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Chapter 1

General Introduction

1.1. Single-Molecular Electronics

Silicon-based semiconductors play a central role in modern computer technology.
According to Moore’s law, the number of transistors that can be placed in an integrated
circuit and the computing speed doubles approximately every two years. Moore’s law is
not a scientific or physical law, but an empirical relationship by Gordon Moore, co-
founder of Intel. His prediction has held since 1975 and has been known as “the law” ever
since. To date, technological innovations in the semiconductor industry have maintained
miniaturization of complementary metal-oxide-semiconductor (CMOS) technology.
However, further miniaturization can become prohibitively expensive as device variation
increases, and this technology will eventually face fundamental limitations, primarily due
to direct tunneling of electrons between source and drain. Therefore, further
miniaturization of electronics requires a shift from top-down to bottom-up manufacturing
components.

In their pioneering theoretical study, Arieh Aviram and Mark Ratner suggested
that a single molecule could act as a rectifier (Scheme 1.1).! The molecule mimics a
semiconductor-like band structure by utilizing an electron-donating molecule,
tetrathiafulvalene (TTF), and an electron accepting molecule, tetracyanoquinodimethane
(TCNQ), which are aligned in different directions relative to the Fermi energy of the
electrode. In this approach, the potential for electronic functional design is determined by

a bottom-up synthesis method using atomically identical basic building blocks. This is



still a revolutionary concept today, given the increasing device variability in controlling
the position and distance of a smaller number of atoms in the active region of devices
made by the top-down method. At the time, however, it was impossible to experimentally

verify their predictions.

Scheme 1.1. Aviram-Ratner rectifier.
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1.2. Single-Molecule Measurements

To form single-molecule junctions with molecules that are less than a few
nanometers in size, it is necessary to create electrodes with the same distance between
them as the molecules, i.e., nanogap electrodes. More than two decades after Aviram and
Ratner's proposal, nanogap electrodes have been realized and single-molecule electronics
have been experimentally demonstrated to be possible. The electrical conductivity of a
single molecule could be measured with high reproducibility. Two techniques are shown
below.

In 1997, Mark Reed was the first to successfully measure the electrical
conductivity of 1,4-benzenedithiol molecules using the mechanically controllable break
junction (MCBJ) technique.? In the MCBJ technique, a metal wire with a pre-cut break
in the center is fixed at two points on an insulation-coated substrate. By bending the base,
the wire is broken at the point where the center of the wire is cut. In this process, the metal
is curved using a piezoelectric device to control the joint elongation distance with a high
degree of accuracy. Immediately after the metal junction is broken, a large number of
molecules cross-link the electrodes, but as the distance between the metal wires increases,
the number of cross-linking molecules decreases and eventually a single-molecule
junction is formed. This process can be repeated thousands of times and statistically
analyzed to obtain reliable values of the single-molecule conductance.

In 2003, Nongjian Tao presented the scanning tunneling microscope break
junction (STM-BJ) technique.? In this method, a gold STM tip is repeatedly brought into
contact and released from a gold substrate in a sample solution. The iterative process of
retracting the tip records thousands of conductance traces in a relatively short period of
time. The conductance of a single molecule can be determined by statistically analyzing
the conductance traces, which show a gradual decrease in conductance.

There are also conductance measurement techniques such as conductive atomic

force microscopy (AFM) junctions,* electromigration break junctions,® and graphene-



molecule-graphene single-molecule junctions.® With the establishment of these
techniques, research on single-molecule devices has increased dramatically. For example,
1,4-benzenedithiol, first measured by Reed et al., exhibited insulator-like behavior.
Recently molecules with conductance close to that of metals have been discovered.” In
addition, various single-molecule rectifiers,® transistors,” and switches!® have been
designed. Furthermore, these methods are powerful tools not only for the study of single-
molecule devices, but also for exploring fundamental principles of physics and chemistry,
such as understanding single-molecule properties and chemical reactions at the single-

molecule level.!'-13



Figure 1.1. Schematics of (a) STM-BJ and (b) MCBJ techniques, respectively.



1.3. Conduction Properties of Single-Molecule Junctions

Many studies that have been conducted have shown that quantum effects
dominate the conduction mechanism of single-molecule junctions. For example, electron
transport by tunneling conduction and interference between electron waves, i.e., quantum
interference. In long wires, electrons propagate by colliding with scatters such as atoms
and lattice defects within the wire. At the single-molecule scale, the length of the system
is equal to or short as the mean free path, so the electrical conduction properties are
different from those of long wires. In single-molecule junctions, electrons transport from
one electrode to the other by the tunneling effect. The conductance of a single-molecule
junction is obtained from the Landauer formula.!* Quantum interference significantly
affects the electrical conduction properties of single-molecule junctions. When there is a
constructive quantum interference, i.e., the electrons are in phase, the conductance
increases. On the other hand, when there is a destructive quantum interference, i.e.,
electrons are in opposite phases, the conductance decreases, indicating insulating
properties. The existence of the constructive quantum interference has been confirmed by
conductance measurements of single-molecule parallel circuits.!>!® The destructive
quantum interference has been reported to appear in cross-conjugated systems.!”!® The
destructive quantum interference is also strongly correlated with the bonding pattern
between the electrode and the molecule. The conductance of benzene with the Au
electrode connected to the meta-position is theoretically predicted to be smaller than that
with the Au electrode connected to the para-position, and this has been confirmed by
experiment.!”!°22 Figure 1.2 shows the electron transmission probability spectra
obtained by using the non-equilibrium Green’s function (NEGF) combined with the
Hiickel molecular orbital (HMO) method. Quantum interference is an essential

phenomenon for the development of functional single-molecule junctions.
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Figure 1.2. Transmission spectra for the para-connected benzene (solid line) and the
meta-connected benzene (dashed line). These spectra are obtained by using the NEGF
combined with the Hiickel molecular orbital (NEGF—HMO) method.

To understand theoretically the electron transport phenomena in single molecule
junctions, the Landauer formula and the NEGF method are very useful. Theoretical
predictions of quantum interference have been proposed based on frontier orbital
theory?®?? and graph theory.?* The approach based on frontier orbital theory allows for
the description of the energy level difference between the highest occupied molecular
orbital (HOMO) and lowest unoccupied molecular orbital (LUMO) of the molecule, and
the orbital coefficients of the HOMO/LUMO of the two atoms in contact with the
electrodes, in relation to the Fermi energy. The graph theory-based method treats the
molecule as a graph and can predict the presence of destructive quantum interference by

counting the pathways from one electrode to the other electrode.
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1.4. Survey of This Thesis

Previous prediction methods are particularly effective in alternant hydrocarbon
systems, but are not applicable to asymmetrically splitting systems, i.e., molecules
containing heteroatoms or non-alternant hydrocarbons. In this study, the author extends
the orbital rule for electron transport and the graph-theoretical approach to clarify their
applicability to these systems. Whereas the previous prediction methods have focused on
destructive quantum interferences that cancel each other out completely, this study will
focus on other types of quantum interferences. Furthermore, it is necessary to consider
not only the conductivity of the molecule but also its stability. For example, anti-aromatic
molecules with a narrow HOMO-LUMO gap are highly conductive, but their instability
makes them difficult to synthesize. In this dissertation, the author presents quantum
chemistry-based investigations of the electrical conduction properties of n-conjugated
single-molecule junctions and the aromaticity that is related to the stability of highly
conductive molecules. This is expected to provide new insights into the properties of
various types of quantum interference in single-molecule junctions. This approach will
provide comprehensive knowledge of the conduction properties of single-molecule
junctions and will lay the groundwork for the design of future single-molecule devices.

The dissertation is composed of seven chapters, as follows.

In Chapter 2, the author provides details on electron transport calculations using
the nonequilibrium Green's function method, the relationship between the nonequilibrium
Green's function and the zeroth order Green’s function (ZOGF), and the orbital rules for
electron transport.

In Chapter 3, the author shows that the conductance of single molecule parallel
circuits deviates from the superposition relationship applied to macroscale circuits by
quantum interference. The author also elucidates whether constructive or destructive
quantum interference occurs in terms of aromaticity and frontier orbital theory. (J. Phys.

Chem. C 124, 5, 3322-3331 (2020))

11



The conductivity of highly conductive single molecule wires designed on the
basis of a one-dimensional topological insulator model cannot be explained in the
framework of the ZOGF. Chapter 4 provides an explanation for this conduction property
in the form of an extension of the ZOGF. (to be Submitted)

Single molecular junctions containing heteroatoms have different electron
transport properties compared to hydrocarbon single-molecule junctions consisting only
of carbon and hydrogen atoms with the same topology. However, as discussed in the
previous section, the graph-theoretic path-counting method is only applicable to alternant
hydrocarbons. In Chapter 5, the author extends the graph-theoretical path-counting
method to apply to systems containing a heteroatom. (J. Chem. Phys. 156, 9, 091102
(2022))

Next, the author discusses the stability of anti-aromatic molecules that have the
potential to become highly conductive single molecular wires. Anti-aromatic molecules
are unstable due to their very narrow HOMO-LUMO gap. In Chapter 6, the author reveals
the origin of the stabilization of anti-aromatic molecules by face-to-face stacking using
frontier orbital theory. (J. Phys. Chem. A, 127, 22, 4780-4786 (2023))

Finally, in Chapter 7, the author provides a summary of the findings and discuss

future research directions.
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Chapter 2

Theoretical Background

2.1. Electron Transport Calculation by Using the NEGF Method

In the standard Landauer-Biittiker approach,® the conductance of a single
molecular junction, composed of a molecule and two metal electrodes, is expressed as

follows:

2

_ 2e
g= TT(EF) (2.1)

where 2e?/h represents the conductance quantum, T(Ep) denotes the electron
transmission function or probability, and Ef stands for the energy of the Fermi level,
under the limit of zero bias and zero temperature.

The transmission function can be obtained using the non-equilibrium Green’s
function (NEGF) method.?® Employing this method allows for the calculation of the

transmission function as follows:
T(Eg) = Tr[I.GRITRGA] (2.2)
where GR®) s the retarded (advanced) Green’s function matrix, and Ty, /R is the

broadening function matrix for the left/right electrode. The Green’s function is calculated

as follows:

14



G(E) = [(E +in)l —H — %, — Zg]™ (2.3)

where # 1s a positive infinitesimal, I is the identity matrix, H is the Hamiltonian matrix
for the molecule bridged between the two electrodes, and Xy g is the self-energy matrix
describing the interaction between the molecule and the left/right electrode.

The relation between the self-energy matrix X and the broadening function

matrix I' can be expressed as follows:

L) = i[ZLw) — 2 )] (2.4)

The matrix elements of the self-energy for the left (L) and right (R) contacts in eq. (2.4)

can be obtained as

[ZL]mn = z Tma[gL]aBT-l—ﬁn (25)
a,BEL
and
Brlmn = ) Toar (9] g (2.6)
a!,B’eR

respectively. gy g is the Green’s function matrix for the left/right electrode. ,,, is the
hopping integral between the site m in the molecular region and site a in the electrode
region. Here, Latin letters denote molecular sites and Greek letters denote electrode sites.
Consider the case where only the terminal atoms of the left and right electrodes, i.e., site
a of the left electrode and site @’ of the right electrode, are attached to the sites r and
s of the molecule, respectively (see Figure 2.1). The self-energy matrix has a non-zero

element as follows:

15



[ZL]T‘T = Tra [gL]aaT-l-ar (27)

and

[ZR]ss = Tsa'[gR]a'a'T-l-a's (28)

The left and right electrodes are modeled by an ideal one-dimensional (1D) linear gold

chain. The Green’s function for such a 1D system can be obtained as follows:?’

_exp(ika)

[gL]aa = [gR]a'a' = (2.9)

Telec

Here ka has to satisfy the condition of E = gqoc + 2Tejec COS ka, Where &qoc and
Telec are the on-site energy and the nearest-neighbor hopping integral in the gold
electrodes, respectively. It is assumed that .. should coincide with the Fermi energy.

The conductance depends on the broadening function matrix Iy as well. In
this study, the author begins with a simple situation where two specific atoms denoted by
r and s in the molecule are connected to the electrodes as shown in Figure 2.1. In this

case, the broadening function matrix IT,) has only one non-zero element as follows:

MLl =7 (2.10)

and

[Trlss = (2.11)

so that from eq. (2.2) it can be written as follows:

16



T(EF) = VLVRIGTS(EF)IZ (2.12)

This equation indicates that the transmission and thus the conductance are directly

proportional to the (r,s) element of the NEGF.

left molecule right
electrode electrode

Figure 2.1. Schematic representation of the two-probe molecular junction.

17



2.2. Orbital Rule for Electron Transport

All the transmission probabilities can be calculated by using eq. (2.2), which
includes the NEGF, but the qualitative discussions rely on what the author may call the
zeroth order Green’s function (ZOGF). Here, the author shows how one could connect
the two. In these studies, the author considers molecules weakly coupled to the electrode
so that the conduction properties can be understood from the approximate Green’s

function, or zeroth Green’s function, G(®, at the Fermi level:

G(Ep) ~ GO© = [(Ep + i)l — H] ! (2.13)
This Green’s function can be regarded as the (unperturbed) Green’s function of the
molecule that does not interact with the electrode. The direct relation between the

unperturbed Green's function and the perturbed Green's function G,; can be obtained

using the Dyson equation as follows:

=69 + z G%G; (2.14)

As shown in egs. (2.7) and (2.8), most of the matrix elements of X are zero. Therefore,

the equation can be further simplified as follows:

Grs = Gyo + G [E1]rrGrs + G [ErlisGis (2.15)
Here, G, can also be calculated from another Dyson equation as follows:

Gos = G5 + G [ErlssGos + Goy [ZL]rGrs (2.16)

Substituting egs. (2.7) and (2.8) into egs. (2.15) and (2.16), G, is given by,

18



G(O)
Gps = s (2.17)
(1 - tZGS")) [gL]aa)(l - tst(SO)[gR]a’a’) - t4[gL]aa[gR]a’a’(Gﬁg))2

It is assumed that all hopping integrals between the molecule and the electrode have the
same value of t. If t is very small, the denominator in eq. (2.17) should be approximately

1. Therefore, it is reasonable to approximate G by G(©.

Next, the ZOGF is expanded in the form of a molecular orbital as the basis. The time-
independent Schrédinger equation with molecular orbitals |k) as eigenvectors is as

follows:
Hlk) = &,]k) (2.18)

where ¢, is the orbital energy for eigenstate k. The molecular orbitals satisfy the

orthonormal condition.
(klm) = 6km (2.19)
where &y, is the Kronecker delta. The Green’s function is defined as follows:
[(E+ipI—H]G® =1 (2.20)

Here, using eq. (2.18) andl = |k)(k|, the Green’s function can be written down in the

following form:

| k) k|

GO = » (E1-H)k)Xk| =
2.

19



Molecular orbitals are expanded using the linear combination of atomic orbital (LCAO)

as shown below.
k)= Carla) 222)
a

where Cg is the orbital coefficient of atom a at the molecular orbital k. Substituting

eq. (2.22) into eq. (2.21), G can be written as follows:

la)Cq kcﬁk(m
0) —
G¢ E E E+in—c (2.23)

When the electrodes contact the atoms 7,s, the (r,s) component of G© finally

becomes as follows:

Cs
(0) rk _ “rkbsk
Gy, (E) = E 2.24

Since the Fermi level is assumed to be very close to the energy level of the frontier orbitals,
the ZOGF is likely to be dominated by the contribution from the frontier orbital terms,

leading to the following equation:

C C C
G(O)(EF) rHOMO sHOMO_I_ r,LUMO “s5,LUMO (225)

E%x — €omo Ex — €Lumo

In eq. (2.25), the infinitesimal positive number 7 is neglected for simplicity.
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Chapter 3

Frontier Orbital View in Conduction Properties of

Single-Molecule Parallel Circuits

In electronic devices, when the number of paths connecting the source and drain
electrodes increase, the conductance of the device should also increase. This is true in the
macroscopic case, but this is not always the case on the nanoscale. Kirchhoff’s
superposition law tells us that when the number of paths is doubled, the conductance is
also doubled. However, as far as the path in a sense of molecular graph theory goes, things
are not so simple. When the number of paths in a molecule gets doubled, three situations
will arise: the conductance gets more than doubled, remains unchanged, or even gets
smaller. Our theoretical study with the non-equilibrium Green’s function method has
revealed that the distinction of these situations has a close relation to the aromaticity of
the ring formed as a result of doubling the path. The author will see how helpful it is to
characterize the molecular transmission features relying on the frontier orbital theory,
orbital interactions, and a local transmission concept. Some discrete mathematical aspects

of the relation between the atom connectivity and electron conductivity are also described.

22



3.1. Introduction

It would be interesting to view the molecule as an element of the electrical circuit
and compare it with the macroscopic one. According to the current superposition law, as
shown in Scheme 3.1 the conductance values of the whole parallel circuit g is the sum

of the conductance values of the respective resistors, g; and g,, as follows:?®
g=91% 92 (3.1)

Scheme 3.1. An example of a macroscopic parallel electric circuit.

R,

Ry

A molecule can be regarded as a graph, which is a discrete mathematical
expression for a structure consisting of nodes and edges. This is an interdisciplinary field
called chemical graph theory.?*?° Scheme 3.2 shows hydrogen-depleted graphs for
butadiene and benzene with their 1,4 positions connected with the electrode. In the case
of butadiene, one can see only one path 1-2—-3—4 connecting the two electrodes, while
two paths are available for benzene. This is why one may view the benzene graph as a
parallel circuit analogue compared to the butadiene graph. By means of some graph
theoretic measures, one may expect that the connection between the two electrodes in the
benzene junction would be stronger than the butadiene one. Graph theory can provide us

with a qualitative measure of the topological distance separating two nodes in a molecular

23



graph. There is one graph theoretic measure to estimate how much significant the
communication between two nodes is. That is what is called resistance distance,’*>!
which is an index of distance between two arbitrary nodes and allow us to calculate the
resistance between them when the resistance of all the edges in the graph is assumed to
be unity. Conductance is calculated from the inverse of the resistance. The conductance
values of butadiene and benzene calculated by using the resistance distance technique are
0.333 and 0.667, respectively. This reflects the stronger connection between the C1 and
C4 sites in benzene than that in butadiene. Details of the calculation method for the

resistance distance are given in the Appendix (section 3.5.1). These results show a good

agreement with what is predicted from eq. (3.1).

Scheme 3.2. Molecular graph representations corresponding to (a) butadiene and (b)

benzene molecular junctions.

(a)

(b)

In the parallel circuit on the nanoscale, however, it is known that eq. 3.1 is not
consistent with experimental results*> due to quantum interference, which is caused by
the superposition of the phase of the wave function. When the wave functions for

electrons passing through different paths, whether in real space or energy space,’*-*
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interfere constructively, the conductance of the parallel circuit for the nanoscale material

is given by!>28

g=091+92+29.19 (3.2)

where 2,/g19, is the cross term coming from the quantum interference. Eq. 3.2
coincides with some experimental results for molecular parallel circuits.!>!632 Note that
this equation is a simplified form of the original 1999 paper of Magoga and Joachim,
where they specifically include more general phase factors, which can be attributed to the
trend, whether the transmission is reinforced or weakened as a result of the multiplication
of the pathways. Our paper includes an exemplification of such a trend, which itself does
not seem to be new; however, as the author will soon see, the author intends in this study
to pave the way for correlating this trend with the aromaticity of the ring formed when
multiplying the pathways. The author believes this is an unexplored attempt.

In this chapter, the author will see whether or not eq. 3.2 holds true for single
molecular junctions whose molecular-graph representations can be deemed to be a
parallel circuit.’**>* Zhou et al. have studied the current superposition law based on a
layering system consisting of zigzag graphene nanoribbons, finding that when the
interlayer distance is shorter than 5 A, the interference effects between the parallel
pathways are not negligible. In our study, on the other hand, the parallelization of the
pathways is achieved by forming covalent bonds, not by layering, so our systems are
perforce subject to the interference, be it constructive or destructive, which will
eventually be correlated with the aromaticity. To this end, the author will use the non-
equilibrium Green’s function combined with the Hiickel method (NEGF-HMO),?%4¢ and
the density functional theory (NEGF-DFT).*’-3% The author will show that there are some
systems whose conductance is not consistent with eq. 3.2. Furthermore, the author will

20,23,51-55

explain these phenomena using the frontier orbital theory and the local

transmission contribution.!'®
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3.2. Computational Details

All molecular geometries were obtained by optimizing the molecules in gas
phase using the B3LYP functional®®7 and 6-311+G** basis set.®>° Au (111) surface was
chosen as the electrode. Thiol (-SH) was chosen as the anchor unit to connect the
molecules to the contact. The acetylene linker (-C=C-) was added between the molecular
core and the thiol anchor unit to avoid steric hindrance between the bridged molecule and
the electrode surface. The terminal hydrogen atom connected with the sulfur atom was
removed after optimization. Then, the anchor sulfur atom of the bridged molecule was
chemisorbed on the fcc hollow site of the Au (111) surface, which can be modeled by an
Au cluster (see Figure 3.1). The bond length between the Au surface and the sulfur atom
was taken from the literature. The self-consistent-field-converged Hamiltonian matrix
and the overlap matrix for the whole electrode—molecule—electrode structure was
obtained from a single-point DFT calculation with the B3LYP functional and the
LanL.2DZ basis set’!%? to perform the NEGF calculations within the wide-band-limit
(WBL) approximation.®® In the WBL, a constant value for the LDOS of the Au electrode
surface was taken from the literature.®* These electronic-structure calculations were

5

conducted using Gaussian 09 software package,’ while the subsequent transmission

calculations were performed using ARTAIOS package.®*-%8 The Hiickel MO distributions

were calculated and depicted using HuLiS software package.®’

\

o V

Figure 3.1. Model structure used for transmission calculations with the NEGF-DFT method.

Gray, white, yellow, and gold spheres indicate C, H, S, and Au atoms, respectively.
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3.3. Results and Discussion

3.3.1. Transmission Calculations for Aromatic and Non-Aromatic Doubled Paths

The author starts off with transport calculations for two sets of molecular systems
(see Scheme 3.3). The first model is cis-transoid hexatriene and its parallel circuit
analogue, p-quinodimethane. The second model is the s-cis butadiene—benzene system,
as has been introduced in Scheme 3.3. In both systems, hexatriene and butadiene have a
single path between the end atoms, while p-quinodimethane and benzene have two paths.
The two models share the same number of paths in a graph theoretic sense. Making the
number of paths doubled perforce leads to a ring formation. A macroscopic electric circuit
with a circle may result in a circular flow of current and associated magnetic field
generation. But that’s another story. What matters here in the molecular analogue of the
ring circuit is aromaticity.”® The aromaticity or anti-aromaticity of a cyclic system can be
characterized by using the nucleus independent chemical shift (NICS), which is based on
the calculated magnetic shielding for the ghost atom at the ring center. 71-73 Generally,
negative NICS values correspond to aromaticity, while positive values are associated with
anti-aromaticity and values near zero for nonaromatic. p-quinodimethane has almost no
aromaticity (NICS(1)iso: -1.61 ppm) whereas benzene has a strong aromaticity
(NICS(1)iso: -10.2 ppm). It is interesting to note that it has been reported in the literature
that aromaticity has a negative correlation with the conductance in some specific

connection modes.”+77
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Scheme 3.3. Kekulé structures of the four molecules investigated in this study. Arrows

show the connection point with the electrode.

S~/ :®:

cis-transoid hexatriene p-quinodimethane
s-cis butadiene benzene

Figures 3.2 and 3.3 show the transmission spectra calculated for the systems
shown in Scheme 3.3 with the NEGF-HMO and the NEGF-DFT methods. As shown in
these figures, the NEGF—HMO method appears to be reliable enough because the NEGF—
HMO results show the same tendency as the NEGF—DFT ones. Therefore, the author will
henceforth focus our attention to the results of the NEGF-HMO calculations.

In Figure 3.2a, the transmission probability of p-quinodimethane at the Fermi
energy is 3.9 times higher than that of hexatriene. The ratio calculated with the DFT is
reduced to 3.3. However, by and large, the relation between the transmission probabilities
of hexatriene and p-quinodimethane is in good agreement with what is expected from eq.
3.2.78 On the other hand, the transmission probability of benzene at the Fermi energy is
found 4 times lower than that of butadiene at the Hiickel level. The same is true for the
DFT calculation, though the ratio is reduced to 1.6. In contrast to the case of hexatriene
vs. p-quinodimethane, eq. 3.2 cannot explain the tendency of the transmission probability
in the case of butadiene vs. benzene. Sadeghi et al. pointed out the reduction of the
conductance in a cyclic system compared to its single-path linear counterpart considering
the paths simply as classical waveguides and attributing an impedance mismatch to the

cause.’’
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Figure 3.2. Transmission spectra for p-quinodimethane (blue line) and hexatriene (orange

line). The spectra in (a) were calculated by using the NEGF—HMO and those in (b) were
calculated by using the NEGF-DFT.
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Figure 3.3. Transmission spectra for benzene (blue line) and butadiene (orange line). The

spectra in (a) were calculated by using the NEGF—HMO and those in (b) were calculated
by using the NEGF-DFT.
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3.3.2. Frontier Orbital Analysis for Aromatic and Non-Aromatic Doubled Paths

Let us consider why benzene has a lower conductivity compared to butadiene,
though the number of conductive paths is one in butadiene but that is two in benzene. By
decreasing the absolute value of the Hiickel Hamiltonian elements corresponding to the
bonds highlighted by the red color in Scheme 3.4, one can easily move from the double-
path model to the single-path model gradually and continuously. Figure 3.4 shows the
relation between the resonance integral B° for the bonds highlighted by red and
transmission probability at the Fermi energy, and that between ” and the HOMO-LUMO
gap. In the case of p-quinodimethane, the HOMO-LUMO gap gets smaller as the value
of B” gets larger. Note that the limit of B’ = 0 corresponds to the model of hexatriene.
As the transition from hexatriene to p-quinodimethane proceeds, the transmission
probability becomes larger because the contribution of the HOMO and LUMO to the
absolute value of the Green’s function becomes larger as indicated by eq. 2.25. On the
other hand, the HOMO-LUMO gap of benzene becomes larger as B becomes larger.
Therefore, the transmission probability becomes smaller as the model system gets closer
to benzene from butadiene. The tendency of the change of transmissions through these
models is also in line with the change of the MO expansion coefficients in the HOMO
and LUMO on the C atoms in contact with the electrodes, namely the numerators of eq.

2.25 (see Figure 3.5).

Scheme 3.4. Kekulé structures of p-quinodimethane and benzene. B’ denotes the

resonance integral for the bonds highlighted by red color (see the text for details).

) 8 B 5
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Figure 3.4. (a) Transmission probability at the Fermi level as a function of B’ for the

bonds highlighted by red color in Scheme 3.4 and (b) the HOMO-LUMO gap energy

depending on f3’.
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Figure 3.5. The square of molecular orbital coefficients for the atom connected with the

Square of orbital coefficient

electrode depending on f’. B’ denotes the resonance integral for the bonds highlighted by
red color. In the two systems, the absolute values of the HOMO and LUMO coefficients
are equal because the molecules considered here are alternant hydrocarbons. On top of
that, the two electrode attachment sites are symmetrically identical. Therefore, it is only

necessary to square one of the orbital coefficients of one molecular orbital.
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These tendencies between the HOMO-LUMO gap and B’ beg for an explanation.
The author uses the perturbational molecular orbital (PMO) methods in what follows.”~
81 In the case of p-quinodimethane, which can be virtually divided into hexatriene and
ethylene parts (see Figure 3.6), the energy of the HOMO of p-quinodimethane is pushed
up because the HOMO of hexatriene interacts with the HOMO of ethylene in an anti-
bonding manner. In contrast, the energy of the LUMO of p-quinodimethane is pushed
down because the LUMO of hexatriene interacts with the LUMO of ethylene in a bonding
manner. Thus, the HOMO-LUMO gap of p-quinodimethane gets smaller compared to
that of hexatriene.

Benzene may be thought of as being divided into butadiene and ethylene parts
(see Figure 3.7). Note that benzene has two degenerate HOMOs and LUMOs. They are
denoted as HOMO1 and HOMO2, and LUMO1 and LUMO2. The LUMO of butadiene
is pushed up, resulting in the LUMOI1 of benzene, as a result of the anti-bonding
interaction with the HOMO of ethylene. The bonding counterpart results in the HOMO2
of benzene, whose energy coincides with the HOMO energy of ethylene because there is
a nonnegligible out-of-phase contribution from butadiene’s HOMO-1. Similarly, the
HOMO of butadiene interacts with the LUMO of ethylene so that the resultant orbitals
split into the bonding orbital (HOMO1) and the anti-bonding orbital (LUMO?2). The in-
phase contribution from butadiene’s LUMO+1 to the LUMO2 makes it have the same
energy as the parent LUMO of ethylene. This is why the HOMO-LUMO gap of benzene
is larger than that of butadiene. Such an enlargement of the HOMO-LUMO gap has

something to do with the benzene aromaticity.
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Figure 3.6. Orbital interaction diagram for p-quinodimethane partitioned into hexatriene
and ethylene parts. S and A, respectively, indicate that the orbital is symmetric and

antisymmetric with respect to the mirror plane that is perpendicular to the molecular plane,

bisecting the molecule.
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Figure 3.7. Orbital interaction diagram for benzene partitioned into butadiene and
ethylene parts. S and A, respectively, indicate that the orbital is symmetric and
antisymmetric with respect to the mirror plane that is perpendicular to the molecular plane,

bisecting the molecule.

Let us consider the reason why the two cases have different orbital interaction
patterns based on the orbital symmetry approach.®? The frontier orbitals of the planar ©
conjugated molecules investigated here have two symmetry operations, i.e., the two-fold

axis C» in the plane of the molecule, and the vertical mirror plane o, including the C>
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axis. In this study, the author deals only with o, for symmetry consideration. When the
two orbitals interact, the symmetry of each orbital must be the same. Therefore, two
patterns of interaction occur, namely, the pattern of HOMO-HOMO and LUMO-LUMO
interactions, and that of HOMO-LUMO interactions. The HOMO-HOMO and LUMO-
LUMO interactions occur when the HOMOs of the two interacting molecular parts are
symmetric (S) and their LUMOs are antisymmetric (A). And it is also true if the symmetry
is switched between the HOMO and LUMO. The HOMO-LUMO interactions occur
when the symmetry of both of the HOMO of one fragment and the LUMO of the other
fragment is S or when both of them are labelled A.

In the case of the combination of the HOMO-HOMO interaction and the
LUMO-LUMO interaction, the energy of the HOMO generated after the interaction is
pushed up, while the energy of the LUMO is pushed down, so the energy gap gets smaller.
By contrast, in the case of the HOMO-LUMO interactions, the energy of the HOMO
generated after the interaction is pushed down, while the energy of the LUMO is pushed
up, so the energy gap gets larger.

Since the HOMO of the ethylene fragment has the S symmetry while the LUMO
has the A symmetry, the type of the interaction is determined by the symmetry of the
frontier orbitals of the other fragment. In the case of p-quinodimethane, since the HOMO
and LUMO of hexatriene with six 2pm orbitals are labeled S and A, respectively, these
interactions between the hexatriene and ethylene fragments result in the HOMO-HOMO
and LUMO-LUMO interactions. In the case of benzene, on the other hand, the HOMO
and LUMO of the butadiene fragment with four 2pm orbitals are labeled A and S,
respectively. Note that the symmetry species are switched compared to hexatriene. Thus,
the interactions between the butadiene and ethylene fragments lead to the HOMO-LUMO
interaction. From these results, one could say that whether the HOMO-HOMO and
LUMO-LUMO interactions or the HOMO-LUMO interactions take place depends on
the symmetry of the HOMO and LUMO of butadiene and hexatriene, which can be

further traced back to how many n orbitals or conjugated carbon atoms are included in
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the molecule.®?
The author can understand the trend of the variation in conductance for a series

7476 in the

of five-membered heterocycles, which has been discussed in the literature,
context of the increasing number of paths. The conductance of a heterocyclic compound
can be compared to that of butadiene (see Scheme 3.5). In the heterocycle, the connection
between the two end contact points is reinforced by the introduction of the X—mediated
path. The conductance changes depending on the X atom. When the heterocycle is

aromatic in such cases as X = O and S, the conductance is generally lower than the single-

path analogue, butadiene.”*7® This situation is very akin to the benzene-butadiene case.

Scheme 3.5. Comparison between butadiene and five-membered heterocycle junctions.

Arrows show the connection point with the electrode.

X
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3.3.3. Circuit Whose Conductance Does Not Vary with the Number of Paths

Next, the author turns to a model in which its aromaticity is almost kept intact
during the process of increasing the number of paths (see Scheme 3.6). Biphenyl appears
to serve as a good model to probe this. Originally, in biphenyl, two phenyl rings are
separated by a single path, but reinforcing the connection between them with an ethylene
linker results in phenanthrene. This process would be repeated on the other side so that
one could arrive at pyrene. However, it should be noted that the resonance hybrid of the
phenyl rings in the original biphenyl molecule does not seem to change in the above-

mentioned transmutation of the model.

Scheme 3.6. Kekul¢ structures of biphenyl, phenanthrene, and pyrene. Arrows show the

connection point with the electrode.

~ )= "“ ".<-

biphenyl phenanthrene pyrene
Figure 3.8 shows the transmission spectra for biphenyl, phenanthrene, and
pyrene. In this figure, one can see that the transmission probability remains almost

unchanged even if another path is added, which is different from the cases of the p-

quinodimethane-hexatriene and benzene-butadiene systems.
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Figure 3.8. Transmission spectra for biphenyl (blue), phenanthrene (orange), and pyrene

(green) calculated with (a) the NEGF-HMO and (b) the NEGF-DFT methods.
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To justify the observed results, the author carried out the local transmission
calculation,!” which is a convenient technique to make it possible to decompose the total
transmission into local atom-to-atom contributions. In this method, the total transmission

can be decomposed into local (atomic) contributions as follows:

TE) = ) Tap(B) (3:3)
A€eL,BER

where Tag(E) is the transmission probability for electrons with the energy of E
passing from the center A on the left side to the center B on the right side. Note that A and
B are usually atoms, which are defined by the basis functions centered on them after a
symmetric (Lowdin) orthogonalization. Tpg can be calculated on the basis of the
Hamiltonian and overlap matrices that are obtained from a self-consistent field
calculation.

Figure 3.9 shows the calculated local transmission plots for biphenyl,
phenanthrene, and pyrene. The plot for phenanthrene indicates that another pathway is
added, but any arrow does not proceed through the added pathway. The pyrene case also
indicates that even if yet another pathway is added, any other arrow still does not proceed
through the added pathways. The reason for this is that biphenyl has a bond between
phenyl rings in the para position to the carbon atom connected with the source electrode,
but the additional pathways in phenanthrene and pyrene exist in the meta position (see
Scheme 3.7).%* Therefore, in this system, transmission probability hardly changes even
though the number of paths connecting two end electrodes is increased. For completeness,
local transmission plots for butadiene, hexatriene, benzene, and p-quinodimethane have

been calculated (see Figures 3.10 and 3.11).
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Scheme 3.7. Selectivity of transport pathway in benzene. Blue arrows indicate the

allowed pathway, while the red arrow indicates the forbidden one.

Q Source electrode
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Figure 3.9. Local transmission contributions in (a) biphenyl, (b) phenanthrene, and (c)
pyrene evaluated at the Fermi level. Black, white, and gold balls denote C, H, and S atoms,
respectively. The thickness of the arrows is proportional to the magnitude of contribution
to the total transmission. The local transmission contributions are depicted only if they

are above a threshold value of 0.1.
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Figure 3.10. Local transmission contributions for (a) p-quinodimethane and (b)

hexatriene at the Fermi level.

(a) - o

(b) o a

O o
Figure 3.11. Local transmission contributions for (a) benzene and (b) butadiene at the

Fermi level.
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3.3.4. Conductance of Anti-Aromatic Parallel Circuits

The author has consistently described the decrease in conductance due to
aromaticity. It would be natural that one should wonder what the transmission change
would look like in the case where an anti-aromatic compound is generated in the ring
formation upon the parallelization of the molecular graph circuit. The author considers
allyl radical, whose parallel circuit analogue is cyclobutadiene, a typical anti-aromatic
molecule (see Scheme 3.8). The author is aware of the instability of these molecules, but
this thought experiment approaching a limit will lead us to a fruitful result, as one can see

later.

Scheme 3.8. Kekulé structures of allyl radical and cyclobutadiene. Arrows show the

connection point with the electrode.

Figure 3.12 shows the transmission spectra for cyclobutadiene and allyl radical.
The allyl radical and cyclobutadiene have one and two non-bonding MOs (NBMOs) at
the Fermi level, respectively. Since Ep — € becomes zero in the denominator of eq. 2.24,
the singularity is observed at E = Eg. Thus, the electron transmission probability of both

allyl radical and cyclobutadiene at the Fermi level is as high as 1.8
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Figure 3.12. Transmission spectra for cyclobutadiene (blue line) and allyl radical (orange

5 1.0

line) calculated by using the NEGF-HMO.

It is known that the anti-aromatic molecules including cyclobutadiene have high
conductivity.3¢%7 The author will consider a more general case of [4n] annulene, a series
of anti-aromatics (see Scheme 3.9 for its graph theoretic representation). The filled nodes
are supposed to be connected with the electrodes so that one can see two paths between
the two nodes. From this model, one can generate a single path subgraph terminated by
the two filled nodes. The number of nodes or carbon atoms in this chain is denoted as m,
while that in the other subgraph is m». The relation between mi and m> is clear: m, =
my — 2. The longer and shorter subgraphs represent linear Cp,, and C,, chains,
respectively.

Since the total number of nodes in the ring is 4n, a little of algebra leads to m; =

2n+1 and m, = 2n — 1. It is clear that m1 and m> are odd numbers, so both shorter
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and longer linear chains have an NBMO at the Fermi level.
The MO diagrams for n-conjugated linear carbon chains are shown in Figure
3.13. When one moves from the lowest MO level to the highest, one can see an alternation

of the symmetry species. The kth MO has the symmetry of A if £ is an even number;
otherwise, it has the symmetry of S. Since the %(m + 1)th orbital corresponds to the

NBMO, the nth and (nt+1)th orbitals are the NBMOs in the C,,, and C,,, -chains,
respectively. If n is even, the NBMOs of the C,,, and C,,, chains have the A and S
symmetries, respectively; otherwise, the symmetries are switched. What is important is
that they do not share the same symmetry, so they cannot interact with each other upon
the ring formation. NBMO levels stay at the Fermi level, be they linear or cyclic, resulting
in a singularity in the transmission spectrum at the Fermi level regardless of the number
of paths available between the two connection nodes. Thus, the transmission probability

remains unity before and after the parallelization.

Scheme 3.9. Molecular graph of a ring with antiaromaticity and its two fragments. m
and m> represent the number of nodes in each fragment. Filled nodes denote where the

electrode is attached.

mp
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Figure 3.13. MO level diagram of n-conjugated molecules with an odd number of carbon

atoms.
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3.4. Conclusions

In this study, the author investigated the relation between the number of graph
theoretic paths and conductance by using the Green’s function methods combined either
with Hiickel or DFT. When the number of paths increases, the change in conductance can
be classified into three cases: in the first case, the conductance increases, as expected and
exemplified by the hexatriene—p-quinodimethane system; in the second case, the
conductance decreases, as unexpected and exemplified by the benzene—butadiene system;
and the last but not least, there are cases where the conductance remains unchanged, as
demonstrated by using the biphenyl-phenanthrene—pyrene as well as allyl radical—-
cyclobutadiene systems. In the systems where the conductance changes, whether
increasing or decreasing, the author carried out a PMO analysis with p-quinodimethane
divided into hexatriene and ethylene fragments and with benzene divided into butadiene
and ethylene fragments. The PMO analysis has revealed that the HOMO-HOMO and
LUMO-LUMO interactions between the fragments cause an increase in conductance,
while the HOMO-LUMO interaction causes a decrease in conductance. Since the
symmetry of the ethylene’s HOMO is S and its LUMO is A, the interaction pattern,
whether the HOMO-HOMO and LUMO-LUMO interactions or the HOMO-LUMO
interaction, is determined by the symmetry of the frontier orbitals of the other fragment.
In the biphenyl-phenanthrene—pyrene system, the author performed a local transmission
analysis. This method has elucidated that even if a path is added, the current flow is
unlikely to pass through the added path because of the path selectivity of electron transfer.
Anti-aromatic molecules can be formed by combining two linear molecules which are
composed of an odd number of conjugated carbon atoms. The electron transmission
probabilities of both the anti-aromatic molecule and the two constituent linear molecules
are unity at the Fermi level due to the presence of NBMO levels at the corresponding
energy region. Thus, in the allyl radical-cyclobutadiene system, the conductance can be

said to remain unchanged even if the number of paths increases.
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3.5. Appendix

3.5.1. Resistance Distance

The resistance distance is a measure of the topological distance between two
nodes in a graph.>®3! When the edges of the graph with n nodes is replaced by unit

resistors, the resistance distance between the two nodes i and j, (£);;, is given by
@)y = L'+ W™ = 2Ly (A3.1)
where L is the Laplacian matrix of the graph. The Laplacian matrix is defined as follows:
L=D-A (A3.2)
where D = diag(d,,--,d,) is the degree matrix and A is the adjacency matrix. The ith
element of the degree matrix is the number of graph edges which connect the ith node.

Let us take butadiene as an example (see Scheme 3.2 for the atom numbering), the

adjacency matrix and the degree matrix are, respectively, given by

0 1 0 O 1 0 0 O
1 01 0 o 2 0 o

A= 001 0 1 ,and D = 00 2 0 (A3.3)
0 01 0 0 0 0 1

In Eq. A3.3, the Laplacian matrix and the inverse matrix of L are, respectively, given by

7 1 3 5

8 8 8 8

1 -1 0 0 1 3 1 3
e A e I (A3.4)

0 0 -1 1 "8 8 8 8

5 3 1 7

'8 8 8 8
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Since the two electrodes connect with the 1st and 4th nodes, the resistance distance
) 5
between these two nodes (€),, is calculated as £+£— 2(— g) = 3. Thus, the

conductance g, which is the inverse of the resistance, is 0.333.
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Chapter 4

Frontier Orbital View of Conductivity in Highly
Conductive Single-Molecule Wires Based on One-

Dimensional Topological Insulators

In normal single-molecule wires, the conductance of the molecular chain decays
exponentially as the length of the molecular chain increases. Recently, single-molecule
wires have been discovered that achieve reversed conductance decay, the behavior in
which the conductance of the molecular chain increases as the length of the molecular
chain increases. However, highly conductive wires that exhibit reversed conductance
decay lose their reversed decay property when the chain length increases beyond certain
lengths. In this study, the author shows that the loss of the reversed conductance decay
can be reproduced by modifying the relation between the bond alternation and the
conductance. Furthermore, the author shows that in the derivation process of the relation,
it corresponds to the introduction of heteroatoms in the Hiickel method and propose a

means to maintain the inverse conductance damping based on them.
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4.1. Introduction

The electrical conductivity of m-conjugated single-molecule junctions cannot
ignore the influence of the wave property of electrons. In particular, it is known that the
conductance decays exponentially due to the tunneling effect®®® and that the
conductivity changes due to the interference of electron waves.!>4¢84%4 The relationship

between the wire length L and the conductance g of a single molecule wire is as follows:

g = goexp(—pL) (4.1)

where g, is the contact conductance and £ is the conductance decay factor, which is
generally positive. f is a molecule-specific value, and f generally has smaller values
for m-conjugated wires than for o-based wires.”>® If B is low, the conductance
attenuation is small even when a wire is long. Therefore, it is necessary to design
molecular structures that exhibit low [ in order to realize single-molecule electronics.
In m-conjugated systems, several molecular structures have been theoretically
proposed that exhibit negative B, i.e., the reversed conductance decay.”’~!°> Based on the
Hiickel molecular orbital (HMO) method, the relationship between the conductance and

the resonance integrals t, and tg in polyene wires is expressed as follows:”®

_ 2e? 1 (tB)Z" “2)
g = A )/LVRté t .

where yy /g is the broadening function and n is the number of polyene unit iterations.
ty and tg are positive values because the energy unit is set to the resonance integral

t (< 0) between adjacent 2pm orbitals of the benzene ring. From egs. (4.1) and (4.2), B

is expressed as follows:
B=—2In (—) (4.3)

Eq. (4.3) suggests that B is negative when t, < tg. Scheme 4.1 shows the relationship
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between t, and tg, and the corresponding resonance structure of the polyene wire. The
tight-binding model for polyene wires as shown in Scheme 4.1 is called the finite Su-
Schrieffer-Heeger (SSH) model.!%»!% In the finite SSH model, t, > tg is called the
trivial state, t, = tg the metallic state, and t, < tg the topological state. Polyene wires
in the topological state are conductive at both terminal atoms and insulating at the other
atoms. Materials that exhibit such properties are called one-dimensional topological
insulators (1D-TIs).!%5-19% Ag shown in Scheme 4.1, polyene wires in the topological state
have electronic states such that there are radicals on the carbon atoms at both ends.
Stuyver et al. show that [ is negative for biradicals with radicals at both ends of the
wire.!? Garner et al. demonstrated the validity of the relationship shown by Tsuji et al.
by using the NEGF-DFT calculations.!!

Recently, molecular structures with negative 8 have been discovered by single

111,112 [

molecule measurement techniques. n]cumulene has been shown to exhibit negative

f by conductance measurements using the STM-BJ technique and DFT

115,116 117,118

calculations.!!3!!* Other compounds such as fused porphyrin, cyanine, and
oxidized oligophenylene-bridged bis(triarylamines)’ have also been reported to have
negative . However, it has been shown that the reversed conductance decay disappears
at chain lengths above a certain level. Bajaj et al. reported that the disappearance of the
reversed decay is due to the localization of frontier orbitals as a result of the change from
the closed-shell to the open-shell state.!! Li et al. demonstrated, using the tight-binding
approximation and NEGF, that the disappearance of the reversed attenuation is due to
contact with the electrode.'?? The results of Li et al. indicate that the reversed attenuation
disappears although it is within the tight-binding approximations. Here, the author
extends eq. (4.2) and shows that it can reproduce the vanishing of the reversed
conductance decay in finite polyene wires. Furthermore, the author shows the relationship
between the disappearance of the reversed conductance decay and the molecule-electrode

interaction in polyene wires based on the orbital rule for the electron transport.2%-23-53
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Scheme 4.1. Resonance structures of a (3E,5E,7E)-1,3,5,7,9-decapentaecne wire

corresponding to the relationship between the resonance integral ¢4 and 7s.

t
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4.2. Results and Discussion
4.2.1. Derivation of the Modified Relation between the Conductance and the
Resonance Integrals for Polyene Wires.

First, the author derives the relation that includes the interaction with the
electrode by extending eq. (4.2). The polyene wire to be calculated consists of 2xn carbon

atoms, as shown in Figure 4.1. The electrode connects to both ends of the polyene wire.

N T

- “n-1 (=12 )

Figure 4.1. Schematic representation of a finite polyene wire junction.

The conductance of the single-molecule junction can be expressed using the

NEGF. The Green’s function used to calculate conductance is as follows:

G = [EFI - H - ZL - ZR]_l (44)

where Ef is the Fermi energy, I is the identity matrix, H is the Hiickel Hamiltonian of
the molecule, and X r is the self-energy matrix for the left/right electrode. The self-
energy matrix is the complex matrix representing the interaction between the molecule

and the electrode. In the process of deriving eq. (4.2), the ZOGF used as shown below:

G=-H"1 (4.5)

Here, the author simplifies the equation by placing Er = 0. Eq. (4.5) does not include
the molecule—electrode interaction. In this study, the molecule—electrode interaction is
assumed to be simple perturbations and the self-energy matrix is treated as the real matrix

and incorporated into the effective Hamiltonian.
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H,¢ = H + Re[X,] + Re[Zg] (4.6)

In this system, Re[Z;] and Re[XR] are matrices with parameters &; and &y in the
(1,1) and (2n,2n) components, respectively, and zero for the other components. &;, and
Or are parameters related to the strength of the molecule—electrode interaction. Let tp
and tg be the double bond and the single bond of the polyene wire, respectively, the

effective Hamiltonian is represented by the following matrix.

S, tn 0 0 - 0
th 0 tg O -« 0
0 tg 0 ty - O
Heff = O OB tA '.A _.‘ E (4.7)
P w0ty
0 0 0 - t, &

Eq. (4.7) shows that &g formally corresponds to the change in the Coulomb integrals
of the carbon atoms at both ends.'?!

Next, the inverse matrix of Hgg is calculated to obtain the Green’s function for
this model. Eq. (4.7) is a tridiagonal matrix. The inverse of the matrix can be calculated
using Usmani’s formula.!?>!23 Thus, the (1,2n) components of the Green’s function for

the polyene wire are expressed as follows:

tatpt
G = (=11
( )1,211 ( ) tﬁn _ 6L6Rt§n_2

(4.8)

The Green’s function of the polyene wire has been obtained and the conductance can be
calculated. The conductance of a single-molecule junction can be approximated as

follows:

2e? 2e? 2
9 = TEr) ~ ——71¥|(G)120] (4.9)

Substituting eq. (4.8) into eq. (4.9), the modified relationship between the conductance
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and the resonance integrals in polyene wires is obtained.

2e? tRtp? 2
= 4.10
g=—""IR ( 27 6, 6qt2n2 (4.10)

Eq. (4.10) is consistent with eq. (4.2) when &;, = g = 0. When the molecule—electrode
interaction is considered, the denominator term —&;8gt3" % appears. Due to this term,

the conductance at t, — 0 does not diverge.
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4.2.2. Comparison between Eq. (4.10) and the Results by the NEGF-HMO

The relationship between the number of carbon atoms and the transmission
probability at the Fermi energy obtained from egs. (4.2) and (4.10), and the NEGF-HMO
method is shown in Figure 4.2. To clearly see the relationship between t, and tg in
these calculations, the following relation between t, and tg is imposed as the

constraint.

ta +tg =2 (4.11)

From eq. (4.11), t, > 1 corresponds to the trivial state and t4 < 1 to the topological
state. In this study, it is assumed that the same electrodes are used in the left and right
sides. Therefore, in eq. (4.10), &y, /r, which represents the interaction between the left and
right electrodes and molecules, is set to the same value, §;, = 6g = 0.1. Note that the
term for the molecule—electrode interaction in eq. (4.10) is always positive, regardless of
the sign of &y g, because only the product of §;, and g exists. When t, > 1, T(E)
decreases in both Figures 4.2a and 4.2b, corresponding to an increase in the number of
carbon atoms. The gradient of T(Ep) at ty, = 1.1 is smaller than that at t, = 1.2. As
the resonance integrals for the double and single bonds approach the same value,
becomes smaller. This trend is consistent with eq. (4.3). When t, = 1.0, both T(Ef)
remain unchanged as the number of carbon atoms increases. When t, <1, ie.,
topological state, there is a difference between eq. (4.2) and the other trends. In the plot
using eq. (4.2), T(Eg) increases monotonically with carbon chain length. On the other
hand, plots using eq. (4.10) and the NEGF-HMO method show reversed conductance
decay in the short carbon chain length range and normal conductance decay in the long
carbon chain length range. The graph obtained from eq. (4.10) and that obtained by using
the NEGF-HMO method have different shapes. The graph obtained from eq. (4.10)
diverges at t3" = 8. ,0xta"™ 2 and therefore has a sharper peak than the graph obtained
from the NEGF-HMO method calculation. However, the existence of maxima in both
graphs indicates that they are qualitatively identical. In Figure 4.2a, when t, =0.9, 0.8,
and 0.7, T(Eg) has maxima at 22, 12, and 8 carbon atoms, respectively. It can be seen

that as tp decreases, the carbon chain length that can keep the reversed conductance
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decay becomes shorter. The same trend is observed in the results obtained by the NEGF—
HMO method.

(@) —— =07
10°1 —— {4, =0.38
- tA =0.9
]

< 10721 th=1.0
tA =1.1
1075 —~— t=12

Lo 10 20 30 40
(b) 10°- —o— {4 =0.7
%{\ —e— [, =0.8
~ 107/ th=0.9
= ta=1.0
10-41 tA =1.1
—— tA =1]1.2

10 10 20 30 40

Number of carbon atoms

Figure 4.2. Transmission probability at the Fermi energy as a function of the number of
carbon atoms for each ¢ obtained by using (a) eq. (4.10) (solid lines), eq. (4.2) (dotted
lines), and (b) the NEGF-HMO method.

Figure 4.3 shows the relationship between the number of carbon atoms in the
polyene wire and the electron transmission probability at the Fermi energy for the finite
polyene wire with different molecule—electrode interactions. In Figure 4.3, t, is fixed at
0.8. The plots for &;,g = 0.0 and 0.1 are the same as the blue dotted and solid lines in

Figure 4.2a, respectively. When & g = 0.2, the carbon chain length at which the
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reversed conductance decay disappears is shorter than that at &;,,g = 0.1. Since 6y,/g is
the strength of the molecule—electrode interaction, the stronger this interaction becomes,
the shorter the carbon chain length at which the reversed conductance decay disappears.
This trend is consistent with the results shown by Li et al.'?° Therefore, it is clear that
polyene wires in which the interaction between the molecule and the electrode is
introduced in the form of the parameter can reproduce the disappearance of the reversed

conductance decay.

10°

101_
gm
\LH 10~

10_3_ —_— 6L/R =0.0
— 6r=0.1
—— 6 r=0.2
1072 . 1 : :
5 10 15 20 25 30

Number of carbon atoms

Figure 4.3. Relationship between the number of carbon atoms and transmission
probabilities at the Fermi energy for the finite polyene wire junctions obtained by eq.
(4.10). Black, red, and blue lines indicate drr = 0.0, 0.1, and 0.2, respectively.
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4.2.3. Frontier Orbital Analysis for the Wire

The author has successfully reproduced the disappearance of the reversed
conductance decay of the finite polyene wire considering the interaction between the
molecule and the electrode. Eq. (4.10) is a simple extension of the Hiickel Hamiltonian
of finite polyene wires by adding perturbation terms to the elements of carbon atoms at
both ends. It is now possible to use that Hamiltonian to discuss the vanishing of the
conductance reversed conductance decay. The author discusses the mechanism of the
vanishing of the reversed conductance decay by the introduction of &),z based on the
orbital rule for electron transports.

When the electrodes are connected to atoms » and s in the molecule, the

conductance is expressed by the following relation: 2023

C C C C 2
r,HOMO%“~s,HOMO + r,LUMO%s,LUMO (412)

Ex — €nomo Ex — €Lumo

where Cy(5)nomoumo) is the orbital coefficient of the atom r(s) in HOMO (LUMO)
and eyomo(Lumo) 1s the orbital energy level of HOMO (LUMO). Eq. (4.12) can be used
to predict the trend of conductance.

From the previous discussion, it is clear that the carbon chain length at which the
reversed conductance decay disappears becomes shorter as t, decreases. By varying t,
for the single molecule of appropriate length, one can compare the electronic structures
of molecules when the reversed conductance decay is observed and when the reversed
conductance decay disappears. The author analyzed the relationship between t, is 0.8
and 0.9, and to the region of vanishing reversed conductance decay when t, is 0.7. It
will be clarified whether there is difference in the electronic structure when belonging to
each region.

Figure 4.4 shows the electron transmission probability and molecular orbitals of
CioHi2 wire at the Fermi energy. When 6y, = 0.0, T(ER) increases monotonically as
ta decreases (solid black line in Figure 4.4a). On the other hand, when &,z = 0.1,
T(Eg) for the CioH12 wire increases as t, decreases from the trivial state and reaches

the maximum at t, = 0.75 (dashed line). Then, as t, decreases further, T(Eg) also

62



decreases (solid red line in Figure 4.4a). It will be discussed these trends based on eq.
(4.12). The author will be discussed the sign of the sign of the numerator in eq. (4.12).
For both &;,r = 0.0 and 0.1, the product of the orbital coefficients of the atoms
connected to the electrode at HOMO and LUMO for any tp are (+)(+) and (+)(-),
respectively (Figure 4.4c). In these cases, the numerator has the same sign, but the sign
of the denominator, i.e., the relationship between the Fermi energy and the orbital energy,
shows different trends (Figure 4.4b). When &) g = 0.0, for any tp, the denominator is
positive because the HOMO energy level is always below the Er and negative because
the LUMO energy level is always above the Eg. As tp decreases, the HOMO and
LUMO approach the Fermi energy, so the value of eq. (4.12) increases. On the other hand,
when &y g = 0.1, the behavior is different. When t, > 0.75, the denominator is positive
because the HOMO energy level is below the Eg, and negative because the LUMO
energy level is above the Eg. Both the HOMO and LUMO terms in eq. (4.12) are positive.
As t, decreases, the HOMO-LUMO gap decreases, so the absolute values of both terms
in eq. (4.12) increase, indicating an increase in conductance. When t, < 0.75, the orbital
phase and the relationship between the HOMO energy level and the Fermi energy remain
unchanged, but the LUMO energy level is located below Eg. The LUMO term in eq.
(4.12) changes to the negative value. As a result, the HOMO and LUMO terms cancel
each other and the conductance decreases. Thus, it is clear that the disappearance of the
reversed conductance decay is due to the change in the sign of eq. (4.12) due to the change

in the energy level of the orbital.
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Figure 4.4. (a) Transmission probability at the Fermi level, (b) the orbital energy diagram

as a function of ¢, and (c) frontier orbitals at za = 0.9 and 0.7 for a linear CioHi2> wire.

Black and red lines indicate d.r = 0.0 and 0.1, respectively.
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4.3. Conclusions

The author has improved the relation between bond alternation and conductance
for finite SSH model by Tsuji et al. By using the effective Hamiltonian that replaces the
electrode interaction as simple parameters, the disappearance of the reversed conductance
decay can be reproduced. The author compared the plot of the electron transmission
probability obtained from the NEGF-HMO method with a plot of the improved relation
by imposing a constraint between the resonance integral of the double bond and the
resonance integral of the single bond. The improved analytical equation is qualitatively
consistent with the results using the NEGF-HMO method. This modification made it
possible to analyze the conduction properties using the orbital law for electron transport.
According to the improved relation, the chain length that switches from the reversed
conductance decay to the normal decay becomes shorter as the interaction with the
electrode becomes stronger. According to the improved relation, as the interaction with
the electrode becomes stronger, the chain length that switches from inversion of
conductance decay to normal decay becomes shorter. This trend is also consistent with
the results obtained by the NEGF-HMO method. Furthermore, the author applied orbital
rules for electron transport using molecular orbitals obtained from the effective
Hamiltonian. In the region of reversed conductance decay, the HOMO and LUMO
contributions in the ZOGF cause constitutive quantum interference, increasing the
conductance of the single molecular wire. On the other hand, in the region of normal
conductance decay, the phases of the HOMO and LUMO contributions of the ZOGF are

opposite, resulting in destructive quantum interference and conductance decrease.

65



Chapter 5

Graph Theoretical Study on the Conduction
Properties of Heteroatom Containing Single-

Molecule Junctions

Based on Sachs’ graph theory, the author formulated the conduction properties of a single
molecular junction consisting of a molecule in which one carbon atom of the alternant
hydrocarbon is replaced with a heteroatom. The derived formula includes odd and even
powers of the adjacency matrix, unlike that for the graph of the parental structure. These
correspond to the odd- and even-length walks. Also, since the heteroatom is represented
as a self-loop of length 1 in the graph, an odd number of passes of the self-loop will
change the parity of the length of the walk. In order to confirm the above effect of the
heteroatom in a concrete example, the conduction behavior of meta-connected molecular
junctions consisting of a hetero six-membered ring, whose conductive properties have
already been measured in an experiment, was analyzed based on counting the number of

walks.
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5.1. Introduction

Single molecule junctions exhibit unique electron transport properties that are
not found in extended systems, such as solids and polymers.!-213-26.28:46,124-127 Ope of the
unique transport properties there is the phenomenon of interference between transporting
electrons. This is called quantum interference (QI) and is due to the quantum phase of the
electrons caused by the wave and particle duality.!>?%46:128 There are two types of QI:

1332 and destructive

constructive QI, which occurs when the electron phases are the same,
QI, which occurs when the electron phases are opposite.*6:12%130 In this chapter, the author
will refer to destructive QI simply as QL.

A graph-theoretic approach has been proposed as one way to predict whether or
not QI will occur in single-molecule junctions.?* Graph theory is a field of mathematics
that uses graphs, a mathematical tool for modeling pairwise relationships between
objects.!3! The graph is a set of vertices and edges, where an edge can connect two
vertices, or start from a vertex and return to itself. Graph theory can be applied to

A,?4132737 \which is a matrix with entries of +1 if

chemistry using the adjacency matrix
the pair of atoms are connected, while 0 if they are not. By treating atoms as vertices and
bonds as edges (see Figure 5.l1a), one can reveal the topological properties of
molecules.!*

QI can be explained using the concept of a walk on the molecular
graph 24131138139 Ty the graph represented by A, the number of walks of length k starting
at node i and ending at j is equal to the (i, j) element of the kth power of the adjacency
matrix, i.e., (A¥);."3® Using molecular graphs for alternant hydrocarbons, which do not
contain any odd-membered rings and heteroatoms, their single-molecule conductivity can
be related to the presence of odd-length walks on their graphs (see Figure 5.1a for an
example).?*!23 In benzene, there are odd-length walks between the two carbon atoms in
the para position (Figure 5.1b, left) while even-length walks between the two carbon
atoms in the meta position (Figure 5.1b, right). Therefore, the molecular junction becomes
conductive when the electrodes are connected to the two carbon atoms in the para position
of the benzene ring, and insulative when connected to the carbon atoms in the meta

position, !40-143
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Figure 5.1. (a) Graph representation corresponding to benzene, its adjacency matrix A,
and its ZOGF G expanded in a series of A. Note that only odd powers of A contribute to
G. (b) Examples of walks on benzene molecular graphs connected with two electrodes in

two different manners (para and meta).

The above is a very intuitive interpretation of QI, but unfortunately, this method
cannot be directly applied to molecules containing heteroatoms, because the electron-hole
symmetry is often broken in such molecules.!**!%* In this study, the author uses a graph-
theoretic method called Sachs graph to solve this problem and try to open up a new aspect
of QI by relating the conduction behavior of single-molecule junctions containing a

heteroatom to walks on the graph.

68



5.2. Results and Discussion
5.2.1. Derivation of ZOGF Based on the Graph Theory

The author begins with a brief review of the relationship between the theory of
molecular conduction and graph theory. The conductance of a single molecule, g, can be
calculated from Landauer formula'*?® combined with the NEGF.26:146.147 Landauer

formula is given by

2

Ze
gij = TTij(EF): (5.1)

where the (i, j) entry corresponds to the sites of i and j in the molecule connected with the
two electrodes, 2¢*/h quantum conductance, and T;(Er) the transmission probability at
the Fermi energy. The transmission probability can be proportional to the (i, j) entry of

the ZOGF, Gy, as follows:!*8
2

If the Fermi energy is assumed to be located at £ = 0, ZOGF takes the following simple

form:!23

G(Eg) = —H™L. (5.3)
In this study, the Hiickel Hamiltonian, H, is used to describe the electronic structure of &
systems. If the on-site Coulomb energies of all the sp? carbon atoms are the same and
their values can be set to zero without loss of generality, then the diagonal elements of H
are all zero. H can be written as

H = pA, (5.4)

where [ is the resonance integral between adjacent carbon 2pm orbitals and A is the
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adjacency matrix for the molecular graph. If § is used as the unit of energy, the

Hamiltonian can be simplified as H = A. Thus, ZOGF is rewritten as
G(Ep) = —A™L. (5.5)

By examining the inverse of the adjacency matrix, one can predict the conductive
properties of molecular junctions. Thus, the topology of the n-conjugated network can be
linked to the molecular conductivity.

The topological properties of a graph can be revealed by examining the

characteristic polynomial, p(1), which is defined as follows:!*

N

p(1) = det|Al — A| = Z a AN =0 (5.6)

n=0

where I is the identity matrix, N is the total number of sp? carbon atoms in the n-
conjugated network, and an is the coefficient of the (N — n)-th power term of A.
Let us consider molecular junctions of closed-shell alternant hydrocarbons: N

must be an even number. Applying the Cayley-Hamilton theorem'° to eq. 5.6, one obtains

1 N-1
—Al=—) g, AV-"1, (5.7)
aN n=0

From eqgs. 5.5 and 5.7, ZOGF is obtained in the form of a series expansion in terms of A.

The coefficients in the characteristic polynomial can be obtained on the basis of the

topology of the molecular graph, according to Sachs’ formulation.!3%15!

This process
involves so-called Sachs graphs, which have two components: a complete graph K>
consisting of two vertices and a cycle Cy, consisting of m vertices.!>!

For alternant hydrocarbons without heteroatoms, the coefficients of the terms in

134,151,152

the characteristic polynomial can be calculated using Sachs’ formula as follows:
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an = ) (-2, (58)

SESH

where s is a Sachs graph, S, a set of all Sachs graphs with n vertices, c(s) the total number
of components in s (i.e., how many K>’s and C,,’s are included), and r(s) the number of
cycles with three or more nodes in s (i.e., how many C,,’s where m > 3 are included). Note
that aop = 1 by definition.'>!

If S, does not contain any Sachs graphs with odd-membered rings, that is, if the
molecule represented by the chemical graph in question corresponds to an alternant
hydrocarbon, then S, consists only of those with an even number of vertices. In other
words, S, will not contain any Sachs graphs with an odd number of vertices; S, with n
odd will be the empty set. Since Sachs graphs may be unfamiliar to beginners, an example
using benzene is shown in Figure 5.2a. The reader is invited to work out how it works.

Due to alternancy, a, with n odd is zero. Only when 7 is even, a, contributes to
the characteristic polynomial and then to ZOGF. Hence, the right-hand side of eq. 5.7 for
alternant hydrocarbons consists only of odd powers of A. Note that the exponent of A is
N —n—1, which is odd when 7 of a, is even. This is why the ZOGF expression in Figure
5.1a contains only odd powers of A.

The elements of the nth power of A count the number of walks starting at one
node of the graph and ending at the starting point or another node in 7 steps. If there are
only walks of even length between nodes i and j, the (i, j) entry of ZOGF for alternant
hydrocarbons is zero because ZOGF does not contain even powers of A.?* In such a case,
molecular conductance is predicted to be small. This is exactly the graph-theoretic

explanation of QI.
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Figure 5.2. How the Sachs graph can be used to calculate the coefficients of the
characteristic polynomial p(4), i.e., the coefficients for the powers of A in the ZOGF
expression for (a) benzene and (b) its heterocyclic analogue obtained by replacing one
carbon atom with a heteroatom X, whose effect on the equations is described by the

heteroparameter of a. Terms involving a are shown in red.
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5.2.2. Derivation of ZOGTF for a Single-Molecule Junction with a Heteroatom

Now, let us take a look at the effect of the introduction of a heteroatom on what
the author has discussed so far. To calculate the characteristic polynomial for a molecular
graph with a heteroatom introduced, one needs to define the adjacency matrix for such
molecular graphs. Hetero-conjugated molecules can be represented by edge-weighted
graphs in which one or more edges are weighted to distinguish them from other edges.
The weighted edge starts at the node corresponding to the heteroatom and ends at itself.
The weight is identified by a parameter of a, specific to the type of heteroatom. The
weighted edge for a heteroatom in a molecular graph is visually identified by a loop (a
cycle of one node, ak.a. self-loop).!’>13>14 An edge-weighted graph is given as an

example in Scheme 5.1.

Scheme 5.1. Edge-weighted graph representation for a heterocyclic analogue of benzene.

X indicates the heteroatom, which is represented by a loop in the graph.

1
AN
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The adjacency matrix for the molecule shown in Scheme 5.1 is written as

(5.9)

_ O O O R
S OO R O
SO R O RO
O RrRr O KFr OO
_-o = O o0
O R OO O

Since the diagonal entries of the adjacency matrix can be traced back to the Coulomb
integrals for the corresponding atoms. Given the heteroatom of X is described by the
Coulomb integral of ax different from that for the carbon atom, ac, the parameter of « is

related with these Coulomb integrals as follows:!3%153

ax — dc

I

a= (5.10)

The introduction of a heteroatom causes electronegativity perturbation, which breaks the
electron-hole symmetry characteristic of alternant hydrocarbons.!>* The middle point of
the HOMO-LUMO gap, at which the author assumes the Fermi energy to be located, will
not necessarily coincide with £ = 0. However, since the author is only considering the
introduction of a single heteroatom for now, the change in Fermi energy, if any, will not
be so significant. As such, it would still be reasonable to set the Fermi energy of the
hetero-conjugated system at £ = 0. Indeed, such an assumption has been used in previous
studies.!#+153156 The author will continue to try to understand the conductivity using egs.
5.5 through 5.7. The author is currently conducting a graph-theoretic study of QI at
energies other than £ = 0, the results of which will be reported elsewhere.

The coefficients of the terms in the characteristic polynomial calculated using eq.
5.8 need to be modified when a heteroatom is introduced. For this purpose, a modified

Sachs graph was proposed as follows:!3

a, = z (—=1)¢®r©) gl (5.11)

SESn
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where [(s) is the number of self-loops in s. Note that the number of self-loops is not
accounted for in 7(s). In this study, for starters, the author investigates molecules without
odd-membered rings, so Sachs graphs with an odd number of nodes are solely due to the
self-loop corresponding to the heteroatom (see Figure 5.2b for an example).

For a molecule containing only one heteroatom, /(s) can take the value of 0 or 1.

/(s) =1 when n of S, is odd; otherwise, /(s) = 0 when 7 is even. Thus, /(s) may be expressed

1—(—1)" . .
as (2 ) . From the above discussion, one can see that ZOGF for an alternant

hydrocarbon with a carbon atom replaced with a heteroatom can be expressed as!

N/2

1
G = a_Z(azn_zAN_2n+1 + aa2n_1AN_2n) . (5.12)
N n=1

In this equation, there are even powers of A, which are not present in the ZOGF
expression for alternant hydrocarbons without heteroatoms. One should notice that the
even powers of A in this equation are always multiplied by «a.

The odd powers of A in eq. 5.12 are not multiplied by a, and their coefficients
can be traced back to what is shown by eq. 8. This means that the coefficients of the odd
power terms of A in eq. 5.12 are the same as those calculated for the molecule obtained
by converting the introduced heteroatom back to a carbon atom. To put it another way,
the introduction of the heteroatom does not change the coefficients of the odd powers of
A in ZOGF.

The effect of the heteroatom on ZOGF appears primarily through the coefficients
of the even powers of A. However, it is also important to note that it is not only the even
powers of A that are involved in the process of incorporating the heteroatom effect into
ZOGF. With the introduction of the heteroatom, the self-loop is added to the molecular
graph. Therefore, walks traversing the self-loop must also be considered. The number of

steps required to pass through the self-loop part is one, so each time one passes through

1 1-(-)"

D ( 1)c(s)2r(s) <AN_1 + Zg;ll Zse.‘?n(_1)6‘(5)27ﬂ(s)aT AN_n_l) =
seSy\T

Ysesy( 11)c(s)2T(S) Zgizl [ZSESZn—z(_l)C(S) 2T(S)AN_2n+1 + aZSESZn—l(_l)C(S) Zr(S)AN_Zn]‘
SESN\T

I Note that G =
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the self-loop, the length of the walk increases by one.

If there are only even-length walks between two nodes on a bipartite graph,
conduction between them is forbidden due to QI. When a heteroatom is introduced, even
powers of A appear in the ZOGF formula, so that conduction between the two can be
allowed. On top of that, if there is a self-loop due to the heteroatom in the middle of the
even-length walk, it can change into an odd-length walk after passing through it once,
contributing to the ZOGF formula through the odd powers of A. This is also one of the

reasons why conduction between the two gets allowed.
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5.2.3. Application to the Six-Membered Ring Systems

In recent years, researchers have paid attention to the conductance of
heterocyclic compounds, especially their QI properties.'#+!57-161 Eq. 12, which the author
has derived in this study, is useful for understanding the conduction properties of even-
membered heterocyclic compounds containing one heteroatom. Conductance

157 have been made for the heterocyclic analogue of

calculations'** and measurements
benzene. Let us see in the following whether eq. 12 is effective in rationalizing the known
facts in these previous studies.

Suppose that the benzene-like heterocycle is numbered as in Scheme 5.1. When
electrodes are connected to the second and fourth sites or the second and sixth sites, meta-
connected molecular junctions are formed, but it has been experimentally confirmed that
the conductivity of these molecular junctions is higher than that of a meta-connected
molecular junction consisting of a benzene ring.!>” This experimental result is interpreted
as a loss of QI properties due to the introduction of the heteroatom. On the other hand, it
has also been found that when electrodes are connected to the third and fifth sites, the
measured conductance is almost identical to that of the meta-connected benzene
molecular junction. In the literature, one can find a theoretical study by Sangtarash et

a1'162

who, with a beautiful formulation using the Dyson equation, reduced the problem
of QI in molecular junctions containing a heteroatom to the problem of parity of
connection sites. Their results are also consistent with the experiment.

Now the author will see if our formulation can provide insight into the
experimental results. From eq. 12, one can obtain a series expansion of the ZOGF for the

heterocyclic analogue of benzene as follows:

G =—[-A%+ 6A%3 — 9A + a(A* — 4A% + 31)] (5.13)

e

As a natural consequence of eq. 12, the author sees that this equation contains even
powers of A, and they are multiplied by the heteroparameter of a.

The matrix representation of the ZOGF for the molecule is written as follows:
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0 -1 0 1 0 -1

1 ¢ 1 ¢ 1 z

2 2 2

0 -1 0 -1 0 1

G=o| , @ , @ _ _«a (5.14)

2 1 2 1 2

0 1 0 -1 0 -1
e, e o«

2 2 2

This formula can be obtained by inverting the adjacency matrix shown in eq. 9 or by
substituting it into A’s in eq. 13. The absolute value of the matrix element (G);; is a
rough guide to predict whether the conductivity will be high or low when the electrodes
are connected to the i-th and j-th sites in the molecule.

Consider the case where the electrodes are connected to the meta-position. That
is, the author considers electron transport between sites separated by only even-length
walks along the ring aside from the walk through the self-loop. For the 2-4, 2-6, and 4-6
connections, the corresponding matrix element of G is either a/4 or -o/4. In these
connection patterns, the larger the absolute value of the parameter a, the larger the value
of conductance. This means that the conductance depends on the nature of the heteroatom.
For the 1-3, 1-5, and 3-5 connections, the corresponding matrix element of G is 0. This
means that in these connection patterns, the QI properties are maintained even when the
heteroatom is introduced.

Consider the case where the electrodes are connected to the para-position. That
is, the author considers electron transport between sites separated by only odd-length
walks along the ring aside from the walk through the self-loop. The corresponding matrix
element of G is 1/2. The value of the ZOGF does not change with the value of the
heteroatom parameter.

The above is just a reproduction of experimentally known facts using the Hiickel
method. What the author really wants to do is not just to invert A to obtain G, but to
provide insight into why the matrix elements of G should take the values they do. To this
end, the author will analyze the difference between conductive and insulative connection
modes using the path counting scheme as developed in the first half of this manuscript.

The meta-connections of electrodes in the heterocyclic analogue of benzene
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were represented by three types (see Figure 5.3): the 3-5 connection insulative is called
metal, and the 2-4 and 2-6 connections conductive are called meta2 and meta3,
respectively.

In benzene, when electrodes are attached to the two carbon atoms in the meta-
position, there are only even-length walks between the connected sites. However, it is
also important to note that there is a self-loop in the heterocycle, so odd-length walks
come in between the two sites.

First, the author considers walks in the 3-5 connection (metal) as shown in
Figure 5.3a. One can find one walk of length 2, which results in (A?)3 5 = 1, five walks of
length 4, which result in (A*)3 s = 5, and one walk of length 5 that includes one passage
through the self-loop, which results in (A%)3s = a. The cancellation between the
contributions from the 2-step, 4-step, and 5-step walks is complete as shown at the bottom
of Figure 5.3a, and the matrix element of the ZOGF becomes zero.

Next, the author considers walks in the 2-4 connection (meta2) as shown in
Figure 5.3b. One can find one walk of length 2, which results in (A2),4 = 1, five walks of
length 4, which result in (A*),4 = 5, and two walks of length 5 that include one passage
through the self-loop for each, which result in (A%)24 = 2a. The cancellation between the
contributions from the 2-step, 4-step, and 5-step walks is not complete as shown at the
bottom of Figure 5.3b, and the matrix element of the ZOGF becomes -a/4. The difference
in conduction behavior between metal and meta2 can be attributed to the difference in
the number of walks of length 5, which include one passage through the self-loop
corresponding to the heteroatom. Therefore, the resulting finite conductance in meta2
depends on the parameter of the heteroatom.

Finally, the author considers walks in the 2-6 connection (meta3) as shown in
Figure 5.3c. One can find one walk of length 2, which results in (A2?)26 = 1, one walk of
length 3 that includes one passage through the self-loop, which results in (A%)26 = 0, six
walks of length 4, including one walk with two passes of the self-loop, which result in
(A*)26 = a? + 5, and seven walks of length 5 that consists of one walk with three passes
of the self-loop and six walks with one pass of the self-loop, which result in (A%),6 = o
+ 60. The cancellation between the contributions from the 2-step, 3-step, 4-step, and 5-

step walks is not complete as shown at the bottom of Figure 5.3c, and the matrix element
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of the ZOGF becomes 0/4. meta3 is different from the other connections in that there is a
3-step walk with one pass through the self-loop. It is also striking that there are walks that
go through the self-loop not just once, but twice or three times. These result in the terms
o? and o®. However, they are not included in the final ZOGF formula because they cancel
each other out.

When the electrodes are attached to two carbon atoms in para-position with
respect to each other in benzene, there are only odd-length walks in between. However,
there is a self-loop in the benzene-like heterocycle. Consequently, there are even-length
and odd-length walks between the connection sites.

The author considers the path of one of the para-connections, the 2-5 connection of
benzene (see Figure 5.4a). The 2—5 connection has two 3-step walks and ten 5-step walks.
From Figure Sla, it is evident that the (2,5)-th element of the ZOGF becomes 1/2.

Thereafter, the author considers the walks for the 2—5 connection of the benzene-like
heterocyclic molecule (see Figure 5.4b). Its 2—5 connection has two 3-step walks, one 4-
step walk, and 11 5-step walks. The 4-step and 5-step walks give rise to o and o? terms,
respectively, because they pass through the self-loop. The term derived from the even-
length walk is further multiplied by a; therefore, the two cancel each other out in the final
expression. Therefore, the absence of QI in the para-connections of benzene and the

benzene-like heterocycle is predicted, which is consistent with the experimental results.
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Figure 5.3. Visualizations of the walks on the molecular graph for the heterocycle (a)
starting from the 3rd site and ending at the 5th site (metal), (b) those starting from the
2nd site and ending at the 4th site (meta2), and (c) those starting from the 2nd site and
ending at the 6th site (meta3).
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Figure 5.4. Visualizations of the walks on the molecular graph commencing from the 2nd

atom and terminating at the 5th atom (para) for (a) benzene and (b) the heterocycle.
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5.3. Conclusion

The author has investigated the conductance through a heteroatom-containing
single-molecule junction by using the concept of Sachs graph and counting walks on the
molecular graph. In order to incorporate the effect of the heteroatom on conductance, a
weighted self-loop corresponding to it was introduced into the molecular graph. The
author has shown that the ZOGF in such a situation can be expressed as the sum of the
ZOGF for the parental graph without the heteroatom and the polynomial of even powers
of the adjacency matrix multiplied by the heteroatom parameter. Since there is an
experimental report on the measurement of conductance in several symmetrically distinct
meta-type connection modes in a heterocyclic analog of benzene, the author tried to find
the cause of the difference in conduction behavior by counting the walks on the molecular
graph corresponding to the heterocycle on the basis of the ZOGF formula derived. In the
meta-connected molecular junctions, the contributions of walks of different lengths to the
ZOGF formula may or may not cancel each other out. In the former case, the ZOGF
becomes zero and QI occurs, the conductance low, while in the latter case, higher
conductance ensues. With the introduction of the heteroatom, even-length walks get to
contribute to the ZOGF; on top of that, an odd number of passes through the self-loop
corresponding to the heteroatom changes the parity of the walk on the graph
corresponding to the parent structure without the heteroatom. This is the origin of the
difference in conductance between molecular junctions consisting of meta-connected

benzene and heterocyclic molecules.
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Chapter 6

Frontier Orbital Insights into the Distance
Dependence of the Appearance of Stacked

Aromaticity

Recent research has both theoretically and experimentally validated the manifestation of
stacked aromaticity through m-m stacking in antiaromatic molecules possessing 4n w
electrons when arranged in a face-to-face configuration. However, the precise
mechanisms underlying this phenomenon remain insufficiently explored. This study
delves into the intricacies of stacked aromaticity by focusing on cyclobutadiene. In the
face-to-face stacking, the orbital interactions between degenerate singly occupied
molecular orbitals (SOMOs) of the monomer unit result in an increased energy gap
between the degenerate highest-occupied molecular orbitals (HOMOs) and the lowest-
unoccupied molecular orbitals (LUMOs) of the dimer. Despite this, antiaromatic
molecules tend to be more stable in less symmetrical conformations primarily due to
pseudo-Jahn-Teller distortions. In the case of cyclobutadiene, the two SOMOs of the
monomer unit undergo splitting into HOMO and LUMO owing to bond alternation. In a
face-to-face stacking arrangement, the HOMO-LUMO gap of the dimer is smaller than
that of the monomer, a consequence of interactions between the HOMOs and LUMOs of
the two monomer units. When the monomer units are positioned within a specific distance
of each other, the HOMO and LUMO of the dimer, representing antibonding and bonding
between the units, respectively, undergo interchange. This orbital alternation may
contribute to an enhanced bond strength between the monomer units, thereby exhibiting
stacked aromaticity. Our findings demonstrate the feasibility of manipulating the distance
associated with stacked aromaticity by engineering the HOMO-LUMO gap of the

monomer units.
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6.1. Introduction

Aromaticity, a pivotal concept in organic chemistry, is employed to elucidate the
distinctive stability of cyclic m-conjugated molecules. This stability is governed by the
Hiickel rule, indicating that planar n-conjugated cyclic molecules with 4n + 2 &t electrons
are stabilized (aromatic), while those with 4n = electrons are destabilized

(antiaromatic).!> This rule has been supported by theoretical approaches such as

167,168 169-176 a

molecular orbital theory,!34164-16 valence bond analysis, and graph theory, S
well as experimental studies such as NMR peak shifts due to the presence of ring currents
and analysis of carbon-carbon bond distances.!”’

Various strategies have been proposed to stabilize antiaromatic molecules, with
recent focus on n-stacking as a means of achieving this stabilization. The superphane of
an antiaromatic molecule exhibits aromatic-like properties, such as uniform bond
distances and negative nucleus-independent chemical shift (NICS) values.!” Further, it
has been revealed that the stability point of cyclobutadiene dimers that are stacked in a
face-face manner is at a n-stacking distance of 2.45 A,'7 and that aromatic intermediate
regions exist in the reaction pathway from the cyclobutadiene dimer to cubane.!®® The
resulting aromaticity arising from the stacking of antiaromatic molecules is termed
stacked aromaticity. Although its presence is explained through ring current analysis and
graph theoretical approaches,'$1:182 experimental observations related to stacked
aromaticity are limited. 183-186

Cyclophanes derived from the monomer unit of norcorrole, possessing
antiaromatic properties, were successfully synthesized by Shinokubo et al. (Scheme
6.1a).'® They observed the presence of face-to-face stacks, slipped stacks, and twisted
stacks as the crystal structures. The HOMO and LUMO of the slipped and twisted stacks
are derived from the HOMO and LUMO of the norcorrole monomer, respectively, while
those of the face-to-face stack are derived from the LUMO and HOMO of the norcorrole
monomer, respectively. Theoretical studies have also shown that orbital switching occurs
when the n-stacking distance of Ni (II) norcorrole face-to-face stacking is reduced to 3.0

A.'%7 On the other hand, scanning tunneling spectroscopy shows that the HOMO-LUMO
gap of the bilayers in antiaromatic meso-2-thioethyl-substituted 5,15-dioxaporphyrin is
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smaller than that of monolayers (Scheme 6.1b).!8% Despite stacking, these results

demonstrate different properties among stacked antiaromatic molecules.

Scheme 6.1. Kekulé structures of (a) norcorrole and (b) 5,15-dioxaporphyrin and

aromaticity of their monomers and dimers.
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By examining both the m-stacking distance and the alterations in molecular
orbitals, it may be feasible to elucidate the occurrence of stacking aromatization. In this
investigation, the alterations in aromaticity and molecular orbitals within fully stacked
dimer models featuring cyclobutadiene, the simplest antiaromatic molecule, were
explored using density functional theory (DFT) calculations.*>>* The study reveals that
the m-stacking distance at which stacked aromaticity emerges varies based on the
symmetry of cyclobutadiene, and the author elucidates its origin by considering the
orbital interactions between monomer units. Orbital interaction analysis of
cyclobutadiene dimers with Do, and D4n symmetries revealed a correlation between the
HOMO-LUMO gap in the monomer and the n-stacking distance, which was analyzed in
detail by adjusting the degree of bond alternation. These findings are anticipated to

provide insights into molecular design strategies aimed at achieving stacked aromaticity.
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6.2. Computational Details

These calculations were performed using B3LYP functional,*®” and 6-311+G**

t,5%5% implemented in the Gaussian 16 program package.'®® Generally, a structure

basis se
wherein two monomers are connected by a carbon chain is used to reproduce realistic
systems. However, in this study, the author performed single-point calculations in closed-
shell singlet for a structure wherein the bridge is omitted, i.e., a model wherein the
monomers are stacked such that they completely overlap, in order to investigate the
impact of fine changes in the nt-stacking distance.!®® Cyclobutadiene was employed as the
monomer unit. The structure of cyclobutadiene possesses Doy symmetry, wherein bond
alternations occur in the closed-shell singlet state, and D4n symmetry, wherein all CC
bond distances are the same in the triplet state.!”!1°° In the ground state, cyclobutadiene
with Dy, symmetry is more stable than D4n. However, all CC bond lengths in the
cyclobutadiene ring in the optimized structures of cyclobutadiene dimers and
superphanes are equal.!”® '8! Thus, the author performed calculations for these two
molecular structures as the monomer units in this study. The author refers to the dimer
model with the D, unit as the Doy model and the dimer model with the Dan unit as the
D4n model. Cyclobutadiene molecules with D2, and D4n symmetry were obtained using
geometry optimization in the closed-shell singlet and triplet states, respectively. The CC
bond distance in the Dap unit is 1.414 A, while the distances for the single and double
bonds in the Dap unit are 1.577 A and 1.333 A, respectively. Interestingly, the single-bond
distance is longer than that of ethane (1.54 A). The closed-shell singlet state of
cyclobutadiene is thus stabilized in energy by increasing the HOMO-LUMO gap caused
by the significant bond alternation. These CC bond lengths are mostly consistent with
those obtained from higher level calculations such as CCSD(T)!® and CASPT2!%?
calculations. To provide more robust validation for the presence of aromaticity, it is
necessary to evaluate aromaticity using multiple methods.!*1°7-1%8 The author employed
NICS(1),,71:199202 iso-chemical shielding surface (ICSSiso) plots,2%-2%4 and anisotropy of

the induced current density (ACID)?*>2% as indicators of aromaticity.
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6.3. Results and Discussion

6.3.1. Evaluations of Aromaticity

Figure 6.1 shows ICSSis plots of cyclobutadiene dimers with Dz, and Dan
symmetry at -stacking distances of 2.0 and 2.8 A. Blue and yellow ICSS isosurfaces
correspond to aromatic and antiaromatic, respectively. In the D4n model, the ICSS appears
only in blue at both n-stacking distances. From the figure, this model exhibits stacked
aromaticity. Next, the author turns our attention to the ICSS of the D2, model. The ICSS
of the dimer at the m-stacking distance of 2.8 A shows antiaromatic in the region that
penetrates inside the two rings. On the other hand, the ICSS of the dimer at 2.0 A appears
only on the blue isosurface, similar to that of the D4n model. Similar trends are obtained
for results based on other indices of aromaticity (see Figure 6.2). The evaluation of
aromaticity using DFT calculations may show different results due to different
delocalization of m-electrons depending on the functional.?’” Thus the author performed
NICS(1),, calculations using not only the B3LYP functional, but also CAM-B3LYP,2%
BHandHLYP,>*® and B3LYP-D3BJ,2!%212 and shows that the results for the B3LYP
functional are qualitatively the same as for the other calculations (see Table 6.1 and 6.2).
These outcomes indicate that the distance at which stacked aromaticity appears changes

according to the symmetry.
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Figure 6.1. ICSSis, plots for dimer of cyclobutadiene molecule with D2, (a, b) and D4 (c,

(a)
Do,

(c)
Dy

d) symmetries at » = 2.0 and 2.8 A. The isosurface value is set to 10 ppm. Blue and

yellow surfaces are aromatic and antiaromatic regions, respectively. The structures were

visualized by VESTA 213

Table 6.1. NICS(1),, values for D4n-cyclobutadiene dimers obtained by each functional
atr=2.0and 2.8 A.

r=20A r=28A

NICS(1)in,zz NICS(1)out,zz NICS(1)in,zz NICS(1)out,zz
B3LYP -35.1358 -17.8993 -29.9659 -19.7149
B3LYP-D3BJ | -35.0642 -17.8589 -29.9272 -19.6796
CAM-B3LYP | -36.3449 -18.2140 -30.9416 -20.0930
BHandHLYP | -37.8324 -19.2307 -32.0767 -21.0087




Table 6.2. NICS(1),, values for Dan-cyclobutadiene dimers obtained by each functional
atr=2.0and 2.8 A.

r=20A r=28A

NICS(1)in,zz NICS(1)out,zz NICS(1)in,zz NICS(1)out,zz
B3LYP -26.7943 -11.7544 65.4438 56.4281
B3LYP-D3BJ | -26.6330 -11.6485 64.9304 56.0003
CAM-B3LYP | -28.1494 -12.0854 66.3330 57.3142
BHandHLYP | -29.7486 -13.2138 67.1535 58.2389

Figure 6.2. ACID of cyclobutadiene dimers with D2y (a, b) and Dan (¢, d) symmetry at »

= 2.0 (left) and 2.8 A (right). Clockwise and counterclockwise ring currents correspond
to aromatic and antiaromatic, respectively.
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6.3.2. Frontier Orbital View for the D4n Dimer

The author discusses the reasons behind the different manners in which the
stacked aromaticity appears in different symmetries in accordance with the molecular
orbitals. Figure 6.3 shows the relationship between the n-stacking distance and the energy
levels of the Kohn-Sham orbitals in the D4y model, HOMOs and LUMOs, and the orbital
interactions between the two units in the D4y model. In Figure 6.3a, the blue and red lines
indicate the occupied and unoccupied orbitals, respectively. The HOMOs and LUMOs of
the Dan model are degenerate. The HOMO-LUMO gap of this model increases as the n-
stacking distance decreases. The relationship between the m-stacking distance and the
HOMO-LUMO gap can be explained according to the orbital interactions between the
two monomers. The D4n-cyclobutadiene has degenerate SOMOs (e¢). When the monomer
units are m-stacked in a face-to-face orientation, the SOMOs of the monomers interact
with each other to form symmetric (referred to as S(eg)) and antisymmetric (referred to
as A(eg)) orbitals with respect to the symmetry plane between the monomer units (Figure
6.3b). Here, S(eg)s are stabilized because they are bonding orbitals, whereas A(eg)s are
destabilized because they are antibonding orbitals. Consequently, S(eg)s become HOMOs
and A(eg)s become LUMOs (Figure 6.3c). The orbital overlap between the two monomer
units increases as the m-stacking distance decreases. Therefore, the orbital energies of
S(eg)s decrease and those of A(e,)s increase. This is the primary reason why the HOMO-

LUMO gap increases as the n-stacking distance decreases.
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Figure 6.3. (a) Kohn-Sham orbital levels plotted as a function of the distance between
Dan-cyclobutadiene rings, (b) top (left) and side (right) views of frontier orbitals for Dan
model, (c) orbital interaction diagram between two Dan-cyclobutadiene monomers. Blue
and red lines in Figure 6.3a indicate the occupied and unoccupied orbitals, respectively.
Labels of MOs in Figure 6.3b, and c are represented using symmetry of orbitals with
respect to plane of symmetry between two monomer units (S/A) and symmetry of

fragment orbital with monomer unit.
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6.3.3. Frontier Orbital View for the D>, Dimer

Figure 6.4 shows the relationship between the n-stacking distance and the energy
levels of the Kohn-Sham orbitals in the D>y, model, HOMO and LUMO distributions at
n-stacking distances of 2.8 A and 2.0 A, and the orbital interaction between the two units
in the Doy model. For n-stacking distances greater than 2.55 A, the HOMO-LUMO gap
of the dimer decreases with the n-stacking distance. For n-stacking distances less than 2.5
A, the HOMO-LUMO gap of the dimer increases as the n-stacking distance decreases,
and this behavior is similar to that of the D4y model. From the molecular orbitals at -
stacking distances above 2.55 A, it can be inferred that the HOMO and LUMO are
antisymmetric (A(bsg)) and symmetric (S(bzg)) with respect to the symmetry plane
between monomer units, respectively. On the other hand, at n-stacking distances less than
2.5 A, the HOMO and LUMO are S(bz,) and A(bsg), respectively. These molecular
orbitals indicate that orbital crossing occurs between 2.5 A and 2.55 A (Figure 6.4c and
d). This orbital crossing causes the switching of the interaction between the units from
antibonding to bonding. To verify the change in interaction between the units, the author

performed an analysis using the Wiberg bond index (WBI)?!4

, which helps evaluate the
bond strength from the electron density between two atoms (Figure 6.5). The WBI
analysis was performed using NBO 7.0.2!° The author evaluated the WBI by calculating
the average of the WBI between the carbon atom of one cyclobutadiene and the closest
carbon atom in the other cyclobutadiene. The WBIs of the D4 model are 0.2494 and
0.2537 at4.0 A and 2.5 A, respectively. The WBIs of the Don model are 0.0007 and 0.0097
at4.0 A and 2.55 A, indicating antiaromaticity, while they are 0.2528 at 2.5 A, indicating
aromaticity, respectively. The WBI in the antiaromatic region of the D2y model is similar
to that of the benzene face-to-face stack.?!® The values of the WBIs in the aromatic
regions of the D4n and D2n models between the two monomer units are one. Therefore, in
the aromatic region, the bond order is equivalent to a single bond through the rings. These
outcomes indicate that the interactions between the units change because of the
interchange of HOMO and LUMO. This further results in the through-space interaction
between the two units, and this may result in stacked aromaticity, as reported in previous

StUdieS.”S’lgl’lgz
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Figure 6.4. (a) Kohn-Sham orbital levels plotted as a function of the distance between
Dan-cyclobutadiene rings, (b) top (left) and side (right) views of frontier orbitals for D
model, (c) orbital interaction diagram between two Dan-cyclobutadiene monomers. Blue
and red lines in Figure 6.4a indicate occupied and unoccupied orbitals, respectively.
Labels of MOs in Figure 6.4b, and c are represented by the symmetry of the orbitals
according to the plane of symmetry between two monomer units (S/A) and symmetry of

fragment orbital with monomer unit.
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6.3.4. Relationship between the Stacked Aromaticity and HOMO-LUMO gap of

the monomer

The orbital interactions in the Doy model suggest that the smaller the HOMO-
LUMO gap of the monomer, the greater the maximum distance at which it exhibits
stacked aromaticity. The Dan-cyclobutadiene monomer used in this study possesses a
HOMO-LUMO gap of 3.69 eV. The HOMO-LUMO gap of cyclobutadiene monomer is
caused by bond alternation due to pseudo-Jahn-Teller distortion.3>!°1-193:195 Thysg, the
HOMO-LUMO gap of cyclobutadiene can be changed by changing the degree of bond
alternation, i.e., the CC bond length. The author has shown that the HOMO-LUMO gap
of cyclobutadiene undergoing bond alternation is linearly correlated with the degree of
bond alternation using the Hiickel method. A detailed discussion is given in the Appendix
6.5.1. To evaluate the relationship between the HOMO-LUMO gap and the n-stacking
distance at which stacked aromaticity develops, the author controlled the HOMO-LUMO
gap by tuning the CC bond distance of cyclobutadiene, and the author investigated the
maximum =n-stacking distance at which stacked aromaticity is manifested when the
molecule is used as a unit using DFT calculations. The long (short) bond length in
cyclobutadiene in the intermediate state between the Dan and Don units 7y,sy is defined

as follows:

TL(S) = TDyp + 6(rL(S),D2h - rD4h)’ (6.1)

where 1p,, and rp,, are the CC bond length corresponding to » in D2n and Day, and 6
is a real number between 0 and 1, respectively. When § is 0, it corresponds to Dan-
cyclobutadiene, and when 9 is 1, it corresponds to Dan-cyclobutadiene; the author thus
refers to them as bond alternation indices. The author will refer to cyclobutadiene with 6
greater than 0 and less than 1 as d-cyclobutadiene. Here, Dan-cyclobutadiene is stable in
the triplet state. In the open-shell state, the HOMO-LUMO gap is not uniquely determined,
unlike the HOMO-LUMO gap in the closed-shell state, because the orbital energy varies
with the spin. For a clearer understanding of the relationship between the HOMO-LUMO
gap and 9, the author compared the energies of the closed-shell singlet and triplet states

of the cyclobutadiene molecule and used 6 in the range where the closed-shell singlet is
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stable. Figure 6.6 shows the energy plots for all spin states of cyclobutadiene with all
bond alternation indices. The r;, and rg of d-cyclobutadiene at 6 = 0.4 are 1.479 and
1.382, respectively, which is roughly consistent with the CC bond length of the previous
study (1, = 1.488, rg = 1.392).2!7 Therefore, the author performed HOMO-LUMO gap
calculations with cyclobutadiene as the unit in the 6 range 0.4—1.0. Figure 6.7 shows the
relationship between the unit 6 and the HOMO-LUMO gap. The plot shows that & and
the HOMO-LUMO gap are linearly correlated (correlation coefficient is 0.9998). Thus,
the HOMO-LUMO gap can be controlled by tuning 6 in the DFT calculation and the
Hiickel method. The relationship between the HOMO-LUMO gap of the o6-
cyclobutadiene monomer and the maximum distance at which the 3-cyclobutadiene dimer
exhibits stacked aromaticity (75,) is plotted in Figure 6.8. The correlation coefficient
between the HOMO-LUMO gap and 15, of the d-cyclobutadiene monomer is -0.9939.
This further indicates that as the HOMO-LUMO gap of the monomer unit increases, 7sp
decreases. Thus, it is clear that to develop stacked aromaticity over long distances, it is

necessary to employ molecules with small HOMO-LUMO gaps as stacking units.
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Figure 6.6. State energies for 6-cyclobutadiene as a function of bond alternation index.
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6.4. Conclusion

It has been theoretically predicted that dimers with stacked antiaromatic
molecules exhibit stacked aromaticity. However, experiments show that such systems do
not exhibit stacked aromaticity despite the stacking of antiaromatic molecules. In this
study, the author investigated the changes in aromaticity and molecular orbital
interactions for a face-to-face dimer model with cyclobutadiene, through DFT
calculations with fixed symmetry. The author found that the dimer with Duap-
cyclobutadiene units is always aromatic, while the dimer with Day-cyclobutadiene units
is antiaromatic at larger « -stacking distances and aromatic at smaller distances. The Dap-
cyclobutadiene dimer forms degenerate HOMOs and degenerate LUMOs based on the
interaction between the degenerate SOMOs of the monomer units. The HOMO-LUMO
gap increases as the n-stacking distance decreases, mainly because of the orbital overlap.
On the other hand, D2n-cyclobutadiene has a HOMO-LUMO gap because of the pseudo-
Jahn-Teller distortion. In Dap-cyclobutadiene, the HOMO-to-HOMO and LUMO-to-
LUMO interactions of the two monomer units result in a change in the dimer HOMO-
LUMO gap in the direction at which it decreases. When the monomer units are at a
specific distance, the HOMO of the dimer unit, corresponding to the antibonding between
the monomer units and the LUMO of the dimer unit, corresponding to bonding between
the monomer units, are interchanged. This interchange of molecular orbitals may result
in an increase in the bond strength between the monomer units, thereby inducing stacked
aromaticity. Furthermore, the author has demonstrated that the distance of stacked
aromaticity can be controlled by engineering the HOMO-LUMO gap, which can be
attained by adjusting the degree of bond alternation of cyclobutadiene monomer units.
These results are expected to contribute to design guidelines for molecules with stacked

aromaticity.
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6.5. Appendix
6.5.1. Analysis of the relationship between bond alternation and HOMO-LUMO
gap of cyclobutadiene using the Hiickel method

First, the author defines the Hamiltonian of cyclobutadiene with bond alternation.
The Hamiltonian of cyclobutadiene according to the degree of bond alternation as d is as

follows:

0 1+46 0 1-96

[ 1+56 0 1-6 0
H = 0 1-6 0 1+6 ) (56.1)

1-96 0 1+6 0

where the Coulomb integral o of the carbon atom is set to zero and the resonance
integral Bcc between the carbon-carbon bonds is set to one. It is assumed that the
absolute value of the change in the resonance integral between carbon-carbon bonds due
to bond alternation is equal. The orbital energy and wave function of cyclobutadiene

under bond alternation were obtained by solving the eigenvalue problem for Eq. S1.

1= 2 (B s = 5 (91 + 6o + b+ ) (56.2)
2 = 28 (B) s = 5 (1 + b — s — ) (56.3)
2 = 25 (B), s = 5 (s — 2 — 95 + ) (56.4)
= ~2 (B s = 5 (91— s + b3 — §) (56.5)

It should be noted that the orbital energy is a unit of B, and &; and ¢, are independent
of the value of 5. On the other hand, as § increases, €, shifts toward lower energies and
€5 toward higher energies. In addition, €, and &3 are linearly correlated with 8. The

HOMO-LUMO gap of cyclobutadiene in bond alternation is expressed as 49.
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Chapter 7

General Conclusions

In this thesis, the electrical conduction properties of m-conjugated single-
molecule junctions and the stacked aromaticity related to the stability of highly
conductive molecules have been studied on the basis of the NEGF method, frontier orbital
theory, and graph theory.

In Chapter 3, the author proposed a classification of conducting systems in
parallel circuits based on aromaticity. The author performed a theoretical study using non-
equilibrium Green's functions and showed that these various results are closely related to
the presence or absence of aromatic rings. This study characterizes molecular
conductance properties based on frontier orbital theory, orbital interactions, and the local
transmission concept. The author also clarified the mathematical aspects of the
relationship between atomic connectivity and electronic conductivity.

In Chapter 4, the author has improved the relation between polyene bond
alternation and conductance by Tsuji et al. and successfully reproduced the behavior in
which the reversed conductance decay disappears. By using a Hamiltonian that replaces
the electrode interaction as simple parameters, the disappearance of the reversed
conductance decay can be reproduced. This modification made it possible to analyze the
conduction properties using the orbital law for electron transport.

In Chapter 5, the author used Sachs graph theory to formulate the conduction
properties of a single molecular junction consisting of a molecule in which one of the
carbon atoms of the alternant hydrocarbon is replaced by a heteroatom. The derived
equation differs from the graph of the parent structure in that it contains odd and even
powers of the adjacency matrix. These powers correspond to odd and even length walks.
Furthermore, since heteroatoms are represented in the graph as self-loops of unit length,

an odd number of passes through a self-loop changes the parity of the walk length. To
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confirm the effects of heteroatoms on conduction in real samples, the author analyzed the
conduction behavior of meta-linked molecular junctions consisting of heterocyclic six-
membered rings, whose conduction properties have already been experimentally
determined, based on the number of walks enumerated.

In Chapter 6, the author investigated the mechanism of stacked aromatics using
cyclobutadiene. When the anti-aromatic molecules are stacked face-to-face, orbital
interactions between the degenerate SOMOs of the monomer units result in a larger
energy gap between the degenerate HOMOs and LUMOs of the dimers. In the case of
cyclobutadiene, bond alternation splits the two SOMOs of the monomer unit into HOMOs
and LUMOs. When the monomer units are within a certain distance, the HOMO and
LUMO of the dimer are swapped, corresponding to antibonding and bonding between the
units, respectively. The author revealed that the alternation of the molecular orbitals
causes the stacking aromaticity.

The author expect that the results of these studies from a theoretical standpoint
will be an important tool that will provide much help in designing integrated circuits using
single-molecule devices. This is expected to provide new insights into the properties of
various types of quantum interference in single-molecule junctions. This approach will
provide comprehensive knowledge of the conduction properties of single-molecule

junctions and will lay the groundwork for the design of future single-molecule devices.
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