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Abstract

This thesis aims to enhance the reliability of decision-making processes within pre-
vailing machine learning models. Ensuring such reliability is especially crucial in
applications with minimal error tolerance, necessitating high model performance re-
liability. To address this critical aspect, this thesis adopts two distinct perspectives:
Learning with Rejection (LwR) and top-rank learning.

Firstly, the thesis addresses the problem of decision ambiguity by adopting the
LwR approach. LwR excels in concurrently learning two independent functions:
one for traditional classification and another for rejection, which evaluates and con-
firms the decisions made by the classification function. These two functions are co-
optimized through the minimization of a common loss function. LwR provides a solid
theoretical foundation for optimizing decision-making processes and demonstrates its
potential utility in tasks requiring highly reliable recognition results. Experimen-
tal validation of the character recognition task substantiates the effectiveness of this
approach.

Secondly, the thesis leverages the top-rank learning approach to obtain only the
positive samples with extremely high ranking scores while ignoring any other samples.
The top-rank learning method is a variant of learning-to-rank, which aims to rank
the samples according to the rule to maximize the Area Under the Curve (AUC). The
learning mechanism of top-rank learning involves identifying the highest-ranked neg-
ative samples and optimizing the ranking process to prioritize placing more positive
samples ahead of them.

Furthermore, this thesis introduces the concept of Paired Contrastive Feature
(PCF), which treats paired inputs to a single model as an intra-related integration.
This concept complements current contrastive learning models and enhances their
performance by combining them with the previously mentioned LwR and top-rank
learning methods. Experiments conducted on three publicly accessible signature ver-
ification datasets demonstrate a noticeable improvement in prediction reliability. Ad-
ditionally, the thesis discusses limitations and outlines future avenues for research in
the concluding section.
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Chapter 1

Introduction

1.1 Background

Pattern recognition [2, 3, 4, 5] is a fundamental concept that underpins the core

principles of machine learning, essential for both human cognition and artificial intel-

ligence. It refers to the process of identifying, interpreting, and categorizing patterns

within data, spanning various formats of information. In the realm of machine learn-

ing, pattern recognition is the fundamental mechanism through which algorithms are

trained to extract meaningful insights from data, generalize their knowledge, and

make predictions or decisions.

Pattern recognition tasks often manifest in diverse forms, with two prevalent sce-

narios being (1) assigning a class label to each individual sample [6, 7, 5] and (2)

providing prediction scores for pairs of samples [8, 9, 10]. In the first scenario, each

sample is associated with a specific class label, indicating its categorization within a

predefined set of classes or categories. This type of pattern recognition is commonly

employed in applications such as image classification, where images are labeled as

“cat,” “dog,” or “car.” This fundamental form of pattern recognition is the basis for

most real-world applications. In the second prevalent scenario, pairs of samples are

evaluated to determine their relationship, often through output scores to pairs of

15



16 CHAPTER 1. INTRODUCTION

data samples. This approach is widely used in applications like signature verification,

where the system assesses whether two signature images belong to the same person.

Reliability in pattern recognition refers to the robustness and trustworthiness with

which a system can correctly identify and classify patterns in data inputs [11, 12]. It

is a critical aspect of any pattern recognition system, directly impacting its perfor-

mance and applicability in real-world settings. A reliable pattern recognition system

consistently produces accurate and consistent results, even in the presence of noise,

variations, or unseen data. This reliability is vital because it ensures that the system

can make trustworthy predictions or classifications, reducing the chances of errors or

misinterpretations. In real-world applications, particularly in fields where incorrect

results can have serious consequences, the reliability of pattern recognition systems

is paramount. In domains such as signature verification [13, 14, 15] in financial

fraud detection, dependable results are not merely a preference; it’s a fundamen-

tal requirement for ensuring security and effective decision-making. To secure this

level of reliability, pattern recognition systems must undergo rigorous training and

stringent validation procedures, incorporate well-designed features engineering, and

employ effective algorithms.

The reliability of predictions in pattern recognition can be compromised by various

factors, even when state-of-the-art models are employed. One significant challenge

arises when dealing with overlapping class distributions, a scenario where it becomes

theoretically impossible to guarantee error-free and dependable recognition [16, 17].

In such cases, the model’s inability to clearly distinguish between similar patterns can

lead to erroneous classifications and unreliable outcomes, as exemplified by instances

of overlapping class distributions in Fig. 1-1.

Conventional machine learning approaches frequently prioritize performance opti-

mization through feature engineering techniques [18, 19], often neglecting ambiguity

within the training data. Ambiguity in the dataset, as illustrated in Fig. 1-1, not

only affects predictive results in the test set but also influences the learning process
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Figure 1-1: The presence of inherent class ambiguity is frequently observed within
the distribution of two classes surrounding their classification boundary, posing a
potential threat to reliable classification performance. Addressing this class ambiguity
by removing such instances could enhance model training and improve predictive
capabilities. One of the most effective strategies for mitigating this challenge is to
reject ambiguous samples selectively.

during training when such ambiguity is present in the training data. The presence of

ambiguity underscores the critical importance of strategically mitigating ambiguity

in the training process to achieve dependable prediction results.

Even the most advanced machine learning models require ongoing refinement to

achieve higher levels of reliability. While state-of-the-art models exhibit remarkable

capabilities, they are not immune to the inherent challenges that persist in real-

world data. One main reason lies in the persistent ambiguity within the training set

data. Regardless of a model’s sophistication, ambiguous or overlapping samples pose

a significant challenge. Striving to capture every nuance in the training data can lead

to overfitting, where the model becomes excessively tailored to the intricacies of the

training data, resulting in decreased generalization and reliability.

1.2 Purpose

The primary purpose of this thesis is to enhance the predictive reliability of machine

learning models in the context of pattern recognition. This purpose arises from the
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inherent ambiguity and uncertainty often found within real-world data, a challenge

that even the most advanced machine learning models grapple with. In scenarios

where misclassifications are unacceptable, the need for improved reliability becomes

paramount. Current machine learning practices, which often focus on dataset quality

enhancement, pre-training, and cross-validation, have indeed made significant strides

in performance optimization. However, they sometimes fail to address misclassifica-

tions that persist, even after these standard remedies.

The core strategy involves selectively retaining unambiguous samples during both

training and testing. By training models on those samples, greater reliability and

generality can be achieved in predictions. This thesis explores innovative techniques

tailored to enhance decision-making accuracy in applications such as image classifi-

cation and signature verification.

Enhancing the predictive reliability in pattern recognition carries profound impli-

cations for a multitude of real-world applications, particularly those where incorrect

predictions can lead to severe consequences. This, in turn, facilitates transformative

advancements in artificial intelligence applications across diverse domains, ensuring

their practical performance. Consequently, this work aims to empower machine learn-

ing models to make more trustworthy decisions, fostering advancements in artificial

intelligence applications across diverse domains and unlocking the full potential of

machine learning.

1.3 Proposal 1: Introducing Rejection Option for

Ambiguous Sample Discard

In the realm of machine learning, addressing ambiguous samples that hinder the

recognition performance of models has been a persistent challenge. Existing solutions

have often resorted to recognition with a rejection option [20, 21, 22]. Figure 1-1

outlines the primary targets for rejection: those located within overlapping regions
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classification 
boundary

rejection threshold
(determined by
validation set)

Figure 1-2: Typical heuristic strategy for rejecting the samples in the overlapping area
of class distributions. This method assumes the presence of an accurate classification
boundary. However, when training the classification boundary, a question arises: how
can we effectively reject ambiguous samples?

of class distributions who have instigated the incorporation of a rejection mechanism

both during the training and testing phases. These samples lay in overlapping areas,

are inherently challenging to classify, and are better treated as “don’t-care” instances.

That is, they are better to be rejected from the prediction candidates.

Traditionally, heuristic rejection strategies have been employed to address am-

biguous samples. These strategies often involve discarding samples close to the clas-

sification boundary during the testing phase, as depicted in Fig. 1-2. This figure

portrays a straightforward rejection method for a Support Vector Machine (SVM),

wherein samples within the overlapping region are rejected if their proximity to the

classification boundary falls below a certain threshold [23].

However, the aforementioned heuristic rejection strategy has a notable limitation;

it presupposes the presence of a precise classification boundary to enable rejection.

In essence, it can only reject test samples, while the existence of ambiguous samples

within the training set adversely affects the determination of the classification bound-

ary. This underscores the necessity of introducing a more sophisticated rejection

mechanism, where the rejection criteria are co-optimized alongside the classification
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rejection function
𝑟 𝑥 = 𝒖 ∙ 𝚽′ 𝑥 + 𝑏′ = 0

classification function
𝑓 𝑥 = 𝒘 ∙ 𝚽 𝑥 + 𝑏 = 0

if 𝑟 𝑥 ≤ 0, 𝑥 is:

rejected 

(in the test step);

not used 

(in the training step)

𝚽 𝑥 : feature space for classification

𝚽′ 𝑥 : feature space for rejection

correspondence

rejected

remained

Figure 1-3: An overview of learning with rejection for a two-class problem. The
rejection function 𝑟(𝑥) is co-trained with the classification function 𝑓(𝑥). Note that
different feature spaces optimize 𝑟(𝑥) and 𝑓(𝑥).

boundary during the training phase.

To address these issues, this thesis proposes the adoption of the Learning with

Rejection (LwR) [24] strategy in recognition tasks. LwR is designed to identify and

exclude ambiguous samples, both during the training and testing phases. The fun-

damental concept behind LwR is to learn the classification function and a separate

rejection function simultaneously, co-optimizing both functions by distinct features

during the training phase.

Figure 1-3 provides an overview of the LwR framework. During training, the

rejection function 𝑟(𝑥) identifies and excludes (𝑟(𝑥) < 0) several samples, which are

then omitted from the classifier’s training process. Notably, this co-optimization
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represents a pivotal characteristic, where both the rejection function 𝑟(𝑥) and the

classification function 𝑓(𝑥) are optimized using different features of the inputs through

a unified optimization framework. This approach removes the need to presuppose a

precise classification boundary, enabling the rejection of ambiguous samples during

both training and testing.

Additionally, to effectively handle high-dimensional data such as images, an adap-

tation of LwR techniques is proposed, incorporating deep Convolutional Neural Net-

work (CNN) features known for their robust feature extraction capabilities. The

involvement of deep features offers an improved representation of high-dimensional

input data, surpassing the traditional LwR approach with kernel-based techniques.

The proposed LwR with deep features offers several advantages, including robust

theoretical underpinnings against overfitting, the flexibility to employ different fea-

ture spaces for the rejection function, and the ability to tackle challenging character

recognition tasks.

1.4 Proposal 2: Introducing Rejection Option for

Ambiguous Sample Pairs Discard

In pattern recognition tasks involving paired inputs, the rejection process is more

intricate than it initially seems. Firstly, rejecting one of the two inputs in a manner

similar to how a single sample is rejected in the previous section does not make sense.

This is because heuristic or learnable rejection techniques can reject the result of a

single input, as it represents class likelihood. However, the output of a dual-input

model can carry various meanings, such as representing the distance between the two

inputs or serving as a likelihood indicator of whether both inputs belong to the same

class. It cannot definitively indicate whether one of the two inputs should be rejected.

Moreover, even if considering rejecting two paired inputs simultaneously, relying

solely on the output score for this determination is insufficient. This is primarily
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because the model may use intricate computations to assess and manipulate the

inherent relationship between the two inputs. A single numerical value alone may

struggle to provide a sound basis for decision-making in such a context. Furthermore,

in the case of LwR, it is imperative to prepare distinct inputs for classification and

the rejection function. Ideally, both of these inputs should result from an effective

feature extraction process rather than being mere numerical values. Nonetheless, it’s

important to note that LwR cannot be directly applied to models dealing with paired

inputs that yield only a single output score.

Consequently, utilizing a unified feature for a pair of samples is practical. It

essentially entails combining the individual features of two samples to create a rep-

resentation that encapsulates the essence of the pair as a whole, as illustrated in

Fig. 1-4 (a). This united feature is anticipated not to transcend a mere concatenation

of features but a carefully crafted combination that captures the interplay and rela-

tionships between the two samples. Once the united feature is established, addressing

ambiguity equates to rejecting the united features of the paired inputs, as depicted in

Fig. 1-4 (b). Subsequently, the LwR technique can be directly applied to the unified

feature.

Determining the appropriate feature representation for a pair of samples is crit-

ical to this thesis. Several strategies will be considered to address this challenge

effectively. Initially, one might straightforwardly contemplate the direct concatena-

tion of the original features from both samples in the pair. However, this approach

may prove insufficient in capturing the nuanced relationships between the samples

despite its apparent simplicity, as elucidated in preceding sections. Alternatively, one

can delve into advanced methodologies wherein individual features undergo an intra-

related transformative learning process and excel in capturing the nuanced relation-

ships between samples. This results in generating more informative and intra-related

representations, ultimately contributing to forming a unified feature.

In the pursuit of achieving an optimal united feature representation for paired
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(a) The extraction and 
concatenation of features 

from the paired inputs

Feature extractor 
for paired inputs

Positive
United feature

Feature extractor 
for paired inputs

Negative
United feature

(b) Intrinsic ambiguity in 
the united features

Figure 1-4: (a) Illustrates a concise process for generating united features from a pair
of input data points (blue=positive, orange=negative) by feeding them into the same
feature extractor. Following this procedure, the inherent ambiguity appears among
the positive and negative united features, as depicted in (b). Rejecting this ambiguity
is equivalent to rejecting the paired inputs with ambiguity.

samples, a more advanced and promising technique involves leveraging the feature

representation derived from contrastive learning [25, 26, 27]. It operates by encour-

aging the model to distinguish between pairs of samples. It essentially teaches the

model to pull similar pairs closer while pushing dissimilar pairs farther apart in the

feature space. Its significance lies in its ability to unlock a multitude of applications,

ranging from computer vision to natural language processing, where it has demon-

strated remarkable performance improvements. Notably, contrastive learning allows

models to capture intricate patterns and semantic relationships in data, ultimately

paving the way for more robust and efficient machine learning systems.

The application of contrastive learning to feature representation of paired samples

can have transformative effects. By encouraging the model to create discriminative

representations of sample pairs, it can be expected that the united feature will capture

intricate patterns and semantic relationships between the samples more effectively.

This, in turn, can lead to more robust and efficient machine learning systems for

specific tasks.
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Figure 1-5: With PCF, LwR can handle the writer-independent signature verification
task. The coordinate axis represents a two-dimensional feature space in which the
data is distributed.

Given the substantial advantages of contrastive learning, I introduce the term

Paired Contrastive Feature (PCF) to characterize this novel feature representation

technique. PCF is a cutting-edge approach that harnesses the power of contrastive

learning to effectively capture intricate patterns and semantic relationships within

paired input data. Its application can indeed have transformative effects, establishing

it as a valuable tool for machine learning practitioners grappling with complex tasks

that necessitate paired input analysis.

The framework that combines PCF with LwR is depicted in Fig. 1-5. As intro-

duced in section 1.3, LwR employs a rejection function to assess whether a given

sample should be accepted or rejected. Specifically, it embodies a co-training pro-

cedure that simultaneously trains a rejection function and a rejection feature space

alongside a classifier and a classification feature space. This co-training procedure of

two functions and two feature spaces within LwR guarantees accurate and efficient
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Figure 1-6: (a) Standard learning-to-rank. The ranking function is trained to give a
higher rank value for positive samples (depicted as ∙) than negatives (×). (b) Top-
rank learning, whose objective is to have more absolute positives. (c) The difference
between (a) and (b) in Receiver Operating Characteristic (ROC) curves. (d) Reliable
signature verification by top-rank learning with PCF.

rejection. Besides, deviating from the model employed in section 1.3, here I adopt

a one-step CNN-based model to conduct LwR. This variation aims to provide bet-

ter control over the rejection rate, and the detailed structure of this model will be

explained in Chapter 4.
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1.5 Proposal 3: Introducing Top-rank Learning for

Reliable Sample Pair Detection

In addition to LwR, another approach aimed at enhancing the reliability of machine

learning model predictions is explored in this thesis. Termed top-rank learning, I

propose its integration with PCF to address the intricacies associated with paired

inputs effectively. Diverging from the operational mechanism of LwR, which seeks to

identify and mitigate the influence of ambiguity, top-rank learning adopts a distinct

strategy by proactively disregarding ambiguity from the outset. Its focus is exclusively

directed toward positive samples that surpass any negative samples in ranking scores,

thereby prioritizing unambiguous instances for consideration. Both LwR and top-

rank learning are crucial methodologies examined in this thesis, and it is imperative

to emphasize and maintain awareness of their distinctive characteristics throughout

the thesis.

Given that top-rank learning constitutes a specialized branch within the broader

category of learning-to-rank methods, initiating the exposition with an overview of the

conventional learning-to-rank approach is pertinent. learning-to-rank is a significant

subfield of machine learning that addresses the challenge of ranking items in a manner

that optimally captures the underlying patterns and relationships within data. The

illustrative representation of this concept is featured in Fig. 1-6 (a). learning-to-rank

finds application across a diverse spectrum of scenarios, encompassing web search,

recommendation systems, content retrieval, and other domains where the prioritiza-

tion of items based on their relevance or desirability holds paramount significance.

Standard learning-to-rank techniques primarily focus on ranking positive samples

higher than negative ones, which is equivalent to maximizing the Area Under the

Curve (AUC), whose curve is depicted in gray color in Fig. 1-6 (c). Although this

methodology is valuable for many ranking scenarios, it might not provide the level of

reliability required in situations where the utmost precision is essential. In particular,
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standard learning-to-rank falls short when seeking to maximize the ranking of positive

instances above negative ones. This limitation becomes apparent in tasks where the

reliability of rankings is a primary concern, as seen in domains like medical diagnosis,

where misclassification can have dire consequences.

To address the abovementioned limitation of standard learning-to-rank, top-rank

learning is distinguished by its unique objective: maximizing absolute positives, which

refer to positives that rank higher than the top-ranked negatives. This means not just

ranking positive samples higher than negative ones but ensuring that many positive

instances ranked higher than any negatives. To provide a clear contrast with standard

learning-to-rank, Fig. 1-6 (b) illustrates the fundamental concept of top-rank learn-

ing. This distinctive strategy of top-rank learning makes it powerful for enhancing

the identification of top positive cases, particularly suited for challenging tasks that

demand a high degree of reliability.

Top-rank learning introduces a novel paradigm to prioritize the absolute positives

instead of maximizing the AUC in traditional learning-to-rank. This is equal to

maximizing the pos@top (the ratio of absolute top positives to all positives) as shown

in the blue line in Fig. 1-6 (c). By doing so, it becomes possible to draw samples

that best meet the requirement. This shift in focus is particularly advantageous

in applications that require a high level of reliable prediction with extremely low

tolerance to errors.

In essence, top-rank learning presents a novel paradigm that emphasizes priori-

tizing absolute positives (the instances ranked higher than any negatives) over the

conventional approach of maximizing the AUC in traditional learning-to-rank meth-

ods. This emphasis corresponds to the maximization of pos@top, representing the

ratio of absolute top positives to all positives. This optimization objective is visu-

alized in the blue line in Fig. 1-6 (c), in contrast to the traditional learning-to-rank

objective.

The top-rank learning approach empowers the selection of samples that closely
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conform to specific criteria, making it exceptionally advantageous for applications

where precision and error avoidance are of utmost importance. Top-rank learning is

anticipated to produce remarkably reliable outcomes when implemented in pattern

recognition tasks. This advantage is particularly evident in challenging scenarios,

such as medical diagnosis, where the need for highly reliable predictions is critical.

In tackling tasks that require highly reliable predictions involving paired inputs,

integrating the top-rank learning strategy with PCF presents a seamless and effective

approach. Unlike LwR with PCF, top-rank learning enhances prediction reliability

by maximizing absolute positive samples. However, like LwR, the top-rank learning

approach also avoids predicting ambiguous samples.

When combining top-rank learning with PCF, these techniques can be applied to

a broader range of tasks involving paired inputs, such as signature verification. As

detailed in section 1.4, a PCF compiles the concatenated features with intrinsic rela-

tionships between paired inputs, offering sufficient information for top-rank learning

to make predictions. Figure 1-6 (d) illustrates how, by utilizing PCF, a highly reli-

able signature verification system can be realized, one that only accepts definitively

genuine samples via absolute positive PCFs.

1.6 Contributions

This thesis introduces several novel contributions:

• This work represents the first practical application of LwR to the field of pat-

tern recognition. While the concept of LwR holds significant promise for a wide

range of pattern recognition tasks, including character recognition and docu-

ment processing, there has been a notable absence of prior research applying

this concept to practical applications.

• To design features for classification and rejection, this study leverages a CNN as

a versatile multi-feature extractor. The classification function is trained using
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the output from the final convolutional layer, while the rejection function is

trained from a different layer of the CNN.

• Two comprehensive classification experiments are conducted, demonstrating the

superior performance of LwR over alternatives. Specifically, LwR outperforms

CNN with confidence-based rejection and traditional SVM using the rejection

strategy illustrated in Fig. 1-2 (b).

• The proposal of PCF is introduced as a mechanism for transforming a pairwise

prediction task into a sample-wise prediction task, which is especially valuable

for writer-independent signature verification.

• To the best of the authors’ knowledge, this work represents the first application

of two machine-learning frameworks, LwR, and top-rank learning, to achieve

highly reliable signature verification. The unique properties of PCF enable

these applications.

• Extensive experiments, employing multiple evaluation metrics, quantitatively

and qualitatively validate the high reliability of the proposed methods. These

experimental results provide robust evidence of the effectiveness and practical

applicability of the contributions.

1.7 Organization

This thesis is structured to provide a comprehensive understanding of the proposed

methods, their related work, and their application in the real world. The following

chapters delineate the progression of the research:

• Chapter 1 serves as a foundational backdrop to the thesis. It initially contextu-

alizes the pressing need for reliability in the field of machine learning, presenting

approaches and methods employed to attain this imperative. It then outlines the
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motivations, propositions, and objectives underpinning the proposed methods’

real-world applications. Finally, it succinctly summarizes this thesis’s novelty

and significant contributions.

• Chapter 2 conducts an extensive review of the relevant literature pertaining to

the proposed methods. It encompasses a comprehensive examination of LwR,

top-rank learning, contrastive learning, and their applications within character

recognition and signature verification domains.

• Chapter 3 delves into the proposed method of LwR in tandem with deep fea-

tures. This comprehensive section provides an overview of the LwR framework

and an in-depth exploration of its methodology and the intricate details of ex-

periment implementation.

• Chapter 4 is dedicated to presenting the details of the proposed PCF. It outlines

the method’s overarching structure, underlying methodology, and the collabora-

tive utilization of PCF with top-rank learning and LwR. Furthermore, it offers

an extensive look into its practical implementation in the realm of character

recognition and signature verification.

• Chapter 5 encapsulates the culmination of this thesis. It offers a conclusive

assessment of the proposed methods, elucidates their limitations, and provides

valuable insights into potential future research avenues and developments.



Chapter 2

Related Work

2.1 Machine Learning Methods for Reliable Decision

Making

This section outlines the related works that form the foundation of LwR and Top-rank

learning. These two approaches have distinct historical backgrounds and demonstrate

remarkable capabilities in diverse application scenarios, each contributing to enhanc-

ing the reliability of recognition results.

2.1.1 Learning with Rejection (LwR)

Reject options in machine learning have gained significance in improving prediction

reliability. They are being utilized in various tasks, including handwriting recogni-

tion [28, 29, 30] and image classification [31, 21, 32]. By enabling the rejection of

ambiguous predictions, particularly around the classification boundary, some meth-

ods contribute to overall performance improvement. Among the earliest works in

rejection-based algorithms, Fumera et al.[33] presented a rejection approach based on

ROC curves in binary classification, yielding an optimal threshold and providing the-

oretical guarantees. Remarkably, even in recent studies, the threshold-based rejection

31
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method remains popular and widely used[20, 34, 35].

LwR, in contrast to the threshold-based rejection approach, has emerged to of-

fer promising advantages. LwR involves learning an independent rejection function

alongside the classification function, introducing a flexible and independent rejection

mechanism. Cortes et al. [24] proposed a learning algorithm that simultaneously ob-

tains both the classification and rejection function, grounded in statistical learning

theory. Moreover, Mozannar et al.[36] introduced an LwR system that not only in-

corporates a rejection function but also considers the decision of a human expert,

enhancing its practicality in real-world scenarios.

Another notable contribution is SelectiveNet [37], which follows the concept of

LwR and adopts a CNN-based structure. SelectiveNet has demonstrated remarkable

application performance by integrating a highly representative classifier and rejector,

showcasing the potential of LwR in modern deep-learning architectures. Notably, Se-

lectiveNet excels in accurately controlling the rejection rate compared to the original

LwR model, as per its unique learning scheme.

This paper has explored the mechanism of LwR and its role in improving the

reliability of machine learning model decision-making processes. I have discussed

the application of LwR in character recognition tasks, building upon the traditional

machine learning method introduced in [24], which strong theoretical foundations

support. Furthermore, I have highlighted the utilization of LwR with a representa-

tional learning mechanism in [37] for signature verification tasks. These two distinct

methods hold different advantages and exhibit potential in diverse scenarios, further

underscoring the versatility and practicality of LwR.

2.1.2 learning-to-rank

The learning-to-rank strategy [38, 39] proves to be a highly effective approach when

the demand for identifying the most relevant targets is paramount. This is particularly

evident in tasks like signature verification [40, 41] and medical image recognition [42].
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In scenarios where obtaining highly reliable genuine signatures is crucial, learning-

to-rank is more reasonable than learning to classify. This is because learning-to-rank

allows signatures to be arranged in order of genuineness, as its key objective is to

rank queries in a supervised manner.

Among the existing ranking methods, bipartite ranking [43] is a typical learning-

to-rank approach. The main learning objective of bipartite ranking is to obtain a

scoring function that assigns higher values to positive samples (genuine signatures,

for instance) compared to negative ones (e.g., forged signatures). Since the objective

of the bipartite ranking is equivalent to maximizing the Area Under the Curve (AUC),

it has found applications in various domains where a high AUC is important. For

instance, the bipartite ranking has been effectively utilized in tasks such as product

recommendation systems [44], information retrieval [45], and ad click-through rate

prediction [46], where ranking plays a crucial role in optimizing user experience and

system performance.

Recent research has explored incorporating deep learning models into ranking

frameworks to enhance the learning-to-rank approach. Deep learning techniques,

with their ability to automatically extract intricate features, have shown promising

results in various ranking tasks. For instance, the work of Pang et al. [47] introduced

DeepRank, a deep learning-based method that effectively combines query-document

matching and learning-to-rank principles. Moreover, list-wise ranking algorithms have

also emerged as a popular direction in learning-to-rank research. ListNet [48], pro-

posed by Cao et al., is a notable example that aims to optimize the ranking list

instead of individual pairs of documents.

2.1.3 Top-rank Learning

Top-rank learning is a specialized type of bipartite ranking that focuses on optimizing

ranking performance at the top rather than considering the overall ranking [49]. The

primary objective of this approach is to maximize the number of samples that can
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be determined with an extremely high degree of certainty as positive (i.e., absolute

positives), ensuring that positive samples are ranked higher than any negative sample.

This emphasis on reliable predictions makes top-rank learning particularly suitable

for highly reliable tasks like signature verification.

A notable contribution to top-rank learning comes from Zheng et al. [42]. In this

work, the authors introduced a representation learning approach for top-rank learn-

ing using Neural Network to minimize the loss of 𝑝-norm push [50]. The parameter 𝑝

allows control over the concentration of the objective, enabling a focus on the upper

ranks of the ranking with varying degrees of intensity. Unlike previous methods based

on linear or non-linear kernels [49, 51], the model proposed in [42] achieves high per-

formance even for complex recognition tasks. This demonstrates the applicability and

effectiveness of top-rank learning in demanding domains that require high reliability,

such as medical diagnosis [52].

Furthermore, research in top-rank learning has also seen advancements in under-

standing the theoretical foundations and developing efficient algorithms. Li et al.[49]

provided foundational work on top-rank learning and established the theoretical un-

derpinnings of this approach. Boyd et al.[51] explored the use of top-rank learning in

the context of classification tasks, showing its potential to improve accuracy at the

top of the ranking. Moreover, the work of Frery et al. [53] contributes to the practical

aspects of top-rank learning by proposing efficient algorithms that scale well to large

datasets.

2.2 Contrastive Learning

This section provides an in-depth exploration of contrastive learning, elucidating its

fundamental concept and principle. Contrastive learning has emerged as a potent

paradigm in the realm of self-supervised representation learning and has garnered

remarkable success across a spectrum of domains, spanning computer vision and
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natural language processing [54, 55]. At its core, contrastive learning operates on the

principle of training a model through the contrast between positive pairs of samples

and negative pairs, compelling the model to map similar samples in closer proximity

within the learned representation space while simultaneously driving apart dissimilar

samples.

One of the foundational methodologies within contrastive learning is Siamese Net-

works, a concept initially introduced by Bromley et al. [56]. Siamese Networks adopt

a neural network architecture structured like twins, sharing weights to compute em-

beddings for pairs of samples. The network’s training objective revolves around the

minimization of the distance between embeddings for positive pairs and the maxi-

mization of distance for negative pairs. This mechanism allows the network to learn

to effectively discriminate between samples that exhibit similarity and those that are

distinct from one another.

2.3 Character and Signature Recognition

In this section, I explore two pivotal scenarios integral to this thesis: character recog-

nition and signature verification. The following subsections offer a comprehensive

introduction to the critical aspects of these two application domains, shedding light

on the key challenges and methodologies that underpin our investigation. This thesis

will also elaborate on the novel contributions to these fields, further enhancing their

practical applications and theoretical foundations.

2.3.1 Character Recognition

Character recognition aims to identify characters from scanned images or handwritten

documents automatically [57]. Early systems heavily relied on handcrafted features

and rule-based algorithms; techniques like Template Matching [58] involved matching

characters to predefined templates, which worked well for specific fonts but strug-
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gled with variations in writing styles, different fonts, and noisy images. As character

recognition evolved, feature engineering played a pivotal role in improving perfor-

mance. Notable techniques include Histogram of Oriented Gradients (HOG) [59],

Scale-Invariant Feature Transform (SIFT) [60], and Local Binary Patterns (LBP) [61].

Feature engineering approaches significantly enhanced recognition accuracy, although

they demanded domain expertise and manual tuning, limiting their adaptability to

different datasets.

With the advent of machine learning, character recognition systems shifted to-

wards data-driven approaches. Supervised learning algorithms, such as Support Vec-

tor Machines (SVM) [62] and k-Nearest Neighbors (k-NN) [63], gained prominence for

classifying characters based on labeled training data [64]. These algorithms achieved

impressive results, particularly with well-segmented and clean character images.

Further, CNNs have demonstrated their prowess in character recognition by au-

tomatically learning hierarchical features from raw pixel data, significantly reducing

the reliance on handcrafted feature engineering. In an early work by Bai et al. [65],

they introduced a shared-hidden-layer deep CNN architecture for image character

recognition. Remarkably, this CNN design employed common hidden layers across

characters from different languages, facilitating a universal feature extraction process

aimed at capturing shared character traits among various languages. Furthermore,

Aneja et al. proposed the application of transfer learning using pre-trained CNNs

to recognize handwritten Devanagari alphabets, achieving promising results [66]. By

leveraging knowledge from pre-trained models, the transfer learning technique signif-

icantly improved recognition accuracy for the intricate Devanagari script.

In enhancing the reliability of character recognition, an intrinsic challenge is en-

countered in distinguishing inherently indistinguishable characters, such as the hand-

written uppercase "I" and lowercase "l." Traditional methods may achieve high ac-

curacy, but they struggle with the forced division of these ambiguous characters. To

address this issue, I propose applying LwR in this manuscript, which allows us to
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exclude such uncertain samples rather than attempting to classify them forcibly.

2.3.2 Signature Verification

Signature verification tasks can be categorized into two main scenarios: writer-

dependent and writer-independent [67], as explained in Chapter 1 and Fig. 4-4 (a)

and (b). Additionally, signature verification tasks can be classified into online and

offline scenarios from another perspective [68]. Online signature verification ap-

proaches [69, 70] utilize signature information such as pressure and stroke, typically

involving time-series analysis. On the other hand, offline signature verification [71, 72]

relies solely on signature image information, which is more practical but presents

greater challenges in verification. In this paper, the offline writer-independent sce-

nario is the focal point due to its practicality and the heightened demand for reliability.

Various methods have been proposed to extract discriminative features from signa-

ture images. For instance, Zois et al. [73] introduced a method based on asymmetric

pixel relations designed to capture the static signature image’s intricate details. In

another work, Banerjee et al. proposed a wrapper feature selection method that com-

bines and selects features from multiple perspectives [74]. Parcham et al. presented

a novel approach [75], which utilizes a combination of CNN and Capsule Neural

Networks to capture spatial properties of signature features, leading to improved

verification performance.

SigNet [1] is one of the state-of-the-art methods for writer-independent skilled-

forgery-only signature verification based on contrastive learning mechanisms. This

model employs a Siamese network [56] for signature representation, leveraging metric

learning with contrastive loss. Empirical results demonstrated the superiority of

metric learning with contrastive loss over standard classification approaches.

However, even in the writer-independent scenario, existing signature verification

methods focus primarily on the feature mapping of each signature image while giv-

ing little attention to the contrastive relation within signature pairs. As previously
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mentioned, the writer-independent scenario involves a pairwise input consisting of a

query signature and a genuine reference signature. Therefore, it is more reasonable

to utilize the information from pairs of signatures rather than individual signatures.

Motivated by this, I introduce PCF, which leverages contrastive feature extraction

from signature pairs to enhance the verification process.



Chapter 3

Learning with Rejection with Deep

Features

3.1 Overview

This thesis focuses on enhancing the decision-making reliability of machine learn-

ing models. The primary emphasis is on improving their performance in character

recognition tasks, which often involve distinguishing between characters, especially in

challenging handwritten scenarios. To achieve this goal, I explore applying the LwR

method, a technique for identifying and rejecting ambiguous samples that could im-

pede recognition. Moreover, LwR is underpinned by a strong theoretical foundation,

rendering it a highly promising approach.

In this chapter, the primary objective is to harness the potential of the LwR

method to enhance the reliability and accuracy of decision-making in character recog-

nition applications. The proposed approach entails the development of an optimized

rejection function that works in tandem with the classification function. This collabo-

ration enables the learned rejection function to reasonably manage the rate of sample

rejections, thereby facilitating the segregation of recognition candidates with greater

uncertainty or ambiguity. By embracing the synergy between classification and re-

39
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jection, this approach empowers the recognition model to minimize its overall loss,

achieving optimal recognition performance within a controllable range of rejections.

This chapter unfolds as follows: Firstly, it introduces the methodology of the LwR

approach employed in this study, offering a comprehensive view of its intricacies and

underpinnings. Subsequently, the experimental settings utilized in the research are

detailed. Finally, the chapter presents the results from the experiments, followed by

a comprehensive discussion and analysis of the outcomes.

3.2 Methodology of Learning with Rejection

In this section, I present the problem formulation of LwR that involves introducing

key components. The training dataset is denoted as (𝑥1, 𝑦1), . . ., (𝑥𝑚, 𝑦𝑚), with 𝑥𝑖

denoting the input data and 𝑦𝑖 corresponding to the output or target value. I establish

two distinct functions, Φ and Φ′, each mapping input data 𝑥 into separate feature

spaces. Specifically, I define the linear classification function, 𝑓 = 𝑤 · Φ(𝑥) + 𝑏,

which operates within feature space Φ, alongside the linear rejection function 𝑟 =

𝑢 · Φ′(𝑥) + 𝑏′, operating within feature space Φ′. Consequently, the LwR problem

centers on the optimization of parameters 𝑤, 𝑏, 𝑢, and 𝑏′, aiming to discover the

optimal values for these parameters to effectively model the given training data and

attain the desired regression or classification outcomes. Refer to Fig. ?? to better

illustrate the overall process.

In the context of a two-class classification problem with a reject option, the deci-

sion rule employed is as follows:

(𝑓, 𝑟)(𝑥) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
+1 (𝑥 is class1) if (𝑓(𝑥) > 0) ∧ (𝑟(𝑥) > 0),

−1 (𝑥 is class2) if (𝑓(𝑥) ≤ 0) ∧ (𝑟(𝑥) > 0),

reject if 𝑟(𝑥) ≤ 0.

(3.1)
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To strike the optimal balance between classification accuracy and rejection rate,

the objective is to minimize the following composite risks:

ℛ(𝑓, 𝑟) =
𝑚∑︁
𝑖=1

(𝐼(sign(𝑓(𝑥𝑖)) ̸= 𝑦𝑖) ∧ (𝑟(𝑥𝑖) > 0)) + 𝑐𝐼(𝑟(𝑥𝑖) ≤ 0)) , (3.2)

where 𝐼(·) denotes an indicator function. Here, the parameter 𝑐 assumes the role

of a weight factor, influencing the significance of the rejection cost and reflecting

the penalty associated with the reject operation. Further, the initial portion of this

summation equation signifies that in cases of non-rejection, the cost associated with

an incorrect classification is equal to 1. To illustrate, consider document processing

tasks such as digit recognition scenarios for bank bills, where the consequences of

errors are exceedingly undesirable. In such cases, a lower value of 𝑐 can prove more

appropriate, actively encouraging the rejection of suspicious patterns to mitigate the

potential for costly mistakes. On the other hand, opting for a larger value of 𝑐 can be

appropriate in scenarios like character recognition for personal diaries. This choice

fosters a higher tolerance for ambiguous characters and makes accepting more of them

bearable, given their relatively lower impact on the overall task.

Given the intricate nature of directly minimizing the risk 𝑅 as described in Equa-

tion 3.2, an alternative approach was introduced by Cortes et al. [24]. This alternative

method relies on the utilization of a convex surrogate loss function, denoted as 𝐿, de-

fined as follows:

𝐿 = max
(︁
1 +

𝛼

2
(𝑟(𝑥)− 𝑦𝑓(𝑥)), 𝑐(1− 𝛽𝑟(𝑥)), 0

)︁
,

where 𝛼 = 1 and 𝛽 = 1/(1 − 2𝑐). In the work of Cortes et al. [24], it has been

demonstrated that the minimization problem of 𝐿, combined with a customary reg-

ularization applied to 𝑤 and 𝑢, leads to the following optimization problem, akin to
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SVMs:

min
𝑤,𝑢,𝑏,𝑏′𝜉

𝜆

2
‖𝑤‖2 + 𝜆′

2
‖𝑢‖2 +

𝑚∑︁
𝑖=1

𝜉𝑖

sub. to 𝜉𝑖 ≥ 𝑐 (1− 𝛽 (𝑢 ·Φ′ (𝑥𝑖) + 𝑏′)) ,

𝜉𝑖 ≥ 1 +
𝛼

2
(𝑢 ·Φ′ (𝑥𝑖) + 𝑏′ − 𝑦𝑖(𝑤 ·Φ (𝑥𝑖) + 𝑏)) ,

𝜉𝑖 ≥ 0 (𝑖 = 1, . . . ,𝑚), (3.3)

where 𝜆 and 𝜆′ are regularization parameters and 𝜉𝑖 is a slack variable. Indeed, the

problem described can be characterized as a quadratic programming (QP) problem

featuring a quadratic objective function subject to linear constraints. Leveraging the

properties of QP, the optimal solution can be efficiently computed using a specialized

quadratic programming solver. This approach ensures the effective and computation-

ally tractable optimization of the LwR model.

The optimal solution to (3.3) carries a theoretical guarantee regarding general-

ization performance, as postulated by [24]. Let us contemplate the selection of a

classification function, denoted as 𝑓 , from a set of functions 𝐹 , and a rejection func-

tion, denoted as 𝑟, from another set of functions 𝐺. Both 𝐹 and 𝐺 represent arbitrary

sets of functions that yield values within the set {-1, +1}. The risk on test samples

is represented by ℛtest, while the risk on training samples is denoted as ℛtrain. Sub-

sequently, the following assertions can be made:

ℛtest(𝑓, 𝑟) ≤ ℛtrain(𝑓, 𝑟) +R(𝐹 ) + (1 + 𝑐)R(𝐺). (3.4)

Here, R represents the Rademacher complexity [76], gauging the theoretical over-

fitting risk of a function set. Essentially, this theorem suggests that a judiciously

chosen feature space is not excessively complex and is mapped by Φ and Φ′, which

can yield test sample performance comparable to that achieved on training samples.
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By solving (3.3) to minimize ℛtrain, we obtain theoretically optimal classification

and rejection functions. These strike an optimal balance between the classification

error for non-rejected samples and the rejection cost, as elaborated by [77].

A robust theoretical foundation underpins the LwR solution obtained through the

aforementioned formulation. Analogous to the standard SVM solution, accompanied

by a theoretical guarantee regarding its generalization performance, the optimal so-

lution to the optimization problem (see Eq.3.3) in LwR also benefits from theoretical

justifications. Notably, the original LwR research primarily focused on theoretical

analysis and had not been practically applied previously. To the author’s knowledge,

this proposal represents the inaugural practical application of LwR to a real-world

task.

3.3 Application to Character Recognition

Methods for comparison

Through the experiments, I compare three methods: The proposed LwR approach,

the CNN classifier, and the SVM classifier1. The deep CNN features employed, which

already contain nonlinear compositions, make it possible for the SVM classifier set to

operate linearly.

The performances of these three classification models are compared by varying

the rejection cost parameter 𝑐 in the range of 0.1 to 0.4. The CNN and SVM output

class probabilities 𝑝(𝑦|𝑥), and I determine their final output, denoted as 𝑓(𝑥), based

on a confidence threshold 𝜃 as follows:

𝑓(𝑥) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
+1 (𝑥 is class1) if 𝑝(+1|𝑥) > 𝜃,

−1 (𝑥 is class2) if 𝑝(−1|𝑥) > 𝜃,

reject otherwise.

1An implementation of SVM is employed to estimate posterior class probabilities.
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The optimal confidence threshold 𝜃 for rejection is determined based on the risk

ℛ using the trained 𝑓(𝑥) and a validation set, where the ℛ of CNN and SVM can

both be defined as:

ℛ(𝑓) =
𝑚∑︁
𝑖=1

(𝐼((𝑓(𝑥𝑖)) ̸= 𝑦𝑖) ∧ (𝑓(𝑥) ̸= reject) + 𝑐𝐼(𝑓(𝑥) = reject)) ,

for the LwR model, validation samples are used especially for tuning hyperparame-

ters 𝜆 and 𝜆′ because LwR could determine its rejection rule by using only training

samples.

The learning scenario

In these experiments, I follow this learning scenario. For each binary classification

task, I divide the binary-labeled training samples into three sets: (1) A sample set

for training a CNN. This CNN is used not only as the feature extractor for LwR and

SVM but also as a CNN classifier. Note that this sample set will not be used in

the following steps. (2) A sample set for training SVM and LwR with the features

extracted by the trained CNN. (3) A sample set for validating the parameters of each

method.

Feature Extraction from a Pre-trained CNN

As mentioned above, one of the key ideas of LwR is to use different feature spaces

to construct a rejection function independent of the classification function. In this

regard, the outputs of two different layers of a pre-trained CNN are utilized for the

classification function 𝑓(𝑥) and the rejection function 𝑟(𝑥), as depicted in Fig. 3-

1. Specifically, I employ the final convolutional layer of the CNN for classification.

Notably, the SVM classifier uses exactly the same layer as its feature extractor. For

the training of the rejection function, the second-to-last layer of the CNN is utilized,

as it exhibited superior performance in our preliminary experiments. It has to be
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Classification function

Rejection function
Input feature space

…

Different 

feature

spaces 

by CNN

Figure 3-1: Extracting different features from CNN for LwR.

underlined that using different layers for classification and rejection functions prevents

the LwR model from becoming an SVM-like model relying solely on one feature space.

Evaluation criteria

To assess the classification performance with the reject option for these three models

using the test set, I consider the evaluation metric classification accuracy for non-

rejected test samples:

accuracy =

∑︀
𝑥𝑖∈{𝑆−𝑆𝑟𝑒𝑗}

𝐼(𝑓(𝑥𝑖) = 𝑦𝑖)

|𝑆| − |𝑆rej|
,

and the rejection rate:

rejection rate =
|𝑆rej|
|𝑆|

.

Here, 𝑆 represents the test set, 𝑆rej denotes the set of rejected samples in the test

set, 𝑓 indicates the classification function of each method, and 𝑓(𝑥𝑖) represents the
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Figure 3-2: Examples of ‘I’ (upper row) and ‘J’ (lower row) form notMNIST.

0.98

0.00 0.05

c
la

s
s
if
ic

a
ti
o

n
 a

c
c
u

ra
c
y

rejection rate

c=0.1

0.2

0.3

0.1

0.2

0.3

0.4

0.1

0.2

LwR

SVM

CNN

0.4

0.10 0.15 0.20

1.00

0.99

0.97

0.96

0.943

(c=0.3)

0.922

(c=0.4)

Figure 3-3: The relationship between accuracy and reject rate for the classification
task between ‘I’ and ‘J’ from the notMNIST dataset.

classification result of sample 𝑥𝑖.

3.3.1 Classification of Similar Characters with Reject Option

In this section, I employ the dataset named notMNIST2 for both training and test

purposes. The notMNIST dataset comprises images of alphabets ‘A’ to ‘J’ rendered in

various fonts. To challenge the proposed recognition models, I select a pair of highly

similar letters, ‘I’ and ‘J,’ setting the stage for a demanding two-class recognition

task where the option to reject ambiguous samples becomes crucial. The examples of

2https://www.kaggle.com/lubaroli/notmnist/
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these characters are depicted in Fig. 3-2.

For the experiment, I randomly sampled 3,000 training instances each for the

letters ‘I’ and ‘J’ from the notMNIST dataset. Among these, 2,000 samples, with an

equal distribution of I and J, are designated for CNN training, another 2,000 for SVM

and LwR training, and another 2,000 for validation purposes. Using these datasets,

I created three classifiers: CNN with a reject option, SVM with a reject option, and

LwR.

The architecture of the CNN used in this experiment is described as follows:

• Two consecutive convolutional layers, each equipped with three kernels of size

3× 3 and a stride of 1.

• Two pooling layers with a kernel size of 2× 2 and a stride of 2, each following

a convolutional layer.

• Rectified Linear Units (ReLU) activation function after each pooling layer.

• At the end of the network, there are three consecutive fully connected layers

with 3,136, 1,568, and 784 hidden units, respectively.

The training process involves the minimization of the cross-entropy loss. Figure 3-

3 illustrates the relationship between the recognition accuracy and rejection rate,

as evaluated on the test dataset. Notably, LwR outperforms the standard SVM

with a reject option by a heuristically determined rejection threshold. Interestingly,

CNN exhibits a slight advantage over LwR when the rejection rate is extremely low,

potentially attributed to the CNN classifier, specifically the fully connected layers,

being jointly trained and tuned alongside the feature extraction part of the CNN.

However, the graph suggests that LwR might be more capable of rejecting potentially

threatening samples than the CNN method. As showcased in the following section,

it anticipates LwR to shine in a more realistic experiment.
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Figure 3-4: Examples from Chars74k (upper row) and CIFAR100 (lower row)
datasets.
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Figure 3-5: The relationship between accuracy and reject rate for character and non-
character classification using Chars74k and CIFAR100.

3.3.2 Classification of Character and Non-character with Re-

ject Option

In this section, I delve into a more practical application involving the classification

of characters and non-characters—a task inherently challenging due to the ambiguity

between these categories. Notably, this classification task plays a pivotal role in

scene text detection [78], where distinguishing between characters and non-characters

remains a formidable challenge due to the ambiguity between characters and non-

characters.
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Figure 3-6: Test samples misclassified by the LwR, the standard SVM, and the CNN
at different 𝑐 ∈ {0.1, 0.2, 0.3, 0.4}. Rejected samples are highlighted in red.
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For the experimentation, I turn to the Chars74k dataset3, serving as the source for

scene character images. This dataset encompasses a substantial collection of character

images captured in natural scenes. In opposition, as the non-character dataset, I

utilize the CIFAR100 dataset4, known for its diverse array of objects commonly found

in natural environments as well. All image samples from these datasets undergo

grayscale conversion and resizing to dimensions of 32 × 32 pixels, as depicted in

Fig. 3-4.

From both the CIFAR100 and Chars74k datasets, I randomly selected 5,000 im-

ages each for training of the experimentation. Among these, with an equal distri-

bution of CIFAR100 and Chars74k datasets, 6,000 are allocated for CNN training,

while 2,000 are reserved for SVM and LwR training. Moreover, an additional set of

2,000 samples is earmarked for validation purposes. After training, I obtained a CNN

classifier, SVM with rejection thresholds, and the LwR model, and the CNN with the

following architecture was used for this task:

• Convolutional layers with 32, 64, and 128 kernels, featuring kernel sizes of 3×3,

5× 5, and 5× 5, with stride values of 1, 2, and 2, respectively. Rectified Linear

Units (ReLU) serve as the activation function.

• One max-pooling layer with a 2× 2 sized kernel and stride 2.

• Two fully connected layers, boasting 512 and 2 units, with ReLU and softmax

activations at the network’s end.

The training process revolves around minimizing the cross-entropy loss. In Fig. 3-

5, I present the test accuracy achieved using 2,000 random samples from the Chars74k

and CIFAR100 datasets. Here, it becomes evident that LwR strikes an optimal bal-

ance between accuracy and rejection rate among the three methods. Surprisingly, for

rejection cost parameters 𝑐 = 0.3 and 𝑐 = 0.4, LwR predicts labels for all test samples,
3http://www.ee.surrey.ac.uk/CVSSP/demos/chars74k/
4https://www.cs.toronto.edu/ kriz/cifar.html
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meaning that no samples are rejected. Despite this, LwR maintains higher accuracy

than CNN. Since excessive rejections result in higher losses, LwR avoids making

unnecessary rejections. This outcome underscores the potency of the theoretically

formulated LwR, which is designed to minimize risk (𝑅) through its classification

and rejection functions, while the reject option for CNN and SVM leans toward a

heuristic approach.

Figure 3-6 provides visual examples of image samples that would be misclassified

without the aid of the rejection function. These are the instances where relying solely

on the classification function 𝑓(𝑥) would result in misclassification. Remarkably,

the samples highlighted within red boxes represent those successfully rejected by the

rejection function 𝑟(𝑥). These highlighted samples underscore the complementary

nature of the classification function 𝑓(𝑥) and the rejection function 𝑟(𝑥). Additionally,

it is worth noting that LwR rejects a distinct set of samples compared to SVM and

CNN, as LwR employs different feature spaces for classification and rejection. This

insight reveals the unique capabilities of LwR in enhancing classification accuracy by

effectively managing the reject option.

3.3.3 Summary

In this chapter, I introduce a novel approach that harnesses the power of LwR. It

devises a learnable optimal rejection method to filter out ambiguous samples through

an independently learned rejection function. Notably, this rejection function is co-

trained alongside a classification function equipped with deep features within the

overarching LwR framework. Several key highlights of LwR are elucidated as follows.

The first one is the theoretical foundation; unlike conventional heuristic rejection

strategies, the LwR is grounded in machine learning theory, lending it a robust and

principled foundation. The next one is its versatility of feature spaces, where training

the rejection function in an arbitrary feature space is possible, distinct from the one

used for classification. This flexibility empowers the LwR model to select a feature
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space that is optimally suited for rejection purposes, a novel aspect that enhances its

practical applicability.

Traditionally, LwR research has predominantly focused on its theoretical under-

pinnings. However, I propose a shift towards leveraging LwR for practical pattern

classification tasks. Furthermore, I advocate for the use of features extracted from

various CNN layers for both classification and rejection.

The primary objective of this chapter is to unveil the efficacy of the proposed

rejection function, which confers the distinct advantage of bolstering decision-making

reliability, especially in intricate character recognition tasks. I delve into the intrica-

cies of optimizing the rejection function, providing a comprehensive exposition of its

theoretical foundations. Encompassing notMNIST classification and character/non-

character classification experiments, the investigations in this work firmly substan-

tiate the superiority of the proposed method over conventional rejection strategies.

This underscores the practical viability and tangible performance gains the proposed

approach offers.



Chapter 4

Paired Contrastive Features (PCF)

4.1 Overview

This chapter introduces the concept of PCF within the context of highly reliable

writer-independent signature verification tasks. As mentioned in section 1.4, PCF

is represented as the concatenation of two contrasting features. Since in scenarios

where the authentication of signatures is crucial and often demanding, the extraction

of signature features needs to be treated with caution. Extracting contrastive fea-

tures from the paired signatures being compared becomes paramount, especially in

writer-independent scenarios where new writers lack sufficient training data. These

contrastive features are the basis for determining whether the two signatures originate

from the same writer. In this chapter, I leverage the power of contrastive features

and propose the concept of PCF as a means to train more reliable models, ultimately

enhancing the performance and reliability of signature recognition.

The primary objective of this chapter is to elucidate the principles underlying

PCF, highlight its advantages, and explore its two distinct applications within vari-

ous mechanisms. To begin, a comprehensive definition of PCF, accompanied by an

explanation of its constituent elements, is provided. Subsequently, I delve into the

methodology for generating PCFs, where I introduce the Siamese architecture as a

53
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Figure 4-1: Overview of proposals of two machine learning frameworks with PCF:
learning with rejection and top-rank learning, for highly reliable signature verification.

pivotal component of this process.

Following this, I discuss the integration of the proposed PCF with two reliable

machine-learning frameworks: Learning with Rejection (LwR) and Top-rank learning.

An overview of this process is illustrated in Fig.4-1.

Each PCF is constructed by leveraging the distinctive features of two signatures:

the genuine reference signature 𝐺 and the query signature 𝑄. The underlying princi-

ple of PCF revolves around the training of these features to be contrastive, effectively

amplifying the differences between genuine and forged signatures. Through this ap-

proach, PCF capitalizes on the inherent advantages of contrastive features to bolster

the reliability and precision of signature verification.

Subsequently, a detailed account of the experimental applications of PCF within

the context of signature verification tasks is presented. Particular emphasis is placed

on its compatibility with writer-independent scenarios. To conclude, I thoroughly

discuss the findings and acknowledge the limitations of this work.

4.2 Definition of PCF

In section 1, I concisely introduced the PCF, a foundational element within the pro-

posed methodologies designed for tasks involving contrastive learning processes. PCF

is structured as a feature vector comprising two contrasting components, as illustrated

in Fig. 4-1. The subsequent elucidation defines PCF using the following components:
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𝐺 represents a genuine reference signature while 𝑘 denotes its true writer. 𝑄+ corre-

sponds to a genuine query signature authored by writer 𝑘. 𝑄−, on the other hand,

represents a forgery query signature, which is not authored by writer 𝑘. I denote the

contrastive feature vectors of these components as 𝑔, 𝑞+, and 𝑞−, respectively.

Next, detailed information regarding extracting these contrastive features will be

explained. As illustrated in Fig. 4-1, I mathematically define a positive PCF, denoted

as 𝑥+, as the vector concatenation (⊕) of 𝑔 and 𝑞+. Similarly, a negative PCF denoted

as 𝑥− is defined as the vector concatenation of 𝑔 and 𝑞−. It is important to note that,

in this context, a portion of the genuine signatures is randomly selected to serve as

reference signature 𝐺, while the remaining subset is utilized as 𝑄+, and notably, there

is no overlapping between these two sets.

Given that the dataset originally does not categorize genuine signatures into 𝐺 and

𝑄+, the formation of PCF necessitates reconsidering the new grouping’s calculation

for the number of training data. When there is a training dataset consisting of

𝐿0 genuine references and 𝐿𝑔 genuine queries for each of the 𝐾 writers, a positive

PCF set Ω+ = {𝑥+
𝑖 }𝑚𝑖=1, where 𝑚 = 𝐿0𝐿𝑔𝐾 can be obtained. Likewise, when there

are 𝐿𝑓 forgery queries for each writer, I create a negative PCF set Ω− = {𝑥−
𝑗 }𝑛𝑗=1,

where 𝑛 = 𝐿0𝐿𝑓𝐾. It is crucial to highlight that the division of the data into

training, validation, and test sets is writer-centric. This implies that a writer whose

signatures are incorporated into the training dataset will not be represented in either

the validation or test sets.

The essence of PCF generation lies in contrastive feature extraction, which aims

to accentuate inter-writer dissimilarities while mitigating intra-writer similarities. In

other words, the features extracted from 𝑔 and 𝑞+ should exhibit similarity, whereas

those from 𝑔 and 𝑞− should manifest dissimilarity. This preprocessing step emphasizes

the differences between different writers and reduces the influence of individual writing

styles within PCF creation.

PCF is a critical foundation for enabling writer-independent signature verification
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and facilitating the application of various machine-learning models. A straightforward

approach involves using a standard binary classification model such as the SVM. In

this approach, if a PCF is classified as positive, it indicates that the same writer

authored both the query and the reference signatures. However, as explained in the

next two sections, this work employs more advanced machine learning techniques to

achieve a highly dependable signature verification system with PCF.

The overarching verification process with PCF follows these steps: First, I train

a verification model using the combined dataset Ω = Ω+ ∪Ω−. Then, given a PCF

𝑥 = 𝑔 ⊕ 𝑞, the trained model determines whether the writer of 𝑔 authored 𝑞. In the

proposed writer-independent scenario, the writers of 𝑔 and 𝑞 are not part of the set of

𝐾 writers from the training signatures. Consequently, the trained model is applicable

to PCFs from arbitrary writers.

It is essential to emphasize that the proposed approach employs PCF in the

“skilled-forgery-only” condition, wherein the forgery query 𝑄− is intentionally crafted

to resemble the genuine reference 𝐺. This contrasts with previous signature verifica-

tion approaches that often assume a more lenient “random forgery” condition, where

any arbitrary forgery is considered. However, the “skilled-forgery-only” condition

solely focuses on forgeries of the same signature as the genuine reference, rendering

it significantly more challenging. Additionally, the forgeries in this condition must

be visually similar to the genuine reference, further increasing the difficulty. Based

on the above, this challenging condition is more practical and suitable for achieving

reliable signature verification.

To implement contrastive feature extraction for PCF, I employ a Siamese network,

which has also been utilized in SigNet [1], a state-of-the-art signature verification

model in the skilled-forgery-only condition. The Siamese network is based on CNNs

and utilizes the contrastive loss function:
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Figure 4-2: Reliable signature verification by LwR with PCF.

ℒ𝑐𝑜𝑛𝑡𝑟𝑎𝑠𝑡𝑖𝑣𝑒 = (1− 𝑧)𝐷2 + 𝑧max(0,𝑚𝑎𝑟𝑔𝑖𝑛−𝐷)2. (4.1)

The variable 𝑧 in the function serves as a binary indicator, denoting whether two

signatures belong to the same class or not. Meanwhile, 𝐷 represents the Euclidean

distance computed in the embedded feature space between two signatures, and the

margin controls the acceptable range of distance for positive pairs, which is set to 1

in our case. This loss function encourages the reduction of feature distance between

samples from the same class (i.e., the same writer in the proposed context) while

maximizing the distance between samples from different classes. This network archi-

tecture effectively captures the discriminative features required for writer-independent

signature verification.

4.3 PCF with Rejection Model

As introduced in section 1.4 and Fig. 1-5, LwR learns a rejection function and its

rejection feature space simultaneously with a classification function and its classifica-

tion feature space. Consequently, ambiguous samples are rejected to guarantee that

the non-rejected samples are classified with high reliability.

As detailed in section 2.1.1, LwR offers multiple approaches for its formulation,

distinct from the QP learning strategy [24] employed in the previous chapter. In

this context, I employ the model structure of SelectiveNet [37], which differs from
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the network used in Chapter 3. SelectiveNet follows a one-step learning approach,

optimizing feature mapping for both classification and rejection. It utilizes a softmax

activation function at the final layer to transform negative values into positive ones.

This modification shifts the threshold for determining whether a prediction should be

rejected in Eq. 3.1 from 0 to 0.5.

The proposed rejection model incorporates two distinct output channels for clas-

sification and rejection, denoted as 𝑓pair(𝑥) and 𝑟pair(𝑥), respectively. Specifically,

𝑓pair(𝑥) is a binary classification function with values in the set {0, 1}, while 𝑟pair(𝑥)

represents a continuous rejection function with values within the interval [0, 1]. A

fundamental aspect of the proposed methodology is the following decision rule:

(𝑓pair, 𝑟pair)(𝑥) =

⎧⎪⎨⎪⎩𝑓pair(𝑥) if 𝑟pair(𝑥) ≥ 0.5,

reject if 𝑟pair(𝑥) < 0.5.

(4.2)

Figure 4-2 shows the network structure for co-training two functions 𝑓pair(𝑥) and

𝑟pair(𝑥) with PCF. Given a PCF input 𝑥, the network outputs the predictions of

𝑓pair(𝑥) and 𝑟pair(𝑥). These two functions are co-trained with the representations

for 𝑥 by the CNN in Fig. 4-2. As shown in Fig. 4-2, 𝑟pair(𝑥) employs extra fully

connected layers with ReLU. Thus, the feature space of 𝑟pair(𝑥) is different from the

classification feature space of 𝑓pair(𝑥).

In accordance with the training methodology employed in SelectiveNet [37], I

incorporate a dual loss function strategy, consisting of ℒ1 and ℒ2, to facilitate the

optimization of the neural network model. The primary loss function, denoted as ℒ1,

pertains to the concept of rejection and is formally defined as:

ℒ1 = ℛpair + 𝜅max(0, 𝑣 − 𝒱)2, (4.3)

where 𝜅 is a hyper-parameter that controls the strength of the soft-constraint term
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max(0, 𝑣−𝒱), which in the above equation, this term is squared for strictly penalizing

the case of 𝑣 > 𝒱 .

Furthermore, the parameter 𝑣 represents the desired coverage level the rejection

function aims to maintain under ideal circumstances. In contrast, the actual coverage

value 𝒱 quantifies the proportion of samples that are not subject to rejection:

𝒱 =
1

𝑚+ 𝑛

𝑚+𝑛∑︁
𝑖=1

𝑟pair(𝑥𝑖). (4.4)

The left-hand side of Eq. 4.3 signifies the “rejection risk,” denoted as ℛpair, which is

defined as follows:

ℛpair =
1

𝑚+ 𝑛

𝑚+𝑛∑︁
𝑖=1

𝑙𝐶𝐸(𝑓pair(𝑥𝑖), 𝑦𝑖)𝑟pair(𝑥𝑖)/𝒱 . (4.5)

In this equation, 𝑚 corresponds to the count of positive PCF (Ω+), and 𝑛 denotes

the count of negative PCF (Ω−). The term 𝑙𝐶𝐸(𝑧) signifies a cross-entropy loss, and

consequently, 𝑙𝐶𝐸(𝑓pair(𝑥𝑖), 𝑦𝑖)𝑟pair(𝑥𝑖) quantifies the loss associated with retaining a

misclassified sample 𝑥𝑖. Further, the division by 𝒱 is essential to prevent a trivial

solution in which 𝑟pair(𝑥𝑖) ≡ 0, signifying the rejection of all samples.

Equation 4.3 is derived by transforming the following hard-constrained minimiza-

tion problem into a soft-constrained problem:

minℛpair subject to 𝒱 ≥ 𝑣. (4.6)

This transformation is introduced to circumvent excessive rejections, which could lead

to the actual coverage falling below the desired target coverage.

The other loss function, denoted as ℒ2, is introduced to independently optimize

the classifier 𝑓 over all samples and is defined as:
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Figure 4-3: Training process of top-rank learning with PCF.

ℒ2 =
1

𝑚+ 𝑛

𝑚+𝑛∑︁
𝑖=1

𝑙𝐶𝐸(𝑓pair(𝑥𝑖), 𝑦𝑖). (4.7)

Finally, by combining ℒ1 and ℒ2, the overall loss is formulated as:

ℒoverall = 𝜌ℒ1 + (1− 𝜌)ℒ2, (4.8)

where 𝜌 ∈ [0, 1] serves as a hyper-parameter to balance the two loss functions, this

comprehensive loss function, in comparison to the loss function introduced in the

previous chapter, offers more precise control over the rejection coverage by adjusting

the parameter 𝑣 instead of the cost parameter 𝑣. Additionally, the inclusion of ℒ2

places greater emphasis on the general performance of the classification function, thus

preventing the model from converging to a local minimum prematurely during the

learning of the rejection function.

4.4 PCF with Top-rank Learning

In this section, I introduce the concept of top-rank learning as a framework for enhanc-

ing the reliability of signature verification within the PCF context. As highlighted in

Chapter 1 and illustrated in Fig. 1-6, the primary objective of top-rank learning can
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be defined as follows:

pos@top =
1

𝑚

𝑚∑︁
𝑖=1

𝐼

(︂
𝑡(𝑥+

𝑖 ) > max
1≤𝑗≤𝑛

𝑡(𝑥−
𝑗 )

)︂
, (4.9)

where 𝐼(·) denotes an indicator function. Pos@top represents the “absolute positives”

ratio to the total number of positive samples (𝑚). Absolute positives are positive

samples whose ranking scores exceed those of any negative samples. In other words,

a sample 𝑥+
𝑖 is classified as an absolute positive if it satisfies the condition specified

in the indicator function of Equation (4.9). These absolute positives are considered

highly reliable positive samples since they outrank even the “top-ranked negative,”

defined as max1≤𝑗≤𝑛 𝑡(𝑥
−
𝑗 ).

One of the notable advantages of top-rank learning with PCF is its capability to

enable stringent and highly reliable signature verification. The procedure involves

first obtaining a ranking function 𝑡(𝑥) that maximizes pos@top. Subsequently, a

top-ranked negative sample is identified, and its rank score, denoted as 𝑡topneg, is

determined for a given test dataset. Finally, when a PCF 𝑥 = 𝑔 ⊕ 𝑞 qualifies as an

absolute positive (i.e., 𝑡(𝑥) > 𝑡topneg), I confidently verify 𝑥 as a positive PCF and its

corresponding query 𝑄 as genuine.

This verification scheme offers two crucial benefits regarding the threshold 𝑡topneg:

• Automated Threshold Determination: The value of 𝑡topneg is automatically de-

termined during the pos@top maximization process with respect to the ranking

function 𝑡. This eliminates the need for heuristic or naive threshold-setting

methods.

• Dependency on a Single Negative Sample: 𝑡topneg relies on a single negative

sample, simplifying the threshold determination process. Consequently, even

highly skilled forgeries that closely mimic genuine signatures may result in hard-

negative samples with high 𝑡topneg scores, making it challenging for genuine pairs

to be classified as absolute positives. This property reinforces the system’s
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reliability, even in conditions dominated by skilled forgeries. Additionally, this

property also addresses situations with significant intra-writer variability, where

positive PCFs may not exhibit distinctly higher rank values compared to hard-

negative PCFs. Such scenarios will be explored further in the later experiments

with UTSig.

Figure 4-3 illustrates the training process of top-rank learning with PCF. Each

PCF in a minibatch undergoes non-linear transformation and rank score calculation

within a network model. While the primary goal of top-rank learning is to maximize

pos@top as per Equation (4.9), direct maximization often leads to overfitting. To

mitigate this issue, I employ the 𝑝-norm relaxation technique (as described in [50, 42])

to convert Equation (4.9) into a more suitable loss function:

ℒTopRank =
1

𝑚

𝑚∑︁
𝑖=1

(︃
𝑛∑︁

𝑗=1

(︀
𝑙(𝑡(𝑥+

𝑖 )− 𝑡(𝑥−
𝑗 ))
)︀𝑝)︃ 1

𝑝

, (4.10)

where 𝑙(𝑧) = log(1 + 𝑒−𝑧) represents a surrogate loss function.

By setting 𝑝 = ∞, Equation (4.10) reduces to Equation (4.9). However, selecting

a relatively smaller value for 𝑝 (e.g., 4, 8, or 16) ensures that Equation (4.10) exerts a

milder influence on the maximization of pos@top, thereby mitigating the risk of over-

fitting. Another key technique for stable training involves organizing mini-batches

to address sample imbalances. During training, positive samples in each minibatch

should be ranked higher than the top negative samples within that minibatch. Con-

sequently, each minibatch should include a sufficient number of negative samples to

ensure the presence of a negative sample that closely approximates the top-ranked

negative sample for effective training.
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Figure 4-4: Two scenarios of signature verification. ‘Q’ and ‘G’ refer to query and
genuine reference signatures, respectively.

4.5 Application to Signature Verification

The application of PCF is particularly compelling in the domain of signature verifi-

cation, given its prevalent use in financial transactions and the handling of personal

information. In this context, the need for the utmost reliability is paramount [68, 79].

In the context of signature verification, two primary scenarios are commonly encoun-

tered, each presenting distinct requirements and challenges, as visually represented

in Fig. 4-4.

As shown in Fig. 4-4 (a), the writer-dependent scenario mandates the develop-

ment of individual models for each unique writer, necessitating the maintenance of

substantial databases containing writer-specific signatures. In contrast, the writer-

independent scenario, as illustrated in Fig. 4-4 (b), seeks to establish a universal

model applicable to all writers, offering a practical and desirable approach. From this

comparison, it becomes evident that writer-independent methods demand less effort

in terms of training models for individual users and do not require additional data

when new users join the system. These advantages render writer-independent meth-

ods more practical despite their intrinsic challenges compared to writer-dependent

methods. In this thesis, my primary focus is on investigating the utilization of PCF

in conjunction with reliable pattern recognition strategies within writer-independent

scenarios.
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4.5.1 Datasets

To evaluate the performance of the reliable writer-independent signature verification

with PCF, I applied them to three commonly used signature datasets: BHSig-B,

BHSig-H, and UTSig. Figure 4-5 shows examples of genuine and forgery from these

three datasets.

BHSig-B and BHSig-H represent two subsets within the BHSig260 dataset,

which is available for downloading1. BHSig-B contains Bengali signature images,

while BHSig-H contains Hindi signature images. Each subset includes 24 genuine sig-

natures and 30 skilled forgery signatures for each writer. In total, BHSig-B comprises

100 writers, while BHSig-H consists of 160 writers.

The UTSig dataset is a collection of Persian signatures obtained from university

students, also accessible for downloading2. This dataset encompasses 115 distinct

writers, each contributing 27 genuine signatures, three opposite-hand signatures, six

specially crafted skilled forgeries by experts, and 36 skilled forgeries by individuals

without expert training. As per precedent in the literature [80], I considered all 45

forged signatures as skilled forgery samples.

The selection of these datasets is motivated by the emphasis on the “skilled-forgery-

only” condition, necessitating datasets with a substantial number of skilled-forgery

images. In contrast to prior studies, where the “random-forgery” condition often

prevails, involving the mixing of several relatively small datasets to generate random

forgeries, our approach adheres to the “skilled-forgery-only” condition. This choice

aligns with our primary focus on achieving high reliability in tackling a challenging

verification task.

The dataset samples are used in the following manner. Initially, an equal number

of positive pairs (𝐺, 𝑄+) and negative pairs (𝐺, 𝑄−) were generated to derive 𝑥+ and

𝑥−, respectively. Specifically, in the cases of BHSig-B and BHSig-H, where there are

1http://www.gpds.ulpgc.es/download
2http://mlcm.ut.ac.ir/Datasets.html
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Genuine Skilled forgery Genuine Skilled forgery Genuine Skilled forgery

(a) BHSig-B dataset (b) BHSig-H dataset (c) UTSig dataset

Figure 4-5: Examples of genuine and forgery signatures from each dataset.

276 positive and 720 negative pairs for each writer, I randomly selected 276 pairs from

the 720, ensuring no duplication. Subsequently, these pairs were divided into training,

validation, and test sets at an 8:1:1 ratio based on writers, with the validation set

being utilized for early stopping and hyper-parameter tuning. Consequently, the sets

are writer-disjoint, meaning no writer’s samples appear in more than one of these

sets. It is worth noting that the performance evaluation was conducted by averaging

the results over ten random data splits. Further, before the training process, each

sample was resized to dimensions of 155×220 pixels.

4.5.2 Implementation details

Baseline metric leaning with contrastive loss

This study adopted SigNet [1] as the baseline metric learning model, utilizing the

contrastive loss function as originally proposed. I closely followed the setup described

in the SigNet paper, with one minor alteration. Instead of employing a fixed number

of training epochs, as was done in the original setup, I utilized the validation set

to determine the optimal number of training epochs dynamically. This modification

slightly improved baseline accuracy, for example, increasing the accuracy from 0.806

to 0.861 for the BHSig-B dataset.
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Preparing PCFs

The trained baseline, i.e., the SigNet model, was also used to generate contrastive

features for PCFs. Specifically, I extracted features (𝑔, 𝑞+, and 𝑞−) from the second-to-

last layer of the SigNet architecture. These features were then concatenated to form

positive and negative PCFs (𝑥+ and 𝑥−), as illustrated in Fig. 4-1. Each feature

vector had a dimensionality of 1,024, resulting in PCFs that were 2,048-dimensional

vectors.

Preparing the LwR model

For the LwR model, a configuration as depicted in Fig. 4-2 was employed. In this

setup, SelectiveNet [37] was integrated with PCFs, where the CNN utilized in Fig. 4-2

was based on the VGG-16 architecture. I leveraged the validation set to determine

key hyper-parameters during the training process. Among those hyper-parameters,

the parameter 𝜌, chosen from candidates {0.5, 0.6, 0.7}, controlled the SelectiveNet’s

behavior. Additionally, I experimented with different values for the hyper-parameter

𝑣, which governed the minimum ratio of non-rejected samples. Specifically, I consid-

ered values from the set {0.7, 0.75, 0.8, 0.85, 0.9, 0.95, 1.0}. The network’s training

used stochastic gradient descent (SGD).

For evaluation, I compared the performance of the proposed model with SigNet [1],

which represents the state-of-the-art in writer-independent verification under skilled-

forgery conditions. I also introduced a variation of SigNet, denoted as “SigNet+thre,”

which incorporates a threshold-based rejection mechanism. This method rejects a

sample pair if the output score of SigNet falls within an interval [𝜃1, 𝜃2]. These two

thresholds, 𝜃1 and 𝜃2, were determined using a grid search approach. Two criteria

guided our threshold selection: first, ensuring that the ratio of non-rejected samples

was greater than the target coverage 𝑣, and second, achieving the highest accuracy

for the non-rejected samples.
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Table 4.1: Quantitative evaluation results are presented for SigNet [1], SigNet with
the reject option ("SigNet+thre"), and our LwR model with PCFs. Averages and
standard deviations are calculated from ten random data splits. Notably, SigNet is
a leading method in skilled-forgery-only conditions. The "Coverage 𝒱 (𝑣 = 0.7)"
column indicates the percentage of coverage in the test set when 𝑣 is set to 0.7 in the
validation set.

Dataset Methods Accuracy (↑) AUC (↑) EER (↓) Coverage 𝒱 (𝑣 = 0.7)

BHSig-B
SigNet 0.861±0.040 0.935±0.031 0.137±0.042 no rejection

SigNet+thre 0.929±0.037 0.960±0.026 0.079±0.038 0.748±0.053
LwR 0.945±0.036 0.976±0.024 0.061±0.047 0.735±0.076

BHSig-H
SigNet 0.835±0.028 0.916±0.024 0.164±0.029 no rejection

SigNet+thre 0.912±0.028 0.952±0.024 0.096±0.025 0.692±0.077
LwR 0.926±0.027 0.959±0.018 0.088±0.031 0.631±0.121

UTSig
SigNet 0.670±0.014 0.744±0.021 0.323±0.017 no rejection

SigNet+thre 0.715±0.025 0.776±0.023 0.285±0.024 0.757±0.029
LwR 0.727±0.030 0.778±0.038 0.297±0.036 0.700±0.094

Preparing the top-rank learning model

As shown in Fig. 4-3, the inputs of the top-rank learning model are the PCFs. As for

the network model (depicted as “NN” in Fig. 4-3), four fully connected layers with

ReLU are employed. During the training, hyper-parameter 𝑝 was determined by the

validation set from candidates {2, 4, 8, 16, 32}. Furthermore, each minibatch contains

five positive and 40 negative samples because each minibatch should be imbalanced

to incorporate as many negative samples as possible to approximate the top-ranked

negative. Here, SGD was used to train the top-rank learning network.

Evaluation metrics

In this section, I detail the evaluation metrics employed to assess the performance

of the verification models. These metrics provide a comprehensive overview of the

models’ effectiveness.

Accuracy measures the ratio of correctly classified samples. It serves as a funda-

mental indicator of the model’s overall performance. AUC quantifies the area under
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Figure 4-6: Average accuracy and the actual coverage 𝒱 at different target coverage on
(a) BHSig-B, (b) BHSig-H, and (c) UTSig datasets in ten-time random data splittings.
The ranges within their standard deviations are filled up with lighter colors.

the Receiver Operating Characteristic (ROC) curve. It offers insights into the models’

discrimination capabilities across different classification thresholds. EER is defined

as the point at which the False Acceptance Rate (FAR) and False Rejection Rate

(FRR) are equal. It critically assesses the models’ balance between false acceptances

and false rejections. pos@top represents the ratio of the absolute positives to all

positives in the test set. It’s important to note that the top-ranked negative sample

within the test set defines the absolute positives.

For the specific models “LwR” and “SigNet+thre,” the following considerations

apply: Accuracy, AUC, and EER were computed while excluding rejected samples.

This exclusion is particularly relevant for these models because they handle rejected

cases.
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4.5.3 Results with LwR

Quantitative evaluation of LwR

Table 4.1 presents the quantitative evaluation results for SigNet, “SigNet+thre,” and

the proposed LwR model with PCFs across various datasets. In this table, I main-

tained a target coverage of 𝑣 = 0.7. For “SigNet+thre,” the target coverage was

determined as explained in section 4.5.2.

Table 4.1 confirms several noteworthy findings: First, as expected, reject options

can increase the reliability of the verification result. By rejecting around 30% samples,

both LwR and “SigNet+thre” achieved markedly higher accuracies than the original

SigNet. Notably, the positive impact of rejection is most pronounced in the BHSig-B

and BHSig-H datasets. Second, LwR achieved higher accuracies than “SigNet+thre”.

LwR consistently outperformed “SigNet+thre” in terms of accuracy. This finding

underscores the effectiveness of the proposed LwR framework with PCFs, which can

efficiently reject ambiguous samples by leveraging its learnability of the rejection

function3.

The usefulness of the rejection function 𝑟(𝑥) in our LwR model was further con-

firmed by other detailed observations as follows. First, 𝑟(𝑥) could reject more samples

that were better off being rejected. Specifically in the case of BHSig-B, 61% of the mis-

classified samples of SigNet were rejected by 𝑟(𝑥), whereas 56% by “SigNet+thre.”

This indicates that the proposed 𝑟(𝑥) effectively identifies and rejects ambiguous

samples (i.e., PCFs) to improve the reliability of the verification results. The second

observation relates to the collaboration between the classification function 𝑓(𝑥) and

the rejection function 𝑟(𝑥). When decisions were solely based on the classification

function 𝑓(𝑥) (instead of Eq.(4.2)), a certain number of misclassified samples per-

3To evaluate the proposed methods thoroughly, an additional experiment on dataset BHSig-
B was conducted following the ICDAR2021 competition guidelines [81], where skilled forgery and
random forgery signatures were simultaneously included during training and evaluated separately.
The results show a high accuracy of 0.976 for skilled forgery (coverage=0.7) and a notable accuracy
of 0.927 for random forgery. Importantly, there was no significant degradation by mixing skilled and
random forgeries for training.
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sisted. However, 𝑟(𝑥) successfully rejected approximately 71% of these misclassified

samples, highlighting the effectiveness of co-training 𝑓 and 𝑟.

Figures 4-6 (a), (b), and (c) depict the accuracy and actual coverage 𝒱 at different

target coverage levels 𝑣 ∈ 0.7, 0.75, 0.8, 0.85, 0.9, 0.95, 1.0 for BHSig-B, BHSig-H, and

UTSig, respectively. Several key observations emerge from these graphs: First, the

graphs clearly demonstrate that our LwR model consistently achieves equivalent or

superior accuracy compared to SigNet, represented by the orange horizontal line, at

any given 𝑣.

Second, for lower values of 𝑣 (𝑐 = 0.7 ∼ 0.85), the proposed LwR model consis-

tently outperforms “SigNet+thre” in accuracy, despite having similar actual coverages

𝒱 . Remarkably, as 𝑣 increases (𝑐 = 0.85 ∼ 1.0), our model rejects fewer samples than

specified while maintaining nearly the same accuracy as “SigNet+thre.” These trends

underscore the meaningful contribution of our rejection function 𝑟 to achieving reli-

able verification results.

Qualitative evaluation of LwR

Figure 4-7 provides insights into the performance of the proposed LwR model by

showcasing rejected pairs that were initially misclassified by SigNet and not rejected

by “SigNet+thre.” These pairs represent cases where SigNet failed to reject with a

threshold-based approach. From the figure, I can deduce the following key observa-

tions:

• The proposed LwR with PCF model appropriately rejects negative pairs 𝑥−

(specifically those composed of genuine (𝐺) and skilled-forgery (𝑄−) signatures,

in the red brackets) even when 𝑄− shows high similarity with 𝐺. Note again

that “SigNet+thre” does not possess the capability to reject these negative pairs.

This proves the superiority of the rejection ability of LwR, whose rejection

function is co-trained to minimize misclassifications.

• The proposed LwR with PCF model could also reject positive pairs 𝑥+ (in
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Figure 4-7: Examples of signature pairs that LwR rejects. Like Fig. 4-5, blue sig-
natures are genuine (𝐺 or 𝑄+) and red are skilled-forgery (𝑄−). Accordingly, the
blue bracket indicates a positive pair for 𝑥+, and the red indicates a negative pair
for 𝑥−. All these signature pairs are “unwanted survivors” from “SigNet+thre;” they
were misclassified by SigNet but not rejected by “SigNet+thre.”

the blue brackets) to keep the high reliability of its verification results. In

other words, the proposed model is sensitive to intra-writer differences and thus

willing to reject positive pairs when the intra-writer differences are close to the

differences with skilled forgeries. (Note again that these positive pairs were

misclassified as negative pairs by SigNet.)

4.5.4 Results with top-rank learning

Quantitative evaluation of top-rank learning

Table 4.2 shows the quantitative evaluation results of the original SigNet and the

proposed top-rank learning model with PCFs. The proposed model with PCFs con-

sistently achieved higher pos@top than SigNet across all three datasets, emphasizing
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Table 4.2: The quantitative evaluation results of our top-rank learning with PCFs.
The fact that UTSig shows a low pos@top proves the signatures in UTSig are very
unstable and, thus, difficult to achieve highly reliable verification. Note again that
SigNet is the state-of-the-art method in the skilled-forgery-only condition. All values
are the average of ten random data splittings with their standard deviation.

Dataset Methods pos@top (↑) Accuracy (↑) AUC (↑) EER (↓)

BHSig-B SigNet 0.147±0.135 0.861±0.040 0.935±0.031 0.137±0.042
Top 0.390±0.128 0.882±0.042 0.956±0.024 0.112±0.041

BHSig-H SigNet 0.091±0.072 0.835±0.028 0.916±0.024 0.164±0.029
Top 0.092±0.086 0.838±0.034 0.925±0.026 0.153±0.032

UTSig SigNet 0.001±0.001 0.670±0.014 0.744±0.021 0.323±0.017
Top 0.005±0.005 0.642±0.028 0.697±0.075 0.345±0.027

its ability to identify highly reliable genuine signatures as absolute positives4. I will

show examples of absolute positive samples in a later section.

Figure 4-8 shows ROC curves for the three datasets, focusing on the leftmost verti-

cal position, representing the number of absolute positives to all positives (pos@top).

The beginning part of each curve is zoomed in to observe its leftmost vertical position.

The proposed model exhibits s a keener rise at the beginning of the ROC curve than

SigNet for all datasets. This observation also proves its effectiveness in identifying

more highly reliable signatures as absolute positives.

Importantly, the proposed top-rank learning model not only excels in pos@top

but also outperforms SigNet in accuracy, AUC, and EER on both the BHSig-B and

BHSig-H datasets.

This accomplishment is noteworthy due to its success in optimizing top-rank

learning models, which primarily aim to maximize the count of absolute positives.

4To ensure a fair comparison, a normal learning-to-rank method was also evaluated using rank-
ing scores for optimization. Using the same model structure, this comparative method achieved a
preliminary pos@top of 0.09. Moreover, In accordance with the training protocol outlined in the
ICDAR2021 competition guidelines [81], I conducted an additional experiment on dataset BHSig-B
that incorporates a combination of skilled and random forgeries during the training phase, followed
by their respective evaluation. The pos@top values obtained are as follows: skilled forgery achieved
0.435, while random forgery achieved 0.005. Due to the feature extractor’s specialization for skilled
forgery, achieving a high pos@top in random forgery scenarios without modifying the feature ex-
tractor is challenging.
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Figure 4-8: The ROC curves on (a) BHSig-B, (b) BHSig-H, and (c) USTig datasets.
Ten random data splittings (the thin lines) and their average (the bold line) of both
SigNet and top-rank learning are shown. The ranges of standard deviations are filled
up with lighter colors around the average ROC curves. The beginning parts of the
ROC curves are zoomed in to observe their vertical parts that correspond to absolute
positives.
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Figure 4-9: The reason that UTSig cannot achieve higher pos@top. It is possible
to observe how the genuine signatures of three randomly chosen writers fluctuated
largely.

Although there was a potential concern regarding performance degradation in other

evaluation metrics, the proposed model not only mitigated these concerns but also

surpassed SigNet in these diverse metrics, demonstrating its state-of-the-art perfor-

mance.

Exploring Low pos@top in UTSig

The low pos@top value observed in UTSig (Table 4.2) highlights the inherent chal-

lenges of this dataset in achieving high reliability. UTSig’s pos@top was a mere 0.5%,

although this is still an improvement compared to SigNet’s 0.1%. This result sug-

gests significant intra-writer variability in UTSig, where genuine signatures tend to

exhibit similar or even greater variability than the differences between genuine and

skilled-forgery signatures. This suggestion is confirmed by Fig. 4-9, where genuine

signatures from three writers show significant intra-writer variability.

Consequently, the insights gained from the low pos@top value in UTSig shed

light on the unique characteristics of this dataset. Traditional metrics like AUC

and accuracy might not reveal the underlying challenges associated with Persian

signatures. Instead, evaluating the pos@top provides a clearer understanding of the

limited number of highly reliable signatures in UTSig, which are difficult to forge even

by skilled forgers.
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Top-ranked negativeAbsolute positives Non absolute positives Negatives

(a) BHSig-B

Top-ranked negativeAbsolute positives Non absolute positives Negatives

(b) BHSig-H

Top-ranked negativeAbsolute positives Non absolute positives Negatives

(c) UTSig

Figure 4-10: Examples of the absolute positive, top-ranked negative, non-absolute
positive, and negative signature pairs from three datasets ranked by our top-rank
learning model.
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Qualitative evaluation of top-rank learning

Figure 4-10 presents absolute positives, top-ranked negatives, non-absolute positives,

and negatives for each dataset. (Except for the top-ranked negative, all those ex-

amples are randomly chosen.) This figure shows that the signature pairs in absolute

positives are far more similar than those ranked behind them. This high similarity

demonstrates the high reliability of our PCF-based top-rank learning model. In our

skilled-forgery-only condition, skilled-forgery signatures that are very similar to gen-

uine signatures are selected as the top-ranked negatives. The absolute positive pairs

achieve higher similarity than these top-ranked negative pairs (i.e., hard-negatives)

and thus are very reliable.

Comparing absolute positives with non-absolute positive pairs also reveals the

reliability of the absolute positives. Especially for BHSig-B and BHSig-H, the paired

genuine samples of non-absolute positives are also very similar; they do not show large

intra-writer differences. As shown in Table 4.2, only 39% and 9.2% of positive pairs

are selected as absolute positives for BHSig-B and BHSig-H. This severe selection for

absolute positives indicates that our method is useful for deriving a limited number

of highly reliable signatures that will not be disturbed even by “very skilled” forgeries.

4.6 Limitations

In this section, I discuss the limitations of the proposed work and outline potential

avenues for future research. While the proposed study has demonstrated the effec-

tiveness of PCFs for reliable signature verification, it is essential to acknowledge the

following limitations.

Firstly, the application of PCFs has been confined to signature verification. How-

ever, the versatility of PCFs extends beyond this domain. For instance, PCFs can

be applied to tasks demanding high reliability, such as person reidentification. The

adoption of PCFs in diverse applications warrants exploration.
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Secondly, this work has utilized a simple contrastive metric learning method to

derive PCFs, primarily for the purpose of a fair comparison with the state-of-the-art

method. i.t., SigNet [1]. However, future research can consider employing more ad-

vanced feature extraction techniques, as demonstrated in [74], and leveraging frame-

works like CBCapsNet [75] for enhanced feature representation. These enhancements

hold the potential to improve prediction performance further.

Thirdly, this study primarily concentrated on skilled forgery scenarios and did not

address random ones. This decision was driven by our emphasis on enhancing relia-

bility, capturing subtle features, and signature authenticity. However, future investi-

gations could involve adapting our methods to address random forgery by integrating

specialized feature extraction techniques tailored to this specific challenge.

4.7 Summary

This chapter introduces the concept of PCF along with two highly reliable machine

learning frameworks that can be effectively combined with PCF. These frameworks

are instrumental in mitigating ambiguous results and providing trustworthy predic-

tions, thereby enhancing the reliability of various tasks. In this context, the fo-

cus is on writer-independent signature verification tasks, where high reliability is of

paramount importance. PCF entails the fusion of features extracted from distinct

samples through a single contrastive learning machine learning model. It draws its

inspiration primarily from Siamese-formed models like SigNet, which are specifically

applied in this work to capture the intra-similarity between pairs of inputs.

As the first approach in conjunction with PCF, the adoption of Top-rank learning

is proposed to achieve highly reliable predictions. Top-rank learning is a specialized

variant of the learning-to-rank method, emphasizing the top-ranked positive samples

that exhibit unequivocal authenticity. This unique characteristic of Top-rank learning

makes it a well-suited approach for highly reliable prediction models. This chapter
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delves into the mechanisms and optimization processes of top-rank learning, focusing

on its practical application in signature verification tasks.

The second proposed method incorporating PCF is LwR. Unlike the specific ap-

proach outlined in Chapter 3, this model employs a fully convolutional neural network

(CNN) for enhanced integration and control of the rejection ratio. Through compre-

hensive performance evaluations on three publicly available datasets, the effectiveness

of these methods is rigorously demonstrated, accompanied by in-depth discussions.

It is crucial to emphasize once more that the fusion of PCF with existing highly

reliable prediction methods has the potential to significantly enhance the authenticity

and reliability of tasks involving paired inputs, such as signature verification. This

is especially pertinent in the context of the writer-independent scenario with the

skilled-forgery-only condition, where achieving high reliability presents a formidable

challenge of paramount importance.

In this chapter, two machine learning frameworks, learning with rejection and

top-rank learning, are proposed for application to this task due to their capacity

to suppress ambiguous results, thereby ensuring the generation of reliable verifica-

tion outcomes. As these frameworks operate with a single input, they facilitate the

transformation of a pair of genuine and query signatures into a single feature vector

known as PCF, which inherently represents the similarity or dissimilarity between the

paired signatures, enabling reliable machine learning frameworks to make trustwor-

thy decisions using PCF. Through extensive experiments conducted on three public

signature datasets within the offline skilled-forgery-only writer-independent scenario,

the effectiveness and reliability of the proposed models are meticulously assessed and

validated by comparing their performance with a state-of-the-art model.
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Conclusion and Future Work

This thesis presents novel approaches (including LwR, top-rank learning, and PCF)

aimed at enhancing the reliability of machine learning models in pattern recognition

tasks. The specific focus of applications has been on character recognition and writer-

independent signature verification. These proposed methods leverage LwR with deep

features and introduce the concept of PCF integrated into highly reliable machine

learning frameworks. In this concluding section, the key findings and contributions

of this thesis are summarized, while potential avenues for future work are outlined.

5.1 Conclusion

The LwR framework, as introduced in detail in Chapter 3, incorporates a learnable

rejection mechanism co-optimized with a classification function. It is grounded in

robust machine learning theory, distinguishing it from conventional heuristic rejection

strategies and contributing to its reliability. By LwR, the rejection function can be

trained in a feature space different from the one used for classification, enhancing

practical applicability through flexibility.

Deep features extracted from various CNN layers have been employed for both

classification and rejection in this thesis. This approach has granted improved feature

79
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learning of high-dimensional data, such as images, resulting in superior performance

compared to the traditional LwR method. Comprehensive experiments on charac-

ter recognition tasks, including notMNIST classification and character/non-character

classification, have established the superior performance of LwR over conventional re-

jection strategies, highlighting its practical viability and tangible performance gains.

In Chapter 4, PCF has been introduced and integrated into two highly reliable ma-

chine learning frameworks: LwR and Top-Rank Learning. PCF is obtained by fusing

features extracted from distinct samples using a single contrastive learning machine

learning model. This approach draws inspiration from Siamese-formed models known

for their contrastive feature learning capacity.

The combination of PCF with top-rank learning, a variant of learning-to-rank

methods, emphasizes top-ranked positive samples as highly reliable predictions. Ex-

periments have demonstrated the effectiveness of this approach in enhancing the

reliability of signature verification tasks. Regarding the combination of PCF with the

LwR model, in contrast to the approach outlined in Chapter 3, this model employed

a CNN for better integration and control of the rejection ratio. Performance evalua-

tions on publicly available datasets have underscored the effectiveness and reliability

of this proposed model. Nevertheless, the fusion of PCF with highly reliable ma-

chine learning methods has significantly improved the authenticity and reliability of

tasks involving paired inputs, such as signature verification. This is particularly per-

tinent in the context of the writer-independent scenario with the skilled-forgery-only

condition.

Quantitative and qualitative experimental results have verified that the proposed

models (i.e., LwR with PCF and top-rank learning with PCF) have achieved reliable

verification. Significantly, these methods have improved the reliability of SigNet [1],

which represents the state-of-the-art baseline of the skilled-forgery-only verification

condition. Specifically, LwR with PCF has been capable of rejecting samples that

harm classification reliability while automatically adjusting the rejection function.
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The top-rank learning model with PCF has been beneficial in certifying highly reliable

verification results as absolute positive samples, denoting positive samples ranked

higher than all negative samples. The number of absolute positives also serves as

an indicator of the reliability of a given dataset; a small number indicates that the

signatures in the dataset are challenging to certify due to large intra-writer variability.

5.2 Future Work

While this thesis has made valuable contributions to enhancing reliability in pattern

recognition tasks, several avenues for potential future work and research are listed as

follows:

• There is a need to investigate more advanced and adaptive rejection mechanisms

capable of dynamically adjusting the rejection feature space during the train-

ing phases. Exploring reinforcement learning-based approaches for optimizing

rejection mechanisms could be a promising direction. These mechanisms would

enhance the reliability of machine learning models and improve their adaptabil-

ity to changing data distributions.

• Advanced contrastive learning techniques should be investigated beyond the

Siamese network paradigm. Methods like Momentum Contrast and SimCLR

have shown promise in enhancing the quality of features and representations.

Incorporating these advanced techniques could further improve the performance

of PCF and related applications.

• Extending the proposed methods, particularly LwR with deep features, to real-

world document processing tasks holds great potential. Tasks such as text

extraction, handwriting recognition, and document classification often require

high reliability. Evaluating the applicability and practicality of these methods

in document analysis can open new avenues for their utilization.
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• Developing human-in-the-loop systems that leverage the proposed methods’ re-

liability could significantly impact critical decision-making domains. Specifi-

cally, in the context of this thesis, the focus on eliminating ambiguity suggests

a role for human experts in identifying samples better suited for rejection in the

LwR model—those prone to misclassification—and in identifying peculiar yet

genuinely positive samples for top-rank learning models. Furthermore, post-

prediction, human experts can contribute additional insights for samples that

were rejected or ranked below the top-ranked negatives. Integrating human

expertise with the reliability of machine learning models can enhance overall

system performance and trust.

• To ensure the broader applicability of the proposed methods, it is essential to

incorporate diverse datasets with varying authenticity constraints. This ap-

proach will provide valuable insights into how well these methods perform in

real-world scenarios and diverse contexts. It will be crucial to evaluate their

robustness and reliability across different data distributions and domains.

• To deal with the special case in top-rank learning scenarios when negative out-

liers appear, causing difficulty finding no accessible absolute top. In the situ-

ation that a negative sample is an outlier or given a wrong label, the training

process of top-rank learning will be fatally impacted because there is the possi-

bility that no matter how hard the model learns, there are no positive samples

that go beyond the top-ranked negative. In this case, eliminating the influ-

ence of the negative outlier in the training set becomes extremely important.

As a rough idea, top-rank learning with rejection can be considered to learn a

rejection function at the same time as the top-rank function.

In conclusion, valuable contributions have been made to advancing the field of

pattern recognition by enhancing the reliability of machine learning models. Signifi-

cant improvements in the authenticity and trustworthiness of predictions have been
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demonstrated by the introduction of LwR with deep features and PCF integrated into

highly reliable machine learning frameworks. The future research directions outlined

above offer exciting opportunities to strengthen further the field’s reliability and its

practical applications in various domains.
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