1 1 1 s9—81—-0-1 1 ss+o—1
Tt 2= — +o -t
ro Ty T n s n
1 ]. *
=—+—(-s2t+ts1+o+1+ *—32—0+1
r o on 5

1 1 B )
= -+ — 51_32_524‘74-2
T n T2
1
r

as well as
1,11
Py Py T

Hence it follows from Proposition 4.2 that

ool T {00 p3.1

I(Diu) Divl| g1 < C (HDz‘uHBSyUHDWHB; + HDiuHB—l(u-H)‘Div’BS1+(M+1)>

'ro,l s Py p()’l

<C (HUHBSWHHUHB;IH + HUI!BluleHngw)

sc(uuHBSQ ol s+ el g ol )
r2 ,1 ’ rg,l

< Cllull gz o]l e

¥
'r2,1

and

luDvl| g < C <HUH s1+<a+1>HD2vH yto+n + [lull p-n HDiZUHBS%W>

0 0 ,00 P, pO,l

<C <HUH iy |[Vll g 4l g Hv\|351+u+2>

0 0 0 Py

<C <HUHBsz 1ol g+ llull oz 0] 4 )
r2 ,1 r2 ,1

< Cllullg ol 5
2

Ty
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which yields that

n
IV Vo)l < (||(DiU)Di”HBi}1 + |’“Di2””3i}1)
=1

n
<32 (Clulig ol s+l
< <C||u’|3j?1||v|’Bs§ T CH“HBiﬁHUHBsg 1)

i=1 r3,1 r5,

< Cllullgz vl 05
r; 1

Since (4.10) is valid, we have by the Holder inequality and (2.1) that
IV @0 pesaomyspeny = IV - @V0)lIge

Le1:4(0,T)
< [Cllull e ]
Bl pon, (0,7
< Ol | on220p [100 ||
e T1L2‘11(0,T)
< CH u| .
- ” ”Bﬁi L*>2:4(0,T) Il izl L°29(0,T)

—C||U||La2q (0,1); || ||La2q(0T) 55 )'
2,1

This implies the desired estimate and we complete the proof.

5. CONSTRUCTION OF SOLUTIONS

Let us first introduce the following fundamental proposition.

Proposition 5.1. (i) Let C > 1 and 0 < M < 1/(8C?). Assume that the positive sequences

{ozj};-’io and {ﬂj}]‘?‘;o satisfy

ap <CM?, By <COM, aji1 <CM?+CMa;+CMBj+Ca;B;, Bj1 < COM + Cay

for all 3 > 0. Then it holds that

1 1
ajS@a BJ_4C

for all j > 0.
(i1) Let C > 1. Assume that the positive sequences {a;}32, and {Bj};’io satisfy
1 1 _ 3_ 1 - — _
302 By < 10 a1 < gaj + E/ij B < Caj
for all 3 > 0. Then it holds that

@< L (3T g 13y
T =20 \4 =2 \4
for all 7 > 0.

It is easy to check that this argument by induction and the proof may be omitted.
construct a solution.

ap <

Now, we will
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Proof of Theorem 1.1. (i) We first show that if 1 < pj,p2 < oo and 1 < ¢ < oo satisfy (1.8), then
there exist 1 < r < 00, s1,52 € Rand 1 < aq < ap < oo satisfying (4.4), (4.5) and (4.6). By
Proposition 4.4, it is sufficient to show the existence r € R satisfying

1 2 1 1 1/1 1 11
(5.1) l<r<oo, 1<pLpp<rm, —<—+-, max{,(+>}<+.
pnor p2 2\p1 P2 nor

It is easily seen that the following relation

1 21 11/1 1 1 ) 1 1
max<0,———, ———, - | —+ — )| — =/, <minq —,—» <1
pr n'ps n'2\p1 p2 n P1 P2

is valid by (1.8). Hence it is possible to choose r € R such that

{ 1 21 1 1<1 1) 1} 1 {1 1}
maxq0, ———, — ——, - | — + — < — < min
pP1 nop2 n 2\p1 P2 n r D1 D2

and it is clear that such an r € R satisfies (5.1). In the following, we construct a solution of (1.1).
Since 1 < r < oo, 1 <p1,pa <71, s1,52 € Rand 1 < a1 < ay satisfy (4.4), (4.5) and (4.6), by
Theorem 3.1, there exists a solution (U*, V*) of
oU*—AU* =0 in (0,00) x R",
U*(0) =up inR",
(5.2) )
oHV* —AV* =0 in (0,00) x R"™,
V¥0)=vy inR",
with the estimates
10U, AU oo o,rys2) < Clloll g2 snsm

(5.3) * *
0.V, AV ”La2«q((0,T);Bf21) = CHUOHB"/”?

for all 0 < T < oo. Let us consider the sequences {U;}32, {V;}72, of function on (0,7) x R"
satisfying the following equations
0Uy — AUp = —V - (U*VV*)  in (0,T) x R™,
Up(0) =0 in R",

(5.4)
Vo — AV =U* in (0,7) x R™,
V(0)=0 in R",
and
8tUj+1 — AUj+1 =-V. ((U* + U])V(V* + VJ)) in (O,T) X Rn,
Uj+1(0) =0 in R",
(5.5)
8t‘/}+1 — AVjJrl =U*+ Uj in (O,T) x R"™,
Vj+1(0) =0 in R",
for all 7 > 0. Let us define
My = [l€"%uoll oo i) + 10607 AUl poraqo iy
tA * * .
+ [le"vo HL% 9((0,1); 82 53 2D + oV, AV ”L“M((O,T);Bf?l)'
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In the following, we abbreviate ML := M, ((0,7T); Bfﬁ) and M2 := M, 4((0,T); Bf?l) Since
U*, AU* € L*((0,T); BlY), O,V*, AV* € L*9((0,T); B2)
with ug = U*(0) € Bp_lzjn/pl and vg = V*(0) € B;{Z/ZQ, it follows from Lemma 4.5 and (4.9) that

”U*HL‘*?"I((QT);Bi?l s¢ (HetAUU||La2»q((o,T);Bi?1) +llo.UT, AU*||Loqa(((),T);JE?i}l))
< CMT7

IV @ V) eragoyiy < C (€20l esago iz + 100" AU ooy,

(5.6)
tA * * :
" (He vOHLQ%ﬂ((o,T);B? ot [0V, av ”L"M“OvTﬁBf?l’)
:

< CM3

for some r < r; <00, s3 € R and as < aj < oo satisfying

n
— = 8,.
* *
T'a

By Proposition 3.4, there exists a unique solution (Up, Vo) € ML x M2 of (5.4) with the estimates

[Vollpgg, < CUIV - (U TV | o aqoyitiny:
(5.7) * |
Vollavg, < CNU N pozaqo.ry8:2)-

Then it holds by (5.6) and (5.7) that
(5.8) 1Uoll gz, < CMZ, [[Vollagz, < CMr.
Assume that (Uj,V;) € ML x M2. Noting that

V- (U + U)V(V*+V})) = =V - (U*VV* + U;VV* + U*VV, + U;VV;)
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and U;(0) = V;(0) = 0, it follows from Lemma 4.5 and (4.9) that

N7 Lo aqo.my; B2 S ¢ (”e ol Loz a((o.1); B2 T ”815U*’AU*HLD‘LQ((O,T);B?I))
< CMr,
1U;l Lo, 9((0,7;B73 < C|; HMl

IV @ V) eragoyin < € (Il pesaqomyim) + 100" AU ooy,
% (HetAvOHLa’é’q((OT)BSS )+ Hatv*,AV*HLag,q((OVT);B:%))
=D r;,l ’
< CMz,

IV - (Ui NVl pavao,ry s < ClUj g, (Hemvoll

< CMr||Uj .

* * o
Lag’q((O,T);Bsé 1) + Hatv ,AV HLOQ’CI((O/T);B":’%))
7"2,

IV - (@ YVl ooy < C (€0l posaorysm) + 10U AU | pasagoryimsy ) 1Villaes
< CMTHV HMz
IV - (Ui VVill pevao,ry sy < ClU s IVill ez
By Proposition 3.4, there exists a unique solution (Uji1,Vj41) € ML x MZ of (5.5) with the
estimates
Vsl < CIV - (0 + UV + VDl oy
(5.9) < CME + CMp|Uj s + OMr Vil s + CIT Laes Vil e
Vistllagg < CIU* + Ullgnago sy < CMr + ClU Lagy
Hence we have by induction that (U;,V;) € ML x M3 for all j > 0. By (5.8) and (5.9), taking
0 < T < oo such that My < 1/(8C?), we have by Proposition 5.1 that
1 1
Wil < gaz Willag, < 45

We set U_1 := 0, V_1 := 0, Uj = U; —U;j—1 and Vj = V; = V;_1 for j > 0. Noting that
Uyp=Uy, Vo=V, and
W; = (U +UH)VV+ V) + V- (U +Uj—1)V(V* 4+ Vi1))

-V
V- (UJVV* + U*VVJ‘ —|—UjVVj + Uj,lvvj),

we have by (5.5) that

Ujt1(0) =0 in R",
j+1 AV]Jrl U in (O,T) X Rn,
Vjt1(0) =0 in R",

{at j41— AU =W,  in(0,T) x R,
(5.12) {
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for j > 1. Notice that (5.12) is valid for j = 0. Since (U;,V;) € ML x M2, it holds by Lemma 4.5
and (4.9) that

||Uj||La2,q((o7T);Bj?l) < CHUJ‘HMlTa

V- (UjVV*)||La1,q((o7T);Bj’ll) < C”Uj”MIT (HGmUOH + ‘8tv*7AV*HLaQ,Q((O’T);B:’Ql))

L‘”;’q((O,T);B:gl)
< CMr||Uj|| ps .
IV (U*ij)||La1,q((07T);Bi11) <C (HemuoHLaz,q((o,T);ijl) + (16U, AU*HL"‘L‘I((QT);B?}J) HVJ’HMQT
< CMr|| V| e
V- (Ujv‘/})||La1,q((07T);Bill) < ClU [ v Vil agz.
IV (Ui VV il peraqorysesy < CllU a1Vl s
Hence it follows from Proposition 3.4 that
HUJ‘HHMlT < C”Wj||La17q((o,T);Bj7ll)
< CMr|T;llp, + CME Ve + CIT; a [Vilnez, + CllU1laas 1Vl pce
and
IVisillseg, < CIT il esaqomysesy < CIT g

Since
1 1 1

Mr < o750 Wil = gz Vil < 35

for all j > 0, we have that

_ 3 — 1 —
[Ts1llaey, < 51T slaes + 15175 lnes-

Since

_ 1 — 1
[Tollagy, = 1Wollagy < 5 [Vollagg = 1Vollaes < 15

it follows from Proposition 5.1 that

Notice that the following relations

N S A N2 LA 1 /3)’
Ux ZOU Vy Zov JZO2C<4> 3 < j202<4> < o0

are valid. Therefore,

U:= lim UN:Z;U]- in Mk, V::J&@MVNZZE in M2
=

N—oo -
Jj=0



are convergence. It holds by (U, V) € ML x M2 that U(0) = V(0) = 0 and
10:Uj 11 — AUj41 — (U — AU)HLo‘lvq((O,T);Bi}l) =0 (j = 00),

We set
Wj=-V- (U +U;)VV*+V;))+ V- (U +U)V(V*+V))
=-V-((U; -U)VV*+UV(V; =V)+(U; —U)VV; + UV(V; = V)).
Since it holds by Lemma 4.5 and (4.9) that
1 = Uil ooz < CIU = Ullag

V- ((Uj - U)VV*)HLam((o,T);th)

* . *
L29((0,7);B, £ )

S
r2,1

<C|U; - UHM%F (HetAUOH + [0V, AV*HLazaq((oj);Bj’?l))

< CMr||Uj = Ul|ps,
IV - UV (V; = V)l poraoryso,

<C (H@muo||La2,q((o,T);Bi21) + ||atU*7AU*||La1,q((o,T);Bj}l)) Vi — V||M2T
< CMrp||Vi = Ve,
IV (U = U)VVil povaqo.ryiy < ClUG = Ul Vil aez s
IV - (U519 = V)l pesagorysy < ClUllagg 1V = Ve
we have that
U = Ujll osaorymezy = 0 (7= 00)

and
IWill oo .aqo,ry:2) < OMTUs = Ullpgs, + CMr|[V; = Vg,
+C1U; = Ul Vil e, + CIUj1llaas 1V = Ve
—0 (j— o0).
Therefore, by taking j — oo in (5.5), we have that
{@U —~ AU =-V-(U*+U)V(V*+V)) in (0,T) x R,

U0)=0 in R",
oV —AV=U"+U in (0,T) xR",
V(0)=0 in R".

Since (U*, V™) is a solution of (5.2), we see that (u,v) := (U* + U,V* + V) is a solution of (1.

Since

Opu, Au € L*9((0,T); B

M), 0w, A € LU((0,T); B)
with ug = u(0) € B;f;n/pl and vy = v(0) € 332/52, we have by (4.9) that

we Lo9((0,T); BYy), ve LO39((0,T); B2,).

¥
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Finally, we see that the solution of (1.1) is unique. Let us (uj,v1) and (ug,v2) be the solution of
(1.1) in the class (1.9). We set @ := uy — ug, v := v; — ve. Noting that

=V - (u1Vv1) + V- (ueVve) = =V - (uVuy + ua V1),
we have by (1.1) that

7(0) =0 in R",
{@U—Av—u in (0,7) x R",

{@u — Au=-V-(aVo; +u2VD)  in (0,T) x R",

0)=0 in R™.
Let us define
My = |e! uO”La2 4((0,0):B,2) + ([ Gz, Aua| s, 9((0,0);B,4)

+ ||et vo| + || 01, AleL%aq((o,o);Bj?l)'

a3.q 553
L%2 ((O,a);Br;l)

It holds by Lemma 4.5 and (4.9) that

[0 o0,y < Cllaas

V- (ﬂvvl)HLam((o,g);lel) < Clfull my <||6 UO” 9((0,0):5°2 ) + ||atv17AleLU‘Z’q((O,o);Bi%))
: B2, :
< CMg || py
_ A
HV . (u2vv)HLal’q((O,O');Bi}l) S C (Het uOHLO‘Q’q((O,o’) 52 + Hatu2, A’LLQHLQI q (0 o.) > HU”M2
< CM [0l e
for all 0 < o0 < T'. Therefore, by Proposition 3.4, it holds that
[l py < CIV - @Vor +ueVO)l Lava(o0)im) < CMoll@lag + CMo|[0] a2
and
7z < Ol osaoonezy < Cllagy-
Hence it holds by above inequalities that
[l py, < CMg || pgy + C* Mg [ gy, < 2C° MG ]| o -

By taking 0 < o < T such that M’ < 1/(4C?), we observe (t) = v(t) = 0 for all 0 < t < o since it
holds that

. 1
@l pgz < §HU||M1

By repeating this argument, it holds that u(¢) = v(¢t) = 0 for all 0 < ¢ < T. Thus we have that
u] = ug and v1 = vs.

ii) Assume that ug € By, 2En/PL and vy € BYP2 gatisf
P1,q P2,q Yy

ol gsnon + Il g <
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for some ¢ > 0. Notice that we have to take 0 < T < oo such that My < 1/(8C?) to obtain the
solution of (1.1). However, since we have by (4.9) that

tA

tA
||€ UOHL%"?((O,oo);Bj’?l) < C”u0||B;12;r"/p1’ ||6 U0|’La§’q((0,oo);B:§1) < CHUOHBZ;,’?

and since the relation (5.3) holds, by taking ¢ < 1/(16C?), it holds that

Mrp = ||etAuo||L°‘2*q((O,T) B:?l) + ||atU*, AU*HLO‘LQ((O,T) BL)

. .RB%1
) el

tA N g
e UOHLO‘E"Z((O,T);Bi% ) IOV AVl s aqo.ryiig
:,

<20 (Junllzgoim + ool )
<2Ce

< 1
— 8C?

for all 0 < T < oo. Therefore, we may take T' = oc.
Concerning the uniqueness for ¢ = oo, it is sufficient to show the existence 0 < ¢ < oo satisfying
My < 1/(4C?) if (u1,v1) and (ug,vs) satisfy (1.11). We set
Ny, (t) = Hatui(t),Au,-(t)||lel, Ny, (t) == Hatvi(t),Avi(t)HB:zl, 0<t<oo, i=1,2.
Since the condition (1.11) holds, by taking R, > 0 sufficiently large, we have that

sup {14 ( € (0,00) | Ny (r) > )71 } <29,

>R,

1
sup {t,u (1 €(0,00) | Ny, (1) > t)az} < 2.
>R,

We define ng)(t) and ng?) (t) by

N (1) = { Nus(8) 3 Moy () < By oy 0<t< oo

0 if Ny, (t) <Ry,
0 if Ny (t) > R,, u

Ny, (t) if Ny, (t) > Ry,
respectively. Then, we see that N, = Ng) + qu) and ngp € L>(0,00) with ||N1(L})HL00(O7OO) <R,
By the definition of Nl(f), we have that

”Ng) HL"‘l"X’(O,oo)

:max{ojtug%n {tu(r € (0.00) | Nuy(7) >t)‘111},ts>u£] {tn(r e (0,00) | Nui(7)>t)all}}

ZmaX{Rnu(Te (0,00) | Nuy(7) >Rn)°‘11,ts>u£ {t,u(TG (0,00) | Ny, (1) >t)a11}}

< 2.
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Hence we observe

10stts, Ail| oy oo (0,071 ) < 2l Nl o100 0,0

< C (INPller0,0) + NPl o100 )

1

<clc </ (N;p(t))aldt) o
0
1
S C’]%T]O—OTl + C??
Similarly, it holds that
1
||8tvi7 AviHLaQ,OO((O?O_);Bi’Ql) < CRT]O'O‘? =+ 077

Since we have by (4.9) that

tA s , tA x .
™ uoll pes.oe ((0,000:503) < Clluoll g zenms e UollLa;,oo((Oyoo);Bj;l) < Clivoll gy
by taking
1 N 1 1
e< —— < — o ay < —————
S0y "Sqes 77 T S 1a0R,

it holds that

A
My = 1€ uoll paze 022 + 1002, Atiall e 0,051

A
+ Het UOHLa; + Hatvla Avl”La%w((O,o’);B:i)

(0,052
5

1 1
<C (HUOHB;f;n/pl + HU()HBZQ/%%> + CRW(UOq + o’az) +2Cn

1
SC&‘""@
1

< —.
~ 40?2
This completes the proof of Theorem 1.1. O
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