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Abstract: This study promotes the construction of transparent spatial structures with a minimum use of metal frameworks, 

by employing glass panels as primary members. The Allowable Stress Method, which is used to verify building components 

made of different materials, but is not available for glass members, is also proposed. In this regard, a sound theoretical 

investigation on tempered glass members under in-plane bending and lateral-torsional buckling (LTB) is summarized. 

Original experiments are used in support of the load-carrying capacity analysis of glass specimens. Their LTB failure is 

also addressed, as a function of slenderness ratio, to derive the allowable stress function. As shown, the presented findings 

result in robust equations for determining the allowable stress of tempered panels in bending, and in a general approach 

that can be extended to various loading conditions. The proposed methodology is finally applied to the exemplificative 

structural design of a three-dimensional frameless roof. 
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Long-term and short-term loads  
  
 

1. INTRODUCTION  

1.1 Conventional or Frameless Glass Structures 

In last decades, glass changed its role of typical 

secondary building material into a key solution for 

architectural innovation and novel structural concepts. Its 

role rapidly expanded beyond mere transparency needs, 

contributing to sophisticated aesthetics in architectural 

arrangements and use for load-bearing components, with 

other traditional materials. Fig. 1(a) depicts typical 

conventional metal framed glass structures, which 

worldwide demonstrate the impact of glass in 

contemporary architecture, ranging from famous all-

glass facades to spectacular bridge attractions, and its 

combined powerful use with metal structures [1-13].  

 

Fig. 1. Examples of different glass structures [1, 2]. 

 

To meet the requirement of high transparency, frameless 

glass structures are also increasingly promoted. As 

shown in Fig. 1(b), recent and well-known examples can 

be found in existing assemblies like the Apple Store and 

the Glass Canopy in Tokyo (©2023 Rafael Vinoly 

Architects). 

To address the challenge of high transparency and 

aesthetics for these innovative spatial structures, see Fig. 

2, researchers from Chen’s Laboratory are drawing 

inspiration and guidance from ancient structural 

principles [3].  

 

Fig. 2. Examples of spatial frameless glass structures. 

(a) Conventional glass structures supported by metal frames. 

(b) Frameless glass structures. 

Lap-panel 

unit 

      Example of Lap panels Frameless glass shed 

Glass shed       Frameless Glass Dome 

Lap-panel roof 
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The Lap-panel system inspired by the ancient wooden 

bridges like the Hongqiao, for example, can support 

innovative solutions for modern structural systems (Fig. 

2). The Reciprocal Panel system in Fig. 2, which is also 

derived from reciprocal frame concepts of Eastern and 

Western cultures, provides an alternative sound 

framework for assembling frameless glass structures that 

combine heritage-inspired design with modern 

engineering and architectural principles [2].  

 

1.2 Glass Types and Production 

As known, glass production methods significantly impact 

on its mechanical and thermo-physical properties, and 

have major consequences on structural and architectural 

design considerations. Float glass, which is commonly 

used for ordinary windows, doors, partition walls, is 

made by pouring molten glass onto a tin bath, and 

ensuring uniform thickness and surface quality to the 

obtained flat panels. Tempered glass undergoes indeed a 

typical heat treatment process, which involves 

compression on the surface and tension in the core of the 

resisting section (Fig. 3). This distribution of internal 

stresses largely enhances its strength, compared to non-

prestressed glass, with about 4 times enhanced 

performance [4-7]. For frameless glass structures, as in 

the present study, tempered glass can thus serve as 

principal construction material. 

 

 
Fig. 3. Typical stress distribution in tempered glass. 

 

1.3 Design of Frameless Glass Structures 

In practice, structural verifications are essential to ensure 

appropriate safety and stability to building components 

and systems against design loads, and allowable stress 

calculations often represent a fundamental procedure for 

many traditional constructional materials. As shown in 

Fig. 4, the present study promotes a process of structural 

design for glass frameless structures which is based on 

the equivalent beam concept, and includes allowable 

stress calculations [7-12].  

 

Fig. 4. Structural design processes for frameless glass 

structures. 

1.4 Research Purpose and Methods 

The present investigation is based on the consideration 

that in common structural design standards and technical 

documents there are several types and definitions of 

“allowable stress” for load-bearing members, including 

those for bending, compression, tension, etc. This 

research focuses specifically on allowable bending stress 

considerations, for tempered glass panels under in-plane 

loading, as there is no literature research in this direction. 

The primary goal is thus to determine a robust and 

general methodology to calculate the allowable stress for 

pure bending in glass members. In addition, the study 

focuses on understanding the load-carrying mechanisms 

and failure mode under lateral-torsional buckling (LTB), 

which is a critical condition associated to pure bending 

moments.  

As shown, the proposed methodology takes a major 

advantage from properly designed experiments for 

tempered glass beam-like panels that are subjected to in-

plane loading conditions, while allowing their rotation 

and translation at the ends. Through the experimental 

testing of specimens (also with various geometrical 

features), key mechanical properties that are relevant to 

structural analysis, such as bending and LTB 

performances, are evaluated. Subsequently, the research 

summarizes the adopted approach for calculating the 

allowable bending stress for design, based on statistical 

analysis of experimental results. The final objective is to 

establish a robust equation for evaluating the allowable 

bending stress in frameless glass members, thereby 

enhancing their safety and practical application, and 

possibly extend the same procedure to various loading 

configurations. 

Glass inherent brittleness can in fact lead to abrupt and 

premature collapse. The herein reported investigation, in 

this regard, aims to contribute to establish standardized 

protocols by devising specialized approaches for 

determining appropriate stress design limits, through 

comprehensive testing, analysis and modelling. 

Ultimately, an exemplificative trial structural design is in 

fact proposed, for a three-dimensional frameless roof, 

showing the potential of the developed methodology. 

 

2. BASIC PRINCIPLES OF LTB 

For slender load-bearing members, such as glass beam-

like components, LTB represents a critical failure 

configuration that should be properly verified. Fig. 5, in 

this regard, illustrates the pure bending behaviour of a 

rectangular glass beam (span l, cross-section h×t) under 

in-plane loading, which could critically fail for LTB.  

The undeformed configuration of the beam is defined by 

the coordinate system x, y, z; following LTB, the 

deformed axes change to x', y', z'.  

The torsional angle ϕ, the vertical displacement υ and the 

lateral displacement u are the key performance indicators. 

The critical load/moment can be obtained from the 

classical differential equations of equilibrium of the 

deformed beam. The relation between the moment 

components in Fig. 5 can be expressed as follows:  

 

Mx= M̅x'                                     (1) 

Mz' = Mx

du

dz
                                   (2) 

My'= M̅x'ϕ                                      (3) 

Transformation of glass members into equivalent beams and 

description of the analytical model 

  

Form-finding for glass members! 

  

1) Mechanical analysis under permanent/long-term loads. 
2) Stress analysis on the equivalent beam 

Mechanical analysis under seismic and wind loads, 
and check of allowable stresses for glass members. 

Eigen-value analysis to determine the critical loads (i.e., seismic 
and wind actions, etc.) 
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(a) 

 
 

(b) (c) 

Fig. 5. Lateral-torsional buckling behaviour of a 

rectangular glass beam. 

 

Assuming that the magnitude of u , υ , and ϕ  are very 

small, the differential equations for the equilibrium in the 

critical state for the buckled beam are: 

 

EIx

d
 2

υ

dz 2
=Mx                                    (4a)

EIy

d
 2

u

dz 2
= ϕMx                                (4b) 

GJ
d ϕ

dz
=- (

du

dz
) Mx                           (4c)

 

 

where GJ is the torsional stiffness and EI the bending 

stiffness. By differentiating Eq. (5c) with respect to z, 

eliminating d
 2

ϕ dz
2⁄  and combining Eqs. (4c) with 4(b), 

it is obtained that: 

 

GJ
 d

 2
ϕ

dz 2
+

Mx
 2

EI
ϕ=0                                  (5)  

 

Therefore, the Euler’s theoretical critical moment is: 

 

Mcr=
π

l
√EI  GJ                                      (6) 

 

Several studies of literature established efficient 

analytical models for glass buckling, based on the 

buckling curve concept [14-17].  

Basically, the governing parameters for the LTB 

verification are usually referred to the typical in-plane 

bending resistance (Mres) and actual load-bearing 

capacity (Mu) of the beam. The nominal resistance Mres 

depends on the tensile strength of glass (σr) and on the 

elastic section modulus (Wx= 1 6⁄ ht2  for a rectangular 

section): 

 

Mres = σrW𝑥                                (7) 

 

The buckling reduction factor for LTB (χ
LT

=  Mu Mres⁄ ) 

is then efficiently implemented through LTB buckling 

curves (i.e., Fig. 6), to verify the actual bending failure 

moment (Mu) and the effective capacity of the member. 

Finally, the slenderness ratio is given by:  

 

  λLT =√σrW𝑥  Mcr⁄                         (8) 

 

3. EXPERIMENTS 

3.1 Setup  

Fig. 7 depicts a schematic view of the experimental frame 

arrangement that was arranged in support of present 

investigation. Each glass specimen was subjected to two 

vertical loads (500 mm each from the ends) that were 

gradually increased in a quasi-static monotonic protocol, 

until collapse. Ther bending and LTB response 

parameters were monitored as discussed in [11].  

 

Fig. 7. Experimental setup. 

 

3.2 Specimens 

Glass is a linear elastic material until tensile failure, 

having a Young’s modulus of 70 MPa and a Poisson’s 

ratio of 0.23 (ρ= 2500 kg/m3 its density). The geometrical 

features of tested specimens (approximately 10 in total in 

each series) are described in Table 1. 

 

Table 1. Features of tested specimens. 

Thickness

(t)  

mm 

Length 

 (l) 

mm 

Height 

(h) 

 mm 

No. of tests 

8, 10, 12 2000 
130, 150, 

180, 200 

10 each 

(52 in total) 

 

3.3 Results 

The experimental outcomes and evidences were 

thoroughly assessed to derive useful details in support of 

the allowable stress calculation. Typical load-

displacement records can be seen in Fig. 8(a). Basically, 

the specimens initially responded elastically with a pure 

in-plane bending mechanism. Nonetheless, most of them 

experienced rapid out-of-plane bending and LTB (Fig. 

8(b)), which often resulted in very large amplitudes for 

 
Fig. 6. Design buckling curve based on normal 

distribution of experimental data (example). 
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the recorded displacement components and even sudden 

brittle collapse (Fig. 8(c)). 

 

 

(a) Load-displacement measurements. 

 

(b) Lateral-torsional buckling deformation. 

 

(c)  Sudden failure.  

Fig. 8. Selection of experimental observations. 

 

4. EXPERIMENTAL EVALUATION OF THE 

ALLOWABLE BENDING STRESS 

4.1 Basic Theory of Allowable Design Concept 

The analysis of experimental results proved that medium-

large slenderness ratio (i.e., λLT ≥ 1.25) closely match the 

theoretical Euler’s buckling curve for LTB, while small 

ratios (i.e., λLT < 1.25) diverge from classical theory (see 

Fig. 9). After analysing the available data distribution, 

the authors defined the minimum allowable stress to 

ensure a 95% safety level [7], and address typical 

structural issues for member safety. 

 

4.2 Statistical Calculation 

For the collected experimental results, see Fig. 9, the 

normal distribution of x= Mu/Mcr  ratio for a given 

slenderness was set in the probability range of 5% of the 

log-normal distribution of data. The lower limit 

parameter, defined as C = (x - μ)/σ̅ , was determined 

considering that:  

  f(x) =
1

𝜎̅√2𝜋
𝑒𝑥𝑝 (−

(𝑥−𝜇)2

2𝜎̅2 )                 (9) 

 

By imposing that: 

I(∞≥Z≥C) =∫ 𝑓(𝑧)𝑑𝑧
∞

0
= 95%  (10) 

⇒C= −1.6449 

it was finally obtained: 

𝑀̅𝑐𝑟＝(𝜇 − 1.6449 𝜎̅)𝑀𝑐𝑟;𝑎𝑣𝑔                  (11) 

 

Fig. 9. Statistical analysis of allowable stress and 

moment. 

 

4.3 Allowable Bending Stress Formulation  

Based on experimental evidences and elaborations like in 

Fig. 9, a formulation was finally developed to facilitate 

the calculation of the allowable bending stress for glass 

beams under in-plane loads. For practical efficiency, the 

methodology detects three cases / ranges of slenderness 

ratio, which are typically associated to different failure 

mechanisms. 

 

Case 1: brittle behaviour (𝜆LT < 𝛬1 = 0.5) 

When a load-bearing member exhibits brittle collapse, 

substantial structural deformation cannot take place 

before failure. An appropriate safety check should 

account for the material behaviour and member capacity 

under both long-term (L) and short-term (S) loads. This 

suggests that the allowable bending stress for design 

could be expressed as: 

 f
L,b

=
1

3
  αL  𝛾 𝜎𝑐̅    (12a) 

 f
s,b

=
2

3
  αS  𝛾 𝜎𝑐̅   (12b) 

 

where αLand αS are safety factors (to define). 

The ratio 𝜎𝑡 = 𝛾 𝜎𝑐̅≈ 0.57 𝜎𝑐̅ is derived by the authors in 

previous studies, to express the tensile strength as a 

function of the compressive one [9]. 

 

Case 2: inelastic critical buckling (𝛬1 = 0.5 ≤ 𝜆LT <
𝛬2 = 1.25) 

Before LTB, compared to “Case 1”, the member 

experiences considerable elastic deformation. When the 

material can offer considerable flexibility but the 

slenderness ratio is still relatively small (𝛬2 < 𝜆LT), this 

is the typical observed mechanism. The allowable 

bending stress in this specific scenario can be expressed 

as the fitting curve of minimum experimental data (i.e., 

based on Fig. 9), which means: 

f
b
= 0.57𝜎̅𝑐 (−0.21𝜆𝐿𝑇

2  + 0.12𝜆𝐿𝑇 + 0.54) (13) 

 

and for long/short-term loads results respectively in: 

f
L,b

=
1

3
[ f

b
 ]   (14a) 

f
S,b

=
2

3
[ f

b
 ]   (14b) 

 

Case 3: elastic buckling (𝜆LT ≥ 𝛬2 = 1.25) 

Elastic buckling is the typical outcome of a member that 

bends elastically and is often characterized by a medium-
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large slenderness. The Euler’s buckling formula, which 

has been adjusted for LTB, can potentially be employed 

to determine the critical stress, and results in: 

f
L,b

=
𝜋αL

3
(

𝐶𝑏

W𝑥𝑙𝑏
√𝐸𝐼  𝐺𝐽)                             (15a) 

f
S,b

=
2𝜋αS

3
(

𝐶𝑏

W𝑥𝑙𝑏
√𝐸𝐼  𝐺𝐽)                            (15b) 

 

5. TRIAL STRUCTURAL DESIGN 

5.1. Reference Configuration and Approach 

To demonstrate that the promoted approach can be 

efficiently used for real structures, a trial design was 

finally carried out. The reference model for the trial 

structural design, see Fig. 9(a), consists in a spatial 

structure spanning 16×16 m. The Lap-panel framework 

of Fig. 2 is used for the roof, which is made of tempered 

glass and cladded by rectangular tempered glass panels 

(Fig. 9(b)). Spring joints are interposed to provide an 

appropriate structural interaction (Fig. 9(c)).  

 

(a) Full-scale model.  

 

(b) Pin boundary condition. 

 

(c) Schematic detail of spring joints. 

Fig. 9. Trial structural design. 

The herein promoted approach assumes that the 

supporting glass panels can be transformed into 

equivalent, beams with identical bending and axial 

stiffness (Fig. 10(a)), while the roof panels are 

transformed in crossing beams, that are required to offer 

an identical shear stiffness to the three-dimensional 

assembly (see Fig. 10 and [11]). 

After analysing the equivalent beams and calculating the 

maximum stresses due to the assigned design actions (i.e., 

dead and seismic loads), the allowable stress can be 

finally checked to satisfy the resistance verification.  

 

 

(a) Transformation process into equivalent beam 

 

(b) Constitutive law of spring joints [7]. 

 

(c) Mechanical analysis of real and equivalent beams. 

 

Fig. 10. Transformation process and mechanical 

analysis of glass panels as equivalent beams. 

 

5.2. Design Loads and Dynamic Parameters 

The dead (long-term) load can be determined by 

summing the weight of glass and aluminium components, 

while the design seismic load (short-term) derives from 

standards. 

More precisely, the equivalent static seismic load can be 

conventionally calculated based on [9], where:  

𝐴𝑐𝑐(𝑖𝑞) = ∑ 𝛽𝑗𝑞𝑆𝐴(𝑇𝑗 , ℎ𝑗)𝑢𝑖𝑞𝑗𝑗=1                (16a) 

𝐴𝑐𝑐′(𝑖𝑞) =
𝐴𝑐𝑐(𝑖𝑞)

𝑚𝑎𝑥(𝐴𝑐𝑐(𝑖𝑞))
𝐴𝑐𝑐𝑚𝑎𝑥 ; Accmax = 0.3       (16b) 

𝑃𝑖𝑞 = 𝐴𝑐𝑐′(𝑖𝑞) × 𝑤𝑖𝑞                         (16c) 
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0 

and Acc(iq) indicates the distribution of the amplification 

factor for seismic load at point i of direction q; βjq 

indicates the participation factor of eigen-mode j; SA is 

the spectral acceleration of mode j with period Tj and 

damping factor hj; and uiqj denotes the q component of the 

eigen-vector of mode j at point i. Consequently, Acc’(iq) 

indicates the amplification factor for seismic load (with a 

maximum Accmax= 0.3), which is a common value for the 

earthquakes of middle and small scales in Japan.  

By the eigen-value analysis of the three-dimensional 

system (with lumped masses due to dead load at each 

joint), the obtained eigen-modes are shown in Fig. 11, 

and the corresponding vibration periods / participation 

factors are summarized in Table 2. Finally, the 

distribution of the amplification factors is modelled as 

shown in Fig. 12). 

 
  

Mode 1 Mode 5 

  

Mode 2 Mode 7 

Fig. 11. Eigen-value analysis (selected modes). 

 

Table 2. Vibration periods and participation factors. 

Mode 
Period 

(s) 
Participation factor 

X Y Z 
1 0.1125 -0.022 7.715 0.186 

2 0.327 0.735 0.130 -3.920 

3 0.321 -3.462 0.032 -0.771 

4 0.277 -0.001 -0.027 0.012 

5 0.272 0.010 0.231 1.766 

6 0.279 1.0458 0.078 -0.115 

7 0.273 0.177 -2.310 0.189 

8 0.229 -0.050 -0.003 -0.011 

9 0.223 -2.806 0.175 -0.072 

10 0.217 -0.300 -2.356 0.030 
 

 

Fig. 12. Distribution of amplification factors for 
seismic load application. 

 

5.3. Stress Verification 

Following the approach proposed in Section 4, the 

reference slenderness ratio for the examined members is 

estimated in 𝜆𝐿𝑇 = 0. 91, which corresponds to “Case 2” 

of the developed methodology. 

The associated allowable bending stress for design is 

estimated from Eq. (13), and overall results in 

f
b
= 0.57𝜎̅𝑐( 0.48) = 65.66 N/mm2, where 𝜎𝑐 =  240 

N/mm2 is the average compressive strength from 

previous experimental investigations [9]. From Section 4, 

the long-term allowable bending stress can be thus 

estimated as: 

f
L,b

=
1

3
[f

b
]= 21.88 N/mm2 

 

Table 3 reports the final result of such a stress verification, 

which was carried out with the support of a Finite 

Element numerical analysis, to determine the stress peaks 

in the examined member (see Fig. 13). 

 

Table 3. Allowable bending stress verification under 

long-term (dead) load. 

Stress due to  

long-term load 
Max. 

stress 

(N/mm2) 

Allowable  

 

(N/mm2) 

Check 

X-direction Axial  6.63 21.88 OK 

Glass beam Bending  8.06 21.88 OK 

Y-direction Axial  6.47 21.88 OK 

Glass beam Bending  7.89 21.88 OK 

 

 

Fig. 13. Stress peaks due to long-term load. 
 
For short-term (seismic) loading, a similar approach can 

be taken into account, where: 

𝑓𝑆,𝑏 =
2

3
[𝑓𝑏]= 43.78 N/mm2 

 

Typical results are summarized in Table 4 and Fig. 14. 
 

Table 4. Allowable bending stress verification under 

short-term (seismic) load. 

Stress due to 

short-term load 

 

Max. 

stress 

(N/mm2) 

Allowable  

 

(N/mm2) 

Check 

X-direction Axial 13.25 43.78 OK 

Glass beam Bending 15.58 43.78 OK 

Y-direction Axial 16.54 43.78 OK 

Glass beam Bending 14.62 43.78 OK 

 

As a final remark, in terms of deformations of the 

examined frameless glass system, the maximum 

displacement under dead load was quantified in ≈47 mm, 

while for a middle-scale earthquake it raised up to ≈58 

mm. Accordingly, additional verification checks should 

be also carried out at the global and local levels. 

Besides, most importantly, the herein reported 

mechanical analysis confirmed that the maximum stress 

in glass panels resulting from dead (long-term) and 

seismic (short-term) loads does not exceed the proposed 

allowable bending stress, as also verified with the support 

of a more refined Finite Element numerical study. 
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Overall, the presented findings prove that the suggested 

methodology and structural system concept (i.e., the 

spatial frameless glass structure design with the 

Allowable Stress Method) can be efficiently developed 

for future explorations and extensions.  
 

 

Fig. 14. Stress peaks due to short-term load. 

 
 

6. Conclusion  

In this paper, a generalized methodology was presented 

to promote the development of three-dimensional 

frameless glass structures for spatial constructions.  

A structural design approach that converts the complex 

glass panels into equivalent beams (with identical 

bending and axial stiffness) was presented. This concept 

was further supported by a sound proposal for the 

prediction of the allowable bending stress for similar 

members, based on their slenderness ratio parameter.  

A practical design example was also finally discussed, to 

emphasize the potential of the presented approach and its 

possible future extension for additional configurations. In 

this regard, many significant issues should be also further 

investigated to ensure structural safety, such as more 

sophisticated seismic considerations in dynamic regime, 

fatigue phenomena, durability or even fireproofing. In 

any case, the present study poses the basis and tracks new 

research efforts in this direction. 
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