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Abstract

Screening is a useful method for selecting important variables for high-dimensional
data where the number of predictors is much larger than the sample size. Screen-
ing methods can eliminate unnecessary variables at a low computational cost by
calculating their importance scores, such as the correlation between response and
predictor variables. In this study, we consider the problem of selecting variables
and interactions in classification problems for data with imbalanced sample sizes
between classes. Specifically, we propose a new method called Class-to-Class KIF
(CCKIF) to select interactions in imbalanced multi-class classification problems.
CCKIF uses the difference in Kendall’s rank correlations for each class to calculate
the importance scores of the interactions to improve the selection accuracy more
than existing methods, even for imbalanced data. We present the theoretical prop-
erties of the proposed method. Simulation studies and real data analysis show that
the proposed CCKIF appropriately selects important interactions, particularly for
data on minor classes.

Key Words and Phrases: Screening, Variable selection, Interaction, Multi-class classification.

1. Introduction

Variable selection is one of the most important issues in regression analysis for
modeling the relationships between the response and predictor variables. Variable se-
lection has been applied in various fields including economics, engineering, and biology
(Montgomery et al., 2021). In finance, models are constructed to predict company
bankruptcy using important variables selected from data on transactions and payment
networks (Kou et al., 2021). In computer science, variables closely related to faults are
selected and monitored to detect faults that affect product quality (Wu et al., 2020). In
environmental science, Valentini et al. (2021) constructed a model for monitoring water
quality by setting the water quality index as the response and the number of specific
components in the water as predictors.

Sure Independence Screening (SIS) (Fan and Lv, 2008) was proposed as a variable
selection method for high-dimensional data where the number of predictors is much
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larger than the sample size. The SIS assumes a linear regression model for the data
and defines the importance of the predictors related to the response using the Pearson
correlation between the response and predictors. The SIS has a good property called
the sure screening property, which states that the probability that a set of variables
selected by the SIS contains a set of important variables converges to one as the sample
size increases.

Several extensions of the SIS have been proposed. Fan and Song (2010) extends
SIS to generalized linear models, and Fan et al. (2011) proposed Nonparametric Inde-
pendence Screening (NIS) that selects variables in high-dimensional additive models. In-
stead of the Pearson correlation used in SIS, Robust Rank Correlation Screening (RRCS)
(Li et al., 2012a) uses Kendall’s rank correlation coefficient, and Distance Correlation
SIS (DC-SIS) (Li et al., 2012b) uses the distance correlation to capture the nonlinear
relationship between the response and predictors. The Pearson’s Chi-square SIS (PC-
SIS) (Huang et al., 2014) and Mean-Variance SIS (MV-SIS) (Cui et al., 2015) enable us
to handle categorical and continuous variables.

Many screening methods consider only the main effects of the predictors. However,
several methods consider the interactions of predictors to improve prediction perfor-
mance and model interpretability. There are two methods for selecting interactions:
one assumes that only interactions related to variables with main effects are selected,
and the other does not. Methods for the former include Interaction FORward selecting
procedure under the Marginality principle (iIFORM) (Hao and Zhang, 2014) and Step-
wise cOnditional likelihood variable selection for Discriminant Analysis (SODA) (Li and
Liu, 2019). They selected only interactions related to the selected main effects, which
reduced the computational cost. In contrast, methods of the latter type include IP-SIS
(Fan et al., 2016) and BCor-SIS (Pan et al., 2019a). To include the effect of interactions
on the importance of the predictors, IP-SIS uses the correlation between the squared
transformation of the response and the predictors, and BCor-SIS uses the ball corre-
lation (Pan et al., 2019b) between the power transformation of the response and the
predictors. This study focuses on methods that do not make any assumptions about the
existence of main effects. This is because in some cases, only interactions are meaningful
in the real world. For example, in finance, when there are two variables, the interest
rate and the economic growth rate, the value of the interest rate has a different meaning
depending on whether the economic growth rate is higher or lower, even if it has the
same value. In such cases, the main effect may not be significant.

In this study, we consider the problem of interaction selection in classification.
Classification problems have been addressed to solve issues in many fields, such as email
spam classification and item categorization. Interactions are important for predicting the
performance of statistical models in classification problems. Joint Cumulant Interaction
Screening (JCIS) (Reese, 2018) and the Kendall Interaction Filter (KIF) (Anzarmou
et al., 2023) are proposed for selecting interactions in classification problems. JCIS
calculates the importance scores of interactions using a three-way joint cumulant that
includes the response and two predictors. The KIF calculates the scores by taking the
difference between the Kendall’s rank correlation computed for the entire sample and
that computed for the data for each class. JCIS supports binary classification only,
whereas the KIF supports multiclass classification.

This study considers a multi-class classification problem in which the sample size of
a minor class is highly imbalanced. For example, in scenarios where a financial institution
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detects illegal transactions or a medical institution diagnoses rare diseases, the sample
sizes for classes corresponding to illegal transactions or rare diseases are typically small.
The KIF does not perform well with imbalanced data, particularly when important
interactions are related to the classification of minor classes. To address this issue, we
propose a modified KIF method that improves the calculation of the importance scores
of interactions even for imbalanced data. This method is called the Class-to-Class KIF
(CCKIF). Using data from each class, CCKIF can adequately reflect the information
provided by the data from the minor classes in the importance scores. We also show
that the proposed CCKIF satisfies the theoretical properties under several conditions,
such as the sure screening and ranking consistency properties. Simulations and real data
analysis show that CCKIF selects important interactions even for imbalanced data.

The remainder of this paper is organized as follows: Section 2 provides an overview
of existing screening methods. Section 3 introduces the details of the proposed method
and presents its theoretical properties. In Section 4, we report the results of the analyses
based on the simulated and real data. Finally, Section 5 provides a summary and
discussion.

2. KIF methods

Let Xi,...,X, be p random variables as predictors and ¥ € {1,...,K} be a
variable representing the class label as a response. We assume that each variable has a
finite variance. We consider a multiclass classification problem for Y using Xi,...,X,.
In particular, we consider the problem of selecting the interactions that contribute to
classifying Y from p(p—1)/2 interactions constructed using X7, ..., X,. Let Xi,... )N(p
and Y be independent copies of Xi,...,X, and Y, respectively. The global Kendall

rank correlation 7 of the interaction between the j-th and I-th predictors is given by:

)

T(X;, X)) =P ((Xj - X)X - X)) > 0) - P ((Xj - X)X - X)) < 0)
— 9P ((Xj — X)X - X)) > 0) 1,
and the in-class Kendall rank correlation 7, for class k is given by:
(X, X)) = 2P ((Xj X)X - X)>0|Y =kY = k) -~

Then, the KIF score is defined as
K

“’;l = ZWk |7 (X5, Xi) — 7(X;, X))l
k=1

where 1, = P(Y = k). When Y is independent of the interaction (X, X;), (X, X))
takes equal value for all k; thus, 7(X;,X;) = 7(X;,X;). In this case, w, equals
zero. Conversely, when Y depends on the interaction (X;, X;), meaning 74 (X;, X;) takes
different values for each class, w7, increases because |7 (X;, X;) — 7(Xj, X)| increases.
We consider that interactions may contribute to the classification when they relate to Y.
Therefore, we can interpret the KIF score as indicating the importance of the interactions
that contribute to the classification of responses. The KIF score has the advantage of
being insensitive to the monotonic transformations of predictors because it is based on
rank.
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Because KIF is a filtering method that aims to select important interactions at a
low computational cost, it cannot select variables by considering the main effects. Using
the interactions selected by the KIF and the variables selected by other methods that
consider the main effects enables us to construct statistical models that consider both
the main effects and interactions.

Let us suppose we have n sets of observations {(y;,«;); 1 < i < n}, where y; €
{1,...,K} is a response and x; = (z;1,...,%;) € RP is a vector of predictors. The
empirical version of the global Kendall rank correlation is given by:

n—1 n

. 4

T(Xj,Xl) = m Z Z ]]_ {(SL'” — xsj)(x“ — xsl) > 0} — 1,
i=1 s=i+1

where 1{-} is an indicator function and the empirical version of the in-class Kendall
rank correlation is given by:

4+
ﬂk(’l’Lk — 1)

n—1 n
S 1 {(wij — wyg) (@i — xa) > 0,4 = kyys =k} — 1,

i=1 s=i+41

(X, X1) =

where nj denotes the number of observations belonging to class k. The empirical version
of the KIF score is then given by:

K
Wi =Y e (X, X)) — #(XG, X)) (1)
k=1

where 71, = ng/n. We select the interactions of (Xj, X;) that satisfy @3, > h for
threshold h > 0.

A drawback of the KIF is that the importance of interactions related to minor
classes is sometimes estimated to be smaller than their true values for imbalanced data.
A possible reason for this is that the KIF score (1) assigns smaller weights to minor
classes both implicitly by using 7(X;, X;) calculated using all in the sample and explicitly
by assigning weights 7.

3. Proposed method

3.1. CCKIF score

To resolve the KIF’s drawback, we propose a method called CCKIF, which can
accurately compute the importance scores of interactions, even for imbalanced data.
The CCKIF score is calculated as follows:

1 K K
wj = ﬁz D T (X, X0) = T (X5, X0))
k=1m=1

where 7y, »,, is the average of 7, and 7, that satisfies the order of 7y, ,,, 7x, and 7, with
respect to n are the same. Examples of 7, ,,, are as follows.

T + .
e Arithmetic: %,
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o Geometric: /Ty,

. 2mpT,
e Harmonic: ——.
Tk + Tm
CCKIF score captures the differences in the behavior of interactions across classes more
accurately than the KIF score, by using the in-class Kendall rank correlation instead
of the global Kendall rank correlation calculated using all in the sample. Furthermore,
CCKIF uses 7, to avoid underestimating the score of interactions related to minor
classes.

The empirical version of the CCKIF score is given by:

K K
1
Wi = K2 E E Tk,m |Tk(Xj7Xl) - T’rrL(XjaXl)| 5
k=1m=1

where 7y, ,, is the average of 73, and 7p,.

3.2. Theoretical properties of CCKIF

Let S = {(j,1) : the interaction (Xj;, X;) is important for Y’} be an active set of
important interactions. We consider the interaction (X, X;) important if the empirical
CCKIF score satisfies w;; > cn™", where c and r are positive constants. Furthermore,
let S = {(j,1) : wj; > en~"} be the set of tuples of the indices of predictors whose
interactions are estimated to be important. The number of important interactions is
|S| = s, where s is significantly lower than p.

First, we demonstrate the sure screening property that P(S C S ) converges asymp-
totically to one as the sample size increases. To achieve this, we assume the following
conditions:

(C1) There exist two positive constants ¢; and cg such that

C1 C2
— < min 7, < max mp < —.
K 7 1<k<k " T 1<k<k @~ K

(C2) There exist positive constants ¢ > 0 and 0 < r < 1/2 such that (rrll)ins wiy > 2en” "
e

(C3) The number K of classes satisfies K = O(n?) for 0 <d < 1/2 —r.
(C4) log(p) = o(n*=27).

(C5) The orders of my m, Tk, and m,, with respect to n are the same.

Under these conditions, Theorem 1 holds. The proof of Theorem 1 is provided in Ap-
pendix.
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Theorem 1 (Sure screening property) Under conditions (C1)-(C5), there exists a
positive constant b that depends on ¢, c1, and cy such that

2, 1-2r
i IP( max |u§-l—w4l|<cn_r>>1—0 p*n? exp —en
' 1<ji<p 0 T - 72b2 ’

2. 1-2r
g A 2d —c*n
ii. P(SCS)>1- O(sn exp (7262> )

Since S uses en~" as a threshold for selecting important interactions, it may appear
that as the sample size increases, cn™" approaches zero, which causes S to include all
interactions eventually. However, according to Theorem 1 (i), the difference between
w;,; and wj,; also approaches zero. Therefore, (j,1) € S¢ that satisfy w;; < en™" are
unlikely to be included in §. Theorem 1 (7i) ensures that the set of interactions that
CCKIF estimates as important contains important interactions with a probability close
to one. If there exists (j,1) € S that satisfies w;; > 2en™", then S will include some
unimportant interactions, and therefore it is unlikely to be S = S. Although the KIF has
the sure screening property, Theorem 1 claims that the probabilities of CCKIF converge
to one faster than those of the KIF as the sample size approaches infinity because the
order of n is smaller than that of the KIF (Anzarmou et al., 2023).

In addition, we introduce the ranking consistency property, which states that in-
teractions relevant to a response have higher CCKIF scores than irrelevant ones. To
achieve this, we consider an additional condition.

(C6) liminf § min w;; — max wj; » > c3, where c3 > 0 is a constant.
n—oo (()es (.1)ese

Then the following result holds. The proof of Theorem 2 is provided in Appendix.

Theorem 2 (Ranking consistency property) Suppose that (C1)-(C6); then,

liminf { min w;; — max w;; >0 a.s.
n—oo | (5,1)€S (4,1)ese

From Theorem 2, we can identify S by selecting interactions in the order of CCKIF
scores if the number of important interactions is known and the sample size is sufficiently
large.

4. Numerical Results

We analyzed two simulated datasets and one real dataset. In these experiments,
we compared the variable selection performance of the proposed method with that of
the existing methods. Each method calculates the importance scores of the interactions
and then selects the interactions based on these scores. A method that selects more
interactions relevant to a response is preferable.
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4.1. Simulated dataset 1

Let Y be a response that takes one of the values 1, 2, or 3, and X = (X1,...,X,)"
be a vector of predictors that follow three multivariate normal distributions, as follows:

1 if j1 = jo,

X |Y =1~ N(0,, %) where 5y, iy = 0.8 if (ju.j2) € {(1,2), (2, 1)},
0.2 otherwise,
1 if jl = .j27

X I Y=2~ N(Op, 22) where Z2,(j1,j2) = 0.8 if (jl,jg) S {(3,4), (4, 3)},
0.2 otherwise,
1 if .jl = .j27

X I Y =3~ N(Op, 23) where ZS,(jl,jz) = 0.8 if (jl,jg) S {(5,6), (6, 5)},

0.2 otherwise.

This setting indicates that three interactions, X; X5, X3X4, and X5Xg, are important
for identifying classes 1, 2, and 3. Datasets were generated with several sample sizes n,
number of variables p, and sample ratios for Y. The sample ratios were tested using
three different imbalance patterns: (0.6, 0.3, 0.1), (0.5, 0.3, 0.2), and (0.4, 0.3, 0.3). We
selected [n/log(n)] interactions in the order of importance score values, as in the KIF,
where [a] is the maximum integer that does not exceed a. Note that many screening
methods commonly select [n/log(n)] as the number of variables; therefore, we also use
this value.

We compared the proposed CCKIF with the KIF, JCIS, BCor-SIS, IP-SIS, and
SODA for each dataset. For my ,, in CCKIF, we used the arithmetic average 7y ., =
(7k +7m ) /2. For methods other than CCKIF and KIF, which do not support multiclass
classification, we convert the value of Y to binary values Y7, Y5, and Y3 as follows:

1 ify=1 1 ify=2 1 ify=3
Y1: . ) Y2: . ) Y3: . .
0 fY#1 0 ifY#2 0 ifY#3

We calculated the importance scores of the interactions in each of the three datasets
(Y1,X), (Y2,X), and (Y3, X) and then used the average of these three scores as the
final importance score. Because BCor-SIS and IP-SIS do not directly compute the
importance scores of the interactions, we compute them for each predictor and then
select all possible combinations of ¢ predictors, where ¢ is chosen such that the number
q(q¢—1)/2 of interactions is close to [n/log(n)]. We repeated the above analysis 50 times
and summarized the screening results.

Table 1 lists the results for several values of p with fixed n = 300. The values in the
columns for each method represent the number of times the three important interactions
were selected. BCor-SIS, IP-SIS, and SODA rarely selected important interactions. The
proposed CCKIF selected the interaction term X5Xg related to the minor class more
than existing methods. In particular, when the class labels were highly imbalanced with
a sample ratio of (0.6, 0.3, 0.1), methods other than CCKIF rarely selected X5Xg. When
the class labels are not imbalanced, both the KIF and CCKIF select X5Xg appropriately.
In most cases, CCKIF selected the three interactions the most.
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Table 1: Results of the interaction selection for simulated dataset 1 with several p

no nflogm)]  po MO ampleratio PO GOKIF KIP JCIS BCorSIS IP-SIS  SODA
30 52 20 19900 06,0301 XiXs s 0 B3 0 00
Xa X4 8 50 2w 0 0 1
X3 X 3. 2 2 0 o0
0.5, 0.3, 0.2 X1 X2 50 50 48 0 0 0
X3Xy 49 50 31 2 1 2
X3 X 19 46 7T 0 o0
0.4, 0.3, 0.3 X1X, 50 50 46 0 0 1
Xa X4 19 19 19 1 0 i
X5 X 50 49 20 0 o3
300 52 300 1850 06,0501 X% 50 50 12 0 I I
X3Xy 43 49 25 0 1 2
X5 Xg 2 2 1 0 1 0
05,0302 XX 50 50 47 1 0 1
X3Xy 48 50 14 0 0 1
X5 X 8 3% 5 0 0 1
04,03,03 XX 50 50 42 0 1 0
XaX4 50 50 10 0 0 1
X5 X 19 4815 0 0 1
30 52 400 79500 06,0501 XX 50 11 0 0 i
X3Xy 40 49 17 0 0 1
X5X¢ 23 1 0 0 1 0
05,0302 XX 50 50 42 0 0 1
Xa X, 850 19 0 o0
X3 X s 0 o0
0.4, 0.3, 0.3 X1 X2 48 50 36 0 0 1
X3 X, 50 50 16 1 o0
X3X 9 19 5 0 oo

Table 2 presents the results for several values of n at a fixed p = 300. CCKIF
selected X5 X the most in all cases compared with the other methods. Moreover, CCKIF
selected three important interactions most frequently (except in one case). In the case of
n = 200 and the sample ratio (0.6, 0.3, 0.1), CCKIF selected X5Xg the most frequently,
whereas KIF selected the other interactions the most. This result suggests that CCKIF
may not perform well when the minor class is too small. As the sample size n increases,
CCKIF, KIF, and JCIS select the important interactions more frequently. Furthermore,
Table 3 shows the median and 90th percentile ranks of the estimated score for important
interactions in CCKIF and KIF, based on 50 trials. While KIF outperformed CCKIF
in the ranking of X;Xs and X3X, in some cases, the rank of CCKIF score for these
interactions frequently fell within the top [n/logn], allowing CCKIF to select these
interactions frequently as well. For X5 Xg, CCKIF consistently outperformed KIF across
all cases. When the sample ratio was (0.6, 0.3, 0.1), the median rank of the KIF score was
worse than [n/logn|, resulting in X5Xg being rarely selected. The variability between
the median and the 90th percentile ranks indicates that the difference in importance
between important and unimportant interactions is often small. The results of Table 3
indicate that the importance score of the interactions can be calculated more accurately
with larger sample sizes, supporting Theorem 1 of CCKIF.

4.2. Simulated dataset 2

We analyzed the generated data using multinomial logistic regression models. Let
X = (X1,...,X,) " beavector of predictors that follows N (0,, %) with ¥ = (ol =)< ,<,,
and let Y be a response that takes one of the values 1, 2, or 3 and is assigned with prob-
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Table 2: Results of the interaction selection for simulated dataset 1 with several n

n nflog(n)]  p Zﬁﬂi:jﬁons sample ratio PO GOKIE KIF JCIS BCorSIS  IP-SIS SODA
00 37 300 1850 0.6,03,01 X, B 16 0 0 3
X3Xy 17 44 11 0 0 2
X5 Xg 8 0 1 1 0 0
0.5, 0.3, 0.2 X1 X5 2 a7 % 0 0 1
X3 X, 36 40 10 0 0 0
X5 X 3116 0 0 0 0
0.4, 0.3, 0.3 X1Xo 42 45 21 0 0 1
XsX, 0 43 3 0 0 0
X5 Xg 41 41 5 2 0 2
300 52 300 14850 0.6, 03,01 XX B 0 B 0 0 2
Xy X, 2 50 18 1 1 2
X5 Xs 31 31 0 0 0
0.5, 0.3, 0.2 X1 Xs 5 50 44 0 0 0
X3Xy 50 50 20 0 0 0
X5 Xs 8 39 5 0 1 0
0.4,0.3,03 X1 Xs 5 50 39 0 0 1
X3Xy 50 50 14 0 0 1
X5 Xs 50 50 11 0 0 0
00 66 300 1850 0.6, 03,01 X1 Xs 50 50 48 0 0 1
XaX 50 50 32 0 1 1
X5Xg 48 8 2 0 0 0
0.5, 0.3, 0.2 X1 X5 5 50 50 0 0 1
X3 X, 5 50 23 0 0 2
X5 Xg 50 49 9 1 0 0
04,0.3,03 X1 X5 50 50 42 0 0 1
X3 X, 5 50 21 0 0 1
X5 X6 5 50 20 0 0 0
abilities as follows:
og [EX=21X)) v v 10g (E=31X) % x4 xux
og|=——— "7 = og|=—— """ = .
S\ PY =1]X) 122 8 py =1 X) LAz At

In this setting, X7 Xs and X3.X4 are important interactions for classifying three classes.
Under these conditions, we generated datasets with n = 300, p = 400, and ¢ = 0.2
and 0.5, followed by applying the same six methods used in the simulation analysis.
We repeated this process 50 times and summarized the number of correctly selected
interactions in each setting.

The results for the simulated dataset 2 are listed in Table 4. For ¢ = 0.2, CCKIF
and KIF selected two important interactions in all 50 repetitions. However, in the case
of ¢ = 0.5, CCKIF selected important interactions, especially X7 Xo, more frequently
than the other methods. This difference in the results was due to the sample size of
each class. Table 5 lists the average sample sizes and ratios for each class Y of the 50
datasets generated using this setting. The datasets with ¢ = 0.5 were more imbalanced
than those with ¢ = 0.2 because of the smaller sample size for Y = 1. Therefore, CCKIF,
which can select more important variables related to minor classes, selects X1 Xs more
frequently.

4.3. Real data analysis

We applied the proposed screening method to the analysis of a Human Activity
dataset (Reyes-Ortiz et al., 2012). This dataset consists of sensor measurements of hu-
man activity. Thirty volunteers wore smartphones with accelerometers and gyroscopes
and then repeatedly performed six activities: “walking,” “walking upstairs,” “walking
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Table 3: Percentile ranks of estimated score of the important interactions
rank of CCKIF score rank of KIF score

important . number of ) . 90th . 90th
interactions sample ratio  n g all interactions [n/log(n)]  median percentile median percentile

X1X, 0.6,0.3,0.1 200 300 44850 37 11 249 1 12
300 52 1 6 1 2

400 66 1 3 1 2

0.5,0.3,0.2 200 300 44850 37 3 119 1 22

300 52 1 2 1 2

400 66 1 3 1 2

0.4,0.3,0.3 200 300 44850 37 2 55 2 39

300 52 1 3 1 2

400 66 1 3 1 2

X3Xy 0.6,0.3,0.1 200 300 44850 37 82 889 4 40
300 52 8 113 2 3

400 66 2 10 2 2

0.5,0.3,0.2 200 300 44850 37 12 164 5 80

300 52 2 7 2 4

400 66 2 3 2 2

0.4,0.3,0.3 200 300 44850 37 4 69 6 4

300 52 2 5 2 5

400 66 2 3 3 3

X5Xs 0.6,0.3,0.1 200 300 44850 37 797 2603 5123 13052
300 52 29 661 1255 6551

400 66 4 43 586 1710

0.5,0.3,0.2 200 300 44850 37 16 693 130 1594

300 52 3 18 12 169

400 66 3 4 3 13

0.4,0.3,0.3 200 300 44850 37 3 192 3 108

300 52 2 8 3 4

400 66 2 3 2 3

Table 4: Results of interaction selection for simulated dataset 2

n o p  tumberof o wwortant - oopqp kTR JOIS BCor-SIS  IP-SIS  SODA
all interactions interactions

300 400 79800 0.2 X1 X5 50 50 0 0 0 0

X3Xy 50 50 7 1 6 9

0.5 X1 X5 42 33 5 1 3 0

X3Xy 47 48 23 19 41 35

downstairs,” “sitting,” “standing,” and “laying.” The sensors captured the linear ac-
celeration and angular velocity at a constant rate of 50 Hz. We treated the labels
corresponding to the six types of activities in the dataset as responses. The sample sizes
for each label are 1722 for “walking,” 1544 for “walking upstairs,” 1406 for “walking
downstairs,” 1777 for “sitting,” 1906 for “standing,” and 1944 for “laying.” In total, 561
predictors were identified from the sensors. We artificially created imbalanced datasets
from this dataset by reducing the size of one of the six classes by one-tenth and then
applying KIF and CCKIF to these six datasets to select the interactions. We repeated
this analysis six times, changing the role of the minor class, and then compared the
results of the KIF and CCKIF. For CCKIF score, we used 7y m = (7 + mm)/2 as the
settings for the simulated datasets.

First, we calculated the importance scores of all interaction terms using KIF and
CCKIF and then selected the top 15 interactions based on these scores. If we select
[n/log n] variables, this will exceed the total number of predictors, which is 561, resulting
in the selection of all variables. However, based on the results from the analysis of the
simulated data in Table 3, it is likely that the most important interactions are included
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Table 5: Averages of sample sizes and ratios for each label in simulated dataset 2
=02 =05

Y=1 Y=2 Y=3|Y=1 Y=2 Y=3

sample size 91.30 94.68 114.02 | 68.74 89.84 141.42

sample ratio | 0.304 0.316  0.380 | 0.229 0.300 0.471

Table 6: Classification accuracy for real dataset. Setting numbers 1 to 6 indicate the
analysis of datasets with minor classes “walking,” “walking upstairs,” “walking down-
stairs,” “sitting,” “standing,” and “laying,” respectively.
Setting number
1 2 3 4 5 6
KIF 0.765 0.735 0.775 0.758 0.706 0.585
CCKIF 0.765 0.735 0.783 0.741 0.711 0.712

among the top-ranked variables in terms of the importance scores. Therefore, we select
15 interactions, which corresponds to approximately 5% of the variables, or 30 variables,
out of the 561. Next, we constructed decision-tree models to classify the data into six
labels using the variables included in the selected interactions. The decision-tree model
has internal conditional branches for each variable, allowing us to capture the effects of
the interactions. We discuss the result of the obtained decision-tree model in detail at
the end of this section. Finally, we compare the classification accuracies of the decision-
tree models. A model that uses variables that significantly contribute to classifying a
response is likely to have high classification accuracy. To validate the decision-tree model,
we used five-fold cross-validation. We used grouped cross-validation to ensure that data
from the same subject were not included in either the training or the validation sets.
We used the Python package Lightgbm (Ke et al., 2017) to implement the decision-tree
models and the GroupKFold function from the scikit-learn package (Pedregosa et al.,
2011) for cross-validation.

Table 6 lists the classification accuracy for the validation data of the analysis of
the six datasets. Both KIF and CCKIF yielded the same accuracy in settings 1 and
2 because they selected the same variables and yielded similar results for settings 3, 4,
and 5. However, the proposed method yielded a higher accuracy than KIF in setting 6.
Table 7 lists the classification accuracy of the validation data for each label in setting 6.
The results of the two methods differ significantly in the accuracy of the label “laying,”
which has a smaller sample size than the other labels. KIF mostly fails to classify
“laying” correctly, suggesting that KIF incorrectly calculates the importance scores of
important variables for identifying the minor class. In contrast, the CCKIF calculates
the importance scores of the variables more accurately. CCKIF has also significantly
improved the accuracy of the “sitting” label.

Table 8 shows the confusion matrix representing the number of true labels and
the number of labels predicted by the classification models using the variables selected
by CCKIF and KIF in setting 6. From this table, we can see that the six labels can
be divided into three groups: (“walking,” “walking upstairs,” “walking downstairs”),
(“sitting,” “standing”), and (“laying”). A possible reason why the accuracy of both
methods did not differ significantly for settings 1 through 5 is that the imbalanced labels
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Table 7: Classification accuracy for each label in setting 6 in real dataset
True labels

walking :ilt{;igb gj\i}{rirsltgairs sitting standing laying

Sample size 1722 1544 1406 1777 1906 219
Accuracy KIF 0.560 0.642 0.530 0.542 0.706 0.018
CCKIF  0.501 0.758 0.649 0.831 0.820 0.566

Table 8: Confusion matrix in setting 6 in real dataset

True labels
walking walking walking sitting standing laying
upstairs downstairs

Predicted by KIF

walking 965 231 346 0 2 0
walking upstairs 276 992 313 0 2 0
walking downstairs 480 320 746 1 1 0
sitting 0 0 0 964 548 125
standing 1 1 1 e 1346 90
laying 0 0 0 35 7 4
Predicted by CCKIF

walking 862 216 270 0 0 0
walking upstairs 333 1170 222 0 9 0
walking downstairs 525 156 913 1 1 0
sitting 1 0 0 1477 301 58
standing 1 2 1 262 1562 37
laying 0 0 0 37 33 124

were included in a group, and the size of the group was sufficiently large. Additionally,
for settings 6, both the KIF and CCKIF incorrectly classified “laying” as either “sitting”
or “standing,” indicating that these three labels are similar. CCKIF selected variables
to specifically identify “laying” and improved the accuracy of this label. The variables
selected by CCKIF also helped to classify between “sitting” and “standing,” which
improved the accuracy for both labels.

Figure 1 shows an example of the decision-tree for the class “laying” in setting 6,
using the variables selected by CCKIF. The tree sorts each individual according to the
values of the selected variables and assigns a score based on the final leaf reached. This
score represents the relative degree of belonging to the “laying” class. For example,
the internal structure of this tree shows that when an individual observation satisfies
“fBodyGyrosma” < —0.73 and “tGravityAccenergyY” < —0.96, it receives a score of
—0.08 in leaf 0. Here, ”"fBodyGyrosma” is the signal magnitude area obtained by apply-
ing a fast Fourier transform to the gyroscope sensor data, and “tGravityAccenergyY”
is the sum of the squares of Y-axis gravity acceleration data divided by the sample size.
The decision-tree model consists of a series of nodes and edges based on various variables
that can capture and interpret the effects of interactions. In the practical prediction pro-
cess, the scores for all six classes were computed and the class with the highest score
was the predicted class.
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fBodyGyrosma <-0.73

| <] |

Jes o
@ Teaf 24: 0.06

Yes
fBodyBodyGyroMagmad <-0.99
es no

Yes 0
tGravityAccmeanY <-0.41
o

tBodyGyroMagenergy <-1.00
Ses 0
(BodyGyroMagmax <-0.98

Yes n

.

tBodyGyrosma <-0.99
0

yes

no
leaf 4: 0.09 leaf 18: -0.08

Figure 1: An example of the decision-trees created in setting 6 in real dataset
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5. Discussion

We propose an interaction screening method, CCKIF, for the multiclass classifi-
cation of imbalanced data. CCKIF enhances variable selection performance using the
difference between Kendall’s rank correlation for each class and averaged sample size
ratios. We showed that the proposed method has the sure screening property with a
faster convergence rate than the existing method and satisfies the ranking consistency
property under some conditions. In the analysis of the simulated and real datasets,
CCKIF selected important interactions more frequently than the existing methods in
many cases, particularly those related to the classification of minor classes. This result
suggests that CCKIF can correctly select interactions that are not considered important
by the existing methods.

CCKIF sometimes performs worse in variable selection when the sample sizes of
the minor classes are too small. To avoid the strong influence of a particular label,
CCKIF calculates importance scores using the averaged sample size ratio. We used
the arithmetic average for simulated and real data analyses. However, this approach
was not always optimal. Exploring mechanisms for setting optimal average weights or
incorporating additional information about data characteristics, such as the variance of
predictors, may further improve the variable selection performance.

We can apply CCKIF not only to multiclass classification problems but also to
regression problems with continuous responses by splitting the response into arbitrary
values and then treating them as multiclass labels. For example, the response regarding
income data could be segmented at thresholds where progressive tax rates change or the
response regarding time data could be divided into early, mid, and late periods. Split
values can be determined using business knowledge or statistical studies on the optimal
choice of cut points.

In this paper, we introduced two methods for selecting important interactions using
CCKIF: one that selects interactions with an importance score above a certain threshold
and another that selects the top [n/logn] interactions based on their importance scores.
In the simulation studies and real data analysis conducted in this work, the threshold for
selecting important interactions is determined by existing methods or a given number.
The exploration of more efficient and objective methods for determining the number of
variables to be selected remains a topic for future work.

Acknowledgement
The authors are grateful to the anonymous reviewer for valuable comments and sug-
gestions that improve the quality of this paper. This work was supported by JSPS
KAKENHI Grant Numbers 19K11858 and 23K11005.

References

Anzarmou, Y., Mkhadri, A., and Oualkacha, K. (2023). The Kendall interaction filter
for variable interaction screening in high dimensional classification problems. Journal
of Applied Statistics, 50(7):1496-1514.

Cui, H., Li, R., and Zhong, W. (2015). Model-free feature screening for ultrahigh di-
mensional discriminant analysis. Journal of the American Statistical Association,

110(510):630-641.



Interaction screening via Kendall’s rank correlation for imbalanced multi-class classification 15

Fan, J., Feng, Y., and Song, R. (2011). Nonparametric independence screening in sparse
ultra-high-dimensional additive models. Journal of the American Statistical Associa-
tion, 106(494):544-557.

Fan, J. and Lv, J. (2008). Sure independence screening for ultrahigh dimensional fea-
ture space. Journal of the Royal Statistical Society Series B: Statistical Methodology,
70(5):849-911.

Fan, J. and Song, R. (2010). Sure independence screening in generalized linear models
with NP-dimensionality. Annals of Statistics, 38:3567-3604.

Fan, Y., Kong, Y., Li, D., and Lv, J. (2016). Interaction pursuit with feature screening
and selection. arXiv preprint arXiv:1605.08933.

Hao, N. and Zhang, H. H. (2014). Interaction screening for ultrahigh-dimensional data.
Journal of the American Statistical Association, 109(507):1285-1301.

Huang, D., Li, R., and Wang, H. (2014). Feature screening for ultrahigh dimensional cat-
egorical data with applications. Journal of Business & Economic Statistics, 32(2):237—
244.

Ke, G., Meng, Q., Finley, T., Wang, T., Chen, W., Ma, W., Ye, Q., and Liu, T.-Y.
(2017). Lightgbm: A highly efficient gradient boosting decision tree. Advances in
neural information processing systems, 30:3149-3157.

Kou, G., Xu, Y., Peng, Y., Shen, F., Chen, Y., Chang, K., and Kou, S. (2021).
Bankruptcy prediction for SMEs using transactional data and two-stage multiobjec-
tive feature selection. Decision Support Systems, 140:113429.

Li, G., Peng, H., Zhang, J., and Zhu, L. (2012a). Robust rank correlation based screen-
ing. Annals of Statistics, 40:1846-1877.

Li, R., Zhong, W., and Zhu, L. (2012b). Feature screening via distance correlation
learning. Journal of the American Statistical Association, 107(499):1129-1139.

Li, Y. and Liu, J. S. (2019). Robust variable and interaction selection for logistic re-
gression and general index models. Journal of the American Statistical Association,
114(525):271-286.

Montgomery, D. C., Peck, E. A., and Vining, G. G. (2021). Introduction to linear
regression analysis. John Wiley & Sons.

Pan, W., Wang, X., Xiao, W., and Zhu, H. (2019a). A generic sure independence
screening procedure. Journal of the American Statistical Association, 114(526):928.

Pan, W., Wang, X., Zhang, H., Zhu, H., and Zhu, J. (2019b). Ball covariance: A
generic measure of dependence in banach space. Journal of the American Statistical
Association.

Pedregosa, F., Varoquaux, G., Gramfort, A., Michel, V., Thirion, B., Grisel, O., Blondel,
M., Prettenhofer, P., Weiss, R., Dubourg, V., Vanderplas, J., Passos, A., Cournapeau,
D., Brucher, M., Perrot, M., and Edouard Duchesnay (2011). Scikit-learn: Machine
learning in python. Journal of Machine Learning Research, 12(85):2825-2830.



16 S. TANAKA and H. MATSUI

Reese, R. D. (2018). Feature screening of ultrahigh dimensional feature spaces with
applications in interaction screening. PhD thesis, Utah State University.

Reyes-Ortiz, J., Anguita, D., Ghio, A., Oneto, L., and Parra, X. (2012). Human Ac-
tivity Recognition Using Smartphones. UCI Machine Learning Repository. DOI:
https://doi.org/10.24432/C54S4K.

Valentini, M., dos Santos, G. B., and Muller Vieira, B. (2021). Multiple linear regression
analysis (MLR) applied for modeling a new WQI equation for monitoring the water
quality of Mirim Lagoon, in the state of Rio Grande do Sul—Brazil. SN Applied
Sciences, 3:1-11.

Wu, D., Zhou, D., Zhang, J., and Chen, M. (2020). Multimode process monitoring
based on fault dependent variable selection and moving window-negative log likelihood
probability. Computers & Chemical Engineering, 136:106787.

Received: June 24, 2024
Revised: August 29, 2024
Accept: September 8, 202/



Interaction screening via Kendall’s rank correlation for imbalanced multi-class classification 17

Appendix: Proofs

Lemma 1 is used as proof of Theorem 1. Lemma 1 states that Kendall’s rank
correlation 75, has unbiasedness and consistency.

LEMMA 1. For k,m e {l,...,K} and j,l € {1,...,p}, 7 verifies the following
(1) E(femT(X;, X1) |Y) = fTrmTe (X5, Xi); (2)

~2
— tine

2
(it) P(7gm |76(X;, X1)) — (X;, Xi)| > e | Y) < 2exp ( ) , for all e > 0.

3)

)
87rk’m

Proof of Lemma 1

From the definitions of 7 and 7%, (¢) holds. We provide the proof for (i7). For

v1,...,v, €ER3>and k € {1,..., K}, we consider the following function:
gk,m(vlu ey Un)
-1 n
47%k,m < ~ (4)
= m Z Z 1 {(Uil - Utl)(’UiQ - Ut2) > 0,v3 = k,v43 = k} — Tk.m,
1=1 t=1+1
where ny, is the sample size of class k. Let gg m(v1,...,v,) be a function that replaces

the vector v, in (4) with v,. The absolute value of the difference between the two
functions is given by

|gk,m('vly cee ,’Un) - gk,m(vh cee ,’Uq)|
A# n—2 n—1
k,m
=|—"— 1 {(’Uﬂ — Utl)(’l}ig — UtQ) > O,Uig = ]{I,Utg = ]{3}
e 55
n—1
+ Z 1 {(Uil — 'Unl)(vig — Ung) > 0,?)1'3 = k,’l)ng = k}]
1=1
A7 n—2 n—1
k,m
- 1 {('Uil — ’Utl)(vig — ’Utg) > 0,v;3 = k,’l)tg, = k}
n(n — 1) l;t§1
n—1
+ Z 1 {(vi1 — vq1)(viz — vg2) > 0,033 = k,vg3 = k’}] |
=1
4 —
k,m
=|— 1 {(vi1 —vn i2 — Un ,i:k’n:k
nk(nk_l)il[ {(’01 1)1)(1)2 U2)>OU3 Un3 }
— 1 {(vi1 — vq1)(viz — vg2) > 0,053 = k,v43 = k}] ‘
< 47%k,m
Nk
47 m

ﬁ'kn
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Let {Vi = (Vi1, Vo, Wg)T 1 <i<n} be aset of i.i.d. random vectors and
(Vlg, ..+, Va3) . Applying McDiarmid’s inequality to gk ., we obtain

P(’gkm(Vh...,Vn) —E(gk,m(‘/'l,...7Vn) | Y)‘ >c Y)

< 28
Xp 2
’L 1 1”6 m/”k:n)

. (_mm>_

Let X = (Vi1,..., Vo) ', = Vig,..., Vy )T , then we have gi m(V1,...,V,) =
e,m T (X, X'). Using (2), E(gk,m(Vl, V) YY) = E(fe (X, X)) | Y) =
Tre,mTr(X, X'). Using them, we have

]P(’gkm(Vl,...,Vn) —E(gk,m(vl,...yn) | Y)‘ >c Y)

=P <7?rk,m

— #Zne?
< 2exp arreal B
T

’frk,m’f'k(X,X/) —’frkymTk(X,X/)‘ > e | Y>

Fo(X, X') = (X X’)\ Sel Y)



Interaction screening via Kendall’s rank correlation for imbalanced multi-class classification

Proof of Theorem 1
First, we prove (4). For j,1 € {1,.

19

.., D}, we obtain

|1 — w1l

K K K K

ok Z Z s [T (X5, X0) = T (X, X0 = D0 D T |7 (X, X0) — 72 (X, X)) ‘
k=1m=1 k=1m=1
K K

= L X5, X1) = P (X5 X =)0 o [70(XG, X0) = 7 (X5, X))
m=1 k=1m=1
K K K K

+ Z D A 17X X0) = 7 (X5, X = D0 D Tkm 170X, X0) = 7o (X, X)) ‘

k=1m=1

E
I
—

1

ﬁ
3
Il

1 K K
< KQ{ 3" Fn 17 (X5, X0) = 7 (X, X0 — 17X, X0) — 70 (X, X0)
k=1m=1
K K
3 Jarm — Thoml 76X, X0) = 7 (X5, X0 }
k=1m=1
1 K K
= 1(2{ SN e [(F0(X5, X)) = (X5, X0)) = (P (X, X0) = 7o (X, X))
k=1m=1
K K
+ Z |ﬁk,m—ﬂk,m|Tk-(Xj7Xl)—Tm(Xj7Xz)|}
k=1m=1
1 K K K K
< Kz{ DD 17X, X0) = (X5, X)) Y s [T (X, X0) — (X, X))
k=1m=1 k=1m=1
K K
YD fkim = T [7(X5, X0) = 7 (X5, X0))| }
k=1m=1
1 K K K K
< KQ{ SN o 17X, X0) = (X XD 4 DY Ao [P (X, X0) — 7 (X, X))
k=1m=1 k=1m=1
K K
£23° " fm - 7] }
k=1m=1
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eom [T (X5, Xp) — (X, X3)|

IA
=
~~
| -
——
] =
M=
>

k=1m=1
K K K K
YD i [ (X5, X0) = (X, XD 42D |him — T } > g>
k=1m=1 k=1m=1
1 L& 5
< P (22 Z ﬁk,m |7A'k(Xj,Xl) — Tk(Xj,Xl” > 3>
k=1m=1
1 K &E €
+P (22 D k| (X5, X0) = 7o (X5, X0)| > 3)
k=1m=1
2 KX €
+ P (22 Z |7:"k,m - 71'lf,m| > 3>
k=1m=1
1 K E €
= 2P (22 > ke [70(X5, X)) — (X5, X0)| > 3>
k=1m=1
2 XX €
1639 ERSEWES) ®
k=1m=1

Using subadditivity, Hoeffding’s inequality, and (3) in Lemma 1 (i7), we obtain

1 L& R ~ €
2P <W;n;ﬂk7m |Tk(Xj,Xl) —Tk(Xj,Xl” > 3)
K K

<23 %P <7rkm 2 (X, X)) — (X5, X)) > ;)

k=1m=1

K K
SQZZEY

k=1m=1

')

. R g
P 7 |70(X5, X0) — (X5, X0)| > 3
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and

=
N
3
]~
]~
5
3
2
3
v
W
N——
IA
=
N

e
2 Fem — > =
I 3>

3
< P (U {ﬁ-k,m _Wk,m| > 6}
k,m

K K .
< Z iz <|ﬁ'k,m - 7Tk,m| > 6)
=1
K K . 2
< 22 Z exp | —2n (6)

Using (5), (6), and (7), we have that

K K _ #2pe? e
2
P (|, —wj | >¢e) <4 E_ mg_ Eorua +2K?exp Tk

km

As the values of j and [ are at most p,

P
P <1£r}.2}><<p|w]l wj | > 5) < ZZIP Wi —wji| > €)

Using conditions (C1)—(C5), we obtain

P( max |w;; —wj| <en™"
1<4,1<p 7

=1-P( max |w;; —w;i| >cn™"
1<jl<p

— #2n(en™")? —n(en™")?
> 1—4pQZZexp <';2ﬁ-2 + 2 K2 exp — s
k,m

k=1m=1

2,,1-2r
2 2d —con

This completes the proof of ().
Next, we demonstrate (ii). We assume S ¢ S, then there exists (4,1) € S satistying
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w;; < en”". Under condition (C2), |w;; — w,,| > en~". Therefore, we have
{8 ¢ 8} C {jwj; —wjy| > en™", for a certain (j,1) € S}
< {(ﬂ?e}(s |1 — wju| > en™"}.

From (8) and |S|= s, we obtain that

P(SZS)<P < max |w;; — w;;| > cnr>

(4:h)es
K K ) —r)2 —7)2
—@in(en™") 9 —n(en™")
S 43 kEZI mE:1 exp <%> + 2SK exp (18 .

Using conditions (C3)—(C5), we obtain

P(SCS)=1-P(S¢S)

>1—0| sn*exp ﬂ
- 7202 '

This completes the proof of (7).
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Proof of Theorem 2
Under condition (C6) and (8), we have that

P

. “ C3
min_ w;; — max wjl < —
(.1)es (j,l)eSe 2

RN - . C3
<P min w;; — max w;; | — | min w;; — max wj; | < ——=
(.es (,h)ese (.hes (hese

<P |2 max |w;; —w,,| >
1<5,I<p

<P ‘(min wj; — min wj> <max wj; — max wjl)‘>]
G.hes 7 (Ges Ghese 7 (ghese 7 2
2‘|

=P | max |w;; —w;;| > ]

1<] I<p
— 72n(c3/4)? —n(c3/4)?
< 4p? ’fi 2 K2 e
ne —ncs
=4 2 k"3 D) 2K2 3
b Zlmzle’(p<1152 >+ PR Tosg
< 4p*K?exp (—Ecsn) + 2p° K2 exp(—4csn), 9)

where £ = min(# /77 ,,,) and ¢5 = ¢3/1152.
Each term is transformed into the following equation:
4p? K* exp (—€csn) = 4exp (2log(p) + 2log(K) — Ecsn) ,
2p? K2 exp (—4csn) = 2exp (2log(p) + 21og(K) — 4csn) .
Under condition (C4), when n is large, log(p) < C3n'=2" < C3n where C3 is a constant.
Furthermore, because log(n) = o(n), log(n) < Cyn where Cy is a constant. Let C5 =

&cs/4 and Cy = €c5/8, then we have 2log(p) < €esn/2 and 4log(n) < €esn/2. Using
the above results and K < n, we obtain

4p? K? exp (=€csn) = 4exp (2log(p) + 2log(K) — Ecsn)

< 4exp <§c25n+ 2log(n) — §C5n>

= 4exp (2 log(n) — 6625n>

< 4exp (2log(n) — 4log(n))
4

n2

Let C3 = ¢5 and Cy = ¢5/2, then 2log(p) < 2¢sn and 4log(n) < 2¢sn. Therefore, we
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obtain
2p2 K2 exp (—4csn) = 2exp (2log(p) + 2log(K) — 4csn)

(
< 2exp (2¢5n + 2log(n) — 4esn)
= 2exp (2log(n) — 2¢csn)
= 2exp (2log(n) — 4log(n))

2

n?’

From (9), we obtain

P {( min w;; — max wj l) < 023} < 4p*K?% exp (=&csn) + 2p°K? exp(—4esn)

(G.hes 7 (hese
4 2
< ﬁ + ﬁ
6
n?

For some ng, using the result of the Basel problem, we have
C3 > 1
P — < -, <6 — < oo.
Consequently, using the Borel-Cantelli’s lemma, we obtain

liminf ¢ min @;; — max w;; > 0 a.s.
n—oo | (4,))ES (4,1)eS*



