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ABSTRACT

This thesis consists of five parts, and the outline in this thesis is as follows.

First, we will study the determinantal structure of the multi-point correlation function of the overlaps for
integrable non-Hermitian random matrices. The overlap is the quantity defined by left and right eigenvectors
of a non-normal matrix, introduced by Chalker and Mehlig in 1998. It plays a crucial role in analyzing the
instability of eigenvalue of matrix and a probabilistic analysis of eigenvalues in non-Hermitian matrix-valued
Brownian motion. Bourgade and Dubach computed the probability distribution of the diagonal overlap and
the scaling limits of 2-point correlations for the Ginibre unitary ensemble. Akemann, Tribe, Tsareas, and
Zaboronski computed the multi-points correlation function of the overlaps for Ginibre unitary ensemble, and
they showed the scaling limits based on planar orthogonal polynomials. From the later perspective, we will
study the multi-point correlation function of the overlaps for the induced Ginibre/spherical ensembles. The
former model is regarded as the one-parameter generalization of the Ginibre unitary ensemble, and the later
model has the similar structure, but it is a non-Gaussian integrable non-Hermitian random matrix. Depending
on parameters, it is known that the macroscopic behavior of the eigenvalues of the induced Ginibre/spherical
unitary ensembles is drastically different. They are classified into three regimes, strongly non-unitary, weakly
non-unitary, and singular origin regimes. The local statistics for eigenvalues of the induced Ginibre/spherical
unitary ensemble in these regimes have been studied, but the overlap statistics in these three regimes have been
not studied. We will show the universality for the overlaps in the strongly non-unitary regime via the multi-
point correlation function of the overlaps for both models, and we will find new scaling limits for the conditional
expectation of the overlaps in the weakly non-unitary and singular origin regimes. In subsection 2.2, we present
our results about the determinantal structure of the multi-point correlation of the overlaps for the induced
Ginibre/spherical ensembles based on [113] and [114]. In part 2 and part 3, we prove their results.

Second, we will study the Pfaffian structure of the multi-point correlation function of the diagonal overlap
for the Ginibre symplectic ensemble. Ginibre symplectic ensemble belongs to a different class of non-Hermitian
random matrices. Indeed, the eigenvalues of GinSE form pairs with their complex conjugate, constituting
a logarithmic Coulomb gas model that symmetrically repels along the real axis. And also, the multi-points
correlation function of the eigenvalues of Ginibre symplectic ensemble forms Pfaffian. Due to this structure, it
is natural to expect that the multi-point correlation function of the overlaps for Ginibre symplectic ensemble
also forms the Pfaffian structure (cf. [11]), but it remained unsolved. We will solve this problem for the diagonal
overlap conditioned on the real line. Our result is still restricted to the specific situation, but we need to
develop a new tools to resolve this problem, and we need many complicated computations. So, we emphasize
that our result is extremely non-trivial, and we believe that our result is a cornerstone in studies for skew-
orthogonal polynomials in random matrix theory. Indeed, we have established a new method for constructing
skew-orthogonal polynomials beyond the framework in [10]. In particular, to analyze the limiting skew kernel, we
study on a specific second order differential equation. As a consequence, we demonstrate bulk and edge scaling
limits for the conditional expectation of the diagonal overlap for the Ginibre symplectic ensemble conditioned
on the real line. For the bulk case, this result can be regarded as the generalization of the result in [59], and the
edge case is the new result to our best knowledge. In subsection 3.3, we present our results and new techniques.
Their results are based on the on-going joint work with Gernot Akemann and Sung-Soo Byun. In part 4, we
prove the results in subsection 3.3.

Peres and Virdg studied a random power series with independent, identically distributed (i.i.d.) Gaussian
coefficients. Remarkably, they showed that its zeros point process forms the determinantal point process on the
unit disk. Various extensions of the Gaussian random power series have been known since the breakthrough
work by Peres and Virag, but almost extensions are assumed to be i.i.d. Gaussian coefficients. For i.i.d.
Gaussian random power series case, there are few works, but they were focused on the specific models. We will
study the asymptotic behavior of the expected number of zeros of random power series with finitely dependent
Gaussian coefficients, and we made the general structure to determine the sub-leading order for the asymptoptic
behavior clear. For the specific model, we could determine the constant term and the sub-sub-leading order.
In subsection 4.2, we present the results on the zeros point processes of random power series with finitely
dependent Gaussian coefficients based on the published paper [115], which is the joint work with Tomoyuki
Shirai. In part 5, we prove Theorem 4.2, Theorem 4.3, and Theorem 4.5 together with some preliminaries and
some examples in subsection 4.2.
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Part 1. Introduction and summary of contributions

1. INTRODUCTION: DETERMINANTAL STRUCTURE OF THE MULTI-POINTS CORRELATION FUNCTION OF THE
OVERLAPS FOR INTEGRABLE NON-HERMITIAN RANDOM MATRICES

1.1. Eigenvalues of random matrices. In 1945, Wigner initiated the spectral analysis of random matrix,
[141-143]. He considered three Gaussian orthogonal/unitarysymplectic ensembles, which are shortly denoted
by GOE/GUE/GSE. Here, we focus on GUE with size N, Hy, which is precisely defined by

N
Hy =[5 (Gx +G),

where Gy = (Gi,j)f\fj:l is a non-Hermitian random matrix whose elements are independent, identically dis-
tributed complex Gaussian random variables with mean 0 and variance 1/N. { means the complex conjugate
transpose of matrix, i.e., MT = M for M € Crxm, Here, Gy is called the Ginibre unitary ensemble (GinUE),
which plays a central role in this thesis as we will see later. Wigner showed that the empirical spectral distri-
bution weakly converges the the Wigner’s semi-circle law in large size limit of matrix dimension, i.e., for the
eigenvalues (x1,...,zy) € RY of GUE with size N,

N
1 1
(1.1) NJE:I Oy, /vN = Psc(T) = %\/4 — 22, as N — oo in weak sense,

with probability one. Also, the joint probability distribution function of the eigenvalues of GUE with size N is

-2 -1 0 1 2

FIGURE 1. Histogram of eigenvalues of GUE with size 250 and graph of py.(z).

give by

N

1 — 147

dPg\?UE)(xl,..wa):i(GUE) H |xi—xj|2He 2%idr;, (x1,...,7y5) €RY,
Zy 1<i<j<N j=1

where Z](VGUE) is the partition function, and dx is the Lebesgue measure on the real line. To study the particle

system of (z1,...,zy) € RY, it is natural to study the k-th correlation function

N
GUE N! GUE
(1.2) RO (2, p) = g /N B ) T da
C/RET j=k+1
This quantity essentially contains all the information about the particle system and is used to analyze statistical
properties such as linear statistics and the extreme value distribution for the largest eigenvalue. In particular,
(1.2) can be written as the determinantal form

k
(1.3) R (21, 2p) = det (K7 (24, 2)))

ij=1’
where K ](VGUE) is called the correlation kernel, and (1.3) is called the determinantal point process (DPP), [70,108].
For GUE, the correlation kernel KJ(VGUE) can be written in terms of the Hermite polynomials:

)

N-1
(14) KEap) = 3 vulepiaty) = VX0 Z @i ()
k=0
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where 24 i
e " Hk(x) k_x2/2 d*  _ 2/9
=—— " H = (=1)%" r for k=0,1,2,....
W) = T B = (D T for k=012,
The last identity in (1.4) is called Christoffel-Darboux identity [124]. This identity is crux in one-dimensional
integrable random matrix theory. Indeed, by the strong asymptotics of the Hermite polynomials in [124], we
can show that for p € (-2, 2),

1 (GUE) /N ~ T

(15) ( + Np—"_i) _>Kin(x7y)a aSN—)OOa
VNPSC( ) \% psc( ) VN pse(p) ’

uniformly for x,y in compact subsets of R. The correlation kernel (1.5) plays the essential role to describe the

level spacing distribution in the bulk, and Gaudin and Mehta [107] showed that for any compact subset A of R,

(1.6) lim IP(GUE)(Q{\F% ¢ A}) =1+ Z / / det (Kn(i 7))}, dej,

N—o0

where the right hand s1de is understood as the Fredholm determinant. GUE is one of the 1ntegrable Hermitian
random matrices in the sense that the local statistics such as k-th correlation function can be explicitly written
in terms of the orthogonal polynomials. Apart from the integrable Hermitian random matrices, global and local
statistics of eigenvalues of random matrices have been still studied by many mathematicians and physicists.
In face, for symmetric/Hermitian random matrices and for wider classes of the one-dimensional logarithmic
Coulomb gases, the universality of the macroscopic and microscopic statistics of eigenvalues have been shown
in [57,65,70,129]. The most important phenomenon of eigenvalues of random matrices is universality. Roughly
speaking, the universality means that statistics of eigenvalues of random matrices with size N such as the
empirical distribution (1.1), point processes (1.4) and (1.5), and level spacing distribution (1.6) do not depend
on random matrix models with some assumptions in a suitable large N-limit. Such universality can be also
confirmed in very wide fields such as the Coulomb gases [101], random tiling [82], infinite interacting particle
systems [85], number theory [91], and KPZ equation [56]. Beyond mathematics and physics, such universality
of random matrices can be applied into other scientific fields in nowadays. In fact, results and techniques for
spectral analysis in random matrix theory can be applied into machine learning [95], biology [3], economics [35],
and quantum optics [23].

Eigenvalue statistics of non-Hermitian random matrices have also received much attention. Jean Ginibre
initiated the spectral analysis of the eigenvalues of non-Hermitian random matrices, specifically the Ginibre
orthogonal /unitary/symplectic ensembles, in 1965 [79]. In this thesis, we focus on the Ginibre unitary ensemble

(A) Plot of eigenvalues of GInOE  (B) Plot of eigenvalues of GinUE  (C) Plot of eigenvalues of GinSE

FIGURE 2. (A) is the plot of eigenvalues of Ginibre orthogonal ensemble (GinOE), which is
the random matrix with i.i.d. real Gaussian random variables of mean 0 and variance 1 entries.
(B) is the plot of eigenvalues of Ginibre unitary ensemble (GinUE), which is the random matrix
with i.i.d. complex Gaussian random variables of mean 0 and variance 1 entries. (C) is the
plot of the eigenvalues of GinSE.

and the Ginibre symplectic ensemble. The detailed introduction for the latter model and related topics are left
to section 3, and so, we focus on the Ginibre unitary ensemble (GinUE). As we already mentioned, GinUE Gy
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with size IV is defined by the non-Hermitian random matrix whose elements are i.i.d. complex Gaussian random
variables with mean 0 and variance 1/N, and its joint probability function of the eigenvalues (21, ..., zy) € CV
of GinUE is given by

N
GinUE 1 Nz, |2
dP M) (2, 2y) = s 1] lm—al [[e Vel dac,),
ZN 1<i<j<N j=1

where ZJ(VGinUE) is the partition function, and dA(z) is the planar Lebesgue measure on C. Different from (1.1),

the empirical distribution of (21,...,zx5) € CV of GinUE weakly converges to the circular law in a large N-limit,
ie.,
| N
(1.7) N Zézi — 12<1, as N — oo in weak sense,
j=1

with probability one. Similar to (1.2), the k-th correlation function of the point process for GinUE forms DPP
given by

GinUE GinUE k
(1.8) RN (2, ) = det (RGP (21,29)7 )
where
(GinUE) N (122 o) (Nzw)k N 2 2
(1.9) K\ (2 w) = en BTN Y 7 A = N D (N, Naw).
k=0

n—1 gk

Here, Q(n,x) is the incomplete gamma function defined by Q(n,z) = e™* >, —) %y for x € C. In order to
motivate our analysis in subsection 2.2 and 3.3, let us explain two ways of the asymptotic analysis for (1.9).
The first is to use the uniform asymptotic expansion for the incomplete gamma function [117,132,133]. For
z = efp+ \/%) and w = e?(p + \ﬁ) with p € clo(D), ¢,n in compact subsets of C, and 6 € [0,2n),

from [117, section 8.12], we have

e~z (CPP+In*)+¢7 if int(D
(GinUE) L i0 L 2 irpe lnt( )a
(110) NK ( (p + \/N) € (p + \/N)) — { %(‘d +|17| )+<77 1 erfc(c-i-n) lfp c a(]D))7

as N — oo, uniformly for ¢,n in compact subsets of C. The former limit is called the Ginibre bulk point
process, and the later is called the Ginibre boundary point process. Another approach we will show is to make
a differential equation. (1.9) does not have Christoffel-Darboux identity as in (1.4), and so, we need to directly
deal with the sum itself. As we already showed, we can use the uniform asymptotic expansion for the incomplete
gamma function, but in many situations, we do not have such exact expression by the special function. The
spirit to use Christoffel-Darboux identity is that to directly analyze the infinite sum in a scaling limit, but to
analyze some single functions is easier than the summation if we know the uniform asymptotic expansion for
their single functions. Hence, let IA(S\?IHUE) (z,w) = e_NZﬁKg\gmUE)(z, w), and then, we have

(Nzw)N-1
(N-1)!

Since we can compute the asymptotic behavior of the right-hand side above, we can easily recover (1.10) by
solving the limiting differential equation with a suitable initial condition. The two approaches demonstrated
here are important points in this thesis. The first approach is applied to the results in subsection 2.2 with
some additional efforts, and the second approach is applied to the results in subsection 3.3. The origin of
the differential equation approach is [97] for the elliptic Ginibre unitary ensemble, and this implementation
was applied to other ensembles [6,36-39,42,89]. Similar to integrable Hermitian random matrices and more
general Hermitian random matrices, the macroscopic and local statistics for wider integrable non-Hermitian
random matrices, more general non-Hermitian random matrices, and those related to two-dimensional logarith-
mic Coulomb gases have been studied. We refer to [7,45,47] for counting statistics, [46,81,96,136,137] for large
gap probability, [49,50,119-121] for linear statistics and edge statistics, and the universality of the correlation

(1.11) 8ZIA{S$inUE)(z,w) = —e NN
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function [16-21,48,83,84]. We emphasize that the spirit and many objects of studies for non-Hermitian ran-
dom matrices are similar to those of studies for Hermitian random matrices, but the difficulties to overcome
and technical aspects are drastically different from those of Hermitian random matrices, as we have demon-
strated using the simplest models GUE and GinUSE in Hermitian and non-Hermitian random matrix theory,
respectively. For further topics and details, we refer to recent instructive and comprehensive reviews for non-
Hermitian random matrices [40] for topics related to Ginibre unitary ensembles and [41] for topics related to
Ginibre orthogonal/symplectic ensembles.

1.2. Eigenvectors-overlaps for non-Hermitian random matrices. In the previous subsection, we quickly
reviewed the studies on the eigenvalues of Hermitian and non-Hermitian random matrices. Eigenvectors for
Hermitian random matrices have also been studied, but we emphasize that eigenvectors do not play an important
role in Wigner’s origin theory. Indeed, GUE is the invariant ensemble under conjugation by unitary matrices,
and hence, each eigenvector of GUE is distributed according to the Haar measure on the unitary group. Since
it is well known that the entries of the unitary group with size N multiplied by v/N converge to the Gaussian
distribution in law as N — oo, which was shown by Borel in 1906 in [110, Theorem 2.4], the eigenvector statistics
for GUE or GOE are not particularly interesting objects. However, we emphasize that eigenvector statistics
for general Hermitian random matrices, called Wigner matrices or generalized Wigner matrices, are intensively
investigated from the perspective of universality [30,92,130]. For an instructive and comprehensive survey of
eigenvectors for symmetric/Hermitian random matrices, we refer to [122].

Compared to the eigenvector statistics for Hermitian random matrices, the situation for non-Hermitian ran-
dom matrices dramatically changes. Let us consider a non-Hermitian random matrix G with size N assumed
to have N simple eigenvalues. Then, G is diagonalizable as Gy = SDyS™!, where Dy = diag(A1,...,An)
is the diagonal matrix with eigenvalues elements. If G is non-normal, S is not a unitary matrix. Hence,
St # S§~1. The columns of S are associated with the right eigenvectors, and the rows of S~! are associated
with the left eigenvectors, which satisfy the following and denoted by

(1.12) GNR; = AR, LE—GN = )\jL;-,
and
S=(Sjk)fke1 = (R1 Ry --- Ry)eCN*V,
and
ST'=(L; Ly --- Ly) eCN*V

For instance, the right eigenvector Ry is expressed as

Ry S1k

Ry Sak

Ry = ) = )
Ry N SNk

These left and right eigenvectors form bi-orthogonal basis, and we normalize these as
(1.13) (Li,Rj) = 0, ;,
but they are not orthogonal
(Lis L) # 0ij,  (Ris Rj) # 0ij
where (z,y) = 22:1 1Yy, for x = (21,29,...,24) € C* and y = (y1,¥2,---,ya)t € C? denotes the Euclidean
inner product on C%. By the bi-orthogonality condition (1.13), we have

N
(S7'9)jm =Y LjiRix = (Lj, Ri) = 6 1.

i=1
We now define
A = (Aj’}g);\}[kzl = STS, With Ak’j = <Rj, Rk>7

(1.14) - ik it Ay = (R
A7 = (A )= =587, with Al =(Lj, Ly),
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With the notation (1.14), we define
(1.15) O =(050) k=1, Ok = A4 Arj = (Lj, Li) (Ry, Ry).

The expression (1.15) is called an overlap matrix, and its elements are referred to as overlaps. In particular, O; ;
for j =1,2,..., N are called the diagonal overlaps, and O; ; for i # j = 1,2,..., N are called the off-diagonal
overlaps. Note that the overlap is invariant under the scale transformation L; — cj_le and R; — c; R; due to
the normalization (1.13). By the definition in (1.15), for normal matrices G, the corresponding overlap matrix
becomes the identity matrix since the left eigenvectors coincide with the right eigenvectors, and hence, they
form orthogonal systems. This implies that the overlap is used to measure the non-normality of matrices, which
plays a central role in the instability of eigenvalues of non-normal matrices. In fact, as discussed in [135, sections
35 and 52], [29, section 1], and [77,144, section 1] (the discussion below was done in [29]), when we consider the
eigenvalues (\;(t))}_, € CV of the perturbed matrix X + tE given a non-normal matrix X whose eigenvalues
(X)L, € CN are all distinct, from the first-order perturbation theory, we have

. Ai() — A
VO, =lim sup M, IE| = sup ||Ez|s>.

=0 g|=1 t lllla=1

\/O;,; is called the condition number, which measures the sensitivity of eigenvalues by the overlap and is used
to estimate the pseudo-eigenvalue [135]. Also, the motivation to study the instability of eigenvalues dates back
to May in 1972, focusing on the stability of complex ecological webs [106]. For additional physical motivations,
refer to [73,74,78]. In [74,78], two interesting non-Hermitian random matrices related to open or scattering
quantum chaotic systems were proposed. They obtained the exact expressions of the overlaps for the two
models. These are also related to non-Hermitian rank one perturbed random matrices.

The first systematic attempt to understand the non-orthogonality of eigenvectors in non-Hermitian random
matrices was originally initiated by Chalker and Mehlig [53,54]. In particular, they focused on the simplest non-
normal random operator, GinUE. They studied the one-point correlation function and the two-point correlation
function

N N
DN (z) = ]E[Z Owd(z=)|, D (z1,2) = E[Z O, 10(21 — Aj)6 (22 — Ak)}
k=1 j#£k

In [53,54], they estimated that for any |z1[, |22| < 1 of GinUE,

N1 N2 1—21z0
DIYY () ~ N =[aaf), - DY (ans20) ~ =,
as N — oo, and they rigorously showed them for z; = 0. The former quantity was essentially shown for
|z1] < 1 in [54]. Later, rigorous calculations for the diagonal overlap were done in [139]. Here, we note that

Dg{\{’l)(z) is not an exact conditional expectation. Since the seminal works [53, 54], the overlaps have been
studied in [139] and from the connection with free probability based on a diagrammatic approach [116], but
mathematically systematic and unified studies for the overlap had not been done by 2018. In such circumstances,
three breakthrough papers [13,29, 75] appeared. In these three papers, the overlaps for GinUE were studied
using three different approaches. To motivate our work in this thesis, let us briefly mention their results and
techniques.

1.2.1. Probabilistic results in [29]. In [29, Theorem 1.1], Bourgade and Dubach showed that the diagonal overlap
of the Ginibre unitary ensemble conditioned at z; = a converges to the inverse gamma distribution in law, that
is, conditionally on z; = a € int(D),

O11
N(1—lal?)

where 7, is the gamma distribution with shape «. Their proof is based on a strong probabilistic method. Indeed,
their method relies on the rigidity estimate for the eigenvalues of the Ginibre unitary ensemble. Moreover, they
showed the asymptotic behaviors of the correlation for the overlaps. For instance, in [29, Theorem 1.3, 1.4],

d _
—>721, as N — oo,
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they showed that for any 6 € (0,1/2), € > 0, and C > 0, uniformly in z;, z such that |z;| < 1 — N~/2+% and
VN|z1 — 2o € [N~ N°~,

1—2% 1= (14 Nz — zpf?)eNa-=F

14+ O(N—2%ey),
N2|zy — 2[4 1 — e Nzi—2 (1+0( )

(1.16) E[O12|A\ = 21, A2 = 22] = =N

Also, for any § € (0,1/2), s € (0,9), € > 0, uniformly in 2y, 23 such that 2| < 1 — N=V/2%9 and v/N|z; — 29| €

[N—9/2+¢ N*] they showed that

N2(1— |z 1) (1 = |2[?)
N2|Zl — ZQ|4

N2(1 = |1 ) (L= [z2?) 1+ N2z = zpf* — =Nl
N2|z1 — 2o]* 1 — e Nlz—z|?

E[|0172|2|)\1 =z, AQ = 2’2] = (1 + O(]\IQ(U—(S)_A,_G))7

(1 + O(Nz(o'f(;)*‘re)).

IE3[(91,101,2|)\1 =21, = 22} =

The results and techniques in [29] are very robust and probabilistic, and the complicated correlations for the
overlaps can be computed with a rate of convergence at both micro and mesoscopic scales. They also derived
a system of stochastic differential equations for the eigenvalue processes of the matrix-valued non-Hermitian
complex Ornstein-Uhlenbeck process, as we will see in the next sub-subsection.

1.2.2. Integrable results in [13]. In [13], Akemann, Tribe, Tsareas, and Zaboronski considered the determinnan-
tal structure of the multi-points correlation function of the overlaps for the GinUE. Their motivation to study
such object is to understand a stochastic dynamics for eigenvalues processes of the matrix valued non-Hermitian
Brownian motion for a certain time scale. In physical paper [80] or mathematical paper [29], a family of the
stochastic process of eigenvalues (z1(t), ..., zn(t)) of matrix-valued non-Hermitian Ornstein-Uhlenbeck process
G(t) = (Gi;(t)];=; with entries

1

dG; ;(t) = dB; ;(t) — §Gi’j (t)dt,

where (Biyj)N 1 are independent standard complex Brownian motions, satisfies the system of stochastic differ-

i,j=
ential equations

(1.17) dz(t) = dMj(t) — %zk(t)dt, for k=1,...,N.

Here, the quadratic variation for (1.17) is given by

(1.18) d{zi(t), 2j(t))e = O (t)dt.

This means that in order to to understand the family of the stochastic processes (zj(t))~_,, we need to make the
structure of the overlaps more clear. Also, (1.18) implies that the dynamical eigenvalues are complex martingales
evolving at the scale O(N~1). This suggests us to formally study that

(1.19) lim E[O; |z1,...,2n]dt, for1<4,j <N.
N—o00
This setting is time-evolution setting. It seems to be difficult to directly analyze and make an estimate for (1.19)

without any results in a static case. Thus, they studied the multi-points correlation functions of the overlaps
011,012 for the Ginibre unitary ensemble conditioned at multiple points, namely, for ¢ = 1,2,

1 N!
D(N’k) e =
1,q (Zlv 7Zk) ZN (N _ k)'
(1.20) N LN
X / B[O lz1, . an)|An (zon) P [[ e 0 [ dAG).
cN—k j=1 j=k+1
We need the explicit expression for E[O; j|A1 = z1,- -+ ,An = 2zn], but it is known that
N 1
1.21 E[O1 1A = 21, , Any = 2zn] = [ [ (1 7)
(1.21) [O11]Ar == N = 2n] H( +|21—Zi|2

=2
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and
(1.22) E[O) 2|\ A ] ! [I(1+ ! )
1,2|A1 1, " AN = 2N AR 9! 1= 2 =2
For the proof, see [29,53,54]. Therefore, (1.20) can be rewritten as
1 N!
DWVE) -
1,1 (Zla 7Zk:) ZN (N k)'
(1.23) N
IZJl
/ H( |2’1—Z|2)‘AN Z(N) ]:[6 H dA ZJ 5
= Jj=k+1
and
(N,k) 1 N! / ( 1 )
D -
2 E ) = ST o T = 22\2 H (21— 20) (22 — 2)
(1.24)

X |AN Z(N) He 2 1? H dA ZJ

j=k+1

They showed the scaling limits for (1.23) and (1.24) at the bulk and edge points of the spectral droplet for
the GinUE. Here, we will not discuss their main results since we aim to recover their results for induced
Ginibre/spherical ensembles, which are the main focus of this thesis.

1.2.3. The diagonal overlap for the Ginibre orthogonal/unitary ensembles [75, 1/4] and the elliptic Ginibre
orthogonal ensemble [77, 131]. In [75], Fyodorov studied the full conditional probability law of the diagonal
overlap for GinUE and the diagonal overlap for the GinOE conditioned at a real point. His method is based
on the incomplete Schur decomposition and the super-symmetric method. In particular, his result holds for
any finite N, allowing us to take bulk and edge scaling limits. Also, his result is consistent with [29]. In fact,
he showed the inverse cubic tail decay of the full conditional probability density of the diagonal overlap. The
method he developed can also be applied to the diagonal overlap for the elliptic Ginibre orthogonal ensemble
(eGinOE).

In [77], based on the same method in [75], they calculated Py (2,t) = B[}, 6(Oppr—1—1)d(2— )] for z € R
for eGinOE, and hence, they derived the bulk scaling limits in the strong non-Hermiticity and the weakly non-
Hermiticity regimes. Remarkably, they showed the inverse quadratic tail decay of the full conditional probability
density of the diagonal overlap. They also computed the edge scaling limit in the strong non-Hermiticity regime.
Later, Tarnowski [131] showed the edge scaling limit for the diagonal overlap conditioned at a real point in the
weaky non-Hermiticity regime.

Furthermore, in [144], Wiirfel, Crumpton, and Fyodorov calculated the one-point correlation function of
the diagonal overlap for GinOE conditioned at a complex point, which is valid for ant finite N based on
the incomplete Schur decomposition and using Grassmann integration. As a consequence, they confirmed the
universality for the diagonal overlap in the bulk and edge scaling limits conditioned at a complex point, which
are indeed same as the ones of GinUE. This result that the diagonal overlap conditioned at a complex point in
the upper half plane in a large IN-limit is coincident with the one of the GiUE is consistent with the phenomenon
that the eigenvalues statistics for GinOE in the only upper half plane are coincident with the ones of GinUE, [28]
and [41, section 3.

1.2.4. Other works and our motivation. Lastly, let us mention other works of the overlaps for non-Hermitian
random matrices. Recently, [50,64] studied the diagonal overlap for generic non-Hermitian random matrices,
and then they showed the lower and upper bounds. Their results and techniques are strongly probabilistic, but
they would still need continuous works to reveal the overlaps for generic non-Hermitian random matrices.

The major motivation for studying the overlap in non-Hermitian random matrices within probabilistic
communities is to apply results about the overlaps to the stochastic analysis of eigenvalues and eigenvector-
overlap processes for matrix-valued non-Hermitian Brownian motions. In the seminal work of the Krakow
School [80], they derived the system of stochastic evolution equations for eigenvalues and eigenvectors. Later,
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Bourgade and Dubach [29, Appendix A] derived the stochastic differential equations for the eigenvalue processes
in the matrix-valued non-Hermitian Ornstein-Uhlenbeck process, as discussed in sub-subsection 1.2.2, and they
demonstrated the non-collision property for the eigenvalue processes. Similarly, they also discussed the case
of the dynamical GinOE. Yabuoku [145] studied the eigenvalue processes of the elliptic Ginibre ensemble with
complex Brownian motion entries. Remarkably, he showed that a Dyson drift term appears in the stochastic
differential equation for the eigenvalue processes. Esaki, Katori, and Yabuoku [66] rigorously derived the system
of stochastic differential equations for the coupled system of the eigenvalue process and the eigenvector-overlap
process. Also, they studied the time-dependent point process of eigenvalues and its variation weighted by the
diagonal elements, and they discussed the connection between the Brown measure, the time-dependent point
process, and initial conditions problems related to non-normal matrices.

The overlaps and non-Hermitian random matrices studied in this thesis are rather focused on the specific
models, induced Ginibre/spherical ensembles and the Ginibre symplectic ensemble. And, we will confirm the
universality of the conditional expectation of the diagonal and off-diagonal overlaps for the former two models.
It is worth stressing that our results are consistent with [116]. Furthermore, the induced Ginibre/spherical
unitary ensemble have the weakly non-unitary regime, which is similar regime with the weak non-Hermiticity
for eGinOE, and the singular origin regime. For detailed discussions, refer to sub-subsection 2.1.2. In these
regimes, we will find new scaling limits for both diagonal and off-diagonal overlaps. Our analysis is strongly
inspired by [13], and hence, our results are based on the exact calculation of the planar orthogonal polynomials
and valid for any finite N. Also, as we will discuss in detail in part 4, we will analyze the Pfaffian structure
of the diagonal overlap for GinSE and derived bulk and edge scaling limits for the diagonal overlap for GinSE
conditioned on the real line.

2. DETERMINANTAL STRUCTURE OF THE OVERLAPS FOR INDUCED GINIBRE/SPHERICAL ENSEMBLE

2.1. Ginibre/spherical unitary ensembles and their overlaps. In order to state the results in this thesis,
we introduce induced Ginibre/spherical unitary ensembles.

2.1.1. Induced Ginibre/spherical unitary ensembles. The below tells us a way to construct induced Ginibre/spherical
unitary ensembles.

Proposition 2.1 ( [68], [40]). For n,N € N with n > N, let g : CN*N — Rsq and G be a bi-unitary
invariant rectangular n X N random matriz with joint matriz element distribution proportional to g (GTG).

1
Then, the joint probability distribution of the matriz A = (GTG) > U with a Haar unitary matrizc U with size
N is proportional to

(2.1) (det ATA)" "V g (ATA).

In this Proposition 2.1, we set g(X) = e ™) for X € CVN*V, and we fix G as n x N rectangular
complex Ginibre ensemble, whose elements are i.i.d. standard complex Gaussian random variables mean 0
and variance 1. Then, we can construct the random matrix Ay with joint probability distribution function
(2.1). We call such random matrix Ay the induced Ginibre unitary ensemble. In short, we denote the induced
Ginibre unitary ensemble by IGinUE. By change of variables from the matrix elements of A to the eigenvalues
zZ(ny = (215, 2N) € CY of Ay, we can find that the joint probability distribution function of the eigenvalues
of IGinUE A is given by

N
in 1 o —|zk|?
(2.2) P ew) = o~ I - al [T lale = dAG), a=n-N,
N o<j<k<N k=1
where the partition function ZﬁGinUE) is given by
, N—1
(2.3) 23 = NI T Tk + o+ 1).
k=0

Here, dA(z) is the planar Lebesgue measure on the complex plane C, and « is an non-negative integer valued
parameter when we consider the random matrix model A . However, we can still consider the general a@ > —1.
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It is well-known that the k-th correlation function of (2.2) forms the determinantal point process. When we
consider the rescaling z — /Nayz, the corresponding to correlation kernel is given by

IGinUE IGUE k
REV,I@ )(Z(k)) = det(KSv )(Z“ Zj))zﬂ,j:l’

where
N-1 N
Nanzw)It® _Nay 241,02
K (IGUE) - N (7 (12" +]wl)
N (zw) aN jZ:O TGratl)

From the basic fact of the logarithmic potential theory [44,123], the spectral droplet associated with (2.2) (after
rescaling z — /Nayz) tends to

. [ b [bn + N
(2.4) Se={2€C:ri <|z|<ry} withr = N;VN and rp = ]]\’VaN .

On the other hand, Proposition 2.1 can be applied to the induced spherical unitary ensemble. In short, we
denote the induced spherical unitary ensemble by ISUE. Indeed, the induced spherical unitary ensemble can be
realized as a random matrix Gy = U N(Y}LVYN)%, where Uy is a circular unitary matrix uniformly distributed
to the Haar measure on the unitary group, and Yy is an n x N rectangular complex Ginibre ensemble. Hence,
for n > N and L > 0, the joint probability distribution function of the induced spherical unitary ensemble Gy
is given by

25)  dPUF(Gy) = Cn

L
! N
det (GNGN) dGy], Cn = 1 H ['(k)L(n+ N +k)
n+N+L ? . N2 — s
det <1N + GNG;V) T D(L+ k)T (n—N+k)

where parameters n and L satisfy n > L and L > 0, and they may depend on N. By change of variables
from the matrix space to the eigenvalues, the joint probability distribution function of the eigenvalues z(n) =
(21,...,2n) € CN associated with (2.5) is given by

N
ISUE 1 _NO(zs
(2.6) dPSv )(Z(N)) = _(suE) H |2 — 2] H e VR dA(;),
ZN 1<j<k<N j=1

where Z](\}SUE) is the partition function, and

L+1 2L
(2.7) Q2) = T Tog(1+|2?) — < Toge).

Again, from the basic of the logarithmic potential theory [83,123], the empirical measure of the eigenvalues for
ISUE tends to be distributed on the spectral droplet

| L /IN+L
(28) SS = {Z cC: r < |Z‘ < 7‘2}7 ry = g, ro = m,

with the density
n+L 1
N (T4 [z)*
As in IGInUE, it is well-known that the point process of eigenvalues distributed to (2.6) forms the determinantal
point process [40,69]. The k-th correlation function of the point process for (2.6) is given by

AQ(2)1g, ~

N—
29) KU, ) — - H@Grow) 3 Dt L)
k

1
— T(n— KLk + L+ 1)

(Zw)".

Here, we only discussed the construction for the unitary case, but their construction can be also applied to
the orthogonal /symplectic ensembles. For the detailed construction of induced Ginibre/spherical orthogonal or
symplectic ensemble ensembles, we refer to [41,68,69,104,105].
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2.1.2. Spectral droplets for the induced Ginibre/spherical unitary ensembles. We have discussed the joint proba-
bility distribution functions of the eigenvalues for the IGinUE/ISUE and their spectral droplets in the previous
sub-subsection. Here, (2.4) and (2.8) tell us that macroscopic shapes of the spectral droplets for IGinUE and
ISUE may change depending on the parameters ap, by for IGInUE na n, L for ISUE. Indeed, following [21,44],
we introduce the three regimes: strongly non-unitary, weakly non-unitary regimes, and the singular
origin regime. These spectral regimes play essential roles in this thesis.

(1) Strongly non-unitary regime: For IGinUE, we set ay = 1 and by = Nb for b > 0. Then, the
inner and outer radii of (2.4) satisfy

n=VE, r=VITh
For ISUE, we set the parameters L,n. Then, for a fixed a,b > 0, and
L=aN, n=((b+1)N,

then the inner and outer radii of (2.8) satisfy

a _ a+1 _
r=yp37 TONTD r= [ =+ O(NTY), as N = oo

Roughly speaking, the strongly non-unitary regime means that the width of spectral droplet is O(1)
regime. For instance, when we look at the scaling limits for (2.9), we have

N N&lv(p) K (e (p—'_s]\](g]\/@),ew QHB#(]@))

(2.10) 7 o
{G((,n)7 if peint(Sy), # =0, and s =1,

- G((,n)F(C+m), ifpedSs,0€[0,2n), and 5 = 1 (outer edge) or —1 (inner edge),
uniformly for {,n in compact subsets of C, where
G(C,n) = e~ 2 <+ +Cn,
and
1 T
2.11 F(x :ferfc(—), x e C.
(211) (@) = gerte( 5
For the detailed proof, refer to [69], and these limiting kernels are coincident with (1.10). These bulk
and edge scaling limits similarly hold for IGinUE. Recently, for more wide classes of normal random
matrix models with an external potential with some nice assumptions, it is known that their scaling
limits hold. However, for random matrix models or two-dimensional Coulomb gases with a N-dependent
external potential such as IGinUE and ISUE, we emphasize that the universality result by Hedenmalm

and Wennman [84] can be not applied.
(2) Weakly non-unitary regime: For IGinUE, we set

N N 1
W N <p2 2>

with a fixed p > 0. Then, the inner and outer radii of (2.4) satisfy
2 2

P -1 P -1 .
lel—ﬁ—&—o(]\f ), 7‘2=1—|—W+0(N ), as N — oo.
For ISUE, we set the parameters as
N? N?
p p
Then, the radii of the spectral droplet (2.8) satisfy
P P
r=1-2=4+0O(N?) r=1+-"=+0O(N"?), asN — 0.

2N 2N
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In the weakly non-unitary regime, the spectral droplet S accumulates the unit circle with width O(N 1),
and roughly speaking, the macroscopic eigenvalue distribution in the weakly non-unitary regime seems
to be the circular unitary ensemble. Due to this macroscopic spectral property, the local statistics of
IGinUE/ISUE in the weakly non-unitary regime can be formally expected to interpolate the local statis-
tics between the Ginibre unitary ensemble and the circular unitary ensemble. Indeed, this observation
is true, by the result in [44], we have

K(ISUE) (1 +

(2.12) lim

— o3P HwP) g (7
NS00 N5N( ) ) € Lo(C+m),

¢ n
VN N

uniformly for ¢, in compact subsets of C. Here, L,(z) is defined by

V2 1 2
— / —3(=87g¢
€ ’
V2 -
for z € C and p > 0. Since the setting in [44] dealt two-dimensional Coulomb gases with a radially
symmetric external potential, the above scaling limit in the weakly non-unitary regime also holds for
IGinUE.
(3) At the singular origin: For IGinUE, we set

(2.13) Ly(z) =

ay =1, by=b>0.
Then, the inner and outer radii of (2.4) satisfy

rlz\/l)ﬁ, r2:1+0(;>, as N — oo.
For ISUE, we set the parameters as
L>0, n=(b+1)N.
Then, the inner and outer radii of (2.8) satisfy

1
rm=0N1Y, r=—+0N"1), asN - oco.
(N7) 7 (N7)
The limiting reproducing kernel of the point process at the singular origin is characterized by the
two-parametric Mittag-Leffler function defined by

' L - 7 )|l Eem B +nP
2.14 lim K - B o3 n®),
( ) N—oo N5N(O) N <\/N6N \/N(SN ) 171+L(<77)|<77|
where
2.1 E _ =
(215) ab(2) ’;F(aker)

For further discussion in this regime, we refer to [21,39,40].

We have discussed the macroscopic pictures and the local statistics for the eigenvalues of induced spherical
unitary ensemble so far. In next sub-subsection, we shall explain the overlaps for IGinUE and ISUE.

2.1.3. OQwerlaps of 1GinUE and ISUE. In this sub-subsection, we summarize the results of the overlaps for
IGinUE and ISUE. In order to compute the similar quantity with (1.23) and (1.24), we need the conditional
expectation of the overlaps conditioned at the full points.

Proposition 2.2. Conditionally on {A(ny = z(n)}, the diagonal overlap Oy 1 of the induced Ginibre unitary
ensemble is distributed as

(216) 1% ﬁ (e ||>
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(A) Strong non-unitary regime (B) Weak non-unitary regime (¢) Singular origin regime

05

(D) Spherical projection in the (E) Spherical projection in the (F) Spherical projection at the sin-
strongly non-unitary regime weakly non-unitary regime gular origin regime

FIGURE 3. (A), (B), and (C) are the plots of the eigenvalues of induced spherical unitary
ensemble in each regime on the complex plane. (D), (E), and (F) are the plots of the spherical
projection for their eigenvalues.

where X;’s are independent complex Gaussian random variables with variance 1. In particular, conditionally
on {An) =2z},

(2.17) E [01,1|>\(N) - Z(N) H < |21 — ZJ|2>

Similarly, conditionally on {\ny = 2},

N
. 1 | X5 |2 )
( ) 1,2 21 — 222 kI:IB ( (21 — 21)(22 — 21)

and we also have

1
(219) E [0172|>\(N) = Z(N)] |Z1 — 2:2|2 H <1 + > .

(21— 2j) (22 — 2j)

Note that these quantities are same as (1.21) and (1.22) although the potential is different from the case of
Ginibre unitary ensemble. Here, we focus on (2.17). For the other quantities, (2.17), (2.18), and (2.19), we can
verify them similar to the below discussions.

Sketch of proof of (2.17). The sketch of proof follows the strategy in [29,53,54]. First, we recall that from
Proposition 2.1 and (2.1), the joint probability distribution function of the matrix elements for IGinUE is
proportional to

dPUCSUE) (A ) o det(An AL ) exp(—TrAN Al ) d[A ],
where d[A y] is the planar Lebesgue measure on the N x N matrix space My (C) with the field C. Then, from

the Schur decomposition, we have
Ay =U(Ay +Tn)UT,
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where Ay = diag(A1,...,An) is the diagonal matrix with eigenvalues elements of A and Ty is the upper
triangular elements. Here, U € U(N) is N x N a unitary matrix. Note that det(ANA;rV)a = det(ANA}rV)O‘ =
H;-v=1 |A;]2%, and notice also TrANAR, =Tr(Ay +Tn)(Ax +Tn)F = Z;\f:l |2;]? — TrTNT;{,. Hence, by change
of variables, we have

N
dP(IGinUE)(AN) o H l)\ _ )\ |2 H |>\|20¢ —|Aj 12 dA( ) —TrTNTNd[TN] [SN],
1<i<j<N J=1

where d[Sy] is the induced Haar measure of the coset for the U(N)\U(1)"¥. Then, by (1.12), (1.13), and from
the upper triangular structure Ty, for the eigenvalue A\; of Ay, L1 = (1,ba,...,bn)% and Ry = (1,0,...,0)t,
we can recursively determine b; = 1 and b, = %Ak Zf;ll b;T} ; for k = 1. Form this recursion, if we write the

truncation of the left eigenvector L( ) = (1,ba,...,bg)" with k < N, then we have

b; Tk-’rl] ’ )
1= )\k+1|2’2 bo|2
p 1| |

When we integrate the elements of the upper triangular matrix Ty, it is nothing from the complex Gaussian
integral. Therefore, similar to [29], we obtain (2.17). O

k+1 k
11 = 12 (1 +

The key point that we have demonstrated here is that the conditional expectation of the overlaps for IGinUE
is same as the ones of Ginibre unitary ensemble since the part of Gaussian integration does not depend on the
point insertion at the origin.

Next, we discuss the case of ISUE. Similar to the the proof of the case for L = 0 in [58], we can show the
followings:

Proposition 2.3. Conditionally on z(ny = ANy, the on-diagonal overlap O11 of the induced spherical unitary
ensemble is distributed as

(2.20) O, 4 ﬂ(1 L LNy

2
k=2 A= Al

where Xﬁf) 1s i.1.d. distributed to a real random variable with density
m+1
(14 zymFz F
In particular, the quenched expectation is given by

N

- B (1+ MDA+ M)
(2.21) E[O11lz(v) = A = g(l - (n+ L)X\ — A ? )

Proposition 2.4. The quenched expectation of the off-diagonal overlap O 2 for the induced spherical unitary
ensemble is given by

L 1 . (L+ M) (1 + [Af?)
(2.22) E[O12]2(v) = An)] = NCEYAI e ,}:[g,(l + D0 )0 )\k))

We omit the proof since the proof is same as the spherical unitary ensemble (L = 0) case as we have already
demonstrated for IGinUE.

2.2. Our contributions [113,114]. In this thesis, we will study the determinantal structures of the multi-
points correlation function of the overlaps for IGinUE and ISUE. The main motivations to study them are to
confirm the universality of the scaling limits for the determinantal structure in the strongly non-unitary regime
shown in [13] and to find new scaling limits in the weakly non-unitary and the singular origin regime. This
is also interesting from the perspective of the point processes. Indeed, the scaling limit for the correlation
kernel associated with the weight function for each IGinUE and ISUE deformed by the diagonal overlap is
Let us mention that such attempt has been already seen in the prior works. Fyodorov and Tarnowski [77]
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studied the diagonal overlap for the elliptic Ginibre orthogonal ensemble, which is the real version of (16.1),
in the strongly and weakly non-unitary regimes. They derived a full-probability distribution function for the
diagonal overlap conditioned at a real point via the super-symmetric method. However, the analysis based on
the super-symmetric method is limited to the diagonal overlap. Hence, the off-diagonal overlaps have been not
covered. In [144], they also studied a complex conditional point case, but their result is still limited to the
diagonal overlap. Our main contribution in this thesis is to study the multi-points correlation function of the
overlaps for both IGinUE and ISUE and to cover the off-diagonal case in the weakly non-unitary regime

2.2.1. Our objects: the multi-points correlation function of the overlaps for IGinUE/ISUE. By Proposition 2.2
and Proposition 2.3, for z() = (21, 22, ..., 2x) € C*, we define

N

(N,k) _ N! 1 20, —|z;?
(2.23) DLl,(g)(z(k)) = N — %) Zj(\g) /CN—k ]_Hz(l + |Z1 | >|AN z(N ‘ H |Z [““e™ 1% Jl;]-;_l dA( ZJ
N
N! 1 1
DNE) __ /
L2.() () (N —k)! Z( 8) Jon—r |21 — 2|2 2’2| H( (z1 — zj) (%2 —zj))
j=3
(2.24) N
x| AN (z(n)I? H el T dA)),
J=1 j=k+1
(N,k)
Dy v (z(k))
(2.25) N1 / (1. L0+
= 1+ J (zaa)]? [[e Vo) dA(z;
(N =Rl Z0 Cmg< (n+ L)|z1 — 2|2 )IAn(zn) H ]1;[“ i)
and
N! 1 1
2.26 DYk —— 7—/
(2.26) 12,(5) (%) (N =k 2 Jev—r (n+ L)l — 2

N N
XH(1+ (1+21232)(1+ %) )\AN(Z(N))|2H€_NQ(Zj) 1 dAG).

n + L (21 - Z])(Z2 - Z]) j=1 j=k+1

Here, An(z(x)) is the Vandermonde determinant for z(yy € CV. (2.23) and (2.24) correspond to the multi-
points correlation function of the overlaps for IGinUE, and (2.25) and (2.26) correspond to the multi-points
correlation function of the overlaps for ISUE. In order to show the determinantal structure, i.e., in order to
construct the correlation kernel for (2.23), (2.24), (2.25) and (2.26), we introduce two new weight functions: for
z,w,u,v € C, we define

(2.27) w(g) (2, Zlu,v) = (14 (2 — u)(z — v))(22)%e 7%,
and
(2.28) w(s)(z,z‘u, v) = ((z —u)(Z—v)+ W)eil\[@@)’

with respect to the planar Lebesgue measure dA(z).
Here, the relationship between (2.23) and (2.24) and the relationship between (2.25) and (2.26) can be
associated by the following decoupling lemma:

Lemma 2.5. Let T : C?* — C?* be a map given by
(229) Tf(21771, 227727 23y ) = f(zlagv 22757 23, )
for any function f on C**, which is regarded as the real surface. Then, we have

67|z17z2|2 ~

(N _ (N,k)
(2.30) Dl 2 (g) (Z(k)) — *mTDLL(g) (z(k)),
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and

N,k
|14 27320+ L+D) TD% 1 (3)( Z(k))

2\n+L+1 2\n+L+1 |1+21%3]|2
(1 +1]z1?) (1 +122/%) nzml

(2.31) DY) (z) = — .
— |z — 22f?

The proof of Lemma 2.5 is almost same as the Ginibre unitary ensemble case [13]. Hence, we omit the proof.
This lemma allows us to focus on the diagonal overlap case. Indeed, all proofs in this thesis will be done for the
diagonal overlap case, and the results for the off-diagonal overlap case will be obtained as a simple application
of Lemma 2.5. In order to present a finite N-kernel associated with (2.27) and (2.28), we now introduce some
functions.

(1) (IGinUE case) We denote the truncated generalized exponential polynomial defined on C by

n k
@ =S"__* 1
ey (x) k:OF(k+O‘+1), or a > —1.
We also denote ) )
(c) — (@) e S
e (zlx) = ey (2) + T z—a’ or z,z € C.
We write
(2.32) Wa (2, 2N N) = @(2, 2|\, N@a(2,2),
where
(2.33) Balz,w) = (zw)%e 2D o T, %) = (L4 1C = xP).
Finally, we define
T —
(2.34) £ (@) = {n+a+ 1) (alo) - we (al2) }
(2) (ISUE case) We write
— L/n & L+n Lim+1)(L+n
2. (n,L) _r—4m 1—k A )
(2.35) dh o) = S = ()t S (T,
and
(2:36) gn (@) = (L+ N+ 1y (ale) - 2(n = N = 1)gy " (ala),
where
(n,L) (n,L) 1 T(L+n+1)
2. =
(2.37) i) = o0+ F T
and
N
(n L) L +n+ ].) k
2. = .
(2.38) 24T k—l—L—l—lF(n—&—l—k)x

Then, the relationship between (2.35) and (2.36) is given by
n,L (.’E - L/n)An,L
oy (@) = S @),

z(1+ )
Let us also denote
L
(2.39) wtmh) (z,w) = (zw) ntLtl)
(M + [+ |w]?) =
and
~ 1+ 21 z

(2.40) 20D (2,70 X) = [o — AP 4 LFANLH )

n+L
Now, we construct a finite N-kernel associated with (2.27) and (2.28).
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Proposition 2.6. (1) (IGinUE case) We write
N-1 k

1
(2.41) oLl = 3 SO @ S T
n,m=0 k=max{n,m} F(k+a+2) flg )(x)fIE:Jr)l(x)

where f(a)( ) is defined in (2.34). Then, for any 2 < k < N, we have
Nk a — A\~ — N-1 .
(2.42) Di 1 (;)( Z(k) ) = fz(vl1(zlzl)wa(21a 21)2S%t§k (K§,1,(g)) (2, i, 24, 2|21, 21)) )

where the correlation kernel K( 1)( ) is given by

(2.43) KN (7w A N) = (%) K&z, w|\, Nwa (Z,w] A, X),
and
(2.44) K9z, w3 = ¢4 ()\)\’i, 1:) .
Here, w(Z, 2|\, \) is defined by (2.32). Furthermore, for 2 < k < N, we have
DI (2) = = Bal(21,50)Ba(22, 22)KNL, (B1, 22l21, 22) £ (2172)

(2.45) (N-1)

X SS?,?%N (K1727(g)

(Zi7§i72j,§j|21,52)) ;
where

K (27w, u, 0) = Md t K @, vlu,0) K (@, wlu, v) .
| K (@, vlu, ) K&z, 0u,v) K (2, w|u,v)

(2) (ISUE case) We write

N-1
G (aly,z) = 3 g B @)y ()2t
(2.46) B
I n,L n,L :
st} Fk+L+2)I'(n—k—1) 9(+ Nz )gl(c )(z)
Then, for any 2 < k < N, we have
=~ _ L
I G trd I P (KO D enm25,3, 02

(2.47) D1,1,(s)(zk) = A f g N (z171)@ (zl,zl) (liet<N Kl (zl,zz,zj,zﬂzhzl)),

where KEAP(S) is the correlation kernel given by
(2.48) KD (7w, A) = K0 (2,0, @™ (2,210, D)@ P (7, 2).

Here, IC%L’L) is the polynomial kernel given by
(2.49) KD (2, w|\, A) = GID) (AXI% %)

Furthermore, for 2 < k < N, we have

—_ L
(N,k) (2122 = 3) ~(n,L) (L)
D! _ A2 )
2.50) 20 = T LSl v R A
X KN T, 20l TR P (T, ) _det (K(Y ) (07 B0, 72) ),
where
w(n L)

(=2, 00D (2 w) KOE (@, ou,v) KPP (@, w]u, v) '
KD (@, vlu, o) KB (z,0u,0)  KEH (2, wlu, 0)
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In particular, since we get Kl 2.(g) from Kl 1.(g) and ng)
the diagonal overlap case as we already announced. To directly analyze the finite N-kernels (2.43) and (2.48)
in Proposition 2.6 is difficult. Indeed, (2.41) and (2.46) constitute many summations and complicated terms in
the denominator. Therefore, in order to compute the scaling limits of (2.43) and (2.48), we need to decompose
(2.43) and (2.48) into nice functions. The below result is the building block to analyze a large N-limit.

) from Kf 1.(s) via Lemma 2.5, we mainly focus on

Theorem 2.7. (1) (IGIinUE case) Forn € N, we define

W) (2, w[X, A) ={ el (NZAR) el (wXAN)
(2.51) _ _ _ _
= (1= (2= M) w = )l @z AN)e AXAN) | Za (2, Na (R w),

M—a(n+a+ 1)917n+1(z, wlX, A) — M (7, w|X, A)
A £ AN B (2, 0)Fa (N, A)(Z — N)2(w — N)2

9

(2.52) 9z, w\\) =

and

A —a 1 Fw)™t NN 11 1

(@) (7, w|\,\) = - = 5 B by 2 '
(253) & (Z,wlAA) M (Z=N)(w—2N) F'n+a+1) fT(LOZ)(AX) T(a) M\ — « Z-AN(w=2x)

Then, we can express ICg\?) in terms of (2.52) and (2.53):
(2.54) K&z wnX) = 6z, 0w A) + 35z, wX, ).
(2) (ISUE case) For N € N, we define

(2.55) ﬁ B, A) = (Z —N)2(w — )\)QA(”’L)()\X)Q(TL,L)(X, A)
x (V4 L+ DY 2w, ) = (0= N = 1)ARQE (7,0, 1)),
where

QWM (2w, A) =g Qw| AN)B ™) (X, w) g EA AN G (2, )

(2.56) =~ W w —
- (1 - Wﬁ#)w B OXAND™E) (X, NP (zw) N)e D) (2, w).
We also define
(2.57) S0Pz w, N =300 Zw,0) + 338 (Z,w,0) + 3335 (2,0, M),
where
JS\T,L L)(z w, \)
@+ NP zwANE™E) (z,w) + (n — N — 1 —2w)g\"5 FwAN@ ™D (2, w)
(2.58) (1+zw)(z = N)(w—N)
1+ M) D(L+n+1) oL (z, w)
nI—L T(n+DT(L) (1 +2w)(Z—A)(w—N)’
55 L)(z w,\) = (n=N-1I'(L+n+1) zZw)No ™) (z,w)
(2.50) AN+ DI = N) (2= D) (w - Vg ONDD (3, 2)

" OXANGD (X, A>)

2D DR ANEE (X, A) —
x (@ RPN p—
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and
(n—N-1DI'(L+n+1) Ew)NG ) (z,w)
T(L+N+DI(n—=N) (z-X)(w-Ngv D Oxamh (X, \)

333508 (2,0, \) =

(2.60)
o2 L) AT\ (0, L) (Y
L+N+1 (o), v\ ~(L) (v Zwqy 1 (ANAN)@ (A A)
x( — P AR (3, ) e )
Then, we can express
(2.61) KV (22,0, 8) = Cr (2,w) (95 (2,0, 0) + 587 (2w, 2) =™ (2,20, 3),

where Ck (z,w) 1is the conjugation factor given by

Cr(zw) = 50D (Z,w) -

Remark 2.8. If we take a = 0, then this result recovers the result for the Ginibre unitary ensemble shown
in [18]. Hence, our results should be regarded as the generalization of the case of the Ginibre unitary ensemble.

_ \/@(H,L)(g’z)@(nl)(@’ 'LU) o (|ZU/‘>L

Zw

Remark 2.9. As we will see later, the remainder terms (2.59) and (2.60) do not play essential roles in a large
N-limit. Indeed, the main contributions come from (2.55) and (2.58).

With help of Theorem 2.7, we can compute the scaling limits of the kernel in the strongly non-unitary, the
weakly non-unitary, and the singular origin regimes. To this end, let us introduce some functions and rescaled
points for IGinUE and ISUE. We write

KX ahG %) = K5)E n 0w (€, ¢Ix, ), for ¢, x € C,

where the symbols b, e, w, s are assigned to * for the bulk and edge cases in strongly non-unitary regime, in the
weakly non-unitary regime, and at the singular origin regime, respectively. In the same rule, we also write

K¢ alurs) = S Cllu®) g (K vl ) K45 (7l D)
' K%Tf(a,v\u,ﬁ) Kii(Cvlu, ) Ky3(¢mlu,v)

For IGInUE case, for {; in compact subsets of C for j = 1,2,...,k and for 6 € [0, 27), let

), for {,n,u,v € C.

VNp + ¢ if p € int(S,) and the strongly non-unitary regime,

' (\/N(l +b) + Cj) if the outer edge and the strongly non-unitary regime,
(2.62) zj = et (\/Ni - Cj) if the inner edge and the strongly non-unitary regime,

e’ (\/ Nay + Cj) if the weakly non-unitary regime,

Gy if the singular origin regime.

For ISUE case, for p € clo(Ss), we set
n+L+1 1

N o (1+p?)?
For ¢; in compact subsets of C for j = 1,2, ...,k and for 6 € [0, 2), let

(2.63) on(p) =

if p € int(Ss) and the strongly non-unitary regime,

o0 (p + ]\%5()) if p is on the outer boundary of 9Ss and the strongly non-unitary regime,
b
(2.64) zj = e (p — ]\ijé()) if p is on the inner boundary of 9Ss and the strongly non-unitary regime,
p
e (14 Cij) if the weakly non-unitary regime,
No(1)

if the singular origin regime.
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For IGinUE with rescaled points (2.62), we define

Nk Nk
DVF) ) (Cwy) = D}m,()g) (zk)), form=1,2.

1,m,(g)

For ISUE with rescaled points (2.64), we define

(N,k) 1 (N,k)
D f =12
@1 ,m,(s) (C(k)) (N(SN(p))k 1,m,(s) (Z(k)), or m s

Theorem 2.10. (I) (Strongly non-unitary regime: bulk case) We write

k _ _ _ _ _k _ — —
O () = det (K1Y (6.0 .Gl 8) D157 (Go) = K17 (€1 G216 ) et (K13 (GG 6. Gl @)

d re®—1 _ _ _
K Cnhen) = 5 () w® (¢, %) = @ (¢, Ch e ERE),

1,1 dx T

2=C—%)(n—x)
Let

Then, we have

o1 , pl2 —=b)(1+b—|p
i34 g = (DL )

Nooo N L1.(g)

and

a+1 2
lim i@(Nﬁk) (i) = b(b+1) (|p| b+1) (T — Il )@(kvb)(c
N—oo N 1L WBE) = 07 RE L1

uniformly for (i in compact subsets of C. Moreover, we have

(k))7

N TN ~(pP =) +b—p? ) (b) (k,b)
]\/lgnooﬁ 172)(g)(C k)) = |p|2 (Cla<2‘<-1vc2)© (C )’
and
a+1 2
1 (v b(b+1) (|p| b+1> (T — Il ) (b) = =\ (kD)
]\;H}noo Ngl 9 (S)(C k ) = _a Tbh+1 |p‘2 Kl,l (Cla C2|<17 C2)©1,2 (C(k))y

uniformly for (x in compact subsets of C.

(IT) (Strongly non-unitary regime: edge case) For x € C, we define

(2.65)

(2.66)

F(x) = e 3 V2nzF(z),
and we write
A/ 27r(i7+b) if the outer edge case, 2:(+ab++11)b if the outer edge case,
Cp = Cs —
ﬁ if the inner edge case, ? 2;;‘&111) if the inner edge case.
We also write
H(a,b,c,d, f)
d [ @t (¢
2m - [e 2 (e Fb+a)F(c+z)— F(d+z)F(a+2)+ fF(d)F(a+ x))} Y
B e2%’ F(a)
and
STH(X + ¢+ X+ m,8+ 10, (C—X)(n — x O (F rlu Sl N T
K4 (Cnlx X) = ( =0 =0) @ F ¢y, %) = @(¢ T e
(€ =X)2(n—x)?
Let X
DY (Cwy) = F(G + Q) det, (K17 (¢ G 6, G, )
and

H(5+C1»5+C1,§+97@+ G, — (G — ) (G — m2))
(€1 = C)* (G — ¢2)?

D89 (Cy) =e 1 F (G + ()

)
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X det L (K19(6,6 6,516 Q).

i,j=3

Then, we have

1 HIVE) (k,e) (N.k) (k e)
Am —— N0y D11 Cw) = D11 (Cry),  Jim —= \F 171,(5)(47 k) = (Cir))s
uniformly for (i in compact subsets of C. Moreover, we have
. 1 (k.e) : 1 vk (k,e)
N 7331 2 (g (C(’“>) — D11 (Cy)  Jim ﬁgl,z,(s)@(k)) = =915 (Cw)s

uniformly for (i in compact subsets of C.
(III) (Weakly non-unitary regime) For z € C and p > 0, we define

(2.67) Ly(z) = i{(Z + L)G_%(Z_%)Z - (z - L) (\/ﬁ<z + L)Lp(z) T )}

Vaer V2 7 o
We write
Ay(a,b,c.d, f) = (% + a) (% - a) (ef(f —1)L,(a)L,(d) + Lp(b)Lp(c))
e MV et 5
Bylastie) = Lo (o + 55) 5~ (- 55) 5}
and

o He— 530+ 5)7  —det ) 305’

5) + 5)
V2 V2

We also write

Hp(a,b,c,d, f) =Ay(a,b,c,d, f)+ By(a,b,c) + B,(a,c,b) + fepr(a, d,a) — epr(a, d,a)

(268) —e'B,(a,a,d) +C,(b,c) — e/C,(a,d).
We write
K™ C ol ) = Hp (X0 St X 0. C . (=X =x)
(€ =X)2( —x)2Lp(x +X)
and
W™ (¢, ¢l X) = @(¢, ¢, X)e O,
Let
DU (G = £,(G+ T det (K% (6. 8. 6. G, )
(k) p\G1+G1) det (B 7 (Gis Gis 65 6161, G
and

ngéW)(C(k)) LG+ G)KS (Cl C2|C17C2) det (K{"; (Gir G G5, GlG1, G2))-

)

Then, we have

YW s k,w
hm@ (g)(c(k)) Dg )(C(kr))’pﬁp/\/? hm 9( (s)(C(k) 951)@(1@)),

N —oc0 ’

and

lim D50 €)= =015 Cw)l e M DT Co) = =015 (Cw),

N—o00

uniformly for (x in compact subsets of C.
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(IV) (Singular origin regime) We also write

(2.69) E1.c(z]z) = (x — ) E1,e41(2) + ﬁ,

and we define

(2.70) =0x—1) (El,L+1(Z )B4 (0n) = (1= (€= X)(n — X)) E1,24+1(Cn) En, L+1(XX))
+ 7 (B @O + B (@) = B s (€0) = B (00 + (€= D0 = 0B (1))

We write B _ _

]C(s) *’ X) = SL(EX;XU? C’%YX? (C — Y)(ﬂ - X))

11 abo) (€ =X)?(n =)€L (exIxx)
and B ,
w® (X X) = @ (¢, G Tl X (CmFe <
Let
2 k s — — —
DY (Cwy) = (G260 (e F det (K136 G, Gl G),

and

VI 12 2L oy _ o
©§’f§)(c(k)) _ 51,L(C1C2C)1|2| |C2] e—lcil?=lca| ICS%(Q,C2|C17Cz)iglti::ts(ng)(Ci,CnCj7Cj|C1,C2)).

Then, we have

(N, k) o (ks) Dk (k,s)
1\}5%0 Ngl 1 (g)(c(’“)) =911 (C(k))’b—)b’ ]\} e N D11 ) =D11 (Cw)s

and

1 ke
]Vlgnoo N©1ﬂ2¢(g)(c( ) = _©

uniformly for (i in compact subsets of C.

1 (N (k,s)
(k))’L»—H)’ J\}EPOO NQLQ,(S)(C(M) =915 (Cwk)),

Remark 2.11. By (2.67), note that

Ep(x) ~ 3

5, as p — 0.
p

From the definition of (2.68), we have
2 _(k, kb
?95,1“’)(4(@) =2 (Cwy),  as p— 0.
This implies that the weak non-unitary regime recovers the strongly non-unitary regime.

From Dgﬁf’l)(zl) and Dg’z)(zl, z9), we can derive the scaling limits of the conditional expectation of the
diagonal and off-diagonal overlaps. This fact was not explicitly pointed out and not computed in [13]. We
introduce some functions. We fix z1, zo € C. For the diagonal case of IGinUE, we write

(2.71) Z3G0 = Ba(21,20)BY (21, 21).

For the off-diagonal case of IGinUE, we also write

(a) ()
(2.72) Z(Zl( Z)Q) = Wa(21,71)Wa(22, Z2) det Bf(\g)(zl’ 21) Bé\&)(zl”@) 7
¢ BN (22,21) BN (22722)
where
N-1 ok
(a) _ (zw)
By'(ew) =2 T(k+a+1)

k=0
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For the diagonal case of ISUE, we write

(2.73) 231y = P @ 2B (a1, 2),

For the off-diagonal case of ISUE, we also write

(n,L) (n,L)
(274) Z](\?l(,?f) _ @(n,L)(El’Zl)@(n,L) (22722) det Bé\rfl L) (2:1, Zl) Bé\r[z L)(Zl’ 22) ’
"~ By (22,21) By (22, 22)
where
N-1
(n, L n +L+ 1) —\k
(z,w) ; ik k+L+1)(2w)'

First, let us consider the conditional expectation of the dlagonal overlap for IGinUE conditioned at z; € C.
Then, for f € L?(@a (), \)), we have

[T o = ] = P2 [ O b =5 )
N ; — 2| =
j=2 7)1 En_1 {H?f:Q A — 212 'aoz(zhz])}

)

where E denote the expectation with respect to IGinUE with size N. The denominator Ex_1 {vazz |A; — 21 \2]
is be regarded as IGIinUE with a point insertion, which can be computed by [14, Theorem 1]:
N

N-1 i — 21|° - Walz1,Z1
E A = 2P -Baler, 1) = 257
=2

Note that the numerator is nothing but Dﬁf’l)(zl) when we consider f as (2.17). On the other hand, when we
consider the off-diagonal case, for g € L2(©4(\, A)), we have

[ﬁ i En-1[[T)2s 900 TT)s Ay = 212 - 21 = 22%Ba(21,21)a (22, %)
1= Zl] = .
e En -1 [T} Yy — 212 T Iy = 22f2 - 21 — 22%@a(21,21)0 (22, )|

By [14, Theorem 1] again, we have

N N
En_1 [H =z T IN = 2 |21 — 22@a(21,21)Ba 22, %) | = Zz(\il(’;)z)-
=3 =3

Similarly, note that the numerator is nothing but D( ’ )(zl, z1) when we consider g as (2.19). The similar
discussion holds for ISUE. We omit the index N in the expectation from now on. We summarize each conditional
expectation of the diagonal and off-diagonal overlaps for IGinUE and ISUE as follows: for IGinUE and z1, z5 € C,

D(N’l)(zl) D(N’2)(Zl,22)
E[O1 1|\ = =] = 1’1(77 E[O12|A1 = 21, A2 = 2] = S e —

AvS VANAS

N.(g) N, (g)

and for ISUE and z1, 25 € C,

DI (1) DI (21, 2)
E[O011]M =~ = l’l(f), E[O1 2|\ = 21, A2 = 2] = 12(272)

Z 1 Z 1,2

N,(s) N,(s)

Similar to (2.10), (2.12), and (2.14), we have the scaling limits of the correlation kernel for IGinUE. The only
difference is that for the weakly non-unitary regime of IGinUE, we replace p with p — p/v/2, and for the singular
origin regime, we replace L with L — b. To state the result, we introduce some functions. For the bulk case
and for z € C, we define
2
)y _ L 1= (1+]z*)e "
\111,2(’2) - |Z|4 1—6_|z|2 .
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For the edge case and for z,a,b,c,d, f € C, we define
W (2) = F(2) H(a,b,c,d, —|f|?)e~ VI F(a)
Y R(z) FIH(F(b)F(c) — e P F(a)F(d))

For the weakly non-unitary regime and for z,a,b,c,d, f € C, we define

\I/(l‘?%(avbv c, da f) = -

(p) ‘Cp(z) (p) Hp(avb7 ¢, d, _‘f|2)
v z) = ) v (a,b,c,d,f)z— 2 .
r1(2) L,(2) 12 |fI4(L,(b)L,(c) — e P L,(a)L,(d))
For the singular origin regime and for z,a,b,c,d, f € C and L > 0, we define
gL(|Z|2) SL(a/7b7C7d7_|f‘2)

= \I/(L) a,b,e,d, f) = — .
|22 B 14-0(]2]2) 12 D alfI?(Ev 140 (D) Erv14+0(c) — Eva4n(a)Er141(d))

Combining (2.10), (2.12), and (2.14) with (2.71), (2.72), (2.73), and (2.74), we obtain the following,.

Corollary 2.12. (I) (Strongly non-unitary regime: bulk case)
(IGIinUE case) : Conditionally on {z; = VNp+ (1} for p € int(Sy), we have

2 2
lim NE{OM‘Zl fp+<} (pl" = 6)(a +b— |p]")

N —oc0 ‘p|2
uniformly for (1 in a compact subset of C. Moreover, conditionally on {z1 = VNp+(1,20 = VNp+ (a2}
for p € int(Sg), we have

2 _ —
lim NE[Ol 2’21 \/Np—&- 41,2’2 = \/NP‘F C2:| (|p| b)(l r b |p| ) (C C2)

N—oc0 |p‘2

uniformly for (1, (s in compact subsets of C.
(ISUE case) : Conditionally on {z1 =p+ (1//Nd(p)} for int(Ss), we have

G |- bo+1) (122 = 521) (52 - )
No(p)d a+b+1 Ip[2

uniformly for (1 in a compact subset of C. Moreover, conditionally on {z1 = p+ (1/+/Nd(p), 22 =
p+ C//N&(p)} for int(Ss), we have

)

lim —E[Ol 1‘21 p+

N—oco N

—pl?
) ‘Ifgt,’z)(ﬁ — C2),

lim —E{O ‘ + - G 2 G2 }_ b(b+1) <|p| b“)(a?’_l
N N LT UNow) 2P Ne)) T Tatbrd Ipl?

uniformly for (1, (2 in compact subsets of C.
(IT) (Strongly non-unitary regime: edge case)

(IGInUE case) : Conditionally on {z = ¢ (\/N(1 +b)4+C1)} or {z1 = e (VNb—(1)} for 6 € [0,27),

we have
lim —E{(’)l 1’,21 = \/N(1+b)+C1)} zcbll’ge%(cl +¢4),
N—oo /N >

uniformly for (1 in a compact subset of C, and

lim %E{Ol 1‘21 =e' (\/Nifél)] = C[,\I’f%(fl JFZl)v

N—oc0

uniformly for (1 in a compact subset of C. Moreover, conditionally on {z = ¢"(\/N(1 +0b)+ (1), 22 =
(/N1 +0b)+ )} or {z1 = e®(VNb— (1), 20 = e (VNb— (2)} for 6 € [0,27),

J\}E}noo TE[Ol 2‘2’1 =e(VNIL+b)+ (1) 22 =e”(y N(l‘*‘b)"‘@)}
= Cb‘I’m (G1+Co G 4CGa+C+CG—C),

uniformly for (1, in compact subsets of C, and

1\}E>noo T]E {01 2‘2’1 = 6 (m— Cl),ZQ = ew(\/l\Tb— Cg)}



Integrable Structure of the Overlaps and Zeros of GAF 29

= cb\Ifﬁ‘f% (G +CG+6, G+ e+ (LG —G),

uniformly for (1, (s in compact subsets of C.
(ISUE case) : Conditionally on {z1 = € (p + 5¢1/\/N&(p))} for p € 3Ss with 6 € [0,27), we have

G1 . g® =
57@)} =0y 1(G + 1),

uniformly for (1 in a compact subset of C. Moreover, conditionally on {z1 = p+ $(1//Nd(p),z2 =
p+5C//No(p)} forpe GSS, we have
§! G }

1 O + —_—, = +
Ngnoof B[Oufe = p s Nop) VT /Ne)

= cs\If§,2 (4G G+ ¢+ + (6 — ),

uniformly for (1, (s in compact subsets of C.
(III) (Weakly non-unitary regime)
(IGIinUE case) : Conditionally on {z; = ¢ (v/Nay + (1)} for 6 € [0,27), we have

hmooE[OLl‘Zl = ei@(\/m+ Cl):| = \11(171/\/5)(41 +Zl)a

N—

umformly for ¢1 in a compact subset of C. Moreover, conditionally on {z1 = ¢’(v/Nan + (1), 22 =
e’ (VNay + ()} for 6 € [0,27),

lim E[Olg‘zl—e \/W+C1 22*6 \/NaN+C2):|

N—o0

= ‘I’(f,)z/f) (G4 +C1, G+ oG+ (1,6 —Ca),

uniformly for (1, in compact subsets of C.
(ISUE case) : Conditionally on {z; = (1 + (1 /\/N&(1))} for p=1 with 0 € [0,27), we have

G A Va
7 =é (p+ N(S(l))} _\Ijl,l(<1+§1)a
uniformly for ¢ in a compact subset of C. Moreover, conditionally on {z1 = 14 (1//Nd(1),22 =

14 ¢2/+/N6(1)}, we have

lim E [(’)1 9 'zl

N—o0

1
Jim B[O = (o

lim E[a .

N—o00

+\/]§157(1),22 = 1+\/A%$7(1>} =0 (G +Con G+ Ciu G+ 8oy o+ G, G — Go)

uniformly for (1, (s in compact subsets of C.
(IV) (Singular origin regime)
(IGInUE case) : Conditionally on {zl = (1}, we have

b
a=a] =),
uniformly for (1 in a compact subset of C. Moreover, conditionally on {z1 = (1,202 = (2}, we have

lim NE{(% 2’21 (1,22 = 42} = ‘I’Eb% (¢1€a,€1€15 €200, 62C1,C1 — C2) 5

N —oc0

im NE [01 .

N —oc0

uniformly for (1, (s in compact subsets of C.
(ISUE case) : Conditionally on {z1 = (1/\/Nd(p)} for p € 3S, we have

1 G1 (D)
A N]E{Ol 1‘ = N(S(O)} =),

uniformly for (1 in a compact subset of C. Moreover, conditionally on {z1 = p+ (1/4/N3(0),22 =

C2/v/N6(0)}, we have
lim CE[Ous]e1 = 1,22 = G = 01 (G, 6T 6o, G G~ ),

N—oco N
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uniformly for (1, (s in a compact subset of C.

Remark 2.13. In Corollary 2.12, the results for the bulk case in the strongly non-unitary regime are universal.
Indeed, their results are same as (1.16) with the rescaled points z; = p+§1/\/ﬁ and z9 = p—l—Cg/\/N forz1,20 €
int(D) up to the geometric factors. However, we would like to emphasize that the fact (1.16) is macroscopic and
gives the more precise estimate with the convergence rate than our results. To improve our results is left to the
Sfuture work.

3. GINIBRE SYMPLECTIC ENSEMBLE, PFAFFIAN POINT PROCESS, AND OVERLAPS

3.1. Ginibre symplectic ensemble and Pfaffian point process. In this thesis, we will also study the
Pfaffian structure of the multi-points correlation function of the diagonal overlap for Ginibre symplectic en-
semble as an analogue of the multi-points correlation function of the overlaps for Ginibre unitary and induced
Ginibre/spherical ensembles studied in this thesis. Nevertheless we study the same object, due to the Pfaffian
structure of the joint probability distribution function for the eigenvalues of Ginibre symplectic ensemble, we
need to develop a new method to study the Pfaffian structure of the multi-points correlation function of the
diagonal overlap. To explain our results, we firstly explain the details for the Ginibre symplectic ensemble.
Ginibre symplectic ensemble is 2N x 2N non-Hermitian matrix with symplectic structure defined by

([ Ay By
(3.1) Goy = <—BN AN) 5
where Ay, By are N x N independent Ginibre unitary ensembles. From now on, in short, we denote the

Ginibre symplectic ensemble by GinSE. Due to the Kramer degeneracy, (3.1) has N-complex conjugate pairs of
simple complex eigenvalues

(3.2) Zy = diag [(Zl z1> e (ZN ZNH .

This implies that there is no eigenvalue on the real line for (3.1), one eigenvalue of (3.1) is repulsive with
complex conjugate pair of oneself with respect to the real line. Indeed, we figure out this picture from the
joint probability distribution function of the eigenvalues for (3.1). Coming back to (3.1) and (3.2), (3.1) can
be diagonalized in the sense of Schur decomposition, that is to say, there exists a unitary symplectic matrix
U € Usp(2N)\U(1)" such that

(3.3) Gon = UGonU', Goy = Zy + Ty,

where Zy is given by (3.2), and Ty is an upper-triangular matrix with elements
(Tm’+1 Tu+1>
T i1 Tigen)
Here, T; j 41 are independent complex Gaussian random variables. The Jacobian of the above transform Gan —
éQ ~ is well-known, and hence, we find that the joint probability distribution function of the elements of Gy
becomes
N

(34) d]P)N(GQN) =Cyn H |Zi - Zj|2|2i — Z‘Q H |Zj — 7j|2€_2|27|2€_ TrTNT;:’d‘A(Zj)Cll’]\fUle]7

1<i<j<N j=1
where C)y is a normalization constant. Furthermore, by integrating U and T, the joint probability distribution
function of the eigenvalues for (3.1) is given by

N
GinSE 1 _ o _alp?
(3.5) AP\ (2()) = — G T 12— 2Pl =517 [ 1z — FPe 25 dA(z)),
ZN 1<i<j<N j=1
for z(ny = (21,...,2n5) € CV, and Z](VGinSE) is the partition function is given by

(2k+1)!

(GinSE)
(3'6) Z = N! H 22k+1
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We write the k-th correlation function of (3.5) by

N
in N! in
RE\(,%k SE)(Zl,...,Zk):i/PE\(]} SE)(Zl,...,ZN) H dA(ZJ)
-/C j=k+1

Then, it can be written as

) k (g)( 2;) x(g)(z Z7) 2 G
(37) Rg\?}cnSE)(zb.“’zk) _ Pf < Ny Ziy 24 é\/) i?i e—\Zi\ —\ZJ H — zj
4,j=1 g ( ’L’Zj) J{]\% (z“ZJ) =1
where xgﬁ)(z; w) is called a skew pre-kernel defined given by
q(g) (2 )q(g)( )
(3.8) %8 (2,w) = GO (2,w) — G (w, 2), G%Naw%=§:4&ﬂ4@914<
k=0 Tk

where q,(cg)};C is called the skew-orthogonal polynomial (for the precise definition, see Definition 3.1). In short,

it is called SOPs. Here, we emphasize that q(g)}k and s g)(z, w) are the skew-orthogonal polynomials and the
skew pre-kernel for Ginibre symplectic ensemble (3.5) by the subscript (g), respectively. It is known that the
skew-orthogonal polynomials and skew pre-kernel for GinSE are given by

k) (2k + 1)!
(3.9) qgi)ﬂ(z)zzzkﬂ’ ¢ (2) = = 2 8 R

=0
Then, by (3.8), we have

8 (o) = 3 L1 () :g;é%’( 2)d5% ()
(3.10) = ON 1k \[ 2rk+1 NG V2w)2H (/22)2¢
_ 2z) (vV2w)? - (V2w) (V2z)
\[[kzo ;( 2+ 1)1 (20N 2k + 1)1 (20! )}

These were originally derive in [89,108]. Apart from GinSE, when we consider more general planar Pfaffian
Coulomb gases with a nice potentials @

N
1 CNOr.
(3.11) APy (2(n)) = -~ I 12—zl =51 [ 12 — 7 Pe 2V dA(z)),
1<i<j<N i—

how do we construct the corresponding to the skew-orthogonal polynomials and the skew pre-kernels associated
with the weight function e=2N9(*) ? [10] answered this question under a certain assumption. Their result is
extremely essential in this thesis, and to more precisely explain skew-orthogonal polynomials, let us recall [10,
Theorem 3.1]. First, in general, let us denote D by a symmetric planar domain with respect to the real line.
Let us also denote a positive Borel measure on C, which has an infinite number of points in its support D and
satisfies a moment condition [, |z|™du(z) < oo for any m € N. From on on, we always assume that a Borel
measure p satisfies this assumption from now on. For any f, g € C[z], we define the skew-inner product

(3.12) (.90 = /C (F(2)9(2) — F(2)9(2)) (2 — 2)dp(2).

Definition 3.1 ( [10])). A family of polynomials {qx}r with degree degqr = k is called skew-orthogonal
polynomials associated with the Borel measure , if they satisfy for all non-negative integers k, £ € 7,

(q2k, 920) s = (Q2k+1,q2041)s = 0,

3.13
(3.13) (92K, G20+1)s = —(Q2e+1, G2k )s = TkOk ¢,

with ri being their skew-norming constants.
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Given a Borel measure p, by Gram-Schmidt process, there exists a unique family of planar polynomials
pu(2) = 12" + O(Zn_l)’

satisfying the orthogonal condition with respect to the inner product

(3.14) (Prs Pm) =/Cpn(2)pm(z)du(z) = hndn,m.

Now, we recall [10, Theorem 3.1]:

Theorem 3.2 (Akemann, Ebke, and Parra in [10]). We write a sequence of real numbers by (ug j)k; with
ik = 1 and pgj = Ag—1ik—1,j, where A\g_1 is independent of j < k. Let (p,) be a family of planar monic
orthogonal polynomials with respect to (3.14). We assume that the family of (qn)n constructed via

k
(3.15) Q2 (2) = Zﬂk,jp%(z)a G2k+1(2) = p2i+1(2),
§=0

satisfies the skew-orthogonal conditions (3.13). Then, we have that (p,) satisfy a classical three term recurrence

(3.16) 20k (2) = Pry1(2) + bipi(2) + cupr—1(2),  bi,cr € R.

Conwversely, the family of the planar monic orthogonal polynomials (py,)n satisfies a three term-recurrence (3.16),
then the sequence of planar monic polynomials (3.15) forms a family of skew-orthogonal polynomials, and the
coefficients py ; in (3.15) can be computed as

k—1
h —c h .
(3.17) T = 2(hokt1 — Caky1hor) >0,  pi; = | I , A= 2“2 2] (J <k).
= 2041 — Ca04+1h2e

Clearly, the monic orthogonal polynomials py(z) = z* satisfies a trivial three-term recurrence. Therefore,
we can construct the skew-orthogonal polynomials (3.9) associated with the Gaussian potential e=2l=l? using
Theorem 3.2. Once we know skew-orthogonal polynomials and skew pre-kernel associated with (3.11), next step
is to analyze a scaling limit for the skew pre-kernel as a large N-limit. Here, we focus on (3.10). First, note that
to directly analyze (3.10) seems to be difficult since (3.10) contains the double sum. [89,108] derived the origin
scaling limit for (3.10), and they showed that the limiting correlation function still forms the Pfaffian point
proces. See also [10]. However, the arguments in [10,89,108] can be not applied into more general zooming
points in bulk and edge regimes. [6] proposed a differential equation method (ODE method) to analyze a skew
pre-kernel from (3.8) or a skew-pre-kernel associated with (3.11). Their method is robust, and ODE method
can be applied to other planar symplectic ensembles such as the Mittag Leffler ensemble [6], the elliptic Ginibre
symplectic ensemble [37,38], and induced Ginibre/spherical symplectic ensembles [36,39]. For the detailed
review, we refer to [41]. Coming back to (3.10), by [40, Eq (5.29)], we have

2k—1 ¢ ok k-1 2p
(8) o, (®) (2zw) (22%) w?P
0.5¢,7 (z,w) =223, (z,w) + 2 Z a 2(% — i o
(318) £=0 p=0
222 k
=228 (2, w) + 2eqp_1(22w) — 2(2(]%)1)”6161(102)’
where ey, is the truncated exponential polynomial defined by
(3.19) %@”:E:Ei
k=0
We define
(3.20) ft](cg)(z, a) = 6_2Z“x,(€g)(z, a),
and then by (3.18)
R R 2 2\k
(3.21) 5‘2%?)(2, a) =2(z — a)%fcg)(z,a) + 2e9,_1(22a)e 2 — 2 (227) ”ek_l(az)efzm.

2k —1)
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Let us mention two key points here. (3.18) means that the polynomial kernel (3.10) satisfies the first order
differential equation (3.18). This can be regarded as an analogue of the Chrsitoffel-Darboux type identity
for the reproducing kernels for the elliptic Ginibre unitary ensemble [97] or the Lemniscate ensemble [42]. In
the inhomogeneous terms, the first term corresponds to the polynomial reproducing kernel for the Ginibre
unitary ensemble, and so, we know the asymptotic behavior of that term well. On the other hand, there is
no interpretation for the second inhomogeneous term, but we can still analyze the that term via the uniform
asymptotic expansion for the incomplete gamma function. However, when we work on scaling limits for (3.18),
there are some subtle problems. Indeed, the polynomial kernel in general diverges in a large N-limit, we need
to rescale the polynomial kernel with some factor. Moreover, if we take rescaled points z = v/ Np + ¢ and
w = /Np+n for p € [~1,1], it is inconvenient to compute (3.18). In order to overcome such subtle problems,
as in (3.20), it is better to work on the differential equation for the rescaled kernel (3.21). As a summary,
key points to analyze a pre-skew-kernel for planar symplectic ensembles in general are to derive a differential
equation, which may not be a first order differential equation, and we need to find an appropriate factor function
to derive a scaling limit. This viewpoint is also important for our problem later. Finally, we only mention the
scaling limits for (3.10) or (3.20), and we conclude this section. [6] and later [37] showed the following (we only
mention the Ginibre symplectic ensemble, and the below statement is cited from [37, Theorem 1.2]):

Theorem 3.3 ( [6,37]). For (; in compact subsets of C for j =1,...,k and p € [-1,1], let
s=0, ifpe(-1,1),
zj:\/ﬁp—ks(j for s =1, ifp=1,
s=—1, ifp=-—1
We write
(3.22) Ry k(s C) = Rni(z1, .-, 25)-
Then, there exists a pre-kernel fi(N*) such that
k - = s ] e
st = B (N8 G e E) | TG -0
and it satisfies the following asymptotics as N — oo.

(o) = {n§b><<,n>+0<e—w>, ifpe(-1,1),

j=1

K e e, —14e€ .
N "‘ﬁ%)(C,ﬁ)Jrﬁfﬁ% Y2(¢ )+ O(N=+)  ifp=]1],
where T
2 2
my () = 7 / e~  erfe(v2(n — u) — 72070 erfe(v2(C — u))du,
2 2
H(e)(C et o =2(¢=0)* orfe(vV2(n — 1)) — e~ 201797 arfe(V2(C — u))d
v (Gn) = e erfe(vV2(n —u)) —e erfe(V2(¢ — u))du,
V2 s
and
S’

Késvl/?)(g,n) — 55 [((2{2 + 1)672(2 erfc(v2n) + 2\/27762(<2+n2)) - (C — 77)}

Here, the convergence is uniform for (,n in compact subsets of C, and +— means that we exchange the variables
¢ and n.

3.2. Overlaps for Ginibre symplectic ensemble. In this thesis, as an analogue of the determinantal struc-
ture of the overlaps for Ginibre unitary and induced Ginibre/spherical unitary ensembles, we study the Pfaffian
structure of the diagonal overlap for GinSE. To proceed with that, we need to introduce the overlaps for GinSE.
The difference between non-Hermitian matrices and non-Hermitian symplectic matrices is that we need to con-
sider the overlaps for complex conjugate pairs of eigenvalues A; for j = 1,..., N. Let us introduce the conjugate
linear operator Z : C2¢ — C2? defined by

_ — t 2d
1: Uk +1 F> —U2k+2, U2k4+2 F> U2k+1 for u = (ul, ey ugd) e C.
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This map was introduced by [102], and see also [11]. More precisely, this map means

3% —U2
U2 uy
I =
U2d—1 —U2d
U2d U2d—1

Then, we have (u|Zu) = 0 with respect to the Euclidean inner product on C?. We consider the right and

respectively, more precisely, they are defined by
(3.23) GR; = \jR;, L;G = /\jL;-.
The left and right eigenvectors corresponding to A; are defined by
GIR; = N\,IR;, (IL;)'G = X;(ZL;)".
Then, we have the bi-orthogonality relationships

(Li|R;) = b5, (Li|ZR;) =0, (IL;|R;) =0, (ZL;|IR;) = 6;;.

We define S = (Ry (ZRy) --- Ry (ZRy)). More precisely,
S Si2 Si3 Si4 <o Sian—a Si2on
So1 S22 Sa 3 S2.4 <o Saon—i S2.2oNn
S p—
Son—11 San-12 Son-13 Soen—14 -+ Senv—12nN-1 San—12N
San San 2 San,3 Sona oo Sanan-1 Son 2N
Ria —Rip Ry 1 —Ra9 -+ Rnn Ry
R Ry Ra o Ry e Ry Ry
Riaon-1 —Rian Roaon-1 —Reon-1 -+ Rnyan—1 —Rnpen
Rion  Rian—1  Ropon Roon -+ Rnyaon  Rnoaon—1

Its inverse matrix is given by

_ t
S~'=(Ly (ZL1) -+ Ly (ZILn))
Ly Lip Liz Lia -+ Liaon— Lian
—Lio Ly —Lia Liz -+ —Lipy  Liagn—
Lnyi Ln2 Lns Lna -+ Lnan-1  Lnon
—Ly2 Lni —Lna Ln3 -+ —Ln2v Lnan-1

)

Clearly, we have
(S‘lS)m = 5i7j for 1 S i,j S 2N.

Also, we have
G = SAS™L
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We define
R—lt
(ZRy)
A=A ;)7 =518 = <+ | (R (ZR1) -+ Ry (IRn))
Ry’
(ZRN)
Ri'Ry R'(ZR)) -+ TRiRy R (IRy)
(ZR)) Ri  (IR\)(t) (ZR1) --- (ZR1) Ry (IR:) (ZRn)
R*Ntz-gl Et(tle) .+ Ry Ry Ry (IRy)
(ZRN) R (ZRwn) (ZR)) -+ (ZRn) Ry (ZRy) (ZRn)
(Ri|Ri)  (RiZRy) -+ (RilRy) (Ri[IRn) \'
(IR1|R1) (IR:i|ZRy) -+ (IRi|Rn) (ZRi|IRn)
(Bn|R1)  (Rn|ZR:1) -+ (By|Rn) (Bn|IRN)
(ZRN|R1) (ZRN|ZR:) --- (ZRn|Rn) (ZRN|ZRnN)
and we regard A = (4, ;)77 as
N
RO
Az Ai ij=1
Similarly, we define
AT (AT = ST (s
Ly
(ZLy)
= (L1 (L)) Ly (ZLy)"|
Ly
(ZLy)
(L1lLy)  (LA|ZLy) - (La|Ln) (L1|ZLN)
(ZL1|Ly)  (TL:1|ZL1) -+ (ZLi|Ln)  (ZL1|ZLw)
(Ln|Lv)  (Ln|ZL1) -+ (Ln|Ln)  (LN|ZLn)
(ZLNn|L1) (ZLN|ZLy) -+ (ZLn|Ly) (ZLN|ZLn),
and we regard A~ = (A; )21, as
-1 _I\N N
A1_<Ai,j Ai,j)
I U Tt S
i,J 43/ g, 5=1

Then, we define the overlap matrix O = (0; ;)77 defined by
N

0,; O.=
O = < 5] Z,J)
Ori 93/
with elements given by

Oij = A Aji = (LilL;) (RilR;), O, 5= A;;-lAj,i = (Li|ZLy) (Ri|ZR;),

35
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Hence, it suffices to essentially consider O;; and O, 5. We expect that this general structure would be useful
to derive a system of stochastic differential equations for the eigenvalues processes and the overlap processes of
Ginibre symplectic ensemble. In [11], Akemann, Forster, and Kieburg showed the following:

Theorem 3.4 ( [11]). For the diagonal overlap of GinSE, conditionally on A(ny = z(n) € CYN, we have

(3.24) E[O11 A = zm)] =[] (1 + + = )

— 2 =2
=2 2‘21 2’2‘ 2|Z1 2’2|
Moreover, for the off-diagonal overlap of GinSE, conditionally on A(n)y = z(n) € CN, we have

1 1 1
21 — 2] Jl:lg(l N @) 2 - — zk))’

E[O12|An) = 2v)] =~

1 1
2|Z1 —72‘2 jl:[3<1 + 2(21 — 22)(22 —ﬁ) + 2(21 — %)(22 — Zk)>

E[O, 5| An) = 2v)] =~

The spirit of the proof of Theorem 3.4 is same as Proposition 2.2. In fact, we can show Theorem 3.4 via a
recurrence equation obtained from the structure of the above overlap for the non-Hermitian symplectic matrix
and the relationship between eigenvalues-eigenvectors of GinSE and the upper triangular matrix of GinSE in
the Schur decomposition. For the details, we refer to [11] and [59]. As in the determinantal case, we will study
the multi-points correlation function of the diagonal overlap for Ginibre symplectic ensemble conditioned on
the real line as the generalization of [11] and [59].

3.3. Our contribution [8]: joint work with Gernot Akemann and Sung-Soo Byun. In this subsection,
we present our results for the multi-points correlation function of the diagonal overlap for Ginibre symplectic
ensemble conditioned on the real line. The reason why we consider only a real conditional point and the diagonal
overlap is due to a technical reason. It would be a future project for an extension to more general case for any
complex points and the off-diagonal overlaps. Now, we consider the multi-points correlation function of the
diagonal overlap for GinSE defined by

N
(325) ng\lrvk)(Z(k)) = E|: Z 01’1(5(22'1 - )\21) te (5(Zlk - )\Zk) 5 for Z(k) € (Ck.
i FFip=1
We can explicitly express (3.25) as

2 —zPe 2l N

(N,k) -
Dy (z() = ZGmSE (N — k)|
(3.26) N N
/ 120 = 2Pz — 5 [ ] 127 = FPwoven (z5121) ] dAC20),
CN= 2<z<]<N j=2 O=k+1
where
(3.27) Wover)(2]a) = |z — a2 (1 + |z — a|?)e 2, aecC.
Let us also write
(3.28) wprey(2]a) = (1 + |z —a[})e 2, aecC.
We call (3.27) the overlap weight function and (3.28) the pre-overlap weight function. We write
N,k
DNV () = Dgg )(Z(k))
1,1 (%) |21 — 7z

(3.29)

e—2lz1l?

N N
:Z](VGinSE N k /(cNk II |Zi_Zj|2|zi_7j‘2j1;[2|zj_7j|2w(over)(zj|21) I 24z

2<i<j<N f=k+1
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Then, (3.26) is expressed as the Pfaffian form, which is characterized by a skew-symmetric pre-kernel denoted
(over)

by 35 (2, w|z1). We define

R(over)(z% o Zk|zl)
:I lim OD% ! )(Z(k))
(3.30) me
672Z1N!Z1(\(,)zef)(21) %(Over)(zi,2'|21) J‘(over)(Z“7|Zl) k o
= (GinSE) ) .J;)f & é\c[-ve}f) ! é\gve}r) ’ H(ZJ - Zj)w(Over)(Zj|Zl)'
ZC sz |\ @ zil2) w1 ) | L

In particular, we are interested in the rescaled multi-points correlation function of the diagonal overlap along
the real line

(3:31) R (G 1 GrlG) = RS (VNP + G VNP + G VNP + ).

for p € [-1,1] (we only consider p = 1), (; € R and (s, ..., {; in compact subsets of C, and x =b if p € (—1,1)
and x = ¢ if p = £1. Here, ZJ(\(;zelr) (1) denotes the partition function with respect to (3.26), which depends on
the variable z;.

3.3.1. Recurrence formula and finite N -kernel associated with (3.27) and (3.28). In order to construct xg\(;‘ie{) (z,w|z1),

we decompose (3.27) into a pre-overlap weight function part and a point insertion part. The pre-overlap
weight function corresponds to (3.28), and the point insertion part corresponds to |z — a|?. The below result is
not a main result in this paper. However, it implies that we can not apply [10, Theorem 2.1] to our setting.

Proposition 3.5 (Planar orthogonal polynomials associated with (3.28)). We write a family of planar
orthogonal polynomials associated with (3.28) by {Pk(~|a)}k. Then, we have

2aa
3.32 ki L.
( ) Z Fk 2aa

where
FP(ZE) = (p + 2)(p + 1)610('1:) - 2(p + 1)$6p_1($) + 1’261)_2(13), p = 07 17 27 ey
and

(3.33) ep(z) =) ﬁ

Remark 3.6. We can easily check {Py(+|a)}r satisfy the non-standard three-term recurrence in the sense of [42,
Remark 1.5]:

(3.34) 2Py (z|a) = Pyy1(z|a) + bp Py (z]a) + zcp Pe—1(z|a),
where P (2a3) Fos (203
2aa k—1(2aa
by = —a 2 = a2
B T R aa) T YT R (2aa)

By Proposition 3.5 and Remark 3.6, we can not directly use [10, Theorem 5.1] to construct the family
of skew-orthogonal polynomials associated with (3.28). The only fact which we have is that once we could
construct that, we can apply the family of skew-orthogonal polynomials associated with (3.27) via [10, Theorem
5.1]. Hence, our problem which we should overcome is to construct the skew-orthogonal polynomials associated
with (3.28) and hence to construct a skew symmetric pre-kernel associated with (3.28), which is denoted by
% (2, w|a) for z,w € C, a € R.

Now, we shall develop a new construction of skew-orthogonal polynomials (SOPs). Let u be a positive Borel
measure on C with an infinite number of points in its support on a domain D. We define the inner product and
the skew-inner product with respect p on D by

(3.35) / F@a@du(), (frg)e = /D (F(2)3E) — 9(2F @) (= — 2)ducz).
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Let
(3.36) mix = (27, 2%) s = Re(myy),

and let m = (m; ;) be a moment matrix satisfying m* = m, where * denotes the complex conjugate transpose,
and my g1, mer 7 0 € C for all k, and m; = 0 otherwise. Hence, m is a tridiagonal moment matrix. We
denote

(3.37) gik = (7, 2%) s = 2(Mjp1h — Mjwsr), G =(9i5)70
We define

1 A
(3.38) A =0, Ap=PliGui1), Zn=--—F

2 Ak

The below is our new construction for SOPs.

Theorem 3.7. Under the setting of (3.36) satisfying a tridiagonal Hermitian moment matriz, (3.37), and
(3.38), we define SOPs associated with a Borel measure p as

2%+1
(3.39) G2k (2 ZCX%,JZ Gok+1(2 Z Bokt1,57,
with copor = 1 and Bopy12k41 = 1, Boks126 = 0. Then, the coefficients {aon;}25y and {Bapi1,;};08" are

determined by the following recurrence relationships: for j =1,2,...,k,

3.40 ZjOé2k,2j—1 = *7/7\123'—1,2]‘@21@,2]', Zjazk,zj—z = 7712j,2j+1042k,2j+1 + mQj,QjQQk,Qj,
(340) ZpQop2k—1 = —Mok—1.2k, ZEQ2k2k—2 = Mag 2k,
and for j =1,2,....k,
Z;Bokt1,2j—1 = —Maj—12iB2%+1,2j, ZjPok+1,2j—2 = M2j2j+1P2k+1,2j+1 + M2;,2i B2k+1,25
(3.41) Z—1P2k41,26—3 = —Mok_3 2k—202k+1,2k—2, Lk—102k+1,2k—4 = —Mak—2 2k—22k+1,2k—2;
Bok+1,26—1 =0,  Zpfoky1,26—2 = Mok 2k+1-
Remark 3.8. The initial condition Bag+1,2r = 0 in Theorem 3.7 uniquely determines odd SOPs, see [10, Lemma
We denote the SOPs associated with (3.28) by

2k+1
(342 o0 = Do e = 3 A
As a consequence of Theorem 3.7, we have the following:

Theorem 3.9. The coefficients {a(;;rj) 2o and {622181 J}%Jrl are given by

ey K129 & 2k + 3 L (2k+ 1! ;i fila®
(3.43) aémz 227? 2 ((ﬁ +1- )((264'3)) — (- ‘7)((264—1))”) (2a%)* kaaQ; )
k
pre (Zk + 3) - (Zk + 1)” J f] (CL2)
(3.44) 041 =2 Z( v o )(2£+5)u>(2” @y
j ok N fi(a®
(3.45) B o = %%anz)m + 2;(“ 1 —j)m(2a2)fj> }ZEGQ;

pre k! 27 L @k A fila?
(346) 6§k+% 25+1 = 2 ﬁ<<2a2)k J +2[z=;(£_j)((2€i_3))”(2a2)€ J):}ft“(a)
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where
k

(3.47) fu(z) = Z(k +1- j)f,—'!zj = (k+ Dex(x) — zep_1(x),
J=0 '

and the skew norming constant associated with (3.28) is given by

pre) _ (pre), v 2k + D! frya(a?)
Tkp = Tkp (a) = 22k 1 fk(az) .

Then, we can express the skew symmetric pre-kernel associated with (3.28) in terms of (3.42) as

(3.48)

N—1 (pre) (z]a) (pre)

(pre) (pre)
(3.49) th\l,)re)(z,w|a) _ Z dop11 Qg (wla) — q2k+1(w|a)q2k (z|a).
(pre)
k=0 k
As we already announced, by [10, Theorem 5.1], we obtain zg\?ver)(z, wla).

Corollary 3.10. We write the SOPs associated with (3.27) by {q,gover)(z|a)}k. Then, we have

(pre) . _(pre)
r. a, z|a
(over)( | ) k k+1 ( | )

q2k: re ’
(a - 2)g%™ (aa)
(pre)

fover) 1) = oks2(el0)a5i” (2la) — doi” (al)agity (zla)

Aok +1 re ’
(a = 2)ay" (ala)
(over) _ (pre) qgif%(am)
L S T PR
day,  (ala)
Furthermore, we have
2% (2, wla) s (ala) — 368" (2, ala)afiy” (wla) + 23" (w, ala)asy (2a)

(3.50) 0 (2, wla) =

(a—2)(a —w)g$% (ala) '

Remark 3.11. In Corollary 3.10,

" #f (a, 2]a)

(over)
Gop, (2la) = o
(a = 2)a5y" (ala)

can be regarded as the limit
r,(cpre)%,?:i)(a,z\a) ) T,(Cpre)xg_r? (u, z|a)

(pre) = ue (pre) ’
(a—2)ay, " (ala) 7 (a—2)azy,  (ula)
which can be computed by the I’Hoépital’s rule. Similarly, we should understand the other terms in the sense of
the I’Hépital’s rule.

3.3.2. Integrable structure of the finite N -kernel: Differential equation. By Corollary 3.10, it suffices to consider
scaling limits of (3.42) and (3.49) However, it is not easy to compute the scaling limits of (3.42) and (3.49)
Indeed, (3.49) constitutes many summations in both numerators and denominators. Hence, to directly analyze
the scaling limit for (3.49) is difficult. In order to overcome this difficulty, we derive a differential equation for
(3.49) as we demonstrated in the case of Ginibre symplectic ensemble (3.20) and (3.18). The following Lemma
is useful to write the differential equation, and it tells us that the SOPs and the skew pre-kernel associated with
(3.49) can be written in terms of (3.20).

Lemma 3.12. Let us write
2 (g) 2k 2% 2
(3.51) Li(z,a) = (2(z —a)’ — 1) 2% (2,a) +2(2 — a)eap—1(2za) — 2(z — a)mek,l(a ).

Then, we have
2k + 1!

(3.52) (2 — a)¢5) (2]a) = (2 — a)2%+2 + @gira g2y i (5:0):
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and
(pre) 2 enr1(a®) aes2 , (2k+3) 2 (2k+ DN
3.53 — = — —_— _ —a*——5—"-L .
( ) (Z a) q2k ( |a) a’(z a) fk;(a?) z + 2k+3fk(a2) k+2(27a’) a 2k+2fk(a2) k+1(27a’)
We define R R
53" (zw) = G (2, wla) - G (w, 2]a),
where
N—-1 (pre) (pre)
~(pre — — q. k ( | )q k (w|a')
Gg\]? )(z,w|a) =(z —a)(w — a)3e~ 2202w Z Zhtl (prz)
k=0 T
1R @y (wla)
28 = (2k + 2)! fiy1(a?) fi(a®)
Let us also write
(3.54) a) (zla) = e (= — a)°ai ) (2la),
and
(3.55) 2 (wla) = e 29 (w — a)?¢ X (w]a).
Theorem 3.13. Let us denote
(3.56) 5207 (2, wla) = €2 202w (5 — q)3(w — a)® %P (2, wla).
We define the second order differential operator
(3.57) D@ = (2 —a)d? — (2(z —a)® +2)0. —2(z —a), forzeC andacR.
Then, we have
Q(G)N(pre)(z,w\a)
) 1
(3.58) =4(z — a)®(w — )32 (w=a) (Q(QN +1,2z2w) — —[LQ(QN +1, 2zw))

22)2N .
— 2 — 0 B0 (5509, (wle) + ) o8 11— 2200587, (wlo)).

a(2N)! fn(a?)
where @ is the incomplete gamma function. Furthermore, let us also denote

;tg\c;ver)(z, wla) = (z — a)*(w — a)462“2_22“’_2waz§\?ver)(z, wla).
Then, by Corollary 3.10, we have
= (pre) ~(pre)

— (over . . . xy (z,ula) . .y (w,ula)

(859) 3N (2 wla) = 7Y (z,wla) — R (w, a) lim ot 2 4 R (2, a) lim =N
dan (u\a) Gy (ula)

3.3.3. Bulk scaling limits. We fix p € (—=1,1), and let
(3.60) z=VNp+¢, w=VNp+n a=VNp+x, (neC,xeR.
We denote
(3.61) 7Y (¢ nlx) = Jim xs\?ver) (z,w|a).

Then, the below is our main result.

Theorem 3.14. Forp € (—1,1), we write

over, . 1 over,
Rl(c ») ((23 T 7<k|<1) = J\}gnoo NREV,]C b) (427 D 7Ck|<1)

Then, we have

(3.62) R (Co,---, ChlC1) = ( p?)Pf

NG Gla) RYGL GG

i,j=27=2

o k
( (Over)(C“CJ‘Cl) Héover)(CiijC1)>‘| ﬁ(?_
S sJ J

Gjwn(¢l¢r)
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uniformly for (1 in a compact subset of R and for (s, ...,k in compact subsets of C, where
(3.63) wp(zla) = |z —al*(1 + |z — a|2)e*2|'z*“|2, a €R,
and for (,n € C and x € R,
“}govcr)(CﬂﬂX) _1 (C=n)(1+(¢=x)n—x) — e2E70m=x))
2 ((C=x)n—=x)*

4 V(=202 = D2 = x)? = D000 art(¢ — )

4 (C=x)(n—x))*
L VT 20 =X = D€ =x)* = 1)e=" exf(y — x)
4 (€ =x)(n—x))*
VA== (1= x)?2 = De 0 erf(¢ — x)
4 (€ =x)(n—x))*

00 femmtfcae? RIS CT—

4 2 [ 2 4

(A) The gray curve is the curve of Rﬁ"ver’b) (z + iy|0.5), the
red dot curve is the curve of RS@?’fr) (0.541iy|0.5) with N =5,

(over)

and the blue dot curve is the curve of Ry (0.5 + iy[0.5)
with N = 10.

(B) The graph of the one point density R{**"™ (z + iy|0.5).

Fi1GURE 4. Comparison between the numerical plots and the analytic plot and the plot of the
one-point density Rgover’b) (x +1y|0.5).

As a consequence of Theorem 3.14, we can derive the conditional expectation of the diagonal overlap con-
ditioned at a real point. By the definition of the conditional expectation, we need the normalization factor.
From [4, Theorem 1], the normalization factor for the conditional expectation at a € C is given by

. &, =
Z(GlnSE) _ =12 —2]al? I (a7 Cl)
(589 (q) = o — gfte- e 220 T)
Then, for a = V/Np+ ¢ for p € (=1,1) and £ € C, by [37, Theorem 1.2] and the 'Hépital’s rule with help of
the uniform asymptotic behavior, we have

7B (g) ~ 21¢ — €%, as N — oo and Im(€) — 0,

uniformly for ¢ in a compact subset of C. The factor |¢ — | here corresponds to the factor divided in advance
|21 — Z1]?. Therefore, we have the following:
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Theorem 3.15. Conditionally on {z; = VNp+ x} for p € (—1,1), we have

(3.64) lim —E[O11]5 = VAP +x] = El(14/2) (1 - p*),

N —oc0

uniformly for x in a compact subset of R, and vs is the Gamma distribution with a parameter 3.

Remark 3.16. This result is consistent with the conditional expectation of the diagonal overlap in [59, Theorem
3.5]. The constant term except of the boundary affect (1 — p?) for p € (—1,1) is universal, and our result can
be regarded as the generalization of [59, Theorem 3.5].

We can show the edge scaling limit for the conditional expectation of the diagonal overlap. Due to the
symmetry, we only consider the edge point p = 1.

Theorem 3.17. Conditionally on {z; = VN + x},

! 1 4 /212Xy erfe(V2x) — 4y/me yerfe(2
lim —=E[O; ]|z = \/N-FX] == T (\(X_) 2 vre? xerfe(2)
N5oo /N 3T erfc(2x) — € 2 erfe(v/2x)

uniformly for x in a compact subset of R.

)

4. CONTRIBUTIONS OF ZEROS OF (GAUSSIAN ANALYTIC FUNCTIONS

4.1. Gaussian analytic function by Peres and Virdg. In a breakthrough paper [118], Peres and Virdg
considered a random power series with coefficients of independent, identically distributed (i.i.d.) to standard
complex Gaussian random variables, and they showed that zeros point processes of that forms a determinantal
point process on the unit disk. More precisely, we define a random power series

(4.1) fov(z) = G2*,
k=0

where {(x}2°, are 1.i.d. standard complex Gaussian random variables denoted by ¢ e~ Nc(0,1). We write the

zeros point process of (4.1) by Zy,,,. Then, they showed the following:

Theorem 4.1 ( [118]). The zeros of point process Zy,., is the determinantal point process with the correlation
function

1
5, ZweD.

(4.2) Kp(z,w) = m

Namely, the k-th correlation function of (4.1) denoted by pfcpv) forms
PV k
(4.3) p,g )(zl7 29, .y 21) = det(Kp(z;, Zj))z’,j:l
This remarkable determinantal point process allows us to simplify to compute some quantities such as the
expected number of zeros and the number variance of zeros inside the unit disk ID. Indeed, for a domain D C C,
let f be a random variable on a probability space which takes values in the space of analytic functions on D,
and we write the number of zeros for f on a domain D by

(4.4) Ny(D)=#{z€ D: f(z) =0}.
If we consider a disk with radius r centered at the origin, we simply write
(4.5) Ni(r) == N¢(Dp)#{z €D, : f(2) =0}, Dp:={ze€C:|z| <7}
Then, in [118], it was shown that
N E(k+1)

(4.6) eV () 2 d .

k (1—7r2)(1—r%)--- (1 —1r2k)
In particular, we have

r2 r2

(4.7) ENjs, (r) = Var Ny, (1) = =y

1—7r2’
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Also, since the one-point density of Zy,,, by Theorem 4.1 is given by

(4.8) Y (z) = m

the zeros point process Zg,, of (4.1) can be regarded as the uniform distribution on the Poincaré hyperbolic
disk. Although we do not mention the detailed properties of the determinantal point processes, for interested
readers, we refer to [86] and [125]. Initiated by Peres and Virdg’ breakthrough work, studies for zeros of Gaussian
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(A) Plot of zeros of fpv(z) (B) One point density (4.8) of Zy,,,

FIGURE 5. The figure (A) is the plot of zeros of fpy approximated by random polynomial with
degree 500 and sample times 20. The figure (B) is the graph of one point density (4.8) of Z¢,.
along [—1,1]. Since the one-point density (4.8) is radial symmetric, the graph is symmetric.

analytic function have been drastically developed by many researchers. Here, Gaussian analytic analytic function
f, shortly denoted by GAF, is a complex Gaussian distribution on a probability space which takes values in the
space of analytic functions on a domain D, and it is uniquely characterized by a covariance function

(4.9) Ky(z,w) = E[f(2)f(w)].
For the detailed properties of GAF, we refer to [86]. Before we explain our contributions in this thesis, let us
mention the recent developments for studies of zeros of Gaussian analytic functions, in particular, GAF defined
on the unit disk.

In [86, Chapter 5], the one-parameter generalization of (4.1) was introduced:

L+k)
(4.10) ZC/c kJrl)

where {(;}7°, are i.i.d. standard complex Gaussmn random variables. Then, the radius of convergence of
(4.10) is also one, and (4.10) is also GAF defined on he unit disk D. In particular, when L = 1. (4.10)
agree with (4.1). In general, it was shown that the zeros point processes Z;, except L = 1 can not form the
determinantal point processes, see [86, Chapter 5, Subsection 5.1]. Although the zeros point processes of fr, are
not determinantal point processes, we can still analyze the various properties of zeros point processes of (4.10)
by using probabilistic and complex analysis arguments. Indeed,

Finally, we only mentioned the studies of zeros point processes of the hyperbolic type GAFs, but as in [86],
the zeros point processes of entire GAF's and spherical GAFs have been also studied. Those topics are not dealt
with in this review, but we refer to [86, Chapter 2] for interested readers.

4.2. Our contribution [115]. In the previous subsection 4.1, we reviewed the study by Peres and Virdg and the
recent developments. In any cases, the coefficients are assumed to be i.i.d. complex Gaussian random variables.
As a natural question, what happens if we replace the i.i.d. complex Gaussian coefficients with dependent
complex Gaussian random variables, in particular, a stationary complex Gaussian process coefficients? The
one of our aim in this thesis is to answer to this question, and in fact, from the perspective of the asymptotic
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FIGURE 6. The figures (A), (B), and (C) are plots of zeros of fr(z) for L = 0,1/2,10. In all
cases, fr, is approximated by a random polynomial with degree 500, and sample times are 20.

behaviors for the expected number of zeros, we will make the difference between zeros point processes of random
power series with stationary complex Gaussian processes coefficients and (4.1) clear.

To describe our results, we now introduce our settings. Let 2 = {{x}rez be a stationary complex Gaussian
process with mean 0, unit variance and covariance function given by

(4.11) E[¢;&] =v(k =), n,meZ,

where ¥(0) = 1 (unit variance) and v(k) = v(—k). We study the following random power series
(4.12) fa(z) =Y &".
k=0
To lighten the notation, we often omit the subscript = in f=. Then, the covariance function of (4.12) is given

by

(4.13) Ky(z,w) =E[f(2)f(w)] = S(z,w0)G(z,w),
where

1
(4.14) S(z,w) = -

is the Szegd kernel and G(z,w) defined by

(o)
(4.15) Gz, w) =1+ G(z) + Gw), G(z)= Z’y(k)zk.

k=1
From the positive definiteness, since |y(k)| < v(0) = 1, the radius of convergence of G(z) is more than or equal
to 1. Here, the covariance function (k) can be represented as

1 2 iko
k) = 5= [ Han(),

where A(f) is called the spectral function of =, and i = y/—1 is the pure imaginary number. When A(6) is
absolutely continuous with respect to the Lebesgue measure, the density A’(0) = dA(6)/d6 is called the spectral
density of Z (cf. [63]). Here, note that G (!, e?) is the spectral density of the Gaussian process Z if G(z) is
analytic in a neighborhood of D. When {; }rez are i.i.d., y(k) = 00, where 0y, is Kronecker’s delta function,
and Ky(z,w) = S(z,w). Hence, (4.1) is contained in a class of (4.12). In this thesis, we focus on (4.12) with
finitely dependent Gaussian coefficients, which will be explained later, and we compare the expected number of
zeros of that GAF with zeros of (4.1).
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We will firstly deal with the case of 2-dependent stationary complex Gaussian processes with covariance
function

1 ifk=0,
a if k| =1,
4.16 (k) =
(4.16) ORI,
0 otherwise.

Then, we can verify that {7y, (k)}kez is positive definite if and only if (a,b) is in the region P = P; U Py with

P :{(a,b)eR2;12+(b—1)2< 1 L

(4.17) aS2 ;l 2_ 116 1 1
= R%: — —=) >—=,la-=<p <=7
e {(“’b)e 8 +<b 4) Z gl —g =< 6}

See Figure 7 for the region of positive definiteness. We write the GAF f,; associated with the covariance

b

%
A A

D) D)

(I ()]

-1.0 -05 0.0 0.5 1.0

FIGURE 7. The region P of positive definiteness of (k) defined in (4.17). The red and black
dashed ellipse are the boundaries of Py, and the green points are (a,b) = (£2/3,1/6). The
blue line segments are b = |a| — 1/2 for —1/2 < b < 1/6. The similar figure can be seen in [31].
In fact, the region P is equivalent to the invertibility conditions for moving boundary average
processes (MA(2) processes).

function (4.16). Then, since the variance of £ with the covariance function (4.16) is normalized to be 1, the
radius of convergence of f,,(z) is 1 a.s. for any (a,b) € P. Then, our first result is as follows:

Theorem 4.2. Let f, 1, be the GAF defined in (4.12) with the covariance function (4.16). Then, the asymptotic
behaviors of the expected number of zeros of fup are as follows:

(I) If (a,b) satisfies a®/8 + (b—1/4)> =1/16 and 1/6 < b < 1/2, then

B 2 2b 1
(4.18) ENy, ,(r) = =2 Veo-10=r22 +0(1), asr—1.

(IT) If (a,b) satisfies b= |a| —1/2 and —=1/2 < b < 1/6, then

r2 1 /1—-2b 1
(4.19) ENy, ,(r) = T2 V1o 6b (1= 12)1/2 +0(1), asr—1.

(I1) If (a,b) = (£2/3,1/6), then
_ r2 1 1
T 1—r2  25/4(1—2)3/4

1
(1—r2)1/4

(4.20) EN;. ,(r) n O( ) ast — 1.
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(IV) If (a,b) is in the interior of P, then there exists a non-negative constant C(a,b) such that

2
(4.21) EN;, ,(r) = 1’”72 —C(a,b) +O(1 —72), asr — 1.
’ -
The constant C(a,b) is positive except for (a,b) = (0,0). The numbers (I)-(IV) correspond to those in Figure 7.
Since
2
ENfo,o(r) = ENva(T) = ma

from Theorem 4.2, we can readily find that the expected number of zeros is less than that of (4.1) at least in
the limit as » — 1 for all cases. We can show the following stronger result.

Theorem 4.3. Let f be a GAF defined in (4.12). Let D C D be a domain with smooth boundaries and N¢(D)
be the number of zeros of f inside D. Then, ENy(D) is always less than or equal to ENy,, (D). Moreover, the
equality holds for some domain D if and only if f(2) is equal to fpy in law.

Remark 4.4. We emphasize that our setting is different from [112]. In [112], they considered the Gaussian
random power series with stationary compler Gaussian processes whose covariance function is the inverse co-
variance function of the original Gaussian processes coefficients. Translating their setting into our setting, their
setting means that (4.15) has no zeros inside the unit disk. From such special setting, there exists a conformal
map such that the zeros distribution of the random power series in [112] is equal to ones of Peres and Virdg
GAF (4.1) in law via the conformal map.

As we already saw in the above, the asymptotic behavior at (a,b) = (£2/3,1/6) corresponding to Theo-
rem 4.2 (III) is special since Gf(z, z) is the most degenerated in the sense that

2 1 1
Gy(z,2)=1% g(z +27 Y+ 6(22 +273 = 6,7;_2(:5i DY forzedD={z€C:|z| =1}

The above G(z,z) has the degenerated zero at z = F1. Now, we shall generalize the above phenomena into
the n-dependent stationary complex Gaussian process =,, with the covariance function {~,, (k)}xez, which is the
most degenerated in the sense above, that is to say,

2n\ —1/ 2n :
i () =012
0 otherwise,
which is normalized as 7(0) = 1. Then, we can easily find that
n —1
2

(4.23) Gz, 2) = Z Yn(k)2F = < n) 27"z 4+ 1)?" for z € ID.

k=—n n
Note that z = —1 is the zero of order 2n. As in Figure 7, for this n-dependent Gaussian process =,, = {S;in)}kez,

we have the following moving-average representation:

(n) m -1/2 n n
V=10 > ; Cnj, fork=0,1,2,...,

j=0
where {(;}cz are i.i.d. standard complex Gaussian random variables. Then, we have the following asymptotics,
which include Theorem 4.2 (III) as the spacial case n = 2.

Theorem 4.5. Let v, (k)be defined as (4.22) and Z,, = {f,i")}kez be the stationary, centered, complex Gaussian
process with the covariance function {v,(k)}rez. Then, the expected number of zeros of the power series f(z) =
oo §,(Cn)zk within D, is given by

2

(4.24) ENy, (r) = 17— — Du(1 - P2 L O((1—r?) "), asr— 1,
where
1
1 2n—1)\ 7"
(4.25) D, = ﬂ( (n )> .
2nsm% n—1
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(A) Plot of zeros of f30(2). (B) Plot of zeros of feo(z). (c) Plot of zeros of fgo(z).

FIGURE 8. The figures (A), (B), and (C) are plots of zeros of f,,(z) defined in Theorem 4.5.

Remark 4.6. As we will see in the proof of Theorem 4.5, the sub-sub-leading order (1 — 7‘2)’% in (4.24)
vanishes by a cancellation. Hence, the correct sub-sub-leading order is O((1 — 7"2)_23;3).

As we will see in the proof of Theorem 4.2 and Theorem 4.5, the sub-leading order in the asymptotic
expansion comes from the behavior of the zeros of G(z, z). If G¢(z, z) has a zero with multiplicity 2k on 0D,
then the sub-leading order (1 — 7“2)_% appears in the asymptotic expansion of EN;(r) as r — 1. Hence, the
zeros of the spectral density with the most multiplicity determines the main sub-leading order term. Therefore,
in general, we obtain the following result for finitely dependent stationary complex Gaussian process coefficients.

Corollary 4.7. Let = = {&;}rez be the stationary, centered, finitely dependent complex Gaussian process.
When the spectral density of = has zeros 0; with multiplicity 2k; for j = 1,2,...,p, we set o = (2k —1)/(2k)
with k = maxi<;j<pk; and o = 0 otherwise. Then, there exists a positive constant Cz such that the expected
number of zeros of the GAF' f with coefficients = within D, is given by

2

(4.26) EN(r) = % —C=(1—r) " +o((1—r*)"%), asr— 1.
—r
For instance, the Gaussian process with the spectral density G(z, z) = Cy H§=1 |z+a; |2k3 for z,ay, ... ,Qp €
0D and ki,...,k, > 1 with the normalization constant C'y gives an example of the GAF described in Corol-

lary 4.7.
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Part 2. Proof of determinantal structure of the overlaps for induced Ginibre unitary ensemble
5. FINITE N-KERNEL: PROOF OF THE CASE OF IGINUE IN THEOREM 2.7

5.1. Proof of the case of IGinUE in Proposition 2.6.

5.1.1. Moment method. We regard complex variables z and Z as independent variables. Then, there ex-
ists a family of bi-orthogonal polynomials associated with the weight function (2.27) or (2.28) denoted by
{Pi(-|a,a), Qx(-la, @)}, on C such that for a € C,

<Pj('|ava)7Qk('|aﬂ a)>wg/s = ‘/(CPj(z|a7E)Qk(zlaaa)wg/S(z7E|a7a)dA(2) = h;d;k,

where h; is the norming constant for (2.27) or (2.28). From the elementary linear algebra, we have

N N—-2

2<]1<LN |25 — zk|2j1;[2wg/s(zj77j|zl,a) = ]];[0 hj X QS%%N(KSXE)S)(%,@ 25,7121, 7)),
where K i 1 (g /S) is an integral kernel defined by
X, Pilaa)Qu(wla,a) o
Kl(f\lf’)(g/s)(z,z,mw\a,a) = Z b I wg/s(2, Zla, @).
k=0
Here, it would be convenient to define the reduced polynomial kernel IC1 1.(2/5) via

N — — — N — — — —
Ki717)(g/s) (Za Z, W, w|a7 CL) = ’Cg,l’)(g/s) (Z7 w‘a7 a)w(z, Z|a7 CL),

where
N-1=5F+—"—
(N) Py(zla,a Qk(w|a a)
’Cl 1,(g/s) Z
=0

(Z,wla,a) =

ICgI_\lr)(g/S) (Z,wl|a,a) correspond to (2.44) or (2.49). Now, we shall prove the case of IGInUE in Proposition 2.6.

Proof of the case of IGinUE in Proposition 2.6. First, we define the moment matrix M with entries M; ; :=
(2%, zj>w(7) with respect to the inner product (2.27). Then, we have

M;;=T(+a+1){6(a+i+2+|A) =it (i +a+1) =&, } =D(+a+ 1),
where
Wi = 51‘,]‘(0[ +i1+2+ |/\‘2) — (5i+17jX(’L. + a4+ 1) — 6i,j+1/\-
Similar to [13], we work on the LDU decomposition for the matrix p = (u;), .. When we have the LDU

i
decomposition as p = LDU, where
(5.1) Dyq =dpp,q;  Lp,g =0pq+€pdp g1, Upgq=0pg+ugdgpt1, forp,q=>0,
then we see that
— AMp+a+1 A
(52) dp = — p—lgp—lup]-le + 24 a+ AN +p, Up+1 = —% gp—i—l = ——
i P
Hence, we have the following recurrence equation
_ AN _
dy=2+a+ N tp w, p>1, do=a+2+ AN
p—1

Let 2 = |A]* and d), = 2% with o = 1. Then, we can express
rp+1—|—(p—|—a)xrp_1 =Q2+a+z+pr,, mnm=d=a+2+z.
From an induction argument, we find that the unique solution of the above recurrence equation is given by

rp=Dp_1 = D(p+a+ 1)) (),
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where
h(a)() .T—Ozzp: p+1-k k+a(p+1)1 thh(a)() 1
2 — _— l = =
po x k=0I‘(k+a+1)w Na+1)x v 0 Ml +1)
Before completing the proof, it is convenient to simplify hj(ga) (x). Note that
P k P kak—1 lap+1)
My =% NP - P
p () (p+ )’;F(k+a+1) (@ a)kzor(k+a+1)+ﬂ(a+1)
T« (@) (a+1) o p+1
oz {(p + 1)@1()()‘)(1‘) — ey (x) + awe, U (x) + r—al(a+1) }

Here, recall that eg\?)_l(x) can be written in terms of the incomplete Gamma function:

12 = QN +0,2) — Q(a 2)).

Form this, we have that

R () = =2 ((N+a+1) @) () — zel®) () +

« N+aoa+1l—=z
. ) = 1),

MNa+1) e

where f](va )(x) is defined as (2.34). Coming back to the LDU decomposition step and from the definition of d,,
we obtain

dy = " = Lp+a+2)f@) _ (p+a+1)f(a)( ),
o Ttat DAY 1" (@)

By LDU decomposition, we have (Py(-|A,A), Qe(:|A, \)) = Dirbre, Pe(zIA ) = 32F (f_l)kmzm7 and

W(g) m=0

Qu(zI\A) = Xk o 2™(U™ )i for k € Zo. Then, we have KOV (2,210, X) = SN2 210 V77, where 01 =
Zk:o( )ikD—kk( 1) for i,j > 0. From (5.1) and (5.2), multiplying the diagonal matrix diag (I'(i + « + 1))

by u = LDU and updating notations, we have

A (@) 19, (@)
Lpm = 0pm — p(a) 6P,m+1? Ung = 6"“1 a )\ﬁ(sqmﬁ'lv (m’ qz O)’
p (%) m (T)
and
£ (@)
Dy = (P, Qo) = T(m + o + 2)lmtn > 0.
(a)
m o (2)
Note that
N— N—-2 f(a) N-1 (O() (l’)
H qu(g)ZHF(m+a+2 mH I(m+a+1) S22
(a)
m=0 m=1 fO (.’L‘)
and hence we have
NI NI 1 i ](va)l(x) ()
N H <P¢Z7Qq>w(g) e = — H ., N H F(m +a+ ) o cx%eTt = J\?—l(x)xae_mﬁ
ZN q=0 N! 7j=1 F(‘j + Oé) m=1 fO )( )

where we used the fact féa) (x) = ﬁ We recall that the inverse matrix of the lower triangular matrix L is a
lower triangular matrix and the inverse matrix of the upper triangular matrix U is an upper triangular matrix.
As a consequence, we see that

0 q>p; (AP m)(l) q>p,
oy _h a—p (U1 £§ (@)
( )pq = ’ ( )pq =351 q=0p
Tp—a 25 @) '
(\) (o ISP 0 q<p.
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Finally, we put
N-1 k

GO el = 3 @@y S !

n,m=0 k=max{n,m} F(k Tat 2) flga) (x)flgtj(r)l (.’L‘)
then this completes the proof of the case of IGinUE in Proposition 2.6. O
Remark 5.1. If a =0, then

0 Pp+1—k
=T(p+ D) =py %= (p + Dlep(x) — plzep—1(x),
k=0 ’

where ey(z) =Y h_, ”2, . This is consistent with the Ginibre unitary ensemble case [135].

Remark 5.2. From the proof of the case in Proposition 2.6, we find that the planar orthogonal polynomials
{Px(:|\, A) }x with respect to the weight function (2. 27) are given by

£ 0N
(5.3) Pr(z|\,N) Ne—i2d 77 o=
oo

Then, we can confirm that (5.3) satisfies the non-standard three-term recurrence in the sense of [42, Remark
1.3]. More precisely, we have

(5.4) 2P(2|A\ N) = Pt (2] A) + b Pri(2|\, N) + ez Pr_1(2|\, N),
where
(@) (Y
_ AA — AN
(5.5) by, = )\% o = Aw
fea(AN) AP0N)

It would be interesting to study a differential equation of the finite N-kernel (2.44) based on (5.3), and we expect
that the corresponding differential equation would satisfy a second order differential equation. Indeed, as the
simplest case, we now consider A = 0 case here. Let us denote the finite N-kernel associated with (2.27) with
u=v=0 by Ky(z,w|0). Then, it is easy to see that

N— )k
0) .
zw| Zz: k+a+2 Tk +a+2)

We write N B
K (z,w0]0) = (zw)*+2e K (2, w]0).
By differentiating the above with respect to z, we can derive
N+« T

(zw) _ (w) )
I'N+a) T(x)/

T — 1 —
[83 + 2 0, — “ Kg\(,l)(z,w|0) —@26_2“’(
z z
It would require more tasks to generalize the general case.

5.2. Simplification step. In this subsection, we complete the proof of IGinUE case of Theorem 2.7. To this
end, firstly, note that (2.41) can be rewritten as

G (aln ) = 3 A @ (8 4(5) — By 1),
n,m=0

where
5:9) I pp— 2 9@ =0

. Nx) = - - , d(x)=0.

k=0 Pk +a+2) fzg )<x)fli+)l(m)
Lemma 5.3. (5.6) can be written as
— 1 1 2 —

(5.7) 8 (z) = (a4 1)~ — @+ sntat2-z)

+
(x —a)z 22 T(Li)l(x) T —«
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Proof. The proof is done by induction. For fixed x, we have <I>£Lojr)1( ) =o'\ (z) + F(n+a+3) T T;;;@ @ with
1

nt2
Oo(x) = m From fl(o‘)(x) = 1‘E(+a”‘++22) the initial condition is satisfied. Now, we assume that (5.7) holds for

n € N. Then, we have

o z—(a+1 1 (n—l—a—l—?—x)fn (z) 3
(z— o)z 22 1 (2) 1Y, (2) r—a« F'(n+a+3)
Here, it is easy to see that
(n+a+2—x)f(a)() 23 _gj(n—i—a—l—?)—w)f(a)()
r—« I(n+a+3) r—a« ntl
which completes the proof. O

Remark 5.4. If « =0, then we clearly have @, (x) := o\ (z) = 2

—= + m(n +2—x), which is consistent
with [19].

Combining (5.7) with (2.41), we have

G (zly, 2)

N-1
1 r(N+a+1-1x) (o (@) lz(z—a—1-wdy,) (@)
= HNZ (J;,y)u — (3},2)4—* fna (x)w
foI(Va) () roa M A v roa Z: w=yz
N 1 N-1 N-1 N-1
lz(z—a—-1- lz(x—a—1—y0dy)
Tz T« Z Dy tE T—a« Z Z )2
n=0 m=n+1 m=0n=m+1
where we defined
(5.8) 1 (a2 Z F @)k, neN,

5.2.1. Complete the proof of the case of IGinUE in Theorem 2.7. Now, we are ready to prove IGinUE case in
Theorem 2.7.

Proof of the case of IGinUE case in Theorem 2.7. By elementary but involved computations, we have the fol-
lowing identities:

N-1 N-1 . LN
Z ffla)(ac)y"zm = 7u§\‘;‘11(m,yz) — 7#5\?)_1(1‘&)7
1—-=2 I—=z
n=0 m=n-+1
where
ﬂg\?zl(xvt)
(5.9) _e—a[fWiGel) 1 @)Y YWtatl-a—(Nta-o)) o (2]2)
T (1—1)2 1—tT(N +a) (1—1)2 N-1
3tﬂ§?),1($at)
(o)
N 2 (@) r—aN+a—uzt (@ z—atV(N+a—2x)ey’ (z)
(5.10) ( +1_t>“ @t == H1 1)z N- (@) + (1—1)2

r—a 1 {(m)N(l—t) a (N—i—a—m)(l—tN'H)}
x t(1-t)2 | T'(N+a) Ta+1) T —« ’
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and hence, we have
2GR (aly. 2)

T {(N+a+1—w) (@) (a)
8]

MN71(-777 y),uN71(a7a Z)

v v (@)
1—yz yv 2N
(5.11) +(@—-a-1) <<1_y)(1_z)ﬂg\?)_1(x,y2) - HHS\?L(I’Z) . Zﬂg\?ll(xvy)
NN — (N - 1)V, NyN — (N = 1)yN+t
(1 _ 2)2 H§v11($ay) + (1 . y)2 :u“g\/'ll(xv Z)

1- yz (c) Yy z (a)
N A - ) (e, .
=l —2) Oty 1 ()] 1=y <(1 — 2 + = z)z) (2, yz)
Notice also that

2N — (N = 1)N+1 2N o oa—z o
1y (BT e )l = (e ) i)

Using (5.9), (5.10), (5.11), (5.12), and grouping by the denominators, we have
T\ (2,y,2) T3 (x,y,2) | T (2,y,2) T (2, 2,y)
1-y?1-22 (Q-y)l-2) (A-pPl-2) (@T-y)1-2)?*

z(z — )G (xly, 2) =

where
2
x « (e} « « « (e}
<x — a> J(V )(I)TIE‘ )(x, y,2) =(N+a+1) {egv)(asy|x)egv)(xz|:zz) — egv)_l(xyz\x)egvll(ﬂx)}
—x {eg\(,lzl(my|w)e§?11(xz|x) — eg\(,l)il(acyz\x)eg\?ll(ﬂx)} ,
2 N N N
r (@) -y (e _ (zy)™ (22) ) (zy2)
a a N+ a+ 1)z
+ xegvzl(xyz) {(N +a+l- 55)25\711(%@) + (F(N+oz+)1)} )
and
@ (@) \p(e) R L AR B ()N (@
(x — a) N (@)To" (x,y,2) = miF(N ot D) e (z]z) xiF(N Y enoq(zylz).

Then, we obtain
2 X (o) G(Oé)
z ffafN ()G N4 (2]y, 2)

(N+a+ D)W (@,y,2) = aWi (0,9,2) | (y2) Vel (aln) — (w2)Neld) (wylo)

- 1—y)2(1—2)2 T I ta+(1-y)2(1-2)
(ey2)V ey (ala) — @) Nei y(@ale) @y ) + ael (o)
T(N+a+1)(1—y)1-—2)? I(N+a+1) (1—y)(1-2z)
1z (N+at+ e (@) - zel, (a]2)
CT(o)z—« (1—y)(1—2z) ’

where we set

W (2,9, 2) = ) (zyl2)el (w2]z) — (1 — (1 — y)(1 = 2))e (zyz]a)ely (z]2).

n

Using e\, (z) = i (z) — TntatTy: We see that

N+1e(04) N+1e(a) 1— 1_ 2, \N+1
Wz(va)(x,y,Z) :Wz(\/a421(:v,y72) ) rulovl) (@) wloz) | o=y - 9(eye)
I'(N+a+2) I'(N+a+2) I'(N 4+ a+2)?
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2N (@yzle)  (ey2)N e (afx)
I'(N+a+2) I'(N+a+2)

+(1—$(1—y)(1—2)){

Therefore, we can find that

2 X (a) (@)
T —alN ()G N1 (x]y, 2)
CWtat )W @) =Wy s) o (ay)N e (o)
(1 —y)2(1 — 2)2 1-y)(1—-2) T(N+a+1l)
1 o (N+at+1)e (zle) —ael), (a]z)
INa)z —«a (1—y)(1—2) ’
Here, the third term can be written as
12 (Ntat @) —ae) (@le) 1/ x \P AP @)
INa)z —« (1—y)(1-2) Ma)\z—a/) (1—-y)(1-2)

Therefore, we have
(N+a+ I)WJ(\,all(o:, Y, z) — ;z:WJ(Va) (z,y, 2)

G(a)_ x|y, z) =
Nl 2) 22(1—)2(1 — )26 (x)

B 1 (y2)" eyl () 11 1
-1 -2)g§ (@) TW+a+l)  T@ele—a)T-yI-2)

Letting 2 = A,y = 2,2 = T, then we have

o (A)\‘ z w) M-a(N+a+ W) (2, w|AX) = AW (7, w] A, X)
Nt XA A\ (Z = A)2(w — A2 fv (AN @ (Z, w)w(X, \)
M -a (Ew)N“eS\?}rl()\XP\X) 1 1

M T(N+a+1)Ez-Nw-NF20N8 Tl AX-a)z-X)(w-))
= 5z wx ) + 39z, wlX, N).

This completes the proof. O

6. SCALING LIMITS: PROOF OF THE CASE OF IGINUE IN THEOREM 2.10

In below all proofs, a constant € > 0 is independent of N, but it may be different in each line. It does not affect
the our desired result. Also, note that a co-cycle factor of kernel the K (z,y), K(x,y) — ¢(z)K(x,y)0~(y),
does not change the value of the determinant. Hence, for the simplicity of the notation, we omit a co-cycle
factor. Indeed, from the expression of (2.52), (2.53) and (2.54), we can find that a co-cycle factor does not
affect the resulting value, and we do not mention that in each line.

6.1. Proof of the case of IGInUE in the strongly non-unitary regime in Theorem 2.10. We fix
any =1 and o = by = Nb in this subsection.

Proof of the case of IGinUE in Theorem 2.10 in the strongly non-unitary regime: bulk case. For p € int(S), let
2=+vNp+C,w=+vVNp+n,\=+VNp+ x. It is straightforward to see that

0N Zw ANy (2, w) = e~ 2UHID+E L O (e=eN) |

uniformly for {,n, x in compact subsets of C. Therefore, we obtain

70, 08 = NUEEE IR 1o )
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uniformly for x in a compact subset of C. With help of these asymptotic expansions, we have

AU (2, 0|\, Nwsy (7, 2|\ V)
d [e*—1 — 1 F (T ( _

(6.1) - du( u ) oy DG TR ERO O (V)

¢—X)(n—x

= o(¢m K C e D= (¢ S De” CVE 1+ o(NTY),

uniformly for {,n, x in compact subsets of C, where ¢(¢, 7, x) is the conjugation factor. Here, by Stirling formula,
it is easy to see that

(6.2) OV (2, 2\ Nwpy (2, 2[4, X) = O (e7N)
uniformly for ¢,n, x in compact subsets of C. Combining (6.1) with (6.2), we have
(6.3) Ky (22,0, 8) = en (¢ 0K (e Dw® (¢ X) + 0 (e7Y)

uniformly for ¢,n, x in compact subsets of C. Here, ¢y ({,n, X) is a conjugation factor, which is explicitly written,
but it is not important. For the proof of the off-diagonal case, since we can easily calculate the scaling limit
similar to [13], we omit the details here. O

Next, we prove the edge scaling limit.

Proof of the case of IGinUE in the strongly non-unitary regime in Theorem 2.10: edge case. We fix ay = 1 and
a = by = Nb again. We use the following uniform asymptotic behaviour of the incomplete Gamma func-
tion [117, equation (8.8.9)]:

2+z

R CO R

uniformly for z in a compact subset of C. Here, we recall that

(6.4) Q(s+1,s++/s2) = +O<1> as § — 00,

2
s 3
erfe(z) = f/?z (1+0(27%)) as z — oo with |arg(2)| < Yk
and by the relation erfc(—z) = 2 — erfe(z),
erfc(—z) = e\/’%z (1+0(27%)) as z — oo with |arg(2)| < %77.

For the outer edge case, we set z = e (\/N(b+ 1)+ (), w = e (/N(b+ 1)+ 1), =e?(y/N(b+ 1)+ x). For

the inner edge case, we set z = €(vV/Nb — (), w = ¢®(vV/Nb —n),\ = ¢(v/Nb — x). First, we consider the

outer edge case. Using (6.4), we have

_ +m? —\2
2 +7)? + 2 _

27N (1 +b) 3

uniformly for ¢,n, x in compact subsets of C. For the inner edge case, similar to the above, we have

(6:5) e h1 (TN Dny (2, ) = e~ 2SI+ (P (¢ 4 77) +

_(c+m?
ON) CBIAN D (2.70) = e~ 3 U<+ 4T M- ~1/2
6.6 ¢ ZW| AN Wy (2, W) = €7 2 F(C+ + O(N ,
( ) N+k— 1( | ) bN( ) ( (C+m) TW(X-FY) ( ))

uniformly for ¢, 7, x in compact subsets of C. Here, F'(u) is the complementary error function defined in (2.11).
Using (6.5) and (6.6), we can find that for the outer edge case,

(6.7) f](\?N)()\X)ZJbN (M) = %(i\:_b)f‘(x +%) (1 + O(Nfl/Q)) ’

and for the inner edge case,

(6.8) ) (AN @y (A, ) = \/QTWI)}—(X L)1+ O(N-1/2)),
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uniformly for ¢,n, x in compact subsets of C. Using (6.5), we have

W E WA = 6Cn) [ EOI{PC+ PR+ 1) + 2 (Cvn D+ + On (0 OF -+ 7))
k

1 ~\2 _— 1 \2
4 (e 2P+ ) +e 20O (7)) + O(N Y L.
27TN(1+b)( (x+¢) (n X)) ( )}]
Therefore, we obtain

(N + by + DY) (2, 0|\, X) = AT (Z, w|A, X)

FREED (T ) [ @00 (400" Py 4 ) 30507 Py 4 7))
+ (1= €= )0 — ) (e 0 Py + Q) + e 3O Py 4 )
+V2r(x+30) (VTR OF (0 +3) — (L= €= D0 = XD+ DF(+0)) + O(N~2)]
Y o@ v e d 0+ T G@ @ -0 - 0e 0 FcE ) + o),

witha=x+x,b=x+Cc=n+xX,d=n+C( f=(C—%X)(n—x). Here, H is defined by (2.66). By (2.52), we
obtain

(bn) /= - - v G nH(a,b,c,d, f) = Wy (Z,2)
AN (2, 0| A, Nwpy (2, Z|A, A) = (Z 30200 — x)? @ (¢, ¢Ix: X) Dy (Z, )
C —3(C+n)? bV _ o (Z
G(C,n) € K F(X + X) w(Ca C|X7Y) Wh (Z’ Z) + O(N_l/z).

C-Xm-x  Fx+X Wy (2,0

On the other hand, by (2.53) and Stirling formula, we have
G(Cn) e FEF(x+3)
C-Xm-x)  Fx+X)

Therefore, there exists a conjugation factor ¢y (¢, 7, x), which is explicitly written (but it is not important),
such that

S(bN (Z, |\, Nwsy (Z, WA, \) = —

(¢ et EE L o),
Whn (Z’w)

K (Y (220,00 8) = en (6 n 0Kl Dw® (6 S X) + O(NT172),

uniformly for ¢, n, x in compact subsets of C. This completes the proof of the outer edge case. Next, we consider
the inner edge case, but almost computations are same as the outer edge case. Indeed, using (6.6) and by similar
computations, we have that with same convention,

AN F X, Ny (7212 3)
- H(a,b,c,d, 1 e—3(C+n)®
=G(Cn) 7(,2 f)2+ - =——

=X —=x)?  V2r(X+x) (=X —x)

uniformly for ¢, n, x in compact subsets of C. On the other hand,

G(C, e~z (CHm)? < Wy (7,2

) _e” @ (¢, <X, X) =2 (7 2)
V2 + %) €00 —x) Wy (Z,w)

Therefore, there exists a conjugation factor ¢y (¢, 7, x), which is explicitly written (but it is not important),
such that

} &2 x>((7w))<1+0< 172

g(bN)(Z w|)\ )\)wa(Z Z|)\ /\) (1+O(N_1/2)),

e (520, TR = en (G 0K (b X (¢ T 1) + O(N ),

s

uniformly for {,7,x in compact subsets of C. For the off-diagonal case, by applying Lemma 2.5 and just
performing the similar computations, we get the desired result. O
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6.2. Proof of the case of IGIinUE in the weakly non-unitary regime in Theorem 2.10.

Proof of the case of IGinUE in the weakly non-unitary regime in Theorem 2.10. We fix ay = % and o = by =

N (pﬂ2 — %) As in the strong non-unitary regime, we use (6.4) many times. For 6 € [0,27) and x,(,n in a

compact subset of complex plane C, let z = ¢ (v/Nay + ¢),w = € (v/Nay + 1), A = ¢?(/Nay + x). Let
1 74 2)?
(69 Gy = Lyl ) + )
. X6 X) = +n)+ :
p/V2 o/ V2 \/ﬂ(X‘FY‘Fg)

Here, L, is defined by (2.13). By (6.4), we have

oY) (T AN) Gy (2, D)

(6.10) —%(C-‘rﬁ—g)?
— o= 3P+ +cn vy Pl T
=e 2 { p/\/i(C777|X7X) + N (k \/ﬂ

uniformly for ¢,n, x in compact subsets of C. Here, we defined

Ce(¢,m) J(1+ O(N2),

_ 2 _ 2
Gylem = 2T yen-gy  2ZHEHTHE) yermeg)? |
Ver 3 3
which does not depend on k. From (6.10), we see that
(6.11) VYO0 (A R) = £,5(¢+T)(1+ON ),

uniformly for x in a compact subset of C. Here, £, is defined by (2.67). First, we observe that
(N + by + DY) (2, w] A, X) = AT (z, w|A, X)
N2

_ _ N _
(612) =~ @OV (A %) - W wld, ) + (TR E ) -

+ QﬁN+1(Z7 ’U)|)\,X) - |X|QQH§\Z;N)(E, ’LU‘)\,X)
In order to see the asymptotic behavior of (6.12), we observe that for k =0, 1,

W) (2w, X) =G(C,n) (e CO R, — (1 (= %) - )wi),

NOXAX) gptow) =
Rz e )

where
i =7,/v306 S )T, a0 XXX + T, a0 Sl x)% ]i/};e‘;("*"‘g)z + Cg(m@)
7, an XD g (A BT 1 0,000) + 0,
and
i, =750 S %), 506X X) + 7, 50X x)]@(li}le B0 4 Oy (x, x))
+7,,506 X1 X)N(]H\/Q—;eé("“ 074 Cy(n,0)) + O(N2),

uniformly for ¢,n, ¥ in compact subsets of C. Since
—3(n+x—4)* —3(x+C-%)?
1 1 p - ez 2 P N - 2 _
o, -l =N p/\/i(x,élxyx)T + y Jova(m XX X)T +O(N7?),
-3 (x+x-4)* —-3(n+¢-4)?
2 2 P e 2 2 e 2 3 _
@ - @) = ~Torva(®Clx, N+ j/f(X X W)= + O 2
we have
N2

7 (W wA %) — 0 (7w, )
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N2 _ o _
=z GG (e CP00 () — ) — (1~ (€~ %) — )W) —

_NG(m)
p Vor

)

{ ’(Z’@(”’X)(Jp/ﬁ(xflxv x)e 2(n1txX=%) + 7,05 Xx X)e” 2(x+Zf§)2)

(1= € =00 =0T, sm.Cx e 2D L 7 (XX )e*%(”@*%f)}(l +ONTYY),

uniformly for {,n, x in compact subsets of C. Next, we observe that

N
fﬂﬂﬁiﬁ( wlA,X) — ;<x+x>w< ) (z,w|A, X)

——(1+0(N_1))]Z(X+x— P\G (@)

% (e EN00T, 50N, XD = (1= €= =),
uniformly for ¢,n, x in compact subsets of C. Then, we obtain

- - N
(N + by + DY) (2, w] A, X) = AW (2, w|A, X) =

where we set

13 60T, vz 06 X X))

—G(CmeP(1+0N),

e~ 3(n+x—%)° e~ 3(x+(—5)?

® =~ (0 m—x) (Jp/ﬁ(X,ZIX,Y)T + 7,50 XX X)
V2T
- (x+x- 5)( ~E0O=0 g (06X, vz (0 XX X)

— (1= (C=)0 =),z Cx:X) +7,,v3

~ 1= (=0T, a0, Cx X7,

Therefore, we obtain

ﬁ(bN)(z WA, Nwspy (Z, 2|\, A)

(06 XX X)T)

_ 2P G ) Ben(Z 2NN 4L oo
(0.3 (4T 8z e G- - P ap )OO

L GG RS

LA 0C -0 e n O
where

o ®

= e VY XX+ G+ X0+ (=X M- X))
e—3(n+C-5)°

e_%(n+z+%)2

— . . o p .
(6.14) +(<—x)(n—x){(x+x+ ) Lpyvalx + )7% — (XX = 5L X+ X =
em2(CHE) =3 (X=5)" a8 —30ctx+5)" 4 — £ e 3(mHCHE) —50ctxts)’
; ' S )
Nors Nors X+X+4 Vo

Using asymptotics (6.10) and (6.11), note that
S (2, wlX, Nwyy (2, 0] A, )

Gy (Z,2|A, A)

GG (¢ T S S

57
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(X + X + g) jp/ﬁ()@?b(v%) 6*%(Z+77*§)2 6*%(77+Z+§)2 ) 0 Nfl
’ { Var o L, s+ X=X = X) T Bt x+ %)(Z—Y)(n—x)}( O,

uniformly for ¢,n, x in compact subsets of C. The above can be also written as follows.
F) (zZ, 0|\ Nwpy (2,217, X)
00,50 e~ 3 @57
aI)N(EJJJIA’X) Vv QWEP/\/i(X+Y)(Z_Y)(n_X)
(6.15) e 3(CHn=5)% o= 3 (xtx+5)* e BHCHE)’ =3 0erRH8)’ ( 4y — £)
2 N o 2 N —_
V2r L, s(x+X) =X —x) V2r L, s(x+X)(C=X)0—x)(Xx+X+5)
— 1 (+C+5)°— 1 OcHx-§)° + X~ L)em 3+ L +X
n ; 2 2 27 2 B (X X 2) — E/\/E(X X)}(1+O(N_1)).
V2r' L, s(x +X)(C = X) (1 —Xx) V2L, s(x +%)(€ —X) (0 —x)
Combining (6.13) and (6.14) with (6.15), there exists a cojugation factor cy({,n, x) such that we have
ﬁuwdx+%x+inf?m+fif—ﬂm—x»
L, s +X)(C=X)%n—x)?

= -G(¢,n)w(¢ X, X)

(\+X+ )L, + %)

@ (¢, ¢ x)e~CRE 1 o(1),

Kif\lf’)(g) (C7 Z? m, ﬁ|Y7 X) =CN (C7 7, X

uniformly for (,n,x in compact subsets of C. This completes the first part of the proof of the weakly non-
unitary regime. Next, we consider the off-diagonal overlap case. For the computation of the kernel, we just
apply Lemma 2.5 into our setting. Using (6.10) and (6.11) and from the above discussions, we see that for

zlzx/NiaN—l-Cl,ZQ:\/NiaN‘i‘C%

N (2122 (21, 22) 00y (71, 22) KLY 1) (71, 22021, 73)

Ay G+ GG+ G e+ G, (G - ) (G~ G))
(G = @)% —¢)?

as N — oo, uniformly for (1, {2 in compact subsets of C. This completes the proof. (]

(1+0(1)),

6.3. Proof of the case of IGIinUE in the singular origin regime in Theorem 2.10. We fix ay = 1 and
by = b > 0 as the parameters. Let z = (,w = n, A = x. Then, observe that

— 1 )0 1412 2
010 s GENED) = (@B (1) + g ) e HH, s o,

uniformly for {, 7, x in compact subsets of C. Based on this asymptotic expansion, we have
B AT T — Y e o b [x? 1
(6.17) N N@p (A, A) = ﬁ&;(xxlxx)(xx) e X (1+0(NT)), as N — oo,
uniformly for x in a compact subset of C, and &, is defined by (2.69). With these asymptotics, we obtain
2w (z,w[\,A) = (Eb(fxlx@&(%nlx%) —(1=(C=x)n— X))Eb(ZU|XY)5b(YX|XY))

TP (vx)be— 3 (S +Inl*) —Ix|?
X (07) (XX2|X|2 — b)2 (1 4 O(N_l)),

uniformly for ¢,n, x in a compact subset of C. Therefore, we have

9O (2, wlA, ) _ & XDA)E (nhxx) — (1 = (€ = X) (0 = ) E(Cnlxx) & (ix|xX) (14 O(N-1)).

(XX = b)(€ —X)%(n — x)2E(XXIXX)

Similarly, we have
1

L) (xx = 0)(¢ =X —x)

SV (z,wAX) = - (1+O0(N).



Integrable Structure of the Overlaps and Zeros of GAF 59

Hence, we obtain

3 877777773777 B -
KO, wA X = b(Cxixnfz XX (€ : X = x) (1+ 0N,
(€ =X)2(n — x)?E(xX)
uniformly for ¢, 7, x in compact subsets of C. Here, S}, is defined by (2.70). Then, the claim immediately follows.
For the off-diagonal case, since Lemma 2.5, it suffices to consider
18 (@ m) (21, @) (77, 22)KN 4 (71, 22021, 7).
However, it is straightforward to see that

N — R N -~ 2 2
](\?)(2172) N ﬁé‘b(ﬁ@)(l +ONTY),  @y(21,22)@p (71, 22) = |1 [?|¢o[PPe (GG,
1G2

and
KY) | (21, 22021, 23) =K (81, Cal¢r, &) (1 + O(NTH).

:Sb(CTCthQ,ECQ,?QCl, (G — gL(CQ - (1))
(C1 = 2)%(C2 — €1)%&5(C1¢2)

(1+0(1)).
Hence, we obtain

FO (2130 (21, )@ (3T, 22) K (71, 22) 21, 72)

_ 51;(6(1,?2(3@2,g<1, (G — Q)R —¢)
C1Ga(C1 — C2)2(Ca — C1)?

This completes the proof of the case of IGinUE in Theorem 2.10 in the singular origin regime.

< |2b‘42|2bef(|4‘1|2+\C2|2)(1 +O(N™Y).
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Part 3. Proof of determinantal structure of the overlaps for induced spherical unitary ensemble
7. FINITE N-KERNEL ANALYSIS: PROOFS OF PROPOSITION 2.6 AND THEOREM 2.7

In this section, we prove Proposition 2.6 and Theorem 2.7. Our strategy to construct a family of the planar
orthogonal polynomial associated with the weight function (2.28) follows the moment method as in [13]. By the
similar discussion in Part 2, we find that the multi-points correlation function of the diagonal overlap is given
by

Nk N! |21|2E N-1 .
D§71 )(Z(k)) ZNWHh X det (K1(71 )(zi,zi,zj,zﬂzl,zl))

As we already mentioned, from now on, we focus on the diagonal overlap case. The step to get from (2.47) to
(2.50) is done similar to [13, p.13]. Now, we shall prove Proposition 2.6.

Proof of Proposition 2.6. We define a moment matrix
M,;; = (24,29, = /Cfizjw(s)(z,ﬂa,d)dA(z),
where the weight function is defined by (2.28). Since (recall (2.7))
/ |2[2ke N gA(z) = D(k+L+1DI'(n—k)
C

IN(L+n+1) ’
we have
F(n—i— 1T+ L+1)
7.1 Mz j = i,79
(7.1) J I'(n+L+1) Hisg
where
(72) Ni,j = (Z + L + 2 + (n — i)|a|25i’j — (Z + L + 1)a5i+1,j - (n — 17— 1)65i,j+1.

By the LDU decomposition of u = LDU, where Dy, o = dpdp g, Lp.g = 0p.qg +pp.q+1, and Up g = 0p.q + Ug0q pt+1
for p,q € NU {0}, we have
a(p+L+1 an—p—2
dy = —dp—1byuplpsr +p+ L+2+al*(n—p), uper = _(pdi)7 lpt1 _(dip)’
P P
This implies that
zp+L)(n—p-1)
dp—1
with dy = L + 2 + na for 2 = [a|*. We define a sequence {r,}>2 by d, = 2. Then, we have

dy =— +p+L+24+z(n—p), p>1,

(7.3) rpr1=((n—px+p+L+2)r,—2z(p+L)(n—p—1)rp_1, m=L+2+nz, ro=1
By the induction argument, the unique solution of (7.3) is given by

_nl(L+p)!
7AP* (L—|—n)' D ($)

where i) () is defined by (2.35) After multiplying p by diag(I'(n —i — )I'(i + L+1)/T(n+ L+1))i—o.1.2....,
and with the same notation, we find the LDE decomposition of M = LDU,

i

Ly =0pk Egl(ﬁf)(x)(s k+1 Ukp = 01 agl(cn IL)( )5 k+1 Dy = F(k:—l—L—l—Q)F(n—k:— 1> g,(jrf)(x)
v,k — Yp,k T YT Y Yp k4D v — Yk T Ty, | UPktD kT n, ’
g () 9" (@) L+ L+1) P (a)

for p,k > 0. Here, similar to the same discussion in [13, p.14], we have

hi = Dy, Px(z|a,a) Z Lkm 2™ Qr(zla,a) Z
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Then, the reduced polynomial kernel (2.49) can be written in terms of L, D, U:

N—-1 N
PN 1
kY (z,zla@) = Y #0000 =N U1k

i,k ,J
i,j=0 k=0 D
Note that
N-2 n,L
N~ W@t ])
Zv iz P @) T+ D0m) P
where we used g(n L) (z) = % Notice also that
(n,1) (4
(1) q > p, qd—Pp Z](J"’L)Ez; q>p,
-1 _ = -1 _ 4
R I T A b =P
e 1P 0 q<p.
Finally, we define
N—-1
n n 'n+ L+1) x™
Gy (aly, 2) Z g @ylg @)y EN A PRUCHATRN:
j,k=0 m:max(j,s) F(m + L + 2)F(n —m= 1) gfn—&-l) (‘/E)QT(VL’ )(J})
which completes the proof. O

Remark 7.1. The planar orthogonal polynomials associated with (2.28) for a = 0 are monomials with with a
norming constant

T(n—k—1DI(L+k+1)

hi(0) = (L + k +2)

T(n+L+1)
The corresponding to the finite N-kernel is given by
(N) = P(n+L+1)
7.4 KN 0) = w)*.
(7.4) 11 (zw(0) Z;(L+k+mmn_k_unL+k+1ﬂ“”

Remark 7.2. From the proof of Proposition 2.6, we can readily find that the planar orthogonal polynomials
associated with (2.28) are explicitly written as

(n, L)(aa) y

(7.5 (+la.a) = Z'”% o

Notice also that as in [42], we can confirm that {Px(-|a,@)}r satisfy the non-standard three term recurrence
relationship:

2Py (z|la,a) = Pyi1(zla,a) 4+ by Py (z]a, @) + zcx Pr—1(2|a, @),

where
9" (o) 9“1 (a)
by (nL) k=00 L), —
gk+1 (aa) 9k (aa)

Then, the finite N-kernel can be also written in terms of {Py(-|a,@)}x:

N—-1 —_\ 1 7 =\
N _ Py(z]a,a)Py(wla, @)
Kg,l)(z,wm,a) = Z W
k
k=0
N-1 (n,L), —
'n+ L+1) g, " (a@) T
= -~ Py.(z|a,a) Py (wla, @).
= Tk+L+2)T(n—k—1) 91(c+71L) (a)
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Although we do not pursue here, it would be interesting to find a Christoffel-Darbouz type identity as in [42] and
to analyze the corresponding to differential equation. In this case, we expect that the corresponding to differential
equation is the second order differential equation different form [42]. Indeed, using (7.4), we write
(zw) FH2K{ Y (2, w]0)

( + Zw)n-i—L—l

Then, the above satisfies the following differential equation:

{z(l + 2002+ (zw(n+ L—1)—1)d, — (n+ L — 1)m}/€<{v>(2 w|0)

_(L+nul(n+ L+ 1)(zw)™ (L +n)wl(n+ L+ 1)(zw)V L+t
~ (A +zo)"tE0()D(L) (14 zw)"*tD(n— N)O(N + L)

This suggests that for the general case, as we already mentioned, we would have a second order differential

equation depending on the parameter a € C.

>S(N
K (2, w]0) =

7.1. Simplification step for the finite N-kernel. In this subsection, we will find the simplified representation
of (2.46), that is, we will prove Theorem 2.7. First, we can rewrite (2.46) as

(7.6) G (zly, 2) Z g @)y gt (2) 2! (‘1)5\7’3)(93) - ‘I’ffdfgs n-1(@ ))
s,t=0
where .
n I'n+L+1) xl
o (@)= D
T PO+ L2 =5 = 1) i (@)™ (2)
Let us denote ,
m . . 4 n,L n,L
S LU+ LA 2T (0 =5 = 1) glnd) ()68 (2)
Lemma 7.3. We have
(I)(n,L)(x) _ Pn+DINL+1) (n—Nz—(L+1)  —(n—q—2)z+L+q+2
a T(n+L+1) z(z — L/n) w(x — L/n)g{t(x)
Proof. By the induction argument, we can show that
q)(n,L) (l‘) _ F(?’L + L+ 1) z™
T g m 2T = m = 1) gD (gD (@)

y {zq:(q+1—k‘)F(n—m)F(L+q+m—|-2)wk

pors 'n—m-—-kKI(L+k+m+2)

4 (¢ —k)D(n—m—DI(L+q+m+2) k}.

_(L+m+1)§ Tin—m—k-O)I(Ltktmt3) ©

By taking m = 0 and rearranging the summations, we have
F(n+ 1)I'(L+1)
D(n+ L+ )¢ (x)
y {(n—l z—(L+1) zq: q+1— P+ L+1) 4 q+1 F(n—I—L—i—l)}
NL+k+2) x T(n)I(L+1)

n,L o
<I>((J )(z) =

k=0
P(n+1)I(L+1)
F'n+ L+ 1)g§1’f)(m)
(n—1a — (L+1) 9571 (@) I(n+L+1) —(n—qg—2)z+L+q+2
<4 z r—L T+ )L +1) z(z— L) }

n




Integrable Structure of the Overlaps and Zeros of GAF 63

which completes the proof. O
We are ready to show Theorem 2.7
Proof of Theorem 2.7. We write

(7.7) (n L) Z g(n L)
Then, using (2.35), we find that (7.7) can be expressed as
L L m+1
r—= 1 x— 2 (zw)™ M T(L+n+1)
78 (n,L) , — n ~(n,L) . n
(78) ez w) = g (awlr) = — 1-w) 1+ )L+ m+1DD(n—m)
Lx— Lym W Lym+1—(n—m-— D2)got) (z]z) x— L WG (2]2)
x 1+2)(1—-w) x (1 —w)?
By differentiating (7.8) with respect to w, we have
wdaM D) (2, w)
2w e— L2 (Lpm+1—(mn—m—Da)ge ™ (z|z)
= 1 [ (n,L) n m
<m+ - —w)am (w,0) + x (1-w)2(1+x)
x — % (m+ l)fj(n?’L) (zw|z) N x — % (nzw — L)Z]\(ﬁ’m(xwww)
(7.9) x (1-w)? x (14 z2w)(1—w)?
_m—% (zw)™ (1 + 2 + 2w) 'L+n+1)

z (1-w(@+2)l4+zw)T(L+m+1)I(n—m)

<m+1+12ww>a( (2, w) + R (2, w),

where
- Ly t2(L4m+1—(n—m— Daz)gim (z|x)
Ry (x,w) =
x (1-w)?(1+2)
~ L a{n.L) _L
(7.10) LT (naw — L)gm " (swlaw) -7 m+1 3D (zw)e)
x (14 z2w)(1—w)? x (1—w)?
_xfﬁ (2w)™ (1 + 2 + 2w) I(L+n+1)
r (1-w(l+2)(1+2w)(L+m+1)T(n—m)
To compute the summation for the index max{s,¢} — 1, we need
N
n s ol n, ol n,
(7.11) > g Py = ol @yz) - 7ol (),

0<s<t<N-1

52
z
> Bt = el ) + 700l (w2)
(712) 0<s<t<N—-1

(N = 1)zNTt = N2V

+ TSE an 7 (x,y).

These follow from the straightforward calculations. Together with (7.8), (7.9), (7.10), (7.11), and (7.12), we can
express (7.6) as
—(n—N-1)z+L+N+1 (o n,
D) 045\,71)(30 y)ag\, 1)($ z)
x( )QN (2)
T+ 1 1—yz
- R _

G (zly, ) =
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(1= y2){(1L+ @)1 = y2) + (N + L = (n = N)a)(1 = y)(1 - 2) a5 (@, 2)
2(@-L)(1-y21- 27
NN+ L= (n=Na)(1-2z2)+1+2)al" (z,y)
+ L
(1—2)%x(z— %)
N yYN(N+L—-(n—-N)z)1—y)+1+ x)a%ﬁ)(%z)
(1-y)?z(z— )
After long and involved, but simple computations, we have
T @y | TPy e) | T8y ) | TP (@)
1-y21-2?2 (1-y(1-2 (1-y?P1-2 (1-y)(A-2)?*

(7.13) xQGg\?’L)(ﬂy, z) =
where we set
v @) @y, 2)
(7.14) = (1 +2) (N + L+ 1+2) {37 (@ylo)g§ " (@zle) - 3§ (yzlo)gy " (olo) }
— (1 +2)(n = N {a) @yl @sle) — 355 (@y=12)a ) (olo) }.
v @)1 2,y 2)
(n— N)I'(L+n+1)>2

TT(L+N+DI(L+N)T(n+1—N)2 z(zy)N (22)
(n— N)(L+N —(n~ N)a)I'(L+n+1)

N

(7.15) + TN T o) 2ev) i @l
o (L+n)zgyD@yz)  aT(L+n+1) (zyz) " T(L+n +1) )
1+ zyz 14+zyz)I'(n+1I'L) (1+4+azyz)I(L+N)I'(n+1—N)

< {(N+ L1+ 2)a (al2) - (n = N)agy (elo) },

and
g @) @,y 2)

(7.16) 1 NT(L 1 1 NP(L 1

_ Ut wja(zys) T(LFnt )(f”’L)( |z) — 1+ 2)a(wz) T(Ltnt )t’z{"’“(zylx)

I(L+N+1)I'(n—N) N IN(L+N+1)I'(n—N) N ‘
We write
n, n, n, 3?1—2/ 1—-=2 n, n,

@10 WPy 2) = i eyl el — (1= S ING0D gD e,

Then, we have

WD e 2) W) 2y — LN V@G @2fo) T+ 4 1)@V a00 @yle)
N ALY R =N Y T(L+N+2)T(n—N) T(L+N +2)T(n—N)

z(1—y)(1—2) D(L+n+1) D)
’ (1 1+ ) T+ N+ =) ) i @)

+<1_x(1—y)(1—z)> N(L+n+1) N41A(n,L)

1tz TLANT2Tm_N)° vt (@wzle)

N z(1—y)(1—2)T(L+n+1)*(zy)N T (zz) V1
1+ T(L+N+220(n—N)Z2
Together with the above identity, (7.13) with(7.14), (7.15), (7.16), and (7.17),

220 (2)GGH (2, y, 2)
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2(1_(;):—(133)_2)2(([/ + N+ l)W](\,n+€) (x,y,2) —x(n — N — 1)VV](\,n’L)(9U,y7 z)) +

Ry (,y, 2)
1—y(l—=2)
where

R (2,y,2)

~(n,L n,L
= g (@) (2, y, 2)

22(n— N = DI(L +n+ 1)(zy2) gy (zlz)  22(n— N — DL +n + 1)(2y2) VG0 P (z]2)
TL+N+DOCn—N) + TL+ N+ -N+1)
2l(L+n+ 1)(xyz)N+1Z[(]JL_"_L1) (zlr)  x(L+N+1)(n—N—1)I(L+n+ 1)(xyz)NEj(1\7L)(:c|x)
I'NL+N+1I'(n—N) NL+N+1I'(n—N+1) ’

and
P (@, y,2) =a(n = N = D5 (ayzlo)

m{@ + N (wyzlayz) — zyz(n — N)GS (zyz|ayz)
Nl+axyz) (n—N)1+zyz)\T(n+L+1)
_( nxyz — L * nr — L >F(n—|—1)F(L)}

By taking x + A\, y + Z/A, z = w/\ and some computations, we complete the proof. O

8. PROOF OF MAIN RESULTS

In this section, we conclude the proof of the main result in this note. As already seen in [13], once we
know the scaling limit of the joint averaged diagonal overlap, we can readily find the joint averaged off-diagonal
overlap via Lemma 2.5. Our proof is strongly inspired by [39]. We first collect the asymptotic behavior of
(2.37).

Lemma 8.1. Let
Sn(p) = n+L+1 1
IAVZ N (1 + ‘p|2)23
(I) Strong non-unitarity regime: Let L = aN and n = (b+ 1)N with fixed a > 0 and b > 0. For
k=0,1,2, we have
I GuNB " 2, w)

o~ BUCIP+In®)4Cn

p € clo(Ss).

—eN
51) pr (L 0™™) (bulk),
. e 2 (CIPHIn1?)+Cn = Cout (€, @ —1(Cqm)2
= T (F(C )+ Vﬁcn) Ty zn(jﬁ)lbzv ke (¢HD"+ 0 (%))) (outer),
o~ 5P H+In®)+Cn - 2@ o, .
A (P ) - e 4 St 10 (1)) (inner),
as N — oo, uniformly for {,n, x in compact subsets of C. Here, F is defined by (2.11).

IT) Weakly non-unitarity regime: Let L = N—: — N and n = N—; with fized p > 0. For z =
Iz p

o0 (1 + m) w = ei® (1 + m) with 6 € [0,27), we have that for k =0,1,2,

n,L — T\~ (n —
G 0 PNE ™D (2,w)
(8.2) — 5+l 4T ~3(Cn-2)"
e 2 = p e 2 V2 CW(C)U) —2
_ r N
5 (Jp(C,nlx,x) thy NG +— +O( )),

as N — oo, where some constant Cy ((,n) depends on {,n, p, and

o . o (Tmrg)”
(8.3) To(CnlX, x) = Lo(C+ 1) + VX + 5)’
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Here, the convergence is uniform for {,n,x in compact subsets of C, and L,(z) is defined by (2.13).
(ITI) At singular points regime: Let L > 0 be fized and n = (b + 1)N with fixed b > 0. For z =

¢ _ n ; ; _
\/m,w = Non© with ¢,n in a compact subset of C, we have that for k =0,1,2,

(8.4) gl o NG (2, w) = @) &1 (Cnlxx) e 2 ISP+ (14 o(1))

XX — L
uniformly for ¢,n, x in a compact subset of C and we omitted the cocycle factor. Here, E,(2) is defined
by (2.15), and &1 o(z|x) is defined by (2.69).

Remark 8.2. In Lemma 8.1, we have omitted a co-cycle factor for the simplicity of the notation. Indeed, it
does not affect the results in this note since we can readily find that a co-cycle factor is canceled out or put
together in a leading term from the form of (2.55), (2.56), and (2.57).

Proof. Our proof is based on [39, proof of Lemma 3.5.]. Therefore, we firstly assume that z,w € R, and we
also assume that the parameters L,n are integers. Then, following the same strategy by [39, proof of Lemma
3.5.], we prove Lemma 8.1 by the probabilistic argument. And after that, we extend the validity to the complex
variables z, w € C by Vitali’s Lemma. For the detailed discussion of the extension to complex variables z, w € C,
we refer to [39, proof of Lemma 3.5.]. Also, for the notational convenience, we still use the complex conjugate
notation. Moreover, we in sequel omit the a co-cycle factor in each resulting asymptotic behavior to lighten the
notation. Now, we shall prove the claim in (I). Through proof, we also assume that p € R from the perspective
of Vitali’s argument. Let

2W
p= Tt for z,w € R.
Note that
N—
n,L), —\~(n,L — — _nAnL n+L n—
AN et (2 w) = pm (1 - p) O (e w) 30 <k+L> Ryt
k=0
— —n~(n,L — .(n,L
=p P —p) a0 (@)l (),
where
N-1
Z n+L prHL(1 — pynt
— \k+L '

Let X & B(n+ L,p) be the binomial distribution. Then, we can express

qg\?ﬁ)(p) =P(L<X<N+L-1)

:P< L—(n+Lp _ X—(n+L)p <N+L—1—(n+L)p>.
Vin+LDp(l—p) ~ /(n+Lp(1—p) = /(n+Lp(1—p)

(I) Strongly non-unitary regime: under the setting of (I), by Taylor expansion, we have

N-l—L—l—(n—&-L)p_a—i—l—bp2 _(1+p2)(a+1—|—bp2) . 1
JontDpl—p) vatbtip 2a+b+ 1) (“’7)*0(\@)’
L-—(n+Lp _a—(b+1)p* ~ (A+p)a+d+bp?) . 1
\/(n—|—L)p(1—p)7\/a+b+1p N 2(a+ b+ 1)p? (CH’HO(\/N)’

Then, for p € intS(;), by the Gaussian approximation of the binomial distribution, we have
PL<X<N+L-1)=P(-00<N <o)+ 0(eN)=1+0(e "),

where A denotes the standard Gaussian distribution and c is a positive constant. On the other hand, for the
outer edge case, we have

_ 1
P(LSXSN+L—1):P(—OOSNS—(C+W))+\/N—&—O(N).
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Similarly, for the inner edge case, we have

P<L§X§N+L1)nw(oo</vg<<+n>>+w+o<1),

= VN N
where
P(OOSNS(CJrT]))—;erfc(C\;;) F(C+T7).
Here, Cout(¢,7) and Ciy(¢,7) only depend on (,7, a,b. By Taylor expansion, we have
20, m) = (L4 O ) P SO D (T VR
v e O (S g g €
a—(b+1)p*1+p*
o (G LER 4y
(1+p?) +(a— (b+1)p*)p? = _
and

pE(1—p) " = (1 i O(N_l/Q)) p2aN (1 4 p2) (@ DN oy (i(_; ‘;(j:i)f )(C +77)\/N>
X exp (_ (a = (b+1p*)(1+p%)

(1+p*)a+(a—0O+1)p*)p*
(a+b+1)p? 2(a+b+1)p? (€+")>'

Here, we adopt the sign + if the outer edge, and we adopt the sign — if the inner edge. Together with these
asymptotic behaviors, we have

(8.5) P —p) 0™ (zw) = )

(¢ +m) +

— G (1 +o0(1)),

GG L+ o)

where ¢((,7) is a a cocycle factor, which doe not affect the value of determinant. Although we can explicitly
write it, we do not need its explicit form here. We need the asymptotic expansion of the remainder term in the
summation. Observe that by the Stirling formula,

n+LY _ Fn+ L+1) _ a+b+1 (a+ b+ 1)atbHl (1+0(N1)
N+L) DI(N+L+1I(n—-N+1) 2r(a+ 1)bN | (a+ 1)ot1pb ’
n+L \  Tm+L+1) [ a+b+1 [(a+b+D)r\T p (1+0(N1))
N+1+L) T(N+L+2'(n—N) \/2r(a+1)bN \ (a+1)atipb a+1 '
Also, observe that
at1)@t1pb N
pNHE(] — ( a(+ﬁ1 —r )N e~ 3(CHM° (14 O(N1/2))  (outer),
a+1 b .
((a_;,_b_;’_(lb)i_inrl) (1 + O(N_l)) (inner),
(a+e 1 \N gy e— 3+ —1/2
pNHEFL(] — gy N1 ( a+b+1 a+b+1)N b 2 (1+O( )) (outer),
a+1 b .
( a+b+1b)i_ig+1> oy (1+O(Nh) (inner).

Hence, we obtain

N+ L

a+b+1 L(c+m)? 1 O(N-1/2

<n+L)pN+L(1 {\/ 2 (a+1)bN +O(N=12)) E ;
a+b+1 —5 {—',—7] 1 —-1/2

( n+L >pN+L+1(1 yr—N-1 {\/ Zm(at+1)bN € (1+Oo(N ) E?Uter;’

N+1+L
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for some constant ¢ > 1. Furthermore, by Stirling formula, we have

T(n+L+1) O (e=<N) (bulk),
(86) F(’rzL;l_)FZ(;L) @(1@[;) (Z, ’LU) _ O (e—eN) (outer),

L e 3G m) (1 ) ( 1 )) (i )
T V) N inner).
Here, € is a positive constant independent of N, and note that we omitted a co-cycle factor. As a consequence,
by combining these asymptotic behaviours, we obtain that for £ = 0,1, 2,

G (14 0(eN)) (bulk),
n — G(¢m) =) o Cout(¢,n) a+b+1 —3(¢+m)? 1
L PR ey = { T (P + S 4ok JEMT 40 () (outen)
n = e~ 2¢tm out (¢, :
e R R ) (mner),

uniformly for {, 7, x in compact subsets of C.
(IT) Weakly non-unitary regime: under the setting of (II), by Taylor expansion, we have

N+L-1-(n+Lp _ P ~1
(ntDp(l—p) (c+7-75) +ou™,

L—(n+L)p _ — ., P -1
- (g+n+ﬂ)+0(zv ).

Then, by Gaussian approximation, we have
" (p) =P(L< X <N+ L-1)

:P(—(n+Z+ \%) <N < —(n+§—%)) +O(NTY), as N — co.

By Taylor expansion, we have

=
2

where ¢y (¢, n) is a co-cycle factor. Also, notice that

(8.7) D) (7, w) =en (¢, )2 T G (n, Qe 3 EH = F o (1 4 O(NYY),

ptl—p) " = 9 BF =N 2 pTn)+4(CHn)? (1+0(N"Y)

)

pN+L(1 _ p)n—N _ 2*2‘%2+Ne§p(z+n —%(Z—i—n)Z (1 + O(N_l)),
and

pNFLAL (] N1 o= BN 2 ()~ 3 (THn)’ (1+O(N"Y)

)

which give that for k = 1,2,

~(n,L) (= — —n — n—N—(k— 2 T\ — L (C4n) 2+ L2 p(C -
B0D) (z, w)pE (1 — p) N FEFED (L — p)amN=(m1) _ gV 2 g )o@+ RoCon) (1 4 O(N ).

Also, by Stirling formula, we have

L aN2 02 2 2 _ 4
(ZiL) =27 Ne_T\/gN (H psz +O(N_2))’
n+L 22 N 02 p 60> 4 p* —2
=2 /? 1-— N .
(N+L+1) ¢ ﬁN( sy O )

Therefore, we have that for k =1, 2,

k
+ L , .

~L(] _ gyl (3 n N+L+j-1(] _ yyn=N-(i-1)

pr(l—p) " (:/:,w)jE:1 NiLtj_1)P (1—p)

2

T e e (1+O(NY).




Integrable Structure of the Overlaps and Zeros of GAF 69

Here, note that

1 T(L+n+ 1)@(%,;)
nx — LT(n+ 1)I'(L)

G, <)
2V2r(x +X + %5)

Together with these asymptotic expansions, we obtain

(7, w) = et (Tnr )’ (1+O0(N7Y).

L) =TS (n,L) G Q) (5 o p o3 (Crn-) Cw(¢m) 2
I (FwlANE ) 2, w) = T2 (T, (CnlRo) + b T TR HO(NTY)),
as N — oo, where some constant Cy((,n) depends on (,n, p. Here, the convergence is uniform for ¢,n,y in
compact subsets of C.
(ITI) Singular origin regime: under the setting of (IIT), by Taylor expansion, we have

_ 1
Z”‘”m)NW(Nz)-

By Poisson approximation, we have
P(L<X<N+k+L—-1)=P(L, () (1+0(1)), asN — oo,
where ;
P(e,z) = —/ treTtdt = e *2°E1 140(2) for ¢ > 0.
I'(c) Jo
On the other hand, since
— —n ~(n,L 1 2 2 —

p (1 —p) o (2, w) = (¢, m)e 2P+,

where ¢(¢,n) is a co-cycle factor, and hence, by simple computations, we have

n 1 . o 112 2
0 XX — L(CW)LSLL (¢rlxx) e 2UHHID (1 4 0(1))

5 —\~(n,L
I )Ry (2, w) =
uniformly for ¢,n, x in a compact subset of C and we omitted the cocycle factor. O

Remark 8.3. Our claim can be also proved by using the asymptotics for the incomplete beta function in [132].

With help of Lemma 8.1, we can complete the proof of Theorem 2.10. Now, we shall finish the proof for
each case.

8.1. Proof of the case of ISUE in the strongly non-unitary regime in Theorem 2.10. In this subsec-
tion, we assume that L = aN and n = (b+ 1)N with a,b > 0.

Proof of the case of ISUFE in the strongly non-unitary regime in Theorem 2.10: bulk case. Through the proof of
the bulk case in the case of ISUE in the strongly non-unitary regime in Theorem 2.10, let

¢ n X

S w=pt— A= pr X
N N N O RVAT N

zZ=p+

First, note that
a+b+1

Nén(p) = NWG +O(N™Y).
Second, note that
L), =\ (1+[pP)? Ty = -1
@\ (2, ZI\N) = mw(gdx,x)(l +O(N7)),
and Ck(z,w) is the co-cycle factor. Notice also that
(L) s ~(n - a+1-—blp|? _
G O™ (A, X) :NH_p|L|(1+O(N D).

Then, we have

11 n(zE-LE) Gy ) b(b+1) (|p|2 _ bil) (“Il — Ip\z)
lim — = gy (22)0\"M (7, 2) = 5 .
N—oo N Non(p) 22Z(1 + 2Z) a+b+1 Ip|
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Since
(L+ N+ 1)QWH (Z,w,A) — M(n — N — QS (2w, )
a+1-— b|p| (T (5 TV (n— 1
G(C,n)eCM=x) (1 — (C=X)1=X)) (1 4 O(N ,
we have

, 1—eC00—x)

(n,L) 2w _ —
»6 ( ) 7>‘) (N(sN(p)) (C_X)Q(W_X)2

G, n)e,(z,@(n,x) (1 + O(Nfl)).

On the other hand, we have

_(Now (p))?

(C=x)n—x)

Hence, there exists a conjugation factor ¢y (¢, 7, x) such that we have

1+ (C =) —x)e~C00=) _ ===
(€ =%)%(n — x)?

@(¢, Cho X)e" O (1 4+ O(NTY),

0 (2w, ) = G(C,m)(1+O(NY)).

K(N)(b)(z Z,w, W\, \) =en (¢, X)NIn (p)

which gives
1 N — N T b) . — i\ T
I Ny e (TN R) = KT 0,0,

uniformly for ¢,n, x in compact subsets of C. This completes the proof for the diagonal case. By decoupling
Lemma 2.5, it suffices to consider the front factor. From the proof of the diagonal case and by (2.50), we have
. 1 -1 77/(2@ — £) ~(n,L)
lim — — IN_1

N—oo N (Non(p))? zw(1 + zw)

2 a a+1
b(b+1) (|p‘ _le)( — Ipl* ) (b) = _
a+b+1 |p‘2 1,1 (C777|C,77)

This completes the proof. O

(2@ D (w, 2)K ) (7, w|z, W)@ ™D (2, w).

Proof of the case of ISUE in the strongly non-unitary regime in Theorem 2.10: edge case. Through the proof of
the edge case in the case of ISUE in the strongly non-unitary regime in Theorem 2.10, we often omitted a con-
jugation factor. for 6 € [0, 27), let

Here, when we consider the outer edge case, then p = y/(a + 1)/b, and when we consider the inner edge case,
then p = /a/(b+ 1). Also, when we consider the outer edge case, then s = 1, and when we consider the inner
edge case, then s = —1. First, note that

w0z D) = I i g + o),
and
g%L’L)()\X)@(n,L)(X’ A) = \/% alﬁ:qf()( +X)(1+O(N~1/2)), ?fﬁ =1,
—m}"(anx)(lJrO(N’l/Q)), if s = —1,
where F(x) is given by (2.65). Then, we have
1 1 n(zz-%) 1 2;&?&%.7:(( + A +O(N-V?2)) ifs=1,

lim

) A\~(n,L) (= —
N—oo /N Nén(p) 2z(1 + zZ)gN*l (2@ 2)

L F(C+Q)(1+O(NTH2) if s = —1.




Integrable Structure of the Overlaps and Zeros of GAF 71

(1) outer edge case: By Lemma 8.1, we have
(N+ L+ 1)@5\7,?‘1)(2',11), A) = A\(n— N — 1)@5\7’”(2’, w, \)
VNVa + 1b3/2

T V2r(a+ b+ 1)32 Hy(¢,n,x)G(C,n) (1 + O(NT2)),

where we set
Hi (¢, %) =V2r(x + X)F(C + ) F(X + x) — F(C+n)e” 206H0° — P(x 4 x)e 20
" @O (P4 x)e D 4 (x4 m)e 200" = Vam(x + FC + )F(R+1)).

Then, we have

.VJS(;’L)(Z,U),/\)w("’L)(z,E\)\,X) = Nén(p)— Hy(¢,m,x)G(¢,n)

w((, ¢, X —1/2y).
(C=%)2(n = Xx)?F(x +X) (¢ che)+ o)

Similarly, we have
3D (2w, NP (2,210 %) = Now () DX o 71y 31+ 0172,
(€= =x)
For (2.59) and (2.60), it is straightforward to see that
335 (2w, NP (2,210, X) = o( Now (p)),
and _
933 (2w, V@™ (2,210, %) = o(Non ().
as N — oo. Here, we recall that 0, F(a + z) = e~ 2(+2)° /\/27 and
~3a2 4

dx
[Vara(e™ PO F(e) = F(d)F(a) + [F(d)F(a))

e
1

" Ver

- (e*fe*%lﬁF(c) + effe*%ch(b) - e*%d2F(a) - e*%‘IQF(d) + fefé"QF(d)ﬂ.

{e% (e F(b+2)F(c+a) — F(d+a)F(a+2)+ fF(d)F(a+3))]

=0

Here, we note that
Hi(¢n+x) + (€ =x) (0 = x)F(C+n)F(X + x)
= V2r(x + N)F(C +mF (X + x) — e C09on(x + X F(C + ) F(X + 1)
~V2r({ =00 = )X+ DFC+MFPX + x) = FC +n)e 200" — P(x 4 x)e 3 CH”
+ e*(Z*Y)(’I*X)F(Z + X)ef%(YJrn)2 + 6,@,@(”,X)F(Y + 7])efé(f+x)2 +(C=-%)(n— X)G*%(ery)?F(Z )
= —V2r(x + %) (e COONFC+ ) Fx+n) - FC+nFR+x) + € - 00— 0)FC+nFX+X))
+ (e—@—@(n—»op(g Fy)e 2?4 o= CRm=0) p(x + p)e~ 2 CH0?
= FC+me3090" — (x4 x)e 3O 4 €)= )e O B4 m) ).
Therefore, we have
Hi(C,n+x) + (C=x) (= x)F(C+n)F(X +x)

= —Jﬂe—%f% [e@ (e—fF<b +a)F(c+ ) — F(d+2)F(a+ )+ fF(d)F(a+ x))}

1::0.

where a =X+ x,b=C+x,c=xX+nd=C+n,f=(C—X)(n—x). This completes the proof for the outer
edge case.
(2) inner edge case: Next, we consider the outer edge case. By Lemma 8.1, we have

(N+L+1)QVH (2,0, A) = \(n = N = 1)QY™ (2w, \)
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_ b+1 G(¢n) —1/2
fNa+b+1m(ﬂX)Hz(C,mx)(lJrO(N )5

where we set
Hy(¢0,x) =V2r(X +x) (" VI PC 4 ) F (X + 1) — F(X+)F(Q + )
+ e 3 xH0)? F(C+n)+e —3(C+n)® F(x+x)
e~ N F(C 4 X)G*Q(X‘Hl) — e @R p(x 4 n)e*%(fﬂc)Q.
Then, we have

HZ(Ca 7, X)G(Za 77)

L) (5 a0, N ™D (2, 7|0, X —
v B EA) = =N ) a0 — e 0

@ (¢, ChoX)(1+O(N~1/2)).

Similarly, we have

F(C+m)G(Sn)
(€=X)n=x)
As in the outer edge case, for (2.59) and (2.60), it is straightforward to see that as N — oo,

235 (2w, M@ ™ (2,210 K) = o(Nox (p)),

35 (2,0, @™ (2,210, %) = Nox(p) @(6, %) (1+O(N172)).

and
33309 (2, w0, o™ (2,210, X) = o( NS (p)).

Here, we note that
— Ha(¢,n,x) + (C=X) (1 = x)F(C+n)F(X +x)
= —V271(X + x) (e‘@‘@("‘X)F(Z +X)F(X+1) = FX+0)FC+n)+ =X 0 —x)FX+x)F( + 77))
+ e E0 R + X)e—%(YJrn)Q + e E0) Py + n)e—%(@rx)Q
— F(C+me 2 0H0° — F(x + x)e 3 4 (C— 1) (n — X)F(C +n)e” 200

= ot e (eI b+ 2)F (et 2) ~ F(d+a)Fla+x) + [F(d)F(a+ 7))

x:O.

where a =X +x,b=C+x,ce=xX+nd=C+n,f=(C—X)(n—x). This completes the proof of the diagonal
case. It suffices to consider the front factor due the decoupling Lemma 2.5. From the proof of the diagonal case
and by (2.50),

1 1 n(zw— L) _, L)
NI (Now (p))2 (1 + 2m) IV -1
H@+¢C+GT+n7+¢—(C =) —n)

(€ =m*(C—n)? '
This completes the proof. O

nL)(

(zw)& w, z)ICEV )z, w|z, ) o™ (z,w).

= —ce [ F( )

8.2. Proof of the case of ISUE in the weakly non-unitary regime in Theorem 2.10. In this section,
we assume that L = N2/p? — N and n = N?/p?.

Proof of the case of ISUE in the weakly non-unitary regime in Theorem 2.10. Through the proof of the case of
ISUE in the weakly non-unitary regime in Theorem 2.10, for € [0, 27), we set

—_ 160 1+ C , — 0 1+ n , )\: 260 1+ X .
o= NéN(1)> w=e( N(SN(I)) i N(SN(l))
Note that ) ) )
N P p -3
Noy(l) = —(1- L+ L _ 1 on—3)).
on(1) 22 ( on T anz T O )>
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Notice also that

@) (2, 7|\, ) = Néjlv(l)w(c,flx,?)(l +O(NT),
and
PN (NN = - ———— L, + D (1 +O(N ).

Then, we have

< ==gn" Q0B (AR) = L, (x + %)

Since
QN+1 (z,0,A) = Qn(2,w, )
=¥ 22\[) (€3 (n=x {J,,(C XX x)e FE 1 7 (ol e 2 )
_ e(C*X)("*X)jp(Z,nm, X)g%(iﬂf%f _ e(ffi)(nfx)jp(% I, X)e*%(@w%)g}(l T O(NA)),
we have

V2N G(C,n) e~ C0 (=)

(n,L) By (n,L) _
(N+L+1)QxN (2w, A) = A\(n—N - 1)Qx " (z,w,\) = P 52 X"‘Y"‘%

H3(<a m, X) (1 + O(Nil))a

where
Hs(¢m,x) =Bo(X+x.C+x, X+ 1) + B,(X + X, X + 1, { + X)
— OB (X 4 X, T X+ ) — e CNTIBL (X X X+ X, C 4 )

(0t ) (T ) (VL@ Ly (X0 — L@+ 0 Lp(x o+ )

+Co(C 4+ X, X 4+ 1) — SO, (x + X, C+ 7).

Then, we have

50 (2, w, V™D (2,24, ) = Noy (1)

Hfi((vnvx)G(Za ) (C <|X7 ) C X)(m—x) (1+O(N71))
(€ =X —x)*L,(X + x)
On the other hand, similarly, we have

30 (2, wlX @™ (2,270, K) = Noy (1) 22 +(Z)Gf)’("n)w§)’<|x”‘) (1+O(N"Y).

For (2.59) and (2.60), it is straightforward to see that
330D (2, w[X, N)w ™) (2, 2|\, X) = o(Nén (1)),
and
333505 (2, 0\, V@™ (2, 2|\, ) = o(Noy (1))
Here, we note that
Hs(¢m,%) + (€= X) (0 = ) Lp(C +m)el V0L, (7 + x)
= A,(X+ % CH XX+ 0,¢C+0,(C=X) 0= X)) + By (X + % C+ XX+ 1) + Bp(X + X, X +1,C+ x)
+(C=%)(0 — e OB (x4 X, C+ 0. X+ X) — eCTVTIB (T + 3, C+ 0. X+ )
= CROIB (X 0, XA X C 1) + o€ X+ ) = €CTRIC, (X x, T ).

Therefore, there exists a co-cycle factor ex (¢, n, x) such that we have
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Ho(X+ X, CH XX +1,¢+1,(C—=X) (1 — X))
(€ =X)*(n = x)*L,(x +X)
uniformly for ¢, 7, x in compact subsets of C. This completes the proof of the diagonal case. Similarly, it suffices

to consider the front factor for (2.50). From the proof of the diagonal case and by (2.50), we have

= CN(C)”?X) w(C,Z|X7y)6*(Z*Y)(C*X)7

_ lim 1 n(z@ - %) ~(n,L)
Neo (Nox(1)2 zw(1 + zw) IV~
Mo+ CH N +m7+¢=(C=M(C=n)
(€ =m*(C—n)?
This completes the proof. O

(zm)& "D (w, 2) K (2, w]z, )5 D) (7, w)

8.3. Proof of the case of ISUE in the singular origin regime in Theorem 2.10.

Proof of the case of ISUE in the singular origin regime in Theorem 2.10. For (,n, x of compact subsets of C,
we write

¢ n X
e s = 5 )\ — .
T /Non @) /Non(0) V/Non(0)
First, note that
@ )

Then, by Lemma 8.1, we have

(XX) =& (xx)e X

U OB (A X) = N
(8:8) gn N (AN L

(L+0(N 1)),

which gives
(AN = L/1) (n.L) \x\~(n.L) (T B . )
5 o Iv (A (%))\,)\ =N?b+1 2L-2¢ x| 14+ O(N™Y).
A1+ AN g AN A) o+ 1D)x| Le(xx)e X ( (N7Y)

Similar to the other case, we compute the asymptotic behavior for each term. For S’JS\?’L) (Z,w|\, \), we have
D E X A) =(N (b4 1) Gy Fem 21D

(8.9)  ELn (O, (nlxx) — &1, (Cnlxx) €1, (XxXx)
(€ —X)2(n—x)2(xx — L)1, (xxIxx)

(L+O(NT).

For S%’L) (Z,w|\, \), since

o (C)Fe3USFHm®) gy (o) 1 1 o
(€ =%)m—x) (5 - )0+ o)

xx—L  TL)xx—1L
For (2.59) and (2.60), similarly, it is easy to see that
935 (7 wlR, w2, 20 %) = o(1),
333505 (2, 0[N, N ™D (2,2]M, X) = o(1),

308 (2, w[X, \) =(N (b + 1))

and

=Dz = T 1 o)

Since

HUB (z,wX, ) + 30 (2w, \)

_ QSL(ZX7Y"776{’77YX7 (Z_Y)(n_X)) - Le—%(\4|2+|17|2) -1
R R PR Y o o,
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there exists a conjugation factor ¢(¢,n) such that

. 1 (N) = SL.(Ex X1, ¢n, XX (€= X) (1 — X)) =1\ A12L—[¢]?
]\}gnoo NaN(O)Kl,l,(s)(zvZ7w>w|)‘7A) - C(Cﬂ?) (Z*Y)Q(nfx)zfl,L(XXWx) w(C7C|X7X)|C‘ € )
uniformly for (,n,x in compact subsets of C. This completes the proof for the diagonal case. Similarly, it
suffices to consider the front factor due to the decoupling Lemma 2.5. From the proof of the diagonal case and
by (2.50), we have

i 1 1 TL(Z@ - %) ~(n,L)
Y — —~IN-1
N—oo N (Non(0))? zw(1 + zw)
&L (CTCIPEMPE ey 2 B B
R R ()
G162
This completes the proof. O

(zm)@ ™) (, 2) K5 (2, w2, w)a ™D (2, w)
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Part 4. Proofs Pfaffian structure of the on-diagonal overlap of the Ginibre symplectic ensembles
9. CONSTRUCTION OF SKEW-ORTHOGONAL POLYNOMIALS
9.1. Proof of Theorem 3.7. In this subsection, we prove Theorem 3.7.

Proof of Theorem 3.7. The proof is done by the induction argument. Through the proof, for the simplicity of
the notation, we omit the notation = for m; . In the inner product in this proof, (3.35) is used. We assume
that the coefficients of go, satisfy (3.40) and the ones of gog41 satisfy (3.41). Then, the coefficients of gox, gak+1
also satisfy (3.40) and (3.41), respectively. We write

2k+2
(9.1) Goria(2) = Y kg’
i=0
Then, for 1 < j <k — 1, we have
(q2j—2, G2k+2)s = (2724 702k+2,2k7122k71+' sy (@2j-1,@rt2)s = (P g 70¢2k+2,2k7122k71+‘ s

By the assumption and replacing 2k with 2k + 2, it follows that for 1 < j <k —1,
Zja2k+2,2j71 = —M2; 1,202k +2,25, Zja2k+2,2j72 = M2j 2j4+1002k+2,2j+1 T M2j,2jX2k+2,2j-
Therefore, it suffices to consider ga2;_2,¢2;-1 for j = k, k 4 1. First, note that

(G2k—2, Q2r+2)s =202k 42 2M2k—1,2k + 202542 2k—1M2k—1,26—1
2k—3 2k—1
— 2009k 42,2k—3M2k—2 2k—2 — 200242 2k—4M2k—2 2k—3 + < 5 Qop—9,;%, E a2k+2,j2]>s~
To see (3.40), it suffices to show that

2009k42,2k—1M2k—1,2k—1 — 200242, 2k—3TM2%—2,2k—2
2k—3 2k—1
— 2009 42,26 —4M2k—2,25—3 + ( Z Qo227 Z an+2,ij>s = 2ZpQop42,25—1-
j=0 j=0
However, since

2000k 4-2,2k—1M2k—1,2k—1 — 2002542 2k—3M2k—2 2k—2 — 200242 2k—4TM2k—2,2k—3
Mok —3,2k—2M2k—22k—1
Zp_

=2009k+42,2k—1 (mqu,qu — ) = 221,000k 42,2k—15

our task is to show that
2k—3 2k—1

( g Qok—2;77, E 042k+2,j23>520-
j=0 j=0

Since the left hand side in the above is expanded as

2k—3 2k—1 2k—2
J P Ag— ) .
Q2k—2,527 Q242,527 ) Aok —2 2k—; Uk, j

Jj=0 Jj=0 Jj=3

+ 2042k72,1(a2k+2,3m2,3 + Qopi2,0ma 2 — C¥2k+2,0m1,1)
+ 2042k72,0(052k+2,2m1,2 + 042k+2,1m1,1);
where
9.9 Uk, j =O2k+2,2k+2—5M2k+1—j,2k+2—j T Q2k+2,2k+1—;M2k+1—j,2k+1—j
( ' ) — 2k 42 2k—j—1M2k—j,2k—j — 2k42 2k—j—21M2k—j 2k—j—1,
for j = 3,4,...,2k — 2, it is enough to show that uy; = 0 for 3 < j < 2k — 2. By the assumption of the
induction,
Mok—25—1,2k—25 V2k+2,2k—2j

Uk 25 =O2k+2,2k—2j+2M2k—2j+1,2k—2j+2 T Q2k+2,2k—2j+1M2k—25,2k—2j+1 T M2k—2j,2k—2;5 =
k—j
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Mok —25—1,2k—2jV2k+2,2k—2j+1 T M2k—2j,2k—2j ¥2k+2,2k—2;
Zk_j

=Mok_2j41,2k—2j+202k+2,2k+2-2j T Zk—j+102k12,2k—2j4+1 = 0.

— M2k—25j—1,2k—2j

In the same spirit,

Uk, 2541 =O02k42,2(k—5)+1TM02(k—j),2(k—5)+1 T O2%+2,2(k—5)M2(k—75),2(k—3)

Mo(k—15),2(k—5)+1¥2k+2,2(k—5)+1 T M2(k—3),2(k—7) ¥2k+2,2(k—7)
— M2(k—j5)—1,2(k—j)—1 Zh
—J

M (k—3)—3,2(k—)—2"2(k—7)—2,2(k—j) =1 T2(k—5),2(k—j)+1V2k+2,2(k—j)+1 T T2(k—j),2(k—j) ¥2k+2,2(k—5)
Z_j-1 Zij

=002k42,2(k—5)+1M2(k—j),2(k—5)+1 T O2k+2,2(k—§)M2(k—5),2(k—3)

+

_ M2(k—j),2(k—j)+1¥2k+2,2(k—j)+1 + Ma(k—j),2(k—7) ¥2k+2,2(k—j)
Zi_j

Mo(k—j)—3,2(k—j)—2M2(k—j)—2,2(k—5)—1
" (m2(k_j)_172(k_j)_1 _ Ma(k—j)—3,2( %kijil( 7)=2,2(k—j) ) —0.

Hence, we have shown that ug ; = 0 for all 3 < j < 2k — 2. Next, we impose that (gar—1,¢2k+2)s = 0. Then,
observe that

2k—4 2%h—2
(G2k—1, Qot2)s = 2002k12,2k+1M2k,2k41 + 202842, 26Ma2k 2k — 225 Q0k42,26—2 + E Bak—1,;2, E Bakt2,7),.
=0 =0

Therefore, it suffices to show that
2k—4 2k—2

<Z 52k—1,j2j, Z 52k+27jzj>s =0.
j=0 j=0

Similar to the even coefficients case, it is reduced to show ug; = 0 for 4 < j < 2k — 2, but this argument
has been already shown. Hence, we have verified the induction argument for goj_2,¢2;—1 with j = k. The
remainder task is to verify the induction argument for go;_2,¢o—1 with j = k + 1. We shall impose that
(G2ks g2k+2)s = 0, {Gok+1,92k+2)s = 0. For (3.40), we can recycle computations since the highest degree term
of gagto is 22¥*2. Hence, there is no additional task to show the induction argument for (3.40). For (3.41),
similarly, we can recycle computations so far. This completes the proof. O

9.2. Proof of Theorem 3.9. With help of Theorem 3.7, we prove Theorem 3.9.
Proof of Theorem 3.9. We define

(9.3) mgf}re) = /(Czifjw(pre) (zla)dA(z) for a e R.
Then, we have

0 ifi<j—1,

—a S ifi=j—1,
(9.4) m®Pre) = { LGt (962 1 j 4 3) ifi =},

—arégif) ifi=j41,

0 i>j+1
Let us also write
(9.5) gg,pjre) = /C(ziéj — 2 29) (2 — Z)w(pre) (2]a)dA(2), G,(cpre) = (gzgf’jre))i’;;(l).
We set

(pre) (pre) (pro)y  lore) _ LAF™

(9.6) AP =1, AP =PHGEY), 2N =-=E

K+l = 5 A;(fp_r?) :
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Then, by (9.4) and (9.5), (9.6) satisfies

(pre) (pre)
Z(ore) _(pre) Mok 1,262k, 2k+1
Mok 2k+1 — S (pro) ’

which is equivalent to

(9.7) Agcpre) 2A§€Pri) 21;63‘:)1 - 4mé‘,’f_e)1,2km;ir;)k+lA§€r>_r;).

Then, the unique solution of (9.7) is given by

241 1) T(2i)

(pre) _ 2
Ay o(k+1)(k+2) frg1(a®).

Therefore, we obtain

Z(pre) o (Qk — 1)' fk(a2)
kT 2k 2y
2 fre-1(a?)
By Theorem 3.7, we have

pre) 0
NBQn-l-l 2n )
(pre) (pre
z olpre) _ (pre) Znﬂ2n+1,2n 1= Map on+1>
nQgp on—1 = ~Map_1 2n> z (pre) o pre
Z o (pre) _ . (pre) B3n41,2n—2 = M2y 2415
n 2n 2n—2 — m?n 2n z. (pre) (pre pre)
z. (pre)  _ (pre) (pre) B2n+1 an—3 = " Map_32n— 2/82n+1 2n—2>
Aop 251 = 25—1,2%2n, 250 =z gpre) . (pre) (pre)
z. (pre) (pre) (pre) (pre) (pre) ﬁ2n+1 2n—4 = TMap_29n—2P2n+1,2n—2>
1 Q¥9n,2j—2 = Maj 254109, 2541 T Maj 2500n 255 z; pre) (pre) (pre)
ﬁ2n+)1 2j—1 = _7(”23) 1 2;5273+1 2j o)
pre pre pre (pre pre
Z;j B2n+1,2372 2] 2]+152n+1 2541 +m 2] 2]B2n+172j’

with agn 2n = Bon+1,2n+1 = 1. Then, we shall look at some coefficients:

o —an B a2 a2 ),
alr) = %(4@4 +2a%(2n +5) + (2n + 3)(2n + ))ﬂ}nf( ))
o) = _ anln _;2)<” “ 2 (4at + 24220+ 5) + (2n + 3)(2n + 1))%:?53))7
a6 = W(&L6 +4a*(2n+7) 4+ 2a°(2n + 7)(2n + 1) + (2n + 3)(2n + 1)(2n — 1))%,
o),y = 1)(23_ 2n=3) (8(16+4a4(2n+7)+2a2(2n+7)(2n+1)+(2n+3)(2n+1)(2n—1))w,
o) _nn = 1)("24_ 2)(n = 3) (16a8 +8a%(2n + 9) + 4a*(2n + 11)(2n + 1)
+20%(2n + 9)(2n + 1)(20 — 1) + (20 + 3)(2n + 1)(2n — 1)(2n - 3)) *’m
a9 _an(n=1(n _224)(” —3)n—4) (16a8 +8a%(2n + 9) + 4a*(2n + 11)(2n + 1)
+24%(2n +9)(2n + 1)(2n — 1) + (20 + 3)(2n + 1)(2n — 1)(2n 3))%,
arg o =nlnm Do 22)5(n )| ke (32a1° + 160° (20 + 11) + 8a(2n + 15)(2n + 1)

+4a*(2n +15)(2n + 1)(2n — 1) + 2a*(2n + 11)(2n + 1)(2n — 1)(2n — 3)
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+(2n+3)(2n +1)(2n — 1)(2n — 3)(2n — 5)) f}n?( )) .
and
B =1 B0 B0 =l g anie ety 2D
B0 s = - ) ) B g - O 0 0 a(aa)  on ) 222D,
re 2 -1 -2 — n— 2
B0 s = D b2 4 2202) + (2 1) 220,
B, e = _ anln _212)(” ~2) (271(2a2)% + 3(2a%)? + 2(2n + 1)2a2 + (2n + 1)(2n — 1))%,
B0 e = SO (512 4 (2000 42020+ 1)20 + 20+ 1) (20— 1) L0,
B, = 1(”2; 2 =3) (271 (26%)" + 4(20%)° + 3(2n + 1)(20%)?
Jn-a(a®
+2(2n 4 1)(2n — 1)2a% + (2n + 1)(2n — 1)(2n — 3)) fn?c(ﬂ))
5221:31 2n—9 _aQn(n 1 _223)(71 —3)(n—4) (2_1(2012)4 +4(2a*)® 4+ 3(2n + 1)(2a%)?
+2(2n 4 1)(2n — 1)2a% + (2n + 1)(2n — 1)(2n — 3)) f’};é’i?;) .
Form these coefficients lists, we claim that
) Cn+3N . L@nA D N Ynl fi(a?)
(0.8) o) _;(m L) a0~ D i ) ) e ey
(pre) 2” +3)! (2n+ 1! —\ 2! f(a?)
(99) Qap, 25 +1 =a Z( 2£ + 5)” (2@2) (ﬁ .7) (26 ¥ 3) (2a2)i ]) 2”]' fn(GZ),
. L SR (2n+ 1) _ A2 fi(a?)
010 A =(00) Z<>H<> S
re nj (2n+ 1N A\ 127 fi(a?)
(9.11) B oy =a((20%)" 7 42 Z (+1- )m@aﬂ)’f )jw el

=j
Here, we implicitly have used the fact that under the transformation gax11(2) = gor+1(2) + drgor(2) for any

constants dj, the value for the skew-inner product does not change. We prove (9.8) and (9.9) by the induction
argument. By exchanging the indices, we express (9.8) and (9.9) as

re J +1)(2 3N /(2 nn Qn—Jp .y 2
(912) snitn—3) = Z(@(E :272(n2j+)3)” (245" - (2 +(2:+2j)+ ! (QGQ)Z) 27 (n jlj)! fQ(fn(Zz(;L :
" |
(pre) J (L+1)(2n+3)! ‘ £(2n + )N ; on—j+1p] f2(n— _)(a2)
19 Oanatn-sprs = Z(m P T [ Ko M TR e T Tl )2”(n @)

We assume that (9.12) and (9.13) hold, then we shall compute vy, 2(5,—j—1) and oy 2(n—j—1)4+1. Note that

(pre) (pre) (pre) alpre)
2l 1)+1%n2(n—j 1) 41 = ~ M3(n—j—1)+1,2(n—j— 1) +2%n,2(n—j—1)+2
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J J
(2n + 3)! (2n 4+ 1)! »
a(ez—%(%“”_%”)”( " ; ST TR TR
(2n—2j)!2" 7l fu;(d?)
22n—2j+1  9n (n—j)! fn(a2) :

Since Z((E ej) i1 = (27;;”23;1)! f::i(;zal)’ we have
J J
(pre) (2n +3)!! ' (2n + 1! "
1)( £(2
Y2n.2(n—j=1)+1 “(; @irm-2Grnan‘t Z; 2o —2G+ D)+ )
X ki n! fn—j-1(a®)
v (n=j-D! fala?)
(pre)
Next, we shall compute a2272(n_j_1).
(pre) alpre) (pre) apre) mPre) alpre)
Z(n —1)+1 QXon 2(n—j—1) m2(n 7j—1)+2,2(n—35—-1)4+3 Ao 2(n—j— 1)+3+ 2(n—j—1)42,2(n—j— 1)+2 2n,2(n—j—1)42
(2n =27 +1)! (pre) (2n —25)!1(2a® + 2n — 2j + 3) (pre)
= —a— 922n—25+2 Qon,2n—25+1 + 92n—2j12 Qg on—2j>
which implies that
o (Pre) _ 1 nl o fajo1(a®)
2n,2(n—j—1) — 2j+1 (n 7] _ ]_)l fn(a2)
J J
(2n + 3N + 1)( (2n + 1)11¢(2a2)"
2a® 4+ 2n — 25 + 3)
{( @’ 2n =2+ (; 2€+2n—2j+3” ; 20+ 2n—2j + 1)I!
j—1 j—1
, 2n + )N+ 1)(2 (2n + 1)!1%(2a2)
—2a*(2n —2j + 1 ( :
a’(2n=2j+ )<ZZ_(:] (2£+2n—2j+5 H Z% (20 + 2n — 2j +3 I

We write

J

o , 2n+ 3N+ 1)(2a2)" <~ (2n+ 1)11E(2a2)"
Ay =(2a + 2n — 2§ + 3) (Z i -3

(20 +2n — 25 + 3)! (26+2n72j+1”

£=0 1—0
j—1 j—1
; 2n+3)N(0+1 2n + 1)116(2a?
A = —2a°(2n — 2j + 1) (2n +3)!M(€ + 1)(2a ”) B (2n a .
o @t2m-2j+5)t 0(2£+2n—2g+3
We will show
- (2n + 3)!! itl (2n 4+ 1)1

= 1)(2a%)* — 2a%)¢.
1+ 2 ;(2£+2n—2j+1)!!(€+ )(2a) ;(2“271—2;'—1)!1““)

First, note that

22 20+ 3)1(L + 1)(202 2n + 1)!1(20%)"
Z()( (e + 1)( ( )E(2a%)

@+2n—2j+ 1) £ (20+2n—2j— 1!

)[ Jj+1

Ay =

AR (2n + 3)!!

(2n — 25 +3)!!

Ji (2n + 3)11(2a2)" (2n + 1)11(2a2)"

2n—274+3
@01 2mn—2j+ D)l (2£+2n—2j—1)!!+(n J+3)

=0

J J
(2n + 3N + 1)( (2n + 1)114(2a2)*
_2j+3)
+(2n =2+ (2 2z+2n—2j+3" ;2€+2n—2]+1)”
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Notice also that
J ] 2\¢
. (2n + 3)11¢(2a2)* (2n 4+ )N —1)(2a%)
Ay =—-2n—-25+1 .
2=—(n-2+ (; 2f+2n—2j+3)” ; 20+ 2n—2j + 1)
Hence, we have
A+ Asy
_Ji (2n + 3L +1)(2a2)" _Ji (2n + 1)116(2a2)" Zj: (2n + 3)1(2a2) +Zj: (2n + 1)11(2a2)"
_H (2042n —25 + 1) «(20+2n —2j — I (2€+2n72j+1 — 2€+2n7 jfl)
J J
2n+3)M20+2n—25+3 — (2n — 25 + 1))( (2n+ D20 +2n —2j + 1 — (2n — 25 + 1))(2a?)*
> -y

(20 +2n — 2j + 3)11

(=1 1

=
+(2n—2j+1)<z]:( (2n+3)!!(2a2)e _zJ:( (20 + 1)1(22)" >
= =

- (20+2n—2j+3)11 & (20+2n— 25+ 1)1
_ji (2n + 3N+ 1)(2a®)" Ji (2n + 1)116(2a2)"
B (20+2n — 25 + 1) — (20+2n —2j —1)II’

£=0

20+ 2n—2j + Il

which completes the proof of the induction argument for (9.12) and (9.13) Similarly, we can prove (9.10) and

(9.11). The proof is left to interested readers.

10. FINITE N-ANALYSIS

O

With help of Theorem 3.9, we define (3.49). Our next task is to analyze an asymptotic behavior of (3.49)

as N — oco. To this end, we need to find a simplified expression of (3.49). Before we directly moving ahead of

analysis for (3.49), it is instructive to analyze (3.49) for a = 0.
10.1. The conditional origin case: a = 0.

10.1.1. Differential equation for the conditional origin case. Let us denote

(10.1) W) (z) = wP(2]0) = (1+ [2f)e 2T,

Lemma 10.1. Let us denote the skew pre-kernel associated with the weight function (10.1) by x(pre) (z,w).

Then, the pre-kernel %S\I;re)(

(10.2) 72 (z,w) = GV (2,w) — GV (w, 2),

where

z,w) is given by

(10.3) G (e w) =2 33 AREBCEED 5z (g2,

(2k + (20 + 311

Proof. First, note that

I R

where dA(z) is the area measure on C. By [10, Theorem 3.1], we have

kﬁl hovyojie  (L+1)(k+3)

haerojrn (k+ DT+ 3)

=0

and
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Here, the skew-norm is given by

re (2k +4)T(2k +2)
Tl(cp = 2haokt1 = 92k+2 ‘
Then, we set
N—-1 (pre) (pre) -1 k
G(prC)(z w) = Z q2§:+1( )QQIIZ (w) _ Z 2P0+ 1T (k + %) 2kt 2
N P r(Pre) £ £ (2k + )0 (2k + 2)(k + )00+ 3) ’

which completes the proof of the lemma.

We now define

(10.4) #7202, w) = (2w0)? 5™ (2, w),
and
~ 1 S (2k+3)(20+2)
B0 (2.w) = () G (2 w) = —5 3D (V22)"H4 (V2w) .

ﬁ?’ == 2k +N(20+3)!
We now derive the differential equation of (10.4):
Proposition 10.2. We have

{282 (22% 4 2)0, — QZ]A(pre)(z,w)

aN—1 N-1
(10.5) Z ) V2 (2N + 1)(2N+3 ey 2042 20 + 2 By,
3 k' V2t @eN+2)! — (20+3) H
Proof.
S V2 o1 \/EN 2T 2k +5)(20+2)
8ZG§\I? )(z,w) = \f?’ 0!!1!1( ﬁ Z Z (2k + 4)11(2¢ + 3)I! (\/52)2’“+5(\/§w>215+3
=0 ¢ 0
By rearranging the last term, we see that
V2 "o (2k+5)(20+2) 2%+5 2043
Ve (V22)25(V2u)
EYy e,
V2 (2k+5)(20+2) (V32545 (B2 4 V2 NZQ (22w0)2k+5
V2 == 2k + N(20+3)! 23 — (2k +2)11(2k + 3)!!
V2 2N +3 oNas A~ 2042
I (V2 +3 ) 26+3
5 (2N+2)!!(\F ) 2 (2£+3)H(\[w)

which leads to

N-1 k
~ ~ 2 2 2
BZGE\I;W) (z,w) :2zG§$re)(z, w) + 422—\/>3 E (20+2) (V22) 2k 43 (V2w)#+3
2 =

< (2k +4)!1(20 + 3)!!

L V2 Nz‘:l (2zw)?+3 V2 2N +3 2N+3Nzl 242 e
3 .
V2 = k+1! AP (2N+2)” — (20 +3) ”
Similarly, we observe that
(pre) (pre) 2 A 2k + 3
~(pre _o ipre 2 2k+4 20+2
0.GN " (w,2) =22GN " (w, z) + 4z o ,;) Z (2k+4)”(2€+3)”(\/§w) (V2z2)

N-—-1 N-1
2 2% 2 2k+4
22 (Ve Y S (VB V2§ 2w
V2 prs (2k + 4)!! \/5 P (2k + 2)!
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Here, since
N-1 k
L S(pre) V2 20+2 2k+3 20
_ dz = —— 2 + D) +3
/zQGN (2, w)dz 5~ ; (2k+4)!!(2£+3)!!<\[z) (vV2w)
and N i
—1
L S(pre) V2 2k +3 k4 2042
— dz = 2 2
/2’2 G’N (w7z) z 23 e ZO (2]{54—4)”(264— 3)”(\[1”) (\fz) )
we have
~(pre ~N(pre z @(pre) ta
8ZG§\I,) )(z,w) =2zG§$ )(z,w)—|—4z2/ %dt
0
N V2 il (2zw)2F+3 B V2 2N +3 2N+3NZI 2042 V2w)?+3
V2 e Ck+1E B (2N + 2)” £ (20 +3) u ’
and
~N(pre N(pre ? é(pre) t
(?ZGE\I; )(w,z) :2zG§$ )(w,z)+422/ %dt
0
2N21 43 e V2 Nzl (22w)2k+4
—~ 2k+4” \/53 —~ (2k + 2)!
As a consequence, we obtain
z ~(pre) 2N -1 k+3
~(pr r t, 2 2
0, % (P e)( w) 22%(p e)(z,w)—|—422/ %N 2( w)dt—|— \Q (2z0) '
0 t NGl (k+1)!
V2 2N +3 oNas A~ 20+
_ 2 +3 2 2043
V2© 2N +2)! (vV22) — (2¢+3) (V2w)

2 SN~ 2k+3 it
—252;(%52) ;+<ﬁw> b+

which gives

1 ~(pre) 1
2—28,3%]\},"6 (z,w) :2;

— 2k + 4

2N—-1 ,p
\/§ k43 Jk+1,,k+3

z 7(pre)
o~ re t7
zg\‘; )(z,w)+4/ v ( w)dt—f—

0 t2

V2 2N +3 /32N QNHNZf
=0

\/g (2N+2)”
42 2k +3

NG AL

By differentiating the above with re
z {282 — (2224 2)0, —

2N1

3 Z kl w)k+3

which leads to

(\/iw)2k+4.

spect to z,

22} P (z,w)

Nox (2N +2)!!

[z@Q (222 +2)0, —22] (pre)(z,w)

2N-1

3 Z kl w)*+ —

V2 2N +2)!

V2z (2N 4+ 1)(2N +3) (V/22)2N+3

V2 (2N+1)(2N+3 Vapea g 2E2
=0

Nox P (k+1)!

20+2 20+3
(20 +3) it Vaw)

=

-1
20+ 2 (\/ﬁw)”*‘g,

£ (20 +3)!

Il
o

N-1
2€+2 w)2€+3.

RS

83
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This completes the proof. O

10.1.2. Bulk limiting kernel for the conditional origin case. Finally, we show the bulkscaling limit of (10.4)
conditioned at the origin based on (10.5).

Proposition 10.3. The pre-kernel %g\[;re) converges uniformly on compact subsets of C to x(p ) as N — 0,
which is given by

w25 (2 0) =Y (22— 1)(20? — )¢ exf(z — )

4(zw)3
(10.6) +7 (‘2/5)3 (222 — 1)(2w? — 1)e= %" (erf(w) — erf(2))
1 2 1 1
o ) 2 1)e? 2 2 1)e? o 2zw
2(2w)3z( w )e + 2(2w)3w( z )e Sew) (z —w)e
Proof. By (10.5), since
\/i 2N—-1 1
lim — Z — (22w)* 3 = 4(zw)3e®v
N—oco \/5 o k!
and N1
2 (2N +1)(2N 2042
lim — \/;( ;N)( : ”+3 2)2N+3 Z i +3 ” Vaw)2+3 = 0,
N=oo (/9 (2N +2)!! pr +
one can show that 32" (2, w) = limy_ 00 320" (2, w) satisfies
(10.7) 20% — (222 +2)0, — 24 527 (2, w) = 4(zw)e2 .
By solving this ODE with the initial conditions,
(10.8) 7P (w,w) =0, 0,52 (2, w)|.—0 =0,
we obtain

10.9) 3% (2, w \F 2:% — 1)(2w? — e T erf(z — w) + VT 222 — 1)(2w? — 1)e " (erf(w) — erf(z
e 4
1 1
Z_ 1)(3“’2 + §w(222 - 1)622 - 5(2 —w)e* .
By dividing the above by (zw)3, this completes the proof. O

1(2
2zw

To study the origin case is important since if we assume that the bulk limiting kernel has translational
invariance under the shift z — z — a for @ € R with respect to the real line, we could expect that a candidate
differential operator to simplify the general finite N-kernel (3.49) would be (3.57) with some exponential factors.
In fact, this heuristic observation will be correct as we will see later.

10.2. Proof of Theorem 3.13. In this subsection, we prove Theorem 3.13. To this end, we firstly show
Lemma 3.12.

Proof of Lemma 3.12. First, we observe that
fe(a®)gy (z]a)

T (e = 1O

¢=0 p=0 j=p p! a
0 -1 ) _
2k+3) N CEFD g 9pi0,(J+1—p) r2\2H

+ZZZ{ D s~ =) G (2 ()

£=0 p=0 j=p

2k+3”2€ k 2£+2p L 2\ 25 -1 o o\ 2541

722 (20 + 3)!! ! Z£+1*j)(]+17 )(a> JFZ(E*J)(JJFl*P)(a)

=0 p= 0 Jj=p Jj=p
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D53

S R N2 A 2\ 2741
et {Z“‘W“‘p)(a) > (-1-0i+1-p)(2) +}.

=0 p=0 P! i=p
Observe that for any x € C,
‘ -1
o ) o ) /49— 2p+1 _ 2043\ _ Y 1— 2p _ .20+4
D +1=5)(G+1-p)a® +> (=) +1-pa¥ T = Er2-p i A P — o)
= = (x4+1)(z—-1)
and
¢ -1
o ) o ) / 1— 2p+1 _ 2041\ 0 — 2p _ 2042
S o=+t Y1) - et = LR ) et e )
Jj=p Jj=p
Hence, we have
(10.10) 2% (2 + a)(z — ) fi(a®)g 2™ (2]a) = (2k + 3)IM; + (2k + 1)1 My,
where
My —Xk: il Z (42— p)z*rt! Xk: 20220 o~ (042 = pla™!
P (2¢+ 3)!! = p! e:o (20+3) ” p!
—Xk: ol g 20+4 (5_‘_1_ +Zk: ol ,20+4 (€+1_p)a2p
— (2£+3)" 520 (2¢ + 3) ” p! ’
and
My — zk: 9l 2043 4 (t+1 _p)z2p+1 k ol 2041 (0+1 _p)a2p+3
pre (204 1) = p! (2€ + 1! = p!
koogtg2t+a L kgt 2042 £ (£ — p)a2r+?
+€§(2£+1)!!p0 ;_% 2€+1”Z o
By elementary but involved computations,
k k
(z—a)(z+a) (g , 2kq2k+3 22P o 2kz2k+3 a®®
M= 1 i (2:0) = (2 —0)2 Gy OH_(Z_“)“ (2k + 3)1l & pl
p= p=
B (Z+a)%(g) (Z a) N (Z+a/) 2ka2k+3 k ﬁ B 2k22k+3 k ﬁ
g TRk 2 (2k+3)1 = pl 2k +3)! = p!
_(z—a)(z+a) { 22hF2(4q)2k 42 2EE2 (920)¢ }
| | ’
4 (2k + 3)! —~ 1l
Similarly, we have
YRy 2 20, 2k+1 ¢
My = — a*(z —a)*(z+a) x](fgl(z o)+ a (z4—|— a) ”1521(2 a) — a®(z c;)(z +a) (2,2?)
=0 ’
o—a) ok 2k+5 K ﬁ e a)2kz2k+3a2 k ﬁ
(2k‘+1)!!p:0 p! (2k + 1! = pl
By the explicit expressions for M; and Ms, we have
re 2k +3)N 2k + 1)
2 u(a?)(z — @l (oho) =(2(z — 0 - ) ZEDE (2 ) 20— a2 - 1) BV 0 (2 )
2k+3
(2 —a) 2k+3 (220)°"
— ¢ (2 5 !
ko) Y (2k+3) g 17
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a’(z —a) e (2za)*
— 2 22 (22a)*F 2 — (2K + 2)!
METTR TR RS (2k+2) ; 7
2k+3 k+1 _2p 2k+3 k+1 9op
+2ka2 E —Z' —2kz2 E a' —(z—a) 2k 2k+3§
p=0 P p=0 P

By some elementary computations, we arrive at (3.53). For the odd coefficients, we define

k I 9t+1 q2t+2p+1

ok . 2k+1 o (Z\% s )
Mg o T D () = 350D T =G+ (G)

ok P 2\ 2541 ko kI ott1,20+2p+1 N 241
= 29 2kt rg2) (2 = — -+ 11— — .
e 2k+3§)( J 3 sl )<a> > T ;};; @iy IUHL=D) (a)
Then we have
(pre) Qk k . 2k+1 2 Z\2%J 2k k . 2%+1 2 2\ 27+1
2" fi(a )Q%+1( z|a) “ok 13 z::(?J +1)a™" " f(a”) (a) + m;@] +3)a™""" f(a”) (a)
k- k7 o041 2042p+1 ,
27 a P 2\ 27
1 —AN(s _n(Z
+(2k+1)..j§::0;;) G (1N »(2)
kb A
2@+1a22+2p+1 P 2j+1
1 A _ (7
+ 2k + 1)..;);1320 TR (C—)NG+1-Dp) (a)

=J
=0 + N + (2k + D!INs + (2k + 1NN,

Since
4 ¢ _ 2p+1 _ ,.20+3) _ 2p 2044
A(s NA2) (s V20 (l+2—p)(= ) —(L+1—p)(= =)
§(6+1 NG +1-p)z +Z(€ NG +1-p)z e Ty 7
we have

k 9f+1,20+2p+5

m”m“_mZZm{m ()" O e ()73

We write

Xk: of+1,20+4 Vi (042 _p)zng Zk: 9l+1,26+3 4 (642 _p)a2p+2
" ] H |
— (20+3) = p! — (2¢+3)! p!
and
k Ql+1,2045 (€+ 1_ k 9l+1 ,26+4 (€+ 1 _p)a2p+l

+§%(2£+3H o

mb:_; (20 + 3! ,;)

Then, we see that
(z+a)(z—a)®* (M3 +MNy) = Ny + Ny
By long and involved, but simple computations, we have

k+1 2@ 2041 14 k+1 2@ 20+1 V4 }

. 2
Na + My =a(z - a) (Z+a){z 2£+1”2p' Z%H” p'

L=

k+1 o041 k1 k 2042 k 2042
N a(z —a)(z +a) {Z (2za)?*+ N Z ((2za) N Z (22(1) b+ (2za)*+ }

2 L@+ 1) @D & @+2)] 2 20+ 3)!
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a(z+a){ 1 oge, 2041 kAL 9e,2041 }

2 Z 2@4_ HZ pl ZZ 254_1” pl

2k+1a2k+6(z —a) k+1 22p 2k+122k+aa(2 —a) k+1 2P

(2k + 3)!! ];Ff (2k + 3)! ;

o P
a(z—a)?(z+a) (g a(z—a)(z+a) s (2za)"  a(z+a) (g
:f}{kﬂ—? (Z (Z) + 9 Z 0 - 4 %k+2 (Z7 a)

0
k+1 k+1
2h+142k+6(, _ q) 220 gk 25y ) a2p

(2k + 3)!! = p! (2k +3)! “ p!

Coming back to 9t; + Mo, we have
(2 +a)(z — @)’ (M + Ny)
72k 2k+4 2 3 2 2k+5 2 2 2
g7 3{ — (2k +5)2%F ((k + 1)aeg(a®) —a’er—1(a )) + (2k + 3)2%FF ((k + Deg(a®) — a®ex—1(a ))

+ (2k + 3)22++2 ((k +2)a’er(a?) — a5ek,1(a2)) — (2k + 1)2%k+3 ((k + 2)a*ex(a?) — a4ek,1(a2)>

2k
O = Ne.
)} 2k + 3

N

+2(z — a)a® T 22e;,_1(2%) — (2 + a)a® e (
After long computations, we see that
N, =(2k + 3)22 2 (2 + a)(z — a)? fr(a®) — (2k + 3)22* 2a(z — a)(2 + a)ep(a?)

2a(z — a)(z + a)(za)?#+2 _ 2a(z —a)(z +a) (za)?k+3
k! (k+1)!

+a(z+a) (z2k+3ek (a?) — a®k*3¢y, (22)) + 2221363 (2 — a)epy1(a®) + 222a* (2 — a)ep 1 (22).

Then, we obtain

2k
sr gt =27+ )z — @) i(@?) — 2270l — ) (= + a)ex(a?)
B 2F1a(z — a)(z + a)(za)?#+2 B 2Fla(z — a)(z + a)(za)?*+3
(2k + 3)EK! (2k + 3)(k + 1)!
2k
;linr—i—ga) (z2k+3ek(a2) _ a2k+3ek(z2))
9k +1 2204343 (2 — q)ejors(a?) . 2R+ 202K+ (2 — g)epyq(22)
2k +3 2k +3

Finally, after long and simple computations again, we have

(2 + a)(z — )*2" 1 (a*)gL™) (2]a)

2k

=2k + )N —_—

(2 + DU + ) + 572

)2

—(2k + 1)!!%(2”)%;%32(2,@) ~ 2k + 1)1!@;:}32(2, a)

+ (2k + 1)!!%621&1(22@ + 282212 (2 1 a) (2 — a)? fr(a?) — 27225 2a(2 — a) (2 + a)ex(a?)

225*2a(z — a) (2 + a)(20)***? | 2%a(z +a) 2k+3 2 2k+3 2
Tk )@k )l 2% + 3 (FPerla?) = P oen(:2))

2" 1lg(z — a)?(z + a)
2k + 3

(a2k+3ek+1(z2) _ 22k+3ek+1(a2)) .

87
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Here, note that

22k+20(2 — a)(z + a)(za)? 2 2%a(z +a) <Z2k+3e (a?)
2(2k + 3)(2k + 2)!1 2% + 3 ¥

2ka(z 4+ a . .
_ 22 = ) (z%“ekﬂ(az) _ a2k+3ek+1(z2)).

-~ a2k+3ek(z2))

As a consequence, we obtain

(2 + a)(z — a)*2* fi(a®) g% (2]a)

—(2k + 1)!!%2(”‘”;{;%32(/2 a) — (2k + 1)!!“(%“‘);{5532@ a)

+ (2k + 1)!!%(3%“(2&1) + 28222 (5 4 a) (2 — a)? fu(a®) — 2822 2a(2 — a) (2 + a)ex(a?)

2k 2k+1 _ 2
;]iz++3a) <Z2k+3€k+1(a2) _ a2k+36k+1(22)) n a(z% _i)g (z+a) (@3epp1(22) — 225 ery (a?).
By simple but long computations, we finally arrive at (3.52). 0

Lemma 10.4. We have

D(a)éN(z,ka)

z

—2wa N-1 re
oo, R 29+2%) (w]a)
(10.11) 23 T (2k+2) 'fk+1(a2)fk(a2)
2k + 2)!
% (22fk:(a >((2)—;c+)362k+2<2az) —2za + (2k+2)fk+1<a2)22k+1€_22a _ ka(GQ)Z2k+36_2za),
and
an)@N(waZ|a)
o —aerie, S 2 (wla)
(10.12) 23 © e (2 + 2)! et (a?) fi(a?)

2k +2)! _ _
X (23aek+1(a2)<(2a)2k+)36 22001 0(2a2) — 22f;€+1(a2)z2k+26 22“).

Lemma 10.5. We have

3,—2za—2wa N 1 2k N-1 2k+1
(a) A _ (z —a)’e _ (2zw) _ 95 a)? (2zw)
DG N (2, wla) 53 {2 w(w — a) g )] 2°a EO k1]
22N+4 N 1-2
—2%a(w — a)? — a(w — a)? (2N + za) en(a?)(zw)*N

(2N)!fn (a?)
2VT2(2N +1 = 2za) (2N + 1) Ly41(w, a) — 26> Ly (w, a)) ,y
N 2N fx (a2) :
_2YRN + DLy (w,a) by NZ 24 0041(07) ok
2N)!fn(a?) (2k + 2)! fr1(a®)

k=
N-1

25 L5 11 (w, a) Lok HAL 1 (w,a)
4 a? L2k42 +1(W, @) a1
2 D) ,; COITAT R



Integrable Structure of the Overlaps and Zeros of GAF 89

Lemma 10.6. We have
N-1
2zw)2k — 0)22° Z (2zw)2k+1
(2k)! (2k +1)!
k=0
92k+6¢, 1 (a?)
(2k +2)! fry1(a?)

_ 3 ,—2za—2wa N-1
(Z a’) 33 {a(w _ a)225 (

@ga)éN(w,zM) =

(2zw)2N
(2N)!

MZ

+ a(w — a)?2° — 2%a(w —a)? — (zw)?F 2

N-1

g Z 2" L (w, a) L2kt _ Z L oktd £k+1(w7a) 22k+1}.

— (2k + 2)!' frt1(a?) = (2K f1r.(a?)

We postpone the proof of Lemmata 10.4, 10.5, and 10.6. Now, we will complete the proof of Theorem 3.13.
Proof of Theorem 3.13. By Lemma 10.5 and 10.6 and using the identities (3.52) and (3.53), we have

’Dga)égv(z,w\a) - ZD(Z“)@N(w, z|a)

— (Z o a)36—2za—2wa
22 32N—1 (sz)k 2N—1(2N+1_2za)((2N+1)”£N+1(w,a) —2(2N— 1)”@2,61\](’[1},&)) oON
x4 2 (w=a) kz:o Ko 2N) ! fx (a2) :
L22NHLON 41— 2za) ) on 2NN+ DLy (w,a) o 292 (2zw)2N
B 7 T ) B A O T 3 B R A T T

_ 4(2’ o a)S(w o a)3€72za72wa

V-1 2zw k 2N 1—2za _ CL2 2z 2N pre 2z 2N pre 2

=4(z —a)3(w — a)362zw*2m*2“’a{Q(2N +1,2z2w) + In(2,w,a) — IZn(z, w, a)},
where
w (2zw)?N

IN(Z,’IU,(I) = EW

1
e — —2—8ZQ(2N +1,2z2w),
a

and

222N g% (w]a) v
TTy(ew0) = e ( R

#n(z,w|a). Then, we have

) 2N +1- 2za)q§;\;c)z(w|a)>.

~(pre )( e2a”

Let us denote 3, /' (z,w|a) =
D3P (2, wla) = 4(z — a)® (w — a)362<Z*a><w*a>{Q(2N +1,2:w) + In(2,w,a) — T n (2w, a)}.
The right hand side can be written as
4(z —a)®(w — a)3e2(z_a)(w_a){Q(2N +1,2zw) + In(z,w,a) — TN (2, w, a)}

=4(z — a)*(w — a)?2=~ ) (w=a) (Q(QN +1,2zw) — iaZQ(QN +1, QZw))

— 3 — B et (50, (wla) + ff]iNgcf)) (N +1 - 2:)3 %, (o).

This completes the proof. O
Our remainder task is to show Lemma 10.4, Lemma 10.5, and Lemma 10.6.
Proof of Lemma 10.4. Let us denote

~

(10.13) Li(z,a) = e ***L1(2,a)
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By (3.20), we have

~

(10.14) Li(z,0) = 28 (z,a) + (z — )05 (2, 0),

which also gives

(10.15) e n(za) ;@giﬂ
(z—a)? zZ—a

By (10.15) and simple computations, we have

8zEk+1(z, a) =4(z — a)/@,(fjr)l(z, a) +2(z —a)(e Ly y1(2,a))
(1016) 2k+3 2 2 2k+1 _—2za
+m(z—a)(aek(a )(z —a) — fu(a®))z e .

Then, by (3.52), (3.54), and (10.16), we have

~(pre) ~(pre) ~(g)
aquiJrl( |a) _2q27;+1(z|a) +4(2k+1)!!aﬂk+1(z’a)
(z — a)? z—a z—a

T 2k+3a2€k (a2)22k+1e—2za 4 2k+3(k 4 Q)fk (a2)22k+16—2za _ 2k+3.fk (a2)22k+36—22a.

Here, we note that

z  ~(pre) 2le
/ (q?];_y_l (t)|g) _ 2k+2fk(a2)t2k+2672ta)d (2,1(3 + 1)” k—;—l_( ; )7
and then, we have
~(pre) ~(pre) /\(pre
0:0yy,41(2]a) _2q2k+1 q2k+1 ok H2 g (2)2R 22 gy
(10.17) (z —a)? z-a (
<2k+3 2 ( ) 2k+1 2k+3(k. + Q)f ( )Z2k+1 _ 2k+3fk(a2)z2k+3)672za.
Since
? —ota 2k +2)! o2 —2az
/ 2R+ 2agy — W(e 207 eonr2(20%) — €7 2% ey 40(2a2)),
we have
—2za 2k + 2)! —2za
—4. 2k+2fk(a2)z2k+2e 2za _ 2lc+4fk(a2)((2a)2k+>gaz(e 2 €2k+2(2a2))~
Combining this identity with (10.17), we have
(2k +2)!

DGR (2la) =(z — a)*0. (2k+4fk<a2>Wer+2<2az> + 28302y (a2) 22

+ 283 (k4 2) fr (a2) 224 — 2k+3fk(&2)z2k+3>672z.

Using the following identity
a’er(a®) + (k +2) fr(a®) = (k + 1) fur1(a®),

we obtain
OOy (e ula) = 3 2 ”21‘1( @)y (wla)
2 = 2)!fir1(a%) fio(a?)
N—-1 re
_<Z—a>3a 221 (wla)
27 = 2+ D) fr (@) fi(a?)
2k + 2)! o
x <4fk(a2)((2a)2k+)3€2k+2(2az) + (2k 4 2) frp1(a?) 22k HL —2fk(a2)z2k+3)e 220,
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which shows the first part of the claim in Lemma 10.4. Similarly, we show the second part of the claim in
Lemma 10.4. By similar computations, we firstly note that

~(pre) ~(pre) ~(8) 78
Octty(A0) o Cla) gy, o gyFieal® 9]y g20p 1)y k+1(2 %)
(z —a)? z—a z—a —a
k+4 9 5 Z2k+36—2za
+ 2k +3)1- m(aekﬂ(a )(z = a) = frti(a ))ﬁ
) 2k+3 ) ) 22k+1€72za
22k+2€72za
+ 2k+4aek+1 (a2) L - 4 2k+4aek+1 (a2)(k + 1)22k+1672za o 2k+4aek+1 (a2)22k+3€72za.
zZ—a

Using the similar identity,
~(g) ~(&) ~(pre)
K zZ,a K Z,a t .
4(2k + 3)”32M _4. 2a2(2k + 1)!!32M — 4/ (M _ 2k+3aek+1(a2)t2k+ze*2t“)dt,
z—a z—a o \ (t—a)?
we have

~(pre) ~(pre) ~(pre)
D=0y, (z]a) 2Q2k (z]a) i 4/2 (Q% (t[a) _ 2k+3aek+1(a2)t2k+2€—2ta)dt -~ 2k+4fk+1(a2)22k+2e—2za'

(z—a)? z—a (t—a)?

Then, we obtain

W (2la) = (2 — )0, (2k+5a(fk+1( %) = fila ))((Qk;k?s e Pegyi9(2az) — 2k+4fk+1(a2)22k+2€_2m)-

As a consequence, we get

N-1 k+2~{(pre)
N - 282, (wla)
DGy (w, z|a (2 —a)” —0, 2k 1l
N( | ) };O 2k‘+2 'fk+1(a2)fk(a2)
2k +2)! .. —2za
x (23a(fk+1(a2) - fk(aQ))We #0egnta(202) — 22 frya(a?) 2?2 )
This completes the proof. O

We are ready to show Lemma 10.5 and Lemma 10.6.

Proof of Lemma 10.5. We shall expand (10.11). We define

2k"’2af;~C Yert1(a?)(w — a)?w? 2, o (2k +2)!
9 +5 2 —2az
M =0, Z 2k + 2)! fror1 (a2) fr(a2) (2a)2k+3€2k+2( az)e
N—1
22k+66 ((12)

_ o 2 _—2za k+1 2k+2
=l e e (Y
%4246, 41 (a2)(w — a)2w2k+2

= 0. Z Tt ) @A) 2 (2 D (@) 22 (a) ),

N-1 2k+2 ((2]€ + 3)!!£k+2(w, a) — 2@2(2k + 1)!!£k+1(w, a)) (2]€ + 2)' B
P B+ 2) o1 (@) () 2 (ayanes cara(202)e ™

and
N1 gkt ((2k 4 3 Lo (w, @) — 2a2(2k + DULjsy (w, a))
4 =0. ), @+ 2 fer1 () fol@)

% ((Qk F2) frpr ()22 o220 2fk(a2)z2k+3€72za).
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Then, we have
WA (Z _ a)36—2wa
@z GN(Z,U}|CL) = T(%l + ﬂg + <%3 + %4)

We shall calculate .#; for j = 2,3,4. By simple computations, we have

N—1
92k+5 , 2k, 2k+2
2y =a( a)?

N-1
92k+6 ,2k+1, 2k+2
@) e
k=0 ’

= Ck+ D fr(e?) eh1(a”)

) N-1 22k+4(2k + 1)szw2k

—a(w — a) ex(a?) + a2(w — a)? Ni Wmﬁ
2T @R fala?) 2 k) fi(a?)
o (w — a)222N¥Pey (a2) 22N +1 2
e (2N fn(a?)

Similarly, we have
N-1
283 (2k + 1) Liy 1 (w, @)
2za +1\% 2k
Mz = —
o kzo Qo) fe(a?)
= 2L (w,a)

2 2
Z (2k 4+ 2)!! fr1(a?)

The most hard part is to compute .#4. First note that .#4 can be written as

_2NTRN + 1)Ly (w, a) LN 2°Ly(w, a)
(2N fn(a?) fo(a?)

2k+2

My = e () + ),

where

e Nzl 25+2(2k 4 1) ((Qk: 4 3)Lpo(w, @) — (2k + 1) Lo (w, a)) o
S PRIIACE)

, N-19k+3(2k 4 1) (£k+1(w, a) — Li(w, a)) oy 2201 (w,a) — 23a2Lo(w, a)
2 (2R (a?) fola?)

oN+2(oN + 1)((2N F ULy (w,a) — 202(2N — DLy (w, a)) .

) (2N)!/x(a?) c

—aQa

and

@) N-12k+3 ((2k +3)Lrt2(w,a) = (2k + 1) Lypa (w, a)) 2%+1
P =~ a ’
! =0 (2k)! fi.(a?)

2" (L (w,a) — Ek(wﬂ))zzkﬂ +a2N+3(2N+ DENy1(w,a) oyt
P (2k)! fi.(a?) (2N fn(a?)

2N LN (wya) oney  23L1(w,a) 323Lo(w, a)
XN @ ¢ @ T @

Since

2k+1a2k+lek ,w2) 2k+2
Lit1(w,a) — Lip(w,a) =— (Q(w —a)? - 1) ot 1)!5 —a(w—a)
ok+1

2k+1€k(02) 2k+1

ex(a®)
—mw +(’LU—CL) k k

2k — i’
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and
(2k + 3)Lyr2(w, a) — (2k + 1) Lis1(w, a)
2k+2a2k+3ek ('LUQ) 2k+36 (a2)w2k+3
— _ _N\2 +1 _ _ k
=2Lp(w,a) = (2w —a)” = ) =——gr=m 5y alw =a) =g
2"2e111(0%) oprs 2" 2ep1(a?) o
2 RN T _ 2 Z  TRTINT T +2
(2k + 1)1 =S e ’
we have
N-19k+2(2k 4 1) ((Qk +3) Lpa(w, @) — (2K + 1) Loy (w, a)) N
z
P (2k)! fi(a?)
N—1 9k+3
. 283 (2k 4+ 1) (£k+1(w a) — Ly (w, a)) ok

s (2! fo(a?)

N-—1 9k+3 - N-1
20 (2 + Lusa(w,0) = @kt DEen(w,a)) L N9 (0.0) = Liwa) oy

T k)1 s (a?) oot (k) fi(a?)
N—

LRk 4 1) Lhpr (w,a) o am 2VFL4p (w, a) 2kt
Z (2k)! fio(a®) ? _a;;WZ TP+ Pt P+ Put 21+ D+ 23+ 2,

k=0

Where
N-1
92k+4 ,2k+3 2k, 2k+2

N=l 92k+5 2k ) ) ) )
@2:—0/(11)—0,) ;W(w €k(a )—a €k_1(a ))w

2k+1
)

N-1
22k+422k

P3 = — a?) — aLzek(aQ))w%+1

2

2 G e (@)
N-1 22k+4 2k

Py = Z 20 (a 2k + 3)ek+1(a2)w2 — (2k + 1)€k(a2)a2)w2k7
k=0

N1 92k+5,2k+3 ,2k+1 ) 2k+2

92, = a(2(w — a)2 — 1) Z <2k‘+ 1)!fk(a2) (k-_|_ 1)!

k=0
N-1
92k+6 ,2k+1
Dy = a’ er(a®)w? — ep_1(a?)a?) w1
? kZ:O Qk—i—l'fkaQ)(k( ) e-1(@)a) ’

N=l o 92k+5,2k+1 o o oy o\ okt
=aqa kEZ:O W(ek+1(a )U} —ek-(a )a )'IU s

N—1
22k+5 2k+1
24= a0 =) ) G )

By simple computations, we have

((2k + 3)ept1(a®)w? — (2k + 1)ex(a?)a?)w?.

N—1 N—1
92k+5 , 2k, 2k+2 92k+4 2k, 2k+2
P+ Pyt Py=—aw—0a)?y o —ep1(a®) —(w—a) Y e ery1(a?)
,; (2k)!fi(a?) Z:I (2k)!fi(a?)
-1 92k+4 2k, 2k+1 N-1 92k+5 2k, 2k+1 ,2k+2

N T A B D SR O R A

—a(w —a)
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N-1 . )
22k+5z2kw2k+1ek (a2)

20 \2 2
o= ORI
k=0
and
N—1 N—1
22k+4(2k 4 1)Z2kw2k 22k+422kw2k+26k+1(a2)
Py =a(w — a)? ex(a?) + (w — a) ery1(a?)
! e (2k)! fu(a?) 2 (2k)!fi(a?) ’
N—1 N—1
92k+5 52k 2k+2 ; 2k+2 92k+4 , 2k, 2k+2 )
+(w—a +(w—a ——5—¢k(a
D I Lo R Dy o7y A
-1
22k+4(2k. 4 1)Z2kw2k+1
—a)? 2
+ (w—a) ra (2k)! f.(a?) er(a”).
Since
N-1 N-1 N—-1
92+ (9 4 1)22kqp2+1 92k+5 2k, 2k+1 92k+4 2k, 2k+1 )
@)= L e ) - L ey @)
k=0 k=0 k=0
and using fi(a?) = (k + 1)ex(a®) — a®ex_1(a?), we have
N-1 N-1
22k+5 2k 2k+2 22k+422k(2k,+1)w2k,
P+ Py + P34+ Py =—alw — a)? . a®) + a(w — a)? ex(a®
1 2 3 4 ( ) ~ (Qk)'fk(G,Q) k-‘rl( ) ( ) — (2k)'fk(a2) ]C( )
N— 1
225
k=0
Similarly, we have
N— N—1
1 92k+6 ,2k+1,,2k+2 92k+5 ,2k+1,,,2k
9 §2) 9. 9, = 2 _ 2 2y _ 2 _ 2 2 " . a2
1+ &2+ 235+ 2y =a ('LU a) I;) (2k+1)'fk(a ) ek+1(a ) a (U) a‘) I;O (Zk)lfk(ag) k?( )
N-1
2zw)2k+1
_ _ 225 (7
a(w—a)"2* > 2k + 1)!
k=0
By simple, but long computations, we have
62za(32 =+ 23 =+ 34)
N—-1
2zw) %k (2zw)2k+1
— 25 _\2 ( _ 25 _ 2
wlw —a) Z (2k)! (w—a) Z 2k + 1)!
k=0 k=
| 2VF2N + 1)!!((2N 1)L (w,a) — 2a2£N(w7a)) v 2N 4 DLy (0.0) Ly
(2N)!fn(a?) 2N)!fn(a?)
N+3 9,2
N 2 ((2N 1)Lyt (w, a) — 202 L (w, a)) g o
(2N fn(a?)
N-1
o Z 2525 1 (w, a) L2h42 Z 2k+4/3k+1 ) 2k+1
=0 2k‘+2 ”fk+1 a2 s 2k‘ ”fk
B a(w B a)222N+4(2N 4 I)GN(CL )(zw) 2N ta (w B a)222N+56N(a2)22N+1w2N
(2N)!fn(a?) (2N)!fn(a?)
This complete the proof. O

Similarly, we prove Lemma 10.6.
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Proof of Lemma 10.6. The proof is done similar to Lemma 10.5.

2 2afi(@)er (@) (w = 0) w2 s 2k +2)! 20

- Z (2k +2)! fi1(a?) fie(a?) 2 (2a)2k+3 eat2(2az)e” ",
N-1 2k202¢p 1 (a?)(2k + DN Ly 1 (w,a) 4 (2k + 2)! Cn

= 82 (Qk + 2)!fk+1(a2)fk(a2) 3 (2a)2k+3 €2k+2(22a)e 2 ,

k=0

N-1

22 (w — a)*w?* 2 fi 11 (a®) fio(a®) -

My =0, T
=0 ) G (@ () o

k=0
and

262 f1 11 (a®) (2k + D) Lyqr (w, a) 2h+2,-2za
=0 Z (2k 4+ 2)! frt1(a?) fi(a?) i

Then, we can express

(Z _ a)3672wa
23

First, note that .#s = .#. Hence, it suffices to expand .#; for j = 6,7,8, but it is straightforward to see that

DGy (w,za) = (M + M — My — M),

N—-1 N—-1
My =2a%¢ 2 3" 2ML01 (0,0) opyz 2 2z Z 2Ly (w,0) gp
= 2k +2)!1fita(a?) 2k +2)1fi(a?)
N-1 N-1
22k+6(2w)2k+1 22k+7( )2k+2
M = _a26—2za _aw_a2€—2za ,
7 =w(w=a) g;; (2k + 1) (w—a) kZ:O (2k + 2)!

N=1 oki4 N-1 gk+ts
My —ae~2% Z 2" Lyt (w, a) S2h+1 _ 2,-2za Z 2" L1 (w,a) oo

2 (26) fr(a?) 2 (2k + 2)!1 fi(a?)

Combining these identities, we obtain

N-1 N-1
K525 11 (w, a) 2k L 1 (w, a)
2za 2 k+1 2k+2 k+1\W, 2k+1
M — M7 — //l =a E z —a E — 2
(Ao — Mz — M) £ (2k +2)!! fr41 (a?) £ (2k)!! fi(a?)
N—1 N—1
(2zw)2k+1 9o (2zw)2k+2
—w(w — a)?2° g ————— +a(w—a)*2 g -
| |
= (2k +1)! P (2k +2)!
This completes the proof. O

11. BULK SCALING LIMITS

In this section, we complete the proof of Theorem 3.14.

11.1. Bulk scaling limits of the skew pre-kernel associated with (3.28). First, let us recall (3.58) and
(3.59):

;{g\c])ver) (Z, w|a) _ (Z _ CL)4<’LU _ a>462a2_22w—2wax§\cr>ver) (2, w|a),
and
~ (over) ~ (pre) ~(pre) . ;‘S\Ff)rE) (z,ula) ~(pre) i zg\lf)re) (w, ula)
%y (z,wla) =3y (2, wla) — o (w’a)yg}l%prei"_%N (2,a) ilinaw
%) (u]a) Gon *(ula)

From this expression, our main task is to compute the uniform asymptotic behavior of (3.56) using (3.58).
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Proposition 11.1. Forp e (—1,1), {,n € C, and x € R, we set
z=+vVNp+¢, n=vVNp+n, x=VNp+a.

Then, we have

72 (z,wla) = BP (¢ mlv),

uniformly for ¢,n in compact subsets of C and for x in a compact subset of R, where

lim )
N—oo

R () =Y (2(C — ) — 12— )7 — Dl 00 e (¢ )
) + %( 2(C — x)? = 1)(2(n — x)? — e+ (exf (i — ) — exf(¢ — X))
%(C X200 —x)? = 1)er=0" + %(n —0)(2(C = x)? = Dl
1

— i(c —7)e20m=x)

Proof of Proposition 11.1. Let us recall (3.52), (3.53), (3.54), (3.55). By (10.13) and (10.15), we have

~ -(8)
Ly(w,a) = (w— a)QGU,M.
w—a
Then, we have
2
aé%e)(wm) —a(w — a)zel}f+(1(‘21))62waw2N+2
Nla
(11.2) R
(2N + 1) (w — (1)28 (2N + 3)%5512(10 a) — Qazug\g}ll(w a)
N (el " w_a :
and
ON + 1)(w — a)? , %)
(11.3) qA(QI;\;il(wm) (w_a)2672waw2N+2+a’( + D! (w —a) N (W, a)

2N+2 fy(a?) Y w—a
y [6, Eq. (2.6)] and [37, Theorem 1.2], we have
En(za) = ((2(C ) = DVae 0 arf(C — x) +2(¢ — ) (1+0(e™))
On the other hand, by the Stirling formula, we have

(2N +3) - » N+ S N v -1/
W N+2(Z,a)_aW£N+l(z7a):e Lyi1(2,a) V2 e (1+0(N );

and

(11.4) G (2]q) = & ENHIE D) 51\}%1(2’&) NN+e=N (1 4 O(e=N)).

Hence, by the translational invariance of 332“), we have
(11.5) DOE (¢ mlx) = 4(¢ = x)P (n — x) XM,

where the convergence is uniform for ¢, 7 in compact subsets of C and x in a compact subsets of R. By solving
the above second order differential equation, we have

R (Con) =Y (2(C — 207 ~ D2 - x)? — el at(¢ )
FYT(3(C )2~ 12l — )2 ~ el ey — x) — erf(C ~ )
~ 5(C= 0 = X = Dm0 4 2 ()¢~ 0)? = DeldV* = 2(¢ — )2,

This completes the proof. O
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11.2. Proof of Theorem 3.14. Now, we are ready to finish the proof of Theorem 3.14.

Proof of Theorem 3.14. By the uniform convergence of (11.4) and Proposition 11.1, we can exchange the large
N-limit and the limit 4 — a, i.e., £ — x. Note that

R (Ceb0) (200 = )2 = 1) vaer S 2ert(n — x) + 20 — )

5 (26 — x)? — 1) V/meE* +X* ~2xerf (€ — x) + 2(€ — X)
%{1 — (¢ =X+ 2(c—x)? - 1)}{(2(77 —X)? = 1) me 2 et (n — x) +2(n — x)}-

By combining the above with (3.50) and by long computations, we obtain

R (2, wla) = (2~ w)(1 + (2 — a) (w — a) — 20

L VT (( (2 = )2 = 1)(2(w — a)? = el H 0P erf(z — )
£((z —a)? = 1)(2(w —a)?® — 1)e(w_“)2erf(w —a)

- g((w —a)? ~ 1)(2(z — a)% — 1)V erf(z — a).

Therefore, using these uniform asymptotic behavior, we get

lim D( 1’ )(Z(k))

Im(z1)—0

6_2Z1N!Z(°zer) [ [ 3¢lover) Ziy 2|2 selover (2i,%Z]2 |2
S e B fYW;)( Zal) fzvgr) )| TLE 2l = b 1z e
ZN hI =S wn_y (Zi zjlz1) ey (Z0sZl2)
2 (25 x(over) zi,2i|z 21 (2 ¢z (27)%(0%”(27:72 |z1)¢2. (Z) k
e—2sz!Z](\?V01T) Pz (2:) (2i,2]21) ¢z, (25) 1 N-1 Jj 21 (Zj
_ - ((ZﬁZl)(Zer)) ((zi—21) (75 —21))* = .. .
o Z(GinSE) i,j:lz,f.“,k R Er (oven) (27,251 21) 2y (25) b7, (2:)5 (over)(z“zj|zl)¢ Y(zj) l:IQ(zJ Zj)wb(zjlzl)’
N L (G20 (z—20))" (G—20)(Z5—21)) =

ZiaIm(2) ig g co-cycle factor, which does not affect the value of

(over)

where wy(z|a) is defined by (3.63), and ¢4 (2) =€

the Pfaffian. The remainder task is to compute the quantity W Note that
(over) T (oven T e B (ula)
over) _ | over) _ 113 pre —+
Z9 ) =(N —1)! H " = (N = 1! lim H e
k=0 k=0 Gop,  (ula)
:fol(a?) lim qgj)\;e)Q(u\a) H (2k+1
fola?) u—a qépre)(u|a) =0 22k+1
Notice also that
. =2k + 1) 157 (2K + 1)
Z(GlnSE) — N (2 + ) _( H +
N — v 92k+1 - 22N 22k+1
k=0 k=0
Then, we have
—92a2 (over)
€ N!ZN—l N!22N —a? 2\ _—a? 1: (pre)
ZI(\]GinSE) = (QN)' € fN—l(a )6 1}411)1}1 q2N—2(u‘a)

Using the uniform asymptotic expansion of (11.4), we obtain

—92q2 (over)
e N!ZN71 N'22N _ .2 2N —a? q- (pre) 4 2
Z](VGinSE) ~ N e~ fnv—1(a®)e ¢ 11H;q2N_2(u|a) ~ §<1 —p“)N, as N — oo.

Therefore, we obtain

Rl(covcr,b)(<27.”7<k|<'1) = lim ( lim 7R(Ovcrb (<27"'7<k|<-1))

N—00 \Im(z)—0 N
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ol pr |GGk w6 Gl) ﬁ(? — Gwn(Gl)
3 =2,k Héover) (C“ Cj ‘Cl) I{E}over) (Cu Cj ‘Cl) J J J )

uniformly for ¢; in compact subsets of C for j = 2,3...,k and ¢; in a compact subset of R. This completes the
proof. O

Jj=2

We finally prove Theorem 3.15.
Proof of Theorem 3.15. In general, we have

L e e=2lal* N1z {over) a—a N1z&e
= ——la—1a - .
GinSE GinSE
25" (a) Zy"

E[01,1

zZ1 = a - =

} Z](VGIHSE) %g\%) (a’ E)
By the uniformity of the asymptotic expansion, when we consider a = vV Np + x for p € (=1,1) and x in a
compact subset of C, from the proof of Theorem 3.14, we obtain

4 2
33

This completes the proof. O

1
lim lim  =E[O1]n = VNp+x] =

N —o00 Im(x)—0

N =

12. EDGE SCALING LIMIT

In this section, we prove the scaling limit for the conditional expectation at the edge regime. Through this
section, let us fix z = vV N + (,w = VN + 7 for {,n in compact subsets of C.

Proof of Theorem 3.17. From the proof of Theorem 3.15, we have

2
a—a e 2l N1z

E[O11]21 =a] = ;{5\%) (a,3) Z](VGinSE)
From [6, Theorem 2.1] and [37, Theorem 1.2], recall that
(12.1) 28 (z,w) = " £ (¢ ) + O(NTV/2),
where o
f((f))(c, n) = %/ e 2(C—w)? erfe(v2(n — u)) — e~ 2w’ erfe(V2(¢ — u))du.
Note that h ,
068 (€20 = &0 el 40) = el V)
Therefore, we have that a = v/N + y for y € C,
#®

lim  lim #y (09) = erfc(2x) — \%6*2% erfc(v/2x), for x € R.

N—ooIm(x)—0 a—a
To compute the remainder uniform asymptotic behavior, we need the uniform asymptotic expansion (3.47):

(122) (VN +x)?) = eWW@me)(l - \/f B o).

where ,
Fi(x) = e 2 — V2ryerfe(vV2y).
From (11.2), we recall
—2za 2\ ,2N
_(pre) L 2€ en(a®)z (2N — 1!
Bn—2(2la) =a(z —a) Fn—1(a?) N2 (a?)

D[N + )38, (2.0) - 20°528 (2,0) |,

where D) = (z —a)0, — 1. We divide two parts
2N + )58 | (z,a) — 20258 (z,0) = (2N +1 - 24%)5& (z,0) + 2N + 1)RE (2, a),
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where
S(g) _9 qg\;ﬂ( )qg\;( )—QSV)H( )qé%\zﬂ(z) _92q 22VTINI 2N+1 2 2N+1 2
Ry (z,a)=e J(\%) =e m( en(a®) —a en(z ))

Under z = v/N + ¢ and a = V/N + x for x in a compact subset of R, first note that

—2za 2\ .2N .
(123) (s — a2V @)ZTT N —aN -2V R gl \/Z (¢ = 22 V2 (g gy,

fn-1(a?) Fi(x)
uniformly for ¢, x in compact subsets of C and R, respectively. Combining (12.2) with Stirling formula, we have
CN-DI 1y oy aymee [T 1
(12.4) @) 2 NF1(X)(1 +o(1)).
Using (12.1) and Stirling formula, we have
(12.5) (2N + 1 —2a%)38 (2,0) = =4V Ny 0" £B (¢ x) (1 + o(1)).
and
(12.6) 2N + 1)RE (2,a) = ‘/\ge@—xf( < erfe(vV2x) — e erfe(v2 g)) (1+ o(1)),

uniformly for {, x in compact subsets of C and R, respectively. Let us denote

01(¢,x) = el \/z(c — )2 ef;fzf)x)

and
e(6—x)?

2V/2

92(¢, x) = Fz(ﬁ;)D( V2 E () +

Then, by (12.3),(12.4), (12.5), and (12.6), we obtain

(e_QC2 erfe(v/2x) — o2 erfc(\/ig“))} .

(12.7) G5y (2la) = NV e 2N =2V (gy (¢, x) + 2(C, X)) (1 + (1))
uniformly for {, x in compact subsets of C and R, respectively.
242 a7y 1 (over) ~(pre)
e N!'Z NI122N a
im ——ee—— ngl = lim lim 76_“2fN,1(a2)e 262”7(]2]\7 2(2]0)
N—oo Z](V inSE) N—ooz—a (2N)! (z —a)?

By the uniformity of the asymptotic expansion, we can exchange the limits N — oo and z — a. Therefore, we
have

—242 (over)

e N\Zy~ . N192N o-a 0?9 1 .
7(GinSE) : = 2N)! fn-1(a)e " ¢? W‘}érj)\/ez( z|a)
N

)+92(<7 )
f\rFl ) im * << N

Now, we compute g1(¢,x) + g2(¢, x). Since

e(¢—x)?

2v/2

= — 26" (2Xf((fd)ge)(Ca X) + e 0% erfe(C + x) —
e(¢—x)*

V2

¢ [ 2xel6™0) f(egd)ge)(c X) + (67242 erfe(V2x) — e X erfc(\/iC))}

e—2¢”
f
((¢ +x0e™2 exfe(vV2x) + (¢ = x)e>¢ erfe(v2() - \/;—242—2%)’

erfc(\fx))

we have

(60 = = P45 [ {20 = 07 - DA (60
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2 — 6_242
(¢ =0 el ) - EENE (v

{6 -0? = e arfe(vaQ)

e(C7X)2
+ -
2v/2
2 2 2 2
+(2(C+ )€ = x) +1)e > erfe(V2y) — 2\/;(6 —x)e I T }]
Therefore, we obtain

gl(Cv X) + gQ(Ca X)

_ VT —x)? e~ erfc(v/2y)
= m [e(c ) (¢ — X)QT
2 2 _ e_2<2
_ 2xe(C—X) ((2((: — X)2 _ 1)f((§))(<7x) + (¢ — X)e—(C—X) erfe(C + x) — (Cyi erfc(ﬁX))
e(¢—x)? ) ] 5 L
_ 27\/5 ((2(< - X)Q _ 1)6—2X erfC(ﬁC) + (2(C + X)(C — X) + 1)6—2C erfc(\/ix) _ 2\/;(( _ X)e—2§ —2x ):|

By Taylor expansion, we have that as ( — ¥,

™ 6_4X2 2 2
91(¢,x) + 92(¢, x) = F\l/(;) 23ﬁ (1 + V21X x erfe(vV2x) — 4y/me*X Xerfc(2x)) C=x)*+0((¢—x)".

As a consequence, we obtain

1 —* 1 4 2re?X v erfe(v/2) — 4 0y erfe(2
lim ——E[O; 1]z = VN +x] = © me*X yer <{><> Ay/met yerfo(2y)
N—oo /N 3ﬁ eI‘fC(QX) _ ﬁe_%( eI‘fC(\/EX)

uniformly for x in a compact subset of R. This complete the proof. O

9
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Part 5. Proof of Expected number of zeros of random power series with finitely dependent
Gaussian coefficients
13. THE FORMULA OF THE EXPECTED NUMBER OF ZEROS AND EXAMPLES

13.1. The formula for the expected number of zeros. Our key implement to show Theorem 4.2 and
Theorem 4.5 is to rewrite the Edelman-Kostlan formula for the expected number of zeros of GAF into the
contour integral.

Proposition 13.1. Let D C C be a domain with smooth boundaries, f a GAF defined in a neighborhood of D,
and Ny(D) be the number of zeros of f inside D. Then,

1 1
(13.1) EN;(D) = —/ Alog Ky(z,z)dm(z) = —}g 0, log Ky(z,2)dz,
X 47 D 2mi aD X
assuming that no singularity lies on OD for the second equality, where dm(z) is the Lebesgue measure on the
complex plane C and i = \/—1 is the imaginary unit.

For the proof of the first equality, see [86]. For the second equality, the Stokes theorem is used as in [32,93].
In our setting, we have much simpler expressions for ENy(r).

Corollary 13.2. Let f be a GAF defined in (4.12) with (4.13) and (4.15). Let D C D be a domain with smooth
boundaries and N¢(D) be the number of zeros inside D. Then,

1 z
13.2 EN¢(D) = — —_— D
(13.2) /D)= 5§ (D),
where J (D) has two expressions as follows:
1 /
(13.3) J(D) = G g,

T omi op Ga(z, 2)

and

(13.4) J(D) :%/D <m>2dm(z).

In particular, when D = D(r), (13.2) becomes

P

(13.5) EN;(r) = 1=

S+ T,
where we simply write J (r) for J(D(r)).

Proof. The first expression (13.3) directly follows from (4.13), (4.15) and the second equality in Proposition 13.1.

For the second expression (13.4), since 9,G(z) = 0z(G(z)), it is easy to see from the first equality in Proposi-
tion 13.1 that

_l 0] zZ,z)amiz :—l ‘aZG(Z)P m\z
J(D)—W/Dazazlg@(, Jdm(=) w/D(1+G<z>+G(z>>2d ).

This completes the proof. O
Here, let us mention that the expression (13.4) essentially appeared in [111]. However, the corresponding

expression is not explicit. They derived a similar expression from one-point correlation and used to evaluate
the expected number of zeros in the case of fractional Gaussian noise.

Remark 13.3. Note that G(z) is a polynomial in this thesis. By the change of variables z — rz in (13.3) with
D =D(r), we have

(13.6) T(r) = " f/im g;ff"z))dz,

2
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where O(r, z) is the rational function of z obtained from Ga(rz,rz) by putting z = z=! on OD. In particular,
when y(k) is real for every k € Z, we have

O(r,z) = Z v (k)rlFl 2k,
keZ

Note that O(1,e") is the spectral density at least for finitely dependent Gaussian processes. Then, one can apply
the residue theorem, and from this point of view, the behavior of zeros of ©(r,z) as r — 1 is essential for the
order of J(r).

Theorem 4.3 is a direct consequence of the second expression (13.4) of J (D). Now, we show Theorem 4.3.
Proof of Theorem 4.3. The error term J (D) is clearly non-positive from (13.4). Moreover, the right-hand side
of (13.4) is zero if and only if G'(2) = 0 m-a.e. D. It follows from the uniqueness theorem that G'(z) is

identically zero on D, and thus so is G(z) since G(0) = 0. Therefore, f(z) is equal to fpy(z) in law. This
completes the proof. O

We have seen the Edelman-Kostlan formula for the expected number of zeros. To see the usefulness of our
reformulation Corollary 13.2 and philosophy to show Theorem 4.2 and Theorem 4.5, we shall look at some
examples.

13.2. Examples.
Ezample (Ornstein-Uhlenbeck process). Let (k) = pl*l (0 < p < 1). The corresponding stationary Gaussian

process is the (discrete time) Ornstein-Uhlenbeck process. In this case, we see that G(z) = pz(1 — pz)~! and
1— p?zw
(1= p2)(1 - pw)

Go(z,w) =

By using z = 27! for z € 9D, we see that
2(1 — pr?)
(L=prz)(z—pr)
We apply (13.3) to this case. The only zero z = 0 of ©(r, z), which does not move in r, contributes to the
residue as the only pole. Hence, we have
2 2,.2 2 2
_ 1;3 _ 1f;27”2 - 1;2 — 1fp2 FO(—1?), ro1.

In this case, G(z) is analytic in D(1/p) and O(1, 2), or equivalently Gs(z, z), does not vanish on 9D.

O(r,z) =

ENy(r)

Remark 13.4. As was seen in this ezample, the second term J(r) is O(1) as v — 1 whenever G(z) is analytic
in a neighborhood of D := DU ID and O(r,z) does not vanish on OD.

Ezample. For 0 < p < 1, let ¢ and {ng }rez be i.i.d. complex standard normal random variables and define the
Gaussian process = = {& }rez by

& =pC+ /1 —pn forkeZ.
Then, the corresponding GAF is equal in law to
¢
(13.7) Vet VI=pfev(z)

and its covariance function is given by
1 k=0,
v(k) = {

p otherwise.
In this case, G(2) = pz(1 — 2)~! and

_1-(1-p)(z+7)+ (1 -2p)z]?
Ga(2,2) = (1—2)(1—2) ’
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and hence
(L—p)rz® = (1+ (1 =2p)r*)z + (1 - p)r

Or2) = - (1—=r2)(z—r)

The zeros of O(r, z) are v and v~ !, where v = $=Y9°=4 V2‘52_4 and 0 = %. Note that v (resp., v~ 1) is inside

(resp., outside) D. By using (13.3) and the residue theorem, we have

r2 p v—r

ENg(r) = 1=r2 1—pw—vH{A—wr)

As r — 1, we have
2

r 1 p 1
EN;(r)= — - |-~ Loq

(r) 1—¢2 9 1_pm+ (1)
Remark 13.5. (i) The convergence radius of G(z) is 1 and its singularity is located only at z = 1. The zeros
of O(r,z) are v and v~ given above, where v (resp., v—') is inside (resp., outside) D(r). Both v and v=!
converge to 1 as r — 1 and the second term of O((1 —r2)~/2) comes from (v —v=1)"1 as the residue at z = v.
(i) From (13.7) we intuitively observe that near z = 1, the first term /(1 — z) pushes up the absolute values of

V1= pfev(2) and decreases the number of zeros.

The examples in this subsection help us to understand the fine asymptotic behavior of (13.3) as r — 1.
Indeed, to find the fine asymptotic expansion for (13.3) as r — 1, we firstly find zeros of O(r, z). After that, we
exactly or asymptotically express (13.3) by the residue theorem.

14. 2-DEPENDENT CASE: PROOF OF THEOREM 4.2

We now show Theorem 4.2.
14.1. The proof of case (I). First we show case (I).

Proof of Case (I) in Theorem 4.2. First we note that G(z) = az + bz?, and then we have O(r,2) = 1 + ar(z +
27 1) + br?(22 + 272). From (13.3), we have

r a+ 2brz
14.1 = — d
(14.1) J(r) 27i fgm 14+ar(z+271) + br2(22 + 272) “

We suppose (a,b) € OP; NIP, ie., a = £2,/b(1 —2b) with 1/6 < b < 1/2. By the symmetry, it is enough to
consider the case a > 0. Since the denominator is reciprocal, if =y is one of its roots, then the roots are given
as 7,74, %,7 !. Here we suppose v € D and in the upper-half plane. Thus, 7,7 (resp., y~!,57 1) are inside
(resp., outside) D. By taking the residues at v and 7, we see that

1 2%(a + 2brz)
J(r)=— f — ——dz
)= 3mibr fop G- D7)
2 2 2b
:Re< 77(a+1w) _1)_

br — \(y=Ny—=7H-7")
Let X = z + 27! and rewrite the denominator as br?X? + arX + 1 — 2br?, whose roots are distinct and given
by X1 = (—a+i2v2bV/1 —1r2)/(2br). It is easy to see that

X_+yX2-4 xowx3-4  x - xroa X\ [x2-4
Y= Y= y Y = .
2 2

b

2 T 2
Here we take the branch of v/z such that v/1 = 1 and analytic in C \ (—o0,0]. Note that

1 2 _ 1 \/a+\/a2+62+i\/—a+ a? + 32
2 2

14.2 o 4=
(14.2) Y= 2 =
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with @ = b — 2b%(r2 + 2) and B = 2b+/2(1 — r2)b(1 — 2b). It is easy to see that

(=D =T =X - Xy) = 2L
and hence
_ 1 o ~v(a + 2brv)
(14.3) J(r)= b\/ml ( po— )

We note that v = (X_ ++ —~~1)/2. Substituting it to the numerator and expanding it by Y := v —y~1, we
have

y(a+2bry) 1 9
T =gy (X-(a+brXo) + (a+ 26rX )Y +brv?)

212 — 1 bry
(14.4) = 7T2 Yt —iby/2(1—2) + —TQ .
T

Here we used the fact that X _ is a solution of the equation br?X? + arX + 1 — 2br? = 0. Since a = —b(6b —
1)+ O(1 —r?) and B = 2b4/2b(1 — 2b)v/1 — 72, we see that

(14.5) ImY = ,/Gb% +0(1—7r?), ImY~!= —,/61)—61 +0(1—-7r%), r—1

Hence it follows from (14.3), (14.4) and (14.5) that

[ 2b 1
j(r):— fil)i—lim_k()(l)’ r— 1.

This completes the proof of Case (I). O

14.2. Proof of case (II). Next we prove Case (II).

Proof of Case (II) in Theorem 4.2. By the symmetry, it is enough to consider the case b = a — 1/2 (-1/2 <
b < 1/6). We divide the proof of Case (II) into two cases, i.e., (i) 0 < b < 1/6 and (ii) —1/2 < b < 0. In this
subsection, we always consider the situation for r sufficiently close to 1 depending on b.

First we prove the case (i). The roots of br?X? + arX + 1 — 2br? = 0 are real and given by X4 =
(—a £ )\)/2br € R with A = Va2 — 4b% + 8b%r2. Note that X3 —4 >0, and X, — —2 and X_ — (2b—1)/(2b)
as 7 — 1 As in Case (I), by (14.1), since the denominator is reciprocal, if two real roots v and & lie inside D
such that v < k < 0, then all the roots are given as 7,71, k, s~ L. Here 7,k (resp. 71,57 !) are in DNR (resp.
in D NR), which are given by

Xp+yX3-4 X /X34 Xo+yX2-4 = X - /X214
146 = Tt = = [ S
(14.6)  ~ 5 7 5 - 5 ) K 5
By (14.1) and the residue theorem, we see that

1 2%(a + 2brz)
= s o A R
_ 1 { v (a + 2bry) k2 (a + 2brk) }

bor L(y =70y =r)y—r"1) (k=) —-7")(k—-r"1)
1 {v(a +2bry)  k(a+ 2brk) } '

A oyt k—kE

J(r)

(14.7) =

Here we used
_ YA
(V=R (y—r ) =v(Xy—X_)=

b77

KA

(= )(x =771 = KX = Xy) = =2,
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Since (k — xk~1)™! = O(1), it suffices to focus on the first term of (14.7). We again use the expansion in (14.4)

and have
1 1-2b 9
Y=y—~1=2 16 61)\/1—7“2—1—0(1—7“)7 r— 1.
Therefore,
1 /1-2b 1

J(r) = (1), r—1.

——y/————=+0
2V 1—-6b+1—1r2 +
Next we prove the case (ii) of (II). Computation is almost the same as in the case (i) of (II), but we only need
to change the roles of 7,771, k, k!, Indeed, v and k=1 (resp. y~1, k) in (14.6) are in DN R (resp. in D¢ N R).

By (14.1), (14.6) and

(= =) =) = - X =
2br
we see that
() = 1 { v (a + 2bry) k™ 2(a + 2brx~1) }
br Ly =Dy =rm)y—r"1) (k=71 =y (! = K)
2 (y(a+2bry) k= Ya+20rk™t)
:A{ Y=yt kl—k }
_ _%,/%22 11_T2 +0(1), rol.
This completes the proof of case (II). O

Remark 14.1. By the continuity, we have the same asymptotic in Case (II), but the behavior of roots v,y %, k, k™!

in (II) is completely different from Case (I). Indeed, v,7v~* — —1 and k, k=1 — (2b—1)/4b%+/(1 — 6b)(1 + 2b)/2|b]
asr — 1 in Case (II). That is, there is only one pair of roots toward the boundary OD asr — 1 except b= —1/2.

This implies that the asymptotic order is affected by the degeneracy of roots of O(1, z) located on the boundary
oD.

14.3. Proof of case (IIT). We give a proof of Case (III).

Proof of Case (III) in Theorem 4.2. Suppose (a,b) = (2/3,1/6). Since o = -£(1 —r?) and 8 = §/2(1 —r?),
by (14.2), we have

Y—yonyl= % (\/(1 —12) 4 = 20— 12) +iy/—(1 = 12) + /T = 12)(9 —7«2)) .
It easily follows from this expression that ImY = O((1 — r?)1/%) and
ImY ' = —277/4(1 —r?)~H/* 4 o((1- 7"2)1/4), r— 1.
Hence, from (14.3) and (14.4), we can conclude that
T(r) = —27%/4(1 — ¢2)73/4 ¢ O((l _ 7,2)—1/4)7 .

This completes the proof of Case (III). O

14.4. Proof of case (IV). Finally, we give a sketch of the proof of Case (IV). Since all zeros of O(r, z) stay
away from 0D as r — 1 when (a,b) is in the interior of P, any singularity contributing to the asymptotic
behavior do not appear on the boundary 9dD, and hence it suffices to consider as r equals to 1. Here we
only consider the interior of P; and a > 0. We use the same notations in the proof of Case (I). In this case,
X4 = (—a£iX(a,b))/(2b) with A(a,b) = v4b — 8bZ — a2 and we see that (y — F)(y — 7 1) = —vb~ ' \(a, b)i.
Hence,

Cla.b) = ~T(1) = 5 (“j‘fff’?) ~
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A little more computation shows that
pla,b) — (25— 1
2X\(a, b)u(a,b)

where p(a,b) = /(1 + 2b)2 — 4a? and that C(a,b) > 0 unless (a,b) = (0,0). We omit the other cases since we
obtain the results just by repeating the similar computation.

C(a,b) = ) /4% + 2b — a2 + 2bu(a,b) — 1,

15. FINITE-DEPENDENT CASE: PROOF OF THEOREM 4.5

In this section, we show Theorem 4.5. As in the proof of Theorem 4.2, our strategy is to compute the
asymptotics for the residue theorem. However, different from the 2-dependent case, to explicitly write down
the zeros of the spectral density for the n-dependent case seems to be difficult. From (13.3), we have
_ T (@) gy T f Pe(n2)

2ri oD @(Tv Z) 2ri oD qn(rv Z)

where py,(r,z) = 2" (2:) G (w)|w=r, and

J(r)

n

2 2
qn(r, 2) == 2" ( :) O(r,z) = 2" k;n <n fk)r““'z’“.
We note from (4.23) that
an(1,2) = (z +1)%".
To see the asymptotic behavior of ENy(r) as r — 1, we need that of z(r) for ¢, (r, 2(r)) = 0.

15.1. Behavior of the root z(r) as r — 1. We first note that ¢,(1,—-1) = 0 and 0., (7, 2)|(r,2)=1,—1) = 0.
Hence, we cannot apply the implicit function theorem in the variable z to g, (r,z). Alternatively, we follow a
strategy of using Puiseux series expansion and Newton polygon method (cf. [138]).

First we note that

n n 2n
a’rQn(TaZN(T,Z):(L_l) - QZk(il) o (n+/€>
k=1

+1 2n
— _1 ’I’LJrlL .
(=1) 2n—1<n—|—1>7£0

By shifting (r,z) = (1 — 7,z + 1) in ¢,(r, z), we consider

2n m
15.1 z,y) = 1 — p)l=nly — 1)
(15.1) Qe =3 (7)1 -0 w1
Note that Q,,(0,y) = y?". Following [138], we denote by C{z,y} (resp., C{x}) the ring of convergent power
series defined by two variables x,y (resp., one variable x). If f € C{x,y} satisfies f(0,y) = y™A(y) with
A(0) # 0, then we say f is regular in y of order m [138, p.20]. In our setting, @, (z,y) is regular in y of order
2n. We can use the following theorem from [138, p.20, Theorem 2.2.6] to guarantee the existence of 2n distinct
solutions to the equation Q,(z,y) = 0 around (z,y) = (0,0).

Theorem 15.1 ( [138]). (i) Any equation f(z,y) = 0 where f € C{z,y} with f(0,0) =0, f(0,y) # 0 admits
at least one solution of the form y = g(xz*/"™) € C{x}.

(i) If f is regular in y of order m, and we write f = UF with U a unit and F a monic polynomial of degree
m in y, there are m such solutions gj(xl/mﬂ'), all distinct unless the discriminant of F vanishes identically, and

Fly) =TI% (v — g;(z'/m9)).

For our purpose, we need more explicit form of g;’s so that we directly perform the Newton polygon method
below. The solution y(z) to Q,(x,y) = 0 around the neighborhood of the origin (0,0) is described by this
theorem since Q. (x,y) is a bivariate polynomial. Now we will compute the asymptotic expansion of y = y(z)
in Qn(x,y(x)) = 0 at the origin (0,0) following the Newton polygon method [138, p.15, Theorem 2.1.1]. Here
we give a brief description of the algorithm following [138].
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(1) First, when we are provided a equation f(x,y) = 0, then we plot a point (r,s) of exponents for each
term ¢, s2"y* of f(z,y) on R? plane if ¢r,s = 0. Then, we have the convex hull containing all point
plotted.

(2) The boundary of its convex hull is drawn down by a straight line. Their segments do not line on the
(r, s)-coordinates. We call its boundary Newton polygon.

(3) We write one of the reciprocal numbers of the negative of a slope among these segments by m;. Then
we consider f(z,2™ (a1 +y1)) and solve a; by focusing on the terms of the lowest degrees in = due to
f(z,y) =0.

(4) Weset f(z,y;) =z~ f(x, 2™ (a14+y1), where [ is the intersection of s-axes. Repeat the above process,
and then we can obtain the solution y = a;z™! + agz™ ™2 + ... of f(x,y) =0 for f € C{z,y}.

For Q,(z,vy), its Newton polygon joins (1,0) and (0,2n) as shown in Figure 9 for n = 4. Thus, it is guaranteed

. . °

. ° o

. ° °

° o

.

. ° °

° . °

. ° °
. ° ® + ;i
2 4 6 8

FIGURE 9. Newton polygon of @, (x,y) for n = 4. A point (r, s) is marked when the coefficient
2"y® of Qn(z,y) is nonzero.

that @, (z,y) = 0 has the solution of the form

y =2 (ay +y1),
where 31 = 22 (ay + y2) with my € Q being positive. Setting t = 21/ (equivalently = = 2*) in (15.1) for
simplicity, we have

2n

Qe tlan+) =Y (7)1 =) -+) - 1! =0

=0

and the left-hand side can be expanded as follows:

Qn(t*™ t(ar + 1))

2n m o
- <Z ( I )|l - n‘(_l)lJrl + a%n + 2na%"_1y1 + ( ) >a§7z—2y%> 420

1=0

2n 2n 2n 2n l
#3232 (Y () 0 e s 0

1=0 =0

Since y; = O(z™2) = O(t?>"™2) for positive m € Q, the leading term is of order 2 and its coefficient is given
by

a2 + i <2l”) 1= nl(=1)1 = a2 4 2(—1)" (2(:_11))
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Thus, a; is characterized by the solution of the equation

2(n—1)
15.2 2n 4 o(_1)n —0.
(152) arva-nn (0T —o
For this a1, the term of the lowest order t*" in Q,,(t*",t(a; + y1)) vanishes and we have
(15.3) QP (L) = 172" Qu (", t(ar + 1))
=2na3" "ty +n(2n — 1)ad" " 2y?

+clar + t+z< ) l—n|<l>(—1)l_1(a1 +y1)*t% + O(t?),

where

o= 30 ()t = aprian (0 D) 20

=0

which implies y; = O(t). Now we repeat the same procedure for Q%l)(t, y1). We substitute y; = t(az + y2) in

7(11)(t, y1) and compare the term of order ¢ to obtain

cay + 2na%”71a2 =0,

and hence
Cal—Q(n— 1) 1 )

(154) as = _T = _5041.

Putting y; = t(az + y2) in (15.3) and using (15.2) and (15.4) yields

t71QW (¢, t(ag + y2)) = a2 tyy + (< +eyp + - )t + O(F?),

where

—n(2n—1)a 2"22+ca2+2(2n>l n|(>( 1)/~1a2 £ 0,

=0

which implies yo = O(t). In summary, by taking (15.2), (15.4) and y = t{a1 + t(az + O(t))} into account, the

solutions to the equation @, (z,y) = 0 around z = 0 are of the form
(n) _ ) 1/(2n L )2, 1/n 3/(2n
(15.5) y; (z)=b;"x /( )fﬁ(bj 2at/m 4 O ), as z — 0,

for j =0,1,...,2n — 1, where {bg-n) ?Zal are the solutions of (15.2).

(r) to the equation

Proposition 15.2. Let ¢,(r,z) = 2" > 0_ (n+k) rlklzk. Then, the solutions z = zj(")
qn(r,2) = 0 are of the form

(n)( .y _ (n) L Lomye 1 S
(15.6) z;(r)=—=1+b"(1—r) r—i(bj A=r)» +0((1—=r)2), r—1,
where

1/(2n) .

(n) _ 2(n—1) 2j—n+1 . .

(15.7) b; {2( n—1 exp | —— ——i (7=0,1,...,2n —1).

Proof. Since 2n )( )=—-1+ y(n)(l —7r), putting x =1 —r and y = z + 1 in (15.5) yields

J

n n 1 1 n 1 3
A 41 =01 —r)m — )2 (1) +0((17r)2n),

2

as r — 1. We obtain the assertion.
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15.2. Proof of Theorem 4.5. We first observe the following asymptotics.
Lemma 15.3. Fork=0,1,...,2n—1, asr — 1,

ﬁ(z'i”)(” -0 =@ { ()

X {1 - Cneén)(l — %)z +O<(1 —7“2)%)}7

where Cy, is a constant depending only on n and

n 2k — 1 .
(15.8) ™ = exp <2n+7r|) (k=0,1,...,2n — 1).
n
Proof. From Proposition 15.2, we have
2n—1 2n—1 -
[T @) =) = TL o0 -6 - -n)
Jan gt
1 2n—12n—1
n n n n 2n
-5 2 T =) -{ef? - emn}-a-nk
12k e
+ o((l - r)f*)
2n—1 e 2n—1 e
Since H (z—e'® ™) = 22" —1, by differentiating both sides and putting z = 1, we obtain H (1—e= ™) =2n
it o
for every kK =0,1,...,2n — 1. Hence, we have
2n—1 2n—1 .
n n n)\2n— 18 i n— n)\—
IT (el = el™y = (et TT (1 = 5 ™) = 2n(=1)" " (el) .
j=0 j=0
J#k J#k
and thus, by (15.7),
TT o 2n -1\ (n)
[T -5 = {2070} T 2y
oy
Similarly,
2n—12n—1 2(7’1 _ 1) 2n—1
> IT @ o) - {2 - )2} = 2( o )2n<—1>"—1<e,§”>>—1 S (e +ef™)
In i st
_ 2(n—1)
=(-1)"! -1 .
(-1 tsagn -1 (7 Y)
Since 1 —r = % + O((1 — r%)?), we obtain the assertion. O

Now we give a proof of Theorem 4.5. First we remark that the constant bén) in (15.7) lies in the right-
half plane {z € C : Rez > 0} for j = 0,1,...,n — 1 and the left-half plane {z € C : Rez < 0} for j =
n,n+1,...,2n — 1. Thus, if r is sufficiently close to 1, z](.n)(r) for j =0,1,...,n—1 lie inside D and zj(-") (r) for
j=n+1n+2,...,2n — 1 lie outside D. Therefore, we have

_ [ pa(r2)
I = 27i Jon qn(r, 2) o

_ = pn(T, Z) () )
=7 ) res : — iz =2z, (1)
2 (H?io (=" "
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n—1

pa(r, 2 (1))

k=0 H?no;&k(z/ﬁn) (r) — Zj('n) (r))
Since pn(1,—1) = (=1)*(*"="), from Lemma 15.3 and

n—1

pu(r. 2" (1) = pa(L~1) {1+ Gl (1 =) CW £ O((1 =)™}

(15.9) =7

we have

pa(r, 277 (r)) _—1(2(n-1) ﬁem) 1 2y 2
H?noésék(zl(c )(T)_ZJ('“)(T)) 2n< n—1 ) . )
{1+(C +CL)ed” (1 - )%+0((1*7“)2i)},

where C!, is a constant depending only on n. It is easy to see that

n—1
(15.10) Z e (sin —)_1, Z(e,(:))Q =0.
k=0

Therefore, from (15.9), we obtain
1
-1 2(’[7,— 1) 2n 9\ 2n—1 2\ 2
- =)~ (1+0((1—7r2)%)).
Jr) 2nsin(27;l)< n—1 > (1=r)7 ( +o( -7 ))
This completes the proof.

Remark 15.4. A naive computation gives only the error term O((l—r)_("_l)/"). Here we saw the cancellation
as the second equality in (15.10) to obtain O((1—r)~@"=3/C")) which matches the direct computation in Case
(II) for n = 2.

Remark 15.5. This method can be applied to all cases of finitely dependent Gaussian processes. Indeed, the

2k—1

zero of ©(1,€%) of order 2k contributes to J(r) as constant multiple of (1 —r?)~ 2% .
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Concluding remarks

16. ON THE DETERMINANTAL STRUCTURE OF THE MULTI-POINTS CORRELATION FUNCTION OF THE
OVERLAPS FOR IGINUSE AND ISUE

In both cases, we have shown the universality for the multi-points correlation function of the overlaps for
IGinUE and ISUE in the strongly non-unitary regime. Indeed, we showed the same results with the Ginibre
unitary ensemble shown by Akemann et al. [13] up to the constant. This difference up to the constant is due to
the geometric boundary affect. We expect that macroscopic structure of the diagonal overlap for non-Hermitian
random matrices at a bulk point of spectral droplet is a common property for widely non-Hermitian random
matrices. For instance, we expect that there appears a boundary affect due to the ellipse curve for the elliptic
Ginibre ensemble or the non-Hermitian Wishart ensemble [5,9,12,16,40]. On the other hand, we found the
new scaling limits for the overlaps in the weakly and singular origin regimes, which have not been studied so
far in this context. Potentially, we expect that the result in the weakly non-unitary regime would be applied
to study the difference between non-normal matrices and circular unitary ensemble from the perspective of the
eigenvectors and the overlaps in detail. Furthermore, coming back to our original motivation, their quantities
may be applied to study the scaling limits for overlap processes and hydrodynamic limits for the stochastic
differential equations for the induced Ginibre/spherical ensembles. Finally, we conclude this section by making
lists for future directions of the overlaps for integrable non-Hermitian random matrices.

(1) The most important model in random matrices with non-radially symmetric potential is elliptic Ginibre
unitary ensemble defined by
1_
(16.1) G = —E—Hﬁ)+ ——ngﬁ% for 7 € [~1,1],
where HJ(\}), H](\?) are identically, independent Gaussian unitary ensembles and anti-Hermitian Gaussian
unitary ensemble, respectively. The joint probability distribution function for the eigenvalues of elliptic
Ginibre unitary ensemble is given by

N
- 1 — N _(j¢; P =7 Re (2
dP) (Cvy) = [T l6-GP[e =19 aa),

()
2N’ 1<i<j<n j=1

where ZI(\;) is the partition function. Similar to the discussion in [11,29,58], it is straightforward to see
that conditionally on {An) = z(n) € CN}, we have

Al 1-72 1

B[O = 2n] = [1(1+ 50— ).
N[Ol A )] ]UQ + N |z -z

The conditional expectation of the off-diagonal overlap can be similarly computed. Then, in order

to study the similar determinantal structure of the multi-points correlation function of the overlaps

for elliptic Ginibre unitary ensemble as shown in this thesis, we need to construct a family of planar

orthogonal polynomials associated with the following weight function:

2
1—71 2o (J2? =7 Re 2?)

+ |z — a\Z)e_lf

wr(z,Z]a,a) = ( for z,a € C.

However, the corresponding to the moment matrix associated with the above weight function as in (7.1)
is note a tridiagonal moment matrix, and hence, it would be difficulty to work on LDE decomposition.
Possibly, we need to choose another nice basis such as Hermite polynomial in advance.

(2) We only studied the induced Ginibre/spherical unitary ensemble. It is natural to study the Pfaffian
structure of the overlaps for induced Ginibre/spherical orthogonal/symplectic ensemble, cf. [11] and
subsection 3.3.

(3) The overlap plays the essential role to analyze a dynamical model for non-Hermitian random matrices
with Brownian motion entries. Indeed, in [29, 66, 145], the dynamical extension of Ginibre unitary
ensemble; that is to say, the eigenvalues and the eigenvector-overlap processes for the non-Hermitian
random matrix with complex Brownian motion entries were investigated. It would be interesting to
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derive the eigenvalues and overlap processes for the spherical unitary ensemble S(t) = G7*(t)Ga(t)
with two independent non-Hermitian random matrices with complex Brownian motions G(t), Ga(t) or
the dynamical extension for the IGinUE/ISUE.

17. ON THE PFAFFIAN STRUCTURE OF THE MULTI-POINTS CORRELATION FUNCTION OF THE DIAGONAL

OVERLAP FOR GINSE

In this thesis, we have showed the new method for constructing skew-orthogonal polynomials, Theorem 3.7
and analyze the second order differential equation for the skew pre-kernel (3.58). Also, in order to prove
Theorem 3.13, 3.14, 3.15, and 3.17, we worked on enormous exact calculations. However, our result is restricted
to a real conditional point. Due to this reason, our analysis is only applied to the diagonal overlap, and we
could not analyze the off-diagonal overlap case. The below list is the future direction for studies of the overlaps
for the Ginibre symplectic ensemble and related models.

(1) We have showed the bulk scaling limit Theorem 3.14 for the multi-points correlation function for the
diagonal overlap. We also have the edge scaling limit, but we did not show the result because we
could not find an explicit and a closed representation as in Theorem 3.14. To find a nice and a closed
expression for the edge limiting pre-kernel is left to the continued work.

(2) In Remark 3.6, we mentioned the non-standard three term recurrence (3.34). Also, note that in Theo-
rem 3.7, we have chosen the basis as the monomial z*. It is natural to consider the basis in Theorem 3.7
as Py(z) — cgPr—1(2). Indeed, since

<Z(Pk - Ckpk—1)7pm - cum—1>s :<Pk+1apm> *6m<Pk+17Pm—1> + bk<Pk7Pm> - bk6m<Pk7Pm—1>7

the resulting skew-moment matrix becomes the tridiagonal skew-symmetric matrix, where (-, )5 is de-
fined by (3.12) and {P;} satisfies the non-standard three-term recurrence in the sense of (3.34). Hence,
it may be possible to construct a more general family of skew-orthogonal polynomials {gx}x, where
Qr(z) = Py(2) — cxPr—1(2). However, a subtle problem is to compute Zj in (3.38) or to find an ex-
plicit formula Zj. If we overcome this problem in an unified form, it may be possible to construct a
family of skew-orthogonal polynomials associated with the weight function |z — a|2“’6*|z|2 for z,a € C.
For the recent developments for the planar orthogonal polynomials associated with the weight function
|z — a*e 12" we refer to [42,98-100, 140].

(3) In the future work, we plan to generalize the assumption that a conditional point is real into the

case of complex conditional point case. The main difficulty here is that we can not use [10, Theorem
5.1]. Therefore, we need to directly study the weight function (3.27) for any a € C, which essentially
corresponds to two point insertions for the two-dimensional Coulomb gases since the weight function in
this setting becomes |z — @|2(1 + |z — a[2)e~2#" for z,a € C.

(4) The one of the motivation to analyze the overlap in a probabilistic community is to apply to the
stochastic calculus for the eigenvalues and eigenvector-overlap processes for GinSE. Hence, in the future
work, as a separate work of the multi-point correlation function of the overlaps, we plan to derive a
system of stochastic differential equations for the eigenvalues and eigenvector-overlap processes for the
dynamical Ginibre symplectic ensemble whose elements are complex Brownian motions, and we will
analyze the their stochastic differential equations.

18. ON THE ZEROS OF RANDOM POWER SERIES WITH FINITELY DEPENDENT (GAUSSIAN COEFFICIENTS

We have studied the asymptotic behavior of the expected number of zeros of the random power series with
finitely dependent stationary complex Gaussian process coefficients. We would like to emphasize that our work
is strongly inspired by [111], where they only studied the zeros of random power series fr(z) with fractional
Gaussian processes coefficients with Hurst index H. More precisely, they considered

fulz) =Ygk,
k=0
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where {f,g )} kcz are stationary complex Gaussian processes with mean 0 and unit variance, and its covariance
function is given by

(18.2) Ee{el] = (|n H1PH 4 | — 1P —2nPT), 0< H <1.

Then, they showed that there exist non—exphc1t constants Cp 1,Ch,2 > 0 depending on H such that

r? 1 r? 1
1-7&2*@“(2\/@ z)SENfH(T)—1 C“(gm 5)'
Their result is not fine asymptotic behavior, but it would be interesting to find explicit constants Cg 1, CH,2
following our strategy.

Also, let us mention [112]. In that paper, Mukeru and Mulaudzi studied a random power series with
stationary Gaussian process coefficients with inverse covariance function of the original stationary complex
Gaussian process. Then, the zeros point process for that model forms the determinantal point process. In such
model, a covariance function in that model does not have zeros, and hence, we emphasize that their result is
different from our setting. Finally, let us mention one future direction. We have investigated the asymptotic
behavior of the expected number as we have already seen. It is natural to study the asymptotic behavior of
the number variance in our setting. The one of the difficulties is that we need to appropriately compute residue
due to the double contour integrals. This situation is different from the expected number of zeros case, and the
problem is subtle.

(18.3)
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