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Abstract

This thesis consists of five parts, and the outline in this thesis is as follows.
First, we will study the determinantal structure of the multi-point correlation function of the overlaps for

integrable non-Hermitian random matrices. The overlap is the quantity defined by left and right eigenvectors
of a non-normal matrix, introduced by Chalker and Mehlig in 1998. It plays a crucial role in analyzing the
instability of eigenvalue of matrix and a probabilistic analysis of eigenvalues in non-Hermitian matrix-valued
Brownian motion. Bourgade and Dubach computed the probability distribution of the diagonal overlap and
the scaling limits of 2-point correlations for the Ginibre unitary ensemble. Akemann, Tribe, Tsareas, and
Zaboronski computed the multi-points correlation function of the overlaps for Ginibre unitary ensemble, and
they showed the scaling limits based on planar orthogonal polynomials. From the later perspective, we will
study the multi-point correlation function of the overlaps for the induced Ginibre/spherical ensembles. The
former model is regarded as the one-parameter generalization of the Ginibre unitary ensemble, and the later
model has the similar structure, but it is a non-Gaussian integrable non-Hermitian random matrix. Depending
on parameters, it is known that the macroscopic behavior of the eigenvalues of the induced Ginibre/spherical
unitary ensembles is drastically different. They are classified into three regimes, strongly non-unitary, weakly
non-unitary, and singular origin regimes. The local statistics for eigenvalues of the induced Ginibre/spherical
unitary ensemble in these regimes have been studied, but the overlap statistics in these three regimes have been
not studied. We will show the universality for the overlaps in the strongly non-unitary regime via the multi-
point correlation function of the overlaps for both models, and we will find new scaling limits for the conditional
expectation of the overlaps in the weakly non-unitary and singular origin regimes. In subsection 2.2, we present
our results about the determinantal structure of the multi-point correlation of the overlaps for the induced
Ginibre/spherical ensembles based on [113] and [114]. In part 2 and part 3, we prove their results.

Second, we will study the Pfaffian structure of the multi-point correlation function of the diagonal overlap
for the Ginibre symplectic ensemble. Ginibre symplectic ensemble belongs to a different class of non-Hermitian
random matrices. Indeed, the eigenvalues of GinSE form pairs with their complex conjugate, constituting
a logarithmic Coulomb gas model that symmetrically repels along the real axis. And also, the multi-points
correlation function of the eigenvalues of Ginibre symplectic ensemble forms Pfaffian. Due to this structure, it
is natural to expect that the multi-point correlation function of the overlaps for Ginibre symplectic ensemble
also forms the Pfaffian structure (cf. [11]), but it remained unsolved. We will solve this problem for the diagonal
overlap conditioned on the real line. Our result is still restricted to the specific situation, but we need to
develop a new tools to resolve this problem, and we need many complicated computations. So, we emphasize
that our result is extremely non-trivial, and we believe that our result is a cornerstone in studies for skew-
orthogonal polynomials in random matrix theory. Indeed, we have established a new method for constructing
skew-orthogonal polynomials beyond the framework in [10]. In particular, to analyze the limiting skew kernel, we
study on a specific second order differential equation. As a consequence, we demonstrate bulk and edge scaling
limits for the conditional expectation of the diagonal overlap for the Ginibre symplectic ensemble conditioned
on the real line. For the bulk case, this result can be regarded as the generalization of the result in [59], and the
edge case is the new result to our best knowledge. In subsection 3.3, we present our results and new techniques.
Their results are based on the on-going joint work with Gernot Akemann and Sung-Soo Byun. In part 4, we
prove the results in subsection 3.3.

Peres and Virág studied a random power series with independent, identically distributed (i.i.d.) Gaussian
coefficients. Remarkably, they showed that its zeros point process forms the determinantal point process on the
unit disk. Various extensions of the Gaussian random power series have been known since the breakthrough
work by Peres and Virág, but almost extensions are assumed to be i.i.d. Gaussian coefficients. For i.i.d.
Gaussian random power series case, there are few works, but they were focused on the specific models. We will
study the asymptotic behavior of the expected number of zeros of random power series with finitely dependent
Gaussian coefficients, and we made the general structure to determine the sub-leading order for the asymptoptic
behavior clear. For the specific model, we could determine the constant term and the sub-sub-leading order.
In subsection 4.2, we present the results on the zeros point processes of random power series with finitely
dependent Gaussian coefficients based on the published paper [115], which is the joint work with Tomoyuki
Shirai. In part 5, we prove Theorem 4.2, Theorem 4.3, and Theorem 4.5 together with some preliminaries and
some examples in subsection 4.2.
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Part 1. Introduction and summary of contributions

1. Introduction: determinantal structure of the multi-points correlation function of the
overlaps for integrable non-Hermitian random matrices

1.1. Eigenvalues of random matrices. In 1945, Wigner initiated the spectral analysis of random matrix,
[141–143]. He considered three Gaussian orthogonal/unitarysymplectic ensembles, which are shortly denoted
by GOE/GUE/GSE. Here, we focus on GUE with size N , HN , which is precisely defined by

HN =

√
N

2

(
GN +G†

N

)
,

where GN = (Gi,j)
N
i,j=1 is a non-Hermitian random matrix whose elements are independent, identically dis-

tributed complex Gaussian random variables with mean 0 and variance 1/N . † means the complex conjugate

transpose of matrix, i.e., M† =M
t
for M ∈ Cn×m. Here, GN is called the Ginibre unitary ensemble (GinUE),

which plays a central role in this thesis as we will see later. Wigner showed that the empirical spectral distri-
bution weakly converges the the Wigner’s semi-circle law in large size limit of matrix dimension, i.e., for the
eigenvalues (x1, . . . , xN ) ∈ RN of GUE with size N ,

(1.1)
1

N

N∑
j=1

δxj/
√
N → ρsc(x) =

1

2π

√
4− x2, as N →∞ in weak sense,

with probability one. Also, the joint probability distribution function of the eigenvalues of GUE with size N is
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Figure 1. Histogram of eigenvalues of GUE with size 250 and graph of ρsc(x).

give by

dP(GUE)
N (x1, . . . , xN ) =

1

Z
(GUE)
N

∏
1≤i<j≤N

|xi − xj |2
N∏
j=1

e−
1
2x

2
jdxj , (x1, . . . , xN ) ∈ RN ,

where Z
(GUE)
N is the partition function, and dx is the Lebesgue measure on the real line. To study the particle

system of (x1, . . . , xN ) ∈ RN , it is natural to study the k-th correlation function

(1.2) R
(GUE)
N,k (x1, . . . , xk) =

N !

(N − k)!

∫
RN−k

P(GUE)
N (x1, . . . , xN )

N∏
j=k+1

dxj .

This quantity essentially contains all the information about the particle system and is used to analyze statistical
properties such as linear statistics and the extreme value distribution for the largest eigenvalue. In particular,
(1.2) can be written as the determinantal form

(1.3) R
(GUE)
N,k (x1, . . . , xk) = det

(
K

(GUE)
N (xi, xj)

)k
i,j=1

,

whereK
(GUE)
N is called the correlation kernel, and (1.3) is called the determinantal point process (DPP), [70,108].

For GUE, the correlation kernel K
(GUE)
N can be written in terms of the Hermite polynomials:

(1.4) K
(GUE)
N (x, y) =

N−1∑
k=0

ψk(x)ψk(y) =
√
N
ψN (x)ψN−1(y)− ψN−1(x)ψN (y)

x− y
,
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where

ψk(x) =
e−x2/4Hk(x)

(
√
2πk!)1/2

, Hk(x) = (−1)kex
2/2 d

k

dxk
e−x2/2, for k = 0, 1, 2, . . . .

The last identity in (1.4) is called Christoffel-Darboux identity [124]. This identity is crux in one-dimensional
integrable random matrix theory. Indeed, by the strong asymptotics of the Hermite polynomials in [124], we
can show that for p ∈ (−2, 2),

(1.5)
1√

Nρsc(p)
K

(GUE)
N

(√
Np+

x√
Nρsc(p)

,
√
Np+

x√
Nρsc(p)

)
→ Ksin(x, y), as N →∞,

uniformly for x, y in compact subsets of R. The correlation kernel (1.5) plays the essential role to describe the
level spacing distribution in the bulk, and Gaudin and Mehta [107] showed that for any compact subset A of R,

(1.6) lim
N→∞

P(GUE)
N

( N⋂
j=1

{√
Nxj /∈ A

})
= 1 +

∞∑
n=1

(−1)n

n!

∫
A

· · ·
∫
A

det
(
Ksin(xi, xj)

)n
i,j=1

n∏
j=1

dxj ,

where the right hand side is understood as the Fredholm determinant. GUE is one of the integrable Hermitian
random matrices in the sense that the local statistics such as k-th correlation function can be explicitly written
in terms of the orthogonal polynomials. Apart from the integrable Hermitian random matrices, global and local
statistics of eigenvalues of random matrices have been still studied by many mathematicians and physicists.
In face, for symmetric/Hermitian random matrices and for wider classes of the one-dimensional logarithmic
Coulomb gases, the universality of the macroscopic and microscopic statistics of eigenvalues have been shown
in [57,65,70,129]. The most important phenomenon of eigenvalues of random matrices is universality. Roughly
speaking, the universality means that statistics of eigenvalues of random matrices with size N such as the
empirical distribution (1.1), point processes (1.4) and (1.5), and level spacing distribution (1.6) do not depend
on random matrix models with some assumptions in a suitable large N -limit. Such universality can be also
confirmed in very wide fields such as the Coulomb gases [101], random tiling [82], infinite interacting particle
systems [85], number theory [91], and KPZ equation [56]. Beyond mathematics and physics, such universality
of random matrices can be applied into other scientific fields in nowadays. In fact, results and techniques for
spectral analysis in random matrix theory can be applied into machine learning [95], biology [3], economics [35],
and quantum optics [23].

Eigenvalue statistics of non-Hermitian random matrices have also received much attention. Jean Ginibre
initiated the spectral analysis of the eigenvalues of non-Hermitian random matrices, specifically the Ginibre
orthogonal/unitary/symplectic ensembles, in 1965 [79]. In this thesis, we focus on the Ginibre unitary ensemble

(a) Plot of eigenvalues of GinOE (b) Plot of eigenvalues of GinUE (c) Plot of eigenvalues of GinSE

Figure 2. (A) is the plot of eigenvalues of Ginibre orthogonal ensemble (GinOE), which is
the random matrix with i.i.d. real Gaussian random variables of mean 0 and variance 1 entries.
(B) is the plot of eigenvalues of Ginibre unitary ensemble (GinUE), which is the random matrix
with i.i.d. complex Gaussian random variables of mean 0 and variance 1 entries. (C) is the
plot of the eigenvalues of GinSE.

and the Ginibre symplectic ensemble. The detailed introduction for the latter model and related topics are left
to section 3, and so, we focus on the Ginibre unitary ensemble (GinUE). As we already mentioned, GinUE GN
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with size N is defined by the non-Hermitian random matrix whose elements are i.i.d. complex Gaussian random
variables with mean 0 and variance 1/N , and its joint probability function of the eigenvalues (z1, . . . , zN ) ∈ CN

of GinUE is given by

dP(GinUE)
N (z1, . . . , zN ) =

1

Z
(GinUE)
N

∏
1≤i<j≤N

|zi − zj |2
N∏
j=1

e−N |zj |2dA(zj),

where Z
(GinUE)
N is the partition function, and dA(z) is the planar Lebesgue measure on C. Different from (1.1),

the empirical distribution of (z1, . . . , zN ) ∈ CN of GinUE weakly converges to the circular law in a large N -limit,
i.e.,

(1.7)
1

N

N∑
j=1

δzj → 1|z|<1, as N →∞ in weak sense,

with probability one. Similar to (1.2), the k-th correlation function of the point process for GinUE forms DPP
given by

(1.8) R
(GinUE)
N,k (z1, . . . , zk) = det

(
K

(GinUE)
N (zi, zj)

)k
i,j=1

,

where

(1.9) K
(GinUE)
N (z, w) = e−

N
2 (|z|2+|w|2)N

N−1∑
k=0

(Nzw)k

k!
= eN(zw− 1

2 |z|
2− 1

2 |w|2)Q(N,Nzw).

Here, Q(n, x) is the incomplete gamma function defined by Q(n, x) = e−x
∑n−1

k=0
xk

k! for x ∈ C. In order to
motivate our analysis in subsection 2.2 and 3.3, let us explain two ways of the asymptotic analysis for (1.9).
The first is to use the uniform asymptotic expansion for the incomplete gamma function [117, 132, 133]. For

z = eiθ(p + ζ√
N
) and w = eiθ(p + η√

N
) with p ∈ clo(D), ζ, η in compact subsets of C, and θ ∈ [0, 2π),

from [117, section 8.12], we have

(1.10)
1

N
K

(GinUE)
N

(
eiθ
(
p+

ζ√
N

)
, eiθ

(
p+

η√
N

))
→

{
e−

1
2 (|ζ|

2+|η|2)+ζη, if p ∈ int(D),
e−

1
2 (|ζ|

2+|η|2)+ζη 1
2 erfc(

ζ+η√
2
) if p ∈ ∂(D),

as N → ∞, uniformly for ζ, η in compact subsets of C. The former limit is called the Ginibre bulk point
process, and the later is called the Ginibre boundary point process. Another approach we will show is to make
a differential equation. (1.9) does not have Christoffel-Darboux identity as in (1.4), and so, we need to directly
deal with the sum itself. As we already showed, we can use the uniform asymptotic expansion for the incomplete
gamma function, but in many situations, we do not have such exact expression by the special function. The
spirit to use Christoffel-Darboux identity is that to directly analyze the infinite sum in a scaling limit, but to
analyze some single functions is easier than the summation if we know the uniform asymptotic expansion for

their single functions. Hence, let K̂
(GinUE)
N (z, w) = e−NzwK

(GinUE)
N (z, w), and then, we have

(1.11) ∂zK̂
(GinUE)
N (z, w) = −e−NzwN2w

(Nzw)N−1

(N − 1)!
.

Since we can compute the asymptotic behavior of the right-hand side above, we can easily recover (1.10) by
solving the limiting differential equation with a suitable initial condition. The two approaches demonstrated
here are important points in this thesis. The first approach is applied to the results in subsection 2.2 with
some additional efforts, and the second approach is applied to the results in subsection 3.3. The origin of
the differential equation approach is [97] for the elliptic Ginibre unitary ensemble, and this implementation
was applied to other ensembles [6, 36–39, 42, 89]. Similar to integrable Hermitian random matrices and more
general Hermitian random matrices, the macroscopic and local statistics for wider integrable non-Hermitian
random matrices, more general non-Hermitian random matrices, and those related to two-dimensional logarith-
mic Coulomb gases have been studied. We refer to [7,45,47] for counting statistics, [46,81,96,136,137] for large
gap probability, [49, 50, 119–121] for linear statistics and edge statistics, and the universality of the correlation
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function [16–21, 48, 83, 84]. We emphasize that the spirit and many objects of studies for non-Hermitian ran-
dom matrices are similar to those of studies for Hermitian random matrices, but the difficulties to overcome
and technical aspects are drastically different from those of Hermitian random matrices, as we have demon-
strated using the simplest models GUE and GinUSE in Hermitian and non-Hermitian random matrix theory,
respectively. For further topics and details, we refer to recent instructive and comprehensive reviews for non-
Hermitian random matrices [40] for topics related to Ginibre unitary ensembles and [41] for topics related to
Ginibre orthogonal/symplectic ensembles.

1.2. Eigenvectors-overlaps for non-Hermitian random matrices. In the previous subsection, we quickly
reviewed the studies on the eigenvalues of Hermitian and non-Hermitian random matrices. Eigenvectors for
Hermitian random matrices have also been studied, but we emphasize that eigenvectors do not play an important
role in Wigner’s origin theory. Indeed, GUE is the invariant ensemble under conjugation by unitary matrices,
and hence, each eigenvector of GUE is distributed according to the Haar measure on the unitary group. Since
it is well known that the entries of the unitary group with size N multiplied by

√
N converge to the Gaussian

distribution in law as N →∞, which was shown by Borel in 1906 in [110, Theorem 2.4], the eigenvector statistics
for GUE or GOE are not particularly interesting objects. However, we emphasize that eigenvector statistics
for general Hermitian random matrices, called Wigner matrices or generalized Wigner matrices, are intensively
investigated from the perspective of universality [30, 92, 130]. For an instructive and comprehensive survey of
eigenvectors for symmetric/Hermitian random matrices, we refer to [122].

Compared to the eigenvector statistics for Hermitian random matrices, the situation for non-Hermitian ran-
dom matrices dramatically changes. Let us consider a non-Hermitian random matrix GN with size N assumed
to have N simple eigenvalues. Then, GN is diagonalizable as GN = SDNS

−1, where DN = diag(λ1, . . . , λN )
is the diagonal matrix with eigenvalues elements. If GN is non-normal, S is not a unitary matrix. Hence,
S† 6= S−1. The columns of S are associated with the right eigenvectors, and the rows of S−1 are associated
with the left eigenvectors, which satisfy the following and denoted by

(1.12) GNRj = λjRj , Lt
jGN = λjL

t
j ,

and

S = (Sj,k)
N
j,k=1 =

(
R1 R2 · · · RN

)
∈ CN×N ,

and

S−1 =
(
L1 L2 · · · LN

)t ∈ CN×N .

For instance, the right eigenvector Rk is expressed as

Rk =


Rk,1

Rk,2

...
Rk,N

 =


S1,k

S2,k

...
SN,k

 .

These left and right eigenvectors form bi-orthogonal basis, and we normalize these as

(1.13) 〈Li, Rj〉 = δi,j ,

but they are not orthogonal

〈Li, Lj〉 6= δi,j , 〈Ri, Rj〉 6= δi,j

where 〈x, y〉 =
∑d

k=1 xkyk for x = (x1, x2, . . . , xd) ∈ Cd and y = (y1, y2, . . . , yd)
t ∈ Cd denotes the Euclidean

inner product on Cd. By the bi-orthogonality condition (1.13), we have

(S−1S)j,k =

N∑
i=1

Lj,iRi,k = 〈Lj , Rk〉 = δj,k.

We now define

A = (Aj,k)
N
j,k=1 = S†S, with Ak,j = 〈Rj , Rk〉,

A−1 = (A−1
j,k)

N
j,k=1 = S−1S−1†, with A−1

j,k = 〈Lj , Lk〉,
(1.14)
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With the notation (1.14), we define

(1.15) O = (Oj,k)
N
j,k=1, Oj,k = A−1

j,kAk,j = 〈Lj , Lk〉〈Rj , Rk〉.

The expression (1.15) is called an overlap matrix, and its elements are referred to as overlaps. In particular, Oj,j

for j = 1, 2, . . . , N are called the diagonal overlaps, and Oi,j for i 6= j = 1, 2, . . . , N are called the off-diagonal

overlaps. Note that the overlap is invariant under the scale transformation Lj 7→ c−1
j Lj and Rj 7→ cjRj due to

the normalization (1.13). By the definition in (1.15), for normal matrices GN , the corresponding overlap matrix
becomes the identity matrix since the left eigenvectors coincide with the right eigenvectors, and hence, they
form orthogonal systems. This implies that the overlap is used to measure the non-normality of matrices, which
plays a central role in the instability of eigenvalues of non-normal matrices. In fact, as discussed in [135, sections
35 and 52], [29, section 1], and [77,144, section 1] (the discussion below was done in [29]), when we consider the
eigenvalues (λj(t))

N
j=1 ∈ CN of the perturbed matrix X + tE given a non-normal matrix X whose eigenvalues

(λj)
N
j=1 ∈ CN are all distinct, from the first-order perturbation theory, we have√

Oj,j = lim
t→0

sup
‖E‖=1

|λj(t)− λj |
t

, ‖E‖ = sup
‖x‖2=1

‖Ex‖2.√
Oj,j is called the condition number, which measures the sensitivity of eigenvalues by the overlap and is used

to estimate the pseudo-eigenvalue [135]. Also, the motivation to study the instability of eigenvalues dates back
to May in 1972, focusing on the stability of complex ecological webs [106]. For additional physical motivations,
refer to [73, 74, 78]. In [74, 78], two interesting non-Hermitian random matrices related to open or scattering
quantum chaotic systems were proposed. They obtained the exact expressions of the overlaps for the two
models. These are also related to non-Hermitian rank one perturbed random matrices.

The first systematic attempt to understand the non-orthogonality of eigenvectors in non-Hermitian random
matrices was originally initiated by Chalker and Mehlig [53,54]. In particular, they focused on the simplest non-
normal random operator, GinUE. They studied the one-point correlation function and the two-point correlation
function

D
(N,1)
1,1 (z) = E

[ N∑
k=1

Ok,kδ(z − λk)
]
, D

(N,2)
1,2 (z1, z2) = E

[ N∑
j 6=k

Oj,kδ(z1 − λj)δ(z2 − λk)
]

In [53, 54], they estimated that for any |z1|, |z2| < 1 of GinUE,

D
(N,1)
1,1 (z1) ∼ N(1− |z1|2), D

(N,2)
1,2 (z1, z2) ∼ −

1− z1z2
|z1 − z2|4

,

as N → ∞, and they rigorously showed them for z1 = 0. The former quantity was essentially shown for
|z1| < 1 in [54]. Later, rigorous calculations for the diagonal overlap were done in [139]. Here, we note that

D
(N,1)
1,1 (z) is not an exact conditional expectation. Since the seminal works [53, 54], the overlaps have been

studied in [139] and from the connection with free probability based on a diagrammatic approach [116], but
mathematically systematic and unified studies for the overlap had not been done by 2018. In such circumstances,
three breakthrough papers [13, 29, 75] appeared. In these three papers, the overlaps for GinUE were studied
using three different approaches. To motivate our work in this thesis, let us briefly mention their results and
techniques.

1.2.1. Probabilistic results in [29]. In [29, Theorem 1.1], Bourgade and Dubach showed that the diagonal overlap
of the Ginibre unitary ensemble conditioned at z1 = a converges to the inverse gamma distribution in law, that
is, conditionally on z1 = a ∈ int(D),

O1,1

N(1− |a|2)
d→ γ−1

2 , as N →∞,

where γα is the gamma distribution with shape α. Their proof is based on a strong probabilistic method. Indeed,
their method relies on the rigidity estimate for the eigenvalues of the Ginibre unitary ensemble. Moreover, they
showed the asymptotic behaviors of the correlation for the overlaps. For instance, in [29, Theorem 1.3, 1.4],
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they showed that for any δ ∈ (0, 1/2), ϵ > 0, and C > 0, uniformly in z1, z2 such that |z1| < 1−N−1/2+δ, and√
N |z1 − z2| ∈ [N−C , N δ−ϵ],

(1.16) E[O1,2|λ1 = z1, λ2 = z2] = −N
1− z1z2

N2|z1 − z2|4
1− (1 +N |z1 − z2|2)e−N |z1−z2|2

1− e−N |z1−z2|2
(1 +O(N−2δ+ϵ)).

Also, for any δ ∈ (0, 1/2), κ ∈ (0, δ), ϵ > 0, uniformly in z1, z2 such that |z1| < 1−N−1/2+δ, and
√
N |z1− z2| ∈

[N−δ/2+ϵ, Nκ], they showed that

E[|O1,2|2|λ1 = z1, λ2 = z2] =
N2(1− |z1|2)(1− |z2|2)

N2|z1 − z2|4
(1 +O(N2(σ−δ)+ϵ)),

E[O1,1O1,2|λ1 = z1, λ2 = z2] =
N2(1− |z1|2)(1− |z2|2)

N2|z1 − z2|4
1 +N2|z1 − z2|4 − e−N |z1−z2|2

1− e−N |z1−z2|2
(1 +O(N2(σ−δ)+ϵ)).

The results and techniques in [29] are very robust and probabilistic, and the complicated correlations for the
overlaps can be computed with a rate of convergence at both micro and mesoscopic scales. They also derived
a system of stochastic differential equations for the eigenvalue processes of the matrix-valued non-Hermitian
complex Ornstein-Uhlenbeck process, as we will see in the next sub-subsection.

1.2.2. Integrable results in [13]. In [13], Akemann, Tribe, Tsareas, and Zaboronski considered the determinnan-
tal structure of the multi-points correlation function of the overlaps for the GinUE. Their motivation to study
such object is to understand a stochastic dynamics for eigenvalues processes of the matrix valued non-Hermitian
Brownian motion for a certain time scale. In physical paper [80] or mathematical paper [29], a family of the
stochastic process of eigenvalues (z1(t), . . . , zN (t)) of matrix-valued non-Hermitian Ornstein-Uhlenbeck process
G(t) = (Gi,j(t))

N
i,j=1 with entries

dGi,j(t) = dBi,j(t)−
1

2
Gi,j(t)dt,

where (Bi,j)
N
i,j=1 are independent standard complex Brownian motions, satisfies the system of stochastic differ-

ential equations

(1.17) dzk(t) = dMk(t)−
1

2
zk(t)dt, for k = 1, . . . , N.

Here, the quadratic variation for (1.17) is given by

(1.18) d〈zi(t), zj(t)〉t = Oi,j(t)dt.

This means that in order to to understand the family of the stochastic processes (zk(t))
N
k=1, we need to make the

structure of the overlaps more clear. Also, (1.18) implies that the dynamical eigenvalues are complex martingales
evolving at the scale O(N−1). This suggests us to formally study that

(1.19) lim
N→∞

E[Oi,j |z1, . . . , zN ]dt, for 1 ≤ i, j,≤ N.

This setting is time-evolution setting. It seems to be difficult to directly analyze and make an estimate for (1.19)
without any results in a static case. Thus, they studied the multi-points correlation functions of the overlaps
O1,1,O1,2 for the Ginibre unitary ensemble conditioned at multiple points, namely, for q = 1, 2,

D
(N,k)
1,q (z1, · · · , zk) =

1

ZN

N !

(N − k)!

×
∫
CN−k

E[Oi,j |z1, . . . , zN ]|∆N (z(N))|2
N∏
j=1

e−|zj |2
N∏

j=k+1

dA(zj).

(1.20)

We need the explicit expression for E[Oi,j |λ1 = z1, · · · , λN = zN ], but it is known that

(1.21) E[O1,1|λ1 = z1, · · · , λN = zN ] =

N∏
i=2

(
1 +

1

|z1 − zi|2
)
,
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and

(1.22) E[O1,2|λ1 = z1, · · · , λN = zN ] = − 1

|z1 − z2|2
N∏
i=3

(
1 +

1

(z1 − zi)(z2 − zi)

)
.

For the proof, see [29, 53,54]. Therefore, (1.20) can be rewritten as

D
(N,k)
1,1 (z1, · · · , zk) =

1

ZN

N !

(N − k)!

×
∫
CN−k

N∏
i=2

(
1 +

1

|z1 − zi|2
)
|∆N (z(N))|2

N∏
j=1

e−|zj |2
N∏

j=k+1

dA(zj),

(1.23)

and

D
(N,k)
1,2 (z1, · · · , zk) = −

1

ZN

N !

(N − k)!

∫
CN−k

1

|z1 − z2|2
N∏
i=3

(
1 +

1

(z1 − zi)(z2 − zi)

)
× |∆N (z(N))|2

N∏
j=1

e−|zj |2
N∏

j=k+1

dA(zj).

(1.24)

They showed the scaling limits for (1.23) and (1.24) at the bulk and edge points of the spectral droplet for
the GinUE. Here, we will not discuss their main results since we aim to recover their results for induced
Ginibre/spherical ensembles, which are the main focus of this thesis.

1.2.3. The diagonal overlap for the Ginibre orthogonal/unitary ensembles [75, 144] and the elliptic Ginibre
orthogonal ensemble [77, 131]. In [75], Fyodorov studied the full conditional probability law of the diagonal
overlap for GinUE and the diagonal overlap for the GinOE conditioned at a real point. His method is based
on the incomplete Schur decomposition and the super-symmetric method. In particular, his result holds for
any finite N , allowing us to take bulk and edge scaling limits. Also, his result is consistent with [29]. In fact,
he showed the inverse cubic tail decay of the full conditional probability density of the diagonal overlap. The
method he developed can also be applied to the diagonal overlap for the elliptic Ginibre orthogonal ensemble
(eGinOE).

In [77], based on the same method in [75], they calculated PN (z, t) = E[
∑

k δ(Ok,k−1−t)δ(z−λk)] for z ∈ R
for eGinOE, and hence, they derived the bulk scaling limits in the strong non-Hermiticity and the weakly non-
Hermiticity regimes. Remarkably, they showed the inverse quadratic tail decay of the full conditional probability
density of the diagonal overlap. They also computed the edge scaling limit in the strong non-Hermiticity regime.
Later, Tarnowski [131] showed the edge scaling limit for the diagonal overlap conditioned at a real point in the
weaky non-Hermiticity regime.

Furthermore, in [144], Würfel, Crumpton, and Fyodorov calculated the one-point correlation function of
the diagonal overlap for GinOE conditioned at a complex point, which is valid for ant finite N based on
the incomplete Schur decomposition and using Grassmann integration. As a consequence, they confirmed the
universality for the diagonal overlap in the bulk and edge scaling limits conditioned at a complex point, which
are indeed same as the ones of GinUE. This result that the diagonal overlap conditioned at a complex point in
the upper half plane in a large N -limit is coincident with the one of the GiUE is consistent with the phenomenon
that the eigenvalues statistics for GinOE in the only upper half plane are coincident with the ones of GinUE, [28]
and [41, section 3].

1.2.4. Other works and our motivation. Lastly, let us mention other works of the overlaps for non-Hermitian
random matrices. Recently, [50, 64] studied the diagonal overlap for generic non-Hermitian random matrices,
and then they showed the lower and upper bounds. Their results and techniques are strongly probabilistic, but
they would still need continuous works to reveal the overlaps for generic non-Hermitian random matrices.

The major motivation for studying the overlap in non-Hermitian random matrices within probabilistic
communities is to apply results about the overlaps to the stochastic analysis of eigenvalues and eigenvector-
overlap processes for matrix-valued non-Hermitian Brownian motions. In the seminal work of the Krakow
School [80], they derived the system of stochastic evolution equations for eigenvalues and eigenvectors. Later,
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Bourgade and Dubach [29, Appendix A] derived the stochastic differential equations for the eigenvalue processes
in the matrix-valued non-Hermitian Ornstein-Uhlenbeck process, as discussed in sub-subsection 1.2.2, and they
demonstrated the non-collision property for the eigenvalue processes. Similarly, they also discussed the case
of the dynamical GinOE. Yabuoku [145] studied the eigenvalue processes of the elliptic Ginibre ensemble with
complex Brownian motion entries. Remarkably, he showed that a Dyson drift term appears in the stochastic
differential equation for the eigenvalue processes. Esaki, Katori, and Yabuoku [66] rigorously derived the system
of stochastic differential equations for the coupled system of the eigenvalue process and the eigenvector-overlap
process. Also, they studied the time-dependent point process of eigenvalues and its variation weighted by the
diagonal elements, and they discussed the connection between the Brown measure, the time-dependent point
process, and initial conditions problems related to non-normal matrices.

The overlaps and non-Hermitian random matrices studied in this thesis are rather focused on the specific
models, induced Ginibre/spherical ensembles and the Ginibre symplectic ensemble. And, we will confirm the
universality of the conditional expectation of the diagonal and off-diagonal overlaps for the former two models.
It is worth stressing that our results are consistent with [116]. Furthermore, the induced Ginibre/spherical
unitary ensemble have the weakly non-unitary regime, which is similar regime with the weak non-Hermiticity
for eGinOE, and the singular origin regime. For detailed discussions, refer to sub-subsection 2.1.2. In these
regimes, we will find new scaling limits for both diagonal and off-diagonal overlaps. Our analysis is strongly
inspired by [13], and hence, our results are based on the exact calculation of the planar orthogonal polynomials
and valid for any finite N . Also, as we will discuss in detail in part 4, we will analyze the Pfaffian structure
of the diagonal overlap for GinSE and derived bulk and edge scaling limits for the diagonal overlap for GinSE
conditioned on the real line.

2. Determinantal structure of the overlaps for induced Ginibre/spherical ensemble

2.1. Ginibre/spherical unitary ensembles and their overlaps. In order to state the results in this thesis,
we introduce induced Ginibre/spherical unitary ensembles.

2.1.1. Induced Ginibre/spherical unitary ensembles. The below tells us a way to construct induced Ginibre/spherical
unitary ensembles.

Proposition 2.1 ( [68], [40]). For n,N ∈ N with n ≥ N , let g : CN×N → R≥0 and G be a bi-unitary
invariant rectangular n × N random matrix with joint matrix element distribution proportional to g

(
G†G

)
.

Then, the joint probability distribution of the matrix A =
(
G†G

) 1
2 U with a Haar unitary matrix U with size

N is proportional to

(2.1)
(
detA†A

)n−N
g
(
A†A

)
.

In this Proposition 2.1, we set g(X) = e−Tr(X) for X ∈ CN×N , and we fix G as n × N rectangular
complex Ginibre ensemble, whose elements are i.i.d. standard complex Gaussian random variables mean 0
and variance 1. Then, we can construct the random matrix AN with joint probability distribution function
(2.1). We call such random matrix AN the induced Ginibre unitary ensemble. In short, we denote the induced
Ginibre unitary ensemble by IGinUE. By change of variables from the matrix elements of AN to the eigenvalues
z(N) = (z1, ..., zN ) ∈ CN of AN , we can find that the joint probability distribution function of the eigenvalues
of IGinUE AN is given by

(2.2) dP(IGinUE)
N (z(N)) =

1

ZN

∏
1≤j<k≤N

|zj − zk|2
N∏

k=1

|zk|2αe−|zk|2dA(zk), α = n−N,

where the partition function Z
(IGinUE)
N is given by

(2.3) Z
(IGinUE)
N = N !

N−1∏
k=0

Γ(k + α+ 1).

Here, dA(z) is the planar Lebesgue measure on the complex plane C, and α is an non-negative integer valued
parameter when we consider the random matrix model AN . However, we can still consider the general α > −1.
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It is well-known that the k-th correlation function of (2.2) forms the determinantal point process. When we
consider the rescaling z 7→

√
NaNz, the corresponding to correlation kernel is given by

R
(IGinUE)
N,k (z(k)) = det

(
K

(IGUE)
N (zi, zj)

)k
i,j=1

,

where

K
(IGUE)
N (z, w) = NaN

N−1∑
j=0

(NaNzw)
j+α

Γ(j + α+ 1)
e−

NaN
2 (|z|2+|w|2).

From the basic fact of the logarithmic potential theory [44,123], the spectral droplet associated with (2.2) (after
rescaling z 7→

√
NaNz) tends to

(2.4) Sg = {z ∈ C : r1 ≤ |z| ≤ r2} with r1 =

√
bN
NaN

and r2 =

√
bN +N

NaN
.

On the other hand, Proposition 2.1 can be applied to the induced spherical unitary ensemble. In short, we
denote the induced spherical unitary ensemble by ISUE. Indeed, the induced spherical unitary ensemble can be

realized as a random matrix GN = UN (Y†
NYN )

1
2 , where UN is a circular unitary matrix uniformly distributed

to the Haar measure on the unitary group, and YN is an n×N rectangular complex Ginibre ensemble. Hence,
for n ≥ N and L ≥ 0, the joint probability distribution function of the induced spherical unitary ensemble GN

is given by

(2.5) dP(ISUE)
N (GN ) = CN

det
(
GNG†

N

)L
det
(
1N +GNG†

N

)n+N+L
d[GN ], CN :=

1

πN2

N∏
k=1

Γ(k)Γ(n+N + k)

Γ(L+ k)Γ(n−N + k)
,

where parameters n and L satisfy n ≥ L and L ≥ 0, and they may depend on N . By change of variables
from the matrix space to the eigenvalues, the joint probability distribution function of the eigenvalues z(N) =

(z1, . . . , zN ) ∈ CN associated with (2.5) is given by

(2.6) dP(ISUE)
N (z(N)) =

1

Z
(ISUE)
N

∏
1≤j<k≤N

|zj − zk|2
N∏
j=1

e−NQ(zj)dA(zj),

where Z
(ISUE)
N is the partition function, and

(2.7) Q(z) =
n+ L+ 1

N
log(1 + |z|2)− 2L

N
log |z|.

Again, from the basic of the logarithmic potential theory [83,123], the empirical measure of the eigenvalues for
ISUE tends to be distributed on the spectral droplet

(2.8) Ss = {z ∈ C : r1 ≤ |z| ≤ r2}, r1 =

√
L

n
, r2 =

√
N + L

n−N
,

with the density

∆Q(z)1Ss
∼ n+ L

N

1

(1 + |z|2)2
.

As in IGinUE, it is well-known that the point process of eigenvalues distributed to (2.6) forms the determinantal
point process [40, 69]. The k-th correlation function of the point process for (2.6) is given by

(2.9) K
(ISUE)
N (z, w) = e−

N
2 (Q(z)+Q(w))

N−1∑
k=0

Γ(n+ L+ 1)

Γ(n− k)Γ(k + L+ 1)
(zw)k.

Here, we only discussed the construction for the unitary case, but their construction can be also applied to
the orthogonal/symplectic ensembles. For the detailed construction of induced Ginibre/spherical orthogonal or
symplectic ensemble ensembles, we refer to [41, 68,69,104,105].
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2.1.2. Spectral droplets for the induced Ginibre/spherical unitary ensembles. We have discussed the joint proba-
bility distribution functions of the eigenvalues for the IGinUE/ISUE and their spectral droplets in the previous
sub-subsection. Here, (2.4) and (2.8) tell us that macroscopic shapes of the spectral droplets for IGinUE and
ISUE may change depending on the parameters aN , bN for IGinUE na n,L for ISUE. Indeed, following [21,44],
we introduce the three regimes: strongly non-unitary, weakly non-unitary regimes, and the singular
origin regime. These spectral regimes play essential roles in this thesis.

(1) Strongly non-unitary regime: For IGinUE, we set aN = 1 and bN = Nb for b > 0. Then, the
inner and outer radii of (2.4) satisfy

r1 =
√
b, r2 =

√
1 + b.

For ISUE, we set the parameters L, n. Then, for a fixed a, b ≥ 0, and

L = aN, n = (b+ 1)N,

then the inner and outer radii of (2.8) satisfy

r1 =

√
a

b+ 1
+O(N−1), r2 =

√
a+ 1

b
+O(N−1), as N →∞.

Roughly speaking, the strongly non-unitary regime means that the width of spectral droplet is O(1)
regime. For instance, when we look at the scaling limits for (2.9), we have

lim
N→∞

1

NδN (p)
K

(ISUE)
N

(
eiθ
(
p+ s

ζ√
NδN (p)

)
, eiθ

(
p+ s

η√
NδN (p)

))
=

{
G(ζ, η), if p ∈ int(Ss), θ = 0, and s = 1,

G(ζ, η)F (ζ + η), if p ∈ ∂Ss, θ ∈ [0, 2π), and s = 1 (outer edge) or −1 (inner edge),

(2.10)

uniformly for ζ, η in compact subsets of C, where

G(ζ, η) = e−
1
2 (|ζ|

2+|η|2)+ζη,

and

(2.11) F (x) =
1

2
erfc

( x√
2

)
, x ∈ C.

For the detailed proof, refer to [69], and these limiting kernels are coincident with (1.10). These bulk
and edge scaling limits similarly hold for IGinUE. Recently, for more wide classes of normal random
matrix models with an external potential with some nice assumptions, it is known that their scaling
limits hold. However, for random matrix models or two-dimensional Coulomb gases with a N -dependent
external potential such as IGinUE and ISUE, we emphasize that the universality result by Hedenmalm
and Wennman [84] can be not applied.

(2) Weakly non-unitary regime: For IGinUE, we set

aN =
N

ρ2
, bN = N

(
N

ρ2
− 1

2

)
with a fixed ρ > 0. Then, the inner and outer radii of (2.4) satisfy

r1 = 1− ρ2

4N
+ o

(
N−1

)
, r2 = 1 +

ρ2

4N
+ o

(
N−1

)
, as N →∞.

For ISUE, we set the parameters as

L =
N2

ρ2
−N, n =

N2

ρ2
.

Then, the radii of the spectral droplet (2.8) satisfy

r1 = 1− ρ2

2N
+O(N−2) r2 = 1 +

ρ2

2N
+O(N−2), as N →∞.
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In the weakly non-unitary regime, the spectral droplet S accumulates the unit circle with width O(N−1),
and roughly speaking, the macroscopic eigenvalue distribution in the weakly non-unitary regime seems
to be the circular unitary ensemble. Due to this macroscopic spectral property, the local statistics of
IGinUE/ISUE in the weakly non-unitary regime can be formally expected to interpolate the local statis-
tics between the Ginibre unitary ensemble and the circular unitary ensemble. Indeed, this observation
is true, by the result in [44], we have

(2.12) lim
N→∞

1

NδN (1)
K

(ISUE)
N

(
1 +

ζ√
NδN (1)

, 1 +
η√

NδN (1)

)
= e−

1
2 (|z|

2+|w|2)+ζηLρ(ζ + η),

uniformly for ζ, η in compact subsets of C. Here, Lρ(z) is defined by

(2.13) Lρ(z) =
1√
2π

∫ ρ√
2

− ρ√
2

e−
1
2 (z−ξ)2dξ,

for z ∈ C and ρ > 0. Since the setting in [44] dealt two-dimensional Coulomb gases with a radially
symmetric external potential, the above scaling limit in the weakly non-unitary regime also holds for
IGinUE.

(3) At the singular origin: For IGinUE, we set

aN = 1, bN = b > 0.

Then, the inner and outer radii of (2.4) satisfy

r1 =
b√
N
, r2 = 1 +O

(
1

N

)
, as N →∞.

For ISUE, we set the parameters as

L > 0, n = (b+ 1)N.

Then, the inner and outer radii of (2.8) satisfy

r1 = O(N−1), r2 =
1√
b
+O(N−1), as N →∞.

The limiting reproducing kernel of the point process at the singular origin is characterized by the
two-parametric Mittag-Leffler function defined by

(2.14) lim
N→∞

1

NδN (0)
K

(ISUE)
N

( ζ√
NδN (0)

,
η√

NδN (0)

)
= E1,1+L(ζη)|ζη|Le−

1
2 (|ζ|

2+|η|2),

where

(2.15) Ea,b(z) =

∞∑
k=0

zk

Γ(ak + b)
.

For further discussion in this regime, we refer to [21, 39,40].

We have discussed the macroscopic pictures and the local statistics for the eigenvalues of induced spherical
unitary ensemble so far. In next sub-subsection, we shall explain the overlaps for IGinUE and ISUE.

2.1.3. Overlaps of IGinUE and ISUE. In this sub-subsection, we summarize the results of the overlaps for
IGinUE and ISUE. In order to compute the similar quantity with (1.23) and (1.24), we need the conditional
expectation of the overlaps conditioned at the full points.

Proposition 2.2. Conditionally on {λ(N) = z(N)}, the diagonal overlap O1,1 of the induced Ginibre unitary
ensemble is distributed as

(2.16) O1,1
d
=

N∏
j=2

(
1 +

|Xj |2

|z1 − zj |2

)
,
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(a) Strong non-unitary regime (b) Weak non-unitary regime (c) Singular origin regime

(d) Spherical projection in the
strongly non-unitary regime

(e) Spherical projection in the
weakly non-unitary regime

(f) Spherical projection at the sin-
gular origin regime

Figure 3. (A), (B), and (C) are the plots of the eigenvalues of induced spherical unitary
ensemble in each regime on the complex plane. (D), (E), and (F) are the plots of the spherical
projection for their eigenvalues.

where Xj’s are independent complex Gaussian random variables with variance 1. In particular, conditionally
on {λ(N) = z(N)},

(2.17) E
[
O1,1|λ(N) = z(N)

]
=

N∏
j=2

(
1 +

1

|z1 − zj |2

)
.

Similarly, conditionally on {λ(N) = z(N)},

(2.18) O1,2
d
= − 1

|z1 − z2|2
N∏

k=3

(
1 +

|Xk|2

(z1 − zk)(z2 − zk)

)
,

and we also have

(2.19) E
[
O1,2|λ(N) = z(N)

]
= − 1

|z1 − z2|2
N∏
j=3

(
1 +

1

(z1 − zj)(z2 − zj)

)
.

Note that these quantities are same as (1.21) and (1.22) although the potential is different from the case of
Ginibre unitary ensemble. Here, we focus on (2.17). For the other quantities, (2.17), (2.18), and (2.19), we can
verify them similar to the below discussions.

Sketch of proof of (2.17). The sketch of proof follows the strategy in [29, 53, 54]. First, we recall that from
Proposition 2.1 and (2.1), the joint probability distribution function of the matrix elements for IGinUE is
proportional to

dP(IGinUE)(AN ) ∝ det(ANA†
N )α exp

(
−TrANA†

N

)
d[AN ],

where d[AN ] is the planar Lebesgue measure on the N ×N matrix space MN (C) with the field C. Then, from
the Schur decomposition, we have

AN = U(ΛN + TN )U †,
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where ΛN = diag(λ1, . . . , λN ) is the diagonal matrix with eigenvalues elements of AN and TN is the upper

triangular elements. Here, U ∈ U(N) is N ×N a unitary matrix. Note that det(ANA†
N )α = det(ΛNΛ†

N )α =∏N
j=1 |λj |2α, and notice also TrANA†

N = Tr(ΛN + TN )(ΛN + TN )† =
∑N

j=1 |zj |2 − TrTNT
†
N . Hence, by change

of variables, we have

dP(IGinUE)(AN ) ∝
N∏

1≤i<j≤N

|λi − λj |2
N∏
j=1

|λ|2αe−|λj |2dA(λj) · e−TrTNT †
Nd[TN ]d[SN ],

where d[SN ] is the induced Haar measure of the coset for the U(N)\U(1)N . Then, by (1.12), (1.13), and from
the upper triangular structure TN , for the eigenvalue λ1 of AN , L1 = (1, b2, . . . , bN )t, and R1 = (1, 0, . . . , 0)t,

we can recursively determine b1 = 1 and bk = 1
λ1−λk

∑k−1
j=1 bjTk,j for k = 1. Form this recursion, if we write the

truncation of the left eigenvector L
(k)
1 = (1, b2, . . . , bk)

t with k < N , then we have

‖L(k+1)
1 ‖2 = ‖L(k)

1 ‖2
(
1 +

1

|λ1 − λk+1|2
∣∣∣k+1∑
j=1

bjTk+1,j√∑k
p=1 |bp|2

∣∣∣2)
When we integrate the elements of the upper triangular matrix TN , it is nothing from the complex Gaussian
integral. Therefore, similar to [29], we obtain (2.17). □

The key point that we have demonstrated here is that the conditional expectation of the overlaps for IGinUE
is same as the ones of Ginibre unitary ensemble since the part of Gaussian integration does not depend on the
point insertion at the origin.

Next, we discuss the case of ISUE. Similar to the the proof of the case for L = 0 in [58], we can show the
followings:

Proposition 2.3. Conditionally on z(N) = λ(N), the on-diagonal overlap O1,1 of the induced spherical unitary
ensemble is distributed as

(2.20) O1,1
d
=

N∏
k=2

(
1 +

(1 + |λ1|2)(1 + |λk|2)
|λ1 − λk|2

)
,

where X
(k)
m is i.i.d. distributed to a real random variable with density

m+ 1

(1 + x)m+2
1R+

.

In particular, the quenched expectation is given by

(2.21) E[O1,1|z(N) = λ(N)] =

N∏
k=2

(
1 +

(1 + |λ1|2)(1 + |λk|2)
(n+ L)|λ1 − λk|2

)
.

Proposition 2.4. The quenched expectation of the off-diagonal overlap O1,2 for the induced spherical unitary
ensemble is given by

(2.22) E[O1,2|z(N) = λ(N)] = −
1

(n+ L)|λ1 − λ2|2
N∏

k=3

(
1 +

(1 + λ1λ2)(1 + |λk|2)
(n+ L)(λ1 − λk)(λ2 − λk)

)
.

We omit the proof since the proof is same as the spherical unitary ensemble (L = 0) case as we have already
demonstrated for IGinUE.

2.2. Our contributions [113, 114]. In this thesis, we will study the determinantal structures of the multi-
points correlation function of the overlaps for IGinUE and ISUE. The main motivations to study them are to
confirm the universality of the scaling limits for the determinantal structure in the strongly non-unitary regime
shown in [13] and to find new scaling limits in the weakly non-unitary and the singular origin regime. This
is also interesting from the perspective of the point processes. Indeed, the scaling limit for the correlation
kernel associated with the weight function for each IGinUE and ISUE deformed by the diagonal overlap is
Let us mention that such attempt has been already seen in the prior works. Fyodorov and Tarnowski [77]
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studied the diagonal overlap for the elliptic Ginibre orthogonal ensemble, which is the real version of (16.1),
in the strongly and weakly non-unitary regimes. They derived a full-probability distribution function for the
diagonal overlap conditioned at a real point via the super-symmetric method. However, the analysis based on
the super-symmetric method is limited to the diagonal overlap. Hence, the off-diagonal overlaps have been not
covered. In [144], they also studied a complex conditional point case, but their result is still limited to the
diagonal overlap. Our main contribution in this thesis is to study the multi-points correlation function of the
overlaps for both IGinUE and ISUE and to cover the off-diagonal case in the weakly non-unitary regime

2.2.1. Our objects: the multi-points correlation function of the overlaps for IGinUE/ISUE. By Proposition 2.2
and Proposition 2.3, for z(k) = (z1, z2, ..., zk) ∈ Ck, we define

D
(N,k)
1,1,(g)(z(k)) =

N !

(N − k)!
1

Z
(g)
N

∫
CN−k

N∏
j=2

(
1 +

1

|z1 − zj |2
)
|∆N (z(N))|2

N∏
j=1

|zj |2αe−|zj |2
N∏

j=k+1

dA(zj),(2.23)

D
(N,k)
1,2,(g)(z(k)) =−

N !

(N − k)!
1

Z
(g)
N

∫
CN−k

1

|z1 − z2|2
N∏
j=3

(
1 +

1

(z1 − zj)(z2 − zj)

)

× |∆N (z(N))|2
N∏
j=1

|zj |2αe−|zj |2
N∏

j=k+1

dA(zj),

(2.24)

D
(N,k)
1,1,(s)(z(k))

=
N !

(N − k)!
1

Z
(s)
N

∫
CN−k

N∏
j=2

(
1 +

(1 + |z1|2)(1 + |zj |2)
(n+ L)|z1 − zj |2

)
|∆N (z(N))|2

N∏
j=1

e−NQ(zj)
N∏

j=k+1

dA(zj),
(2.25)

and

D
(N,k)
1,2,(s)(z(k)) =−

N !

(N − k)!
1

Z
(s)
N

∫
CN−k

1

(n+ L)|z1 − z2|2
(2.26)

×
N∏
j=3

(
1 +

(1 + z1z2)(1 + |zj |2)
(n+ L)(z1 − zj)(z2 − zj)

)
|∆N (z(N))|2

N∏
j=1

e−NQ(zj)
N∏

j=k+1

dA(zj).

Here, ∆N (z(N)) is the Vandermonde determinant for z(N) ∈ CN . (2.23) and (2.24) correspond to the multi-
points correlation function of the overlaps for IGinUE, and (2.25) and (2.26) correspond to the multi-points
correlation function of the overlaps for ISUE. In order to show the determinantal structure, i.e., in order to
construct the correlation kernel for (2.23), (2.24), (2.25) and (2.26), we introduce two new weight functions: for
z, w, u, v ∈ C, we define

(2.27) ω(g)(z, z|u, v) = (1 + (z − u)(z − v))(zz)αe−zz,

and

(2.28) ω(s)(z, z|u, v) =
(
(z − u)(z − v) + (1 + uv)(1 + zz)

n+ L

)
e−NQ(z),

with respect to the planar Lebesgue measure dA(z).
Here, the relationship between (2.23) and (2.24) and the relationship between (2.25) and (2.26) can be

associated by the following decoupling lemma:

Lemma 2.5. Let T : C2k → C2k be a map given by

(2.29) Tf(z1, z1, z2, z2, z3, · · · ) = f(z1, z2, z2, z1, z3, · · · )
for any function f on C2k, which is regarded as the real surface. Then, we have

(2.30) D
(N,k)
1,2,(g)(z(k)) = −

e−|z1−z2|2

1− |z1 − z2|2
T̂D

(N,k)
1,1,(g)(z(k)),
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and

(2.31) D
(N,k)
1,2,(s)(z(k)) = −

|1 + z1z2|2(n+L+1)

(1 + |z1|2)n+L+1(1 + |z2|2)n+L+1

TD
(N,k)
1,1,(s)(z(k))

|1+z1z2|2
n+L − |z1 − z2|2

.

The proof of Lemma 2.5 is almost same as the Ginibre unitary ensemble case [13]. Hence, we omit the proof.
This lemma allows us to focus on the diagonal overlap case. Indeed, all proofs in this thesis will be done for the
diagonal overlap case, and the results for the off-diagonal overlap case will be obtained as a simple application
of Lemma 2.5. In order to present a finite N -kernel associated with (2.27) and (2.28), we now introduce some
functions.

(1) (IGinUE case) We denote the truncated generalized exponential polynomial defined on C by

e(α)n (x) =

n∑
k=0

xk

Γ(k + α+ 1)
, for α > −1.

We also denote

e(α)n (z|x) = e(α)n (z) +
1

Γ(α)

1

x− α
, for z, x ∈ C.

We write

(2.32) ωα(z, z|λ, λ) = ϖ(z, z|λ, λ)ω̂α(z, z),

where

(2.33) ω̂α(z, w) = (zw)αe−
1
2 (|z|

2+|w|2), ϖ(ζ, ζ|χ, χ) = (1 + |ζ − χ|2).
Finally, we define

(2.34) f (α)n (x) =
x− α
x

{
(n+ α+ 1)e(α)n (x|x)− xe(α)n−1(x|x)

}
.

(2) (ISUE case) We write

(2.35) g(n,L)
m (x) =

x− L/n
x

m∑
k=0

(m+ 1− k)
(
L+ n

L+ k

)
xk +

L(m+ 1)

nx

(
L+ n

L

)
,

and

ĝ
(n,L)
N (x) = (L+N + 1)q̂

(n,L)
N+1 (x|x)− x(n−N − 1)q̂

(n,L)
N (x|x),(2.36)

where

(2.37) q̂
(n,L)
N (y|x) = q

(n,L)
N (y) +

1

nx− L
Γ(L+ n+ 1)

Γ(n+ 1)Γ(L)
,

and

(2.38) q
(n,L)
N (x) =

N∑
k=0

Γ(L+ n+ 1)

Γ(k + L+ 1)Γ(n+ 1− k)
xk.

Then, the relationship between (2.35) and (2.36) is given by

g
(n,L)
N (x) =

(x− L/n)
x(1 + x)

ĝ
(n,L)
N (x).

Let us also denote

(2.39) ω̂(n,L)(z, w) =
(zw)L

((1 + |z|2)(1 + |w|2))n+L+1
2

,

and

(2.40) ϖ(n,L)(z, z|λ, λ) = |z − λ|2 + (1 + λλ)(1 + zz)

n+ L
.

Now, we construct a finite N -kernel associated with (2.27) and (2.28).
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Proposition 2.6. (1) (IGinUE case) We write

(2.41) G
(α)
N−1(x|y, z) =

N−1∑
n,m=0

f (α)n (x)f (α)m (x)ynzm
N−1∑

k=max{n,m}

1

Γ(k + α+ 2)

xk

f
(α)
k (x)f

(α)
k+1(x)

,

where f
(α)
p (x) is defined in (2.34). Then, for any 2 ≤ k ≤ N , we have

D
(N,k)
1,1,(g)(z(k)) = f

(α)
N−1(z1z1)ω̂α(z1, z1) det

2≤i,j≤k

(
K

(N−1)
1,1,(g) (zi, zi, zj , zj |z1, z1)

)
,(2.42)

where the correlation kernel K
(N)
1,1,(g) is given by

(2.43) K
(N)
1,1,(g)(z, z, w, w|λ, λ) =

( |zw|
zw

)α
K(α)

N (z, w|λ, λ)ωα(z, w|λ, λ),

and

(2.44) K(α)
N (z, w|λ, λ) = G

(α)
N−1

(
λλ
∣∣∣ z
λ
,
w

λ

)
.

Here, ω(z, z|λ, λ) is defined by (2.32). Furthermore, for 2 ≤ k ≤ N , we have

D
(N,k)
1,2,(g)(z(k)) =− ω̂α(z1, z1)ω̂α(z2, z2)K(α)

N−1(z1, z2|z1, z2)f
(α)
N−1(z1z2)

× det
3≤i,j≤N

(
K

(N−1)
1,2,(g) (zi, zi, zj , zj |z1, z2)

)
,

(2.45)

where

K
(N)
1,2,(g)(z, z, w, w|u, v̄) =

ωα(z, z|u, v)
K(α)

N (u, v|u, v)
det

(
K(α)

N (u, v|u, v) K(α)
N (u,w|u, v)

K(α)
N (z, v|u, v) K(α)

N (z, w|u, v)

)
.

(2) (ISUE case) We write

G
(n,L)
N (x|y, z) =

N−1∑
s,t=0

g(n,L)
s (x)ysg

(n,L)
t (x)zt

×
N−1∑

k=max{s,t}

Γ(n+ L+ 1)

Γ(k + L+ 2)Γ(n− k − 1)

xk

g
(n,L)
k+1 (x)g

(n,L)
k (x)

.

(2.46)

Then, for any 2 ≤ k ≤ N , we have

(2.47) D
(N,k)
1,1,(s)(zk) =

n
(
z1z1 − L

n

)
z1z1(1 + z1z1)

ĝ
(n,L)
N−1 (z1z1)ω̂

(n,L)(z1, z1) det
2≤i,j≤N

(
K

(N−1)
1,1,(s) (zi, zi, zj , zj |z1, z1)

)
,

where K
(N)
1,1,(s) is the correlation kernel given by

(2.48) K
(N)
1,1,(s)(z, z, w, w|λ, λ̄) = K

(n,L)
N (z, w|λ, λ̄)ϖ(n,L)(z, z|λ, λ)ω̂(n,L)(z, z).

Here, K(n,L)
N is the polynomial kernel given by

(2.49) K(n,L)
N (z, w|λ, λ) = G

(n,L)
N

(
λλ̄| z̄

λ̄
,
w

λ

)
.

Furthermore, for 2 ≤ k ≤ N , we have

D
(N,k)
1,2,(s)(zk) =−

n(z1z2 − L
n )

z1z2(1 + z1z2)
ĝ
(n,L)
N−1 (z1z2)ω̂

(n,L)(z2, z1)

×K(n,L)
N−1 (z1, z2|z1, z2)ω̂

(n,L)(z1, z2) det
3≤i,j≤N

(
K

(N−1)
1,2,(s) (zi, zi, zj , zj |z1, z2)

)
,

(2.50)

where

K
(N)
1,2,(s)(z, z, w, w|u, v̄) =

ϖ(n,L)(z, z|u, v)ω̂(n,L)(z, w)

K(n,L)
N (ū, v|u, v̄)

det

(
K(n,L)

N (ū, v|u, v̄) K(n,L)
N (ū, w|u, v̄)

K(n,L)
N (z̄, v|u, v̄) K(n,L)

N (z̄, w|u, v̄)

)
.
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In particular, since we get K
(N)
1,2,(g) from K

(N)
1,1,(g) and K

(N)
1,2,(s) from K

(N)
1,1,(s) via Lemma 2.5, we mainly focus on

the diagonal overlap case as we already announced. To directly analyze the finite N -kernels (2.43) and (2.48)
in Proposition 2.6 is difficult. Indeed, (2.41) and (2.46) constitute many summations and complicated terms in
the denominator. Therefore, in order to compute the scaling limits of (2.43) and (2.48), we need to decompose
(2.43) and (2.48) into nice functions. The below result is the building block to analyze a large N -limit.

Theorem 2.7. (1) (IGinUE case) For n ∈ N, we define

W(α)
n (z, w|λ, λ) =

{
e(α)n (λz|λλ)e(α)n (wλ|λλ)

− (1− (z − λ)(w − λ))e(α)n (wz|λλ)e(α)n (λλ|λλ)
}
ω̂α(z, λ)ω̂α(λ,w),

(2.51)

(2.52) H(α)
n (z, w|λ, λ) = λλ− α

λλ

(n+ α+ 1)W
(α)
n+1(z, w|λ, λ)− λλW

(α)
n (z, w|λ, λ)

f
(α)
n (λλ)ω̂α(z, w)ω̂α(λ, λ)(z − λ)2(w − λ)2

,

and

(2.53) F(α)
n (z, w|λ, λ) = −λλ− α

λλ

1

(z − λ)(w − λ)
(zw)n+1

Γ(n+ α+ 1)

e
(α)
n+1(λλ|λλ)
f
(α)
n (λλ)

− 1

Γ(α)

1

λλ− α
1

(z − λ)(w − λ)
.

Then, we can express K(α)
N in terms of (2.52) and (2.53):

(2.54) K(α)
N (z, w|λ, λ) = H

(α)
N (z, w|λ, λ) + F

(α)
N (z, w|λ, λ).

(2) (ISUE case) For N ∈ N, we define

H
(n,L)
N (z, w, λ) =

(1 + λλ)

(z − λ)2(w − λ)2ĝ(n,L)
N (λλ)ω̂(n,L)(λ, λ)

×
(
(N + L+ 1)Q

(n,L)
N+1 (z, w, λ)− (n−N − 1)λλQ

(n,L)
N (z, w, λ)

)
,

(2.55)

where

Q
(n,L)
N (z, w, λ) =q̂

(n,L)
N (λw|λλ)ω̂(n,L)(λ,w)q̂

(n,L)
N (zλ|λλ)ω̂(n,L)(z, λ)

−
(
1− (z − λ)(w − λ)

1 + λλ

)
q̂
(n,L)
N (λλ|λλ)ω̂(n,L)(λ, λ)q̂

(n,L)
N (zw|λλ)ω̂(n,L)(z, w).

(2.56)

We also define

(2.57) F
(n,L)
N (z, w, λ) = I

(n,L)
N (z, w, λ) + II

(n,L)
N (z, w, λ) + III

(n,L)
N (z, w, λ),

where

I
(n,L)
N (z, w, λ)

=
(L+N)q̂

(n,L)
N (zw|λλ)ω̂(n,L)(z, w) + (n−N − 1− zw)q̂(n,L)

N−1 (zw|λλ)ω̂(n,L)(z, w)

(1 + zw)(z − λ)(w − λ)

− n(1 + λλ)

nλλ− L
Γ(L+ n+ 1)

Γ(n+ 1)Γ(L)

ω̂(n,L)(z, w)

(1 + zw)(z − λ)(w − λ)
,

(2.58)

II
(n,L)
N (z, w, λ) =− (n−N − 1)Γ(L+ n+ 1)

Γ(L+N + 1)Γ(n−N)

(zw)N ω̂(n,L)(z, w)

(z − λ)(w − λ)ĝ(n,L)
N (λλ)ω̂(n,L)(λ, λ)

×
(
q̂
(n,L)
N−1 (λλ|λλ)ω̂

(n,L)(λ, λ)−
q̂
(n,L)
N (λλ|λλ)ω̂(n,L)(λ, λ)

n−N

)
,

(2.59)
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and

III
(n,L)
N (z, w, λ) =

(n−N − 1)Γ(L+ n+ 1)

Γ(L+N + 1)Γ(n−N)

(zw)N ω̂(n,L)(z, w)

(z − λ)(w − λ)ĝ(n,L)
N (λλ)ω̂(n,L)(λ, λ)

×
(L+N + 1

n−N
q̂
(n,L)
N (λλ|λλ)ω̂(n,L)(λ, λ)−

zwq̂
(n,L)
N+1 (λλ|λλ)ω̂(n,L)(λ, λ)

n−N − 1

)
.

(2.60)

Then, we can express

(2.61) K
(N)
1,1,(s)(z, z, w, w|λ, λ) = CK(z, w)

(
H

(n,L)
N (z, w, λ) + F

(n,L)
N (z, w, λ)

)
ϖ(n,L)(z, z|λ, λ),

where CK(z, w) is the conjugation factor given by

CK(z, w) =

√
ω̂(n,L)(z, z)ω̂(n,L)(w,w)

ω̂(n,L)(z, w)
=
( |zw|
zw

)L
.

Remark 2.8. If we take α = 0, then this result recovers the result for the Ginibre unitary ensemble shown
in [13]. Hence, our results should be regarded as the generalization of the case of the Ginibre unitary ensemble.

Remark 2.9. As we will see later, the remainder terms (2.59) and (2.60) do not play essential roles in a large
N -limit. Indeed, the main contributions come from (2.55) and (2.58).

With help of Theorem 2.7, we can compute the scaling limits of the kernel in the strongly non-unitary, the
weakly non-unitary, and the singular origin regimes. To this end, let us introduce some functions and rescaled
points for IGinUE and ISUE. We write

K
(∗)
1,1 (ζ, ζ, η, η|χ, χ) = K

(∗)
1,1(ζ, η|χ, χ)ω(∗)(ζ, ζ|χ, χ), for ζ, η, χ ∈ C,

where the symbols b, e,w, s are assigned to ∗ for the bulk and edge cases in strongly non-unitary regime, in the
weakly non-unitary regime, and at the singular origin regime, respectively. In the same rule, we also write

K
(∗)
1,2 (ζ, ζ, η, η|u, v) =

ω(∗)(ζ, ζ|u, v)
K(∗)

1,1(ū, v|u, v̄)
det

(
K(∗)

1,1(ū, v|u, v̄) K(∗)
1,1(ū, η|u, v̄)

K(∗)
1,1(ζ̄, v|u, v̄) K(∗)

1,1(ζ̄, η|u, v̄)

)
, for ζ, η, u, v ∈ C.

For IGinUE case, for ζj in compact subsets of C for j = 1, 2, ..., k and for θ ∈ [0, 2π), let

(2.62) zj =



√
Np+ ζj if p ∈ int(Sg) and the strongly non-unitary regime,

eiθ
(√

N(1 + b) + ζj
)

if the outer edge and the strongly non-unitary regime,

eiθ
(√
Nb− ζj

)
if the inner edge and the strongly non-unitary regime,

eiθ
(√

NaN + ζj
)

if the weakly non-unitary regime,

ζj if the singular origin regime.

For ISUE case, for p ∈ clo(Ss), we set

(2.63) δN (p) :=
n+ L+ 1

N

1

(1 + |p|2)2
.

For ζj in compact subsets of C for j = 1, 2, ..., k and for θ ∈ [0, 2π), let

(2.64) zj =



p+
ζj√
Nδ(p)

if p ∈ int(Ss) and the strongly non-unitary regime,

eiθ
(
p+

ζj√
Nδ(p)

)
if p is on the outer boundary of ∂Ss and the strongly non-unitary regime,

eiθ
(
p− ζj√

Nδ(p)

)
if p is on the inner boundary of ∂Ss and the strongly non-unitary regime,

eiθ
(
1 +

ζj√
Nδ(1)

)
if the weakly non-unitary regime,

ζj√
Nδ(0)

if the singular origin regime.
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For IGinUE with rescaled points (2.62), we define

D
(N,k)
1,m,(g)(ζ(k)) = D

(N,k)
1,m,(g)(z(k)), for m = 1, 2.

For ISUE with rescaled points (2.64), we define

D
(N,k)
1,m,(s)(ζ(k)) =

1

(NδN (p))k
D

(N,k)
1,m,(s)(z(k)), for m = 1, 2.

Theorem 2.10. (I) (Strongly non-unitary regime: bulk case) We write

K(b)
1,1 (ζ, η|χ, χ) =

d

dx

(ex − 1

x

)∣∣∣
x=(ζ−χ)(η−χ)

, ω(b)(ζ, ζ|χ, χ) = ϖ(ζ, ζ|χ, χ)e−(ζ−χ)(ζ−χ).

Let

D
(k,b)
1,1 (ζ(k)) =

k

det
i,j=2

(
K

(b)
1,1 (ζi, ζi, ζj , ζj |ζ1, ζ1)

)
, D

(k,b)
1,2 (ζ(k)) = K

(b)
1,1 (ζ1, ζ2|ζ1, ζ2)

k

det
i,j=3

(
K

(b)
1,2 (ζi, ζi, ζj , ζj |ζ1, ζ2)

)
.

Then, we have

lim
N→∞

1

N
D

(N,k)
1,1,(g)(ζ(k)) =

(|p|2 − b)(1 + b− |p|2)
|p|2

D
(k,b)
1,1 (ζ(k)),

and

lim
N→∞

1

N
D

(N,k)
1,1,(s)(ζ(k)) =

b(b+ 1)

a+ b+ 1

(
|p|2 − a

b+1

)(
a+1
b − |p|

2
)

|p|2
D

(k,b)
1,1 (ζ(k)),

uniformly for ζk in compact subsets of C. Moreover, we have

lim
N→∞

1

N
D

(N,k)
1,2,(g)(ζ(k)) = −

(|p|2 − b)(1 + b− |p|2)
|p|2

K(b)
1,1 (ζ1, ζ2|ζ1, ζ2)D

(k,b)
1,2 (ζ(k)),

and

lim
N→∞

1

N
D

(N,k)
1,2,(s)(ζ(k)) = −

b(b+ 1)

a+ b+ 1

(
|p|2 − a

b+1

)(
a+1
b − |p|

2
)

|p|2
K(b)

1,1 (ζ1, ζ2|ζ1, ζ2)D
(k,b)
1,2 (ζ(k)),

uniformly for ζk in compact subsets of C.
(II) (Strongly non-unitary regime: edge case) For x ∈ C, we define

(2.65) F(x) = e−
1
2x

2

−
√
2πxF (x),

and we write

cb =


√

1
2π(1+b) if the outer edge case,√
1

2πb if the inner edge case,
cs =


√

a+b+1
2π(a+1)b if the outer edge case,√
a+b+1

2πa(b+1) if the inner edge case.

We also write

H(a, b, c, d, f)

= −

√
2π d

dx

[
e

(a+x)2

2

(
e−fF (b+ x)F (c+ x)− F (d+ x)F (a+ x) + fF (d)F (a+ x)

)]∣∣∣
x=0

e
1
2a

2F(a)
,

(2.66)

and

K(e)
1,1(ζ, η|χ, χ) =

eζηH(χ+ χ, ζ + χ, χ+ η, ζ + η, (ζ − χ)(η − χ))
(ζ − χ)2(η − χ)2

, ω(e)(ζ, ζ|χ, χ) = ϖ(ζ, ζ|χ, χ)e−ζζ .

Let

D
(k,e)
1,1 (ζ(k)) = F(ζ1 + ζ1)

k

det
i,j=2

(
K

(e)
1,1 (ζi, ζi, ζj , ζj |ζ1, ζ1)

)
,

and

D
(k,e)
1,2 (ζ(k)) =e

−|ζ1−ζ2|2F(ζ1 + ζ2)
H(ζ2 + ζ1, ζ1 + ζ1, ζ2 + ζ2, ζ2 + ζ1,−(ζ1 − ζ2)(ζ1 − η2))

(ζ1 − ζ2)2(ζ1 − ζ2)2
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×
k

det
i,j=3

(
K

(e)
1,2 (ζi, ζi, ζj , ζj |ζ1, ζ2)

)
.

Then, we have

lim
N→∞

1√
N

D
(N,k)
1,1,(g)(ζ(k)) = cb D

(k,e)
1,1 (ζ(k)), lim

N→∞

1√
N

D
(N,k)
1,1,(s)(ζ(k)) = cs D

(k,e)
1,1 (ζ(k)),

uniformly for ζk in compact subsets of C. Moreover, we have

lim
N→∞

1√
N

D
(N,k)
1,2,(g)(ζ(k)) = −cb D

(k,e)
1,1 (ζ(k)), lim

N→∞

1√
N

D
(N,k)
1,2,(s)(ζ(k)) = −csD

(k,e)
1,2 (ζ(k)),

uniformly for ζk in compact subsets of C.
(III) (Weakly non-unitary regime) For z ∈ C and ρ > 0, we define

(2.67) Lρ(z) =
1√
2π

{(
z +

ρ√
2

)
e
− 1

2 (z−
ρ√
2
)2 −

(
z − ρ√

2

)(√
2π
(
z +

ρ√
2

)
Lρ(z) + e

− 1
2 (z+

ρ√
2
)2
)}
.

We write

Aρ(a, b, c, d, f) =
( ρ√

2
+ a
)( ρ√

2
− a
)(
ef (f − 1)Lρ(a)Lρ(d) + Lρ(b)Lρ(c)

)
,

Bρ(a, b, c) = Lρ(b)
{(
a+

ρ√
2

)e− 1
2 (c−

ρ√
2
)2

√
2π

−
(
a− ρ√

2

)e− 1
2 (c+

ρ√
2
)2

√
2π

}
,

and

Cρ(a, b) =
e
− 1

2 (a−
ρ√
2
)2− 1

2 (b+
ρ√
2
)2

√
2π

2 +
e
− 1

2 (a+
ρ√
2
)2− 1

2 (b−
ρ√
2
)2

√
2π

2 .

We also write

Hρ(a, b, c, d, f) =Aρ(a, b, c, d, f) + Bρ(a, b, c) + Bρ(a, c, b) + fefBρ(a, d, a)− efBρ(a, d, a)

− efBρ(a, a, d) + Cρ(b, c)− efCρ(a, d).
(2.68)

We write

K(w)
1,1 (ζ, η|χ, χ) = Hρ(χ+ χ, ζ + χ, χ+ η, ζ + η, (ζ − χ)(η − χ))

(ζ − χ)2(η − χ)2Lρ(χ+ χ)
,

and

ω(w)(ζ, ζ|χ, χ) = ϖ(ζ, ζ|χ, χ)e−(ζ−χ)(ζ−χ).

Let

D
(k,w)
1,1 (ζ(k)) = Lρ(ζ1 + ζ1)

k

det
i,j=2

(
K

(w)
1,1 (ζi, ζi, ζj , ζj |ζ1, ζ1)

)
,

and

D
(k,w)
1,2 (ζ(k)) = Lρ(ζ1 + ζ2)K(w)

1,1 (ζ1, ζ2|ζ1, ζ2)
k

det
i,j=3

(
K

(w)
1,2 (ζi, ζi, ζj , ζj |ζ1, ζ2)

)
.

Then, we have

lim
N→∞

D
(N,k)
1,1,(g)(ζ(k)) = D

(k,w)
1,1 (ζ(k))

∣∣
ρ 7→ρ/

√
2
, lim

N→∞
D

(N,k)
1,1,(s)(ζ(k)) = D

(k,w)
1,1 (ζ(k)),

and

lim
N→∞

D
(N,k)
1,2,(g)(ζ(k)) = −D

(k,w)
1,2 (ζ(k))

∣∣
ρ 7→ρ/

√
2
, lim

N→∞
D

(N,k)
1,2,(s)(ζ(k)) = −D

(k,w)
1,2 (ζ(k)),

uniformly for ζk in compact subsets of C.
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(IV) (Singular origin regime) We also write

(2.69) E1,c(z|x) = (x− c)E1,c+1(z) +
1

Γ(c)
,

and we define

SL(ζχ, χη, ζη, χχ, (ζ − χ)(η − χ))

= (χχ− L)
(
E1,L+1(ζχ)E1,L+1(χη)− (1− (ζ − χ)(η − χ))E1,L+1(ζη)E1,L+1(χχ)

)
+

1

Γ(L)

(
E1,L+1(ζχ) + E1,L+1(χη)− E1,L+1(ζη)− E1,L+1(χχ) + (ζ − χ)(η − χ)E1,L+1(χχ)

)
.

(2.70)

We write

K(s)
1,1(ζ, η|χ, χ) =

SL(ζχ, χη, ζη, χχ, (ζ − χ)(η − χ))
(ζ − χ)2(η − χ)2E1,L(χχ|χχ)

,

and

ω(s)(ζ, ζ|χ, χ) = ϖ(ζ, ζ, η, η|χ, χ)(ζη)Le−|ζ|2 .

Let

D
(k,s)
1,1 (ζ(k)) = |ζ1|2L−2E1,L(|ζ1|2)e−|ζ1|2

k

det
i,j=2

(
K

(s)
1,1(ζi, ζi, ζj , ζj |ζ1, ζ1)

)
,

and

D
(k,s)
1,2 (ζ(k)) =

E1,L(ζ1ζ2)|ζ1|2L|ζ2|2L

ζ1ζ2
e−|ζ1|2−|ζ2|2K(s)

1,1(ζ1, ζ2|ζ1, ζ2)
k

det
i,j=3

(
K

(s)
1,2(ζi, ζi, ζj , ζj |ζ1, ζ2)

)
.

Then, we have

lim
N→∞

1

N
D

(N,k)
1,1,(g)(ζ(k)) = D

(k,s)
1,1 (ζ(k))

∣∣
L 7→b

, lim
N→∞

1

N
D

(N,k)
1,1,(s)(ζ(k)) = D

(k,s)
1,1 (ζ(k)),

and

lim
N→∞

1

N
D

(N,k)
1,2,(g)(ζ(k)) = −D

(k,s)
1,2 (ζ(k))

∣∣
L 7→b

, lim
N→∞

1

N
D

(N,k)
1,2,(s)(ζ(k)) = −D

(k,s)
1,2 (ζ(k)),

uniformly for ζk in compact subsets of C.

Remark 2.11. By (2.67), note that

Lρ(x) ∼
2

ρ2
, as ρ→∞.

From the definition of (2.68), we have

2

ρ2
D

(k,w)
1,1 (ζ(k))→ D

(k,b)
1,1 (ζ(k)), as ρ→∞.

This implies that the weak non-unitary regime recovers the strongly non-unitary regime.

From D
(N,1)
1,1 (z1) and D

(N,2)
1,2 (z1, z2), we can derive the scaling limits of the conditional expectation of the

diagonal and off-diagonal overlaps. This fact was not explicitly pointed out and not computed in [13]. We
introduce some functions. We fix z1, z2 ∈ C. For the diagonal case of IGinUE, we write

(2.71) Z
(z1)
N,(g) = ω̂α(z1, z1)B(α)N (z1, z1).

For the off-diagonal case of IGinUE, we also write

(2.72) Z
(z1,z2)
N,(g) = ω̂α(z1, z1)ω̂α(z2, z2) det

[(
B(α)N (z1, z1) B(α)N (z1, z2)

B(α)N (z2, z1) B(α)N (z2, z2)

)]
,

where

B(α)N (z, w) =

N−1∑
k=0

(zw)k

Γ(k + α+ 1)
.
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For the diagonal case of ISUE, we write

(2.73) Z
(z1)
N,(s) = ω̂(n,L)(z1, z1)B(n,L)

N (z1, z1).

For the off-diagonal case of ISUE, we also write

(2.74) Z
(z1,z2)
N,(s) = ω̂(n,L)(z1, z1)ω̂

(n,L)(z2, z2) det

[(
B(n,L)
N (z1, z1) B(n,L)

N (z1, z2)

B(n,L)
N (z2, z1) B(n,L)

N (z2, z2)

)]
,

where

B(n,L)
N (z, w) =

N−1∑
k=0

Γ(n+ L+ 1)

Γ(n− k)Γ(k + L+ 1)
(zw)k.

First, let us consider the conditional expectation of the diagonal overlap for IGinUE conditioned at z1 ∈ C.
Then, for f ∈ L2(ω̂α(λ, λ)), we have

EN

[ N∏
j=2

f(λj) |λ1 = z1

]
=

EN−1

[∏N
j=2 f(λj)

∏N
j=2 |λj − z1|2 · ω̂α(z1, z1)

]
EN−1

[∏N
j=2 |λj − z1|2 · ω̂α(z1, z1)

] ,

where EN denote the expectation with respect to IGinUE with size N . The denominator EN−1

[∏N
j=2 |λj−z1|2

]
is be regarded as IGinUE with a point insertion, which can be computed by [14, Theorem 1]:

EN−1

[ N∏
j=2

|λj − z1|2 · ω̂α(z1, z1)
]
= Z

(z1)
N,(g).

Note that the numerator is nothing but D
(N,1)
1,1 (z1) when we consider f as (2.17). On the other hand, when we

consider the off-diagonal case, for g ∈ L2(ω̂α(λ, λ)), we have

EN

[ N∏
j=3

f(λj) |λ1 = z1

]
=

EN−1

[∏N
j=3 g(λj)

∏N
j=3 |λj − z1|2 · |z1 − z2|2ω̂α(z1, z1)ω̂α(z2, z2)

]
EN−1

[∏N
j=3 |λj − z1|2

∏N
j=3 |λj − z2|2 · |z1 − z2|2ω̂α(z1, z1)ω̂α(z2, z2)

] .
By [14, Theorem 1] again, we have

EN−1

[ N∏
j=3

|λj − z1|2
N∏
j=3

|λj − z2|2 · |z1 − z2|2ω̂α(z1, z1)ω̂α(z2, z2)
]
= Z

(z1,z2)
N,(g) .

Similarly, note that the numerator is nothing but D
(N,2)
1,2 (z1, z1) when we consider g as (2.19). The similar

discussion holds for ISUE. We omit the index N in the expectation from now on. We summarize each conditional
expectation of the diagonal and off-diagonal overlaps for IGinUE and ISUE as follows: for IGinUE and z1, z2 ∈ C,

E[O1,1|λ1 = z1] =
D

(N,1)
1,1 (z1)

Z
(z1)
N,(g)

, E[O1,2|λ1 = z1, λ2 = z2] =
D

(N,2)
1,2 (z1, z2)

Z
(z1,z2)
N,(g)

,

and for ISUE and z1, z2 ∈ C,

E[O1,1|λ1 = z1] =
D

(N,1)
1,1 (z1)

Z
(z1)
N,(s)

, E[O1,2|λ1 = z1, λ2 = z2] =
D

(N,2)
1,2 (z1, z2)

Z
(z1,z2)
N,(s)

.

Similar to (2.10), (2.12), and (2.14), we have the scaling limits of the correlation kernel for IGinUE. The only

difference is that for the weakly non-unitary regime of IGinUE, we replace ρ with ρ 7→ ρ/
√
2, and for the singular

origin regime, we replace L with L 7→ b. To state the result, we introduce some functions. For the bulk case
and for z ∈ C, we define

Ψ
(b)
1,2 (z) = −

1

|z|4
1− (1 + |z|2)e−|z|2

1− e−|z|2 .
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For the edge case and for z, a, b, c, d, f ∈ C, we define

Ψ
(e)
1,1(z) =

F(z)
F (z)

, Ψ
(e)
1,2(a, b, c, d, f) = −

H(a, b, c, d,−|f |2)e−|f |2F(a)
|f |4(F (b)F (c)− e−|f |2F (a)F (d))

.

For the weakly non-unitary regime and for z, a, b, c, d, f ∈ C, we define

Ψ
(ρ)
1,1(z) =

Lρ(z)

Lρ(z)
, Ψ

(ρ)
1,2(a, b, c, d, f) = −

Hρ(a, b, c, d,−|f |2)
|f |4(Lρ(b)Lρ(c)− e−|f |2Lρ(a)Lρ(d))

.

For the singular origin regime and for z, a, b, c, d, f ∈ C and L ≥ 0, we define

Ψ
(L)
1,1 (z) =

EL(|z|2)
|z|2E1,1+L(|z|2)

, Ψ
(L)
1,2 (a, b, c, d, f) = −

SL(a, b, c, d,−|f |2)
a|f |2(E1,1+L(b)E1,1+L(c)− E1,1+L(a)E1,1+L(d))

.

Combining (2.10), (2.12), and (2.14) with (2.71), (2.72), (2.73), and (2.74), we obtain the following.

Corollary 2.12. (I) (Strongly non-unitary regime: bulk case)

(IGinUE case) : Conditionally on {z1 =
√
Np+ ζ1} for p ∈ int(Sg), we have

lim
N→∞

1

N
E
[
O1,1

∣∣∣z1 =
√
Np+ ζ1

]
=

(|p|2 − b)(1 + b− |p|2)
|p|2

,

uniformly for ζ1 in a compact subset of C. Moreover, conditionally on {z1 =
√
Np+ ζ1, z2 =

√
Np+ ζ2}

for p ∈ int(Sg), we have

lim
N→∞

1

N
E
[
O1,2

∣∣∣z1 =
√
Np+ ζ1, z2 =

√
Np+ ζ2

]
= − (|p|2 − b)(1 + b− |p|2)

|p|2
Ψ

(b)
1,2 (ζ1 − ζ2),

uniformly for ζ1, ζ2 in compact subsets of C.
(ISUE case) : Conditionally on {z1 = p+ ζ1/

√
Nδ(p)} for int(Ss), we have

lim
N→∞

1

N
E
[
O1,1

∣∣∣z1 = p+
ζ1√
Nδ(p)

]
=

b(b+ 1)

a+ b+ 1

(
|p|2 − a

b+1

)(
a+1
b − |p|

2
)

|p|2
,

uniformly for ζ1 in a compact subset of C. Moreover, conditionally on {z1 = p + ζ1/
√
Nδ(p), z2 =

p+ ζ2/
√
Nδ(p)} for int(Ss), we have

lim
N→∞

1

N
E
[
O1,2

∣∣∣z1 = p+
ζ1√
Nδ(p)

, z2 = p+
ζ2√
Nδ(p)

]
= − b(b+ 1)

a+ b+ 1

(
|p|2 − a

b+1

)(
a+1
b − |p|

2
)

|p|2
Ψ

(b)
1,2 (ζ1 − ζ2),

uniformly for ζ1, ζ2 in compact subsets of C.
(II) (Strongly non-unitary regime: edge case)

(IGinUE case) : Conditionally on {z1 = eiθ(
√
N(1 + b)+ζ1)} or {z1 = eiθ(

√
Nb−ζ1)} for θ ∈ [0, 2π),

we have

lim
N→∞

1√
N

E
[
O1,1

∣∣∣z1 = eiθ(
√
N(1 + b) + ζ1)

]
= cbΨ

(e)
1,1(ζ1 + ζ1),

uniformly for ζ1 in a compact subset of C, and

lim
N→∞

1√
N

E
[
O1,1

∣∣∣z1 = eiθ(
√
Nb− ζ1)

]
= cbΨ

(e)
1,1(ζ1 + ζ1),

uniformly for ζ1 in a compact subset of C. Moreover, conditionally on {z1 = eiθ(
√
N(1 + b) + ζ1), z2 =

eiθ(
√
N(1 + b) + ζ2)} or {z1 = eiθ(

√
Nb− ζ1), z2 = eiθ(

√
Nb− ζ2)} for θ ∈ [0, 2π),

lim
N→∞

1√
N

E
[
O1,2

∣∣∣z1 = eiθ(
√
N(1 + b) + ζ1), z2 = eiθ(

√
N(1 + b) + ζ2)

]
= cbΨ

(e)
1,2

(
ζ1 + ζ2, ζ1 + ζ1, ζ2 + ζ2, ζ2 + ζ1, ζ1 − ζ2

)
,

uniformly for ζ1, ζ2 in compact subsets of C, and

lim
N→∞

1√
N

E
[
O1,2

∣∣∣z1 = eiθ(
√
Nb− ζ1), z2 = eiθ(

√
Nb− ζ2)

]
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= cbΨ
(e)
1,2

(
ζ1 + ζ2, ζ1 + ζ1, ζ2 + ζ2, ζ2 + ζ1, ζ1 − ζ2

)
,

uniformly for ζ1, ζ2 in compact subsets of C.
(ISUE case) : Conditionally on {z1 = eiθ(p+ sζ1/

√
Nδ(p))} for p ∈ ∂Ss with θ ∈ [0, 2π), we have

lim
N→∞

1√
N

E
[
O1,1

∣∣∣z1 = eiθ
(
p+ s

ζ1√
Nδ(p)

)]
= csΨ

(e)
1,1(ζ1 + ζ1),

uniformly for ζ1 in a compact subset of C. Moreover, conditionally on {z1 = p + sζ1/
√
Nδ(p), z2 =

p+ sζ2/
√
Nδ(p)} for p ∈ ∂Ss, we have

lim
N→∞

1√
N

E
[
O1,1

∣∣∣z1 = p+ s
ζ1√
Nδ(p)

, z2 = p+ s
ζ2√
Nδ(p)

]
= csΨ

(e)
1,2

(
ζ1 + ζ2, ζ1 + ζ1, ζ2 + ζ2, ζ2 + ζ1, ζ1 − ζ2

)
,

uniformly for ζ1, ζ2 in compact subsets of C.
(III) (Weakly non-unitary regime)

(IGinUE case) : Conditionally on {z1 = eiθ(
√
NaN + ζ1)} for θ ∈ [0, 2π), we have

lim
N→∞

E
[
O1,1

∣∣∣z1 = eiθ(
√
NaN + ζ1)

]
= Ψ

(ρ/
√
2)

1,1 (ζ1 + ζ1),

uniformly for ζ1 in a compact subset of C. Moreover, conditionally on {z1 = eiθ(
√
NaN + ζ1), z2 =

eiθ(
√
NaN + ζ2)} for θ ∈ [0, 2π),

lim
N→∞

E
[
O1,2

∣∣∣z1 = eiθ(
√
NaN + ζ1), z2 = eiθ(

√
NaN + ζ2)

]
= Ψ

(ρ/
√
2)

1,2

(
ζ1 + ζ2, ζ1 + ζ1, ζ2 + ζ2, ζ2 + ζ1, ζ1 − ζ2

)
,

uniformly for ζ1, ζ2 in compact subsets of C.
(ISUE case) : Conditionally on {z1 = eiθ(1 + ζ1/

√
Nδ(1))} for p = 1 with θ ∈ [0, 2π), we have

lim
N→∞

E
[
O1,1

∣∣∣z1 = eiθ
(
p+

ζ1√
Nδ(1)

)]
= Ψ

(ρ)
1,1(ζ1 + ζ1),

uniformly for ζ1 in a compact subset of C. Moreover, conditionally on {z1 = 1 + ζ1/
√
Nδ(1), z2 =

1 + ζ2/
√
Nδ(1)}, we have

lim
N→∞

E
[
O1,2

∣∣∣z1 = 1 +
ζ1√
Nδ(1)

, z2 = 1 +
ζ2√
Nδ(1)

]
= Ψ

(ρ)
1,2

(
ζ1 + ζ2, ζ1 + ζ1, ζ2 + ζ2, ζ2 + ζ1, ζ1 − ζ2

)
uniformly for ζ1, ζ2 in compact subsets of C.

(IV) (Singular origin regime)
(IGinUE case) : Conditionally on {z1 = ζ1}, we have

lim
N→∞

1

N
E
[
O1,1

∣∣∣z1 = ζ1

]
= Ψ

(b)
1,1(ζ1),

uniformly for ζ1 in a compact subset of C. Moreover, conditionally on {z1 = ζ1, z2 = ζ2}, we have

lim
N→∞

1

N
E
[
O1,2

∣∣∣z1 = ζ1, z2 = ζ2

]
= Ψ

(b)
1,2

(
ζ1ζ2, ζ1ζ1, ζ2ζ2, ζ2ζ1, ζ1 − ζ2

)
,

uniformly for ζ1, ζ2 in compact subsets of C.
(ISUE case) : Conditionally on {z1 = ζ1/

√
Nδ(p)} for p ∈ ∂S, we have

lim
N→∞

1

N
E
[
O1,1

∣∣∣z1 =
ζ1√
Nδ(0)

]
= Ψ

(L)
1,1 (ζ1),

uniformly for ζ1 in a compact subset of C. Moreover, conditionally on {z1 = p + ζ1/
√
Nδ(0), z2 =

ζ2/
√
Nδ(0)}, we have

lim
N→∞

1

N
E
[
O1,2

∣∣∣z1 = ζ1, z2 = ζ2

]
= Ψ

(L)
1,2

(
ζ1ζ2, ζ1ζ1, ζ2ζ2, ζ2ζ1, ζ1 − ζ2

)
,
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uniformly for ζ1, ζ2 in a compact subset of C.

Remark 2.13. In Corollary 2.12, the results for the bulk case in the strongly non-unitary regime are universal.
Indeed, their results are same as (1.16) with the rescaled points z1 = p+ζ1/

√
N and z2 = p+ζ2/

√
N for z1, z2 ∈

int(D) up to the geometric factors. However, we would like to emphasize that the fact (1.16) is macroscopic and
gives the more precise estimate with the convergence rate than our results. To improve our results is left to the
future work.

3. Ginibre symplectic ensemble, Pfaffian point process, and overlaps

3.1. Ginibre symplectic ensemble and Pfaffian point process. In this thesis, we will also study the
Pfaffian structure of the multi-points correlation function of the diagonal overlap for Ginibre symplectic en-
semble as an analogue of the multi-points correlation function of the overlaps for Ginibre unitary and induced
Ginibre/spherical ensembles studied in this thesis. Nevertheless we study the same object, due to the Pfaffian
structure of the joint probability distribution function for the eigenvalues of Ginibre symplectic ensemble, we
need to develop a new method to study the Pfaffian structure of the multi-points correlation function of the
diagonal overlap. To explain our results, we firstly explain the details for the Ginibre symplectic ensemble.
Ginibre symplectic ensemble is 2N × 2N non-Hermitian matrix with symplectic structure defined by

(3.1) G2N :=

(
AN BN

−BN AN

)
,

where AN ,BN are N × N independent Ginibre unitary ensembles. From now on, in short, we denote the
Ginibre symplectic ensemble by GinSE. Due to the Kramer degeneracy, (3.1) has N -complex conjugate pairs of
simple complex eigenvalues

(3.2) ZN = diag

[(
z1

z1

)
, · · · ,

(
zN

zN

)]
.

This implies that there is no eigenvalue on the real line for (3.1), one eigenvalue of (3.1) is repulsive with
complex conjugate pair of oneself with respect to the real line. Indeed, we figure out this picture from the
joint probability distribution function of the eigenvalues for (3.1). Coming back to (3.1) and (3.2), (3.1) can
be diagonalized in the sense of Schur decomposition, that is to say, there exists a unitary symplectic matrix
U ∈ Usp(2N)\U(1)N such that

(3.3) G2N = UĜ2NU †, Ĝ2N = ZN + TN ,

where ZN is given by (3.2), and TN is an upper-triangular matrix with elements(
Ti,j+1 Ti,j+1

Ti,j+1 Ti,j+1

)
.

Here, Ti,j+1 are independent complex Gaussian random variables. The Jacobian of the above transform G2N 7→
Ĝ2N is well-known, and hence, we find that the joint probability distribution function of the elements of G2N

becomes

(3.4) dPN (G2N ) = CN

∏
1≤i<j≤N

|zi − zj |2|zi − zj |2
N∏
j=1

|zj − zj |2e−2|zj |2e−TrTNT †
NdA(zj)dTNU †dU ,

where CN is a normalization constant. Furthermore, by integrating U and TN , the joint probability distribution
function of the eigenvalues for (3.1) is given by

(3.5) dP(GinSE)
N (z(N)) =

1

Z
(GinSE)
N

∏
1≤i<j≤N

|zi − zj |2|zi − zj |2
N∏
j=1

|zj − zj |2e−2|zj |2dA(zj),

for z(N) = (z1, . . . , zN ) ∈ CN , and Z
(GinSE)
N is the partition function is given by

(3.6) Z
(GinSE)
N = N !

N−1∏
k=0

(2k + 1)!

22k+1
.
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We write the k-th correlation function of (3.5) by

R
(GinSE)
N,k (z1, . . . , zk) =

N !

(N − k)!

∫
C
P(GinSE)
N (z1, . . . , zN )

N∏
j=k+1

dA(zj).

Then, it can be written as

(3.7) R
(GinSE)
N,k (z1, . . . , zk) =

k

Pf
i,j=1

[(
κκκ(g)

N (zi, zj) κκκ(g)
N (zi, zj)

κκκ(g)
N (zi, zj) κκκ(g)

N (zi, zj)

)
e−|zi|2−|zj |2

]
k∏

j=1

(zj − zj),

where κκκ(g)
N (z, w) is called a skew pre-kernel defined given by

(3.8) κκκ(g)
N (z, w) = G

(g)
N (z, w)−G

(g)
N (w, z), G

(g)
N (z, w) =

N−1∑
k=0

q
(g)
2k+1(z)q

(g)
2k (w)

r
(g)
k

.

where q
(g)
k }k is called the skew-orthogonal polynomial (for the precise definition, see Definition 3.1). In short,

it is called SOPs. Here, we emphasize that q
(g)
k }k and κκκ(g)

N (z, w) are the skew-orthogonal polynomials and the
skew pre-kernel for Ginibre symplectic ensemble (3.5) by the subscript (g), respectively. It is known that the
skew-orthogonal polynomials and skew pre-kernel for GinSE are given by

(3.9) q
(g)
2k+1(z) = z2k+1, q

(g)
2k (z) =

k∑
ℓ=0

k!

ℓ!
z2ℓ, r

(g)
k =

(2k + 1)!

22k+1
.

Then, by (3.8), we have

κκκ(g)
N (z, w) =

N−1∑
k=0

q
(g)
2k+1(z)q

g
2k(w)− q

(g)
2k (z)q

(g)
2k+1(w)

r
(g)
k

=
√
2
[N−1∑
k=0

k∑
ℓ=0

( (√2z)2k+1

(2k + 1)!!

(
√
2w)2ℓ

(2ℓ)!!
− (
√
2w)2k+1

(2k + 1)!!

(
√
2z)2ℓ

(2ℓ)!!

)]
.

(3.10)

These were originally derive in [89, 108]. Apart from GinSE, when we consider more general planar Pfaffian
Coulomb gases with a nice potentials Q

(3.11) dPN (z(N)) =
1

ZN

∏
1≤i<j≤N

|zi − zj |2|zi − zj |2
N∏
j=1

|zj − zj |2e−2NQ(zj)dA(zj),

how do we construct the corresponding to the skew-orthogonal polynomials and the skew pre-kernels associated
with the weight function e−2NQ(z) ? [10] answered this question under a certain assumption. Their result is
extremely essential in this thesis, and to more precisely explain skew-orthogonal polynomials, let us recall [10,
Theorem 3.1]. First, in general, let us denote D by a symmetric planar domain with respect to the real line.
Let us also denote a positive Borel measure on C, which has an infinite number of points in its support D and
satisfies a moment condition

∫
D
|z|mdµ(z) < ∞ for any m ∈ N. From on on, we always assume that a Borel

measure µ satisfies this assumption from now on. For any f, g ∈ C[z], we define the skew-inner product

(3.12) 〈f, g〉s :=
∫
C

(
f(z)g(z)− f(z)g(z))(z − z)dµ(z).

Definition 3.1 ( [10]). A family of polynomials {qk}k with degree deg qk = k is called skew-orthogonal
polynomials associated with the Borel measure µ, if they satisfy for all non-negative integers k, ℓ ∈ Z,

〈q2k, q2ℓ〉s = 〈q2k+1, q2ℓ+1〉s = 0,

〈q2k, q2ℓ+1〉s = −〈q2ℓ+1, q2k〉s = rkδk,ℓ,
(3.13)

with rk being their skew-norming constants.
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Given a Borel measure µ, by Gram-Schmidt process, there exists a unique family of planar polynomials

pn(z) = γnz
n +O(zn−1),

satisfying the orthogonal condition with respect to the inner product

(3.14) 〈pn, pm〉 =
∫
C
pn(z)pm(z)dµ(z) = hnδn,m.

Now, we recall [10, Theorem 3.1]:

Theorem 3.2 (Akemann, Ebke, and Parra in [10]). We write a sequence of real numbers by (µk,j)k,j with
µk,k = 1 and µk,j = λk−1µk−1,j, where λk−1 is independent of j < k. Let (pn) be a family of planar monic
orthogonal polynomials with respect to (3.14). We assume that the family of (qn)n constructed via

(3.15) q2k(z) =

k∑
j=0

µk,jp2j(z), q2k+1(z) = p2k+1(z),

satisfies the skew-orthogonal conditions (3.13). Then, we have that (pn) satisfy a classical three term recurrence

(3.16) zpk(z) = pk+1(z) + bkpk(z) + ckpk−1(z), bk, ck ∈ R.

Conversely, the family of the planar monic orthogonal polynomials (pn)n satisfies a three term-recurrence (3.16),
then the sequence of planar monic polynomials (3.15) forms a family of skew-orthogonal polynomials, and the
coefficients µk,j in (3.15) can be computed as

rk = 2(h2k+1 − c2k+1h2k) > 0, µk,j =

k−1∏
ℓ=j

, λℓ =
h2ℓ+2 − c2ℓ+2h2ℓ+1

h2ℓ+1 − c2ℓ+1h2ℓ
(j < k).(3.17)

Clearly, the monic orthogonal polynomials pk(z) = zk satisfies a trivial three-term recurrence. Therefore,

we can construct the skew-orthogonal polynomials (3.9) associated with the Gaussian potential e−2|z|2 using
Theorem 3.2. Once we know skew-orthogonal polynomials and skew pre-kernel associated with (3.11), next step
is to analyze a scaling limit for the skew pre-kernel as a large N -limit. Here, we focus on (3.10). First, note that
to directly analyze (3.10) seems to be difficult since (3.10) contains the double sum. [89,108] derived the origin
scaling limit for (3.10), and they showed that the limiting correlation function still forms the Pfaffian point
proces. See also [10]. However, the arguments in [10, 89, 108] can be not applied into more general zooming
points in bulk and edge regimes. [6] proposed a differential equation method (ODE method) to analyze a skew
pre-kernel from (3.8) or a skew-pre-kernel associated with (3.11). Their method is robust, and ODE method
can be applied to other planar symplectic ensembles such as the Mittag Leffler ensemble [6], the elliptic Ginibre
symplectic ensemble [37, 38], and induced Ginibre/spherical symplectic ensembles [36, 39]. For the detailed
review, we refer to [41]. Coming back to (3.10), by [40, Eq (5.29)], we have

∂zκκκ(g)
k (z, w) =2zκκκ(g)

k (z, w) + 2

2k−1∑
ℓ=0

(2zw)ℓ

ℓ!
− 2

(2z2)k

(2k − 1)!!

k−1∑
p=0

w2p

p!

=2zκκκ(g)
k (z, w) + 2e2k−1(2zw)− 2

(2z2)k

(2k − 1)!!
ek−1(w

2),

(3.18)

where ek is the truncated exponential polynomial defined by

(3.19) en(x) =

n∑
k=0

xk

k!
.

We define

(3.20) κ̂κκ(g)
k (z, a) = e−2zaκκκ(g)

k (z, a),

and then by (3.18)

(3.21) ∂zκ̂κκ(g)
k (z, a) = 2(z − a)κ̂κκ(g)

k (z, a) + 2e2k−1(2za)e
−2za − 2

(2z2)k

(2k − 1)!!
ek−1(a

2)e−2za.
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Let us mention two key points here. (3.18) means that the polynomial kernel (3.10) satisfies the first order
differential equation (3.18). This can be regarded as an analogue of the Chrsitoffel-Darboux type identity
for the reproducing kernels for the elliptic Ginibre unitary ensemble [97] or the Lemniscate ensemble [42]. In
the inhomogeneous terms, the first term corresponds to the polynomial reproducing kernel for the Ginibre
unitary ensemble, and so, we know the asymptotic behavior of that term well. On the other hand, there is
no interpretation for the second inhomogeneous term, but we can still analyze the that term via the uniform
asymptotic expansion for the incomplete gamma function. However, when we work on scaling limits for (3.18),
there are some subtle problems. Indeed, the polynomial kernel in general diverges in a large N -limit, we need
to rescale the polynomial kernel with some factor. Moreover, if we take rescaled points z =

√
Np + ζ and

w =
√
Np+ η for p ∈ [−1, 1], it is inconvenient to compute (3.18). In order to overcome such subtle problems,

as in (3.20), it is better to work on the differential equation for the rescaled kernel (3.21). As a summary,
key points to analyze a pre-skew-kernel for planar symplectic ensembles in general are to derive a differential
equation, which may not be a first order differential equation, and we need to find an appropriate factor function
to derive a scaling limit. This viewpoint is also important for our problem later. Finally, we only mention the
scaling limits for (3.10) or (3.20), and we conclude this section. [6] and later [37] showed the following (we only
mention the Ginibre symplectic ensemble, and the below statement is cited from [37, Theorem 1.2]):

Theorem 3.3 ( [6, 37]). For ζj in compact subsets of C for j = 1, . . . , k and p ∈ [−1, 1], let

zj =
√
Np+ s ζj for


s = 0, if p ∈ (−1, 1),
s = 1, if p = 1,

s = −1, if p = −1.
We write

(3.22) RN,k(ζ1, . . . , ζk) = RN,k(z1, . . . , zk).

Then, there exists a pre-kernel κ
(∗)
N such that

RN,k(ζ1, . . . , ζk) =
k

Pf
i,j=1

[(
κN (ζi, ζj) κN (ζi, ζj)

κN (ζi, ζj) κN (ζi, ζj)

)
e−|ζi|2−|ζj |2

] k∏
j=1

(ζj − ζj),

and it satisfies the following asymptotics as N →∞.

κ
(∗)
N (ζ, η) =

{
κ
(b)
R (ζ, η) +O(e−ϵN ), if p ∈ (−1, 1),
κ
(e)
R (ζ, η) + 1√

2N
κ
(e,1/2)
R (ζ, η) +O(N−1+ϵ) if p = |1|,

where

κ
(b)
R (ζ, η) =

eζ
2+η2

√
2

∫ ∞

−∞
e−2(ζ−u)2 erfc(

√
2(η − u))− e−2(η−u)2 erfc(

√
2(ζ − u))du,

κ
(e)
R (ζ, η) =

eζ
2+η2

√
2

∫ 0

−∞
e−2(ζ−u)2 erfc(

√
2(η − u))− e−2(η−u)2 erfc(

√
2(ζ − u))du,

and

κ
(e,1/2)
R (ζ, η) =

eζ
2+η2

12
√
2

[(
(2ζ2 + 1)e−2ζ2

erfc(
√
2η) + 2

√
2

π
ηe−2(ζ2+η2)

)
−
(
ζ ←→ η

)]
.

Here, the convergence is uniform for ζ, η in compact subsets of C, and←→ means that we exchange the variables
ζ and η.

3.2. Overlaps for Ginibre symplectic ensemble. In this thesis, as an analogue of the determinantal struc-
ture of the overlaps for Ginibre unitary and induced Ginibre/spherical unitary ensembles, we study the Pfaffian
structure of the diagonal overlap for GinSE. To proceed with that, we need to introduce the overlaps for GinSE.
The difference between non-Hermitian matrices and non-Hermitian symplectic matrices is that we need to con-
sider the overlaps for complex conjugate pairs of eigenvalues λj for j = 1, . . . , N . Let us introduce the conjugate
linear operator I : C2d → C2d defined by

I : u2k+1 7→ −u2k+2, u2k+2 7→ u2k+1 for u = (u1, ..., u2d)
t ∈ C2d.
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This map was introduced by [102], and see also [11]. More precisely, this map means

I




u1
u2
...

u2d−1

u2d



 =


−u2
u1
...
−u2d
u2d−1

 .

Then, we have 〈u|Iu〉 = 0 with respect to the Euclidean inner product on Cd. We consider the right and
left eigenvectors induced by the eigenvalue λj denoted by Rj = (Rj,k)k=1,...,2N and Lt

j = (Lj,k)k=1,...,2N ,
respectively, more precisely, they are defined by

(3.23) GRj = λjRj , Lt
jG = λjL

t
j .

The left and right eigenvectors corresponding to λj are defined by

GIRj = λjIRj , (ILj)
tG = λj(ILj)

t.

Then, we have the bi-orthogonality relationships

〈Li|Rj〉 = δi,j , 〈Li|IRj〉 = 0, 〈ILi|Rj〉 = 0, 〈ILi|IRj〉 = δi,j .

We define S =
(
R1 (IR1) · · · RN (IRN )

)
. More precisely,

S =



S1,1 S1,2 S1,3 S1,4 · · · S1,2N−1 S1,2N

S2,1 S2,2 S2,3 S2,4 · · · S2,2N−1 S2,2N

...
...

...
...

...
...

...
...

...
...

...
...

...
...

S2N−1,1 S2N−1,2 S2N−1,3 S2N−1,4 · · · S2N−1,2N−1 S2N−1,2N

S2N,1 S2N,2 S2N,3 S2N,4 · · · S2N,2N−1 S2N,2N



=



R1,1 −R1,2 R2,1 −R2,2 · · · RN,1 −RN,2

R1,2 R1,1 R2,2 R2,1 · · · RN,2 RN,1

...
...

...
...

...
...

...
...

...
...

...
...

...
...

R1,2N−1 −R1,2N R2,2N−1 −R2,2N−1 · · · RN,2N−1 −RN,2N

R1,2N R1,2N−1 R2,2N R2,2N · · · RN,2N RN,2N−1


.

Its inverse matrix is given by

S−1 =
(
L1 (IL1) · · · LN (ILN )

)t

=



L1,1 L1,2 L1,3 L1,4 · · · L1,2N−1 L1,2N

−L1,2 L1,1 −L1,4 L1,3 · · · −L1,2N L1,2N−1

...
...

...
...

...
...

...
...

...
...

...
...

...
...

LN,1 LN,2 LN,3 LN,4 · · · LN,2N−1 LN,2N

−LN,2 LN,1 −LN,4 LN,3 · · · −LN,2N LN,2N−1


.

Clearly, we have

(S−1S)i,j = δi,j for 1 ≤ i, j ≤ 2N.

Also, we have

G = SΛS−1.



Integrable Structure of the Overlaps and Zeros of GAF 35

We define

A :=(Ai,j)
2N
i,j=1 = S†S =


R1

t

(IR1)
t

· · ·
RN

t

(IRN )
t


(
R1 (IR1) · · · RN (IRN )

)

=



R1
t
R1 R1

t
(IR1) · · · R1

t
RN R1

t
(IRN )

(IR1)
t
R1 (IR1)(t)

t
(IR1) · · · (IR1)

t
RN (IR1)

t
(IRN )

...
...

. . .
...

...

RN
t
R1 RN

t
(IR1) · · · RN

t
RN RN

t
(IRN )

(IRN )
t
R1 (IRN )

t
(IR1) · · · (IRN )

t
RN (IRN )

t
(IRN )



=


〈R1|R1〉 〈R1|IR1〉 · · · 〈R1|RN 〉 〈R1|IRN 〉
〈IR1|R1〉 〈IR1|IR1〉 · · · 〈IR1|RN 〉 〈IR1|IRN 〉

...
...

. . .
...

...
〈RN |R1〉 〈RN |IR1〉 · · · 〈RN |RN 〉 〈RN |IRN 〉
〈IRN |R1〉 〈IRN |IR1〉 · · · 〈IRN |RN 〉 〈IRN |IRN 〉


t

,

and we regard A = (Ai,j)
2N
i,j=1 as

A =

(
Ai,j Ai,j

Ai,j Ai,j

)N

i,j=1

.

Similarly, we define

A−1 =(A−1
i,j )

2N
i,j=1 = S−1(S−1)†

=
(
L1 (IL1) · · · LN (ILN )

)t


L1

(IL1)
...
LN

(ILN )



=


〈L1|L1〉 〈L1|IL1〉 · · · 〈L1|LN 〉 〈L1|ILN 〉
〈IL1|L1〉 〈IL1|IL1〉 · · · 〈IL1|LN 〉 〈IL1|ILN 〉

...
...

. . .
...

...
〈LN |L1〉 〈LN |IL1〉 · · · 〈LN |LN 〉 〈LN |ILN 〉
〈ILN |L1〉 〈ILN |IL1〉 · · · 〈ILN |LN 〉 〈ILN |ILN 〉 ,

 .

and we regard A−1 = (A−1
i,j )

2N
i,j=1 as

A−1 =

(
A−1

i,j A−1

i,j

A−1

i,j
A−1

i,j

)N

i,j=1

.

Then, we define the overlap matrix O = (Oi,j)
2N
i,j=1 defined by

O =

(
Oi,j Oi,j

Oi,j Oi,j

)N

i,j=1

with elements given by

Oi,j = A−1
i,jAj,i = 〈Li|Lj〉 〈Ri|Rj〉 , Oi,j = A−1

i,j
Aj,i = 〈Li|ILj〉 〈Ri|IRj〉 ,

Oi,j = A−1

i,j
Aj,i = 〈ILi|Lj〉 〈IRi|Rj〉 , Oi,j = A−1

i,j
Aj,i = 〈ILi|ILj〉 〈IRi|IRj〉 .
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Hence, it suffices to essentially consider Oi,j and Oi,j . We expect that this general structure would be useful
to derive a system of stochastic differential equations for the eigenvalues processes and the overlap processes of
Ginibre symplectic ensemble. In [11], Akemann, Förster, and Kieburg showed the following:

Theorem 3.4 ( [11]). For the diagonal overlap of GinSE, conditionally on λ(N) = z(N) ∈ CN , we have

(3.24) E
[
O1,1|λ(N) = z(N)

]
=

N∏
j=2

(
1 +

1

2|z1 − z2|2
+

1

2|z1 − z2|2
)
.

Moreover, for the off-diagonal overlap of GinSE, conditionally on λ(N) = z(N) ∈ CN , we have

E
[
O1,2

∣∣λ(N) = z(N)

]
=− 1

2|z1 − z2|2
N∏
j=3

(
1 +

1

2(z1 − z2)(z2 − zk)
+

1

2(z1 − zk)(z2 − zk)

)
,

E
[
O1,2

∣∣λ(N) = z(N)

]
=− 1

2|z1 − z2|2
N∏
j=3

(
1 +

1

2(z1 − z2)(z2 − zk)
+

1

2(z1 − zk)(z2 − zk)

)
.

The spirit of the proof of Theorem 3.4 is same as Proposition 2.2. In fact, we can show Theorem 3.4 via a
recurrence equation obtained from the structure of the above overlap for the non-Hermitian symplectic matrix
and the relationship between eigenvalues-eigenvectors of GinSE and the upper triangular matrix of GinSE in
the Schur decomposition. For the details, we refer to [11] and [59]. As in the determinantal case, we will study
the multi-points correlation function of the diagonal overlap for Ginibre symplectic ensemble conditioned on
the real line as the generalization of [11] and [59].

3.3. Our contribution [8]: joint work with Gernot Akemann and Sung-Soo Byun. In this subsection,
we present our results for the multi-points correlation function of the diagonal overlap for Ginibre symplectic
ensemble conditioned on the real line. The reason why we consider only a real conditional point and the diagonal
overlap is due to a technical reason. It would be a future project for an extension to more general case for any
complex points and the off-diagonal overlaps. Now, we consider the multi-points correlation function of the
diagonal overlap for GinSE defined by

(3.25) D
(N,k)
1,1 (z(k)) = E

[ N∑
i1 6=···6=ik=1

O1,1δ(zi1 − λi1) · · · δ(zik − λik)
]
, for z(k) ∈ Ck.

We can explicitly express (3.25) as

D
(N,k)
1,1 (z(k)) =

|z1 − z1|2e−2|z1|2

Z
(GinSE)
N

N !

(N − k)!

×
∫
CN−k

∏
2≤i<j≤N

|zi − zj |2|zi − zj |2
N∏
j=2

|zj − zj |2ω(over)(zj |z1)
N∏

ℓ=k+1

dA(zℓ),

(3.26)

where

(3.27) ω(over)(z|a) = |z − a|2(1 + |z − a|2)e−2|z|2 , a ∈ C.

Let us also write

(3.28) ω(pre)(z|a) = (1 + |z − a|2)e−2|z|2 , a ∈ C.

We call (3.27) the overlap weight function and (3.28) the pre-overlap weight function. We write

D̂
(N,k)
1,1 (z(k)) =

D
(N,k)
1,1 (z(k))

|z1 − z1|2

=
e−2|z1|2

Z
(GinSE)
N

N !

(N − k)!

∫
CN−k

∏
2≤i<j≤N

|zi − zj |2|zi − zj |2
N∏
j=2

|zj − zj |2ω(over)(zj |z1)
N∏

ℓ=k+1

dA(zℓ).

(3.29)
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Then, (3.26) is expressed as the Pfaffian form, which is characterized by a skew-symmetric pre-kernel denoted

by κκκ(over)
N−1 (z, w|z1). We define

R
(over)
N,k (z2, · · · , zk|z1)

= lim
Im z1→0

D̂
(N,k)
1,1 (z(k))

=
e−2z2

1N !Z
(over)
N−1 (z1)

Z
(GinSE)
N

Pf
i,j=2,...,k

[(
κκκ(over)

N−1 (zi, zj |z1) κκκ(over)
N−1 (zi, zj |z1)

κκκ(over)
N−1 (zi, zj |z1) κκκ(over)

N−1 (zi, zj |z1)

)]
k∏

j=2

(zj − zj)ω(over)(zj |z1).

(3.30)

In particular, we are interested in the rescaled multi-points correlation function of the diagonal overlap along
the real line

(3.31) R
(over,∗)
N,k (ζ2, · · · , ζk|ζ1) = R

(over)
N,k

(√
Np+ ζ2 · · · ,

√
Np+ ζ2

∣∣∣√Np+ ζ1

)
.

for p ∈ [−1, 1] (we only consider p = 1), ζ1 ∈ R and ζ2, . . . , ζk in compact subsets of C, and ∗ = b if p ∈ (−1, 1)
and ∗ = e if p = ±1. Here, Z(over)

N−1 (z1) denotes the partition function with respect to (3.26), which depends on
the variable z1.

3.3.1. Recurrence formula and finite N -kernel associated with (3.27) and (3.28). In order to construct κκκ(over)
N−1 (z, w|z1),

we decompose (3.27) into a pre-overlap weight function part and a point insertion part. The pre-overlap
weight function corresponds to (3.28), and the point insertion part corresponds to |z − a|2. The below result is
not a main result in this paper. However, it implies that we can not apply [10, Theorem 2.1] to our setting.

Proposition 3.5 (Planar orthogonal polynomials associated with (3.28)). We write a family of planar
orthogonal polynomials associated with (3.28) by {Pk(·|a)}k. Then, we have

(3.32) Pk(z|a) =
k∑

j=0

ak−j Fj(2aa)

Fk(2aa)
zj ,

where

Fp(x) = (p+ 2)(p+ 1)ep(x)− 2(p+ 1)xep−1(x) + x2ep−2(x), p = 0, 1, 2, ...,

and

(3.33) ep(x) =

p∑
j=0

xj

j!
.

Remark 3.6. We can easily check {Pk(·|a)}k satisfy the non-standard three-term recurrence in the sense of [42,
Remark 1.3]:

(3.34) zPk(z|a) = Pk+1(z|a) + bkPk(z|a) + zckPk−1(z|a),
where

bk = −a Fk(2aa)

Fk+1(2aa)
, ck = a

Fk−1(2aa)

Fk(2aa)
.

By Proposition 3.5 and Remark 3.6, we can not directly use [10, Theorem 5.1] to construct the family
of skew-orthogonal polynomials associated with (3.28). The only fact which we have is that once we could
construct that, we can apply the family of skew-orthogonal polynomials associated with (3.27) via [10, Theorem
5.1]. Hence, our problem which we should overcome is to construct the skew-orthogonal polynomials associated
with (3.28) and hence to construct a skew symmetric pre-kernel associated with (3.28), which is denoted by

κκκ(pre)
N (z, w|a) for z, w ∈ C, a ∈ R.
Now, we shall develop a new construction of skew-orthogonal polynomials (SOPs). Let µ be a positive Borel

measure on C with an infinite number of points in its support on a domain D. We define the inner product and
the skew-inner product with respect µ on D by

(3.35) 〈f, g〉 :=
∫
D

f(z)g(z)dµ(z), 〈f, g〉s :=
∫
D

(f(z)g(z)− g(z)f(z))(z − z)dµ(z).
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Let

(3.36) mj,k = 〈zj , zk〉 m̂j,k = Re(mj,k),

and let m = (mj,k) be a moment matrix satisfying m∗ = m, where ∗ denotes the complex conjugate transpose,
and mk,k+1,mk,k 6= 0 ∈ C for all k, and mj,k = 0 otherwise. Hence, m is a tridiagonal moment matrix. We
denote

(3.37) gj,k = 〈zj , zk〉s = 2(m̂j+1,k − m̂j,k+1), Gk = (gi,j)
2k−1
i,j=0.

We define

(3.38) ∆−1 = 0, ∆k = Pf(Gk+1), Zk =
1

2

∆k

∆k−1
.

The below is our new construction for SOPs.

Theorem 3.7. Under the setting of (3.36) satisfying a tridiagonal Hermitian moment matrix, (3.37), and
(3.38), we define SOPs associated with a Borel measure µ as

(3.39) q2k(z) =

2k∑
j=0

α2k,jz
j , q2k+1(z) =

2k+1∑
j=0

β2k+1,jz
j ,

with α2k,2k = 1 and β2k+1,2k+1 = 1, β2k+1,2k = 0. Then, the coefficients {α2k,j}2kj=0 and {β2k+1,j}2k+1
j=0 are

determined by the following recurrence relationships: for j = 1, 2, ..., k,

Zjα2k,2j−1 = −m̂2j−1,2jα2k,2j , Zjα2k,2j−2 = m̂2j,2j+1α2k,2j+1 + m̂2j,2jα2k,2j ,

Zkα2k,2k−1 = −m̂2k−1,2k, Zkα2k,2k−2 = m̂2k,2k,
(3.40)

and for j = 1, 2, ..., k,

Zjβ2k+1,2j−1 = −m̂2j−1,2jβ2k+1,2j , Zjβ2k+1,2j−2 = m̂2j,2j+1β2k+1,2j+1 + m̂2j,2jβ2k+1,2j ,

Zk−1β2k+1,2k−3 = −m̂2k−3,2k−2β2k+1,2k−2, Zk−1β2k+1,2k−4 = −m̂2k−2,2k−2β2k+1,2k−2,

β2k+1,2k−1 = 0, Zkβ2k+1,2k−2 = m̂2k,2k+1.

(3.41)

Remark 3.8. The initial condition β2k+1,2k = 0 in Theorem 3.7 uniquely determines odd SOPs, see [10, Lemma
2.2].

We denote the SOPs associated with (3.28) by

(3.42) q
(pre)
2k (z|a) =

2k∑
j=0

α
(pre)
2k,j z

j , , q
(pre)
2k+1(z|a) =

2k+1∑
j=0

β
(pre)
2k+1,jz

j .

As a consequence of Theorem 3.7, we have the following:

Theorem 3.9. The coefficients {α(pre)
2k,j }2kj=0 and {β(pre)

2k+1,j}
2k+1
j=0 are given by

α
(pre)
2k,2j =

k!

2k
2j

j!

k∑
ℓ=j

(
(ℓ+ 1− j) (2k + 3)!!

(2ℓ+ 3)!!
− (ℓ− j) (2k + 1)!!

(2ℓ+ 1)!!

)
(2a2)ℓ−j fj(a

2)

fk(a2)
,(3.43)

α
(pre)
2k,2j+1 =2a

k!

2k
2j

j!

k−1∑
ℓ=j

(
(ℓ+ 1− j) (2k + 3)!!

(2ℓ+ 5)!!
− (ℓ− j) (2k + 1)!!

(2ℓ+ 5)!!

)
(2a2)ℓ−j fj(a

2)

fk(a2)
,(3.44)

β
(pre)
2k+1,2j =a

k!

2k
2j

j!

(
(2a2)k−j + 2

k−1∑
ℓ=j

(ℓ+ 1− j) (2k + 1)!!

(2ℓ+ 3)!!
(2a2)ℓ−j

) fj(a2)
fk(a2)

,(3.45)

β
(pre)
2k+1,2j+1 =

k!

2k
2j

j!

(
(2a2)k−j + 2

k−1∑
ℓ=j

(ℓ− j) (2k + 1)!!

(2ℓ+ 3)!!
(2a2)ℓ−j

) fj(a2)
fk(a2)

,(3.46)
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where

(3.47) fk(x) =

k∑
j=0

(k + 1− j)k!
j!
xj = (k + 1)ek(x)− xek−1(x),

and the skew norming constant associated with (3.28) is given by

(3.48) r
(pre)
k = r

(pre)
k (a) =

(2k + 1)!

22k+1

fk+1(a
2)

fk(a2)
.

Then, we can express the skew symmetric pre-kernel associated with (3.28) in terms of (3.42) as

(3.49) κκκ(pre)
N (z, w|a) =

N−1∑
k=0

q
(pre)
2k+1(z|a)q

(pre)
2k (w|a)− q(pre)2k+1(w|a)q

(pre)
2k (z|a)

r
(pre)
k

.

As we already announced, by [10, Theorem 5.1], we obtain κκκ(over)
N (z, w|a).

Corollary 3.10. We write the SOPs associated with (3.27) by {q(over)k (z|a)}k. Then, we have

q
(over)
2k (z|a) =

r
(pre)
k κκκ(pre)

k+1 (a, z|a)

(a− z)q(pre)2k (a|a)
,

q
(over)
2k+1 (z|a) =

q
(pre)
2k+2(a|a)q

(pre)
2k (z|a)− q(pre)2k (a|a)q(pre)2k+2(z|a)

(a− z)q(pre)2k (a|a)
,

r
(over)
k =r

(pre)
k

q
(pre)
2k+2(a|a)

q
(pre)
2k (a|a)

.

Furthermore, we have

(3.50) κκκ(over)
N (z, w|a) =

κκκ(pre)
N (z, w|a)q(pre)2N (a|a)− κκκ(pre)

N (z, a|a)q(pre)2N (w|a) + κκκ(pre)
N (w, a|a)q(pre)2N (z|a)

(a− z)(a− w)q(pre)2N (a|a)
.

Remark 3.11. In Corollary 3.10,

q
(over)
2k (z|a) =

r
(pre)
k κκκ(pre)

k+1 (a, z|a)

(a− z)q(pre)2k (a|a)
can be regarded as the limit

r
(pre)
k κκκ(pre)

k+1 (a, z|a)

(a− z)q(pre)2k (a|a)
= lim

u→a

r
(pre)
k κκκ(pre)

k+1 (u, z|a)

(a− z)q(pre)2k (u|a)
,

which can be computed by the l’Hôpital’s rule. Similarly, we should understand the other terms in the sense of
the l’Hôpital’s rule.

3.3.2. Integrable structure of the finite N -kernel: Differential equation. By Corollary 3.10, it suffices to consider
scaling limits of (3.42) and (3.49) However, it is not easy to compute the scaling limits of (3.42) and (3.49)
Indeed, (3.49) constitutes many summations in both numerators and denominators. Hence, to directly analyze
the scaling limit for (3.49) is difficult. In order to overcome this difficulty, we derive a differential equation for
(3.49) as we demonstrated in the case of Ginibre symplectic ensemble (3.20) and (3.18). The following Lemma
is useful to write the differential equation, and it tells us that the SOPs and the skew pre-kernel associated with
(3.49) can be written in terms of (3.20).

Lemma 3.12. Let us write

(3.51) Lk(z, a) =
(
2(z − a)2 − 1

)
κκκ(g)

k (z, a) + 2(z − a)e2k−1(2za)− 2(z − a) 2kz2k

(2k − 1)!!
ek−1(a

2).

Then, we have

(3.52) (z − a)3q(pre)2k+1(z|a) = (z − a)2z2k+2 + a
(2k + 1)!!

2k+2fk(a2)
Lk+1(z, a),
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and

(3.53) (z − a)3q(pre)2k (z|a) = a(z − a)2 ek+1(a
2)

fk(a2)
z2k+2 +

(2k + 3)!!

2k+3fk(a2)
Lk+2(z, a)− a2

(2k + 1)!!

2k+2fk(a2)
Lk+1(z, a).

We define
κ̂κκ(pre)

N (z, w) = Ĝ
(pre)
N (z, w|a)− Ĝ(pre)

N (w, z|a),
where

Ĝ
(pre)
N (z, w|a) =(z − a)3(w − a)3e−2za−2wa

N−1∑
k=0

q
(pre)
2k+1(z|a)q

(pre)
2k (w|a)

r
(pre)
k

=
1

23

N−1∑
k=0

q̂
(pre)
2k+1q̂

(pre)
2k (w|a)

(2k + 2)!fk+1(a2)fk(a2)
,

Let us also write

(3.54) q̂
(pre)
2k+1(z|a) = e−2za(z − a)3q(pre)2k+1(z|a),

and

(3.55) q̂
(pre)
2k (w|a) = e−2wa(w − a)3q(pre)2k (w|a).

Theorem 3.13. Let us denote

(3.56) κ̃κκ(pre)
N (z, w|a) = e2a

2−2za−2wa(z − a)3(w − a)3κκκ(pre)
N (z, w|a).

We define the second order differential operator

(3.57) D(a)
z = (z − a)∂2z − (2(z − a)2 + 2)∂z − 2(z − a), for z ∈ C and a ∈ R.

Then, we have

D(a)
z κ̃κκ(pre)

N (z, w|a)

= 4(z − a)3(w − a)3e2(z−a)(w−a)
(
Q(2N + 1, 2zw)− 1

2a
∂zQ(2N + 1, 2zw)

)
− 2(z − a)3 (2z)

2N

a(2N)!
e−2a(z−a)

(
2q̂

(pre)
2N+1(w|a) +

fN−1(a
2)

fN (a2)
a(2N + 1− 2za)q̂

(pre)
2N−2(w|a)

)
,

(3.58)

where Q is the incomplete gamma function. Furthermore, let us also denote

κ̃κκ(over)
N (z, w|a) = (z − a)4(w − a)4e2a

2−2zw−2waκκκ(over)
N (z, w|a).

Then, by Corollary 3.10, we have

(3.59) κ̃κκ(over)
N (z, w|a) = κ̃κκ(pre)

N (z, w|a)− q̂(pre)2N (w, a) lim
u→a

κ̃κκ(pre)
N (z, u|a)
q̂
(pre)
2N (u|a)

+ q̂
(pre)
2N (z, a) lim

u→a

κ̃κκ(pre)
N (w, u|a)
q̂
(pre)
2N (u|a)

.

3.3.3. Bulk scaling limits. We fix p ∈ (−1, 1), and let

(3.60) z =
√
Np+ ζ, w =

√
Np+ η, a =

√
Np+ χ, ζ, η ∈ C, χ ∈ R.

We denote

(3.61) κ̃
(over)
b (ζ, η|χ) = lim

N→∞
κ̃κκ(over)

N (z, w|a).

Then, the below is our main result.

Theorem 3.14. For p ∈ (−1, 1), we write

R
(over,b)
k (ζ2, · · · , ζk|ζ1) = lim

N→∞

1

N
R

(over,b)
N,k (ζ2, · · · , ζk|ζ1).

Then, we have

(3.62) R
(over,b)
k (ζ2, · · · , ζk|ζ1) =

4

3
(1− p2)Pf

[(
κ
(over)
b (ζi, ζj |ζ1) κ

(over)
b (ζi, ζj |ζ1)

κ
(over)
b (ζi, ζj |ζ1) κ

(over)
b (ζi, ζj |ζ1)

)]k
i,j=2

k∏
j=2

(ζj − ζj)ωb(ζj |ζ1)



Integrable Structure of the Overlaps and Zeros of GAF 41

uniformly for ζ1 in a compact subset of R and for ζ2, . . . , ζk in compact subsets of C, where

(3.63) ωb(z|a) = |z − a|2(1 + |z − a|2)e−2|z−a|2 , a ∈ R,
and for ζ, η ∈ C and χ ∈ R,

κ
(over)
b (ζ, η|χ) =1

2

(ζ − η)(1 + (ζ − χ)(η − χ)− e2(ζ−χ)(η−χ))

((ζ − χ)(η − χ))4

+

√
π

4

(2(ζ − χ)2 − 1)(2(η − χ)2 − 1)e(ζ−χ)+(η−χ)2 erf(ζ − η)
((ζ − χ)(η − χ))4

+

√
π

4

(2(η − χ)2 − 1)((ζ − χ)2 − 1)e(η−χ)2 erf(η − χ)
((ζ − χ)(η − χ))4

−
√
π

4

(2(ζ − χ)2 − 1)((η − χ)2 − 1)e(ζ−χ)2 erf(ζ − χ)
((ζ − χ)(η − χ))4

.
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(a) The gray curve is the curve of R
(over,b)
1 (x + iy|0.5), the

red dot curve is the curve of R
(over)
N,1 (0.5+ iy|0.5) with N = 5,

and the blue dot curve is the curve of R
(over)
N,1 (0.5 + iy|0.5)

with N = 10.

(b) The graph of the one point density R
(over,b)
1 (x+ iy|0.5).

Figure 4. Comparison between the numerical plots and the analytic plot and the plot of the

one-point density R
(over,b)
1 (x+ iy|0.5).

As a consequence of Theorem 3.14, we can derive the conditional expectation of the diagonal overlap con-
ditioned at a real point. By the definition of the conditional expectation, we need the normalization factor.
From [4, Theorem 1], the normalization factor for the conditional expectation at a ∈ C is given by

Z
(GinSE)
N (a) = |a− a|2e−2|a|2 κκκ

(g)
N (a, a)

a− a
Then, for a =

√
Np + ξ for p ∈ (−1, 1) and ξ ∈ C, by [37, Theorem 1.2] and the l’Hôpital’s rule with help of

the uniform asymptotic behavior, we have

Z
(GinSE)
N (a) ∼ 2|ξ − ξ|2, as N →∞ and Im(ξ)→ 0,

uniformly for ξ in a compact subset of C. The factor |ξ − ξ|2 here corresponds to the factor divided in advance
|z1 − z1|2. Therefore, we have the following:
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Theorem 3.15. Conditionally on {z1 =
√
Np+ χ} for p ∈ (−1, 1), we have

(3.64) lim
N→∞

1

N
E[O1,1|z1 =

√
Np+ χ] = E[(γ4/2)−1](1− p2),

uniformly for χ in a compact subset of R, and γβ is the Gamma distribution with a parameter β.

Remark 3.16. This result is consistent with the conditional expectation of the diagonal overlap in [59, Theorem
3.5]. The constant term except of the boundary affect (1 − p2) for p ∈ (−1, 1) is universal, and our result can
be regarded as the generalization of [59, Theorem 3.5].

We can show the edge scaling limit for the conditional expectation of the diagonal overlap. Due to the
symmetry, we only consider the edge point p = 1.

Theorem 3.17. Conditionally on {z1 =
√
N + χ},

lim
N→∞

1√
N

E[O1,1|z =
√
N + χ] =

e−4χ2

3
√
π

1 +
√
2πe2χ

2

χ erfc(
√
2χ)− 4

√
πe4χ

2

χ erfc(2χ)

erfc(2χ)− 1√
2
e−2χ2 erfc(

√
2χ)

,

uniformly for χ in a compact subset of R.

4. Contributions of zeros of Gaussian analytic functions

4.1. Gaussian analytic function by Peres and Virág. In a breakthrough paper [118], Peres and Virág
considered a random power series with coefficients of independent, identically distributed (i.i.d.) to standard
complex Gaussian random variables, and they showed that zeros point processes of that forms a determinantal
point process on the unit disk. More precisely, we define a random power series

(4.1) fPV(z) =

∞∑
k=0

ζkz
k,

where {ζk}∞k=0 are i.i.d. standard complex Gaussian random variables denoted by ζ
i.i.d.∼ NC(0, 1). We write the

zeros point process of (4.1) by ZfPV
. Then, they showed the following:

Theorem 4.1 ( [118]). The zeros of point process ZfPV
is the determinantal point process with the correlation

function

(4.2) KD(z, w) =
1

π(1− zw)2
, z, w ∈ D.

Namely, the k-th correlation function of (4.1) denoted by ρ
(PV)
k forms

(4.3) ρ
(PV)
k (z1, z2, ..., zk) = det

(
KD(zi, zj)

)k
i,j=1

This remarkable determinantal point process allows us to simplify to compute some quantities such as the
expected number of zeros and the number variance of zeros inside the unit disk D. Indeed, for a domain D ⊂ C,
let f be a random variable on a probability space which takes values in the space of analytic functions on D,
and we write the number of zeros for f on a domain D by

(4.4) Nf (D) = #{z ∈ D : f(z) = 0}.
If we consider a disk with radius r centered at the origin, we simply write

(4.5) Nf (r) := Nf (Dr)#{z ∈ Dr : f(z) = 0}, Dr := {z ∈ C : |z| < r}.
Then, in [118], it was shown that

(4.6) E
(
NfPV

(r)

k

)
=

rk(k+1)

(1− r2)(1− r4) · · · (1− r2k)
.

In particular, we have

(4.7) ENfPV
(r) =

r2

1− r2
, VarNfPV

(r) =
r2

1− r4
.
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Also, since the one-point density of ZfPV
by Theorem 4.1 is given by

(4.8) ρ
(PV)
1 (z) =

1

π(1− |z|2)2
,

the zeros point process ZfPV
of (4.1) can be regarded as the uniform distribution on the Poincaré hyperbolic

disk. Although we do not mention the detailed properties of the determinantal point processes, for interested
readers, we refer to [86] and [125]. Initiated by Peres and Virág’ breakthrough work, studies for zeros of Gaussian
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(a) Plot of zeros of fPV(z)

-1.0 -0.5 0.5 1.0

2

4

6

(b) One point density (4.8) of ZfPV

Figure 5. The figure (A) is the plot of zeros of fPV approximated by random polynomial with
degree 500 and sample times 20. The figure (B) is the graph of one point density (4.8) of ZfPV

along [−1, 1]. Since the one-point density (4.8) is radial symmetric, the graph is symmetric.

analytic function have been drastically developed by many researchers. Here, Gaussian analytic analytic function
f , shortly denoted by GAF, is a complex Gaussian distribution on a probability space which takes values in the
space of analytic functions on a domain D, and it is uniquely characterized by a covariance function

(4.9) Kf (z, w) = E[f(z)f(w)].
For the detailed properties of GAF, we refer to [86]. Before we explain our contributions in this thesis, let us
mention the recent developments for studies of zeros of Gaussian analytic functions, in particular, GAF defined
on the unit disk.

In [86, Chapter 5], the one-parameter generalization of (4.1) was introduced:

(4.10) fL(z) =

∞∑
k=0

ζk

√
Γ(L+ k)

Γ(L)Γ(k + 1)
zk.

where {ζk}∞k=0 are i.i.d. standard complex Gaussian random variables. Then, the radius of convergence of
(4.10) is also one, and (4.10) is also GAF defined on he unit disk D. In particular, when L = 1. (4.10)
agree with (4.1). In general, it was shown that the zeros point processes ZfL except L = 1 can not form the
determinantal point processes, see [86, Chapter 5, Subsection 5.1]. Although the zeros point processes of fL are
not determinantal point processes, we can still analyze the various properties of zeros point processes of (4.10)
by using probabilistic and complex analysis arguments. Indeed,

Finally, we only mentioned the studies of zeros point processes of the hyperbolic type GAFs, but as in [86],
the zeros point processes of entire GAFs and spherical GAFs have been also studied. Those topics are not dealt
with in this review, but we refer to [86, Chapter 2] for interested readers.

4.2. Our contribution [115]. In the previous subsection 4.1, we reviewed the study by Peres and Virág and the
recent developments. In any cases, the coefficients are assumed to be i.i.d. complex Gaussian random variables.
As a natural question, what happens if we replace the i.i.d. complex Gaussian coefficients with dependent
complex Gaussian random variables, in particular, a stationary complex Gaussian process coefficients? The
one of our aim in this thesis is to answer to this question, and in fact, from the perspective of the asymptotic
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(a) Plot of zeros of f0(z).
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(b) Plot of zeros of f1/2(z).
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(c) Plot of zeros of f10(z).

Figure 6. The figures (A), (B), and (C) are plots of zeros of fL(z) for L = 0, 1/2, 10. In all
cases, fL is approximated by a random polynomial with degree 500, and sample times are 20.

behaviors for the expected number of zeros, we will make the difference between zeros point processes of random
power series with stationary complex Gaussian processes coefficients and (4.1) clear.

To describe our results, we now introduce our settings. Let Ξ = {ξk}k∈Z be a stationary complex Gaussian
process with mean 0, unit variance and covariance function given by

(4.11) E[ξjξk] = γ(k − j), n,m ∈ Z,

where γ(0) = 1 (unit variance) and γ(k) = γ(−k). We study the following random power series

(4.12) fΞ(z) =

∞∑
k=0

ξkz
k.

To lighten the notation, we often omit the subscript Ξ in fΞ. Then, the covariance function of (4.12) is given
by

(4.13) Kf (z, w) = E[f(z)f(w)] = S(z, w)Gf (z, w),

where

(4.14) S(z, w) =
1

1− zw
is the Szegö kernel and Gf (z, w) defined by

(4.15) Gf (z, w) = 1 +G(z) +G(w), G(z) =

∞∑
k=1

γ(k)zk.

From the positive definiteness, since |γ(k)| ≤ γ(0) = 1, the radius of convergence of G(z) is more than or equal
to 1. Here, the covariance function γ(k) can be represented as

γ(k) =
1

2π

∫ 2π

0

eikθd∆(θ),

where ∆(θ) is called the spectral function of Ξ, and i =
√
−1 is the pure imaginary number. When ∆(θ) is

absolutely continuous with respect to the Lebesgue measure, the density ∆′(θ) = d∆(θ)/dθ is called the spectral
density of Ξ (cf. [63]). Here, note that Gf (e

iθ, eiθ) is the spectral density of the Gaussian process Ξ if G(z) is
analytic in a neighborhood of D. When {ξk}k∈Z are i.i.d., γ(k) = δk,0, where δk,m is Kronecker’s delta function,
and Kf (z, w) = S(z, w). Hence, (4.1) is contained in a class of (4.12). In this thesis, we focus on (4.12) with
finitely dependent Gaussian coefficients, which will be explained later, and we compare the expected number of
zeros of that GAF with zeros of (4.1).
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We will firstly deal with the case of 2-dependent stationary complex Gaussian processes with covariance
function

(4.16) γa,b(k) =


1 if k = 0,

a if |k| = 1,

b if |k| = 2,

0 otherwise.

Then, we can verify that {γa,b(k)}k∈Z is positive definite if and only if (a, b) is in the region P = P1 ∪ P2 with

P1 =
{
(a, b) ∈ R2 :

a2

8
+
(
b− 1

4

)2
≤ 1

16

}
,

P2 =
{
(a, b) ∈ R2 :

a2

8
+
(
b− 1

4

)2
≥ 1

16
, |a| − 1

2
≤ |b| ≤ 1

6

}
.

(4.17)

See Figure 7 for the region of positive definiteness. We write the GAF fa,b associated with the covariance

(I)

(III)(III)

(II)(II)

(IV)
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Figure 7. The region P of positive definiteness of γ(k) defined in (4.17). The red and black
dashed ellipse are the boundaries of P1, and the green points are (a, b) = (±2/3, 1/6). The
blue line segments are b = |a| − 1/2 for −1/2 ≤ b ≤ 1/6. The similar figure can be seen in [31].
In fact, the region P is equivalent to the invertibility conditions for moving boundary average
processes (MA(2) processes).

function (4.16). Then, since the variance of ξk with the covariance function (4.16) is normalized to be 1, the
radius of convergence of fa,b(z) is 1 a.s. for any (a, b) ∈ P . Then, our first result is as follows:

Theorem 4.2. Let fa,b be the GAF defined in (4.12) with the covariance function (4.16). Then, the asymptotic
behaviors of the expected number of zeros of fa,b are as follows:

(I) If (a, b) satisfies a2/8 + (b− 1/4)2 = 1/16 and 1/6 < b ≤ 1/2, then

(4.18) ENfa,b
(r) =

r2

1− r2
−
√

2b

6b− 1

1

(1− r2)1/2
+O(1), as r → 1.

(II) If (a, b) satisfies b = |a| − 1/2 and −1/2 ≤ b < 1/6, then

(4.19) ENfa,b
(r) =

r2

1− r2
− 1

2

√
1− 2b

1− 6b

1

(1− r2)1/2
+O(1), as r → 1.

(III) If (a, b) = (±2/3, 1/6), then

(4.20) ENfa,b
(r) =

r2

1− r2
− 1

25/4
1

(1− r2)3/4
+O

( 1

(1− r2)1/4
)
, as r → 1.
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(IV) If (a, b) is in the interior of P, then there exists a non-negative constant C(a, b) such that

(4.21) ENfa,b
(r) =

r2

1− r2
− C(a, b) +O(1− r2), as r → 1.

The constant C(a, b) is positive except for (a, b) = (0, 0). The numbers (I)–(IV) correspond to those in Figure 7.

Since

ENf0,0(r) = ENfPV
(r) =

r2

1− r2
,

from Theorem 4.2, we can readily find that the expected number of zeros is less than that of (4.1) at least in
the limit as r → 1 for all cases. We can show the following stronger result.

Theorem 4.3. Let f be a GAF defined in (4.12). Let D ⊂ D be a domain with smooth boundaries and Nf (D)
be the number of zeros of f inside D. Then, ENf (D) is always less than or equal to ENfPV(D). Moreover, the
equality holds for some domain D if and only if f(z) is equal to fPV in law.

Remark 4.4. We emphasize that our setting is different from [112]. In [112], they considered the Gaussian
random power series with stationary complex Gaussian processes whose covariance function is the inverse co-
variance function of the original Gaussian processes coefficients. Translating their setting into our setting, their
setting means that (4.15) has no zeros inside the unit disk. From such special setting, there exists a conformal
map such that the zeros distribution of the random power series in [112] is equal to ones of Peres and Virág
GAF (4.1) in law via the conformal map.

As we already saw in the above, the asymptotic behavior at (a, b) = (±2/3, 1/6) corresponding to Theo-
rem 4.2 (III) is special since Gf (z, z) is the most degenerated in the sense that

Gf (z, z) = 1± 2

3
(z + z−1) +

1

6
(z2 + z−2) =

1

6
z−2(z ± 1)4, for z ∈ ∂D = {z ∈ C : |z| = 1}.

The above Gf (z, z) has the degenerated zero at z = ∓1. Now, we shall generalize the above phenomena into
the n-dependent stationary complex Gaussian process Ξn with the covariance function {γn(k)}k∈Z, which is the
most degenerated in the sense above, that is to say,

(4.22) γn(k) =

{(
2n
n

)−1( 2n
n+k

)
if |k| = 0, 1, 2, . . . , n,

0 otherwise,

which is normalized as γ(0) = 1. Then, we can easily find that

(4.23) Gf (z, z) =

n∑
k=−n

γn(k)z
k =

(
2n

n

)−1

z−n(z + 1)2n for z ∈ ∂D.

Note that z = −1 is the zero of order 2n. As in Figure 7, for this n-dependent Gaussian process Ξn = {ξ(n)k }k∈Z,
we have the following moving-average representation:

ξ
(n)
k =

(
2n

n

)−1/2 n∑
j=0

(
n

j

)
ζn−j , for k = 0, 1, 2, . . . ,

where {ζj}j∈Z are i.i.d. standard complex Gaussian random variables. Then, we have the following asymptotics,
which include Theorem 4.2 (III) as the spacial case n = 2.

Theorem 4.5. Let γn(k)be defined as (4.22) and Ξn = {ξ(n)k }k∈Z be the stationary, centered, complex Gaussian
process with the covariance function {γn(k)}k∈Z. Then, the expected number of zeros of the power series fn(z) =∑∞

k=0 ξ
(n)
k zk within Dr is given by

(4.24) ENfn(r) =
r2

1− r2
−Dn(1− r2)−

2n−1
2n +O

(
(1− r2)−

2n−3
2n

)
, as r → 1,

where

(4.25) Dn =
1

2n sin π
2n

(
2(n− 1)

n− 1

) 1
2n

.
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(a) Plot of zeros of f30(z).
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(b) Plot of zeros of f60(z).
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(c) Plot of zeros of f90(z).

Figure 8. The figures (A), (B), and (C) are plots of zeros of fn(z) defined in Theorem 4.5.

Remark 4.6. As we will see in the proof of Theorem 4.5, the sub-sub-leading order (1 − r2)− 2n−2
2n in (4.24)

vanishes by a cancellation. Hence, the correct sub-sub-leading order is O
(
(1− r2)− 2n−3

2n

)
.

As we will see in the proof of Theorem 4.2 and Theorem 4.5, the sub-leading order in the asymptotic
expansion comes from the behavior of the zeros of Gf (z, z). If Gf (z, z) has a zero with multiplicity 2k on ∂D,
then the sub-leading order (1− r2)− 2k−1

2k appears in the asymptotic expansion of ENf (r) as r → 1. Hence, the
zeros of the spectral density with the most multiplicity determines the main sub-leading order term. Therefore,
in general, we obtain the following result for finitely dependent stationary complex Gaussian process coefficients.

Corollary 4.7. Let Ξ = {ξk}k∈Z be the stationary, centered, finitely dependent complex Gaussian process.
When the spectral density of Ξ has zeros θj with multiplicity 2kj for j = 1, 2, . . . , p, we set α = (2k − 1)/(2k)
with k = max1≤j≤p kj and α = 0 otherwise. Then, there exists a positive constant CΞ such that the expected
number of zeros of the GAF f with coefficients Ξ within Dr is given by

(4.26) ENf (r) =
r2

1− r2
− CΞ(1− r2)−α + o

(
(1− r2)−α

)
, as r → 1.

For instance, the Gaussian process with the spectral density Gf (z, z) = Cf

∏p
j=1 |z+aj |2kj for z, a1, . . . , ap ∈

∂D and k1, . . . , kp ≥ 1 with the normalization constant Cf gives an example of the GAF described in Corol-
lary 4.7.
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Part 2. Proof of determinantal structure of the overlaps for induced Ginibre unitary ensemble

5. Finite N-kernel: Proof of the case of IGinUE in Theorem 2.7

5.1. Proof of the case of IGinUE in Proposition 2.6.

5.1.1. Moment method. We regard complex variables z and z as independent variables. Then, there ex-
ists a family of bi-orthogonal polynomials associated with the weight function (2.27) or (2.28) denoted by
{Pk(·|a, a), Qk(·|a, a)}∞k=0 on C such that for a ∈ C,

〈Pj(·|a, a), Qk(·|a, a)〉ωg/s
=

∫
C
Pj(z|a, a)Qk(z|a, a)ωg/s(z, z|a, a)dA(z) = hjδj,k,

where hj is the norming constant for (2.27) or (2.28). From the elementary linear algebra, we have∏
2≤j<k≤N

|zj − zk|2
N∏
j=2

ωg/s(zj , zj |z1, z1) =
N−2∏
j=0

hj × det
2≤j,k≤N

(
K

(N−1)
1,1,(g/s)(zi, zi, zj , zj |z1, z1)

)
,

where K
(N−1)
1,1,(g/s) is an integral kernel defined by

K
(N)
1,1,(g/s)(z, z, w, w|a, a) =

N−1∑
k=0

Pk(z|a, a)Qk(w|a, a)
hk

ωg/s(z, z|a, a).

Here, it would be convenient to define the reduced polynomial kernel K(N)
1,1,(g/s) via

K
(N)
1,1,(g/s)(z, z, w, w|a, a) = K

(N)
1,1,(g/s)(z, w|a, a)ω(z, z|a, a),

where

K(N)
1,1,(g/s)(z, w|a, a) =

N−1∑
k=0

Pk(z|a, a)Qk(w|a, a)
hk

.

K(N)
1,1,(g/s)(z, w|a, a) correspond to (2.44) or (2.49). Now, we shall prove the case of IGinUE in Proposition 2.6.

Proof of the case of IGinUE in Proposition 2.6. First, we define the moment matrix M with entries Mi,j :=
〈zi, zj〉ω(g)

with respect to the inner product (2.27). Then, we have

Mi,j = Γ(i+ α+ 1)
{
δi,j(α+ i+ 2 + |λ|2)− δi+1,jλ(i+ α+ 1)− δi,j+1λ

}
= Γ(i+ α+ 1)µi,j ,

where

µi,j = δi,j(α+ i+ 2 + |λ|2)− δi+1,jλ(i+ α+ 1)− δi,j+1λ.

Similar to [13], we work on the LDU decomposition for the matrix µ = (µi,j)i,j . When we have the LDU

decomposition as µ = LDU , where

(5.1) Dp,q = dpδp,q, Lp,q = δp,q + ℓpδp,q+1, Up,q = δp,q + uqδq,p+1, for p, q ≥ 0,

then we see that

(5.2) dp = −dp−1ℓp−1up1p≥1 + 2 + α+ λλ+ p, up+1 = −λ(p+ α+ 1)

dp
. ℓp+1 = − λ

dp
.

Hence, we have the following recurrence equation

dp = 2 + α+ λλ+ p− λλ(p+ α)

dp−1
, p ≥ 1, d0 = α+ 2 + λλ.

Let x = |λ|2 and dp =
rp+1

rp
with r0 = 1. Then, we can express

rp+1 + (p+ α)xrp−1 = (2 + α+ x+ p)rp, r1 = d0 = α+ 2 + x.

From an induction argument, we find that the unique solution of the above recurrence equation is given by

rp = Dp−1 = Γ(p+ α+ 1)h(α)p (x),
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where

h(α)p (x) =
x− α
x

p∑
k=0

p+ 1− k
Γ(k + α+ 1)

xk +
α(p+ 1)

Γ(α+ 1)

1

x
with h

(α)
0 (x) =

1

Γ(α+ 1)
.

Before completing the proof, it is convenient to simplify h
(α)
p (x). Note that

h(α)p (x) =
x− α
x

(p+ 1)

p∑
k=0

xk

Γ(k + α+ 1)
− (x− α)

p∑
k=0

kxk−1

Γ(k + α+ 1)
+

1

x

α(p+ 1)

Γ(α+ 1)

=
x− α
x

{
(p+ 1)e(α)p (x)− xe(α)p−1(x) + αxe

(α+1)
p−1 (x) +

α

x− α
p+ 1

Γ(α+ 1)

}
.

Here, recall that e
(α)
N−1(x) can be written in terms of the incomplete Gamma function:

e
(α)
N−1(z) =

ez

zα
(Q(N + α, z)−Q(α, z)) .

Form this, we have that

h
(α)
N (x) =

x− α
x

(
(N + α+ 1)e

(α)
N (x)− xe(α)N−1(x) +

α

Γ(α+ 1)

N + α+ 1− x
x− α

)
= f

(α)
N (x),

where f
(α)
N (x) is defined as (2.34). Coming back to the LDU decomposition step and from the definition of dp,

we obtain

dp =
rp+1

rp
=

Γ(p+ α+ 2)f
(α)
p+1(x)

Γ(p+ α+ 1)f
(α)
p (x)

= (p+ α+ 1)
f
(α)
p+1(x)

f
(α)
p (x)

.

By LDU decomposition, we have 〈Pk(·|λ, λ), Qℓ(·|λ, λ)〉ω(g)
= Dkkδk,ℓ, Pk(z|λ, λ) =

∑k
m=0(L

−1
)kmz

m, and

Qk(z|λ, λ) =
∑k

m=0 z
m(U−1)mk for k ∈ Z≥0. Then, we haveK(N)(z, z|λ, λ) =

∑N−1
i,j=0 z

iC
(N−1)
i,j zj , where C

(N)
i,j =∑N

k=0(U
−1)ik

1
Dkk

(L−1)kj for i, j ≥ 0. From (5.1) and (5.2), multiplying the diagonal matrix diag (Γ(i+ α+ 1))
by µ = LDU and updating notations, we have

Lpm = δpm − λ
f
(α)
p−1(x)

f
(α)
p (x)

δp,m+1, Umq = δmq − λ
f
(α)
m−1(x)

f
(α)
m (x)

δq,m+1, (m, q ≥ 0),

and

Dm = 〈Pm, Qm〉ω(g)
= Γ(m+ α+ 2)

f
(α)
m+1(x)

f
(α)
m (x)

, m ≥ 0.

Note that
N−2∏
q=0

〈Pq, Qq〉ω(g)
=

N−2∏
m=0

Γ(m+ α+ 2)
f
(α)
m+1(x)

f
(α)
m (x)

=

N−1∏
m=1

Γ(m+ α+ 1) ·
f
(α)
N−1(x)

f
(α)
0 (x)

,

and hence we have

N !

ZN

N−2∏
q=0

〈Pq, Qq〉ω(g)
· xαe−x =

N !

N !

N∏
j=1

1

Γ(j + α)

N−1∏
m=1

Γ(m+ α+ 1) ·
f
(α)
N−1(x)

f
(α)
0 (x)

· xαe−x = f
(α)
N−1(x)x

αe−x,

where we used the fact f
(α)
0 (x) = 1

Γ(α+1) . We recall that the inverse matrix of the lower triangular matrix L is a

lower triangular matrix and the inverse matrix of the upper triangular matrix U is an upper triangular matrix.
As a consequence, we see that

(L−1)pq =


0 q > p,

1 q = p,

(λ)p−q f(α)
q (x)

f
(α)
p (x)

q < p,

(U−1)pq =


(λ)q−p f(α)

p (x)

f
(α)
q (x)

q > p,

1 q = p,

0 q < p.
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Finally, we put

G
(α)
N−1(x|y, z) =

N−1∑
n,m=0

f (α)n (x)f (α)m (x)ynzm
N−1∑

k=max{n,m}

1

Γ(k + α+ 2)

xk

f
(α)
k (x)f

(α)
k+1(x)

,

then this completes the proof of the case of IGinUE in Proposition 2.6. □
Remark 5.1. If α = 0, then

rp = Γ(p+ 1)f (0)p (x) = p!

p∑
k=0

p+ 1− k
k!

xk = (p+ 1)!ep(x)− p!xep−1(x),

where ep(x) =
∑p

k=0
xk

k! . This is consistent with the Ginibre unitary ensemble case [13].

Remark 5.2. From the proof of the case in Proposition 2.6, we find that the planar orthogonal polynomials
{Pk(·|λ, λ)}k with respect to the weight function (2.27) are given by

(5.3) Pk(z|λ, λ) =
k∑

j=0

λk−j
f
(α)
j (λλ)

f
(α)
k (λλ)

zj .

Then, we can confirm that (5.3) satisfies the non-standard three-term recurrence in the sense of [42, Remark
1.3]. More precisely, we have

(5.4) zPk(z|λ, λ) = Pk+1(z|λ, λ) + bkPk(z|λ, λ) + ckzPk−1(z|λ, λ),
where

(5.5) bk = λ
f
(α)
k (λλ)

f
(α)
k+1(λλ)

ck = −λ
f
(α)
k−1(λλ)

f
(α)
k (λλ)

.

It would be interesting to study a differential equation of the finite N -kernel (2.44) based on (5.3), and we expect
that the corresponding differential equation would satisfy a second order differential equation. Indeed, as the
simplest case, we now consider λ = 0 case here. Let us denote the finite N -kernel associated with (2.27) with
u = v = 0 by KN (z, w|0). Then, it is easy to see that

K(α)
N (z, w|0) =

N−1∑
k=0

(zw)k

(k + α+ 2)Γ(k + α+ 2)
.

We write
K̂(α)

N (z, w|0) = (zw)α+2e−zwK(α)
N (z, w|0).

By differentiating the above with respect to z, we can derive[
∂2z +

zw − 1

z
∂z −

w

z

]
K̂(α)

N (z, w|0) = −w2e−zw
( (zw)N+α

Γ(N + α)
− (zw)α

Γ(α)

)
.

It would require more tasks to generalize the general case.

5.2. Simplification step. In this subsection, we complete the proof of IGinUE case of Theorem 2.7. To this
end, firstly, note that (2.41) can be rewritten as

G
(α)
N−1(x|y, z) =

N−1∑
n,m=0

f (α)n (x)f (α)m (x)ynzm
(
Φ

(α)
N−1(x)− Φ

(α)
max{n,m}−1(x)

)
,

where

(5.6) Φ(α)
n (x) :=

n∑
k=0

1

Γ(k + α+ 2)

xk

f
(α)
k (x)f

(α)
k+1(x)

, Φ
(α)
−1 (x) = 0.

Lemma 5.3. (5.6) can be written as

(5.7) Φ(α)
n (x) = Γ(α+ 1)

x− (α+ 1)

(x− α)x
+

1

x2f
(α)
n+1(x)

x(n+ α+ 2− x)
x− α

.
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Proof. The proof is done by induction. For fixed x, we have Φ
(α)
n+1(x) = Φ

(α)
n (x) + 1

Γ(n+α+3)
xn+1

f
(α)
n+1(x)f

(α)
n+2(x)

with

Φ0(x) =
1

x+α+2 . From f
(α)
1 (x) = x+α+2

Γ(α+2) , the initial condition is satisfied. Now, we assume that (5.7) holds for

n ∈ N. Then, we have

Φ
(α)
n+1(x) = Γ(α+ 1)

x− (α+ 1)

(x− α)x
+

1

x2f
(α)
n+1(x)f

(α)
n+2(x)

{
x(n+ α+ 2− x)f (α)n+2(x)

x− α
+

xn+3

Γ(n+ α+ 3)

}
.

Here, it is easy to see that

x(n+ α+ 2− x)f (α)n+2(x)

x− α
+

xn+3

Γ(n+ α+ 3)
=
x(n+ α+ 3− x)

x− α
f
(α)
n+1(x),

which completes the proof. □

Remark 5.4. If α = 0, then we clearly have Φn(x) := Φ
(0)
n (x) = x−1

x2 + 1
x2fn+1(x)

(n+2−x), which is consistent

with [13].

Combining (5.7) with (2.41), we have

G
(α)
N−1(x|y, z)

=
1

x2f
(α)
N (x)

x(N + α+ 1− x)
x− α

µ
(α)
N−1(x, y)µ

(α)
N−1(x, z) +

1

x2
x (x− α− 1− ω∂ω)

x− α

N−1∑
n=0

f (α)n (x)ωn

∣∣∣∣∣
ω=yz

+
1

x2
x (x− α− 1− z∂z)

x− α

N−1∑
n=0

N−1∑
m=n+1

f (α)n (x)ynzm +
1

x2
x (x− α− 1− y∂y)

x− α

N−1∑
m=0

N−1∑
n=m+1

f (α)m (x)zmyn,

where we defined

(5.8) µ(α)
n (x, y) =

n∑
k=0

f
(α)
k (x)yk, n ∈ N.

5.2.1. Complete the proof of the case of IGinUE in Theorem 2.7. Now, we are ready to prove IGinUE case in
Theorem 2.7.

Proof of the case of IGinUE case in Theorem 2.7. By elementary but involved computations, we have the fol-
lowing identities:

N−1∑
n=0

N−1∑
m=n+1

f (α)n (x)ynzm =
z

1− z
µ
(α)
N−1(x, yz)−

zN

1− z
µ
(α)
N−1(x, y),

where

µ
(α)
N−1(x, t)

=
x− α
x

{
e
(α)
N−1(xω|x)
(1− t)2

− 1

1− t
(xt)N

Γ(N + α)
− tN (N + α+ 1− x− (N + α− x)t)

(1− t)2
e
(α)
N−1(x|x)

}
,

(5.9)

∂tµ
(α)
N−1(x, t)

=

(
N

t
+

2

1− t

)
µ
(α)
N−1(x, t)−

x− α
x

N + α− xt
t(1− t)2

e
(α)
N−1(xt) +

x− α
x

tN (N + α− x)e(α)N−1(x)

(1− t)2

− x− α
x

1

t(1− t)2

{
(xt)N (1− t)
Γ(N + α)

+
α

Γ(α+ 1)

(N + α− x)(1− tN+1)

x− α

}
,

(5.10)
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and hence, we have

x2G
(α)
N−1(x|y, z)

=
x

x− α

{
(N + α+ 1− x)

f
(α)
N (x)

µ
(α)
N−1(x, y)µ

(α)
N−1(x, z)

+ (x− α− 1)

(
1− yz

(1− y)(1− z)
µ
(α)
N−1(x, yz)−

yN

1− y
µ
(α)
N−1(x, z)−

zN

1− z
µ
(α)
N−1(x, y)

)
+
NzN − (N − 1)zN+1

(1− z)2
µ
(α)
N−1(x, y) +

NyN − (N − 1)yN+1

(1− y)2
µ
(α)
N−1(x, z)

− 1− yz
(1− y)(1− z)

t∂tµ
(α)
N−1(x, t)|t=yz −

(
y

(1− y)2
+

z

(1− z)2

)
µ
(α)
N−1(x, yz)

}
.

(5.11)

Notice also that

(5.12)

(
NzN − (N − 1)zN+1

(1− z)2
− (x− α− 1)

zN

1− z

)
µ
(α)
N−1(x, y) = zN

(
N + α− x

1− z
+

1

(1− z)2

)
µ
(α)
N−1(x, y).

Using (5.9), (5.10), (5.11), (5.12), and grouping by the denominators, we have

x(x− α)G(α)
N−1(x|y, z) =

T
(α)
A (x, y, z)

(1− y)2(1− z)2
+

T
(α)
B (x, y, z)

(1− y)(1− z)
+

T
(α)
C (x, y, z)

(1− y)2(1− z)
+

T
(α)
C (x, z, y)

(1− y)(1− z)2
,

where (
x

x− α

)2

f
(α)
N (x)T

(α)
A (x, y, z) =(N + α+ 1)

{
e
(α)
N (xy|x)e(α)N (xz|x)− e

(α)
N−1(xyz|x)e

(α)
N−1(x|x)

}
− x

{
e
(α)
N−1(xy|x)e

(α)
N−1(xz|x)− e

(α)
N−1(xyz|x)e

(α)
N−1(x|x)

}
,

(
x

x− α

)2

f
(α)
N (x)T

(α)
B (x, y, z) =x

(xy)N (xz)N

Γ(N + α+ 1)Γ(N + α)
+ x(N + α− x)e(α)N−1(x|x)

(xyz)N

Γ(N + α+ 1)

+ xe
(α)
N−1(xyz)

{
(N + α+ 1− x)e(α)N−1(x|x) +

(N + α+ 1)xN

Γ(N + α+ 1)

}
,

and (
x

x− α

)2

f
(α)
N (x)T

(α)
C (x, y, z) = x

(xyz)N

Γ(N + α+ 1)
e
(α)
N−1(x|x)− x

(xz)N

Γ(N + α+ 1)
e
(α)
N−1(xy|x).

Then, we obtain

x2
x

x− α
f
(α)
N (x)G

(α)
N−1(x|y, z)

=
(N + α+ 1)W

(α)
N (x, y, z)− xW (α)

N−1(x, y, z)

(1− y)2(1− z)2
+ x

(xyz)N e
(α)
N−1(x|x)− (xz)N e

(α)
N−1(xy|x)

Γ(N + α+ 1)(1− y)2(1− z)

+ x
(xyz)N e

(α)
N−1(x|x)− (xy)N e

(α)
N−1(xz|x)

Γ(N + α+ 1)(1− y)(1− z)2
− x (xyz)N

Γ(N + α+ 1)

e
(α)
N (x|x) + xe

(α)
N−1(x|x)

(1− y)(1− z)

− 1

Γ(α)

x

x− α
(N + α+ 1)e

(α)
N (x|x)− xe(α)N−1(x|x)

(1− y)(1− z)
,

where we set

W
(α)
N (x, y, z) = e

(α)
N (xy|x)e(α)N (xz|x)− (1− x(1− y)(1− z))e(α)N (xyz|x)e(α)N (x|x).

Using e
(α)
n−1(x) = e

(α)
n (x)− xn

Γ(n+α+1) , we see that

W
(α)
N (x, y, z) =W

(α)
N+1(x, y, z)−

(xz)N+1e
(α)
N+1(xy|x)

Γ(N + α+ 2)
−

(xy)N+1e
(α)
N+1(xz|x)

Γ(N + α+ 2)
+
x(1− y)(1− z)(x2yz)N+1

Γ(N + α+ 2)2
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+ (1− x(1− y)(1− z))

{
xN+1e

(α)
N+1(xyz|x)

Γ(N + α+ 2)
+

(xyz)N+1e
(α)
N+1(x|x)

Γ(N + α+ 2)

}
.

Therefore, we can find that

x2
x

x− α
f
(α)
N (x)G

(α)
N−1(x|y, z)

=
(N + α+ 1)W

(α)
N+1(x, y, z)− xW

(α)
N (x, y, z)

(1− y)2(1− z)2
− x

(1− y)(1− z)
(xyz)N+1e

(α)
N+1(x|x)

Γ(N + α+ 1)

− 1

Γ(α)

x

x− α
(N + α+ 1)e

(α)
N (x|x)− xe(α)N−1(x|x)

(1− y)(1− z)
.

Here, the third term can be written as

− 1

Γ(α)

x

x− α
(N + α+ 1)e

(α)
N (x|x)− xe(α)N−1(x|x)

(1− y)(1− z)
= − 1

Γ(α)

(
x

x− α

)2
f
(α)
N (x)

(1− y)(1− z)
.

Therefore, we have

G
(α)
N−1(x|y, z) =

(N + α+ 1)W
(α)
N+1(x, y, z)− xW

(α)
N (x, y, z)

x2(1− y)2(1− z)2g(α)N (x)

− 1

x(1− y)(1− z)g(α)N (x)

(xyz)N+1e
(α)
N+1(x|x)

Γ(N + α+ 1)
− 1

Γ(α)

1

x(x− α)
1

(1− y)(1− z)
.

Letting x = λλ, y = z
λ
, z = w

λ , then we have

G
(α)
N−1

(
λλ
∣∣∣ z
λ
,
w

λ

)
=
λλ− α
λλ

(N + α+ 1)W
(α)
N+1(z, w|λ, λ)− λλW

(α)
N (z, w|λ, λ)

(z − λ)2(w − λ)2fN (λλ)ϖ(z, w)ϖ(λ, λ)

− λλ− α
λλ

(zw)N+1e
(α)
N+1(λλ|λλ)

Γ(N + α+ 1)(z − λ)(w − λ)f (α)N (λλ)
− 1

Γ(α)

1

(λλ− α)(z − λ)(w − λ)

= H
(α)
N (z, w|λ, λ) + F

(α)
N (z, w|λ, λ).

This completes the proof. □

6. Scaling limits: Proof of the case of IGinUE in Theorem 2.10

In below all proofs, a constant ϵ > 0 is independent ofN , but it may be different in each line. It does not affect
the our desired result. Also, note that a co-cycle factor of kernel the K(x, y), K(x, y) 7→ ϕ(x)K(x, y)ϕ−1(y),
does not change the value of the determinant. Hence, for the simplicity of the notation, we omit a co-cycle
factor. Indeed, from the expression of (2.52), (2.53) and (2.54), we can find that a co-cycle factor does not
affect the resulting value, and we do not mention that in each line.

6.1. Proof of the case of IGinUE in the strongly non-unitary regime in Theorem 2.10. We fix
aN = 1 and α = bN = Nb in this subsection.

Proof of the case of IGinUE in Theorem 2.10 in the strongly non-unitary regime: bulk case. For p ∈ int(S), let

z =
√
Np+ ζ, w =

√
Np+ η, λ =

√
Np+ χ. It is straightforward to see that

e
(bN )
N (zw|λλ)ω̂bN (z, w) = e−

1
2 (|ζ|

2+|η|2)+ζη +O
(
e−ϵN

)
,

uniformly for ζ, η, χ in compact subsets of C. Therefore, we obtain

f
(bN )
N (λλ)ω̂bN (λ, λ) = N

(|p|2 − b)(1 + b− |p|2)
|p|2

(
1 +O

(
e−ϵN

))
,



54 Kohei Noda

uniformly for χ in a compact subset of C. With help of these asymptotic expansions, we have

H
(bN )
N (z, w|λ, λ)ωbN (z, z|λ, λ)

=
d

du

(
eu − 1

u

)∣∣∣∣
u=(ζ−χ)(η−χ)

ϖ(ζ, ζ|χ, χ)e− 1
2 (|ζ|

2+|η|2)+ζηe−(ζ−χ)(η−χ)(1 +O(N−1))

= c(ζ, η, χ)K(b)
1,1 (ζ, η|χ, χ)ϖ(ζ, ζ|χ, χ)e−(ζ−χ)(ζ−χ)(1 +O(N−1)),

(6.1)

uniformly for ζ, η, χ in compact subsets of C, where c(ζ, η, χ) is the conjugation factor. Here, by Stirling formula,
it is easy to see that

(6.2) F
(bN )
N (z, z|λ, λ)ωbN (z, z|λ, λ) = O

(
e−ϵN

)
,

uniformly for ζ, η, χ in compact subsets of C. Combining (6.1) with (6.2), we have

(6.3) K
(N)
1,1,(g)(z, z, w, w|λ, λ) = cN (ζ, η, χ)K(b)

1,1 (ζ, η|χ, χ)ω(b)(ζ, ζ|χ, χ) +O
(
e−ϵN

)
,

uniformly for ζ, η, χ in compact subsets of C. Here, cN (ζ, η, χ) is a conjugation factor, which is explicitly written,
but it is not important. For the proof of the off-diagonal case, since we can easily calculate the scaling limit
similar to [13], we omit the details here. □

Next, we prove the edge scaling limit.

Proof of the case of IGinUE in the strongly non-unitary regime in Theorem 2.10: edge case. We fix aN = 1 and
α = bN = Nb again. We use the following uniform asymptotic behaviour of the incomplete Gamma func-
tion [117, equation (8.8.9)]:

(6.4) Q(s+ 1, s+
√
sz) =

1

2
erfc

(
z√
2

)
+
e−

z2

2

√
2πs

2 + z2

3
+O

(
1

s

)
as s→∞,

uniformly for z in a compact subset of C. Here, we recall that

erfc(z) =
e−z2

√
πz

(
1 +O(z−2)

)
as z →∞ with |arg(z)| < 3

4
π,

and by the relation erfc(−z) = 2− erfc(z),

erfc(−z) = 2− e−z2

√
πz

(
1 +O(z−2)

)
as z →∞ with |arg(z)| < 3

4
π.

For the outer edge case, we set z = eiθ(
√
N(b+ 1) + ζ), w = eiθ(

√
N(b+ 1) + η), λ = eiθ(

√
N(b+ 1) + χ). For

the inner edge case, we set z = eiθ(
√
Nb − ζ), w = eiθ(

√
Nb − η), λ = eiθ(

√
Nb − χ). First, we consider the

outer edge case. Using (6.4), we have

(6.5) e
(bN )
N+k−1(zw|λλ)ω̂bN (z, w) = e−

1
2 (|ζ|

2+|η|2)+ζη
(
F (ζ + η) +

e−
(ζ+η)2

2√
2πN(1 + b)

( (ζ + η)2 + 2

3
+ k
)
+O(N−1)

)
,

uniformly for ζ, η, χ in compact subsets of C. For the inner edge case, similar to the above, we have

(6.6) e
(bN )
N+k−1(zw|λλ)ω̂bN (z, w) = e−

1
2 (|ζ|

2+|η|2)+ζη
(
F (ζ + η)− e−

(ζ+η)2

2

√
2π(χ+ χ)

+O(N−1/2)
)
,

uniformly for ζ, η, χ in compact subsets of C. Here, F (u) is the complementary error function defined in (2.11).
Using (6.5) and (6.6), we can find that for the outer edge case,

(6.7) f
(bN )
N (λλ)ω̂bN (λ, λ) =

√
N

2π(1 + b)
F(χ+ χ)

(
1 +O(N−1/2)

)
,

and for the inner edge case,

(6.8) f
(bN )
N (λλ)ω̂bN (λ, λ) =

√
N

2πb
F(χ+ χ)(1 +O(N−1/2)),
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uniformly for ζ, η, χ in compact subsets of C. Using (6.5), we have

W
(bN )
N+k(z, w|λ, λ) = G(ζ, η)

[
e−(ζ−χ)(η−χ)

{
F (ζ + χ)F (χ+ η) +

1√
N

(
CN (η, χ)F (χ+ ζ) + CN (χ, ζ)F (η + χ)

)
+

k√
2πN(1 + b)

(
e−

1
2 (η+χ)2F (χ+ ζ) + e−

1
2 (χ+ζ)2F (η + χ)

)
+O(N−1)

}]
.

Therefore, we obtain

(N + bN + 1)W
(bN )
N+1(z, w|λ, λ)− λλW

(bN )
N (z, w|λ, λ)

= −
√
N(1 + b)

2π
G(ζ, η)

[
−e−(ζ−χ)(η−χ)

(
e−

1
2 (η+χ)2F (χ+ ζ) + e−

1
2 (χ+ζ)2F (η + χ)

)
+ (1− (ζ − χ)(η − χ))

(
e−

1
2 (χ+χ)2F (η + ζ) + e−

1
2 (η+ζ)2F (χ+ χ)

)
+
√
2π(χ+ χ)

(
e−(ζ−χ)(η−χ)F (χ+ ζ)F (η + χ)− (1− (ζ − χ)(η − χ))F (χ+ χ)F (η + ζ)

)
+O(N−1/2)

]
=

√
N(1 + b)

2π
G(ζ, η)F(χ+ χ)H(a, b, c, d, f) +

√
N(1 + b)

2π
G(ζ, η)(ζ − χ)(η − χ)e− 1

2 (η+ζ)2F (χ+ χ) +O(1),

with a = χ+ χ, b = χ+ ζ, c = η + χ, d = η + ζ, f = (ζ − χ)(η − χ). Here, H is defined by (2.66). By (2.52), we
obtain

H
(bN )
N (z, w|λ, λ)ωbN (z, z|λ, λ) =G(ζ, η)H(a, b, c, d, f)

(ζ − χ)2(η − χ)2
ϖ(ζ, ζ|χ, χ) ω̂bN (z, z)

ω̂bN (z, w)

+
G(ζ, η)

(ζ − χ)(η − χ)
e−

1
2 (ζ+η)2F (χ+ χ)

F(χ+ χ)
ϖ(ζ, ζ|χ, χ) ω̂bN (z, z)

ω̂bN (z, w)
+O(N−1/2).

On the other hand, by (2.53) and Stirling formula, we have

F
(bN )
N (z, w|λ, λ)ωbN (z, w|λ, λ) = − G(ζ, η)

(ζ − χ)(η − χ)
e−

1
2 (ζ+η)2F (χ+ χ)

F(χ+ χ)
ϖ(ζ, ζ|χ, χ) ω̂bN (z, z)

ω̂bN (z, w)
+O(N−1/2).

Therefore, there exists a conjugation factor cN (ζ, η, χ), which is explicitly written (but it is not important),
such that

K
(N)
1,1,(g)(z, z, w, w|λ, λ) = cN (ζ, η, χ)K(e)

1,1(ζ, η|χ, χ)ω(e)(ζ, ζ|χ, χ) +O(N−1/2),

uniformly for ζ, η, χ in compact subsets of C. This completes the proof of the outer edge case. Next, we consider
the inner edge case, but almost computations are same as the outer edge case. Indeed, using (6.6) and by similar
computations, we have that with same convention,

H
(bN )
N (z, w|λ, λ)ωbN (z, z|λ, λ)

= G(ζ, η)

{
H(a, b, c, d, f)

(ζ − χ)2(η − χ)2
+

1√
2π(χ+ χ)

e−
1
2 (ζ+η)2

(ζ − χ)(η − χ)

}
ϖ(ζ, ζ|χ, χ) ω̂bN (z, z)

ω̂bN (z, w)
(1 +O(N−1/2)),

uniformly for ζ, η, χ in compact subsets of C. On the other hand,

F
(bN )
N (z, w|λ, λ)ωbN (z, z|λ, λ) = − G(ζ, η)√

2π(χ+ χ)

e−
1
2 (ζ+η)2

(ζ − χ)(η − χ)
ϖ(ζ, ζ|χ, χ) ω̂bN (z, z)

ω̂bN (z, w)
(1 +O(N−1/2)),

Therefore, there exists a conjugation factor cN (ζ, η, χ), which is explicitly written (but it is not important),
such that

K
(N)
1,1,(g)(z, z, w, w|λ, λ) = cN (ζ, η, χ)K(e)

1,1(ζ, η|χ, χ)ω(e)(ζ, ζ|χ, χ) +O(N−1/2),

uniformly for ζ, η, χ in compact subsets of C. For the off-diagonal case, by applying Lemma 2.5 and just
performing the similar computations, we get the desired result. □
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6.2. Proof of the case of IGinUE in the weakly non-unitary regime in Theorem 2.10.

Proof of the case of IGinUE in the weakly non-unitary regime in Theorem 2.10. We fix aN = N
ρ2 and α = bN =

N
(

N
ρ2 − 1

2

)
. As in the strong non-unitary regime, we use (6.4) many times. For θ ∈ [0, 2π) and χ, ζ, η in a

compact subset of complex plane C, let z = eiθ(
√
NaN + ζ), w = eiθ(

√
NaN + η), λ = eiθ(

√
NaN + χ). Let

(6.9) Jρ/√2(ζ, η|χ, χ) = Lρ/
√
2(ζ + η) +

e−
1
2 (ζ+η+ ρ

2 )
2

√
2π
(
χ+ χ+ ρ

2

) .
Here, Lρ is defined by (2.13). By (6.4), we have

e
(bN )
N+k−1(zw|λλ)ω̂bN (z, w)

= e−
1
2 (|ζ|

2+|η|2)+ζη
{
Jρ/√2(ζ, η|χ, χ) +

ρ

N

(
k
e−

1
2 (ζ+η− ρ

2 )
2

√
2π

+ Cg(ζ, η)
)}

(1 +O(N−2)),
(6.10)

uniformly for ζ, η, χ in compact subsets of C. Here, we defined

Cg(ζ, η) =
1√
2π

{
2 +

(
ζ + η − ρ

2

)2
3

e−
1
2 (ζ+η− ρ

2 )
2

−
2 +

(
ζ + η + ρ

2

)2
3

e−
1
2 (ζ+η+ ρ

2 )
2

}
,

which does not depend on k. From (6.10), we see that

(6.11) f
(bN )
N (λλ)ω̂bN (λ, λ) = Lρ/

√
2(χ+ χ)(1 +O(N−1)),

uniformly for χ in a compact subset of C. Here, Lρ is defined by (2.67). First, we observe that

(N + bN + 1)W
(bN )
N+1(z, w|λ, λ)− λλW

(bN )
N (z, w|λ, λ)

=
N2

ρ2
(W

(bN )
N+1(z, w|λ, λ)−W

(bN )
N (z, w|λ, λ)) +

(N
2
W

(bN )
N+1(z, w|λ, λ)−

N(χ+ χ)

ρ
W

(bN )
N (z, w|λ, λ)

)
+W

(bN )
N+1(z, w|λ, λ)− |χ|

2W
(bN )
N (z, w|λ, λ).

(6.12)

In order to see the asymptotic behavior of (6.12), we observe that for k = 0, 1,

W
(bN )
N+k(z, w|λ, λ) =G(ζ, η)

(
e−(ζ−χ)(η−χ)w

(1)
N,k − (1− (ζ − χ)(η − χ))w(2)

N,k

)
,

where

w
(1)
N,k =Jρ/√2(χ, ζ|χ, χ)Jρ/√2(η, χ|χ, χ) + Jρ/√2(χ, ζ|χ, χ)

ρ

N

(k + 1√
2π

e−
1
2 (η+χ− ρ

2 )
2

+ Cg(η, χ)
)

+ Jρ/√2(η, χ|χ, χ)
ρ

N

(k + 1√
2π

e−
1
2 (χ+ζ− ρ

2 )
2

+ Cg(χ, ζ)
)
+O(N−2),

and

w
(2)
N,k =Jρ/√2(η, ζ|χ, χ)Jρ/√2(χ, χ|χ, χ) + Jρ/√2(η, ζ|χ, χ)

ρ

N

(k + 1√
2π

e−
1
2 (χ+χ− ρ

2 )
2

+ Cg(χ, χ)
)

+ Jρ/√2(χ, χ|χ, χ)
ρ

N

(k + 1√
2π

e−
1
2 (η+ζ− ρ

2 )
2

+ Cg(η, ζ)
)
+O(N−2),

uniformly for ζ, η, χ in compact subsets of C. Since

w
(1)
N,1 −w

(1)
N,0 =

ρ

N
Jρ/√2(χ, ζ|χ, χ)

e−
1
2 (η+χ− ρ

2 )
2

√
2π

+
ρ

N
Jρ/√2(η, χ|χ, χ)

e−
1
2 (χ+ζ− ρ

2 )
2

√
2π

+O(N−2),

w
(2)
N,1 −w

(2)
N,0 =

ρ

N
Jρ/√2(η, ζ|χ, χ)

e−
1
2 (χ+χ− ρ

2 )
2

√
2π

+
ρ

N
Jρ/√2(χ, χ|χ, χ)

e−
1
2 (η+ζ− ρ

2 )
2

√
2π

+O(N−2),

we have

N2

ρ2
(
W

(bN )
N+1(z, w|λ, λ)−W

(bN )
N (z, w|λ, λ)

)
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=
N2

ρ2
G(ζ, η)

(
e−(ζ−χ)(η−χ)(w

(1)
N,1 −w

(1)
N,0)− (1− (ζ − χ)(η − χ))(w(2)

N,1 −w
(2)
N,0)

)
=
N

ρ

G(ζ, η)√
2π

{
e−(ζ−χ)(η−χ)

(
Jρ/√2(χ, ζ|χ, χ)e

− 1
2 (η+χ− ρ

2 )
2

+ Jρ/√2(η, χ|χ, χ)e
− 1

2 (χ+ζ− ρ
2 )

2)
− (1− (ζ − χ)(η − χ))

(
Jρ/√2(η, ζ|χ, χ)e

− 1
2 (χ+χ− ρ

2 )
2

+ Jρ/√2(χ, χ|χ, χ)e
− 1

2 (η+ζ− ρ
2 )

2)}
(1 +O(N−1)),

uniformly for ζ, η, χ in compact subsets of C. Next, we observe that

N

2
W

(bN )
N+1(z, w|λ, λ)−

N

ρ
(χ+ χ)W

(bN )
N (z, w|λ, λ)

=− (1 +O(N−1))
N

ρ

(
χ+ χ− ρ

2

)
G(ζ, η)

×
(
e−(ζ−χ)(η−χ)Jρ/√2(χ, ζ|χ, χ)Jρ/√2(η, χ|χ, χ)− (1− (ζ − χ)(η − χ))Jρ/√2(η, ζ|χ, χ)Jρ/√2(χ, χ|χ, χ)

)
,

uniformly for ζ, η, χ in compact subsets of C. Then, we obtain

(N + bN + 1)W
(bN )
N+1(z, w|λ, λ)− λλW

(bN )
N (z, w|λ, λ) = N

ρ
G(ζ, η)w(3)(1 +O(N−1)),

where we set

w(3) =e−(ζ−χ)(η−χ)
(
Jρ/√2(χ, ζ|χ, χ)

e−
1
2 (η+χ− ρ

2 )
2

√
2π

+ Jρ/√2(η, χ|χ, χ)
e−

1
2 (χ+ζ− ρ

2 )
2

√
2π

)
− (1− (ζ − χ)(η − χ))

(
Jρ/√2(η, ζ|χ, χ)

e−
1
2 (χ+χ− ρ

2 )
2

√
2π

+ Jρ/√2(χ, χ|χ, χ)
e−

1
2 (η+ζ− ρ

2 )
2

√
2π

)
−
(
χ+ χ− ρ

2

)(
e−(ζ−χ)(η−χ)Jρ/√2(χ, ζ|χ, χ)Jρ/√2(η, χ|χ, χ)

− (1− (ζ − χ)(η − χ))Jρ/√2(η, ζ|χ, χ)Jρ/√2(χ, χ|χ, χ)
)
.

Therefore, we obtain

H
(bN )
N (z, w|λ, λ)ωbN (z, z|λ, λ)

=
(
χ+ χ+

ρ

2

) G(ζ, η)w(3)ϖ(ζ, ζ|χ, χ)
Lρ/

√
2(χ+ χ)(ζ − χ)2(η − χ)2

ω̂bN (z, z|λ, λ)
ω̂bN (z, w|λ, λ)

(1 +O(N−1))

=
G(ζ, η)w(4)

Lρ/
√
2(χ+ χ)(ζ − χ)2(η − χ)2

ϖ(ζ, ζ|χ, χ) ω̂bN (z, z|λ, λ)
ω̂bN (z, w|λ, λ)

(1 +O(N−1)),

(6.13)

where

w(4)

= e−(ζ−χ)(η−χ)Hρ/
√
2(χ+ χ, χ+ ζ, η + χ, η + ζ, (ζ − χ)(η − χ))

+ (ζ − χ)(η − χ)
{(
χ+ χ+

ρ

2

)
Lρ/

√
2(χ+ χ)

e−
1
2 (η+ζ− ρ

2 )
2

√
2π

−
(
χ+ χ− ρ

2

)
Lρ/

√
2(χ+ χ)

e−
1
2 (η+ζ+ ρ

2 )
2

√
2π

+
e−

1
2 (η+ζ+ ρ

2 )
2− 1

2 (χ+χ− ρ
2 )

2

√
2π

2 +
e−

1
2 (η+ζ− ρ

2 )
2− 1

2 (χ+χ+ ρ
2 )

2

√
2π

2 −
χ+ χ− ρ

2

χ+ χ+ ρ
2

e−
1
2 (η+ζ+ ρ

2 )
2− 1

2 (χ+χ+ ρ
2 )

2

√
2π

2

}
.

(6.14)

Using asymptotics (6.10) and (6.11), note that

F
(bN )
N (z, w|λ, λ)ωbN (z, w|λ, λ)

= −G(ζ, η)ϖ(ζ, ζ|χ, χ) ω̂bN (z, z|λ, λ)
ω̂bN (z, w|λ, λ)
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×
{(χ+ χ+ ρ

2

)
√
2π

Jρ/√2(χ, χ|χ, χ)
Lρ/

√
2(χ+ χ)(ζ − χ)(η − χ)

e−
1
2 (ζ+η− ρ

2 )
2

+
e−

1
2 (η+ζ+ ρ

2 )
2

√
2π(χ+ χ+ ρ

2 )(ζ − χ)(η − χ)

}
(1 +O(N−1)),

uniformly for ζ, η, χ in compact subsets of C. The above can be also written as follows.

F
(bN )
N (z, w|λ, λ)ωbN (z, z|λ, λ)

= −G(ζ, η)ϖ(ζ, ζ|χ, χ) ω̂bN (z, z|λ, λ)
ω̂bN (z, w|λ, λ)

{ e−
1
2 (ζ+η− ρ

2 )
2

√
2πLρ/

√
2(χ+ χ)(ζ − χ)(η − χ)

(
χ+ χ+

ρ

2

)
Lρ/

√
2(χ+ χ)

+
e−

1
2 (ζ+η− ρ

2 )
2

e−
1
2 (χ+χ+ ρ

2 )
2

√
2π

2Lρ/
√
2(χ+ χ)(ζ − χ)(η − χ)

−
e−

1
2 (η+ζ+ ρ

2 )
2− 1

2 (χ+χ+ ρ
2 )

2

(χ+ χ− ρ
2 )√

2π
2Lρ/

√
2(χ+ χ)(ζ − χ)(η − χ)(χ+ χ+ ρ

2 )

+
e−

1
2 (η+ζ+ ρ

2 )
2− 1

2 (χ+χ− ρ
2 )

2

√
2π

2Lρ/
√
2(χ+ χ)(ζ − χ)(η − χ)

−
(χ+ χ− ρ

2 )e
− 1

2 (η+ζ+ ρ
2 )

2

Lρ/
√
2(χ+ χ)

√
2πLρ/

√
2(χ+ χ)(ζ − χ)(η − χ)

}
(1 +O(N−1)).

(6.15)

Combining (6.13) and (6.14) with (6.15), there exists a cojugation factor cN (ζ, η, χ) such that we have

K
(N)
1,1,(g)(ζ, ζ, η, η|χ, χ) = cN (ζ, η, χ)

Hρ/
√
2(χ+ χ, χ+ ζ, η + χ, η + ζ, (ζ − χ)(η − χ))
Lρ/

√
2(χ+ χ)(ζ − χ)2(η − χ)2

ϖ(ζ, ζ|χ, χ)e−(ζ−χ)(ζ−χ) + o(1),

uniformly for ζ, η, χ in compact subsets of C. This completes the first part of the proof of the weakly non-
unitary regime. Next, we consider the off-diagonal overlap case. For the computation of the kernel, we just
apply Lemma 2.5 into our setting. Using (6.10) and (6.11) and from the above discussions, we see that for
z1 =

√
NaN + ζ1, z2 =

√
NaN + ζ2,

f
(bN )
N−1(z1z2)ω̂bN (z1, z2)ω̂bN (z1, z2)K(N−1)

1,1,(g) (z1, z2|z1, z2)

=
Hρ/

√
2(ζ1 + ζ2, ζ1 + ζ1, ζ2 + ζ2, ζ2 + ζ1,−(ζ1 − ζ2)(ζ1 − ζ2))

(ζ1 − ζ2)2(ζ1 − ζ2)2
(1 + o(1)),

as N →∞, uniformly for ζ1, ζ2 in compact subsets of C. This completes the proof. □

6.3. Proof of the case of IGinUE in the singular origin regime in Theorem 2.10. We fix aN = 1 and
bN = b > 0 as the parameters. Let z = ζ, w = η, λ = χ. Then, observe that

(6.16) e
(b)
N+k−1(zw|λλ)ω̂b(z, w) =

(
(ζη)bE1,b+1(ζη) +

1

Γ(b)

(ζη)b

|χ|2 − b

)
e−

1
2 (|ζ|

2+|η|2), as N →∞,

uniformly for ζ, η, χ in compact subsets of C. Based on this asymptotic expansion, we have

(6.17) f
(b)
N (λλ)ω̂b(λ, λ) =

N

χχ
Eb(χχ|χχ)(χχ)be−|χ|2(1 +O(N−1)), as N →∞,

uniformly for χ in a compact subset of C, and Eb is defined by (2.69). With these asymptotics, we obtain

W
(b)
N (z, w|λ, λ) =

(
Eb(ζχ|χχ)Eb(χη|χχ)− (1− (ζ − χ)(η − χ))Eb(ζη|χχ)Eb(χχ|χχ)

)
× (ζη)b(χχ)be−

1
2 (|ζ|

2+|η|2)−|χ|2

(|χ|2 − b)2
(1 +O(N−1)),

uniformly for ζ, η, χ in a compact subset of C. Therefore, we have

H
(b)
N (z, w|λ, λ) =Eb(ζχ|χχ)Eb(χη|χχ)− (1− (ζ − χ)(η − χ))Eb(ζη|χχ)Eb(χχ|χχ)

(χχ− b)(ζ − χ)2(η − χ)2Eb(χχ|χχ)
(1 +O(N−1)).

Similarly, we have

F
(b)
N (z, w|λ, λ) = − 1

Γ(b)

1

(χχ− b)(ζ − χ)(η − χ)
(1 +O(N−1)).
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Hence, we obtain

K(b)
N (z, w|λ, λ) =Sb(ζχ, χη, ζη, χχ, (ζ − χ)(η − χ))

(ζ − χ)2(η − χ)2Eb(χχ)
(1 +O(N−1)),

uniformly for ζ, η, χ in compact subsets of C. Here, Sb is defined by (2.70). Then, the claim immediately follows.
For the off-diagonal case, since Lemma 2.5, it suffices to consider

f
(α)
N (z1z2)ω̂b(z1, z2)ω̂b(z1, z2)K(b)

N−1(z1, z2|z1, z2).
However, it is straightforward to see that

f
(b)
N (z1z2) =

N

ζ1ζ2
Eb(ζ1ζ2)(1 +O(N−1)), ω̂b(z1, z2)ω̂b(z1, z2) = |ζ1|2b|ζ2|2be−(|ζ1|2+|ζ2|2),

and

K(b)
N−1(z1, z2|z1, z2) =K

(s)
1,1(ζ1, ζ2|ζ1, ζ2)(1 +O(N−1)).

=
Sb(ζ1ζ1, ζ2ζ2, ζ1ζ2, ζ2ζ1, (ζ1 − ζ2)(ζ2 − ζ1))

(ζ1 − ζ2)2(ζ2 − ζ1)2Eb(ζ1ζ2)
(1 + o(1)).

Hence, we obtain

f
(b)
N (z1z2)ω̂b(z1, z2)ω̂b(z1, z2)K(b)

N−1(z1, z2|z1, z2)

=
Sb(ζ1ζ1, ζ2ζ2, ζ1ζ2, ζ2ζ1, (ζ1 − ζ2)(ζ2 − ζ1))

ζ1ζ2(ζ1 − ζ2)2(ζ2 − ζ1)2
|ζ1|2b|ζ2|2be−(|ζ1|2+|ζ2|2)(1 +O(N−1)).

This completes the proof of the case of IGinUE in Theorem 2.10 in the singular origin regime.
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Part 3. Proof of determinantal structure of the overlaps for induced spherical unitary ensemble

7. Finite N-kernel analysis: Proofs of Proposition 2.6 and Theorem 2.7

In this section, we prove Proposition 2.6 and Theorem 2.7. Our strategy to construct a family of the planar
orthogonal polynomial associated with the weight function (2.28) follows the moment method as in [13]. By the
similar discussion in Part 2, we find that the multi-points correlation function of the diagonal overlap is given
by

D
(N,k)
1,1 (z(k)) =

N !

ZN

|z1|2L

(1 + |z1|2)n+L+1

N−2∏
j=0

hj × det
2≤i,j≤k

(
K

(N−1)
1,1 (zi, zi, zj , zj |z1, z1)

)
As we already mentioned, from now on, we focus on the diagonal overlap case. The step to get from (2.47) to
(2.50) is done similar to [13, p.13]. Now, we shall prove Proposition 2.6.

Proof of Proposition 2.6. We define a moment matrix

Mi,j = 〈zi, zj〉ω =

∫
C
zizjω(s)(z, z|a, a)dA(z),

where the weight function is defined by (2.28). Since (recall (2.7))∫
C
|z|2ke−NQ(z)dA(z) =

Γ(k + L+ 1)Γ(n− k)
Γ(L+ n+ 1)

,

we have

(7.1) Mi,j =
Γ(n− i− 1)Γ(i+ L+ 1)

Γ(n+ L+ 1)
µi,j ,

where

(7.2) µi,j = (i+ L+ 2 + (n− i)|a|2δi,j − (i+ L+ 1)aδi+1,j − (n− i− 1)aδi,j+1.

By the LDU decomposition of µ = LDU , where Dp,q = dpδp,q, Lp,q = δp,q + ℓpδp,q+1, and Up,q = δp,q +uqδq,p+1

for p, q ∈ N ∪ {0}, we have

dp = −dp−1ℓpup1p≥1 + p+ L+ 2 + |a|2(n− p), up+1 = −a(p+ L+ 1)

dp
, ℓp+1 = −a(n− p− 2)

dp
.

This implies that

dp = −x(p+ L)(n− p− 1)

dp−1
+ p+ L+ 2 + x(n− p), p ≥ 1,

with d0 = L+ 2 + nx for x = |a|2. We define a sequence {rp}∞p=0 by dp =
rp+1

rp
. Then, we have

(7.3) rp+1 = ((n− p)x+ p+ L+ 2)rp − x(p+ L)(n− p− 1)rp−1, r1 = L+ 2 + nx, r0 = 1.

By the induction argument, the unique solution of (7.3) is given by

rp =
n!(L+ p)!

(L+ n)!
g(n,L)
p (x),

where g
(n,L)
p (x) is defined by (2.35) After multiplying µ by diag(Γ(n− i− 1)Γ(i+L+1)/Γ(n+L+1))i=0,1,2,...,

and with the same notation, we find the LDE decomposition of M = LDU ,

Lp,k = δp,k − a
g
(n,L)
k−1 (x)

g
(n,L)
k (x)

δp,k+1, Uk,p = δk,p − a
g
(n,L)
k−1 (x)

g
(n,L)
k (x)

δp,k+1, Dk,k =
Γ(k + L+ 2)Γ(n− k − 1)

Γ(n+ L+ 1)

g
(n,L)
k+1 (x)

g
(n,L)
k (x)

,

for p, k ≥ 0. Here, similar to the same discussion in [13, p.14], we have

hk = Dk,k, Pk(z|a, a) =
k∑

m=0

L
−1

k,mz
m, Qk(z|a, a) =

k∑
m=0

U−1
m,kz

m.
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Then, the reduced polynomial kernel (2.49) can be written in terms of L,D,U :

K(N)
1,1 (z, z|a, a) =

N−1∑
i,j=0

ziC
(N−1)
i,j zj , C

(N)
i,j =

N∑
k=0

U−1
i,k

1

Dk,k
L−1
k,j .

Note that

N !

ZN

N−2∏
j=0

hj =
g
(n,L)
N−1 (x)

g
(n,L)
0 (x)

Γ(L+ n+ 1)

Γ(L+ 1)Γ(n)
= ng

(n,L)
N−1 (x),

where we used g
(n,L)
0 (x) = Γ(L+N+1)

Γ(L+1)Γ(n+1) . Notice also that

L−1
p,q =


0 q > p,

1 q = p,

ap−q g(n,L)
q (x)

g
(n,L)
p (x)

q < p,

U−1
p,q =


aq−p g(n,L)

p (x)

g
(n,L)
q (x)

q > p,

1 q = p,

0 q < p.

Finally, we define

G
(n,L)
N (x|y, z) =

N−1∑
j,k=0

g
(n,L)
j (x)yjg

(n,L)
k (x)zk

N−1∑
m=max(j,s)

Γ(n+ L+ 1)

Γ(m+ L+ 2)Γ(n−m− 1)

xm

g
(n,L)
m+1 (x)g

(n,L)
m (x)

,

which completes the proof. □

Remark 7.1. The planar orthogonal polynomials associated with (2.28) for a = 0 are monomials with with a
norming constant

hk(0) = (L+ k + 2)
Γ(n− k − 1)Γ(L+ k + 1)

Γ(n+ L+ 1)
.

The corresponding to the finite N -kernel is given by

(7.4) K(N)
1,1 (z, w|0) =

N−1∑
k=0

Γ(n+ L+ 1)

(L+ k + 2)Γ(n− k − 1)Γ(L+ k + 1)
(zw)k.

Remark 7.2. From the proof of Proposition 2.6, we can readily find that the planar orthogonal polynomials
associated with (2.28) are explicitly written as

(7.5) Pk(z|a, a) =
k∑

j=0

ak−j
g
(n,L)
j (aa)

g
(n,L)
k (aa)

zj

Notice also that as in [42], we can confirm that {Pk(·|a, a)}k satisfy the non-standard three term recurrence
relationship:

zPk(z|a, a) = Pk+1(z|a, a) + bkPk(z|a, a) + zckPk−1(z|a, a),
where

bk = −a
g
(n,L)
k (aa)

g
(n,L)
k+1 (aa)

, ck = a
g
(n,L)
k−1 (aa)

g
(n,L)
k (aa)

.

Then, the finite N -kernel can be also written in terms of {Pk(·|a, a)}k:

K(N)
1,1 (z, w|a, a) =

N−1∑
k=0

Pk(z|a, a)Pk(w|a, a)
hk

=

N−1∑
k=0

Γ(n+ L+ 1)

Γ(k + L+ 2)Γ(n− k − 1)

g
(n,L)
k (aa)

g
(n,L)
k+1 (aa)

Pk(z|a, a)Pk(w|a, a).
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Although we do not pursue here, it would be interesting to find a Christoffel-Darboux type identity as in [42] and
to analyze the corresponding to differential equation. In this case, we expect that the corresponding to differential
equation is the second order differential equation different form [42]. Indeed, using (7.4), we write

K̂(N)
1,1 (z, w|0) =

(zw)L+2K(N)
1,1 (z, w|0)

(1 + zw)n+L−1
.

Then, the above satisfies the following differential equation:{
z(1 + zw)∂2z +

(
zw(n+ L− 1)− 1

)
∂z − (n+ L− 1)w

}
K̂(N)

1,1 (z, w|0)

=
(L+ n)wΓ(n+ L+ 1)(zw)L+1

(1 + zw)n+LΓ(n)Γ(L)
− (L+ n)wΓ(n+ L+ 1)(zw)N+L+1

(1 + zw)n+LΓ(n−N)Γ(N + L)
.

This suggests that for the general case, as we already mentioned, we would have a second order differential
equation depending on the parameter a ∈ C.

7.1. Simplification step for the finite N-kernel. In this subsection, we will find the simplified representation
of (2.46), that is, we will prove Theorem 2.7. First, we can rewrite (2.46) as

(7.6) G
(n,L)
N (x|y, z) =

N−1∑
s,t=0

g(n,L)
s (x)ysg

(n,L)
t (x)zt

(
Φ

(n,L)
N−1 (x)− Φ

(n,L)
max{s,t}−1(x)

)
,

where

Φ
(n,L)
ℓ (x) :=

ℓ∑
j=0

Γ(n+ L+ 1)

Γ(j + L+ 2)Γ(n− j − 1)

xj

g
(n,L)
j+1 (x)g

(n,L)
j (x)

.

Let us denote

Φ
(n,L)
ℓ,m (x) :=

ℓ∑
j=m

Γ(n+ L+ 1)

Γ(j + L+ 2)Γ(n− j − 1)

xj

g
(n,L)
j+1 (x)g

(n,L)
j (x)

.

Lemma 7.3. We have

Φ(n,L)
q (x) =

Γ(n+ 1)Γ(L+ 1)

Γ(n+ L+ 1)

(n− 1)x− (L+ 1)

x(x− L/n)
+
−(n− q − 2)x+ L+ q + 2

x(x− L/n)g(n,L)
q+1 (x)

.

Proof. By the induction argument, we can show that

Φ
(n,L)
m+q,m(x) =

Γ(n+ L+ 1)

Γ(L+ q +m+ 2)Γ(n−m− 1)

xm

g
(n,L)
m+q+1(x)g

(n,L)
m (x)

×

{
q∑

k=0

(q + 1− k)Γ(n−m)Γ(L+ q +m+ 2)

Γ(n−m− k)Γ(L+ k +m+ 2)
xk

−(L+m+ 1)

q∑
k=0

(q − k)Γ(n−m− 1)Γ(L+ q +m+ 2)

Γ(n−m− k − 1)Γ(L+ k +m+ 3)
xk

}
.

By taking m = 0 and rearranging the summations, we have

Φ(n,L)
q (x) =

Γ(n+ 1)Γ(L+ 1)

Γ(n+ L+ 1)g
(n,L)
q+1 (x)

×
{ (n− 1)x− (L+ 1)

x

q∑
k=0

(q + 1− k)Γ(n+ L+ 1)

Γ(n− k)Γ(L+ k + 2)
xk +

q + 1

x

Γ(n+ L+ 1)

Γ(n)Γ(L+ 1)

}
=

Γ(n+ 1)Γ(L+ 1)

Γ(n+ L+ 1)g
(n,L)
q+1 (x)

×
{ (n− 1)x− (L+ 1)

x

g
(n,L)
q+1 (x)

x− L
n

+
Γ(n+ L+ 1)

Γ(n+ 1)Γ(L+ 1)

−(n− q − 2)x+ L+ q + 2

x
(
x− L

n

) }
,
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which completes the proof. □

We are ready to show Theorem 2.7

Proof of Theorem 2.7. We write

(7.7) α(n,L)
m (x, ω) :=

m∑
s=0

g(n,L)
s (x)ωs.

Then, using (2.35), we find that (7.7) can be expressed as

α(n,L)
m (x, ω) =

x− L
n

x

1

(1− ω)2
q̂(n,L)
m (xω|x)−

x− L
n

x

(xω)m+1Γ(L+ n+ 1)

(1− ω)(1 + x)Γ(L+m+ 1)Γ(n−m)
(7.8)

−
x− L

n

x

ωm+1(L+m+ 1− (n−m− 1)x)q̂
(n,L)
m (x|x)

(1 + x)(1− ω)
−
x− L

n

x

ωm+1q̂
(n,L)
m (x|x)

(1− ω)2
.

By differentiating (7.8) with respect to ω, we have

ω∂ωα
(n,L)
m (x, ω)

=

(
m+ 1 +

2ω

1− ω

)
α(n,L)
m (x, ω) +

x− L
n

x

ωm+2(L+m+ 1− (n−m− 1)x)q̂
(n,L)
m (x|x)

(1− ω)2(1 + x)

−
x− L

n

x

(m+ 1)q̂
(n,L)
m (xω|x)

(1− ω)2
+
x− L

n

x

(nxω − L)q̂(n,L)
m (xω|xω)

(1 + xω)(1− ω)2

−
x− L

n

x

(xω)m+1(1 + x+ xω)

(1− ω)(1 + x)(1 + xω)

Γ(L+ n+ 1)

Γ(L+m+ 1)Γ(n−m)

=

(
m+ 1 +

2ω

1− ω

)
α(n,L)
m (x, ω) +Rm(x, ω),

(7.9)

where

Rm(x, ω) =
x− L

n

x

ωm+2(L+m+ 1− (n−m− 1)x)q̂
(n,L)
m (x|x)

(1− ω)2(1 + x)

+
x− L

n

x

(nxω − L)q̂(n,L)
m (xω|xω)

(1 + xω)(1− ω)2
−
x− L

n

x

m+ 1

(1− ω)2
q̂(n,L)
m (xω|x)

−
x− L

n

x

(xω)m+1(1 + x+ xω)

(1− ω)(1 + x)(1 + xω)

Γ(L+ n+ 1)

Γ(L+m+ 1)Γ(n−m)
.

(7.10)

To compute the summation for the index max{s, t} − 1, we need

(7.11)
∑

0≤s<t≤N−1

g(n,L)
s (x)yszt =

z

1− z
α
(n,L)
N−1 (x, yz)−

zN

1− z
α
(n,L)
N−1 (x, y),

∑
0≤s<t≤N−1

g(n,L)
s (x)tyszt =

z

(1− z)2
α
(n,L)
N−1 (x, yz) +

z2

1− z
∂zα

(n,L)
N−1 (x, yz)

+
(N − 1)zN+1 −NzN

(1− z)2
α
(n,L)
N−1 (x, y).

(7.12)

These follow from the straightforward calculations. Together with (7.8), (7.9), (7.10), (7.11), and (7.12), we can
express (7.6) as

G
(n,L)
N (x|y, z) =−(n−N − 1)x+ L+N + 1

x
(
x− L

n

)
g
(n,L)
N (x)

α
(n,L)
N−1 (x, y)α

(n,L)
N−1 (x, z)

− x+ 1

x
(
x− L

n

) 1− yz
(1− y)(1− z)

RN−1(x, y, z)
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−
(1− yz)

{
(1 + x)(1− yz) + (N + L− (n−N)x)(1− y)(1− z)

}
α
(n,L)
N−1 (x, yz)

x
(
x− L

n

)
(1− y)2(1− z)2

+
zN ((N + L− (n−N)x)(1− z) + 1 + x)α

(n,L)
N−1 (x, y)

(1− z)2x
(
x− L

n

)
+
yN ((N + L− (n−N)x)(1− y) + 1 + x)α

(n,L)
N−1 (x, z)

(1− y)2x
(
x− L

n

) .

After long and involved, but simple computations, we have

(7.13) x2G
(n,L)
N (x|y, z) =

T
(n,L)
A (x, y, z)

(1− y)2(1− z)2
+
T

(n,L)
B (x, y, z)

(1− y)(1− z)
+

T
(n,L)
C (x, y, z)

(1− y)2(1− z)
+

T
(n,L)
C (x, z, y)

(1− y)(1− z)2
,

where we set

ĝ
(n,L)
N (x)T

(n,L)
A (x, y, z)

= (1 + x) (N + L+ 1 + x)
{
q̂
(n,L)
N (xy|x)q̂(n,L)

N (xz|x)− q̂(n,L)
N (xyz|x)q̂(n,L)

N (x|x)
}

− (1 + x)(n−N)x
{
q̂
(n,L)
N−1 (xy|x)q̂

(n,L)
N−1 (xz|x)− q̂

(n,L)
N−1 (xyz|x)q̂

(n,L)
N−1 (x|x)

}
,

(7.14)

ĝ
(n,L)
N (x)T

(n,L)
B (x, y, z)

=
(n−N)Γ(L+ n+ 1)2

Γ(L+N + 1)Γ(L+N)Γ(n+ 1−N)2
x(xy)N (xz)N

+
(n−N)(L+N − (n−N)x)Γ(L+ n+ 1)

Γ(L+N + 1)Γ(n+ 1−N)
x(xyz)N q̂

(n,L)
N−1 (x|x)

+
{ (L+ n)xq

(n,L)
N−1 (xyz)

1 + xyz
− xΓ(L+ n+ 1)

(1 + xyz)Γ(n+ 1)Γ(L)
+

x(xyz)NΓ(L+ n+ 1)

(1 + xyz)Γ(L+N)Γ(n+ 1−N)

}
×
{
(N + L+ 1 + x)q̂

(n,L)
N (x|x)− (n−N)xq̂

(n,L)
N−1 (x|x)

}
,

(7.15)

and

ĝ
(n,L)
N (x)T

(n,L)
C (x, y, z)

=
(1 + x)x(xyz)NΓ(L+ n+ 1)

Γ(L+N + 1)Γ(n−N)
q̂
(n,L)
N (x|x)− (1 + x)x(xz)NΓ(L+ n+ 1)

Γ(L+N + 1)Γ(n−N)
q̂
(n,L)
N (xy|x).

(7.16)

We write

(7.17) W
(n,L)
N (x, y, z) = q̂

(n,L)
N (xy|x)q̂(n,L)

N (xz|x)−
(
1− x(1− y)(1− z)

1 + x

)
q̂
(n,L)
N (x|x)q̂(n,L)

N (xyz|x).

Then, we have

W
(n,L)
N (x, y, z) =W

(n,L)
N+1 (x, y, z)−

Γ(L+ n+ 1)(xy)N+1q̂
(n,L)
N+1 (xz|x)

Γ(L+N + 2)Γ(n−N)
−

Γ(L+ n+ 1)(xz)N+1q̂
(n,L)
N+1 (xy|x)

Γ(L+N + 2)Γ(n−N)

+

(
1− x(1− y)(1− z)

1 + x

)
Γ(L+ n+ 1)

Γ(L+N + 2)Γ(n−N)
(xyz)N+1q̂

(n,L)
N+1 (x|x)

+

(
1− x(1− y)(1− z)

1 + x

)
Γ(L+ n+ 1)

Γ(L+N + 2)Γ(n−N)
xN+1q̂

(n,L)
N+1 (xyz|x)

+
x(1− y)(1− z)

1 + x

Γ(L+ n+ 1)2(xy)N+1(xz)N+1

Γ(L+N + 2)2Γ(n−N)2
.

Together with the above identity, (7.13) with(7.14), (7.15), (7.16), and (7.17),

x2ĝ
(n,L)
N (x)G

(n,L)
N (x, y, z)
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=
(1 + x)

(1− y)2(1− z)2
(
(L+N + 1)W

(n,L)
N+1 (x, y, z)− x(n−N − 1)W

(n,L)
N (x, y, z)

)
+
R

(n,L)
N (x, y, z)

(1− y)(1− z)
,

where

R
(n,L)
N (x, y, z)

= ĝ
(n,L)
N (x)r

(n,L)
N (x, y, z)

−
x2(n−N − 1)Γ(L+ n+ 1)(xyz)N q̂

(n,L)
N−1 (x|x)

Γ(L+N + 1)Γ(n−N)
+
x2(n−N − 1)Γ(L+ n+ 1)(xyz)N q̂

(n,L)
N (x|x)

Γ(L+N + 1)Γ(n−N + 1)

−
xΓ(L+ n+ 1)(xyz)N+1q̂

(n,L)
N+1 (x|x)

Γ(L+N + 1)Γ(n−N)
+
x(L+N + 1)(n−N − 1)Γ(L+ n+ 1)(xyz)N q̂

(n,L)
N (x|x)

Γ(L+N + 1)Γ(n−N + 1)
,

and

r
(n,L)
N (x, y, z) =x(n−N − 1)q̂

(n,L)
N−1 (xyz|x)

+
x

(1 + xyz)

{
(L+N)q̂

(n,L)
N (xyz|xyz)− xyz(n−N)q̂

(n,L)
N−1 (xyz|xyz)

−
(N(1 + xyz)

nxyz − L
+

(n−N)(1 + xyz)

nx− L

) Γ(n+ L+ 1)

Γ(n+ 1)Γ(L)

}
.

By taking x 7→ λλ, y 7→ z/λ, z 7→ w/λ and some computations, we complete the proof. □

8. Proof of main results

In this section, we conclude the proof of the main result in this note. As already seen in [13], once we
know the scaling limit of the joint averaged diagonal overlap, we can readily find the joint averaged off-diagonal
overlap via Lemma 2.5. Our proof is strongly inspired by [39]. We first collect the asymptotic behavior of
(2.37).

Lemma 8.1. Let

δN (p) =
n+ L+ 1

N

1

(1 + |p|2)2
, p ∈ clo(Ss).

(I) Strong non-unitarity regime: Let L = aN and n = (b + 1)N with fixed a ≥ 0 and b > 0. For
k = 0, 1, 2, we have

q̂
(n,L)
N+k−1(zw|λλ)ω̂

(n,L)(z, w)

=


e−

1
2
(|ζ|2+|η|2)+ζη

1+|p|2
(
1 +O(e−ϵN )

)
(bulk),

e−
1
2
(|ζ|2+|η|2)+ζη

1+p2

(
F (ζ + η) + Cout(ζ,η)√

N
+
√

a+b+1
2π(a+1)bN ke

− 1
2 (ζ+η)2 +O

(
1
N

)
)
)

(outer),

e−
1
2
(|ζ|2+|η|2)+ζη

1+p2

(
F (ζ + η)− 1

χ+χ
e−

1
2
(ζ+η)2

√
2π

+ Cout(ζ,η)√
N

+O
(

1
N

)
)

)
(inner),

(8.1)

as N →∞, uniformly for ζ, η, χ in compact subsets of C. Here, F is defined by (2.11).

(II) Weakly non-unitarity regime: Let L = N2

ρ2 − N and n = N2

ρ2 with fixed ρ > 0. For z =

eiθ
(
1 + ζ√

NδN (1)

)
, w = eiθ

(
1 + η√

NδN (1)

)
with θ ∈ [0, 2π), we have that for k = 0, 1, 2,

q̂
(n,L)
N−1+k(zw|λλ)ω̂

(n,L)(z, w)

=
e−

1
2 (|ζ|

2+|η|2)+ζη

2

(
Jρ(ζ, η|χ, χ) + k

ρ

N

e
− 1

2

(
ζ+η− ρ√

2

)2
√
π

+
Cw(ζ, η)

N
+O(N−2)

)
,

(8.2)

as N →∞, where some constant Cw(ζ, η) depends on ζ, η, ρ, and

(8.3) Jρ(ζ, η|χ, χ) = Lρ(ζ + η) +
e
− 1

2

(
ζ+η+ ρ√

2

)2
√
2π(χ+ χ+ ρ√

2
)
.
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Here, the convergence is uniform for ζ, η, χ in compact subsets of C, and Lρ(z) is defined by (2.13).
(III) At singular points regime: Let L ≥ 0 be fixed and n = (b + 1)N with fixed b > 0. For z =

ζ√
NδN (0)

, w = η√
NδN (0)

with ζ, η in a compact subset of C, we have that for k = 0, 1, 2,

(8.4) q̂
(n,L)
N+k−1(zw|λλ)ω̂

(n,L)
N (z, w) =

1

χχ− L
(ζη)LE1,L

(
ζη|χχ

)
e−

1
2 (|ζ|

2+|η|2) (1 + o(1)) ,

uniformly for ζ, η, χ in a compact subset of C and we omitted the cocycle factor. Here, Ea,b(z) is defined
by (2.15), and E1,c(z|x) is defined by (2.69).

Remark 8.2. In Lemma 8.1, we have omitted a co-cycle factor for the simplicity of the notation. Indeed, it
does not affect the results in this note since we can readily find that a co-cycle factor is canceled out or put
together in a leading term from the form of (2.55), (2.56), and (2.57).

Proof. Our proof is based on [39, proof of Lemma 3.5.]. Therefore, we firstly assume that z, w ∈ R, and we
also assume that the parameters L, n are integers. Then, following the same strategy by [39, proof of Lemma
3.5.], we prove Lemma 8.1 by the probabilistic argument. And after that, we extend the validity to the complex
variables z, w ∈ C by Vitali’s Lemma. For the detailed discussion of the extension to complex variables z, w ∈ C,
we refer to [39, proof of Lemma 3.5.]. Also, for the notational convenience, we still use the complex conjugate
notation. Moreover, we in sequel omit the a co-cycle factor in each resulting asymptotic behavior to lighten the
notation. Now, we shall prove the claim in (I). Through proof, we also assume that p ∈ R from the perspective
of Vitali’s argument. Let

p =
zw

1 + zw
, for z, w ∈ R.

Note that

q
(n,L)
N−1 (zw)ω̂

(n,L)
N (z, w) = p−L(1− p)−nω̂

(n,L)
N (z, w)

N−1∑
k=0

(
n+ L

k + L

)
pk+L(1− p)n−k

= p−L(1− p)−nω̂
(n,L)
N (z, w)q

(n,L)
N−1 (p),

where

q
(n,L)
N−1 (p) =

N−1∑
k=0

(
n+ L

k + L

)
pk+L(1− p)n−k.

Let X
d∼ B(n+ L, p) be the binomial distribution. Then, we can express

q
(n,L)
N−1 (p) =P (L ≤ X ≤ N + L− 1)

=P

(
L− (n+ L)p√
(n+ L)p(1− p)

≤ X − (n+ L)p√
(n+ L)p(1− p)

≤ N + L− 1− (n+ L)p√
(n+ L)p(1− p)

)
.

(I) Strongly non-unitary regime: under the setting of (I), by Taylor expansion, we have

N + L− 1− (n+ L)p√
(n+ L)p(1− p)

=
a+ 1− bp2√
a+ b+ 1p

√
N − (1 + p2)(a+ 1 + bp2)

2(a+ b+ 1)p2
(ζ + η) +O

(
1√
N

)
,

L− (n+ L)p√
(n+ L)p(1− p)

=
a− (b+ 1)p2√
a+ b+ 1p

√
N − (1 + p2)(a+ (1 + b)p2)

2(a+ b+ 1)p2
(ζ + η) +O

(
1√
N

)
,

Then, for p ∈ intS(r), by the Gaussian approximation of the binomial distribution, we have

P (L ≤ X ≤ N + L− 1) = P (−∞ ≤ N ≤ ∞) +O
(
e−cN

)
= 1 +O

(
e−cN

)
,

where N denotes the standard Gaussian distribution and c is a positive constant. On the other hand, for the
outer edge case, we have

P (L ≤ X ≤ N + L− 1) = P (−∞ ≤ N ≤ −(ζ + η)) +
Cout(ζ, η)√

N
+O

(
1

N

)
.
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Similarly, for the inner edge case, we have

P (L ≤ X ≤ N + L− 1) = P (−∞ ≤ N ≤ −(ζ + η)) +
Cin(ζ, η)√

N
+O

(
1

N

)
,

where

P (−∞ ≤ N ≤ −(ζ + η)) =
1

2
erfc

(
ζ + η√

2

)
= F (ζ + η).

Here, Cout(ζ, η) and Cin(ζ, η) only depend on ζ, η, a, b. By Taylor expansion, we have

ω̂(n,L)(z, w) =
(
1 +O(N−1/2)

) p2aN

(1 + p2)(a+b+1)N+1
exp

(
± a− (b+ 1)p2

2p
√
a+ b+ 1

(ζ + ζ + η + η)
√
N

)
× exp

(
a− (b+ 1)p2

2(a+ b+ 1)

1 + p2

p2
(|ζ|2 + |η|2)

)
× exp

(
−a(1 + p2) + (a− (b+ 1)p2)p2

4(a+ b+ 1)p2
(
(ζ + ζ)2 + (η + η)2

))
,

and

p−L(1− p)−n =
(
1 +O(N−1/2)

)
p−2aN (1 + p2)(a+b+1)N exp

(
± (−a+ (b+ 1)p2)

p
√
a+ b+ 1

(ζ + η)
√
N

)
× exp

(
− (a− (b+ 1)p2)(1 + p2)

(a+ b+ 1)p2
ζη(ζ + η) +

(1 + p2)a+ (a− (b+ 1)p2)p2

2(a+ b+ 1)p2
(ζ + η)2

)
.

Here, we adopt the sign + if the outer edge, and we adopt the sign − if the inner edge. Together with these
asymptotic behaviors, we have

(8.5) p−L(1− p)−nω̂(n,L)(z, w) = c(ζ, η)
1

1 + p2
G(ζ, η) (1 + o(1)) ,

where c(ζ, η) is a a cocycle factor, which doe not affect the value of determinant. Although we can explicitly
write it, we do not need its explicit form here. We need the asymptotic expansion of the remainder term in the
summation. Observe that by the Stirling formula,(

n+ L

N + L

)
=

Γ(n+ L+ 1)

Γ(N + L+ 1)Γ(n−N + 1)
=

√
a+ b+ 1

2π(a+ 1)bN

(
(a+ b+ 1)a+b+1

(a+ 1)a+1bb

)N (
1 +O(N−1)

)
,

(
n+ L

N + 1 + L

)
=

Γ(n+ L+ 1)

Γ(N + L+ 2)Γ(n−N)
=

√
a+ b+ 1

2π(a+ 1)bN

(
(a+ b+ 1)a+b+1

(a+ 1)a+1bb

)N
b

a+ 1

(
1 +O(N−1)

)
.

Also, observe that

pN+L(1− p)n−N =


(

(a+1)a+1bb

(a+b+1)a+b+1

)N
e−

1
2 (ζ+η)2

(
1 +O(N−1/2)

)
(outer),(

aa+1(b+1)b

(a+b+1)a+b+1

)N (
1 +O(N−1)

)
(inner),

pN+L+1(1− p)n−N−1 =


(

(a+1)a+1bb

(a+b+1)a+b+1

)N
a+1
b e−

1
2 (ζ+η)2

(
1 +O(N−1/2)

)
(outer),(

aa+1(b+1)b

(a+b+1)a+b+1

)N
a

b+1

(
1 +O(N−1)

)
(inner).

Hence, we obtain (
n+ L

N + L

)
pN+L(1− p)n−N =

{√
a+b+1

2π(a+1)bN e
− 1

2 (ζ+η)2
(
1 +O(N−1/2)

)
(outer),

O(c−N ) (inner),(
n+ L

N + 1 + L

)
pN+L+1(1− p)n−N−1 =

{√
a+b+1

2π(a+1)bN e
− 1

2 (ζ+η)2
(
1 +O(N−1/2)

)
(outer),

O(c−N ) (inner),
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for some constant c > 1. Furthermore, by Stirling formula, we have

Γ(n+L+1)
Γ(n+1)Γ(L)

nx− L
ω̂(n,L)(z, w) =


O
(
e−ϵN

)
(bulk),

O
(
e−ϵN

)
(outer),

− 1
1+p2

e−
1
2
(ζ+η)2G(ζ,η)√
2π(χ+χ)

(
1 +O

(
1√
N

))
(inner).

(8.6)

Here, ϵ is a positive constant independent of N , and note that we omitted a co-cycle factor. As a consequence,
by combining these asymptotic behaviours, we obtain that for k = 0, 1, 2,

q̂
(n,L)
N+k−1(zw|λλ)ω̂

(n,L)(z, w) =


G(ζ,η)
1+p2

(
1 +O(e−ϵN )

)
(bulk),

G(ζ,η)
1+p2

(
F (ζ + η) + Cout(ζ,η)√

N
+
√

a+b+1
2π(a+1)bN ke

− 1
2 (ζ+η)2 +O

(
1
N

)
)
)

(outer),

G(ζ,η)
1+p2

(
F (ζ + η)− 1

χ+χ
e−

1
2
(ζ+η)2

√
2π

+ Cout(ζ,η)√
N

+O
(

1
N

)
)

)
(inner),

uniformly for ζ, η, χ in compact subsets of C.
(II) Weakly non-unitary regime: under the setting of (II), by Taylor expansion, we have

N + L− 1− (n+ L)p√
(n+ L)p(1− p)

=−
(
ζ + η − ρ√

2

)
+O(N−1),

L− (n+ L)p√
(n+ L)p(1− p)

=−
(
ζ + η +

ρ√
2

)
+O(N−1).

Then, by Gaussian approximation, we have

q
(n,L)
N−1 (p) =P

(
L ≤ X ≤ N + L− 1

)
=P
(
−
(
η + ζ +

ρ√
2

)
≤ N ≤ −

(
η + ζ − ρ√

2

))
+O(N−1), as N →∞.

By Taylor expansion, we have

ω̂(n,L)(z, w) =cN (ζ, η)2
N− 2N2

ρ2
1

2
G(η, ζ)e−

1
2 (ζ+η)2−

√
2

2 ρ(ζ+η)(1 +O(N−1)),(8.7)

where cN (ζ, η) is a co-cycle factor. Also, notice that

p−L(1− p)−n = 2
2N2

ρ2
−N

e
√

2
2 ρ(ζ+η)+ 1

2 (ζ+η)2
(
1 +O(N−1)

)
,

pN+L(1− p)n−N = 2
− 2N2

ρ2
+N

e
√

2
2 ρ(ζ+η)− 1

2 (ζ+η)2
(
1 +O(N−1)

)
,

and

pN+L+1(1− p)n−N−1 = 2
− 2N2

ρ2
+N

e
√

2
2 ρ(ζ+η)− 1

2 (ζ+η)2
(
1 +O(N−1)

)
,

which give that for k = 1, 2,

ω̂(n,L)(z, w)p−L(1− p)−npN+L+(k−1)(1− p)n−N−(k−1) = 2
N− 2N2

ρ2
1

2
G(η, ζ)e−

1
2 (ζ+η)2+

√
2

2 ρ(ζ+η)
(
1 +O(N−1)

)
.

Also, by Stirling formula, we have(
n+ L

N + L

)
=2

2N2

ρ2
−N

e−
ρ2

4
ρ√
πN

(
1 +

2ρ2 − ρ4

8N
+O(N−2)

)
,(

n+ L

N + L+ 1

)
=2

2N2

ρ2
−N

e−
ρ2

4
ρ√
πN

(
1− 6ρ2 + ρ4

8N
+O(N−2)

)
.

Therefore, we have that for k = 1, 2,

p−L(1− p)−nω̂(n,L)(z, w)

k∑
j=1

(
n+ L

N + L+ j − 1

)
pN+L+j−1(1− p)n−N−(j−1)

= k
ρ

2
√
πN

G(η, ζ)e
− 1

2

(
ζ+η− ρ√

2

)2(
1 +O(N−1)

)
.
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Here, note that

1

nx− L
Γ(L+ n+ 1)

Γ(n+ 1)Γ(L)
ω̂(n,L)(z, w) =

G(η, ζ)

2
√
2π(χ+ χ+ ρ√

2
)
e
− 1

2

(
ζ+η+ ρ√

2

)2(
1 +O(N−1)

)
.

Together with these asymptotic expansions, we obtain

q̂
(n,L)
N−1+k(zw|λλ)ω̂

(n,L)(z, w) =
G(η, ζ)

2

(
Jρ(ζ, η|χ, χ) + k

ρ

N

e
− 1

2

(
ζ+η− ρ√

2

)2
√
π

+
Cw(ζ, η)

N
+O(N−2)

)
,

as N → ∞, where some constant Cw(ζ, η) depends on ζ, η, ρ. Here, the convergence is uniform for ζ, η, χ in
compact subsets of C.

(III) Singular origin regime: under the setting of (III), by Taylor expansion, we have

zw =
ζη

1 + b

1

N
+O

(
1

N2

)
.

By Poisson approximation, we have

P(L ≤ X ≤ N + k + L− 1) = P (L, ζη) (1 + o(1)) , as N →∞,
where

P (c, z) :=
1

Γ(c)

∫ z

0

tc−1e−tdt = e−zzcE1,1+c(z) for c > 0.

On the other hand, since

p−L (1− p)
−n

ω̂
(n,L)
N (z, w) = c(ζ, η)e−

1
2 (|ζ|

2+|η|2)+ζη,

where c(ζ, η) is a co-cycle factor, and hence, by simple computations, we have

q̂
(n,L)
N+k−1(zw)ω̂

(n,L)
N (z, w) =

1

χχ− L
(ζη)LE1,L (ζη|χχ) e− 1

2 (|ζ|
2+|η|2) (1 + o(1)) ,

uniformly for ζ, η, χ in a compact subset of C and we omitted the cocycle factor. □
Remark 8.3. Our claim can be also proved by using the asymptotics for the incomplete beta function in [132].

With help of Lemma 8.1, we can complete the proof of Theorem 2.10. Now, we shall finish the proof for
each case.

8.1. Proof of the case of ISUE in the strongly non-unitary regime in Theorem 2.10. In this subsec-
tion, we assume that L = aN and n = (b+ 1)N with a, b ≥ 0.

Proof of the case of ISUE in the strongly non-unitary regime in Theorem 2.10: bulk case. Through the proof of
the bulk case in the case of ISUE in the strongly non-unitary regime in Theorem 2.10, let

z = p+
ζ√

NδN (p)
, w = p+

η√
NδN (p)

, λ = p+
χ√

NδN (p)
.

First, note that

NδN (p) = N
a+ b+ 1

(1 + |p|2)2
(1 +O(N−1)).

Second, note that

ϖ(n,L)(z, z|λ, λ) = (1 + |p|2)2

(a+ b+ 1)N
ϖ(ζ, ζ|χ, χ)(1 +O(N−1)),

and CK(z, w) is the co-cycle factor. Notice also that

ĝ
(n,L)
N (λλ)ω̂(n,L)(λ, λ) = N

a+ 1− b|p|2

1 + |p|2
(
1 +O(N−1)

)
.

Then, we have

lim
N→∞

1

N

1

NδN (p)

n
(
zz − L

n

)
zz(1 + zz)

g
(n,L)
N−1 (zz)ω̂

(n,L)(z, z) =
b(b+ 1)

a+ b+ 1

(
|p|2 − a

b+1

)(
a+1
b − |p|

2
)

|p|2
.
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Since

(L+N + 1)Q
(n,L)
N+1 (z, w, λ)− λλ(n−N − 1)Q

(n,L)
N+1 (z, w, λ)

= N
a+ 1− b|p|2

(1 + |p|2)2
G(ζ, η)e−(ζ−η)(η−χ)

(
1− e(ζ−χ)(η−χ)

)(
1 +O(N−1)

)
,

we have

H
(n,L)
N (z, w, λ) =(NδN (p))2

1− e(ζ−χ)(η−χ)

(ζ − χ)2(η − χ)2
G(ζ, η)e−(ζ−χ)(η−χ)

(
1 +O(N−1)

)
.

On the other hand, we have

F
(n,L)
N (z, w, λ) =

(NδN (p))2

(ζ − χ)(η − χ)
G(ζ, η)

(
1 +O(N−1)

)
.

Hence, there exists a conjugation factor cN (ζ, η, χ) such that we have

K
(N)
1,1,(s)(z, z, w, w|λ, λ) =cN (ζ, η, χ)NδN (p)

1 + (ζ − χ)(η − χ)e−(ζ−χ)(η−χ) − e−(ζ−χ)(η−χ)

(ζ − χ)2(η − χ)2

×ϖ(ζ, ζ|χ, χ)e−(ζ−χ)(ζ−χ)
(
1 +O(N−1)

)
,

which gives

lim
N→∞

1

NδN (p)
K

(N)
1,1,(s)(z, z, w, w|λ, λ) = K

(b)
1,1 (z, z, w, w|λ, λ),

uniformly for ζ, η, χ in compact subsets of C. This completes the proof for the diagonal case. By decoupling
Lemma 2.5, it suffices to consider the front factor. From the proof of the diagonal case and by (2.50), we have

lim
N→∞

1

N

−1
(NδN (p))2

n(zw − L
n )

zw(1 + zw)
ĝ
(n,L)
N−1 (zw)ω̂

(n,L)(w, z)K(n,L)
N−1 (z, w|z, w)ω̂

(n,L)(z, w).

= − b(b+ 1)

a+ b+ 1

(
|p|2 − a

b+1

)(
a+1
b − |p|

2
)

|p|2
K(b)

1,1 (ζ, η|ζ, η).

This completes the proof. □

Proof of the case of ISUE in the strongly non-unitary regime in Theorem 2.10: edge case. Through the proof of
the edge case in the case of ISUE in the strongly non-unitary regime in Theorem 2.10, we often omitted a con-
jugation factor. for θ ∈ [0, 2π), let

z = eiθ
(
p+ s

ζ√
NδN (p)

)
, w = eiθ

(
p+ s

η√
NδN (p)

)
, λ = eiθ

(
p+ s

χ√
NδN (p)

)
.

Here, when we consider the outer edge case, then p =
√
(a+ 1)/b, and when we consider the inner edge case,

then p =
√
a/(b+ 1). Also, when we consider the outer edge case, then s = 1, and when we consider the inner

edge case, then s = −1. First, note that

ϖ(n,L)(z, z|λ, λ) = (1 + |p|2)2

(a+ b+ 1)N
ϖ(ζ, ζ|χ, χ)(1 +O(N−1)),

and

ĝ
(n,L)
N (λλ)ω̂(n,L)(λ, λ) =


√
N√
2π

√
(a+1)b
a+b+1F(χ+ χ)(1 +O(N−1/2)), if s = 1,

− N√
2π(χ+χ)

F(χ+ χ)(1 +O(N−1/2)), if s = −1,

where F(x) is given by (2.65). Then, we have

lim
N→∞

1√
N

1

NδN (p)

n
(
zz − L

n

)
zz(1 + zz)

g
(n,L)
N−1 (zz)ω̂

(n,L)(z, z) =


√

a+b+1
2π(a+1)bF(ζ + ζ)(1 +O(N−1/2)) if s = 1,√
a+b+1

2πa(b+1)F(ζ + ζ)(1 +O(N−1/2)) if s = −1.
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(1) outer edge case: By Lemma 8.1, we have

(N + L+ 1)Q
(n,L)
N+1 (z, w, λ)− λλ(n−N − 1)Q

(n,L)
N (z, w, λ)

=

√
N
√
a+ 1b3/2√

2π(a+ b+ 1)3/2
H1(ζ, η, χ)G(ζ, η)(1 +O(N−1/2)),

where we set

H1(ζ, η, χ) =
√
2π(χ+ χ)F (ζ + η)F (χ+ χ)− F (ζ + η)e−

1
2 (χ+χ)2 − F (χ+ χ)e−

1
2 (ζ+η)2

+ e−(ζ−χ)(η−χ)
(
F (ζ + χ)e−

1
2 (χ+η)2 + F (χ+ η)e−

1
2 (ζ+χ)2 −

√
2π(χ+ χ)F (ζ + χ)F (χ+ η)

)
.

Then, we have

H
(n,L)
N (z, w, λ)ϖ(n,L)(z, z|λ, λ) = NδN (p)

H1(ζ, η, χ)G(ζ, η)

(ζ − χ)2(η − χ)2F(χ+ χ)
ϖ(ζ, ζ|χ, χ)(1 +O(N−1/2)).

Similarly, we have

I
(n,L)
N (z, w, λ)ϖ(n,L)(z, z|λ, λ) = NδN (p)

F (ζ + η)G(ζ, η)

(ζ − χ)(η − χ)
ϖ(ζ, ζ|χ, χ)(1 +O(N−1/2)).

For (2.59) and (2.60), it is straightforward to see that

II
(n,L)
N (z, w, λ)ϖ(n,L)(z, z|λ, λ) = o(NδN (p)),

and
III

(n,L)
N (z, w, λ)ϖ(n,L)(z, z|λ, λ) = o(NδN (p)),

as N →∞. Here, we recall that ∂xF (a+ x) = e−
1
2 (a+x)2/

√
2π, and

e−
1
2a

2 d

dx

[
e

(a+x)2

2

(
e−fF (b+ x)F (c+ x)− F (d+ x)F (a+ x) + fF (d)F (a+ x)

)]∣∣∣
x=0

=
1√
2π

[√
2πa

(
e−fF (b)F (c)− F (d)F (a) + fF (d)F (a)

)
−
(
e−fe−

1
2 b

2

F (c) + e−fe−
1
2 c

2

F (b)− e− 1
2d

2

F (a)− e− 1
2a

2

F (d) + fe−
1
2a

2

F (d)
)]
.

Here, we note that

H1(ζ, η + χ) + (ζ − χ)(η − χ)F (ζ + η)F(χ+ χ)

=
√
2π(χ+ χ)F (ζ + η)F (χ+ χ)− e−(ζ−χ)(η−χ)

√
2π(χ+ χ)F (ζ + χ)F (χ+ η)

−
√
2π(ζ − χ)(η − χ)(χ+ χ)F (ζ + η)F (χ+ χ)− F (ζ + η)e−

1
2 (χ+χ)2 − F (χ+ χ)e−

1
2 (ζ+η)2

+ e−(ζ−χ)(η−χ)F (ζ + χ)e−
1
2 (χ+η)2 + e−(ζ−χ)(η−χ)F (χ+ η)e−

1
2 (ζ+χ)2 + (ζ − χ)(η − χ)e− 1

2 (χ+χ)2F (ζ + η)

= −
√
2π(χ+ χ)

(
e−(ζ−χ)(η−χ)F (ζ + χ)F (χ+ η)− F (ζ + η)F (χ+ χ) + (ζ − χ)(η − χ)F (ζ + η)F (χ+ χ)

)
+
(
e−(ζ−χ)(η−χ)F (ζ + χ)e−

1
2 (χ+η)2 + e−(ζ−χ)(η−χ)F (χ+ η)e−

1
2 (ζ+χ)2

− F (ζ + η)e−
1
2 (χ+χ)2 − F (χ+ χ)e−

1
2 (ζ+η)2 + (ζ − χ)(η − χ)e− 1

2 (χ+χ)2F (ζ + η)
)
.

Therefore, we have

H1(ζ, η + χ) + (ζ − χ)(η − χ)F (ζ + η)F(χ+ χ)

= −
√
2πe−

1
2a

2 d

dx

[
e

(a+x)2

2

(
e−fF (b+ x)F (c+ x)− F (d+ x)F (a+ x) + fF (d)F (a+ x)

)]∣∣∣
x=0

.

where a = χ + χ, b = ζ + χ, c = χ + η, d = ζ + η, f = (ζ − χ)(η − χ). This completes the proof for the outer
edge case.

(2) inner edge case: Next, we consider the outer edge case. By Lemma 8.1, we have

(N + L+ 1)Q
(n,L)
N+1 (z, w, λ)− λλ(n−N − 1)Q

(n,L)
N (z, w, λ)
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= N
b+ 1

a+ b+ 1

G(ζ, η)√
2π(χ+ χ)

H2(ζ, η, χ)
(
1 +O(N−1/2)

)
,

where we set

H2(ζ, η, χ) =
√
2π(χ+ χ)

(
e−(ζ−χ)(η−χ)F (ζ + χ)F (χ+ η)− F (χ+ χ)F (ζ + η)

)
+ e−

1
2 (χ+χ)2F (ζ + η) + e−

1
2 (ζ+η)2F (χ+ χ)

− e−(ζ−χ)(η−χ)F (ζ + χ)e−
1
2 (χ+η)2 − e−(ζ−χ)(η−χ)F (χ+ η)e−

1
2 (ζ+χ)2 .

Then, we have

H
(n,L)
N (z, w, λ)ϖ(n,L)(z, z|λ, λ) = −NδN (p)

H2(ζ, η, χ)G(ζ, η)

(ζ − χ)2(η − χ)2F(χ+ χ)
ϖ(ζ, ζ|χ, χ)

(
1 +O(N−1/2)

)
.

Similarly, we have

I
(n,L)
N (z, w, λ)ϖ(n,L)(z, z|λ, λ) = NδN (p)

F (ζ + η)G(ζ, η)

(ζ − χ)(η − χ)
ϖ(ζ, ζ|χ, χ)

(
1 +O(N−1/2)

)
.

As in the outer edge case, for (2.59) and (2.60), it is straightforward to see that as N →∞,

II
(n,L)
N (z, w, λ)ϖ(n,L)(z, z|λ, λ) = o(NδN (p)),

and

III
(n,L)
N (z, w, λ)ϖ(n,L)(z, z|λ, λ) = o(NδN (p)).

Here, we note that

−H2(ζ, η, χ) + (ζ − χ)(η − χ)F (ζ + η)F(χ+ χ)

= −
√
2π(χ+ χ)

(
e−(ζ−χ)(η−χ)F (ζ + χ)F (χ+ η)− F (χ+ χ)F (ζ + η) + (ζ − χ)(η − χ)F (χ+ χ)F (ζ + η)

)
+ e−(ζ−χ)(η−χ)F (ζ + χ)e−

1
2 (χ+η)2 + e−(ζ−χ)(η−χ)F (χ+ η)e−

1
2 (ζ+χ)2

− F (ζ + η)e−
1
2 (χ+χ)2 − F (χ+ χ)e−

1
2 (ζ+η)2 + (ζ − χ)(η − χ)F (ζ + η)e−

1
2 (χ+χ)2

= −
√
2πe−

1
2a

2 d

dx

[
e

(a+x)2

2

(
e−fF (b+ x)F (c+ x)− F (d+ x)F (a+ x) + fF (d)F (a+ x)

)]∣∣∣
x=0

.

where a = χ+ χ, b = ζ + χ, c = χ+ η, d = ζ + η, f = (ζ − χ)(η − χ). This completes the proof of the diagonal
case. It suffices to consider the front factor due the decoupling Lemma 2.5. From the proof of the diagonal case
and by (2.50),

− lim
N→∞

1√
N

1

(NδN (p))2
n(zw − L

n )

zw(1 + zw)
ĝ
(n,L)
N−1 (zw)ω̂

(n,L)(w, z)K(n,L)
N−1 (z, w|z, w)ω̂

(n,L)(z, w).

= −cse−|ζ−η|2F(ζ + η)
H(η + ζ, ζ + ζ, η + η, η + ζ,−(ζ − η)(ζ − η))

(ζ − η)2(ζ − η)2
.

This completes the proof. □

8.2. Proof of the case of ISUE in the weakly non-unitary regime in Theorem 2.10. In this section,
we assume that L = N2/ρ2 −N and n = N2/ρ2.

Proof of the case of ISUE in the weakly non-unitary regime in Theorem 2.10. Through the proof of the case of
ISUE in the weakly non-unitary regime in Theorem 2.10, for θ ∈ [0, 2π), we set

z = eiθ
(
1 +

ζ√
NδN (1)

)
, w = eiθ

(
1 +

η√
NδN (1)

)
, λ = eiθ

(
1 +

χ√
NδN (1)

)
.

Note that

NδN (1) =
N2

2ρ2

(
1− ρ2

2N
+

ρ2

2N2
+O(N−3)

)
.
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Notice also that

ϖ(n,L)(z, z|λ, λ) = 1

NδN (1)
ϖ(ζ, ζ|χ, χ)

(
1 +O(N−1)

)
,

and

ĝ
(n,L)
N (λλ)ω̂(n,L)(λ, λ) =

N√
2ρ

1

χ+ χ+ ρ√
2

Lρ(χ+ χ)
(
1 +O(N−1)

)
.

Then, we have

lim
N→∞

1

NδN (1)

n(λλ− L/n)
λλ(1 + λλ)

ĝ
(n,L)
N (λλ)ω̂(n,L)(λ, λ) = Lρ(χ+ χ).

Since

Q
(n,L)
N+1 (z, w, λ)−QN (z, w, λ)

=
ρ

N

G(ζ, η)

22
√
π
e−(ζ−χ)(η−χ)

{
Jρ(ζ, χ|χ, χ)e−

1
2 (χ+η− ρ√

2
)2
+ Jρ(χ, η|χ, χ)e−

1
2 (ζ+χ− ρ√

2
)2

− e(ζ−χ)(η−χ)Jρ(ζ, η|η, χ)e−
1
2 (χ+χ− ρ√

2
)2 − e(ζ−χ)(η−χ)Jρ(χ, χ|χ, χ)e−

1
2 (ζ+η− ρ√

2
)2
}(

1 +O(N−1)
)
,

we have

(N + L+ 1)Q
(n,L)
N+1 (z, w, λ)− λλ(n−N − 1)Q

(n,L)
N (z, w, λ) =

√
2N

ρ

G(ζ, η)

22
e−(ζ−χ)(η−χ)

χ+ χ+ ρ√
2

H3(ζ, η, χ)
(
1 +O(N−1)

)
,

where

H3(ζ, η, χ) =Bρ(χ+ χ, ζ + χ, χ+ η) + Bρ(χ+ χ, χ+ η, ζ + χ)

− e(ζ−χ)(η−χ)Bρ(χ+ χ, ζ + η, χ+ χ)− e(ζ−χ)(η−χ)Bρ(χ+ χ, χ+ χ, ζ + η)

+
(
χ+ χ+

ρ√
2

)(
χ+ χ− ρ√

2

)(
e(ζ−χ)(η−χ)Lρ(ζ + η)Lρ(χ+ χ)− Lρ(ζ + χ)Lρ(χ+ η)

)
+ Cρ(ζ + χ, χ+ η)− e(ζ−χ)(η−χ)Cρ(χ+ χ, ζ + η).

Then, we have

H
(n,L)
N (z, w, λ)ϖ(n,L)(z, z|λ, λ) = NδN (1)

H3(ζ, η, χ)G(ζ, η)ϖ(ζ, ζ|χ, χ)
(ζ − χ)2(η − χ)2Lρ(χ+ χ)

e−(ζ−χ)(η−χ)
(
1 +O(N−1)

)
.

On the other hand, similarly, we have

I
(n,L)
N (z, w|λ, λ)ϖ(n,L)(z, z|λ, λ) = NδN (1)

Lρ(ζ + η)G(ζ, η)ϖ(ζ, ζ|χ, χ)
(ζ − χ)(η − χ)

(
1 +O(N−1)

)
.

For (2.59) and (2.60), it is straightforward to see that

II
(n,L)
N (z, w|λ, λ)ϖ(n,L)(z, z|λ, λ) = o(NδN (1)),

and

III
(n,L)
N (z, w|λ, λ)ϖ(n,L)(z, z|λ, λ) = o(NδN (1)).

Here, we note that

H3(ζ, η, χ) + (ζ − χ)(η − χ)Lρ(ζ + η)e(ζ−χ)(η−χ)Lρ(χ+ χ)

= Aρ(χ+ χ, ζ + χ, χ+ η, ζ + η, (ζ − χ)(η − χ)) + Bρ(χ+ χ, ζ + χ, χ+ η) + Bρ(χ+ χ, χ+ η, ζ + χ)

+ (ζ − χ)(η − χ)e(ζ−χ)(η−χ)Bρ(χ+ χ, ζ + η, χ+ χ)− e(ζ−χ)(η−χ)Bρ(χ+ χ, ζ + η, χ+ χ)

− e(ζ−χ)(η−χ)Bρ(χ+ χ, χ+ χ, ζ + η) + Cρ(ζ + χ, χ+ η)− e(ζ−χ)(η−χ)Cρ(χ+ χ, ζ + η).

Therefore, there exists a co-cycle factor cN (ζ, η, χ) such that we have

lim
N→∞

1

NδN (1)
K

(N)
1,1,(s)(z, z, w, w|λ, λ)



74 Kohei Noda

= cN (ζ, η, χ)
Hρ(χ+ χ, ζ + χ, χ+ η, ζ + η, (ζ − χ)(η − χ))

(ζ − χ)2(η − χ)2Lρ(χ+ χ)
ϖ(ζ, ζ|χ, χ)e−(ζ−χ)(ζ−χ),

uniformly for ζ, η, χ in compact subsets of C. This completes the proof of the diagonal case. Similarly, it suffices
to consider the front factor for (2.50). From the proof of the diagonal case and by (2.50), we have

− lim
N→∞

1

(NδN (1))2
n(zw − L

n )

zw(1 + zw)
ĝ
(n,L)
N−1 (zw)ω̂

(n,L)(w, z)K(n,L)
N−1 (z, w|z, w)ω̂

(n,L)(z, w)

= −Hρ(η + ζ, ζ + ζ, η + η, η + ζ,−(ζ − η)(ζ − η))
(ζ − η)2(ζ − η)2

.

This completes the proof. □

8.3. Proof of the case of ISUE in the singular origin regime in Theorem 2.10.

Proof of the case of ISUE in the singular origin regime in Theorem 2.10. For ζ, η, χ of compact subsets of C,
we write

z =
ζ√

NδN (0)
, w =

η√
NδN (0)

, λ =
χ√

NδN (0)
.

First, note that

zw =
ζη

N(b+ 1)

(
1 +O(N−1)

)
.

Then, by Lemma 8.1, we have

(8.8) ĝ
(n,L)
N (λλ)ω̂(n,L)(λ, λ) = N

(χχ)LE1,L(χχ)e−|χ|2

χχ− L
(
1 +O(N−1)

)
,

which gives

n(λλ− L/n)
λλ(1 + λλ)

ĝ
(n,L)
N (λλ)ω̂(n,L)(λ, λ) = N2(b+ 1)|χ|2L−2E1,L(χχ)e−|χ|2(1 +O(N−1)

)
.

Similar to the other case, we compute the asymptotic behavior for each term. For H
(n,L)
N (z, w|λ, λ), we have

H
(n,L)
N (z, w|λ, λ) =(N(b+ 1))2(ζη)Le−

1
2 (|ζ|

2+|η|2)

× E1,L(ζχ|χχ)E1,L(χη|χχ)− E1,L(ζη|χχ)E1,L(χχ|χχ)
(ζ − χ)2(η − χ)2(χχ− L)E1,L(χχ|χχ)

(
1 +O(N−1)

)
.

(8.9)

For F
(n,L)
N (z, w|λ, λ), since

I
(n,L)
N (z, w|λ, λ) =(N(b+ 1))2

(ζη)Le−
1
2 (|ζ|

2+|η|2)

(ζ − χ)(η − χ)

(E1,L(ζη|χχ)
χχ− L

− 1

Γ(L)

1

χχ− L

)(
1 +O(N−1)

)
,

For (2.59) and (2.60), similarly, it is easy to see that

II
(n,L)
N (z, w|λ, λ)ϖ(n,L)(z, z|λ, λ) = o(1),

III
(n,L)
N (z, w|λ, λ)ϖ(n,L)(z, z|λ, λ) = o(1),

and

ϖ(n,L)(z, z|λ, λ) = ϖ(ζ, ζ|χ, χ)
(b+ 1)N

(
1 +O(N−1)

)
.

Since

H
(n,L)
N (z, w|λ, λ) + F

(n,L)
N (z, w|λ, λ)

= (N(b+ 1))2
SL(ζχ, χη, ζη, χχ, (ζ − χ)(η − χ))

(ζ − χ)2(η − χ)2E1,L(χχ|χχ)
(ζη)Le−

1
2 (|ζ|

2+|η|2)(1 +O(N−1)),
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there exists a conjugation factor c(ζ, η) such that

lim
N→∞

1

NδN (0)
K

(N)
1,1,(s)(z, z, w, w|λ, λ) = c(ζ, η)

SL(ζχ, χη, ζη, χχ, (ζ − χ)(η − χ))
(ζ − χ)2(η − χ)2E1,L(χχ|χχ)

ϖ(ζ, ζ|χ, χ)|ζ|2Le−|ζ|2 ,

uniformly for ζ, η, χ in compact subsets of C. This completes the proof for the diagonal case. Similarly, it
suffices to consider the front factor due to the decoupling Lemma 2.5. From the proof of the diagonal case and
by (2.50), we have

− lim
N→∞

1

N

1

(NδN (0))2
n(zw − L

n )

zw(1 + zw)
ĝ
(n,L)
N−1 (zw)ω̂

(n,L)(w, z)K(n,L)
N−1 (z, w|z, w)ω̂

(n,L)(z, w)

=
E1,L(ζη)|ζ|2L|η|2L

ζ1ζ2
e−|ζ|2−|η|2K(s)

1,1(ζ, η|ζ, η).

This completes the proof. □
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Part 4. Proofs Pfaffian structure of the on-diagonal overlap of the Ginibre symplectic ensembles

9. Construction of skew-orthogonal polynomials

9.1. Proof of Theorem 3.7. In this subsection, we prove Theorem 3.7.

Proof of Theorem 3.7. The proof is done by the induction argument. Through the proof, for the simplicity of
the notation, we omit the notation ·̂ for m̂j,k. In the inner product in this proof, (3.35) is used. We assume
that the coefficients of q2k satisfy (3.40) and the ones of q2k+1 satisfy (3.41). Then, the coefficients of q2k, q2k+1

also satisfy (3.40) and (3.41), respectively. We write

(9.1) q2k+2(z) =

2k+2∑
i=0

α2k+2,iz
i.

Then, for 1 ≤ j ≤ k − 1, we have

〈q2j−2, q2k+2〉s = 〈z2j−2+· · · , α2k+2,2k−1z
2k−1+· · · 〉s, 〈q2j−1, q2k+2〉s = 〈z2j−1+· · · , α2k+2,2k−1z

2k−1+· · · 〉s.
By the assumption and replacing 2k with 2k + 2, it follows that for 1 ≤ j ≤ k − 1,

Zjα2k+2,2j−1 = −m2j−1,2jα2k+2,2j , Zjα2k+2,2j−2 = m2j,2j+1α2k+2,2j+1 +m2j,2jα2k+2,2j .

Therefore, it suffices to consider q2j−2, q2j−1 for j = k, k + 1. First, note that

〈q2k−2, q2k+2〉s =2α2k+2,2km2k−1,2k + 2α2k+2,2k−1m2k−1,2k−1

− 2α2k+2,2k−3m2k−2,2k−2 − 2α2k+2,2k−4m2k−2,2k−3 +
〈2k−3∑

j=0

α2k−2,jz
j ,

2k−1∑
j=0

α2k+2,jz
j
〉
s
.

To see (3.40), it suffices to show that

2α2k+2,2k−1m2k−1,2k−1 − 2α2k+2,2k−3m2k−2,2k−2

− 2α2k+2,2k−4m2k−2,2k−3 +
〈2k−3∑

j=0

α2k−2,jz
j ,

2k−1∑
j=0

α2k+2,jz
j
〉
s
= 2Zkα2k+2,2k−1.

However, since

2α2k+2,2k−1m2k−1,2k−1 − 2α2k+2,2k−3m2k−2,2k−2 − 2α2k+2,2k−4m2k−2,2k−3

=2α2k+2,2k−1

(
m2k−1,2k−1 −

m2k−3,2k−2m2k−2,2k−1

Zk−1

)
= 2Zkα2k+2,2k−1,

our task is to show that 〈2k−3∑
j=0

α2k−2,jz
j ,

2k−1∑
j=0

α2k+2,jz
j
〉
s
= 0.

Since the left hand side in the above is expanded as〈2k−3∑
j=0

α2k−2,jz
j ,

2k−1∑
j=0

α2k+2,jz
j
〉
s
=2

2k−2∑
j=3

α2k−2,2k−juk,j

+ 2α2k−2,1(α2k+2,3m2,3 + α2k+2,2m2,2 − α2k+2,0m1,1)

+ 2α2k−2,0(α2k+2,2m1,2 + α2k+2,1m1,1),

where

uk,j =α2k+2,2k+2−jm2k+1−j,2k+2−j + α2k+2,2k+1−jm2k+1−j,2k+1−j

− α2k+2,2k−j−1m2k−j,2k−j − α2k+2,2k−j−2m2k−j,2k−j−1,
(9.2)

for j = 3, 4, . . . , 2k − 2, it is enough to show that uk,j = 0 for 3 ≤ j ≤ 2k − 2. By the assumption of the
induction,

uk,2j =α2k+2,2k−2j+2m2k−2j+1,2k−2j+2 + α2k+2,2k−2j+1m2k−2j,2k−2j+1 +m2k−2j,2k−2j
m2k−2j−1,2k−2jα2k+2,2k−2j

Zk−j



Integrable Structure of the Overlaps and Zeros of GAF 77

−m2k−2j−1,2k−2j
m2k−2j−1,2k−2jα2k+2,2k−2j+1 +m2k−2j,2k−2jα2k+2,2k−2j

Zk−j

=m2k−2j+1,2k−2j+2α2k+2,2k+2−2j + Zk−j+1α2k+2,2k−2j+1 = 0.

In the same spirit,

uk,2j+1 =α2k+2,2(k−j)+1m2(k−j),2(k−j)+1 + α2k+2,2(k−j)m2(k−j),2(k−j)

−m2(k−j)−1,2(k−j)−1

m2(k−j),2(k−j)+1α2k+2,2(k−j)+1 +m2(k−j),2(k−j)α2k+2,2(k−j)

Zk−j

+
m2(k−j)−3,2(k−j)−2m2(k−j)−2,2(k−j)−1

Zk−j−1

m2(k−j),2(k−j)+1α2k+2,2(k−j)+1 +m2(k−j),2(k−j)α2k+2,2(k−j)

Zk−j

=α2k+2,2(k−j)+1m2(k−j),2(k−j)+1 + α2k+2,2(k−j)m2(k−j),2(k−j)

−
m2(k−j),2(k−j)+1α2k+2,2(k−j)+1 +m2(k−j),2(k−j)α2k+2,2(k−j)

Zk−j

×
(
m2(k−j)−1,2(k−j)−1 −

m2(k−j)−3,2(k−j)−2m2(k−j)−2,2(k−j)−1

Zk−j−1

)
= 0.

Hence, we have shown that uk,j = 0 for all 3 ≤ j ≤ 2k − 2. Next, we impose that 〈q2k−1, q2k+2〉s = 0. Then,
observe that

〈q2k−1, q2k+2〉s = 2α2k+2,2k+1m2k,2k+1 + 2α2k+2,2km2k,2k − 2Zkα2k+2,2k−2 +
〈2k−4∑

j=0

β2k−1,jz
j ,

2k−2∑
j=0

β2k+2,jz
j
〉
s
.

Therefore, it suffices to show that 〈2k−4∑
j=0

β2k−1,jz
j ,

2k−2∑
j=0

β2k+2,jz
j
〉
s
= 0.

Similar to the even coefficients case, it is reduced to show uk,j = 0 for 4 ≤ j ≤ 2k − 2, but this argument
has been already shown. Hence, we have verified the induction argument for q2j−2, q2j−1 with j = k. The
remainder task is to verify the induction argument for q2j−2, q2j−1 with j = k + 1. We shall impose that
〈q2k, q2k+2〉s = 0, 〈q2k+1, q2k+2〉s = 0. For (3.40), we can recycle computations since the highest degree term
of q2k+2 is z2k+2. Hence, there is no additional task to show the induction argument for (3.40). For (3.41),
similarly, we can recycle computations so far. This completes the proof. □

9.2. Proof of Theorem 3.9. With help of Theorem 3.7, we prove Theorem 3.9.

Proof of Theorem 3.9. We define

(9.3) m
(pre)
i,j =

∫
C
zizjω(pre)(z|a)dA(z) for a ∈ R.

Then, we have

(9.4) m
(pre)
i,j =



0 if i < j − 1,

−aΓ(j+1)
2j+1 if i = j − 1,

Γ(j+1)
2j+2 (2a2 + j + 3) if i = j,

−aΓ(j+2)
2j+2 if i = j + 1,

0 i > j + 1.

Let us also write

(9.5) g
(pre)
i,j =

∫
C
(zizj − zjzj)(z − z)ω(pre)(z|a)dA(z), G

(pre)
k = (g

(pre)
i,j )2k−1

i,j=0.

We set

(9.6) ∆
(pre)
−1 = 1, ∆

(pre)
k = Pf(G

(pre)
k+1 ), Z(pre)

k+1 =
1

2

∆
(pre)
k

∆
(pre)
k−1

.
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Then, by (9.4) and (9.5), (9.6) satisfies

Z(pre)
k = m

(pre)
2k,2k+1 −

m
(pre)
2k−1,2km

(pre)
2k,2k+1

Z(pre)
k−1

,

which is equivalent to

(9.7) ∆
(pre)
k = 2∆

(pre)
k−1 m

(pre)
2k+1,2k+1 − 4m

(pre)
2k−1,2km

(pre)
2k,2k+1∆

(pre)
k−2 .

Then, the unique solution of (9.7) is given by

∆
(pre)
k =

2k+1
∏k+1

i=1 Γ(2i)

2(k+1)(k+2)
fk+1(a

2).

Therefore, we obtain

Z(pre)
k =

(2k − 1)!

22k
fk(a

2)

fk−1(a2)
.

By Theorem 3.7, we have


Znα

(pre)
2n,2n−1 = −m(pre)

2n−1,2n,

Znα
(pre)
2n,2n−2 = m

(pre)
2n,2n,

Zjα
(pre)
2n,2j−1 = −m(pre)

2j−1,2jα
(pre)
2n,2j ,

Zjα
(pre)
2n,2j−2 = m

(pre)
2j,2j+1α

(pre)
2n,2j+1 +m

(pre)
2j,2jα

(pre)
2n,2j ,



Znβ
(pre)
2n+1,2n = 0,

Znβ
(pre)
2n+1,2n−1 = m

(pre)
2n,2n+1,

Zjβ
(pre)
2n+1,2n−2 = m

(pre)
2n,2n+1,

Zjβ
(pre)
2n+1,2n−3 = −m(pre)

2n−3,2n−2β
(pre)
2n+1,2n−2,

Zjβ
(pre)
2n+1,2n−4 = −m(pre)

2n−2,2n−2β
(pre)
2n+1,2n−2,

Zjβ
(pre)
2n+1,2j−1 = −m(pre)

2j−1,2jβ
(pre)
2n+1,2j ,

Zjβ
(pre)
2n+1,2j−2 = m

(pre)
2j,2j+1β

(pre)
2n+1,2j+1 +m

(pre)
2j,2jβ

(pre)
2n+1,2j ,

with α2n,2n = β2n+1,2n+1 = 1. Then, we shall look at some coefficients:

α
(pre)
2n,2n−1 = an

fn−1(a
2)

fn(a2)
, α

(pre)
2n,2n−2 = n

2a2 + 2n+ 3

2

fn−1(a
2)

fn(a2)
, α

(pre)
2n,2n−3 = an(n− 1)

2a2 + 2n+ 3

2

fn−2(a
2)

fn(a2)
,

α
(pre)
2n,2n−4 =

n(n− 1)

22
(4a4 + 2a2(2n+ 5) + (2n+ 3)(2n+ 1))

fn−2(a
2)

fn(a2)
,

α
(pre)
2n,2n−5 =

an(n− 1)(n− 2)

22
(4a4 + 2a2(2n+ 5) + (2n+ 3)(2n+ 1))

fn−3(a
2)

fn(a2)
,

α
(pre)
2n,2n−6 =

n(n− 1)(n− 2)

23
(8a6 + 4a4(2n+ 7) + 2a2(2n+ 7)(2n+ 1) + (2n+ 3)(2n+ 1)(2n− 1))

fn−3(a
2)

fn(a2)
,

α
(pre)
2n,2n−7 =

an(n− 1)(n− 2)(n− 3)

23
(8a6+4a4(2n+7)+2a2(2n+7)(2n+1)+(2n+3)(2n+1)(2n−1))

fn−4(a
2)

fn(a2)
,

α
(pre)
2n,2n−8 =

n(n− 1)(n− 2)(n− 3)

24

(
16a8 + 8a6(2n+ 9) + 4a4(2n+ 11)(2n+ 1)

+ 2a2(2n+ 9)(2n+ 1)(2n− 1) + (2n+ 3)(2n+ 1)(2n− 1)(2n− 3)
)fn−4(a

2)

fn(a2)
,

α
(pre)
2n,2n−9 =

an(n− 1)(n− 2)(n− 3)(n− 4)

24

(
16a8 + 8a6(2n+ 9) + 4a4(2n+ 11)(2n+ 1)

+ 2a2(2n+ 9)(2n+ 1)(2n− 1) + (2n+ 3)(2n+ 1)(2n− 1)(2n− 3)
)fn−5(a

2)

fn(a2)
,

α
(pre)
2n,2n−10 =

n(n− 1)(n− 2)(n− 3)(n− 4)

25

(
32a10 + 16a8(2n+ 11) + 8a6(2n+ 15)(2n+ 1)

+ 4a4(2n+ 15)(2n+ 1)(2n− 1) + 2a2(2n+ 11)(2n+ 1)(2n− 1)(2n− 3)
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+ (2n+ 3)(2n+ 1)(2n− 1)(2n− 3)(2n− 5)
)fn−5(a

2)

fn(a2)
, · · · ,

and

β
(pre)
2n+1,2n+1 = 1, β

(pre)
2n+1,2n = a, β

(pre)
2n+1,2n−1 = a2n

fn−1(a
2)

fn(a2)
, β

(pre)
2n+1,2n−2 = an(2−1(2a2)1 + 1)

fn−1(a
2)

fn(a2)
,

β
(pre)
2n+1,2n−3 = a2n(n−1)(2−1(2a2)1+1)

dn−2(a
2)

fn(a2)
, β

(pre)
2n+1,2n−4 =

an(n− 1)

2
(2−1(2a2)2+2(2a2)+(2n+1))

fn−2(a
2)

fn(a2)
,

β
(pre)
2n+1,2n−5 =

a2n(n− 1)(n− 2)

2
(2−1(2a2)2 + 2(2a2) + (2n+ 1))

fn−3(a
2)

fn(a2)
,

β
(pre)
2n+1,2n−6 =

an(n− 1)(n− 2)

22
(2−1(2a2)3 + 3(2a2)2 + 2(2n+ 1)2a2 + (2n+ 1)(2n− 1))

fn−3(a
2)

fn(a2)
,

β
(pre)
2n+1,2n−7 =

a2n(n− 1)(n− 2)(n− 3)

22

(
2−1(2a2)3 + 3(2a2)2 + 2(2n+ 1)2a2 + (2n+ 1)(2n− 1)

)fn−4(a
2)

fn(a2)
,

β
(pre)
2n+1,2n−8 =

an(n− 1(n− 2)(n− 3)

23

(
2−1(2a2)4 + 4(2a2)3 + 3(2n+ 1)(2a2)2

+ 2(2n+ 1)(2n− 1)2a2 + (2n+ 1)(2n− 1)(2n− 3)
)fn−4(a

2)

fn(a2)
,

β
(pre)
2n+1,2n−9 =

a2n(n− 1(n− 2)(n− 3)(n− 4)

23

(
2−1(2a2)4 + 4(2a2)3 + 3(2n+ 1)(2a2)2

+ 2(2n+ 1)(2n− 1)2a2 + (2n+ 1)(2n− 1)(2n− 3)
)fn−5(a

2)

fn(a2)
, · · · .

Form these coefficients lists, we claim that

α
(pre)
2n,2j =

n∑
ℓ=j

(
(ℓ+ 1− j) (2n+ 3)!!

(2ℓ+ 3)!!
(2a2)ℓ−j − (ℓ− j) (2n+ 1)!!

(2ℓ+ 1)!!
(2a2)ℓ−j

)2jn!
2nj!

fj(a
2)

fn(a2)
,(9.8)

α
(pre)
2n,2j+1 =a

n−1∑
ℓ=j

(
(ℓ+ 1− j) (2n+ 3)!!

(2ℓ+ 5)!!
(2a2)ℓ−j − (ℓ− j) (2n+ 1)!!

(2ℓ+ 3)!!
(2a2)ℓ−j

)2j+1n!

2nj!

fj(a
2)

fn(a2)
,(9.9)

β
(pre)
2n+1,2j+1 =

(
(2a2)n−j + 2

n−1∑
ℓ=j

(ℓ− j) (2n+ 1)!!

(2ℓ+ 3)!!
(2a2)ℓ−j

)n!2j
j!2n

fj(a
2)

fn(a2)
,(9.10)

β
(pre)
2n+1,2j =a

(
(2a2)n−j + 2

n−1∑
ℓ=j

(ℓ+ 1− j) (2n+ 1)!!

(2ℓ+ 3)!!
(2a2)ℓ−j

)n!2j
j!2n

fj(a
2)

fn(a2)
.(9.11)

Here, we implicitly have used the fact that under the transformation q2k+1(z) 7→ q2k+1(z) + dkq2k(z) for any
constants dk, the value for the skew-inner product does not change. We prove (9.8) and (9.9) by the induction
argument. By exchanging the indices, we express (9.8) and (9.9) as

α
(pre)
2n,2(n−j) =

j∑
ℓ=0

( (ℓ+ 1)(2n+ 3)!!

(2ℓ+ 2n− 2j + 3)!!
(2a2)ℓ − ℓ(2n+ 1)!!

(2ℓ+ 2n− 2j + 1)!!
(2a2)ℓ

) 2n−jn!

2n(n− j)!
f2(n−j)(a

2)

fn(a2)
,(9.12)

α
(pre)
2n,2(n−j)+1 =a

j−1∑
ℓ=0

( (ℓ+ 1)(2n+ 3)!!

(2ℓ+ 2n− 2j + 5)!!
(2a2)ℓ − ℓ(2n+ 1)!!

(2ℓ+ 2n− 2j + 3)!!
(2a2)ℓ

) 2n−j+1n!

2n(n− j)!
f2(n−j)(a

2)

fn(a2)
.(9.13)

We assume that (9.12) and (9.13) hold, then we shall compute α2n,2(n−j−1) and α2n,2(n−j−1)+1. Note that

Z(pre)
(n−j−1)+1α

(pre)
2n,2(n−j−1)+1 =−m(pre)

2(n−j−1)+1,2(n−j−1)+2α
(pre)
2n,2(n−j−1)+2
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=a

(
j∑

ℓ=0

(2n+ 3)!!

(2ℓ+ 2n− 2j + 3)!!
(ℓ+ 1)(2a2)ℓ −

j∑
ℓ=0

(2n+ 1)!!

(2ℓ+ 2n− 2j + 1)!!
ℓ(2a2)ℓ

)

× (2n− 2j)!

22n−2j+1

2n−j

2n
n!

(n− j)!
fn−j(a

2)

fn(a2)
.

Since Z(pre)
(n−j−1)+1 = (2n−2j−1)!

22n−2j

fn−j(a
2)

fn−j−1(a2) , we have

α
(pre)
2n,2(n−j−1)+1 =a

(
j∑

ℓ=0

(2n+ 3)!!

(2ℓ+ 2n− 2(j + 1) + 5)!!
(ℓ+ 1)(2a2)ℓ −

j∑
ℓ=0

(2n+ 1)!!

(2ℓ+ 2n− 2(j + 1) + 3)!!
ℓ(2a2)ℓ

)

× 2n−(j+1)+1

2n
n!

(n− j − 1)!

fn−j−1(a
2)

fn(a2)
.

Next, we shall compute α
(pre)
2n,2(n−j−1).

Z(pre)
(n−j−1)+1α

(pre)
2n,2(n−j−1) =m

(pre)
2(n−j−1)+2,2(n−j−1)+3α

(pre)
2n,2(n−j−1)+3 +m

(pre)
2(n−j−1)+2,2(n−j−1)+2α

(pre)
2n,2(n−j−1)+2

=− a (2n− 2j + 1)!

22n−2j+2
α
(pre)
2n,2n−2j+1 +

(2n− 2j)!(2a2 + 2n− 2j + 3)

22n−2j+2
α
(pre)
2n,2n−2j ,

which implies that

α
(pre)
2n,2(n−j−1) =

1

2j+1

n!

(n− j − 1)!

fn−j−1(a
2)

fn(a2)

×

{
(2a2 + 2n− 2j + 3)

(
j∑

ℓ=0

(2n+ 3)!!(ℓ+ 1)(2a2)ℓ

(2ℓ+ 2n− 2j + 3)!!
−

j∑
ℓ=0

(2n+ 1)!!ℓ(2a2)ℓ

(2ℓ+ 2n− 2j + 1)!!

)

− 2a2(2n− 2j + 1)

(
j−1∑
ℓ=0

(2n+ 3)!!(ℓ+ 1)(2a2)ℓ

(2ℓ+ 2n− 2j + 5)!!
−

j−1∑
ℓ=0

(2n+ 1)!!ℓ(2a2)ℓ

(2ℓ+ 2n− 2j + 3)!!

)}
.

We write

A1 =(2a2 + 2n− 2j + 3)

(
j∑

ℓ=0

(2n+ 3)!!(ℓ+ 1)(2a2)ℓ

(2ℓ+ 2n− 2j + 3)!!
−

j∑
ℓ=0

(2n+ 1)!!ℓ(2a2)ℓ

(2ℓ+ 2n− 2j + 1)!!

)
,

A2 =− 2a2(2n− 2j + 1)

(
j−1∑
ℓ=0

(2n+ 3)!!(ℓ+ 1)(2a2)ℓ

(2ℓ+ 2n− 2j + 5)!!
−

j−1∑
ℓ=0

(2n+ 1)!!ℓ(2a2)ℓ

(2ℓ+ 2n− 2j + 3)!!

)
.

We will show

A1 + A2 =

j+1∑
ℓ=0

(2n+ 3)!!

(2ℓ+ 2n− 2j + 1)!!
(ℓ+ 1)(2a2)ℓ −

j+1∑
ℓ=0

(2n+ 1)!!

(2ℓ+ 2n− 2j − 1)!!
ℓ(2a2)ℓ.

First, note that

A1 =

j+1∑
ℓ=0

(2n+ 3)!!(ℓ+ 1)(2a2)ℓ

(2ℓ+ 2n− 2j + 1)!!
−

j+1∑
ℓ=0

(2n+ 1)!!ℓ(2a2)ℓ

(2ℓ+ 2n− 2j − 1)!!

−
j+1∑
ℓ=0

(2n+ 3)!!(2a2)ℓ

(2ℓ+ 2n− 2j + 1)!!
+

j+1∑
ℓ=1

(2n+ 1)!!(2a2)ℓ

(2ℓ+ 2n− 2j − 1)!!
+ (2n− 2j + 3)

(2n+ 3)!!

(2n− 2j + 3)!!

+ (2n− 2j + 3)

(
j∑

ℓ=1

(2n+ 3)!!(ℓ+ 1)(2a2)ℓ

(2ℓ+ 2n− 2j + 3)!!
−

j∑
ℓ=1

(2n+ 1)!!ℓ(2a2)ℓ

(2ℓ+ 2n− 2j + 1)!!

)
.
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Notice also that

A2 = −(2n− 2j + 1)

(
j∑

ℓ=1

(2n+ 3)!!ℓ(2a2)ℓ

(2ℓ+ 2n− 2j + 3)!!
−

j∑
ℓ=1

(2n+ 1)!!(ℓ− 1)(2a2)ℓ

(2ℓ+ 2n− 2j + 1)!!

)
.

Hence, we have

A1 + A2

=

j+1∑
ℓ=0

(2n+ 3)!!(ℓ+ 1)(2a2)ℓ

(2ℓ+ 2n− 2j + 1)!!
−

j+1∑
ℓ=0

(2n+ 1)!!ℓ(2a2)ℓ

(2ℓ+ 2n− 2j − 1)!!
−

j∑
ℓ=1

(2n+ 3)!!(2a2)ℓ

(2ℓ+ 2n− 2j + 1)!!
+

j∑
ℓ=1

(2n+ 1)!!(2a2)ℓ

(2ℓ+ 2n− 2j − 1)!!

+

j∑
ℓ=1

(2n+ 3)!!(2ℓ+ 2n− 2j + 3− (2n− 2j + 1))(2a2)ℓ

(2ℓ+ 2n− 2j + 3)!!
−

j∑
ℓ=1

(2n+ 1)!!(2ℓ+ 2n− 2j + 1− (2n− 2j + 1))(2a2)ℓ

(2ℓ+ 2n− 2j + 1)!!

+ (2n− 2j + 1)

(
j∑

ℓ=1

(2n+ 3)!!(2a2)ℓ

(2ℓ+ 2n− 2j + 3)!!
−

j∑
ℓ=1

(2n+ 1)!!(2a2)ℓ

(2ℓ+ 2n− 2j + 1)!!

)

=

j+1∑
ℓ=0

(2n+ 3)!!(ℓ+ 1)(2a2)ℓ

(2ℓ+ 2n− 2j + 1)!!
−

j+1∑
ℓ=0

(2n+ 1)!!ℓ(2a2)ℓ

(2ℓ+ 2n− 2j − 1)!!
,

which completes the proof of the induction argument for (9.12) and (9.13) Similarly, we can prove (9.10) and
(9.11). The proof is left to interested readers. □

10. Finite N-analysis

With help of Theorem 3.9, we define (3.49). Our next task is to analyze an asymptotic behavior of (3.49)
as N →∞. To this end, we need to find a simplified expression of (3.49). Before we directly moving ahead of
analysis for (3.49), it is instructive to analyze (3.49) for a = 0.

10.1. The conditional origin case: a = 0.

10.1.1. Differential equation for the conditional origin case. Let us denote

(10.1) ω(pre)(z) = ω(pre)(z|0) = (1 + |z|2)e−2|z|2 .

Lemma 10.1. Let us denote the skew pre-kernel associated with the weight function (10.1) by κκκ(pre)
N (z, w).

Then, the pre-kernel κκκ(pre)
N (z, w) is given by

(10.2) κκκ(pre)
N (z, w) = G

(pre)
N (z, w)−G(pre)

N (w, z),

where

(10.3) G
(pre)
N (z, w) =

√
2
3
N−1∑
k=0

k∑
ℓ=0

(2k + 3)(2ℓ+ 2)

(2k + 4)!!(2ℓ+ 3)!!
(
√
2z)2k+1(

√
2w)2ℓ.

Proof. First, note that

hk =

∫
C
|z|2kω(pre)(z)dA(z) =

(k + 3)Γ(k + 1)

2k+2
,

where dA(z) is the area measure on C. By [10, Theorem 3.1], we have

k−ℓ−1∏
j=0

h2ℓ+2j+2

h2ℓ+2j+1
=

(ℓ+ 1)Γ(k + 5
2 )

(k + 1)Γ(ℓ+ 5
2 )
,

and

q
(pre)
2k+1(z) = z2k+1, q

(pre)
2k (z) =

k∑
ℓ=0

(ℓ+ 1)Γ(k + 5
2 )

(k + 1)Γ(ℓ+ 5
2 )
z2ℓ.
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Here, the skew-norm is given by

r
(pre)
k = 2h2k+1 =

(2k + 4)Γ(2k + 2)

22k+2
.

Then, we set

G
(pre)
N (z, w) =

N−1∑
k=0

q
(pre)
2k+1(z)q

(pre)
2k (w)

r
(pre)
k

=

N−1∑
k=0

k∑
ℓ=0

22k+1(ℓ+ 1)Γ(k + 5
2 )

(2k + 4)Γ(2k + 2)(k + 1)Γ(ℓ+ 5
2 )
z2k+1w2ℓ,

which completes the proof of the lemma. □

We now define

(10.4) κ̂κκ(pre)
N (z, w) = (zw)3κκκ(pre)

N (z, w),

and

Ĝ
(pre)
N (z, w) = (zw)3G

(pre)
N (z, w) =

1
√
2
3

N−1∑
k=0

k∑
ℓ=0

(2k + 3)(2ℓ+ 2)

(2k + 4)!!(2ℓ+ 3)!!
(
√
2z)2k+4(

√
2w)2ℓ+3.

We now derive the differential equation of (10.4):

Proposition 10.2. We have[
z∂2z − (2z2 + 2)∂z − 2z

]
κ̂κκ(pre)

N (z, w)

=

√
2

√
2
3

2N−1∑
k=0

1

k!
(2zw)k+3 −

√
2

√
2
3

(2N + 1)(2N + 3)

(2N + 2)!!
(
√
2z)2N+3

N−1∑
ℓ=0

2ℓ+ 2

(2ℓ+ 3)!!
(
√
2w)2ℓ+3.

(10.5)

Proof.

∂zĜ
(pre)
N (z, w) =

√
2

√
2
3

1

0!!1!!
(2zw)3 +

√
2

√
2
3

N−2∑
k=0

k+1∑
ℓ=0

(2k + 5)(2ℓ+ 2)

(2k + 4)!!(2ℓ+ 3)!!
(
√
2z)2k+5(

√
2w)2ℓ+3

By rearranging the last term, we see that
√
2

√
2
3

N−2∑
k=0

k+1∑
ℓ=0

(2k + 5)(2ℓ+ 2)

(2k + 4)!!(2ℓ+ 3)!!
(
√
2z)2k+5(

√
2w)2ℓ+3

=

√
2

√
2
3

N−1∑
k=0

k∑
ℓ=0

(2k + 5)(2ℓ+ 2)

(2k + 4)!!(2ℓ+ 3)!!
(
√
2z)2k+5(

√
2w)2ℓ+3 +

√
2

√
2
3

N−2∑
k=0

(2zw)2k+5

(2k + 2)!!(2k + 3)!!

−
√
2

√
2
3

2N + 3

(2N + 2)!!
(
√
2z)2N+3

N−1∑
ℓ=0

2ℓ+ 2

(2ℓ+ 3)!!
(
√
2w)2ℓ+3,

which leads to

∂zĜ
(pre)
N (z, w) =2zĜ

(pre)
N (z, w) + 4z2

√
2

√
2
3

N−1∑
k=0

k∑
ℓ=0

(2ℓ+ 2)

(2k + 4)!!(2ℓ+ 3)!!
(
√
2z)2k+3(

√
2w)2ℓ+3

+

√
2

√
2
3

N−1∑
k=0

(2zw)2k+3

(2k + 1)!
−
√
2

√
2
3

2N + 3

(2N + 2)!!
(
√
2z)2N+3

N−1∑
ℓ=0

2ℓ+ 2

(2ℓ+ 3)!!
(
√
2w)2ℓ+3.

Similarly, we observe that

∂zĜ
(pre)
N (w, z) =2zĜ

(pre)
N (w, z) + 4z2

√
2

√
2
3

N−1∑
k=0

k∑
ℓ=0

2k + 3

(2k + 4)!!(2ℓ+ 3)!!
(
√
2w)2k+4(

√
2z)2ℓ+2

+ 2

√
2

√
2
3 (
√
2z)2

N−1∑
k=0

2k + 3

(2k + 4)!!
(
√
2w)2k+4 −

√
2

√
2
3

N−1∑
k=0

(2zw)2k+4

(2k + 2)!
.
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Here, since ∫
1

z2
Ĝ

(pre)
N (z, w)dz =

√
2

√
2
3

N−1∑
k=0

k∑
ℓ=0

2ℓ+ 2

(2k + 4)!!(2ℓ+ 3)!!
(
√
2z)2k+3(

√
2w)2ℓ+3

and ∫
1

z2
Ĝ

(pre)
N (w, z)dz =

√
2

√
2
3

N−1∑
k=0

k∑
ℓ=0

2k + 3

(2k + 4)!!(2ℓ+ 3)!!
(
√
2w)2k+4(

√
2z)2ℓ+2,

we have

∂zĜ
(pre)
N (z, w) =2zĜ

(pre)
N (z, w) + 4z2

∫ z

0

Ĝ
(pre)
N (t, w)

t2
dt

+

√
2

√
2
3

N−1∑
k=0

(2zw)2k+3

(2k + 1)!
−
√
2

√
2
3

2N + 3

(2N + 2)!!
(
√
2z)2N+3

N−1∑
ℓ=0

2ℓ+ 2

(2ℓ+ 3)!!
(
√
2w)2ℓ+3,

and

∂zĜ
(pre)
N (w, z) =2zĜ

(pre)
N (w, z) + 4z2

∫ z

0

Ĝ
(pre)
N (w, t)

t2
dt

+ 2

√
2

√
2
3 (
√
2z)2

N−1∑
k=0

2k + 3

(2k + 4)!!
(
√
2w)2k+4 −

√
2

√
2
3

N−1∑
k=0

(2zw)2k+4

(2k + 2)!
.

As a consequence, we obtain

∂zκ̂κκ(pre)
N (z, w) =2zκ̂κκ(pre)

N (z, w) + 4z2
∫ z

0

κ̂κκ(pre)
N (t, w)

t2
dt+

√
2

√
2
3

2N−1∑
k=0

(2zw)k+3

(k + 1)!

−
√
2

√
2
3

2N + 3

(2N + 2)!!
(
√
2z)2N+3

N−1∑
ℓ=0

2ℓ+ 2

(2ℓ+ 3)!!
(
√
2w)2ℓ+3

− 2

√
2

√
2
3 (
√
2z)2

N−1∑
k=0

2k + 3

(2k + 4)!!
(
√
2w)2k+4,

which gives

1

z2
∂zκ̂κκ(pre)

N (z, w) =2
1

z
κ̂κκ(pre)

N (z, w) + 4

∫ z

0

κ̂κκ(pre)
N (t, w)

t2
dt+

√
2

√
2
3

2N−1∑
k=0

2k+3zk+1wk+3

(k + 1)!

−
√
2

√
2
3

2N + 3

(2N + 2)!!

√
2
2N+3

z2N+1
N−1∑
ℓ=0

2ℓ+ 2

(2ℓ+ 3)!!
(
√
2w)2ℓ+3

− 4
√
2

√
2
3

N−1∑
k=0

2k + 3

(2k + 4)!!
(
√
2w)2k+4.

By differentiating the above with respect to z,

z
[
z∂2z − (2z2 + 2)∂z − 2z

]
κ̂κκ(pre)

N (z, w)

=

√
2z
√
2
3

2N−1∑
k=0

1

k!
(2zw)k+3 −

√
2z
√
2
3

(2N + 1)(2N + 3)

(2N + 2)!!
(
√
2z)2N+3

N−1∑
ℓ=0

2ℓ+ 2

(2ℓ+ 3)!!
(
√
2w)2ℓ+3,

which leads to[
z∂2z − (2z2 + 2)∂z − 2z

]
κ̂κκ(pre)

N (z, w)

=

√
2

√
2
3

2N−1∑
k=0

1

k!
(2zw)k+3 −

√
2

√
2
3

(2N + 1)(2N + 3)

(2N + 2)!!
(
√
2z)2N+3

N−1∑
ℓ=0

2ℓ+ 2

(2ℓ+ 3)!!
(
√
2w)2ℓ+3.
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This completes the proof. □
10.1.2. Bulk limiting kernel for the conditional origin case. Finally, we show the bulkscaling limit of (10.4)
conditioned at the origin based on (10.5).

Proposition 10.3. The pre-kernel κκκ(pre)
N converges uniformly on compact subsets of C to κκκ(pre)

∞ as N → ∞,
which is given by

κκκ(pre)
∞ (z, w) =

√
π

4(zw)3
(2z2 − 1)(2w2 − 1)ez

2+w2

erf(z − w)

+

√
π

4(zw)3
(2z2 − 1)(2w2 − 1)ez

2+w2

(erf(w)− erf(z))

− 1

2(zw)3
z(2w2 − 1)ew

2

+
1

2(zw)3
w(2z2 − 1)ez

2

− 1

2(zw)3
(z − w)e2zw.

(10.6)

Proof. By (10.5), since

lim
N→∞

√
2

√
2
3

2N−1∑
k=0

1

k!
(2zw)k+3 = 4(zw)3e2zw

and

lim
N→∞

−
√
2

√
2
3

(2N + 1)(2N + 3)

(2N + 2)!!
(
√
2z)2N+3

N−1∑
ℓ=0

2ℓ+ 2

(2ℓ+ 3)!!
(
√
2w)2ℓ+3 = 0,

one can show that κ̂κκ(pre)
∞ (z, w) = limN→∞ κ̂κκ(pre)

N (z, w) satisfies

(10.7)
[
z∂2z − (2z2 + 2)∂z − 2z

]
κ̂κκ(pre)

∞ (z, w) = 4(zw)3e2zw.

By solving this ODE with the initial conditions,

(10.8) κ̂κκ(pre)
∞ (w,w) = 0, ∂zκ̂κκ(pre)

∞ (z, w)|z=0 = 0,

we obtain

κ̂κκ(pre)
∞ (z, w) =

√
π

4
(2z2 − 1)(2w2 − 1)ez

2+w2

erf(z − w) +
√
π

4
(2z2 − 1)(2w2 − 1)ez

2+w2

(erf(w)− erf(z))(10.9)

− 1

2
z(2w2 − 1)ew

2

+
1

2
w(2z2 − 1)ez

2

− 1

2
(z − w)e2zw.

By dividing the above by (zw)3, this completes the proof. □
To study the origin case is important since if we assume that the bulk limiting kernel has translational

invariance under the shift z 7→ z − a for a ∈ R with respect to the real line, we could expect that a candidate
differential operator to simplify the general finite N -kernel (3.49) would be (3.57) with some exponential factors.
In fact, this heuristic observation will be correct as we will see later.

10.2. Proof of Theorem 3.13. In this subsection, we prove Theorem 3.13. To this end, we firstly show
Lemma 3.12.

Proof of Lemma 3.12. First, we observe that

fk(a
2)q

(pre)
2k (z|a)

=

k∑
ℓ=0

ℓ∑
p=0

ℓ∑
j=p

{
(ℓ+ 1− j) (2k + 3)!!

(2ℓ+ 3)!!
− (ℓ− j) (2k + 1)!!

(2ℓ+ 1)!!

}
2ℓ−ka2ℓ+2p (j + 1− p)

p!

(z
a

)2j
+

k∑
ℓ=0

ℓ∑
p=0

ℓ−1∑
j=p

{
(ℓ− j) (2k + 3)!!

(2ℓ+ 3)!!
− (ℓ− 1− j) (2k + 1)!!

(2ℓ+ 1)!!

}
2ℓ−ka2ℓ+2p (j + 1− p)

p!

(z
a

)2j+1

=

k∑
ℓ=0

ℓ∑
p=0

(2k + 3)!!

(2ℓ+ 3)!!

2ℓ−ka2ℓ+2p

p!

{
ℓ∑

j=p

(ℓ+ 1− j)(j + 1− p)
(z
a

)2j
+

ℓ−1∑
j=p

(ℓ− j)(j + 1− p)
(z
a

)2j+1
}
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−
k∑

ℓ=0

ℓ∑
p=0

(2k + 1)!!

(2ℓ+ 1)!!

2ℓ−ka2ℓ+2p

p!

{
ℓ∑

j=p

(ℓ− j)(j + 1− p)
(z
a

)2j
+

ℓ−1∑
j=p

(ℓ− 1− j)(j + 1− p)
(z
a

)2j+1
}
.

Observe that for any x ∈ C,
ℓ∑

j=p

(ℓ+1− j)(j+1− p)x2j +
ℓ−1∑
j=p

(ℓ− j)(j+1− p)x2j+1 =
(ℓ+ 2− p)(x2p+1 − x2ℓ+3)− (ℓ+ 1− p)(x2p − x2ℓ+4)

(x+ 1)(x− 1)3

and
ℓ∑

j=p

(ℓ− j)(j + 1− p)x2j +
ℓ−1∑
j=p

(ℓ− 1− j)(j + 1− p)x2j+1 =
(ℓ+ 1− p)(x2p+1 − x2ℓ+1)− (ℓ− p)(x2p − x2ℓ+2)

(x+ 1)(x− 1)3
.

Hence, we have

(10.10) 2k(z + a)(z − a)3fk(a2)q(pre)2k (z|a) = (2k + 3)!!M1 + (2k + 1)!!M2,

where

M1 =

k∑
ℓ=0

2ℓa2ℓ+3

(2ℓ+ 3)!!

ℓ∑
p=0

(ℓ+ 2− p)z2p+1

p!
−

k∑
ℓ=0

2ℓz2ℓ+3

(2ℓ+ 3)!!

ℓ∑
p=0

(ℓ+ 2− p)a2p+1

p!

−
k∑

ℓ=0

2ℓa2ℓ+4

(2ℓ+ 3)!!

ℓ∑
p=0

(ℓ+ 1− p)z2p

p!
+

k∑
ℓ=0

2ℓz2ℓ+4

(2ℓ+ 3)!!

ℓ∑
p=0

(ℓ+ 1− p)a2p

p!
,

and

M2 =−
k∑

ℓ=0

2ℓa2ℓ+3

(2ℓ+ 1)!!

ℓ∑
p=0

(ℓ+ 1− p)z2p+1

p!
+

k∑
ℓ=0

2ℓz2ℓ+1

(2ℓ+ 1)!!

ℓ∑
p=0

(ℓ+ 1− p)a2p+3

p!

+

k∑
ℓ=0

2ℓa2ℓ+4

(2ℓ+ 1)!!

ℓ∑
p=0

(ℓ− p)z2p

p!
−

k∑
ℓ=0

2ℓz2ℓ+2

(2ℓ+ 1)!!

ℓ∑
p=0

(ℓ− p)a2p+2

p!
.

By elementary but involved computations,

M1 =
(z − a)2(z + a)

4
κκκ(g)

k+1(z, a)− (z − a)z2 2ka2k+3

(2k + 3)!!

k∑
p=0

z2p

p!
− (z − a)a2 2kz2k+3

(2k + 3)!!

k∑
p=0

a2p

p!

− (z + a)

8
κκκ(g)

k+1(z, a) +
(z + a)

2

{
2ka2k+3

(2k + 3)!!

k∑
p=0

z2p

p!
− 2kz2k+3

(2k + 3)!!

k∑
p=0

a2p

p!

}

− (z − a)(z + a)

4

{
22k+2(za)2k+2

(2k + 3)!
−

2k+2∑
ℓ=0

(2za)ℓ

ℓ!

}
.

Similarly, we have

M2 =− a2(z − a)2(z + a)

2
κκκ(g)

k+1(z, a) +
a2(z + a)

4
κκκ(g)

k+1(z, a)−
a2(z − a)(z + a)

2

2k+1∑
ℓ=0

(2za)ℓ

ℓ!

+ (z − a) 2ka2k+5

(2k + 1)!!

k∑
p=0

z2p

p!
+ (z − a)2

kz2k+3a2

(2k + 1)!!

k∑
p=0

a2p

p!
.

By the explicit expressions forM1 andM2, we have

2kfk(a
2)(z − a)3q(pre)2k (z|a) =(2(z − a)2 − 1)

(2k + 3)!!

8
κκκ(g)

k+1(z, a)− a
2(2(z − a)2 − 1)

(2k + 1)!!

4
κκκ(g)

k+1(z, a)

− (z − a)
4(2k + 2)!!

{
(2za)2k+3 − (2k + 3)!

2k+3∑
ℓ=0

(2za)ℓ

ℓ!

}
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+
a2(z − a)
2(2k + 2)!!

{
(2za)2k+2 − (2k + 2)!

2k+2∑
ℓ=0

(2za)ℓ

ℓ!

}

+ 2k
a2k+3

2

k+1∑
p=0

z2p

p!
− 2k

z2k+3

2

k+1∑
p=0

a2p

p!
− (z − a)22ka2k+3

k∑
p=0

z2p

p!
.

By some elementary computations, we arrive at (3.53). For the odd coefficients, we define

N1 :=
2k

2k + 3

k∑
j=0

(2j + 1)a2k+1fj(a
2)
(z
a

)2j
, N3 :=

k∑
j=0

k∑
ℓ=j

j∑
p=0

2ℓ+1a2ℓ+2p+1

(2ℓ+ 3)!!p!
(ℓ+ 1− j)(j + 1− p)

(z
a

)2j
,

N2 :=
2k

2k + 3

k∑
j=0

(2j + 3)a2k+1fj(a
2)
(z
a

)2j+1

, N4 :=

k∑
j=0

k∑
ℓ=j

j∑
p=0

2ℓ+1a2ℓ+2p+1

(2ℓ+ 3)!!
(ℓ− j)(j + 1− p)

(z
a

)2j+1

.

Then we have

2kfk(a
2)q

(pre)
2k+1(z|a) =

2k

2k + 3

k∑
j=0

(2j + 1)a2k+1fj(a
2)
(z
a

)2j
+

2k

2k + 3

k∑
j=0

(2j + 3)a2k+1fj(a
2)
(z
a

)2j+1

+ (2k + 1)!!

k∑
j=0

k∑
ℓ=j

j∑
p=0

2ℓ+1a2ℓ+2p+1

(2ℓ+ 3)!!p!
(ℓ+ 1− j)(j + 1− p)

(z
a

)2j
+ (2k + 1)!!

k∑
j=0

k∑
ℓ=j

j∑
p=0

2ℓ+1a2ℓ+2p+1

(2ℓ+ 3)!!
(ℓ− j)(j + 1− p)

(z
a

)2j+1

=N1 +N2 + (2k + 1)!!N3 + (2k + 1)!!N4.

Since

ℓ∑
j=p

(ℓ+ 1− j)(j + 1− p)x2j +
ℓ∑

j=p

(ℓ− j)(j + 1− p)x2j+1 =
(ℓ+ 2− p)(x2p+1 − x2ℓ+3)− (ℓ+ 1− p)(x2p − x2ℓ+4)

(x+ 1)(x− 1)3
,

we have

N3 +N4 =
1

(z + a)(z − a)3
k∑

ℓ=0

ℓ∑
p=0

2ℓ+1a2ℓ+2p+5

(2ℓ+ 3)!!p!

{
(ℓ+ 2− p)

((z
a

)2p+1

−
(z
a

)2ℓ+3)
− (ℓ+ 1− p)

((z
a

)2p
−
(z
a

)2ℓ+4)}
.

We write

Na =

k∑
ℓ=0

2ℓ+1a2ℓ+4

(2ℓ+ 3)!!

ℓ∑
p=0

(ℓ+ 2− p)z2p+1

p!
−

k∑
ℓ=0

2ℓ+1z2ℓ+3

(2ℓ+ 3)!!

ℓ∑
p=0

(ℓ+ 2− p)a2p+2

p!

and

Nb = −
k∑

ℓ=0

2ℓ+1a2ℓ+5

(2ℓ+ 3)!!

ℓ∑
p=0

(ℓ+ 1− p)z2p

p!
+

k∑
ℓ=0

2ℓ+1z2ℓ+4

(2ℓ+ 3)!!

ℓ∑
p=0

(ℓ+ 1− p)a2p+1

p!

Then, we see that

(z + a)(z − a)3(N3 +N4) = Na +Nb.

By long and involved, but simple computations, we have

Na +Nb =a(z − a)2(z + a)

{
k+1∑
ℓ=0

2ℓz2ℓ+1

(2ℓ+ 1)!!

ℓ∑
p=0

a2p

p!
−

k+1∑
ℓ=0

2ℓa2ℓ+1

(2ℓ+ 1)!!

ℓ∑
p=0

z2p

p!

}

+
a(z − a)(z + a)

2

{
k+1∑
ℓ=0

(2za)2ℓ+1

(2ℓ+ 1)!
+

k+1∑
ℓ=0

(2za)2ℓ

(2ℓ+ 1)!
+

k∑
ℓ=0

(2za)2ℓ+2

(2ℓ+ 2)!
−

k∑
ℓ=0

(2za)2ℓ+2

(2ℓ+ 3)!

}
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− a(z + a)

2

{
k+1∑
ℓ=0

2ℓz2ℓ+1

(2ℓ+ 1)!!

ℓ∑
p=0

a2p

p!
−

k+1∑
ℓ=0

2ℓa2ℓ+1

(2ℓ+ 1)!!

ℓ∑
p=0

z2p

p!

}

− 2k+1a2k+6(z − a)
(2k + 3)!!

k+1∑
p=0

z2p

p!
− 2k+1z2k+5a(z − a)

(2k + 3)!!

k+1∑
p=0

a2p

p!

=
a(z − a)2(z + a)

2
κκκ(g)

k+2(z, a) +
a(z − a)(z + a)

2

2k+3∑
ℓ=0

(2za)ℓ

ℓ!
− a(z + a)

4
κκκ(g)

k+2(z, a)

− 2k+1a2k+6(z − a)
(2k + 3)!!

k+1∑
p=0

z2p

p!
− 2k+1z2k+5a(z − a)

(2k + 3)!!

k+1∑
p=0

a2p

p!
.

Coming back to N1 +N2, we have

(z + a)(z − a)3(N1 +N2)

=
2k

2k + 3

{
− (2k + 5)z2k+4

(
(k + 1)aek(a

2)− a3ek−1(a
2)
)
+ (2k + 3)z2k+5

(
(k + 1)ek(a

2)− a2ek−1(a
2)
)

+ (2k + 3)z2k+2
(
(k + 2)a3ek(a

2)− a5ek−1(a
2)
)
− (2k + 1)z2k+3

(
(k + 2)a2ek(a

2)− a4ek−1(a
2)
)

+ 2(z − a)a2k+4z2ek−1(z
2)− (z + a)a2k+4ek(z

2)
}
=:

2k

2k + 3
Nc.

After long computations, we see that

Nc =(2k + 3)z2k+2(z + a)(z − a)2fk(a2)− (2k + 3)z2k+2a(z − a)(z + a)ek(a
2)

− 2a(z − a)(z + a)(za)2k+2

k!
− 2a(z − a)(z + a)(za)2k+3

(k + 1)!

+ a(z + a)
(
z2k+3ek(a

2)− a2k+3ek(z
2)
)
+ 2z2k+3a3(z − a)ek+1(a

2) + 2z2a2k+4(z − a)ek+1(z
2).

Then, we obtain

2k

2k + 3
Nc =2kz2k+2(z + a)(z − a)2fk(a2)− 2kz2k+2a(z − a)(z + a)ek(a

2)

− 2k+1a(z − a)(z + a)(za)2k+2

(2k + 3)k!
− 2k+1a(z − a)(z + a)(za)2k+3

(2k + 3)(k + 1)!

+
2ka(z + a)

2k + 3

(
z2k+3ek(a

2)− a2k+3ek(z
2)
)

+
2k+1z2k+3a3(z − a)ek+1(a

2)

2k + 3
+

2k+1z2a2k+4(z − a)ek+1(z
2)

2k + 3
.

Finally, after long and simple computations again, we have

(z + a)(z − a)32kfk(a2)q(pre)2k+1(z|a)

=(2k + 1)!!(Na +Nb) +
2k

2k + 3
Nc

=(2k + 1)!!
a(z − a)2(z + a)

2
κκκ(g)

k+2(z, a)− (2k + 1)!!
a(z + a)

4
κκκ(g)

k+2(z, a)

+ (2k + 1)!!
a(z − a)(z + a)

2
e2k+1(2za) + 2kz2k+2(z + a)(z − a)2fk(a2)− 2kz2k+2a(z − a)(z + a)ek(a

2)

+
22k+2a(z − a)(z + a)(za)2k+2

2(2k + 3)(2k + 2)!!
+

2ka(z + a)

2k + 3

(
z2k+3ek(a

2)− a2k+3ek(z
2)
)

+
2k+1a(z − a)2(z + a)

2k + 3

(
a2k+3ek+1(z

2)− z2k+3ek+1(a
2)
)
.
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Here, note that

22k+2a(z − a)(z + a)(za)2k+2

2(2k + 3)(2k + 2)!!
+

2ka(z + a)

2k + 3

(
z2k+3ek(a

2)− a2k+3ek(z
2)
)

=
2ka(z + a)

2k + 3

(
z2k+3ek+1(a

2)− a2k+3ek+1(z
2)
)
.

As a consequence, we obtain

(z + a)(z − a)32kfk(a2)q(pre)2k+1(z|a)

=(2k + 1)!!
a(z − a)2(z + a)

2
κκκ(g)

k+2(z, a)− (2k + 1)!!
a(z + a)

4
κκκ(g)

k+2(z, a)

+ (2k + 1)!!
a(z − a)(z + a)

2
e2k+1(2za) + 2kz2k+2(z + a)(z − a)2fk(a2)− 2kz2k+2a(z − a)(z + a)ek(a

2)

+
2ka(z + a)

2k + 3

(
z2k+3ek+1(a

2)− a2k+3ek+1(z
2)
)
+

2k+1a(z − a)2(z + a)

2k + 3

(
a2k+3ek+1(z

2)− z2k+3ek+1(a
2)
)
.

By simple but long computations, we finally arrive at (3.52). □

Lemma 10.4. We have

D(a)
z ĜN (z, w|a)

=
(z − a)3(w − a)3e−2wa

23
∂z

N−1∑
k=0

2k+2q
(pre)
2k (w|a)

(2k + 2)!fk+1(a2)fk(a2)

×
(
22fk(a

2)
(2k + 2)!

(2a)2k+3
e2k+2(2az)e

−2za + (2k + 2)fk+1(a
2)z2k+1e−2za − 2fk(a

2)z2k+3e−2za
)
,

(10.11)

and

D(a)
z ĜN (w, z|a)

=
(z − a)3(w − a)3e−2wa

23
∂z

N−1∑
k=0

2k+2q
(pre)
2k+1(w|a)

(2k + 2)!fk+1(a2)fk(a2)

×
(
23aek+1(a

2)
(2k + 2)!

(2a)2k+3
e−2zae2k+2(2az)− 22fk+1(a

2)z2k+2e−2za
)
.

(10.12)

Lemma 10.5. We have

D(a)
z ĜN (z, w|a) =(z − a)3e−2za−2wa

23

{
25w(w − a)2

N−1∑
k=0

(2zw)2k

(2k)!
− 25a(w − a)2

N−1∑
k=0

(2zw)2k+1

(2k + 1)!

− 25a(w − a)2 − a(w − a)2 2
2N+4(2N + 1− 2za)

(2N)!fN (a2)
eN (a2)(zw)2N

−
2N+2(2N + 1− 2za)

(
(2N + 1)LN+1(w, a)− 2a2LN (w, a)

)
(2N)!!fN (a2)

z2N

− 2N+3(2N + 1)LN+1(w, a)

(2N)!!fN (a2)
z2N − a(w − a)2

N−1∑
k=0

22k+6ek+1(a
2)

(2k + 2)!fk+1(a2)
(zw)2k+2

+ a2
N−1∑
k=0

2k+5Lk+1(w, a)

(2k + 2)!!fk+1(a2)
z2k+2 − a

N−1∑
k=0

2k+4Lk+1(w, a)

(2k)!!fk(a2)
z2k+1

}
.
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Lemma 10.6. We have

D(a)
z ĜN (w, z|a) =(z − a)3e−2za−2wa

23

{
a(w − a)225

N−1∑
k=0

(2zw)2k

(2k)!
− w(w − a)225

N−1∑
k=0

(2zw)2k+1

(2k + 1)!

+ a(w − a)225 (2zw)
2N

(2N)!
− 25a(w − a)2 − a(w − a)2

N−1∑
k=0

22k+6ek+1(a
2)

(2k + 2)!fk+1(a2)
(zw)2k+2

+ a2
N−1∑
k=0

2k+5Lk+1(w, a)

(2k + 2)!!fk+1(a2)
z2k+2 − a

N−1∑
k=0

2k+4Lk+1(w, a)

(2k)!!fk(a2)
z2k+1

}
.

We postpone the proof of Lemmata 10.4, 10.5, and 10.6. Now, we will complete the proof of Theorem 3.13.

Proof of Theorem 3.13. By Lemma 10.5 and 10.6 and using the identities (3.52) and (3.53), we have

D(a)
z ĜN (z, w|a)−D(a)

z ĜN (w, z|a)
= (z − a)3e−2za−2wa

×

{
22(w − a)3

2N−1∑
k=0

(2zw)k

k!
−

2N−1(2N + 1− 2za)
(
(2N + 1)!!LN+1(w, a)− 2(2N − 1)!!a2LN (w, a)

)
(2N)!fN (a2)

z2N

− a(w − a)2 2
2N+1(2N + 1− 2za)

(2N)!fN (a2)
eN (a2)(zw)2N − 2N (2N + 1)!!LN+1(w, a)

(2N)!fN (a2)
z2N − a(w − a)222 (2zw)

2N

(2N)!

}
= 4(z − a)3(w − a)3e−2za−2wa

×

{
2N−1∑
k=0

(2zw)k

k!
− (2N + 1− 2za)fN−1(a

2)(2z)2N

2fN (a2)(2N)!
q
(pre)
2N−2(w|a)−

(2z)2N

a(2N)!

(
q
(pre)
2N+1(w|a)− w

2N (w + a)
)}

= 4(z − a)3(w − a)3e2zw−2za−2wa
{
Q(2N + 1, 2zw) + IN (z, w, a)− IIN (z, w, a)

}
,

where

IN (z, w, a) =
w

a

(2zw)2N

(2N)!
e−2zw = − 1

2a
∂zQ(2N + 1, 2zw),

and

IIN (z, w, a) =
(2z)2N

(2N)!
e−2zw

(
q
(pre)
2N+1(w|a)

a
+
fN−1(a

2)

2fN (a2)
(2N + 1− 2za)q

(pre)
2N−2(w|a)

)
.

Let us denote κ̃κκ(pre)
N (z, w|a) = e2a

2 κ̂κκN (z, w|a). Then, we have

D(a)
z κ̃κκ(pre)

N (z, w|a) = 4(z − a)3(w − a)3e2(z−a)(w−a)
{
Q(2N + 1, 2zw) + IN (z, w, a)− IIN (z, w, a)

}
.

The right hand side can be written as

4(z − a)3(w − a)3e2(z−a)(w−a)
{
Q(2N + 1, 2zw) + IN (z, w, a)− IIN (z, w, a)

}
= 4(z − a)3(w − a)3e2(z−a)(w−a)

(
Q(2N + 1, 2zw)− 1

2a
∂zQ(2N + 1, 2zw)

)
− 2(z − a)3 (2z)

2N

a(2N)!
e−2a(z−a)

(
2q̂

(pre)
2N+1(w|a) +

fN−1(a
2)

fN (a2)
a(2N + 1− 2za)q̂

(pre)
2N−2(w|a)

)
.

This completes the proof. □

Our remainder task is to show Lemma 10.4, Lemma 10.5, and Lemma 10.6.

Proof of Lemma 10.4. Let us denote

(10.13) L̂k(z, a) = e−2zaLk(z, a)
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By (3.20), we have

(10.14) L̂k(z, a) = −κ̂(g)k (z, a) + (z − a)∂zκ̂(g)k (z, a),

which also gives

(10.15)
e−2zaLk+1(z, a)

(z − a)2
= ∂z

κ̂
(g)
k+1(z, a)

z − a
.

By (10.15) and simple computations, we have

∂zL̂k+1(z, a) =4(z − a)κ̂(g)k+1(z, a) + 2(z − a)(e−2zaLk+1(z, a))

+
2k+3

(2k + 1)!!
(z − a)

(
aek(a

2)(z − a)− fk(a2)
)
z2k+1e−2za.

(10.16)

Then, by (3.52), (3.54), and (10.16), we have

∂z q̂
(pre)
2k+1(z|a)
(z − a)2

=2
q̂
(pre)
2k+1(z|a)
z − a

+ 4(2k + 1)!!a
κ̂
(g)
k+1(z, a)

z − a
+ 2k+3a2ek(a

2)z2k+1e−2za + 2k+3(k + 2)fk(a
2)z2k+1e−2za − 2k+3fk(a

2)z2k+3e−2za.

Here, we note that ∫ z

a

( q̂(pre)2k+1(t|a)
(t− a)2

− 2k+2fk(a
2)t2k+2e−2ta

)
dt = a(2k + 1)!!

κ̂
(g)
k+1(z, a)

z − a
,

and then, we have

∂z q̂
(pre)
2k+1(z|a)
(z − a)2

=2
q̂
(pre)
2k+1(z|a)
z − a

+ 4

∫ z

a

( q̂(pre)2k+1(t|a)
(t− a)2

− 2k+2fk(a
2)t2k+2e−2ta

)
dt

+
(
2k+3a2ek(a

2)z2k+1 + 2k+3(k + 2)fk(a
2)z2k+1 − 2k+3fk(a

2)z2k+3
)
e−2za.

(10.17)

Since ∫ z

a

t2k+2e−2tadt =
(2k + 2)!

(2a)2k+3
(e−2a2

e2k+2(2a
2)− e−2aze2k+2(2az)),

we have

−4 · 2k+2fk(a
2)z2k+2e−2za = 2k+4fk(a

2)
(2k + 2)!

(2a)2k+3
∂z(e

−2zae2k+2(2az)).

Combining this identity with (10.17), we have

D(a)
z q̂

(pre)
2k+1(z|a) =(z − a)3∂z

(
2k+4fk(a

2)
(2k + 2)!

(2a)2k+3
e2k+2(2az) + 2k+3a2ek(a

2)z2k+1

+ 2k+3(k + 2)fk(a
2)z2k+1 − 2k+3fk(a

2)z2k+3
)
e−2z.

Using the following identity

a2ek(a
2) + (k + 2)fk(a

2) = (k + 1)fk+1(a
2),

we obtain

D(a)
z ĜN (z, w|a) = 1

23

N−1∑
k=0

D
(a)
z q̂

(pre)
2k+1(z|a)q̂

(pre)
2k (w|a)

(2k + 2)!fk+1(a2)fk(a2)

=
(z − a)3

23
∂z

N−1∑
k=0

2k+2q̂
(pre)
2k (w|a)

(2k + 2)!fk+1(a2)fk(a2)

×
(
4fk(a

2)
(2k + 2)!

(2a)2k+3
e2k+2(2az) + (2k + 2)fk+1(a

2)z2k+1 − 2fk(a
2)z2k+3

)
e−2za,
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which shows the first part of the claim in Lemma 10.4. Similarly, we show the second part of the claim in
Lemma 10.4. By similar computations, we firstly note that

∂z q̂
(pre)
2k (z|a)

(z − a)2
=2

q̂
(pre)
2k (z|a)
z − a

+ 4(2k + 3)!!
κ̂
(g)
k+2(z, a)

z − a
− 4 · 2a2(2k + 1)!!

κ̂
(g)
k+1(z, a)

z − a

+ (2k + 3)!! · 2k+4

(2k + 3)!!

(
aek+1(a

2)(z − a)− fk+1(a
2)
)z2k+3e−2za

z − a
.

− 2a2(2k + 1)!! · 2k+3

(2k + 1)!!

(
aek(a

2)(z − a)− fk(a2)
)z2k+1e−2za

z − a

+ 2k+4aek+1(a
2)
z2k+2e−2za

z − a
+ 2k+4aek+1(a

2)(k + 1)z2k+1e−2za − 2k+4aek+1(a
2)z2k+3e−2za.

Using the similar identity,

4(2k + 3)!!∂z
κ̂
(g)
k+2(z, a)

z − a
− 4 · 2a2(2k + 1)!!∂z

κ̂
(g)
k+1(z, a)

z − a
= 4

∫ z

a

( q̂(pre)2k (t|a)
(t− a)2

− 2k+3aek+1(a
2)t2k+2e−2ta

)
dt,

we have

∂z q̂
(pre)
2k (z|a)

(z − a)2
= 2

q̂
(pre)
2k (z|a)
z − a

+ 4

∫ z

a

( q̂(pre)2k (t|a)
(t− a)2

− 2k+3aek+1(a
2)t2k+2e−2ta

)
dt− 2k+4fk+1(a

2)z2k+2e−2za.

Then, we obtain

D(a)
z q̂

(pre)
2k (z|a) = (z − a)3∂z

(
2k+5a

(
fk+1(a

2)− fk(a2)
) (2k + 2)!

(2a)2k+3
e−2zae2k+2(2az)− 2k+4fk+1(a

2)z2k+2e−2za
)
.

As a consequence, we get

D(a)
z ĜN (w, z|a) =(z − a)3

23
∂z

N−1∑
k=0

2k+2q̂
(pre)
2k+1(w|a)

(2k + 2)!fk+1(a2)fk(a2)

×
(
23a
(
fk+1(a

2)− fk(a2)
) (2k + 2)!

(2a)2k+3
e−2zae2k+2(2az)− 22fk+1(a

2)z2k+2e−2za
)
.

This completes the proof. □

We are ready to show Lemma 10.5 and Lemma 10.6.

Proof of Lemma 10.5. We shall expand (10.11). We define

M1 =∂z

N−1∑
k=0

2k+2afk(a
2)ek+1(a

2)(w − a)2w2k+2

(2k + 2)!fk+1(a2)fk(a2)
2k+5 (2k + 2)!

(2a)2k+3
e2k+2(2az)e

−2az

=− a(w − a)2e−2za
N−1∑
k=0

22k+6ek+1(a
2)

(2k + 2)!fk+1(a2)
(zw)2k+2,

M2 = ∂z

N−1∑
k=0

2k+2aek+1(a
2)(w − a)2w2k+2

(2k + 2)!fk+1(a2)fk(a2)
2k+3

(
(2k + 2)fk+1(a

2)z2k+1e−2za − 2fk(a
2)z2k+3e−2za

)
,

M3 = ∂z

N−1∑
k=0

2k+2
(
(2k + 3)!!Lk+2(w, a)− 2a2(2k + 1)!!Lk+1(w, a)

)
(2k + 2)!fk+1(a2)fk(a2)

22fk(a
2)
(2k + 2)!

(2a)2k+3
e2k+2(2az)e

−2az,

and

M4 =∂z

N−1∑
k=0

2k+2
(
(2k + 3)!!Lk+2(w, a)− 2a2(2k + 1)!!Lk+1(w, a)

)
(2k + 2)!fk+1(a2)fk(a2)

×
(
(2k + 2)fk+1(a

2)z2k+1e−2za − 2fk(a
2)z2k+3e−2za

)
.
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Then, we have

D(a)
z ĜN (z, w|a) = (z − a)3e−2wa

23
(
M1 + M2 + M3 + M4

)
.

We shall calculate Mj for j = 2, 3, 4. By simple computations, we have

e2zaM2 =a(w − a)2
N−1∑
k=0

22k+5z2kw2k+2

(2k)!fk(a2)
ek+1(a

2)− a2(w − a)2
N−1∑
k=0

22k+6z2k+1w2k+2

(2k + 1)!fk(a2)
ek+1(a

2)

− a(w − a)2
N−1∑
k=0

22k+4(2k + 1)z2kw2k

(2k)!fk(a2)
ek(a

2) + a2(w − a)2
N−1∑
k=0

22k+5z2k+1w2k

(2k)!fk(a2)
ek(a

2)

+ a
(w − a)224e0(a2)

f0(a2)
− a2 (w − a)

225e0(a
2)z

f0(a2)
− a (w − a)

222N+4(2N + 1)eN (a2)z2Nw2N

(2N)!fN (a2)

+ a2
(w − a)222N+5eN (a2)z2N+1w2N

(2N)!fN (a2)
.

Similarly, we have

e2zaM3 =−
N−1∑
k=0

2k+3(2k + 1)Lk+1(w, a)

(2k)!!fk(a2)
z2k − 2N+3(2N + 1)LN+1(w, a)

(2N)!!fN (a2)
z2N +

23L1(w, a)

f0(a2)

+ 2a2
N−1∑
k=0

2k+4Lk+1(w, a)

(2k + 2)!!fk+1(a2)
z2k+2.

The most hard part is to compute M4. First note that M4 can be written as

M4 = e−2za
(
M

(1)
4 + M

(2)
4

)
,

where

M
(1)
4 =

N−1∑
k=0

2k+2(2k + 1)
(
(2k + 3)Lk+2(w, a)− (2k + 1)Lk+1(w, a)

)
(2k)!!fk(a2)

z2k

− a2
N−1∑
k=0

2k+3(2k + 1)
(
Lk+1(w, a)− Lk(w, a)

)
(2k)!!fk(a2)

z2k +
22L1(w, a)− 23a2L0(w, a)

f0(a2)

−
2N+2(2N + 1)

(
(2N + 1)!!LN+1(w, a)− 2a2(2N − 1)!!LN (w, a)

)
(2N)!fN (a2)

z2N ,

and

M
(2)
4 =− a

N−1∑
k=0

2k+3
(
(2k + 3)Lk+2(w, a)− (2k + 1)Lk+1(w, a)

)
(2k)!!fk(a2)

z2k+1

+ a3
N−1∑
k=0

2k+4(Lk+1(w, a)− Lk(w, a))

(2k)!!fk(a2)
z2k+1 + a

2N+3(2N + 1)LN+1(w, a)

(2N)!!fN (a2)
z2N+1

− 2a3
2N+3LN (w, a)

(2N)!!fN (a2)
z2N+1 − a2

3L1(w, a)

f0(a2)
z + 2a3

23L0(w, a)

f0(a2)
z.

Since

Lk+1(w, a)− Lk(w, a) =−
(
2(w − a)2 − 1

)2k+1a2k+1ek(w
2)

(2k + 1)!!
− a(w − a)2

k+2ek−1(a
2)

(2k + 1)!!
w2k+1

− 2k+1ek(a
2)

(2k + 1)!!
w2k+1 + (w − a)2

k+1ek(a
2)

(2k − 1)!!
w2k,
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and

(2k + 3)Lk+2(w, a)− (2k + 1)Lk+1(w, a)

=2Lk+1(w, a)− (2(w − a)2 − 1)
2k+2a2k+3ek+1(w

2)

(2k + 1)!!
− a(w − a)2

k+3ek(a
2)w2k+3

(2k + 1)!!

− 2k+2ek+1(a
2)

(2k + 1)!!
w2k+3 + (w − a)(2k + 3)

2k+2ek+1(a
2)

(2k + 1)!!
w2k+2,

we have

N−1∑
k=0

2k+2(2k + 1)
(
(2k + 3)Lk+2(w, a)− (2k + 1)Lk+1(w, a)

)
(2k)!!fk(a2)

z2k

− a2
N−1∑
k=0

2k+3(2k + 1)
(
Lk+1(w, a)− Lk(w, a)

)
(2k)!!fk(a2)

z2k

− a
N−1∑
k=0

2k+3
(
(2k + 3)Lk+2(w, a)− (2k + 1)Lk+1(w, a)

)
(2k)!!fk(a2)

z2k+1 + a3
N−1∑
k=0

2k+4(Lk+1(w, a)− Lk(w, a))

(2k)!!fk(a2)
z2k+1

=

N−1∑
k=0

2k+3(2k + 1)Lk+1(w, a)

(2k)!!fk(a2)
z2k − a

N−1∑
k=0

2k+4Lk+1(w, a)

(2k)!!fk(a2)
z2k+1 + P1 + P2 + P3 + P4 + Q1 + Q2 + Q3 + Q4,

where

P1 = −(2(w − a)2 − 1)

N−1∑
k=0

22k+4a2k+3z2k

(2k)!fk(a2)

w2k+2

(k + 1)!
,

P2 = −a(w − a)
N−1∑
k=0

22k+5z2k

(2k)!fk(a2)

(
w2ek(a

2)− a2ek−1(a
2)
)
w2k+1,

P3 = −
N−1∑
k=0

22k+4z2k

(2k)!fk(a2)

(
w2ek+1(a

2)− a2ek(a2)
)
w2k+1

P4 = (w − a)
N−1∑
k=0

22k+4z2k

(2k)!fk(a2)

(
(2k + 3)ek+1(a

2)w2 − (2k + 1)ek(a
2)a2

)
w2k,

Q1 = a(2(w − a)2 − 1)

N−1∑
k=0

22k+5a2k+3z2k+1

(2k + 1)!fk(a2)

w2k+2

(k + 1)!

Q2 = a2(w − a)
N−1∑
k=0

22k+6z2k+1

(2k + 1)!fk(a2)

(
ek(a

2)w2 − ek−1(a
2)a2

)
w2k+1,

Q3 = a

N−1∑
k=0

22k+5z2k+1

(2k + 1)!fk(a2)

(
ek+1(a

2)w2 − ek(a2)a2
)
w2k+1,

Q4 = −a(w − a)
N−1∑
k=0

22k+5z2k+1

(2k + 1)!fk(a2)

(
(2k + 3)ek+1(a

2)w2 − (2k + 1)ek(a
2)a2

)
w2k.

By simple computations, we have

P1 + P2 + P3 =− a(w − a)2
N−1∑
k=0

22k+5z2kw2k+2

(2k)!fk(a2)
ek+1(a

2)− (w − a)
N−1∑
k=0

22k+4z2kw2k+2

(2k)!fk(a2)
ek+1(a

2)

− a(w − a)
N−1∑
k=0

22k+4z2kw2k+1

(2k)!fk(a2)
ek(a

2)− a(w − a)
N−1∑
k=0

22k+5z2kw2k+1a2k+2

(2k)!k!fk(a2)
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− a2(w − a)2
N−1∑
k=0

22k+5z2kw2k+1ek(a
2)

(2k)!fk(a2)
ek(a

2),

and

P4 =a(w − a)2
N−1∑
k=0

22k+4(2k + 1)z2kw2k

(2k)!fk(a2)
ek(a

2) + (w − a)
N−1∑
k=0

22k+4z2kw2k+2ek+1(a
2)

(2k)!fk(a2)
ek+1(a

2)

+ (w − a)
N−1∑
k=0

22k+5z2kw2k+2a2k+2

(2k)!k!fk(a2)
+ (w − a)

N−1∑
k=0

22k+4z2kw2k+2

(2k)!fk(a2)
ek(a

2)

+ (w − a)2
N−1∑
k=0

22k+4(2k + 1)z2kw2k+1

(2k)!fk(a2)
ek(a

2).

Since

N−1∑
k=0

22k+4(2k + 1)z2kw2k+1

(2k)!fk(a2)
ek(a

2) =

N−1∑
k=0

22k+5z2kw2k+1

(2k)!fk(a2)
(k + 1)ek(a

2)−
N−1∑
k=0

22k+4z2kw2k+1

(2k)!fk(a2)
ek(a

2),

and using fk(a
2) = (k + 1)ek(a

2)− a2ek−1(a
2), we have

P1 + P2 + P3 + P4 =− a(w − a)2
N−1∑
k=0

22k+5z2kw2k+2

(2k)!fk(a2)
ek+1(a

2) + a(w − a)2
N−1∑
k=0

22k+4z2k(2k + 1)w2k

(2k)!fk(a2)
ek(a

2)

+ w(w − a)225
N−1∑
k=0

(2zw)2k

(2k)!
.

Similarly, we have

Q1 + Q2 + Q3 + Q4 =a2(w − a)2
N−1∑
k=0

22k+6z2k+1w2k+2

(2k + 1)!fk(a2)
ek+1(a

2)− a2(w − a)2
N−1∑
k=0

22k+5z2k+1w2k

(2k)!fk(a2)
ek(a

2)

− a(w − a)225
N−1∑
k=0

(2zw)2k+1

(2k + 1)!
.

By simple, but long computations, we have

e2za(Q2 + Q3 + Q4)

= 25w(w − a)2
N−1∑
k=0

(2zw)2k

(2k)!
− 25a(w − a)2

N−1∑
k=0

(2zw)2k+1

(2k + 1)!

−
2N+2(2N + 1)!!

(
(2N + 1)LN+1(w, a)− 2a2LN (w, a)

)
(2N)!fN (a2)

z2N − 2N+3(2N + 1)LN+1(w, a)

(2N)!!fN (a2)
z2N

+ a
2N+3

(
(2N + 1)LN+1(w, a)− 2a2LN (w, a)

)
(2N)!!fN (a2)

z2N+1 − 25e−2zaa(w − a)2

+ a2
N−1∑
k=0

2k+5Lk+1(w, a)

(2k + 2)!!fk+1(a2)
z2k+2 − a

N−1∑
k=0

2k+4Lk+1(w, a)

(2k)!!fk(a2)
z2k+1

− a(w − a)2 2
2N+4(2N + 1)eN (a2)(zw)2N

(2N)!fN (a2)
+ a2(w − a)2 2

2N+5eN (a2)z2N+1w2N

(2N)!fN (a2)
.

This complete the proof. □

Similarly, we prove Lemma 10.6.
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Proof of Lemma 10.6. The proof is done similar to Lemma 10.5.

M5 = ∂z

N−1∑
k=0

2k+2afk(a
2)ek+1(a

2)(w − a)2w2k+2

(2k + 2)!fk+1(a2)fk(a2)
2k+5 (2k + 2)!

(2a)2k+3
e2k+2(2az)e

−2za,

M6 = ∂z

N−1∑
k=0

2k+2a2ek+1(a
2)(2k + 1)!!Lk+1(w, a)

(2k + 2)!fk+1(a2)fk(a2)
23

(2k + 2)!

(2a)2k+3
e2k+2(2za)e

−2za,

M7 = ∂z

N−1∑
k=0

2k+2(w − a)2w2k+2fk+1(a
2)fk(a

2)

(2k + 2)!fk+1(a2)fk(a2)
2k+4z2k+2e−2za,

and

M8 = ∂z

N−1∑
k=0

2k+2afk+1(a
2)(2k + 1)!!Lk+1(w, a)

(2k + 2)!fk+1(a2)fk(a2)
22z2k+2e−2za.

Then, we can express

D(a)
z ĜN (w, z|a) = (z − a)3e−2wa

23
(
M5 + M6 −M7 −M8

)
.

First, note that M5 = M1. Hence, it suffices to expand Mj for j = 6, 7, 8, but it is straightforward to see that

M6 =2a2e−2za
N−1∑
k=0

2k+4Lk+1(w, a)

(2k + 2)!!fk+1(a2)
z2k+2 − a2e−2za

N−1∑
k=0

2k+5Lk+1(w, a)

(2k + 2)!!fk(a2)
z2k+2,

M7 =w(w − a)2e−2za
N−1∑
k=0

22k+6(zw)2k+1

(2k + 1)!
− a(w − a)2e−2za

N−1∑
k=0

22k+7(zw)2k+2

(2k + 2)!
,

M8 =ae−2za
N−1∑
k=0

2k+4Lk+1(w, a)

(2k)!!fk(a2)
z2k+1 − a2e−2za

N−1∑
k=0

2k+5Lk+1(w, a)

(2k + 2)!!fk(a2)
z2k+2.

Combining these identities, we obtain

e2za
(
M6 −M7 −M8

)
=a2

N−1∑
k=0

2k+5Lk+1(w, a)

(2k + 2)!!fk+1(a2)
z2k+2 − a

N−1∑
k=0

2k+4Lk+1(w, a)

(2k)!!fk(a2)
z2k+1

− w(w − a)225
N−1∑
k=0

(2zw)2k+1

(2k + 1)!
+ a(w − a)225

N−1∑
k=0

(2zw)2k+2

(2k + 2)!
.

This completes the proof. □

11. Bulk scaling limits

In this section, we complete the proof of Theorem 3.14.

11.1. Bulk scaling limits of the skew pre-kernel associated with (3.28). First, let us recall (3.58) and
(3.59):

κ̃κκ(over)
N (z, w|a) = (z − a)4(w − a)4e2a

2−2zw−2waκκκ(over)
N (z, w|a),

and

κ̃κκ(over)
N (z, w|a) = κ̃κκ(pre)

N (z, w|a)− q̂(pre)2N (w, a) lim
u→a

κ̃κκ(pre)
N (z, u|a)
q̂
(pre)
2N (u|a)

+ q̂
(pre)
2N (z, a) lim

u→a

κ̃κκ(pre)
N (w, u|a)
q̂
(pre)
2N (u|a)

.

From this expression, our main task is to compute the uniform asymptotic behavior of (3.56) using (3.58).
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Proposition 11.1. For p ∈ (−1, 1), ζ, η ∈ C, and χ ∈ R, we set

z =
√
Np+ ζ, η =

√
Np+ η, χ =

√
Np+ a.

Then, we have

lim
N→∞

κ̃κκ(pre)
N (z, w|a) = κ̃

(pre)
b (ζ, η|χ),

uniformly for ζ, η in compact subsets of C and for χ in a compact subset of R, where

κ̃
(pre)
b (ζ, η|χ) =

√
π

4
(2(ζ − χ)2 − 1)(2(η − χ)2 − 1)e(ζ−χ)2+(η−χ)2 erf(ζ − η)

+

√
π

4
(2(ζ − χ)2 − 1)(2(η − χ)2 − 1)e(ζ−χ)2+(η−χ)2(erf(η − χ)− erf(ζ − χ))

− 1

2
(ζ − χ)(2(η − χ)2 − 1)e(η−χ)2 +

1

2
(η − χ)(2(ζ − χ)2 − 1)e(ζ−χ)2

− 1

2
(ζ − η)e2(ζ−χ)(η−χ).

(11.1)

Proof of Proposition 11.1. Let us recall (3.52), (3.53), (3.54), (3.55). By (10.13) and (10.15), we have

L̂N (w, a) = (w − a)2∂w
κ̂κκ(g)

N (w, a)

w − a
.

Then, we have

q̂
(pre)
2N (w|a) =a(w − a)2 eN+1(a

2)

fN (a2)
e−2waw2N+2

+
(2N + 1)!!(w − a)2

2N+3fN (a2)
∂w

(2N + 3)κ̂κκ(g)
N+2(w, a)− 2a2κ̂κκ(g)

N+1(w, a)

w − a
,

(11.2)

and

(11.3) q̂
(pre)
2N+1(w|a) = (w − a)2e−2waw2N+2 + a

(2N + 1)!!(w − a)2

2N+2fN (a2)
∂w

κ̂κκ(g)
N+1(w, a)

w − a
.

By [6, Eq. (2.6)] and [37, Theorem 1.2], we have

L̂N (z, a) =
((

2(ζ − χ)2 − 1
)√
πe(ζ−χ)2erf(ζ − χ) + 2(ζ − χ)

)
(1 +O(e−ϵN ))

On the other hand, by the Stirling formula, we have

(2N + 3)!!

2N+3fN (a2)
L̂N+2(z, a)− a2

(2N + 1)!!

2N+2fN (a2)
L̂N+1(z, a) = e−a2

L̂N+1(z, a)
NN+1

√
2
e−N (1 +O(N−1/2)),

and

(11.4) q̂
(pre)
2N (z|a) = e−a2L̂N+1(z, a)√

2
NN+1e−N (1 +O(e−ϵN )).

Hence, by the translational invariance of D
(a)
z , we have

(11.5) D
(χ)
ζ κ̃

(pre)
b (ζ, η|χ) = 4(ζ − χ)3(η − χ)3e2(ζ−η)(η−χ),

where the convergence is uniform for ζ, η in compact subsets of C and χ in a compact subsets of R. By solving
the above second order differential equation, we have

κ̃
(pre)
b (ζ, η|χ) =

√
π

4
(2(ζ − χ)2 − 1)(2(η − χ)2 − 1)e(ζ−χ)2+(η−χ)2erf(ζ − η)

+

√
π

4
(2(ζ − χ)2 − 1)(2(η − χ)2 − 1)e(ζ−χ)2+(η−χ)2(erf(η − χ)− erf(ζ − χ))

− 1

2
(ζ − χ)(2(η − χ)2 − 1)e(η−χ)2 +

1

2
(η − χ)(2(ζ − χ)2 − 1)e(ζ−χ)2 − 1

2
(ζ − η)e2(ζ−χ)(η−χ).

This completes the proof. □
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11.2. Proof of Theorem 3.14. Now, we are ready to finish the proof of Theorem 3.14.

Proof of Theorem 3.14. By the uniform convergence of (11.4) and Proposition 11.1, we can exchange the large
N -limit and the limit u→ a, i.e., ξ → χ. Note that

lim
ξ→χ

κ̃
(pre)
b (ζ, ξ|χ)

((
2(η − χ)2 − 1

)√
πeη

2+χ2−2ηχerf(η − χ) + 2(η − χ)
)

(
2(ξ − χ)2 − 1

)√
πeξ2+χ2−2ξχerf(ξ − χ) + 2(ξ − χ)

=
1

4

{
1− (ζ − χ)2 + e(ζ−χ)2(2(ζ − χ)2 − 1)

}{(
2(η − χ)2 − 1

)√
πe(η−χ)2erf(η − χ) + 2(η − χ)

}
.

By combining the above with (3.50) and by long computations, we obtain

κ̃
(over)
b (z, w|a) :=1

2

(
(z − w)(1 + (z − a)(w − a)− e2(z−a)(w−a))

)
+

√
π

4

(
(2(z − a)2 − 1)(2(w − a)2 − 1)e(z−a)2+(w−a)2erf(z − w)

)
+

√
π

4
((z − a)2 − 1)(2(w − a)2 − 1)e(w−a)2erf(w − a)

−
√
π

4
((w − a)2 − 1)(2(z − a)2 − 1)e(z−a)2erf(z − a).

Therefore, using these uniform asymptotic behavior, we get

lim
Im(z1)→0

D̂
(N,k)
1,1 (z(k))

=
e−2z2

1N !Z
(over)
N−1

Z
(GinSE)
N

Pf
i,j=2,...,k

[(
κκκ(over)

N−1 (zi, zj |z1) κκκ(over)
N−1 (zi, zj |z1)

κκκ(over)
N−1 (zi, zj |z1) κκκ(over)

N−1 (zi, zj |z1)

)]
k∏

j=2

(zj − zj)|zj − z1|2(1 + |zj − z1|2)e−2|zj |2

=
e−2z2

1N !Z
(over)
N−1

Z
(GinSE)
N

Pf
i,j=2,...,k

 ϕz1
(zi)κ̃κκ(over)

N−1 (zi,zj |z1)ϕz1
(zj)

((zi−z1)(zj−z1))4
ϕz1

(zi)κ̃κκ(over)
N−1 (zi,zj |z1)ϕ−1

z1
(zj)

((zi−z1)(zj−z1))4

ϕ−1
z1

(zi)κ̃κκ(over)
N−1 (zi,zj |z1)ϕz1

(zj)

((zi−z1)(zj−z1))4
ϕ−1
z1

(zi)κ̃κκ(over)
N−1 (zi,zj |z1)ϕ−1

z1
(zj)

((zi−z1)(zj−z1))4

 k∏
j=2

(zj − zj)ωb(zj |z1),

where ωb(z|a) is defined by (3.63), and ϕa(z) = e2ia Im(z) is a co-cycle factor, which does not affect the value of

the Pfaffian. The remainder task is to compute the quantity
Z

(over)
N−1

Z
(GinSE)
N

. Note that

Z
(over)
N−1 =(N − 1)!

N−2∏
k=0

r
(over)
k = (N − 1)! lim

u→a

N−2∏
k=0

r
(pre)
k

q
(pre)
2k+2(u|a)

q
(pre)
2k (u|a)

=
fN−1(a

2)

f0(a2)
lim
u→a

q
(pre)
2N−2(u|a)
q
(pre)
0 (u|a)

(N − 1)!

N−2∏
k=0

(2k + 1)!

22k+1
.

Notice also that

Z
(GinSE)
N = N !

N−1∏
k=0

(2k + 1)!

22k+1
= (N − 1)!

(2N)!

22N

N−2∏
k=0

(2k + 1)!

22k+1
.

Then, we have

e−2a2

N !Z
(over)
N−1

Z
(GinSE)
N

=
N !22N

(2N)!
e−a2

fN−1(a
2)e−a2

lim
u→a

q
(pre)
2N−2(u|a)

Using the uniform asymptotic expansion of (11.4), we obtain

e−2a2

N !Z
(over)
N−1

Z
(GinSE)
N

∼ N !22N

(2N)!
e−a2

fN−1(a
2)e−a2

lim
u→a

q
(pre)
2N−2(u|a) ∼

4

3
(1− p2)N, as N →∞.

Therefore, we obtain

R
(over,b)
k (ζ2, . . . , ζk|ζ1) = lim

N→∞

(
lim

Im(z1)→0

1

N
R

(over,b)
N,k (ζ2, . . . , ζk|ζ1)

)
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=
4

3
(1− p2) Pf

i,j=2,...,k

[(
κ
(over)
b (ζi, ζj |ζ1) κ

(over)
b (ζi, ζj |ζ1)

κ
(over)
b (ζi, ζj |ζ1) κ

(over)
b (ζi, ζj |ζ1)

)]
k∏

j=2

(ζj − ζj)ωb(ζj |ζ1),

uniformly for ζj in compact subsets of C for j = 2, 3..., k and ζ1 in a compact subset of R. This completes the
proof. □

We finally prove Theorem 3.15.

Proof of Theorem 3.15. In general, we have

E
[
O1,1|z1 = a

]
=

1

Z
(GinSE)
N (a)

|a− a|2
e−2|a|2N !Z

(over)
N−1

Z
(GinSE)
N

=
a− a

κκκ(g)
N (a, a)

N !Z
(over)
N−1

Z
(GinSE)
N

.

By the uniformity of the asymptotic expansion, when we consider a =
√
Np + χ for p ∈ (−1, 1) and χ in a

compact subset of C, from the proof of Theorem 3.14, we obtain

lim
N→∞

lim
Im(χ)→0

1

N
E
[
O1,1|z1 =

√
Np+ χ

]
=

1

2
· 4
3
=

2

3
.

This completes the proof. □

12. Edge scaling limit

In this section, we prove the scaling limit for the conditional expectation at the edge regime. Through this
section, let us fix z =

√
N + ζ, w =

√
N + η for ζ, η in compact subsets of C.

Proof of Theorem 3.17. From the proof of Theorem 3.15, we have

E
[
O1,1|z1 = a

]
=

a− a
κ̂κκ(g)

N (a, a)

e−2|a|2N !Z
(over)
N−1

Z
(GinSE)
N

.

From [6, Theorem 2.1] and [37, Theorem 1.2], recall that

(12.1) κ̂κκ(g)
N (z, w) = e(ζ−χ)2f

(g)
(e) (ζ, η) +O(N−1/2),

where

f
(g)
(e) (ζ, η) =

1√
2

∫ 0

−∞
e−2(ζ−u)2 erfc(

√
2(η − u))− e−2(η−u)2 erfc(

√
2(ζ − u))du.

Note that

∂ζf
(g)
(edge)(ζ, χ) = e−(ζ−χ)2 erfc(ζ + χ)− e−2ζ2

√
2

erfc(
√
2χ).

Therefore, we have that a =
√
N + χ for χ ∈ C,

lim
N→∞

lim
Im(χ)→0

κ̂κκ(g)
N (a, a)

a− a
= erfc(2χ)− 1√

2
e−2χ2

erfc(
√
2χ), for χ ∈ R.

To compute the remainder uniform asymptotic behavior, we need the uniform asymptotic expansion (3.47):

(12.2) fN ((
√
N + χ)2) = e(

√
N+χ)2

√
N

2π
F1(χ)

(
1−

√
2π

N

F2(χ)

F1(χ)
+O(N−1)

)
,

where
F1(χ) = e−2χ2

−
√
2πχ erfc(

√
2χ).

From (11.2), we recall

q̂
(pre)
2N−2(z|a) =a(z − a)

2 e
−2zaeN (a2)z2N

fN−1(a2)
+

(2N − 1)!!

2N+2fN−1(a2)
D(a)

z

[
(2N + 1)κ̂κκ(g)

N+1(z, a)− 2a2κ̂κκ(g)
N (z, a)

]
,

where D(a)
z := (z − a)∂z − 1. We divide two parts

(2N + 1)κ̂κκ(g)
N+1(z, a)− 2a2κ̂κκ(g)

N (z, a) = (2N + 1− 2a2)κ̂κκ(g)
N (z, a) + (2N + 1)R̂

(g)
N (z, a),
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where

R̂
(g)
N (z, a) = e−2za

q
(g)
2N+1(z)q

(g)
2N (a)− q(g)2N+1(a)q

(g)
2N+1(z)

r
(g)
N

= e−2za 22N+1N !

(2N + 1)!

(
z2N+1eN (a2)− a2N+1eN (z2)

)
.

Under z =
√
N + ζ and a =

√
N + χ for χ in a compact subset of R, first note that

(12.3) a(z − a)2 e
−2zaeN (a2)z2N

fN−1(a2)
= NNe−2N−2

√
Nχ−χ2

e(ζ−χ)2
√
π

2
(ζ − χ)2e−2ζ2 erfc(

√
2χ)

F1(χ)
(1 + o(1)),

uniformly for ζ, χ in compact subsets of C and R, respectively. Combining (12.2) with Stirling formula, we have

(12.4)
(2N − 1)!!

2N+2fN−1(a2)
=

1

2
NNe−2N−2

√
Nχ−χ2

√
π

N

1

F1(χ)
(1 + o(1)).

Using (12.1) and Stirling formula, we have

(12.5) (2N + 1− 2a2)κ̂κκ(g)
N (z, a) = −4

√
Nχe(ζ−χ)2f

(g)
(e) (ζ, χ)(1 + o(1)).

and

(12.6) (2N + 1)R̂
(g)
N (z, a) =

√
N√
2
e(ζ−χ)2

(
e−2ζ2

erfc(
√
2χ)− e−2χ2

erfc(
√
2ζ)
)
(1 + o(1)),

uniformly for ζ, χ in compact subsets of C and R, respectively. Let us denote

g1(ζ, χ) = e(ζ−χ)2
√
π

2
(ζ − χ)2e−2ζ2 erfc(

√
2χ)

F1(χ)

and

g2(ζ, χ) =

√
π

F1(χ)
D(χ)

ζ

[
−2χe(ζ−χ)2f

(g)
(edge)(ζ, χ) +

e(ζ−χ)2

2
√
2

(
e−2ζ2

erfc(
√
2χ)− e−2χ2

erfc(
√
2ζ)
)]
.

Then, by (12.3),(12.4), (12.5), and (12.6), we obtain

(12.7) q̂
(pre)
2N−2(z|a) = NNe−2N−2

√
Nχ−χ2

(g1(ζ, χ) + g2(ζ, χ))(1 + o(1)).

uniformly for ζ, χ in compact subsets of C and R, respectively.

lim
N→∞

e−2a2

N !Z
(over)
N−1

Z
(GinSE)
N

= lim
N→∞

lim
z→a

N !22N

(2N)!
e−a2

fN−1(a
2)e−a2

e2za
q̂
(pre)
2N−2(z|a)
(z − a)3

.

By the uniformity of the asymptotic expansion, we can exchange the limits N →∞ and z → a. Therefore, we
have

e−2a2

N !Z
(over)
N−1

Z
(GinSE)
N

= lim
z→a

N !22N

(2N)!
e−a2

fN−1(a
2)e−a2

e2za
1

(z − a)3
q̂
(pre)
2N−2(z|a)

∼ 1√
2

√
N

2π
F1(χ) lim

ζ→χ

g1(ζ, χ) + g2(ζ, χ)

(ζ − χ)3
.

Now, we compute g1(ζ, χ) + g2(ζ, χ). Since

∂ζ

[
−2χe(ζ−χ)2f

(g)
(edge)(ζ, χ) +

e(ζ−χ)2

2
√
2

(
e−2ζ2

erfc(
√
2χ)− e−2χ2

erfc(
√
2ζ)
)]

= −2χe(ζ−χ)2
(
2χf

(g)
(edge)(ζ, χ) + e−(ζ−χ)2 erfc(ζ + χ)− e−2ζ2

√
2

erfc(
√
2χ)
)

− e(ζ−χ)2

√
2

(
(ζ + χ)e−2ζ2

erfc(
√
2χ) + (ζ − χ)e−2χ2

erfc(
√
2ζ)−

√
2

π
e−2ζ2−2χ2

)
,

we have

g2(ζ, χ) =−
√
π

F1(χ)

[
2χe(ζ−χ)2

{
(2(ζ − χ)2 − 1)f

(g)
(edge)(ζ, χ)
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+ (ζ − χ)e−(ζ−χ)2 erfc(ζ + χ)− (ζ − χ)e−2ζ2

√
2

erfc(
√
2χ)
}

+
e(ζ−χ)2

2
√
2

{
(2(ζ − χ)2 − 1)e−2χ2

erfc(
√
2ζ)

+ (2(ζ + χ)(ζ − χ) + 1)e−2ζ2

erfc(
√
2χ)− 2

√
2

π
(ζ − χ)e−2ζ2−2χ2

}]
,

Therefore, we obtain

g1(ζ, χ) + g2(ζ, χ)

=

√
π

F1(χ)

[
e(ζ−χ)2(ζ − χ)2 e

−2ζ2

erfc(
√
2χ)√

2

− 2χe(ζ−χ)2
(
(2(ζ − χ)2 − 1)f

(g)
(e) (ζ, χ) + (ζ − χ)e−(ζ−χ)2 erfc(ζ + χ)− (ζ − χ)e−2ζ2

√
2

erfc(
√
2χ)
)

− e(ζ−χ)2

2
√
2

(
(2(ζ − χ)2 − 1)e−2χ2

erfc(
√
2ζ) + (2(ζ + χ)(ζ − χ) + 1)e−2ζ2

erfc(
√
2χ)− 2

√
2

π
(ζ − χ)e−2ζ2−2χ2

)]
.

By Taylor expansion, we have that as ζ → χ,

g1(ζ, χ) + g2(ζ, χ) =

√
π

F1(χ)

2e−4χ2

3
√
π

(
1 +
√
2πe2χ

2

χ erfc(
√
2χ)− 4

√
πe4χ

2

χ erfc(2χ)
)
(ζ − χ)3 +O((ζ − χ)4).

As a consequence, we obtain

lim
N→∞

1√
N

E[O1,1|z =
√
N + χ] =

e−4χ2

3
√
π

1 +
√
2πe2χ

2

χ erfc(
√
2χ)− 4

√
πe4χ

2

χ erfc(2χ)

erfc(2χ)− 1√
2
e−2χ2 erfc(

√
2χ)

,

uniformly for χ in a compact subset of R. This complete the proof. □
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Part 5. Proof of Expected number of zeros of random power series with finitely dependent
Gaussian coefficients

13. The formula of the expected number of zeros and examples

13.1. The formula for the expected number of zeros. Our key implement to show Theorem 4.2 and
Theorem 4.5 is to rewrite the Edelman-Kostlan formula for the expected number of zeros of GAF into the
contour integral.

Proposition 13.1. Let D ⊂ C be a domain with smooth boundaries, f a GAF defined in a neighborhood of D,
and Nf (D) be the number of zeros of f inside D. Then,

(13.1) ENf (D) =
1

4π

∫
D

∆logKf (z, z)dm(z) =
1

2πi

∮
∂D

∂z logKf (z, z)dz,

assuming that no singularity lies on ∂D for the second equality, where dm(z) is the Lebesgue measure on the
complex plane C and i =

√
−1 is the imaginary unit.

For the proof of the first equality, see [86]. For the second equality, the Stokes theorem is used as in [32,93].
In our setting, we have much simpler expressions for ENf (r).

Corollary 13.2. Let f be a GAF defined in (4.12) with (4.13) and (4.15). Let D ⊂ D be a domain with smooth
boundaries and Nf (D) be the number of zeros inside D. Then,

(13.2) ENf (D) =
1

2πi

∮
∂D

z

1− |z|2
dz + J (D),

where J (D) has two expressions as follows:

(13.3) J (D) =
1

2πi

∮
∂D

G′(z)

G2(z, z)
dz

and

(13.4) J (D) = − 1

π

∫
D

(
|G′(z)|
G2(z, z)

)2

dm(z).

In particular, when D = D(r), (13.2) becomes

(13.5) ENf (r) =
r2

1− r2
+ J (r),

where we simply write J (r) for J (D(r)).

Proof. The first expression (13.3) directly follows from (4.13), (4.15) and the second equality in Proposition 13.1.

For the second expression (13.4), since ∂zG(z) = ∂z(G(z)), it is easy to see from the first equality in Proposi-
tion 13.1 that

J (D) =
1

π

∫
D

∂z∂z logG2(z, z)dm(z) = − 1

π

∫
D

|∂zG(z)|2

(1 +G(z) +G(z))2
dm(z).

This completes the proof. □

Here, let us mention that the expression (13.4) essentially appeared in [111]. However, the corresponding
expression is not explicit. They derived a similar expression from one-point correlation and used to evaluate
the expected number of zeros in the case of fractional Gaussian noise.

Remark 13.3. Note that G(z) is a polynomial in this thesis. By the change of variables z 7→ rz in (13.3) with
D = D(r), we have

(13.6) J (r) = r

2πi

∮
∂D

G′(rz)

Θ(r, z)
dz,
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where Θ(r, z) is the rational function of z obtained from G2(rz, rz) by putting z = z−1 on ∂D. In particular,
when γ(k) is real for every k ∈ Z, we have

Θ(r, z) =
∑
k∈Z

γ(k)r|k|zk.

Note that Θ(1, eiθ) is the spectral density at least for finitely dependent Gaussian processes. Then, one can apply
the residue theorem, and from this point of view, the behavior of zeros of Θ(r, z) as r → 1 is essential for the
order of J (r).

Theorem 4.3 is a direct consequence of the second expression (13.4) of J (D). Now, we show Theorem 4.3.

Proof of Theorem 4.3. The error term J (D) is clearly non-positive from (13.4). Moreover, the right-hand side
of (13.4) is zero if and only if G′(z) = 0 m-a.e. D. It follows from the uniqueness theorem that G′(z) is
identically zero on D, and thus so is G(z) since G(0) = 0. Therefore, f(z) is equal to fPV(z) in law. This
completes the proof. □

We have seen the Edelman-Kostlan formula for the expected number of zeros. To see the usefulness of our
reformulation Corollary 13.2 and philosophy to show Theorem 4.2 and Theorem 4.5, we shall look at some
examples.

13.2. Examples.

Example (Ornstein-Uhlenbeck process). Let γ(k) = ρ|k| (0 < ρ < 1). The corresponding stationary Gaussian
process is the (discrete time) Ornstein-Uhlenbeck process. In this case, we see that G(z) = ρz(1− ρz)−1 and

G2(z, w) =
1− ρ2zw

(1− ρz)(1− ρw)
.

By using z = z−1 for z ∈ ∂D, we see that

Θ(r, z) =
z(1− ρ2r2)

(1− ρrz)(z − ρr)
.

We apply (13.3) to this case. The only zero z = 0 of Θ(r, z), which does not move in r, contributes to the
residue as the only pole. Hence, we have

ENf (r) =
r2

1− r2
− ρ2r2

1− ρ2r2
=

r2

1− r2
− ρ2

1− ρ2
+O(1− r2), r → 1.

In this case, G(z) is analytic in D(1/ρ) and Θ(1, z), or equivalently G2(z, z), does not vanish on ∂D.

Remark 13.4. As was seen in this example, the second term J (r) is O(1) as r → 1 whenever G(z) is analytic
in a neighborhood of D := D ∪ ∂D and Θ(r, z) does not vanish on ∂D.

Example. For 0 < ρ < 1, let ζ and {ηk}k∈Z be i.i.d. complex standard normal random variables and define the
Gaussian process Ξ = {ξk}k∈Z by

ξk =
√
ρζ +

√
1− ρηk for k ∈ Z.

Then, the corresponding GAF is equal in law to

(13.7)
√
ρ

ζ

1− z
+
√

1− ρfPV(z)

and its covariance function is given by

γ(k) =

{
1 k = 0,

ρ otherwise.

In this case, G(z) = ρz(1− z)−1 and

G2(z, z) =
1− (1− ρ)(z + z) + (1− 2ρ)|z|2

(1− z)(1− z)
,
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and hence

Θ(r, z) = − (1− ρ)rz2 − (1 + (1− 2ρ)r2)z + (1− ρ)r
(1− rz)(z − r)

The zeros of Θ(r, z) are ν and ν−1, where ν = δ−
√
δ2−4
2 and δ = 1+(1−2ρ)r2

(1−ρ)r . Note that ν (resp., ν−1) is inside

(resp., outside) D. By using (13.3) and the residue theorem, we have

ENf (r) =
r2

1− r2
− ρ

1− ρ
ν − r

(ν − ν−1)(1− νr)
.

As r → 1, we have

ENf (r) =
r2

1− r2
− 1

2

√
ρ

1− ρ
1√

1− r2
+O(1).

Remark 13.5. (i) The convergence radius of G(z) is 1 and its singularity is located only at z = 1. The zeros
of Θ(r, z) are ν and ν−1 given above, where ν (resp., ν−1) is inside (resp., outside) D(r). Both ν and ν−1

converge to 1 as r → 1 and the second term of O((1− r2)−1/2) comes from (ν− ν−1)−1 as the residue at z = ν.
(ii) From (13.7) we intuitively observe that near z = 1, the first term ζ/(1− z) pushes up the absolute values of√
1− ρfPV(z) and decreases the number of zeros.

The examples in this subsection help us to understand the fine asymptotic behavior of (13.3) as r → 1.
Indeed, to find the fine asymptotic expansion for (13.3) as r → 1, we firstly find zeros of Θ(r, z). After that, we
exactly or asymptotically express (13.3) by the residue theorem.

14. 2-dependent case: Proof of Theorem 4.2

We now show Theorem 4.2.

14.1. The proof of case (I). First we show case (I).

Proof of Case (I) in Theorem 4.2. First we note that G(z) = az + bz2, and then we have Θ(r, z) = 1 + ar(z +
z−1) + br2(z2 + z−2). From (13.3), we have

(14.1) J (r) = r

2πi

∮
∂D

a+ 2brz

1 + ar(z + z−1) + br2(z2 + z−2)
dz,

We suppose (a, b) ∈ ∂P1 ∩ ∂P, i.e., a = ±2
√
b(1− 2b) with 1/6 ≤ b ≤ 1/2. By the symmetry, it is enough to

consider the case a > 0. Since the denominator is reciprocal, if γ is one of its roots, then the roots are given
as γ, γ−1, γ, γ−1. Here we suppose γ ∈ D and in the upper-half plane. Thus, γ, γ (resp., γ−1, γ−1) are inside
(resp., outside) D. By taking the residues at γ and γ, we see that

J (r) = 1

2πibr

∮
∂D

z2(a+ 2brz)

(z − γ)(z − γ)(z − γ−1)(z − γ−1)
dz

=
2

br
Re

(
γ2(a+ 2brγ)

(γ − γ)(γ − γ−1)(γ − γ−1)

)
.

Let X = z + z−1 and rewrite the denominator as br2X2 + arX + 1− 2br2, whose roots are distinct and given
by X± = (−a± i2

√
2b
√
1− r2)/(2br). It is easy to see that

γ =
X− +

√
X2

− − 4

2
, γ =

X+ +
√
X2

+ − 4

2
, γ−1 =

X− −
√
X2

− − 4

2
, γ−1 =

X+ −
√
X2

+ − 4

2
.

Here we take the branch of
√
z such that

√
1 = 1 and analytic in C \ (−∞, 0]. Note that

γ − γ−1 =
√
X2

− − 4 =
1

br

√α+
√
α2 + β2

2
+ i

√
−α+

√
α2 + β2

2

(14.2)
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with α = b− 2b2(r2 + 2) and β = 2b
√
2(1− r2)b(1− 2b). It is easy to see that

(γ − γ)(γ − γ−1) = γ(X− −X+) = −γ
2
√
2(1− r2)
r

i

and hence

(14.3) J (r) = − 1

b
√
2(1− r2)

Im

(
γ(a+ 2brγ)

γ − γ−1

)
.

We note that γ = (X− + γ − γ−1)/2. Substituting it to the numerator and expanding it by Y := γ − γ−1, we
have

γ(a+ 2brγ)

γ − γ−1
=

1

2Y

(
X−(a+ brX−) + (a+ 2brX−)Y + brY 2

)
=

2br2 − 1

2r
Y −1 − ib

√
2(1− r2) + brY

2
.(14.4)

Here we used the fact that X− is a solution of the equation br2X2 + arX + 1 − 2br2 = 0. Since α = −b(6b −
1) +O(1− r2) and β = 2b

√
2b(1− 2b)

√
1− r2, we see that

(14.5) ImY =

√
6b− 1

b
+O(1− r2), ImY −1 = −

√
b

6b− 1
+O(1− r2), r → 1.

Hence it follows from (14.3), (14.4) and (14.5) that

J (r) = −
√

2b

6b− 1

1√
1− r2

+O(1), r → 1.

This completes the proof of Case (I). □

14.2. Proof of case (II). Next we prove Case (II).

Proof of Case (II) in Theorem 4.2. By the symmetry, it is enough to consider the case b = a − 1/2 (−1/2 ≤
b ≤ 1/6). We divide the proof of Case (II) into two cases, i.e., (i) 0 < b ≤ 1/6 and (ii) −1/2 ≤ b ≤ 0. In this
subsection, we always consider the situation for r sufficiently close to 1 depending on b.

First we prove the case (i). The roots of br2X2 + arX + 1 − 2br2 = 0 are real and given by X± =

(−a± λ)/2br ∈ R with λ =
√
a2 − 4b2 + 8b2r2. Note that X2

± − 4 ≥ 0, and X+ → −2 and X− → (2b− 1)/(2b)
as r → 1 As in Case (I), by (14.1), since the denominator is reciprocal, if two real roots γ and κ lie inside D
such that γ < κ < 0, then all the roots are given as γ, γ−1, κ, κ−1. Here γ, κ (resp. γ−1, κ−1) are in D∩R (resp.
in Dc ∩ R), which are given by

γ =
X+ +

√
X2

+ − 4

2
, γ−1 =

X+ −
√
X2

+ − 4

2
, κ =

X− +
√
X2

− − 4

2
, κ−1 =

X− −
√
X2

− − 4

2
.(14.6)

By (14.1) and the residue theorem, we see that

J (r) = 1

2πibr

∮
∂D

z2(a+ 2brz)

(z − γ)(z − γ−1)(z − κ)(z − κ−1)
dz

=
1

br

{
γ2(a+ 2brγ)

(γ − γ−1)(γ − κ)(γ − κ−1)
+

κ2(a+ 2brκ)

(κ− γ)(κ− γ−1)(κ− κ−1)

}
=

1

λ

{
γ(a+ 2brγ)

γ − γ−1
− κ(a+ 2brκ)

κ− κ−1

}
.(14.7)

Here we used

(γ − κ)(γ − κ−1) = γ(X+ −X−) =
γλ

br
, (κ− γ)(κ− γ−1) = κ(X− −X+) = −

κλ

br
.
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Since (κ− κ−1)−1 = O(1), it suffices to focus on the first term of (14.7). We again use the expansion in (14.4)
and have

Y = γ − γ−1 = 2

√
1− 2b

1− 6b

√
1− r2 +O(1− r2), r → 1.

Therefore,

J (r) = −1

2

√
1− 2b

1− 6b

1√
1− r2

+O(1), r → 1.

Next we prove the case (ii) of (II). Computation is almost the same as in the case (i) of (II), but we only need
to change the roles of γ, γ−1, κ, κ−1. Indeed, γ and κ−1 (resp. γ−1, κ) in (14.6) are in D ∩ R (resp. in Dc ∩ R).
By (14.1), (14.6) and

(κ−1 − γ)(κ−1 − γ−1) = κ−1(X− −X+) = −
κ−1λ

2br
,

we see that

J (r) = 1

br

{
γ2(a+ 2brγ)

(γ − γ−1)(γ − κ)(γ − κ−1)
+

κ−2(a+ 2brκ−1)

(κ−1 − γ)(κ−1 − γ−1)(κ−1 − κ)

}
=

2

λ

{
γ(a+ 2brγ)

γ − γ−1
− κ−1(a+ 2brκ−1)

κ−1 − κ

}
= −1

2

√
1− 2b

1− 6b

1√
1− r2

+O(1), r → 1.

This completes the proof of case (II). □

Remark 14.1. By the continuity, we have the same asymptotic in Case (II), but the behavior of roots γ, γ−1, κ, κ−1

in (II) is completely different from Case (I). Indeed, γ, γ−1 → −1 and κ, κ−1 → (2b−1)/4b±
√

(1− 6b)(1 + 2b)/2|b|
as r → 1 in Case (II). That is, there is only one pair of roots toward the boundary ∂D as r → 1 except b = −1/2.
This implies that the asymptotic order is affected by the degeneracy of roots of Θ(1, z) located on the boundary
∂D.

14.3. Proof of case (III). We give a proof of Case (III).

Proof of Case (III) in Theorem 4.2. Suppose (a, b) = (2/3, 1/6). Since α = 1
18 (1 − r

2) and β = 1
9

√
2(1− r2),

by (14.2), we have

Y = γ − γ−1 =
1

r

(√
(1− r2) +

√
(1− r2)(9− r2) + i

√
−(1− r2) +

√
(1− r2)(9− r2)

)
.

It easily follows from this expression that Im Y = O
(
(1− r2)1/4

)
and

ImY −1 = −2−7/4(1− r2)−1/4 +O
(
(1− r2)1/4

)
, r → 1.

Hence, from (14.3) and (14.4), we can conclude that

J (r) = −2−5/4(1− r2)−3/4 +O
(
(1− r2)−1/4

)
, r → 1.

This completes the proof of Case (III). □

14.4. Proof of case (IV). Finally, we give a sketch of the proof of Case (IV). Since all zeros of Θ(r, z) stay
away from ∂D as r → 1 when (a, b) is in the interior of P, any singularity contributing to the asymptotic
behavior do not appear on the boundary ∂D, and hence it suffices to consider as r equals to 1. Here we
only consider the interior of P1 and a > 0. We use the same notations in the proof of Case (I). In this case,

X± = (−a ± iλ(a, b))/(2b) with λ(a, b) =
√
4b− 8b2 − a2 and we see that (γ − γ)(γ − γ−1) = −γb−1λ(a, b)i.

Hence,

C(a, b) = −J (1) = 2

λ(a, b)
Im

(
γ(a+ 2bγ)

γ − γ−1

)
.
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A little more computation shows that

C(a, b) =
µ(a, b)− (2b− 1)

2λ(a, b)µ(a, b)

√
4b2 + 2b− a2 + 2bµ(a, b)− 1,

where µ(a, b) =
√
(1 + 2b)2 − 4a2 and that C(a, b) > 0 unless (a, b) = (0, 0). We omit the other cases since we

obtain the results just by repeating the similar computation.

15. Finite-dependent case: Proof of Theorem 4.5

In this section, we show Theorem 4.5. As in the proof of Theorem 4.2, our strategy is to compute the
asymptotics for the residue theorem. However, different from the 2-dependent case, to explicitly write down
the zeros of the spectral density for the n-dependent case seems to be difficult. From (13.3), we have

J (r) = r

2πi

∮
∂D

G′(z)

Θ(r, z)
dz =

r

2πi

∮
∂D

pn(r, z)

qn(r, z)
dz

where pn(r, z) = zn
(
2n
n

)
G′(w)|w=rz and

qn(r, z) := zn
(
2n

n

)
Θ(r, z) = zn

n∑
k=−n

(
2n

n+ k

)
r|k|zk.

We note from (4.23) that

qn(1, z) = (z + 1)2n.

To see the asymptotic behavior of ENf (r) as r → 1, we need that of z(r) for qn(r, z(r)) = 0.

15.1. Behavior of the root z(r) as r → 1. We first note that qn(1,−1) = 0 and ∂zqn(r, z)|(r,z)=(1,−1) = 0.
Hence, we cannot apply the implicit function theorem in the variable z to qn(r, z). Alternatively, we follow a
strategy of using Puiseux series expansion and Newton polygon method (cf. [138]).

First we note that

∂rqn(r, z)|(r,z)=(1,−1) = 2

n∑
k=1

k(−1)n+k

(
2n

n+ k

)
= (−1)n+1 n+ 1

2n− 1

(
2n

n+ 1

)
6= 0.

By shifting (r, z)→ (1− r, z + 1) in qn(r, z), we consider

(15.1) Qn(x, y) :=

2n∑
l=0

(
2n

l

)
(1− x)|l−n|(y − 1)l.

Note that Qn(0, y) = y2n. Following [138], we denote by C{x, y} (resp., C{x}) the ring of convergent power
series defined by two variables x, y (resp., one variable x). If f ∈ C{x, y} satisfies f(0, y) = ymA(y) with
A(0) 6= 0, then we say f is regular in y of order m [138, p.20]. In our setting, Qn(x, y) is regular in y of order
2n. We can use the following theorem from [138, p.20, Theorem 2.2.6] to guarantee the existence of 2n distinct
solutions to the equation Qn(x, y) = 0 around (x, y) = (0, 0).

Theorem 15.1 ( [138]). (i) Any equation f(x, y) = 0 where f ∈ C{x, y} with f(0, 0) = 0, f(0, y) 6≡ 0 admits
at least one solution of the form y = g(x1/m1) ∈ C{x}.

(ii) If f is regular in y of order m, and we write f = UF with U a unit and F a monic polynomial of degree
m in y, there are m such solutions gj(x

1/mj ), all distinct unless the discriminant of F vanishes identically, and

F (y) ≡
∏m

j=1

(
y − gj(x1/mj )

)
.

For our purpose, we need more explicit form of gj ’s so that we directly perform the Newton polygon method
below. The solution y(x) to Qn(x, y) = 0 around the neighborhood of the origin (0, 0) is described by this
theorem since Qn(x, y) is a bivariate polynomial. Now we will compute the asymptotic expansion of y = y(x)
in Qn(x, y(x)) = 0 at the origin (0, 0) following the Newton polygon method [138, p.15, Theorem 2.1.1]. Here
we give a brief description of the algorithm following [138].
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(1) First, when we are provided a equation f(x, y) = 0, then we plot a point (r, s) of exponents for each
term cr,sx

rys of f(x, y) on R2 plane if cr,s = 0. Then, we have the convex hull containing all point
plotted.

(2) The boundary of its convex hull is drawn down by a straight line. Their segments do not line on the
(r, s)-coordinates. We call its boundary Newton polygon.

(3) We write one of the reciprocal numbers of the negative of a slope among these segments by m1. Then
we consider f(x, xm1(a1 + y1)) and solve a1 by focusing on the terms of the lowest degrees in x due to
f(x, y) = 0.

(4) We set f (1)(x, y1) = x−lf(x, xm1(a1+y1), where l is the intersection of s-axes. Repeat the above process,
and then we can obtain the solution y = a1x

m1 + a2x
m1+m2 + · · · of f(x, y) = 0 for f ∈ C{x, y}.

For Qn(x, y), its Newton polygon joins (1, 0) and (0, 2n) as shown in Figure 9 for n = 4. Thus, it is guaranteed

2 4 6 8

2

4

6

8

Figure 9. Newton polygon of Qn(x, y) for n = 4. A point (r, s) is marked when the coefficient
xrys of Qn(x, y) is nonzero.

that Qn(x, y) = 0 has the solution of the form

y = x1/(2n)(a1 + y1),

where y1 = xm2(a2 + y2) with m2 ∈ Q being positive. Setting t = x1/(2n) (equivalently x = t2n) in (15.1) for
simplicity, we have

Qn(t
2n, t(a1 + y1)) =

2n∑
l=0

(
2n

l

)
(1− t2n)|l−n|(t(a1 + y1)− 1)l = 0

and the left-hand side can be expanded as follows:

Qn(t
2n, t(a1 + y1))

=

(
2n∑
l=0

(
2n

l

)
|l − n|(−1)l+1 + a2n1 + 2na2n−1

1 y1 +

(
2n

2

)
a2n−2
1 y21

)
t2n

+

2n∑
l=0

(
2n

l

)
|l − n|l(−1)l(a1 + y1)t

2n+1 +

2n∑
l=0

(
2n

l

)
|l − n|

(
l

2

)
(−1)l−1(a1 + y1)

2t2n+2 +O(t2n+3)

Since y1 = O(xm2) = O(t2nm2) for positive m ∈ Q, the leading term is of order t2n and its coefficient is given
by

a2n1 +

2n∑
l=0

(
2n

l

)
|l − n|(−1)l+1 = a2n1 + 2(−1)n

(
2(n− 1)

n− 1

)
.
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Thus, a1 is characterized by the solution of the equation

(15.2) a2n1 + 2(−1)n
(
2(n− 1)

n− 1

)
= 0.

For this a1, the term of the lowest order t2n in Qn(t
2n, t(a1 + y1)) vanishes and we have

Q(1)
n (t, y1) := t−2nQn(t

2n, t(a1 + y1))(15.3)

= 2na2n−1
1 y1 + n(2n− 1)a2n−2

1 y21

+ c(a1 + y1)t+

2n∑
l=0

(
2n

l

)
|l − n|

(
l

2

)
(−1)l−1(a1 + y1)

2t2 +O(t3),

where

c =

2n∑
l=0

(
2n

l

)
|l − n|l(−1)l = (−1)n+12n

(
2(n− 1)

n− 1

)
6= 0,

which implies y1 = O(t). Now we repeat the same procedure for Q
(1)
n (t, y1). We substitute y1 = t(a2 + y2) in

Q
(1)
n (t, y1) and compare the term of order t to obtain

ca1 + 2na2n−1
1 a2 = 0,

and hence

(15.4) a2 = −ca
−2(n−1)
1

2n
= −1

2
a21.

Putting y1 = t(a2 + y2) in (15.3) and using (15.2) and (15.4) yields

t−1Q(1)
n (t, t(a2 + y2)) = 2na2n−1

1 y2 + (c′ + cy2 + · · · ) t+O(t2),

where

c′ = n(2n− 1)a2n−2
1 a22 + ca2 +

2n∑
l=0

(
2n

l

)
|l − n|

(
l

2

)
(−1)l−1a21 6= 0,

which implies y2 = O(t). In summary, by taking (15.2), (15.4) and y = t{a1 + t(a2 + O(t))} into account, the
solutions to the equation Qn(x, y) = 0 around x = 0 are of the form

(15.5) y
(n)
j (x) = b

(n)
j x1/(2n) − 1

2
(b

(n)
j )2x1/n +O(x3/(2n)), as x→ 0,

for j = 0, 1, . . . , 2n− 1, where {b(n)j }
2n−1
j=0 are the solutions of (15.2).

Proposition 15.2. Let qn(r, z) = zn
∑n

k=−n

(
2n
n+k

)
r|k|zk. Then, the solutions z = z

(n)
j (r) to the equation

qn(r, z) = 0 are of the form

(15.6) z
(n)
j (r) = −1 + b

(n)
j (1− r) 1

2n − 1

2
(b

(n)
j )2(1− r) 1

n +O((1− r) 3
2n ), r → 1,

where

(15.7) b
(n)
j =

{
2

(
2(n− 1)

n− 1

)}1/(2n)

exp

(
2j − n+ 1

2n
πi

)
(j = 0, 1, . . . , 2n− 1).

Proof. Since z
(n)
j (r) = −1 + y

(n)
j (1− r), putting x = 1− r and y = z + 1 in (15.5) yields

z
(n)
j (r) + 1 = b

(n)
j (1− r) 1

2n − 1

2
(b

(n)
j )2(1− r) 1

n +O
(
(1− r) 3

2n

)
,

as r → 1. We obtain the assertion. □
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15.2. Proof of Theorem 4.5. We first observe the following asymptotics.

Lemma 15.3. For k = 0, 1, . . . , 2n− 1, as r → 1,

2n−1∏
j=0
j ̸=k

(z
(n)
k (r)− z(n)j (r)) = (2n)(−1)n−1(e

(n)
k )−1

{(
2(n− 1)

n− 1

)} 2n−1
2n

(1− r2)
2n−1
2n

×
{
1− Cne

(n)
k (1− r2) 1

2n +O
(
(1− r2) 1

n

)}
,

where Cn is a constant depending only on n and

(15.8) e
(n)
k = exp

(
2k − n+ 1

2n
πi

)
(k = 0, 1, . . . , 2n− 1).

Proof. From Proposition 15.2, we have

2n−1∏
j=0
j ̸=k

(z
(n)
k (r)− z(n)j (r)) =

2n−1∏
j=0
j ̸=k

(b
(n)
k − b(n)j ) · (1− r)

2n−1
2n

− 1

2

2n−1∑
l=0
l ̸=k

2n−1∏
j=0

j ̸=k,l

(b
(n)
k − b(n)j ) ·

{
(b

(n)
k )2 − (b

(n)
l )2)

}
· (1− r) 2n

2n

+O
(
(1− r)

2n+1
2n

)
.

Since

2n−1∏
j=0

(z−e
j−k
n πi) = z2n−1, by differentiating both sides and putting z = 1, we obtain

2n−1∏
j=0
j ̸=k

(1−e
j−k
n πi) = 2n

for every k = 0, 1, . . . , 2n− 1. Hence, we have

2n−1∏
j=0
j ̸=k

(e
(n)
k − e(n)j ) = (e

(n)
k )2n−1

2n−1∏
j=0
j ̸=k

(1− e
j−k
n πi) = 2n(−1)n−1(e

(n)
k )−1.

and thus, by (15.7),
2n−1∏
j=0
j ̸=k

(b
(n)
k − b(n)j ) =

{
2

(
2(n− 1)

n− 1

)} 2n−1
2n

2n(−1)n−1(e
(n)
k )−1.

Similarly,

2n−1∑
l=0
l ̸=k

2n−1∏
j=0

j ̸=k,l

(b
(n)
k − b(n)j ) ·

{
(b

(n)
k )2 − (b

(n)
l )2

}
= 2

(
2(n− 1)

n− 1

)
2n(−1)n−1(e

(n)
k )−1

2n−1∑
l=0
l ̸=k

(e
(n)
k + e

(n)
l )

= (−1)n−18n(n− 1)

(
2(n− 1)

n− 1

)
.

Since 1− r = 1−r2

2 +O((1− r2)2), we obtain the assertion. □

Now we give a proof of Theorem 4.5. First we remark that the constant b
(n)
j in (15.7) lies in the right-

half plane {z ∈ C : Re z > 0} for j = 0, 1, . . . , n − 1 and the left-half plane {z ∈ C : Re z < 0} for j =

n, n+1, . . . , 2n− 1. Thus, if r is sufficiently close to 1, z
(n)
j (r) for j = 0, 1, . . . , n− 1 lie inside D and z

(n)
j (r) for

j = n+ 1, n+ 2, . . . , 2n− 1 lie outside D. Therefore, we have

J (r) = r

2πi

∮
∂D

pn(r, z)

qn(r, z)
dz

= r

n−1∑
k=0

res

(
pn(r, z)∏2n−1

j=0 (z − z(n)j (r))
; z = z

(n)
k (r)

)
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= r

n−1∑
k=0

pn(r, z
(n)
k (r))∏2n−1

j=0,j 6=k(z
(n)
k (r)− z(n)j (r))

.(15.9)

Since pn(1,−1) = (−1)n
(
2(n−1)
n−1

)
, from Lemma 15.3 and

pn(r, z
(n)
k (r)) = pn(1,−1)

{
1 + C ′

ne
(n)
k (1− r2)1/(2n) +O

(
(1− r2)1/n

)}
,

we have

pn(r, z
(n)
k (r))∏2n−1

j=0,j 6=k(z
(n)
k (r)− z(n)j (r))

=
−1
2n

(
2(n− 1)

n− 1

) 1
2n

e
(n)
k (1− r2)−

2n−1
2n

×
{
1 + (Cn + C ′

n)e
(n)
k (1− r2) 1

2n +O
(
(1− r2) 2

2n

)}
,

where C ′
n is a constant depending only on n. It is easy to see that

(15.10)

n−1∑
k=0

e
(n)
k = (sin

π

2n
)−1,

n−1∑
k=0

(e
(n)
k )2 = 0.

Therefore, from (15.9), we obtain

J (r) = −1
2n sin( π

2n )

(
2(n− 1)

n− 1

) 1
2n

(1− r2)−
2n−1
2n

(
1 +O

(
(1− r2) 2

2n

))
.

This completes the proof.

Remark 15.4. A naive computation gives only the error term O
(
(1−r)−(n−1)/n

)
. Here we saw the cancellation

as the second equality in (15.10) to obtain O
(
(1−r)−(2n−3)/(2n)

)
, which matches the direct computation in Case

(III) for n = 2.

Remark 15.5. This method can be applied to all cases of finitely dependent Gaussian processes. Indeed, the

zero of Θ(1, eiθ) of order 2k contributes to J (r) as constant multiple of (1− r2)− 2k−1
2k .
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Concluding remarks

16. On the determinantal structure of the multi-points correlation function of the
overlaps for IGinUSE and ISUE

In both cases, we have shown the universality for the multi-points correlation function of the overlaps for
IGinUE and ISUE in the strongly non-unitary regime. Indeed, we showed the same results with the Ginibre
unitary ensemble shown by Akemann et al. [13] up to the constant. This difference up to the constant is due to
the geometric boundary affect. We expect that macroscopic structure of the diagonal overlap for non-Hermitian
random matrices at a bulk point of spectral droplet is a common property for widely non-Hermitian random
matrices. For instance, we expect that there appears a boundary affect due to the ellipse curve for the elliptic
Ginibre ensemble or the non-Hermitian Wishart ensemble [5, 9, 12, 16, 40]. On the other hand, we found the
new scaling limits for the overlaps in the weakly and singular origin regimes, which have not been studied so
far in this context. Potentially, we expect that the result in the weakly non-unitary regime would be applied
to study the difference between non-normal matrices and circular unitary ensemble from the perspective of the
eigenvectors and the overlaps in detail. Furthermore, coming back to our original motivation, their quantities
may be applied to study the scaling limits for overlap processes and hydrodynamic limits for the stochastic
differential equations for the induced Ginibre/spherical ensembles. Finally, we conclude this section by making
lists for future directions of the overlaps for integrable non-Hermitian random matrices.

(1) The most important model in random matrices with non-radially symmetric potential is elliptic Ginibre
unitary ensemble defined by

(16.1) G
(τ)
N =

√
1 + τ

2
H

(1)
N +

√
1− τ
2

H
(2)
N , for τ ∈ [−1, 1],

where H
(1)
N ,H

(2)
N are identically, independent Gaussian unitary ensembles and anti-Hermitian Gaussian

unitary ensemble, respectively. The joint probability distribution function for the eigenvalues of elliptic
Ginibre unitary ensemble is given by

dP(τ)
N (ζ(N)) =

1

Z
(τ)
N

∏
1≤i<j≤N

|ζi − ζj |2
N∏
j=1

e
− N

1−τ2 (|ζj |2−τ Re ζ2
j )dA(ζj),

where Z
(τ)
N is the partition function. Similar to the discussion in [11,29,58], it is straightforward to see

that conditionally on {λ(N) = z(N) ∈ CN}, we have

EN

[
O1,1|λ(N) = z(N)

]
=

N∏
j=2

(
1 +

1− τ2

N

1

|zj − z1|2
)
.

The conditional expectation of the off-diagonal overlap can be similarly computed. Then, in order
to study the similar determinantal structure of the multi-points correlation function of the overlaps
for elliptic Ginibre unitary ensemble as shown in this thesis, we need to construct a family of planar
orthogonal polynomials associated with the following weight function:

ωτ (z, z|a, a) =
(1− τ2

N
+ |z − a|2

)
e
− N

1−τ2 (|z|2−τ Re z2)
, for z, a ∈ C.

However, the corresponding to the moment matrix associated with the above weight function as in (7.1)
is note a tridiagonal moment matrix, and hence, it would be difficulty to work on LDE decomposition.
Possibly, we need to choose another nice basis such as Hermite polynomial in advance.

(2) We only studied the induced Ginibre/spherical unitary ensemble. It is natural to study the Pfaffian
structure of the overlaps for induced Ginibre/spherical orthogonal/symplectic ensemble, cf. [11] and
subsection 3.3.

(3) The overlap plays the essential role to analyze a dynamical model for non-Hermitian random matrices
with Brownian motion entries. Indeed, in [29, 66, 145], the dynamical extension of Ginibre unitary
ensemble, that is to say, the eigenvalues and the eigenvector-overlap processes for the non-Hermitian
random matrix with complex Brownian motion entries were investigated. It would be interesting to
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derive the eigenvalues and overlap processes for the spherical unitary ensemble S(t) = G−1
1 (t)G2(t)

with two independent non-Hermitian random matrices with complex Brownian motions G1(t), G2(t) or
the dynamical extension for the IGinUE/ISUE.

17. On the Pfaffian structure of the multi-points correlation function of the diagonal
overlap for GinSE

In this thesis, we have showed the new method for constructing skew-orthogonal polynomials, Theorem 3.7
and analyze the second order differential equation for the skew pre-kernel (3.58). Also, in order to prove
Theorem 3.13, 3.14, 3.15, and 3.17, we worked on enormous exact calculations. However, our result is restricted
to a real conditional point. Due to this reason, our analysis is only applied to the diagonal overlap, and we
could not analyze the off-diagonal overlap case. The below list is the future direction for studies of the overlaps
for the Ginibre symplectic ensemble and related models.

(1) We have showed the bulk scaling limit Theorem 3.14 for the multi-points correlation function for the
diagonal overlap. We also have the edge scaling limit, but we did not show the result because we
could not find an explicit and a closed representation as in Theorem 3.14. To find a nice and a closed
expression for the edge limiting pre-kernel is left to the continued work.

(2) In Remark 3.6, we mentioned the non-standard three term recurrence (3.34). Also, note that in Theo-
rem 3.7, we have chosen the basis as the monomial zk. It is natural to consider the basis in Theorem 3.7
as Pk(z)− ckPk−1(z). Indeed, since

〈z(Pk − ckPk−1), Pm − cmPm−1〉s =〈Pk+1, Pm〉 − cm〈Pk+1, Pm−1〉+ bk〈Pk, Pm〉 − bkcm〈Pk, Pm−1〉,

the resulting skew-moment matrix becomes the tridiagonal skew-symmetric matrix, where 〈·, ·〉s is de-
fined by (3.12) and {Pk} satisfies the non-standard three-term recurrence in the sense of (3.34). Hence,
it may be possible to construct a more general family of skew-orthogonal polynomials {qk}k, where
Qk(z) = Pk(z) − ckPk−1(z). However, a subtle problem is to compute Zk in (3.38) or to find an ex-
plicit formula Zk. If we overcome this problem in an unified form, it may be possible to construct a

family of skew-orthogonal polynomials associated with the weight function |z − a|2ce−|z|2 for z, a ∈ C.
For the recent developments for the planar orthogonal polynomials associated with the weight function

|z − a|2ce−|z|2 , we refer to [42, 98–100,140].
(3) In the future work, we plan to generalize the assumption that a conditional point is real into the

case of complex conditional point case. The main difficulty here is that we can not use [10, Theorem
5.1]. Therefore, we need to directly study the weight function (3.27) for any a ∈ C, which essentially
corresponds to two point insertions for the two-dimensional Coulomb gases since the weight function in

this setting becomes |z − a|2(1 + |z − a|2)e−2|z|2 for z, a ∈ C.
(4) The one of the motivation to analyze the overlap in a probabilistic community is to apply to the

stochastic calculus for the eigenvalues and eigenvector-overlap processes for GinSE. Hence, in the future
work, as a separate work of the multi-point correlation function of the overlaps, we plan to derive a
system of stochastic differential equations for the eigenvalues and eigenvector-overlap processes for the
dynamical Ginibre symplectic ensemble whose elements are complex Brownian motions, and we will
analyze the their stochastic differential equations.

18. On the zeros of random power series with finitely dependent Gaussian coefficients

We have studied the asymptotic behavior of the expected number of zeros of the random power series with
finitely dependent stationary complex Gaussian process coefficients. We would like to emphasize that our work
is strongly inspired by [111], where they only studied the zeros of random power series fH(z) with fractional
Gaussian processes coefficients with Hurst index H. More precisely, they considered

(18.1) fH(z) =

∞∑
k=0

ξ
(H)
k zk,
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where {ξ(H)
k }k∈Z are stationary complex Gaussian processes with mean 0 and unit variance, and its covariance

function is given by

(18.2) E[ξ(H)
k ξ

(H)
n+k] =

1

2

(
|n+ 1|2H + |n− 1|2H − 2|n|2H

)
, 0 < H < 1.

Then, they showed that there exist non-explicit constants CH,1, CH,2 ≥ 0 depending on H such that

(18.3)
r2

1− r2
− CH,1

( 1

2
√
1− r2

− 1

2

)
≤ ENfH (r) ≤ r2

1− r2
− CH,2

( 1

2
√
1− r2

− 1

2

)
.

Their result is not fine asymptotic behavior, but it would be interesting to find explicit constants CH,1, CH,2

following our strategy.
Also, let us mention [112]. In that paper, Mukeru and Mulaudzi studied a random power series with

stationary Gaussian process coefficients with inverse covariance function of the original stationary complex
Gaussian process. Then, the zeros point process for that model forms the determinantal point process. In such
model, a covariance function in that model does not have zeros, and hence, we emphasize that their result is
different from our setting. Finally, let us mention one future direction. We have investigated the asymptotic
behavior of the expected number as we have already seen. It is natural to study the asymptotic behavior of
the number variance in our setting. The one of the difficulties is that we need to appropriately compute residue
due to the double contour integrals. This situation is different from the expected number of zeros case, and the
problem is subtle.
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[73] Y.V. Fyodorov and B. Mehlig, Statistics of resonances and nonorthogonal eigenfunctions in a model for single-channel

chaotic scattering, Phys. Rev. E. (2002) 66, 045202.

[74] Y.V. Fyodorov and D.V. Savin, Statistics of resonance width shifts as a signature of eigenfunction non-orthogonality, Phys.
Rev. Lett. (2012) 108, 184101.

[75] Y. V. Fyodorov, On statistics of bi-orthogonal eigenvectors in real and complex Ginibre ensembles: combining partial Schur

decomposition with supersymmetry, Commun. Math. Phys. 363 (2018), 579–603.
[76] Y. V. Fyodorov, B. A. Khoruzhenko, and M. Poplavskyi, Extreme eigenvalues and the emerging outlier in rank-one non-

Hermitian deformations of the Gaussian unitary ensemble, Entropy 25 (2023), no. 1, 74. MR4539184

[77] Y.V. Fyodorov and W. Tarnowski, Condition numbers for real eigenvalues in the real elliptic Gaussian ensemble, Ann. Henri
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