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1. Introduction

Let f be a C™ map from a smooth manifold into a smooth manifold. A point p is
called a singular point of f if f is not an immersion at p. Singularities are unavoidable
and important subjects in differential geometry, since they naturally appear on parallel plane
curves, evolutes, caustics and surfaces with limited curvatures. However, there have been
many studies of regular curves and regular surfaces which do not have singularities. This is
because the unit normal vector field which is defined on regular parts may not necessarily be
extended smoothly to singular points and curvatures may diverge at singular points. Moreover,
treatments of singularities are not straightforward even for local behavious. For example, as
is well known in the general theory of manifolds, there are essentially only the two types of
behaviors at regular points, but there are uncountable types of behaviors at singular points,
even in the cases of simple functions ([51]). Thus, singularities have difficulties in various
aspects such as geometrical considerations and classifications of local behaviors. In recent
years, studies of wave fronts which originate from the Huygens’ principle are remarkable
([21-23, 25,29, 33,42-44,46])).

In this thesis, we consider flat fronts in the unit 3-sphere S3 and classifications of cusps
appearing on wave fronts in the Euclidean plane R

In Chapter 2, we consider geometrical invariants of flat front in S3 at non-degenerate
singular points. Hartman and Nirenberg proved that a complete flat regular surface in the
Euclidean space R? is a cylinder over a regular plane curve ([11]). Thus, it is important
to consider flat surfaces with singular points in studying global properties of such surfaces.
Recently, in addition to flat fronts in R3, there has been studies on flat fronts in S3 and the
hyperbolic 3-space H 3 ([20-23,29,33,41,43,46]). In particular, Saji, Umehara and Yamada
studied a relationship between the extrinsic Gaussian curvature Ky, (i.e. the product of
the principal curvatures) and the singular curvature ([46, Theorem 3.1]). For geometrical
meaning of the singular curvature, see ([46, Corollary 1.18] or Figures 9 and 10)

Fact 1.0.1. ([46, Theorem 3.1]). Let M? be an oriented 2-dimensional manifold, N3 an
oriented Riemannian 3-dimensional manifold and f: M? — N?® a flat front (see Definition
2.2.7). Let p be a singular point of f and vy a singular curve consisting of non-degenerate
singular points with y(0) = p defined on an open interval I C R.

(1) Ifthe extrinsic Gaussian curvature of f is nonnegative on V> \y(I) for a neighborhood
V2 of p, then its singular curvature is nonpositive at p. Moreover, if the extrinsic
Gaussian curvature of f is a positive constant on V2 \y(I), then its singular curvature
is strictly negative at p.

(2) In particular, assume that N3 = R3. If the Guassian curvature of f is nonnegative on
V2 \ y(I), then its singular curvature is nonpositive.

We note that even if the Gaussian curvature is strictly negative at p, the singular curvature
is not necessarily positive (for example, see [46], [31, Theorem 3.1]). In [48, Theorem
A], Teramoto investigated the inverse of the statement of Fact 1.0.1 (2). By Fact 1.0.1 and
K1 = Kg + K3, we notice that the sign of the singular curvature of flat fronts in 43 is strictly
negative, where Kj is the intrinsic Gaussian curvature of the considered front and K s is the
sectional curvature of N3. However, it is difficult to investigate the singular curvature of flat

fronts in S3 using only Fact 1.0.1. In this chapter, we use a solution of the wave equation to
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give an expression for the singular curvature (Theorem 2.4.3). Moreover, we study the mean
curvature of flat fronts in S° (Propositions 2.5.1, 2.5.2 and Theorem 2.6.7).

In Chapter 3, we study relationships between (n,n + 1)-cusps and evolutes of wave fronts
in R%. We note that singularities of (1, n + 1)-cusps appear on wave fronts. If a plane curve
has singular points, we cannot define the evolute of the plane curve because the curvature
may diverge at singular points. However, Fukunaga and Takahashi defined evolutes of wave
fronts and gave their properties ([8]). As applications of their properties and invariants of
(n,n + 1)-cusps, we give characterizations of (n,n + 1)-cusps and negative judgments for
(n, n+1)-cusps in the sense of A-equivalent (Theorem 3.3.2 and Corollary 3.3.7). Moreover,
we prove that the invariants correspond to rough criteria for (n, n+ 1)-cusps (Theorem 3.3.1).

In Chapter 4, we give a criterion for (4, 5)-cusps. Bruce and Gaffney classified cusps in
the sense of complex C“-equivalence and gave important types of cusps ([4]). In general, it
is difficult to examine such types of cusps from definition, directly. Therefore, investigating
simpler criteria for their singularities is an important subject. In particular, it is important to
give a criterion for (4, 5)-cusps, because they relate not only the evolutes of fronts but also
classifications in the sense of complex C“-equivalence. However, local behaviors of (4, 5)-
cusps are complex and have not been well analyzed. To analyze the behaviors, we introduce a
new invariant of (4, 5)-cusps. This new invariant is called the (4, 5; £7)-cuspidal curvature.
Using a property of the invariant, we give complete classifications with respect to (4, 5)-cusps
(Theorem 4.5.2). As a consequence of this result, we notice a new type singularity.

Acknowledgements. The author would like to express sincere gratitude to Professor Miyuki
Koiso for her constant encouragements and many helpful comments. The author would like to
express sincere gratitude to Professor Atsufumi Honda for fruitful discussion about a criterion
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interesting topics about flat fronts and a lot of knowledge. The author could not finish writing
this thesis without their advices. Finally, he is also grateful to the dissertation committee:
Professor Shizuo Kaji, Professor Miyuki Koiso, Professor Osamu Saeki, Professor Yukio Otsu
and Professor Atsufumi Honda for their supports.
This work is supported by JST SPRING Grant Number JPMJSP213.



2. Flat fronts and their caustics in the unit 3-sphere

2.1. Introduction. A flat surface in the unit 3-sphere S° = {(x,y,z,w) € R* | x>+ 2> + 22 +

w? = 1} is an immersion with vanishing (intrinsic) Gaussian curvature. It is known that a flat
surface in S° corresponds to a solution of the (linear) wave equation:

(21) guu - 91}1) = O»

where 6: X — (0, ) is a C* function defined on a simply connected domain £ c R? (cf.
[6,35,47]). In particular, the first and the second fundamental forms / f . I17 of the surface
can be written as

0 0 1
(2.2) I = cos? §du2 + sin? §d02, 1 = 5 sin 0(du® - dv®),

where 6 is a solution to the equation (2.1) ([35]). If we extend the target of 6 to R, then the
corresponding flat surface in S may have singular points. In fact, if p € §~1(xZ), then the
first fundamental form /7 as in (2.2) degenerates. This implies that the flat surface associated
to the solution @ is not an immersion at p € 671 (xZ). On the other hand, it is known that a
unit normal vector (or the dual) of the flat surface can be defined smoothly even at a singular
point ([43, Theorem 2.11 and Corollary 2.12]). Thus one may extend a flat surface to a flat
front in S3.

In this chapter, we investigate singularities and geometric properties of a flat front associated
to the solution 6 of (2.1) and its dual front. To observe these properties, we use curvature line
moving frame along the flat front. We give characterizations of singularities of a flat front
and its dual by the solution 6 to (2.1). After that, we investigate geometric invariants defined
at a cuspidal edge on a flat front and its dual in Section 2.4. In particular, we show explicit
representations for some geometric invariants by using the solution 6 of the corresponding
wave equation. Namely,

Theorem 2.1.1. ([32]) Let f: ¥ — S3 be a flat front corresponding to the solution 6 of (2.1).
Let v be its dual flat front. Suppose that p € 8~ (nZ) is a cuspidal edge of both f and v, i.e.,
0, #0and 6, #0at p .

(1) If p € 67X(Z1), then the invariants for f along a singular curve y(t) through p defined
in Definition 2.4.1 are

62 — 62 242

0,
2.3 §(1 (1 Ou s ==
3) 6(0) = St k(D) = (B k(0 = 5
and the invariants for v along y(t) are
62 — 62 2V2 0
24 Vt— “ V(1) = 0,) ——, «'(1)=-=2
( ) ( ) 2|9 | KC( ) Sgn( )|9U|1/2 Kl‘( ) Qy

(2) If p € 07Y(Zy), then the invariants for f along a singular curve y(t) through p defined
in Definition 2.4.1 are

i I
and the invariants for v along v(t) are

0:-6; 2V2 ) 6,
ke (1) = —sgn(eu)w, k(1) = o=

(2.6) =S B ;
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By this result, we notice some dual relations between a flat front and its dual front via
geometric invariants. In Section 2.6, we investigate caustics of flat fronts in 3. Considering
singularities of caustics, we clarify relationships between types of singularities of the initial
flat front and its caustic. Moreover, we observe the mean curvatures of caustics. Namely,

Theorem 2.1.2. ([32]) Let f : X — S3 be aflat front corresponding to the function 0 satisfying
(2.1). Then the mean curvature of the caustic C1 (resp. Ca) as in (2.34) is represented as

62 92 92 62
(2.7) HO = 2L (—“——U—l) (resp. H® = 2(—U——“—l))

0 0
on the set of regular points, where €1 = sgn(csc 5) (resp. €9 = sgn(sec 5)). If p is a singular

point of C1 (resp. Co), then HS' (resp. H®?) is unbounded near p.

We note that the Gaussian curvatures of caustics of flat fronts also vanishes ([20]). Fur-
thermore, investigating the dual of the caustic, we clarify relation between mean curvatures
of the caustic and its dual (Proposition 2.6.10). Finally, we give an explicit representation
of the solution 6 to (2.1) corresponding to a flat front whose caustic is a minimal surface
(Proposition 2.7.1).

2.2. Preliminaries.

2.2.1. Fronts. Let f: ¥ — S3 be a C* map, where X is an open domain in (R?;u,v).
Then a point p € X is called a singular point of f if f is not an immersion at p, that is,
rank df, < 2 holds. The map f is said to be a frontal if there exists a C* map v: £ — S 3
such that (f,v) = (f,,v) = (f;,v) = 0 on Z, where (-, -) is the canonical inner product of
R4, (-)y = 8(+)/0u and (), = d(-)/dv. Moreover, a frontal f is called a front if the mapping
(f,v): 2 — A c 83 x 52 gives an immersion, where A = {(x, y) € S3x S3 | (x,y) = 0}.
We call v a unit normal vector field or (A-)dual of f, because v is also a front in S with unit
normal vector —f ([1,37,38]). Thus f and v are in dual relation ([16,34]).
Let f: ¥ — 53 be a frontal with the dual v. We set a function 1: £ — R by

(2.8) Au,v) =det(f, fu, fr, v)(u,v),

where det is the determinant of 4 X 4 matrices. We call the function A the signed area density
function of f. A function A which is nowhere-vanishing functional multiple of A is called an
identifier of singularities of f. Let us denote by S(f) the set of singular points of f. Then
we see that S(f) = 171(0) = 171(0) holds.

Definition 2.2.1. Let f: £ — S3 be a frontal. A singular point p € S(f) is said to be
non-degenerate if (1,,4,) # (0,0) at p.

Assume that p is a non-degenerate singular point of f. By the implicit function theorem,
there exist an open neighborhood U(cC X) of p and a C* regular curve y: (—g,&) 2t —
y(t) € U (¢ > 0) such that y(0) = p and A(y(r)) = 0 on U. We call y a singular curve of f.
This implies that non-degenerate singular points are parametrized by a regular plane curve.
Since rank df;, = 1 at the non-degenerate singular point p, there exists a non-vanishing vector
field n on U such that df,(n) = 0 holds for any g € S(f) N U. We call i a null vector field of
f-
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Definition 2.2.2. Let f: £ — S be a frontal and p be a non-degenerate singular point of f.
Then p is said to be of the first kind if the tangent vector y' = dy/dt to y and a null vector
field n are linearly independent at p. Otherwise, it is said to be of the second kind ([29]).

Definition 2.2.3. Let M? be a 3-dimensional manifold, f: X — M3 be a C* map and p be
a singular point of f.
(1) A point p is called a cuspidal edge if the map germ f at p is A-equivalent to the germ
(u,v) — (u,v%,0v3) at the origin.
(2) A point p is called a swallowtail if the map germ f at p is A-equivalent to the germ
(u,v) — (u, 3v* + uv?, 40® + 2uv) at the origin.
(3) A point p is called a cuspidal cross cap if the map germ f at p is A-equivalent to the
germ (u,v) — (u,v?, uv®) at the origin.
(4) A point p is called a cuspidal butterfly if the map germ f at p is A-equivalent to the
germ (u,v) — (u, 5v* + 2uv, uv® + 40°) at the origin.
(5) A point p is called a cuspidal beaks if the map germ f at p is A-equivalent to the
germ (u,v) — (u,v® — u?v, 3v* — 2u?v?) at the origin.
(6) A point p is called a cuspidal lips if the map germ f at p is A-equivalent to the germ
(u,v) — (u,vu® + 03, 2uv? + 3v*) at the origin.
(7) A point p is called a Dy singularity if the map germ f at p is A-equivalent to the
germ (u,v) — (2uv, +u® + 3v, £2u’v + 20°) at the origin.

Here we consider f as a map germ f: (R%,0) — (R3,0) by taking local coordinate systems
of ¥ and M3 at p and f(p), respectively, and two map germs fi, fo: (R%,0) — (R3,0) are
A-equivalent if there exist diffeomorphism germs ¢: (R?,0) — (R?,0) and ®: (R3,0) —
(R3,0) such that ® o f1 o ¢~! = f5 holds.

Cuspidal edges are singular points of the first kind and swallowtails and cuspidal butterflies
are singular points of the second kind. In particular it is known that cuspidal edges and
swallowtails are the generic singularities of fronts. Cuspidal cross caps are singular points
of the first kind of frontals. Cuspidal beaks and cuspidal lips are corank one degenerate
singular points and D7 singularities are corank two degenerate singular points. It is known
that cuspidal butterflies, cuspidal beaks, cuspidal lips and D7 singularities are singularities
of the bifurcations in generic one parameter families of fronts (cf. [2,3]). In this chapter, we
mainly deal with cuspidal edges and swallowtails. Criteria for these singularities are known
([21, Proposition 1.3] and [42, Corollary 2.5]).

Fact 2.2.4. Let f: X — S be afront. Let p be a non-degenerate singular point of f. Take a
null vector field n defined near p. Then
(1) f is a cuspidal edge at p if and only if nA # 0 at p. This is equivalent to nA(p) # 0.
(2) f is a swallowtail at p if and only if nA = 0 and qmA # 0 at p. This is equivalent to
nA(p) = 0 and nma(p) # 0,
where A is the signed area density function of f, A an identifier of singularities of f and nd
means the directional derivative of A in the direction .

It is known that criteria for cuspidal butterflies, cuspidal beaks, cuspidal lips and D¥
singularities in R3 ([17,18,40,42)) .

Fact 2.2.5. Let f: ¥ — R3 be a front. Assume that p is a singular point of f. Then the

followings hold.
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FiGURE 1. FiGuURE 2.
cuspidal edge swallowtail

e fis a cuspidal butterfly at p if and only if dA # 0, nA = qmA = 0 and nunA # 0 at p.

o f is a cuspidal beaks at p if and only if dA = 0, nnA # 0 and det Hess(1) < 0 at p.

e fis a cuspidal lips at p if and only if dA = 0 and det Hess(1) > 0 at p.

e f is a D singularity (resp. D singularity ) at p if and only if rank df = 0 and
det Hess(A) < 0 (resp. det Hess(A) < 0) at p.

Where Hess(A) is defined as follow :

b 4 2

FiGure 3.
cuspidal butterfly

FiGure 4. FiGURE 5.
cuspidal beaks cuspidal lips

Moreover, a criterion for cuspidal cross caps are known. Let f : U — R? be a frontal
defined on an open neighborhood of the origin in R? and ¥ be a (not neccessarily unit) normal
vector field of f. Assume that the origin in R? is a non-degenerate singular point of f. Let
v(t) = (u(t),v(r)) be a singular curve such that y(0) = (0,0) and n(t) = (a(z),b(t)) be a
null vector field along y. Then we set

7



FIGURE 6. Dj singularity FiGure 7. D singularity

(1) = det (¥'(1), V(u(1), v(1)), ¥ (1)),
vp(1) = a(t)vu(u(1),v(r)) + b(1) v, (u(t), v(2)),
where y = f oy and y’(t) is the differentiation of y with respect to z.
Fact 2.2.6. ([7]) Let f : = — R3 be a C™ map defined on an open neighborhood of the origin

in R2. Then f is a cuspidal cross cap at (0,0) if and only if the origin is a singular point of
the first kind, 7(0) = 0 and 7/(0) # 0.

FiGure 8.
cuspidal cross cap

2.2.2. Flat fronts in S3. Let f:Z - S3 be a flat surface, i.e., an immersed surface with
vanishing (intrinsic) Gaussian curvature Ky in S3. Since the extrinsic Gaussian curvature
(or the Gauss-Kronecker curvature) Ky, of f satisfies K1 = Ki + 1, we have Ky, = —1.

To extend this notion, we give the following definition.

Definition 2.2.7. Let f: £ — S3 be a front. Then f is called a flat front if there exists an

open dense subset O in X such that f|o: O — S gives a flat surface.
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As mentioned in Section 2.1, for a flat front, we can take a local coordinate system (u, v)
and a function 8: ¥ — R satisfying (2.1) so that the first and second fundamental forms can
be written as (2.2). Thus there exist C* maps e, ez: X — S3 such that

0 0
(2.9) Ju = cos Eel’ fy =sin 502.
We consider derivatives of the frame { f, e1, e2, v} along f.

Proposition 2.2.8. The Christoffel symbols F;. i (i, ],k =1,2) are given by

0 0 6 0 0 6

rk = —— tan —, 2, = —"cot -, rl =1l =-"tan -,

510 11 9 9 11=7%5 9 12 21 9 9
210 2 =r2 :ﬁcotg rk =—9—utan€ 2 :@cotg
12 21 2 2’ 22 2 2’ 22 2 2

on the set of regular points X \ 671 (nZ) of f.

Proof. Since the first fundamental form of f is given by (2.2), we have the assertion by direct
calculations. O

We note that the functions F;. 4 10 (2.10) might be unbounded near a singular point p €

61 (xZ). Moreover, we have the following by direct calculations.

Proposition 2.2.9.
0 1
fuu:—COSQ—f+F1fM+F%1fU smHv
0 0. 0 0, 0 1
= —cos? = f iy sin 2e1 + 5 cos §e2 + ésm@v
0 0 0 0
(2.11) Juv = fou = F%qu + F%2fu = ——sin —e1 + — cos —e9,
2 2 2 2
0 1
Jow=-— sin? —f +I} 9o fu + FngU sm v

——smzef—g—smge +9—cosge —lsm@v
- 2 2 T TR Ty

These can be extended to the set of singular points 0~ (nZ).

On the other hand, by differentiating (2.9), we have

0 0 6
Juu = _EM sin éel + cos _(el)u,
9 0
(2.12) Juw = ——sin 2e1 +cos - (el)v’ Jou = — cos 582 +sin — (eQ)M,
0 9
foo = — COS §e2 + sin — (eg)v

Comparing (2.11) and (2.12), we have

0 0 0 0
(e1), = —cos §f +—ey+sin—v, (e1),= E"eg,

2 2
0 . 0 0
(eQ)u = _Evel, (eQ)U :9—SIH §f - Euel — COS 5\/.

(2.13)



Moreover, since the second fundamental form of f is given by (2.2), we see that

0 0
(2.14) v, = —sin §e1, Yy = COS 582.

By (2.13) and (2.14), we have the following equations for the frame {f, ey, €2, v}:

0
0 0055 0 0
f 0 0, . 0|[f
er| _ —COS§ 5 sin < (1 ¢,
€2 o 2o o ||
v/, 2 v
0 —sin§ 0 0
(2.15) 0
0 0 Sin§ 0
f 6., f
er| 0 0 5 0 e
() B .0 914 0 eg'
—sin— —— 0 —CcOoS —
v/, 2 g 21\v
0 0 — 0
Cos2

We set ¥ = (f, eq, es,v)', where ! is the transpose. By (2.15), F, = QF and F, = AF hold,
where € and A are 4 X4 matrices as in (2.15). We consider the integrability condition for these
frame equations. By adirect calculation, (%), = (%), holdsif and only if A, —Q, = QA—-AQ.
This is equivalent to (2.1).

2.3. Singularities of flat fronts and their dual fronts. In this section, we consider singu-
larities of flat fronts in S3. To give characterizations, we use criteria for a cuspidal edge and
swallowtail (see Fact 2.2.4).

Proposition 2.3.1. Let f: X — S3 be a flat front associated to the solution 6 to (2.1). Then
we have the following.
(1) Suppose that p € 0~Y(Z1). Then
e f at pis a cuspidal edge if and only if 8, # 0 at p;
e f at pis aswallowtail if and only if 0, =0, 68, # 0 and 6, # 0 at p.
(2) Suppose that p € 0~Y(Zy). Then
e f at p is a cuspidal edge if and only if 6, # 0 at p;
e f at pis a swallowtail if and only if 6, =0, 6, # 0 and 6,, # 0 at p.

Proof. We assume that p € ~1(Z;). By (2.9), p is a rank one singular point of f. Thus there
exists a null vector field ; for f near p. Then we can take n; = d,. In fact, by f,(p) = 0 and
fu(p) # 0, we see that

0 = (df)p(m) = fo(p)do(n).

By (2.9), the signed area density function A of f can be calculated as 4 = (1/2)sinf. The
gradient vector of A is

1
(Ay, ) = 3 cos0(6,,0,).
10



When p € 871(Z1), cos8 = —1 at p and hence (1,,4,) # (0,0) at p if and only if (6,,6,) #
(0,0) at p. This implies that p is a non-degenerate singular point of f if and only if
(64,6,) # (0,0) at p.
In these preparations, we prove (1). Calculating 7714 and 1711714, we see that
2

0 0
ma = EM cosd, mma= % cos 6 — EM sin .

By Fact2.2.4 (1), p is a cuspidal edge if and only if 6, # 0 at p. Moreover, by Fact 2.2.4 (2),
p is a swallowtail if and only if 6, = 0 and 6,,, # 0 at p. Considering the non-degeneracy, we
have the assertion.
For the case of p € #71(Z,), we can show in a similar way by using 772 = 8,.
O

Next we consider singularities of dual surface v. Assume that S(f) = 0~'(nZ) consists
of non-degenerate singular points of f. Then S(v) = S(f) and S(v) also consists of non-
degenerate singular points of v. By (2.14), when p € 671(Z;) (resp. p € 71(Z3)), vi £ 0
and v, = 0 (resp. v, = 0 and v, # 0) hold at p. Thus p is a rank one singular point of v. By
the same argument as the case of f, we can take iy = d, (resp. 13 = d,,) as a null vector field
of v around p € 671 (Z;) (resp. p € 71(Zy)).

Proposition 2.3.2. Let f: X — S be a flat front associated to the solution 0 of (2.1). Let v
be the dual of f. Then we have the following.
(1) Suppose p € 0% (Z1). Then
e v at p is a cuspidal edge if and only if 6, # 0 at p;
e v at p is a swallowtail if and only if 8, = 0, 6, # 0 and 6,, # 0 at p.
(2) Suppose p € 671(Z5). Then
e v at p is a cuspidal edge if and only if 6, # 0 at p;
e v at p is a swallowtail if and only if 6, =0, 6, # 0 and 6,, # 0 at p.

Proof. For v, —f can be taken as a unit normal vector to v. Thus the signed area density
function 1” of v can be calculated as

1
AV =det(v, vy, vy, —f) = ) sinf = -4,

where A is the signed area density function of f. Therefore, we have the results by similar
calculations for the case of f. O

Corollary 2.3.3. Let f: ¥ — S3 be a flat front associated to the solution 6 of (2.1) and v its
dual. If p € 71(nZ) is a swallowtail of f (resp. v), then p is a cuspidal edge of v (resp. f).

Proof. By Propositions 2.3.1 and 2.3.2, we have the assertion. |

2.4. Geometric invariants. In this section, we investigate geometric invariants of a flat front
and its dual defined on cuspidal edges. First we recall definitions of invariants. Let f: ¥ — S3
be a front and v its dual front. Suppose that p € X is a cuspidal edge of f. Then there exist a
neighborhood U around p and the pair of vector fields (&, 7) on U such that

e ¢ is tangent to the singular set S(f) N U;
e 771is a null vector field of f.

This pair (£, 7) is called an adapted pair.
11



Definition 2.4.1. (/25, 29,46]) Using an adapted pair of vector fields, we set the following :

_det(f,Ef, DeEf,v) _(Deéf,v)

Ks = &y 3 s Ky =T
Hi T
_EfPRdet(f.Ef. Dynf, DyDynf)
(2.16) Ke =
|f AEF A Dy fIP?
o _ det(f.£f, Dynf, DeDyn ) (Ef. Dynf) det(f.€F. Dynf. De£f)
‘ |f NEF A DynfI? EFIPLf AEF A Dy fI?

along a singular curve vy of f, where &, = sgn(det(£,n) - nd) along vy and D is the metric
connection defined for a vector { € Ty(p)S 3 (resp. ¢ € Tv(p)S3 ),

D¢k =k —((k, f) f (resp. Dek = (k= ({k,v) v).

These geometric invariants ks, Ky, k. and «; are called the singular curvature, the limiting
normal curvature, cuspidal curvature and the cusp-directional torsion, respectively. It is
known that the singular curvature «; is an intrinsic invariant of frontals ([46, Theorem 1.6]).
The sign of this invariant relates to concavities and convexities of cuspidal edges ([46, Theorem
1.17 and Corollary 1.18], Figures 9 and 10). The limiting normal curvature relates to the
boundedness of the Gaussian curvature around cuspidal edges ([29,46], Figures 11 and 12).
If a point p is a non-degenerate singular point of first kind of a frontal f, then f is a front at
p if and only if the cuspidal curvature «. does not vanish at p ([29, Proposition 3.11]). The
cusp-directional torsion «, measures the rotation of cusp-direction along the singular curve
consisting of cuspidal edges ([25, Proposition 5.3]).

FIGure 9. k; > 0 Ficure 10. «, <0

We seek an adapted pair of vector fields.

Lemma 2.4.2. Let f: X — 53 be a flat front associated to the solution 0 of the wave equation

(2.1). We assume that p € 0~ (nZ) is a cuspidal edge of f.
12



Figure 11. «, = 0. FiGURE 12. k, # 0.

(1) If p € 6Y(Z1), we can take g = 8, as a null vector field of f on an open neighborhood
U of p and &1 = —6,0, + 0,0, as a tangent to y.

() If p € 071(Z), we can take an adapted pair (&2,12) as & = & and 12 = 8, on a
neighborhood U of p.

Proof. Let y(t) = (u(t),v(t)) (Jt| < &) be a singular curve passing through p. By the
1

proof of Proposition 2.3.1, we see that n; = d,, and A(y(t)) = > sin6(t) = 0, where 6(¢) =

O(u(t),v(t)). By differentiating A(y (7)), we have

0 =u'(D)Au(y(®) +0" ()2, (y(1)) = elét)

We notice that 8’ (t) = Oby cos 6(f) = —1lony c 871 (Z1). Since & (¢) = u/(1)0,,(1)+'(1)6,(1),
we can take u’(f) = —6,(¢) and v'(¢) = 6,(¢). By a similar observation, for p € 671(Z5), we

can take an adapted pair (£2,72) as &2 = &1 and 2 = 8, on a neighborhood U of p. Therefore
we have the assertion. O

cos 6(1).

For the dual front v of f, since S(f) = S(v), we can take a vector field tangent £ (resp.
£))to S(v) around p € 071(Zy) (resp. p € 671(Z5)) as &Y = & (resp. &) = €1). Moreover, by
(2.14), we see that 7] = §, is a null vector field for v around p € 6=1(Z,) and ny = 0, around
p € 671(Z5). In both cases, pairs (€7,my) and (&}, 1) are adapted pair for v.

2.4.1. Geometric invariants for flat fronts and their dual. Under the above settings, we
shall show the following:

Theorem 2.4.3. Let f: X — S2 be a flat front corresponding to the solution 0 of (2.1). Let
v be its dual flat front. Suppose that p € 6~ (nZ) is a cuspidal edge of both f and v, i.e.,
0, #0and 6, #0atp .

(1) If p € 671(Zy), then invariants for f along a singular curve y(t) through p are
62 — 62 2V2

6,
, t) =— 0,)——-, t) = —

2.17) k(1) =

13



and invariants for v along y(t) are

62 — 92 242 0
2.18 V(f) = L —HX V(1) = 0,) ——— V(1) = 2.
(2.18) Ky (1) 206, Kk (1) = sgn( U)IHUIW’ Ky (1) 0,

(2) If p € 071(Zy), then invariants for f along a singular curve y(t) through p are

62 — 62 2V2 0,
26 ke (1) =sgn(by) ——— k(1) =

(2.19) k(1) = TN =4

and invariants for v along y(t) are

0% — 92 242 0
v _u v v _ v _ v
(220) Ks (t) - 2|9u| s Kc(t) - _Sgn(gu) |0u|1/2a Kt (t) - Qu .

For both cases, the limiting normal curvatures vanish along vy.

Remark 2.4.4. We notice that v is also flat. In fact, the first and the second fundamental form
I, II” of v can be written as

0 0 1
I” = sin® §du2 + cos? §d02, II" == {dv,d(-f)) = (dv,df) = -5 sin (du® — dv?).

Thus we have Ky, = =1 by a direct calculation.
To prove this theorem, we prove the following lemma.

Lemma 2.4.5. Under the setting of Theorem 2.4.3, we have the following.
(1) If p € 071(Z)), then derivatives of f by an adapted pair are given as follows -

0
E1f = e0ue2, Dgérf = —83514(93 —6%e; mod (f,ea, VYsw)
0
(2.21) Dyymf = —Ss?”el, Dy Dy f=-6,v mod (f,e1,e2)sw)
6,0
Dg Dy f = —=v mod (f,e1,e2)ew)

along y. Moreover, derivatives of v by an adapted pair are given as follows :

0
v =es0her, Dg€lv = e, (0,-0)ex mod (f,e1,v)sw),

0
(2.22) Dyyniv = —s55e2, DyyDyniv = 6,f  mod (e1, e2,V)ew),
6,6
DgyDyymyy = ——f  mod (e1, €2, v)e(w)

along vy.

(2) If p € 871(Zy), then derivatives of f by an adapted pair are given as follows
14



0
Eof = —¢gqb,e1, D§2§2f = —scé(eg — 93)6’2 mod (f, ey, V)g(U),

0
(2.23) Dy.naf :3c5ve2’ Dy,,Dponaf = -6,y mod (f,e1,e2)sw),

6,0
De, Dy, f = - M20V mod (f, e1,e2)gw)

along y. Moreover, derivatives of v by an adapted pair are given as follows :

0
£V =ec0uer, De&yyv = —ec (0, - 0)er mod (f,e2,v)ew),
6
(2.24) Dyymyv = —8(;5“81, DyyDyynyv = 6, f  mod (e1, €2, v)gw).

Y
D%DTIEUQV = —%f mod (el, €9, V}g(U)
along .
.6 0 . .
Where g5 = sgn(sin 5) and &, = sgn(cos 5) and E(U) = {h: U — R} is the local ring

consisting of function germs, {k1, ko, ..., kpgw) = {a1k1+asko+---+ajk; | ai,a2,...,a; €
EWU)}Y, and f1 = fo mod A means that fi — fo € A.

Proof. We prove (1). We note that f, = 0 at p. By é; = -6,0, + 6,0, and (2.9), we have

.0
é:lf = —Hufu + eufl) = Hu S 582 = 859’4e2’

along y. We calculate D &1 f along y. We see that

D§1§1f = D§1 (_Gvfu + Gufv) = 61(_90](14 + gufv) - <§1(_91)fu + gufv)’ f> f

0 .6
= ¢1(—0, cos 56’1) +&1(0, sin 582) mod (f, e2, V)sg)-

0
By cos 3= Oony c 6-1(Z), we have

é:l(_gv COs gel) = (_evau + Huav)(_ev COs gel)

6,0 0 02 9 620 620
')2 “ sin Eel) + 0,4(5” sin §e1) =— ”2 “eceq + ”Tussel =0

= _ev(
and

0 0
£1(6y sin 532) = (=6,0, + 6,0,) (6, sin 592)

0 0 0 0
= —0,(0,, sin 582 + 6, sin §(e2)u) +0,(0,, sin §e2 + 6, sin §(e2)v)

= —0,0,85(e2), +02e5(e2), mod (f,e2,v)sw)

along y. By (2.13), we have
15



0 .0 0 0
- gveugs(eZ)u + eggs(eQ)v = _vaugs(_gvel) + 9383(— sin éf - ?uel — COS 5”)

0
= —sq“(e?, ~60%e1 mod (f,e2, Vs

Hence we see that

O
D,é1f = —es—-(0; = 0;)er mod (f, e2,v)gw)

0
along y. We calculate D, n,f along y. By cos§ =0, sinf =0, 7 =0, and f,, =
50 0, 0 0 0 1

f——sin-e; + L cos —es + 3 sin v, we have

—cos” =
2 2 2 2 2

Dmﬂlf = D(')ufu = fuu - <fuu’ f> f

0 0 0 0 6 1 0 0
= — cos? §f — 3” sin §e1 + écos §e2 + §sin9v + cos? §f = —ss?"el

along y. We show D, D, n1f = —6,v mod (f,e1,e2)gw) along y. We note that

0 0 0 1
(2.25) Dymf = _EM sin §e1 + EU Cos §e2 + 3 sin v.

0 0
From the definition of D, we only need to calculate d,, (D, 71 f). By cos 3= 0,v, = —sin §e1,

0 0 0 0
(e1), = —cos §f + 5082 + sin §v and (e9), = —;Uel, we see that

0 0 0 0 0,6 0 0 1
O0u(Dyymi f) = —% sin 7€~ EM sin E(el)“ — % sin €2 + EM cos 0y + — sin Oy,
0 6 0 0 0
= —?” sin? §v + EM cosfy = —E"v - Euv =—6,v mod (f,e1,e2)gw)
0,0,

along y. Next we show Dg D, nf =

5 v mod (f,e1,e2)sgw) along y. From the
0
definition of D, we only need to calculate & (D, n1f). By (2.25), cos 3 = 0, sinf = 0,

0 0 0 0
(e1), = —cos §f + E”eg +sin 37 and (e1), = Eueg, we have
16



0 0 1
E1(Dyymif) = fl(—EM sin §e1 + 5” coS 582 + 5 sin 0v)
0 0 0 0 0,0 0 0
= —HU(—% sin §e1 - EM sin §(e1)u — U4 2 sin §e2 + EM cos 0v)

0 0 9 9 62
+ Hu(—% sin €1~ ?” sin §(el)u - ZU sin €2+ 5” cos 6v)
7] 0 0,0 0
= —90(—%8381 - ?ugs(el)u - %8s82 - EMV)
6 0 2
+ eu(_%é‘sel - Eugs(el)v - szseQ - ivv)

0 0 0,0 0.0
= —9u(—§uV - EMV) - MQ -y = ,42 = mod (f, e1,e2)sw)
along y. Hence we see that
0.0,

D¢ Dym f = 5V mod (f,e1,e2)gv)

along .
We calculate derivatives of v by an adapted. We note thatv, = 0 at p. By £} = -6,0,+0,0,,
we have

v : 0
&v=-0,v, = —0,(—sin §e1) =g,0,e1

along y. We calculate Dgy&)'v along y. We see that

DeréYv = Dey(=0,vy + 0,v0) = E) (=0,v, + 0,v,) = (€1 (=0,vu + 0,v,), v) v

.0 0
= ¢](6,sin Eel) +&] (0, cos §e2) mod (f,e1,V)gw)-

0 -1

By cos 3= Oony C 67 (Z1), we have

0 0
£1(6, cos §e2) = (-6,0, +0,0,)(0, cos §e2)

62 9 0,0
= —01,(—3” sin §e2) +0,(— ”2 :

0
ey =0
sin 282)

and

0 0
f{(ev sin 531) = (-6,0, + 6,0,)(0,sin Eel)

0 6 6 0
= —0,(0,, sin 581 + 0, sin §(e1)u) + 60, (6, sin §e1 + 6, sin §(e1)v)

= _ngs(el)u +6,0,e5(e1), mod (f,eq, V)S(U)-

along y. By (2.13), we have
17



] 6 6 6
- Qfss(el)u +0,0,e5(e1), = —Ofss(— cos §f + gvez + sin §V) + Guevss%eg

63 620 0
= —Ss%eg + & ”2 veg = SSEU(Q% - 93) mod (f,e1,V)sw)-

Hence we see that

0
qu{v = 5350(03 - Hg)eg mod (f,e1, V)sw)

0
along y. We calculate Dy»nyv along y. By v, = cos 5(32, we see that

0 0 0 0
(2.26) Yoy = —51} sin §e2 + COS §(e2),) = —sséeg
along y. Thus we have
v 91}
D,ﬁnlv = D,ﬁvv =V — Vo, V)V = —ss§e2
along y. We show D,»Dyriyv = 6,f mod (e1, 2, v)g) along y. By (2.26) and (e2), =
0 0

—sin §f - Euel — cos 5V, we see that

Dn{n{v =Vw — <VI)U7 V> v

6 6 6 0 0 6 0
= —EU sin €2 + cos 5(— sin §f - Euel — oS 51/) + cos? 3"
0 0 0

(2.27) = -5 sinff — EMCOS §e1 - ésin 582'

0
From the definition of D, we only need to calculate 6U(D,7¥17{v). By cos 5= 0, sing = 0,

0
cosf = —1and (e2), = —sin Ef - E”el — cos 51/, we have
1 0 0 0 0
Oy(Dypymyv) = ‘%(‘5 sinff — EM cos €1 — EU sin 582)
0 0,0 0 0 0 0
= _EU cosOf + '44 % sin J€1- % sin 2€2 gvsin §(e2)v
0 6,0 0 0
= —f+—"se1 — —&,e0— —&5(€2), = 0,f mod (e1, ez, V)g)
2 4 2 2
. 640,
along y. Next we show DgrDyprmyv = 5 f mod (e1,e2,v)gw) along y. By (2.27),
0 0 0 0 0
cos= =0,sin6 =0, cosd = -1, (e2), = —Evel and (e2), = —sin §f - E”el — Cos §v, we

have
18



1 6 0 7] 0
fi’(Dn{n{v) = (-6,0, + euav)(—§ sinf f — 7” cos §e1 - 31) sin 56’2)
0 62 0 0 0 6, . 0
= —GU(?“ cosOf + ZM sin 5¢1 - % sin 52~ ?U sin §(e2)u)
in—e; — — sin —e9 — — sin —
4 Tt T gt gy

0
+9u(5v cosOf +
0 62 O 6

= _90(_514]0 + Zssel - 7!%92 - gvgs(eQ)u)
0 6,0 0 0
+ Hu(_Evf + 144 Ugsel - %5s32 - Evgs(eQ)v)

6,0 6,6 6.0 6,0
=-S5 f == mod (eneavie).

along y. This completes the proof for the assertion (1).
We prove (2). We note that f, = 0 at p. By &3 = -6,0, + 6,0, and (2.9), we have

0
§2f = _evfu + eufv = -0, cos 56’1 = —&c0,€1,

along y. We calculate D, &5 f along y. We see that
D§2§2f = sz(_gvfu + Gufv) = 52(_90fu + gufu) - <§2(_91}fu + Qufv), f> f
0 .0
= £9(—6, cos 56’1) + &9(6, sin §e2) mod (f,e1,V)sw)-

0
By sin 5= Oony c 8%(Z>), we have

0 0
&2(—0, cos 581) = (=0,0, + 0,,0,) (-0, cos 581)
6 6 0 0
= —-0,(-0,, cos §e1 -8, cos §(e1)u) + 0, (-0, cos 581 -6, cos §(e1)”)
= 0,0,ucce1 + 02sc(€1)y — Ou0pecer — 0,0,6.(€1),

4 0
= eveuugcel + 938C(—8Cf + EveQ) - Huevvgcel - eugvgc(?ueZ)

3 6,62 0
= 863082 — 86%82 = —8651)(93 - 9%)82 mod (f, e, V)g(U)
and
.6 .0
£9(6, sin 532) = (=0,0, + 6,0,)(0, sin 562)
0> 0 6,0 0
= —HU(?” cos 582) + Hu(% cos 582) =0
along .
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Hence we see that

0
D§2§2f = —805(93 - 93)81 mod (f, eq, V>5(U)

0
along y. We calculate D,,nof along y. By sin§ =0, sinf =0, ny = 9, and f,, =
.90 0, 0 0 0 1

—sin“ —f — —sin—ej + — cos —eg — — sin Oy, we have
2 2 2 2 2

Dn2772f = Daufu = fvv - <fvv» f)f
0 0 0 0 0 1 0 0
= —sin? §f_ Eusinéel + Evcos 582 - ésin€v+sin2 §f = 805082

along y. We show D, D,,n2f = —6,v mod (f, e1, e2)g) along y. We note that

0 0 0 1

(2.28) Dy,naf = —?u sin 5(31 + ?U cos §e2 ~3 sin @v.
0
From the definition of D, we only need to calculate d,(D,,n2f). By sin 5= 0, sin6 = 0,
0 6 0
cos@ =1, v, =cos §e1 and (e3), = —sin §f - ?uel — cos ?/’ we see that
0,0 0 0 0 0 0 0
0y(Dpon2f) = — 2 2 cos §e1 + % cos §e2 + EU cos 5(82)0 - 3” cos 0v
0 0
= —EUV - ?MV = —QUV mod (f, e, 82>5(U)

MQU
2 0
definition of D, we only need to calculate &(Dy,n2f). By (2.28), sin 3 = 0, sinf = 0,

0
along y. Next we show Dg,Dp,nof = — v mod (f,e1,e2)gw) along y. From the

0 0 0 0
cosf =1, (e3), = —Evel and (es), = —sin §f - guel — cos 5y, we have

0 0 ) 1
E9(Dyynaf) = §2(—§” sin §e1 + 5" cos 582 ~3 sin 0v)

2

0 0 0 0 0
= _HU(_ZM cos §e1 + % cos 532 + EU coS §(e2)u - 3” cos 6v)

0.6, 0 0, 0 0 0

+ 60, (- 1 oS 5el +7')cos 56’2+§Ucos E(eg)y— E”cos@v)
02 [ 2] 0
- _HU(_Zugcel + %8602 + 51)86(6’2)” - EMV)
0.0 9
+ gu(_%gcel + %8682 + 5086‘(82)1) - EUV)
0 0, 6 6.0
= —90(—3141/) + Gu(—?l)y - 5”1,) __ u2 "y mod (f, ey, e2)s(0)

along y. Hence we see that

0.6,

Dg,Dyomaf = — 5

v mod (f,e1,e2)gw)
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along .
We calculate derivatives of v by an adapted. We note that v, = 0at p. By &) = -0,0,+0,0,,
we have

0
Eyv =0,v, = 0,(cos §e2) =¢g.0,e9

along y. We calculate Dg;.fé’ y along y. We see that
Dgyéyv = Dy (=0,vi + 0,v0) = E5(=0uvi + 0,v0) = (€5 (=O,vu + 0,v,),v) v
.0 0
= &5(0,sin 581) +&5(0, cos 582) mod (f, e2, V)sw)-

0
By sin 3= 0ony c 8~1(Zy), we have

0 0
‘f;(ev sin 531) = (=0,0, + 6,0,) (6, sin 531)

0.0, 0 6>
Ycos—e1) +0,(=2cos—e1) =0

-0 2
2 2 2 2 2

and

0 0
&3 (0u cos 5e2) = (=004 + 64 0y) (6 cos 5e2)

0 0 0
= -0,(0,, cos §e2 + 0, cos 5(6’2)”) + 0, (0, cos §e2 +0,e:(€2)y)

= —£.0,0,(e2), +£.62(€2), mod (f,es,V)gw).

along y. By (2.13), we have

0 0
- 8090014(82)14 + 8093(‘32)1) = _Scevgu(_éel) + 8063(_5ue1 — COS 5‘/)

626 63 6
=& U2 ”el - chuel = —865(95 - 93)6’1 mod <f, €9, V)g(U).

Hence we see that

0
D%fgv = —805(93 - 03)31 mod (f, e2, V)

0 0
along y. We calculate Dyyn,v along y. By v, = —sin §e1 and sin 3= Oony C 671(Zy), we

see that
0 0 0 0
(2.29) Viu = _EM cos ;1 = sin §(e1)u = _schel
along y. Thus we have
y O
Dngnzv = D,,;vu =Vu — Vuu, V)V = —8c?6’1
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along y. We show Dn;Dn;név = 0,f mod (e, e2,v)gw) along y. By (2.29), we see that

Dr]é’ngv = VYuu — <Vuua V> v

0 0 0 0 0 0
= -2 cos—ej —sin —(—cos = f + —ey +sin —v) +sin® =y
2 2 2 2 2 2 2
0 0 0
(2.30) = §sin9f— EMCOS §e1 - Evsin 582.

From the definition of D, we only need to calculate 8M(D,7;775v). By cosf =1, sinf = 0,

0 0 0 0
sin 3= 0, (e1), = —cos §f + Eve2 + sin §v and (2.30), we have

1 6 6 6 6
(9M(D,7517§V) = 8,4(5 sin@f — — cos —e1 — — sin §e2)

2 2 2
0 0 0 0 0 60,0
= Eu cos@f — %cos §e1 - gucos §(e1)u — % cos §e2
0 0 0 6,0 0,
= —f-—ecce1 — —&c(e1)y— ——&ce2 = —f —uf =0,f mod (e1,e2,vV)gw)

2 2 2 4

Guv

5 f mod (e, e2,v)gw) along y. By cosf =1,

along y. Next we show DgyDyynsv = —

0 0 0 0 0
sin@ = 0, sin 3= 0, (e1), = —cos §f + —eoy+sin—v, (e1), = ?"eg and (2.30), we have

2 2
1 0 0 0 0
f;(Dngngv) = (-60,0, + Qu('iv)(§ sinf f — —” CoS 521 - ?U sin 582)
0 0 0 9 0
= —HU(EM cosOf — % cos J€1— 5 Cos (el)u - X cos 282)
0 0 9 0 92
+ HM(EU Ccos Hf - % cos ;e1 3” oS 5(6’1)1) - ZU oS 582)
0
= -6, ( f - Eugc(el)u - %8&2)
0 0>
+ 9u(—”f - ﬂscm — 5 ec(ens = reces)
Oy 9 I
= ,V
7 2, V)E(U)
along y. Hence we see that
v 91/191)
Dy Dyymyy = ———f mod (e1, €2, V)gw).
along y. This completes the proof for the assertion (2). O

Proof of Theorem 2.4.3. We show (1). We calculate the singular curvature «; and «?,
respectively. By (2.21), we have

92
E1f1=10ul, det(f,&1f, Deérf,v) = 5 (05 =6)

1
along y. Since A = 3 sin 0, & = —-60,0, + 0,0, and 1 = 9,, we see that
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Ou
mAa =~ cos, det (€1,m1) = -0,

hold along y. Thus have &, = sgn(det(&1,71) - 714) = 1 by cos 6 = —1. Therefore we have

__det(f&1f. Daérfo) _6p o
Ks = &y |§1f|3 —E(Qu_gv)

along y. For v, by (2.22), we have

1 02-0?
16,17 2164]

02
V=16, det(v.&]v. Deyé}v.~f) = 2-(6% — 6))
1
along y. Since 1" = -1 = -3 sin@, &/ = —6,0, + 0,0, and | = 9,, we see that

0
mA" = _EU cos@, det(&),n)) =-0,
hold along y. Thus have &), = sgn(det(&},n7) -nj4") = =1 by cos @ = —1. Therefore we have
Vdet(v,fi’v, Dglvfi’v, -f) ~ 02 )

_ 2
jv/ - 87 |'fi/v|3 - _EU(GM — 9,))

1 0262
16,13 216,

along .
Next we calculate the cuspidal curvature «. and «}. Since |£1f| = |6,| and

02
f A flf A Dmnlf = ?uf ANelNey,
we have

0,416
61/ = 10,2, 1f NéLf A Dy /P2 = 2

along y. Moreover, by (2.21), we see that

93
det(f’ flf’ Dnln]_f, D771D771771f) = —Eu

holds along y. Therefore we have

o PP 1] Dy . Doy D) _ 03 3o 2
‘ |f AELS A Dy f1P2 27" okl
16.13/%6; 2V2
= o\ T on(g,) 2
0416, an u)|9u|1/2

along y. For v, since |§]v| = |6, and

2
VALY A D,ﬁn{v = —?”v AejAes,

we have
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0,16,
EVIP2 = 160,172, v AEYY A Dy PP = =

25/2
along y. Moreover, by (2.22), we see that
93
v
det(v, &, Dn{n‘l’v, D,ﬁD,ﬁn{v) =5
holds along y. Therefore we have
o |§{V|3/2 det (v, &7, Dyprnyv, Dy Dyrn(v) ~ e_fl 2 95/2
¢ v AEY A Dy v 277 616,
16.1°/%6; 2V2
=2V2——Y = son(6,) ——
oo g

along .
Finally, we consider the cuspidal torsion «; and «;. We note that

(&1f, Dyym f) =0
holds along ¥ by (2.21). Hence we only need to calculate det(f, &1 f, Dy,n1f, Dg Dynif)
along y. By (2.21), we have

3
det(f, &1/ Dyymf,Dg; Dy f) = 9"400
!
along y. Since |f A& A D,”mfl2 = ZM K; can be expressed as
_det(f.&1f. Dy fs De Dyt f) 4 636, 6,
UGS ADymfE el 4 6
along y. For v, we see that
<§1’v, D,ﬁn‘l’v> =0
holds along y. By (2.22), we have
det(v, &]v, D,ﬁ)ﬁv, DScYD,ﬁn{v) = 0u0§
4

. v v_12 6’111l
along y. Since |v A v A Dyprmpyv|” = 4 we see that

>

et &y, Dyynv, DggDyynv) 4 0,03 6,
lv AEY A Dpriv|? o) 4 6y

v
Ky

holds along . This completes the proof for the assertion (1).
We show (2). We calculate the singular curvature kg and «}, repectively. By (2.23), we
have

62
€2f1 =10, det(f,&af, Deyéaf,v) = 5 (6, = 0;)
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1
along y C 671(Zy). Since A = 3 sin 6, & = —60,0, + 6,0, and 2 = d,, we see that

0
nad = 5” cos6, det(é1,m1)=-6,
hold along y. Thus have &, = sgn(det(&2,12) - 724) = —1 by cos 8 = 1. Therefore we have

PR det(f’é:Qf’DfoQf’v) __0_3
S |E2113 o2
along y. For v, by (2.24), we have

1 6762
16,13 216,

(62 - 62)

92
(€51 = 10ul, det(v. v, Deyéyv, —f) = -6 - 67)

1
along y. Since ¥ = -1 = -3 sin@, & = —6,0, + 0,0, and i, = J,,, we see that

0
nyA” = —?" cosd, det(&,n3) = -0,
hold along y. Thus have &} = sgn(det (&3, 73) - 754") = 1 by cos 6 = 1. Therefore we have

o gvdet(v,fgv, Deyéyv.—f) _ 9—3(92 _ey L o 02 — 62
B &5vI? 2 (R

along .
Next we calculate the cuspidal curvature k. and «}. Since |&2f| = |6,| and

02
S NEf ANDyynaf = —?”f AelAes,
we have A
6,16,
E2f 72 = 102 1f A éof ADymaf P2 = S0

along y. Moreover, by (2.23), we see that

CY SN

det(f,&2f, Dyonaf, Dy, Dyyniaf) =

holds along . Therefore we have

_ 1P det(f. &nf. Dy DpDuyaf) _ 60 g 1312 2"
|f/\§2f/\Dn2772f|5/2 2 gzﬂevl

3267 2v2
v v Sgn(ev) |9 |1/2
v

Ke

along y. For v, since [£}v| = |6,| and

2
v AEY A Dyynyy = EMV Aei e,

we have
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0,410,
|§5V|3/2 = |9u|3/2, [v A fgv A Dn5n5v|5/2 — ultul

25/2
along y. Moreover, by (2.24), we see that
03
det(v, €yv, Dyynyv, Dyy Dyynyv) = —?”
holds along y. Therefore we have
o 1€5VI*72 det(v, €3v, Dyynyv, DygDyxmyy) _e_i’;lg 12 95/2
) [V A&y A DIl 27 616,
16,1265 2V2
=-2V2 “ = —sgn(g
T IE

along .
Finally, we consider the cuspidal torsion «; and «;. We note that

(&2f,Dyomaf) =0
holds along y by (2.23). Hence we only need to calculate det(f,&af, Dy,n2f, Dg, Dypona f)
along y. By (2.23), we have

030
det(f,é2f, Dipniaf> Dy Dipriaf) = =1
04
along y. Since |f A& f A D,72772f|2 = ZU’ K; can be expressed as
¢, < d0t(f- €2 Domaf, Dey Dotz f) _ 4 030 _ 6
|f Néaf A Dy,nafl? 6 4 6
along y. For v, we see that
<§§v, Dn5n5v> =0
holds along y. By (2.24), we have
i

det (v, &y, Dngngv, Dgszngngv) =

. 0.
along y. Since |[v A £y A Dn5n§v|2 = Z”, we see that

u

[V A €YV A Dyyiyv|? el 4 "0,

o det(v,&3v, Dyynyv, Dey Dyynyv) 4 630, 6,
Y =

holds along . This completes the proof for the assertion (2).

We note that similar expression of «; can be found in [46, Example 1.20]. Moreover, it
is known that duality between geometric invariants on cuspidal edges of flat fronts in the
hyperbolic 3 -space H? and their A{-dual flat fronts in the de Sitter 3-space 5'13 are studied
([41, Theorem 3.4]) .

As a consequence of Theorem 2.4.3, the following assertion holds.
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Corollary 2.4.6. Let f: X — S° be a flat front and v its dual front. Suppose that f and v
are cuspidal edge at p € Z. Then sgn(ks) = —sgn(ky) holds at p.

Remark 2.4.7. This can be considered as a special case of [44, Lemma 3.25 (f)].

Corollary 2.4.8. Let f: X — S be a flat front and v its dual flat front. Let p € X be a
cuspidal edge of f (resp. v). If v at p (resp. f at p) is not a cuspidal edge, then k; (resp.
KkY) is strictly positive at p.

Proof. By Theorem 2.4.3, Propositions 2.3.1 and 2.3.2, we have the assertion. m]
It seems that this property is related to [48, Theorem A].

Proposition 2.4.9. Let f: = — 53 be a flat front and v its dual front. Let p € ¥ be a cuspidal
edge of f (resp. v) and vy a singular curve through p. Suppose that the cuspidal torsion k; of
f (resp. «/ of v) vanishes along vy. Then the singular locus v oy (resp. y = f oy) is a point.

Proof. We show the case where «; vanishes. We assume that p € 671(Z;). Let y(1) =
(u(t),v(t)) be a singular curve passing through p = y(0). Then we consider the singular
locus v(y(t)) of v. By (2.14), we have

(2.31) %V(V(I)) =u' (O)vu(y(1) + 0" (Dvu(y (1) = e’ (e (y (1)),

0
where &; = sgn(sin 5). On the other hand, differentiating A(y(¢)) = 0 by ¢, it holds that

LA 1) =W DU )+ DL

_ _%(uf(t)gu (y(1)) + V' (1)0,((1))) = 0,

where we used the relation cos 8(y(t)) = —1. When «; vanishes along 7, then 6,(y(¢)) =0
by Theorem 2.4.3. Thus under this assumption, we have u’(7)6,(y(t)) = 0. Moreover, since
f at p is a cuspidal edge, 6, (y(¢)) # 0. Hence we get u’(t) = 0. By (2.31), we have

(%) V(1)) = 0.

This implies that v(y(¢)) is a point. Thus the assertion follows. For the case where p €
61 (Z), one can show in a similar way.

We next consider the case that k) vanishes along the singular curve. Suppose p € 071(Zy).
Let y(7) = (u(t),v(z)) a singular curve through p = y(0). We then consider y = f(y(¢)). By
direct calculations, we have

V(1) = &0"(De2(y(1)), %A(Y(I)) = —%(u’(t)Hu(V(t)) +0'(1)0,(y(1)) =0

Since «; = 0 along y, we have 6, (y(t)) = 0 by Theorem 2.4.3. Moreover, since v at p is a
cuspidal edge, 6,(y(¢)) # 0. Thus we have v'(¢) = 0, and hence 7’ vanishes identically. This
implies that 7 is a point. For the case of p € ~1(Z), one can show similarly. O

This may be related to [41, Corollary 4.3] and [48, Proposition 3.7]. In the situation above,
it can be considered as v at p is a cone-like singular point which is A-equivalent to the germ
(u,v) — (u,u cosv,usinv) at the origin.
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2.5. Mean curvatures of a flat front and its dual front. We examine a relationship between
the mean curvature of a flat front f and its dual front v. Moreover, we examine a relationship
between mean curvatures of parallel flat fronts and their dual fronts.

Proposition 2.5.1. Let f: X — S be a flat front associated to the solution 6 to (2.1) and v
be the dual of f. Then on the set of regular points of f (also v), the mean curvature H' of f
coincides with the mean curvature H” of v.

Proof. By (2.2), the mean curvature H/ of f is

6( 1 6 (1

cos? = (—— sin 9) +sin? = (— sin 9) —92sin o COS o cos2 0_ sin? 4
gf o 2\ 2 212 _ 272" 2 2
2] 0 2] 0
2 cos? — sin? - 2 2 cos? 3 sin2 3

6

= —C,OS = —cot 6.
sin 6

On the other hand, the first fundamental form /¥ of v is
e, 6
I’ = sin? §du2 + cos? §dv2.

Since — f can be taken as a dual of v, the second fundamental form /¥ of v can be calculated
as

IIY = —{dv,d(~f)) = {dv,df) = —% sin 0(du® — dv?) = 11’ .

Thus we have

.29(1.9) 29(1,9)
S1m- — §sm— + COS™ = | —=sIn —

y 2 2 21 2 2
H' = 5 5 = —cot 0.
2sin? — cos2 —
2 2
Therefore we have the assertion. O

We next consider mean curvatures of parallel flat fronts and their dual fronts. Let f: £ —
S3 be a flat front associated to the solution 6 to (2.1) and v its dual front. Then a parallel
front f': ¥ — 83 of f is defined as

f' =costf +sintv
for some fixed ¢ € R. The dual front v' of f' is given by
vl = —sintf + costv.
For a parallel flat front f* and its dual front v, we shall show the following.
Proposition 2.5.2. The mean curvature H' of a parallel flat front f' coincides with the mean

curvature H', of V'
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Proof. By (2.9) and (2.14), we see that

fl= costcosg—sintsing €1 = cos €+t e
u - 2 2 1= 2 1

fl= costsing+sintcosg €9 = sin €+t e
v = 2 2 2 = 2 25

vl =— sintcos€+costsin€ e1 = —sin g+t e

V= —sintsin€+costcos€ €9 = CoS €+t e
v 2 272~ 2 2

hold. Thus the first and second fundamental forms of f* and v’ are
, 6 6
I =cos® | =+t du® +sin® | = +1 va,
2 2
, 6 6
17" = cos (5 + t) sin (5 + t) (du? - dv?),
¢ 6 6
I" =sin? | = +t| du® + cos?® | = + t| dv?,
2 2
‘ 6 0
II" = —cos (— + t) sin (5 + t) (du® — dv?),

2

where we take — f* as a dual front of v'. Therefore we get

cos? €+t — CoS €+t sin Q+t + sin? Q+t COS Q+t sin €+t
2 2 2 2 2 2

H' =
0 0
2 cos? (5 + t) sin? (5 + t)
0 0 0+ 2t 0+ 2t
=—cos|=+t|sin|=+t cos (6 + 21) :—C_OS( hl ):—cot(9+2t)
2 2 0 N sin (6 + 21)
2c082 | = +¢t|sin®|=+¢
2 2
and

B 1l A A A el R R |

B 0 9
2cos? | = +1|sin? [= +1¢
COS (2 )sm (2 )

This completes the proof. |

= —cot (6 + 2t).

Remark 2.5.3. We note that a parallel front of a flat front is also flat (cf. [20]). This property
also holds for flat fronts in R? and H? (see [10, 23, 33]).

In Section 2.6, we shall show similar relation for the caustic and its dual.
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2.6. Caustics of flat fronts. In this section, we consider singularities and geometric proper-
ties of caustics of flat fronts in 3. To investigate them, we do some preparations.

We assume that a flat front f: X — 52 is constructed by the solution € to (2.1). Then the
Weingarten matrix W/ for f can be given as

0
tan — 0
(2.32) wi=| 2 o
0 —cot 5

by (2.2). Thus the principal curvatures k1 and k2 of f are given as

0
(2.33) K1 = tan > k9 = —cot 5
defined on the set of regular points X\ 8~ (7Z) of f. We remark that ; (i = 1, 2) is unbounded
near p € 61 (Z;). On the other hand, the curvature radius function p; = 1/k; (i = 1 or 2) can
be extended as a C* function near p € 671(Z;).

Definition 2.6.1. Define maps C;: £\ 671 (nZ) — S3 (i = 1,2) as follows:

1
(2.34) Ci== (f +piv),
1+ p?

1

where p; = 1/k; (cf. [14, (4.6)]). These Cl.i are called the caustics (or focal surfaces) of f.

Setting C; = C; (i = 1, 2), we shall study singularities and geometrical properties of C; near
a singular point p € §~1(nZ) of f. By the above discussion, p; (i = 1 or 2) is bounded C*®
function near p € 871 (Z;). Therefore, we can consider C; on a sufficiently small neighborhood
of p € 671(Z;). We mainly consider C; defined near p € 6~1(Z;) in the following.

2.6.1. Singularities of the caustic. We consider singularities of C; of a flat front relating to
the solution 6 of (2.1). We set Ry = (1 +p%)‘1/2, where p; = cot(6/2) (see (2.33)). Then Cy
can be written as

C1=Ri(f +p1v).

Proposition 2.6.2. Under the setting, we obtain the following results on an neighborhood of

p € 9_1(21).
Hu 91) 0
(2.35) (C1u = ?Rl (p1f-v), (Ci)p= 5R1 (p1f = V) + Rycsc €2
Proof. We note that
~ 6\ 6. -1 6. 06
(2.36) (p1)u =0y (cot 2) =5 0 =-5 cse 5
Sin 5

By (2.9), (2.14) and (2.36), we have
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(Cu = (R)u(f +p1v) + Ri(fu+ (p1)uv +p1(V)u)

0
o 0 o 3 0
= (R1)u(f +p1v) + Ry |cos J€1- Eucsc2 2¥ " g sin e
sin —
2
0, o6
(2.37) = (R)u(f+p1v) — ng esc” o V.
. v o0
By the same argument as above, since (1), = 5 cse 5 we have

(C1)o = (R1)u(f +p1v) + R1(fo + (p1)ov + p1(V)y)

0
= (R1),(f + p1v) + R1(sin §e2 - ?U csc? Y + g cos 582)
sin —
2
0, .56 0 0 0
= (R1),(f +p1v) + Ry csc 5(81112 582 - EU csc 5V + cos? §e2)
6 0 0
(2.38) = (Ry),(f +p1v) + Ry csc §(e2 — 5” csc Ev).
We remark that
csc? QR2 _ ! L =1
1= 0 0
2 sin? = 1 + cot? =
2 2
Thus we see that
1 § 6 0 0
(239)  (Ru=—5(1+p7) 22p1(p1)u = =R} (-7 csc? D)p1 = 1Ry,
1 § 0 6 0
(2.40) (R1)y = —5(1 +p7) 22p1(p1)s = —Ri{’(—é csc? 5)/01 = Evlel-
6
By (2.37), (2.39) and p% — csc? 3 = —1, we have
0 0 0 0.R 0
(C1u = Eulel(f +p1v) = ngu csc? Jv= u2 = (p1f + phv — esc? Y
6,Rq
= M2 (p1rf = ).

0
Moreover, by (2.38), (2.40) and p? — csc? 5 ="Lwe have
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0 0 0 0
(C1)y = Evp1R1 (f +p1v) + Ry csc §(e2 - 5” cse 51/)

0 0 0
= EURl (p1f + p%v — csc? 51/) + Rj csc €2

0 0
= éRl(plf — V) + Rjcsc §e2.

Therefore we have the assertion. m]

Remark 2.6.3. By the same argument as Proposition 2.6.2, we have

0 0 0
(2.41) (Co)y = EMRQ(pzf —v)+ Ry sec €L (C2)y = §UR2(P2f -v),

where Ry = (1 + p%)_lﬂ. For the proof of (2.41), we use the relation R% sec?(0/2) = 1.

By (2.35), we see that e can be taken as a unit normal vector of C;. Thus ey can be taken
as a unit normal vector to Cy. Moreover, we see that

0 0
(C1)u A (C1)y A €1 = —csc =R (p1f —v) Aez Aey,

(2.42) 92 g
(C2)u A (Co)y A eg = 5" sec §R§e1 A (paf — V) A ea,

by (2.35) and (2.41). For Cy, since Ry # 0 and csc(6/2) # 0 around p € 671(Z;), the set of
singular points of C; might be considered as (6,) ™ (0) near p. Meanwhile, for C3, Ry # 0 and
sec(6/2) # 0 around p € 61(Zy), the set of singular points of C5 is considered as (6,)~1(0)
near p.

Lemma 2.6.4. C; is a front with its dual front e; at p € 0~(Z;) (i = 1 or 2).

Proof. First we prove that C; and e are fronts at p. Let us calculate the rank of the following
matrix:

(Cl)u (Cl)v
2.43 .
( ) ( (e 1)u (el)v
If p is a regular point of Cy, i.e., 6,(p) # 0, then we see that (2.43) is a rank two matrix at p.
Thus C is a front at p. Assume that p is a singular point of Cy, i.e., 8,(p) = 0. Since e3 and
v are linearly independent, we have

(e0u(p) = “Leap) +67(p) 20
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0 0
where &; = sgn(sin =). Moreover, by (C1), = ;62 — —v # 0 and (e1), = 0 at p, we notice
that (2.43) is a rank two matrix at p. Hence Cj is a front at p. Moreover, by (2.13), we have

0 0, .6
((e1)y, —C1) = <— cos §f + ez tsingy, -Ri(f+ P1V)>

=R ——R in— =R — —Rycot—sin— =0,
1C082 1plsln2 10082 1CO 281112

((e1)v, —C1) = <%u6’2, —R1(f+p1v)> =0.

Therefore, e is also a front and —C; can be taken as a dual front of e;.
Next we prove that C2 and e9 are fronts at p. We calculate the rank of the following matrix:

(C )u (C )U
o (e o).

If p is a regular point of Co, i.e., 8,(p) # 0, then we see that (2.44) is a rank two matrix at p.
Thus C7 is a front at p. Assume that p is a singular point of Ca, i.e., §,(p) = 0. Since e; and
v are linearly independent, we have

0
(e2)u(p) = _?uel —e.v#0.

0 0
where &, = sgn(cos =). Moreover, by (C2), = —?uv +ece1 #0and (e3), =0at p, we see
that (2.44) is a rank two matrix at p. Hence Cs is a front at p. Moreover, by (2.13), we have

((e2)u, —C2) = <—%e1, —Rz(f+P2V)> =0,

((e2)y, —C2) = <—Sin gf - %uel — cos gv, -Ro(f +P2V)>

0 0 0 0 0
:stin§+R2pgcos§:Rgsin§—R2tan§COS§:O.

Therefore, es is also a front and —C5 can be taken as a dual front of e5 and we have the
assertion. O

Remark 2.6.5. By the proof of Lemma 2.6.4, we notice that the singular sets of C; and e;
coincide.

Proposition 2.6.6. Let f: X — S° be a flat front associated to the solution 6 to the equation
(2.1). Let p € 0~Y(nZ) be a non-degenerate singular point of f, i.e., (6., 8,) # (0,0) at p.
(1) When p € 71(Z1), then
e p is a regular point of Cy if and only if p is a cuspidal edge of f ;
e p is a cuspidal edge of Cy if and only if p is a swallowtail of f.
(2) When p € 7Y(Z»), then
e p is regular point of Co if and only if p is a cuspidal edge of f ;
e p is a cuspidal edge of Co if and only if p is a swallowtail of f.

We note that C; is a front at p € 671(Z;) (i = 1 or 2) by Lemma 2.6.4.
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Proof. We show (1). By (2.42), p is a regular point of C; if and only if 6,(p) # 0. Assume
that 6,(p) = 0. By the proof of Lemma 2.6.4, we see that (C1), = 0 and (Cy), # 0 at p.
It implies that p is a rank one singular point of C;. Moreover, a null vector field of C; can
be taken as n¢* = g,. Since the zero set of 6, is the set of singular points of C; near p, an
identifier of singularities A€ can be considered as A°! = 6,. Thus €11 = 6,,. By Fact
2.2.4 and Proposition 2.3.1, we have the assertion.

We show (2). By (2.42), p is a regular point of Cs if and only if 6,(p) # 0. Assume that
6,(p) = 0. By the proof of Lemma 2.6.4, we see that (C2),, # 0 and (C2), = 0 at p. It implies
that p is a rank one singular point of Co. Moreover, a null vector field of C2 can be taken

as <2 = 0,. Since the zero set of 6, is the set of singular points of C2 near p, an identifier
of singularities A€2 can be considered as 1¢2 = 6,. Thus nC2/1C2 = 0,,. By Fact 2.2.4 and
Proposition 2.3.1, we have the assertion. This completes the proof. O

2.6.2. Mean curvature of the caustic and its dual. In this section, we consider curvatures
of caustic. It is well known that caustics of a flat front are also flat [20] (we will see below).
On the other hand, we have the following property of the mean curvature.

Theorem 2.6.7. Let f: X — S° be a flat front corresponding to the function 6 satisfying
(2.1). Then the mean curvature of the caustic C1 (resp. Ca) as in (2.34) is represented as

92 92 02 92
045y  HO=-2 (—” O 1) (resp. Her = 22 (_v S 1))

0 6
on the set of regular points, where €1 = sgn(csc 5) (resp. €9 = sgn(sec 5)). If p is a singular

point of C1 (resp. C3), then HS1 (resp. H®?) is unbounded near p.
Proof. We first deal with C; defined near p € 671(Z;). By (2.35), we have
2 p2 2 p2
62R 62R>

(C1us (C1)) = <%R1 (o1f =), 2Ry (o - V)> SR

2

02 o[ 5 0 1 62
(o) 4 [ ) -
G A P R A

2

6.6, % N 00, [ 1 N
= R (14 3) = (1+ ): ,
7 P1 4 \1+p2 P1

0 0 0 0,0 a,0
((C1)us (C1)y) = <EMR1 (p1f =), EURI (p1f —v) + Ry csc —6’2> = —LR}p} + =R}
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and

((C1)ys (C1)o) = < —Ri (p1f —v)+Ricsc Heg, ele (p1f —v) + Rycsc ge2>

2 2
_ORT ,  OOR 0 92 , 62 0
1 2, 7ot 2 2 2 2 o2
1 P+ 1 + Rj csc 5= R1(4p1+z)+R1CSC 5

93( 1 )( ) 1 ,0 62 1 1
=—|— p1+1)+ csc” — = —+
2 2 0 0
4 \1+p L+ p7 2 4 1+cot2§ sin? —
0;

= + 1.
4

Thus the first fundamental form (i.e., the induced metric) of C; can be calculated as
62 0,0 6>
(2.46) €1 = 4”d + szdudv+ (Z + 1) dv’.

On the other hand, by (2.13) and (2.35), we have

—((C1)u, (e1)u) = — <9—MR1 (p1f — V), —cos gf + &82 +sin §v>

2 2 2
0 6 06 6 6 0 0
= EuRlpl Cos 2 + %Rl sin 5 = ?”Rl (p1 cos 3 + sin 5)
0, 0
=—R, cot—cos—+s1n—
2 2
sm—
0
6 1 1 _9|Sln§|_8ﬂ
T2 i 6| 2 .8 '
1+C0t2§ Sll’li SIH§

—{((C1)u, (€1)y) = <%R1 (p1f =), —82> 0,
—{((C1)v, (€1)y) = <%R1 (p1f —Vv)+Rycsc gez, 02 2>
= —%Rl cse 5= —810—;.

Thus the second fundamental form of C; with respect to e is given as

0,
(2.47) 1161 = le(dLF — dv?).
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Thus we see that the Gauss-Kronecker curvature Kgl can be calculated as

6, ( Gu)
e1— |-e1=
o 2 2

B g2 0\ _ (00 2
1\ 1

by (2.46) and (2.47). This implies that the intrinsic Gaussian curvature KIC ! of C; vanishes
identically ([47, Page 86]). We note that this is a classical fact (cf. [20]).
We investigate the mean curvature H¢! of C; with respect to e1. By (2.46) and (2.47), we

have
62 9 62 9 9, (60> 62
Z”(—Sl—u)+(—v+1) 81—u —81—” (—u——v—l)

O 2]\ 4 2 12

02 (62 2 0,
o[Zu (% yq) _ (Gl Y
4\ 4 4 2

on the set of regular points. We note that p is a regular point of C; if and only if 8,(p) # 0
by (2.42). Moreover, since C; is a front near p, H¢! is unbounded near p by [46, Corollary
3.5] and [26, Proposition 2.4].

For C, defined near p € 0~1(2y), by (2.41), we have

0, 0 0, 0
((C2)u, (C2)y) = <—R2(102f —v)+ Rysec—e1, —Ra(paf —v) + Rasec §e1>

2 2 2
9 92 62
62 1 0 62 1 0
(p% + 1) + sec? — = X sec? —
4 \1+p? +p3 2 4 \1+p2 2
62 1 0 62
= ZM sec? 5= - +1,
1+ tan? —

(Cohur (C2)) = { S Ro(pf = v) + Rasec Ser, - Ralpaf - v>>

Il
%/\
<

2
6,0, 0,0 6,0
vV p2 2 uVv 52 2 uYv
R3p3+ RS = = 2(1+,02)= .
07 5 o 07 5
((C2)p, (C2)y) = < —Ra(p2f —v), —Rz(mf - V)> 1 —R3p3 + ZUR

0> 02
= LR} (1+p3) =+
A P2) =7
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Thus the first fundamental form of Cs can be calculated as

62 6,6,
(2.48) 1¢2 = (1 + )du dudv—”dv

On the oher hand, by (2.13) and (2.41), we have

0 0 0 0 0
—((Co)y, (e2)u) = — <§MR2(P2f — V) + Rosec €L —5')6’1> = —Rysec =

0 0 0 0 0
MRQ(pr— V) + Rs sec §e1,—sin §f - Euel — oS §v>

—{((C2)u, (€2)y) = — <§

0 6 0, 6’
= EuRng sinE ~ 3 2Ry cos 2 2Ry sec—
6, 0 0 6 . 0 0 0
=—Ry pgsm——cos—+se — —RQ —tan — sin — — cos — + sec —
2 2 2 2 2 2
0 0
) 2
gu S1n 5 COS 5 0
_ERQ - g 9 +sec§ =0,
Cos — CoS —
2 2
0 0 0
—((C2)y, (€2)0) = - <5"R2(p2f = v),=sin o f — Zrei = cos §V>
0
) 2
9vR 0 QUR S1n 5 COS 5
= — Sin— —cos—|=— - —
2" - 2 2 2" cosg cosg
2 2
0, 1 0,
= —ERQ 0 = —825
Cos —
2

Hence the second fundamental forms can be calculated as
6
11¢2 = 8251}(du2 - dvz),

(2.49)
Thus we see that the Gauss-Kronecker

where we take es as a unit normal vector to Cs.
curvature K% can be calculated as




Moreover, the mean curvature H? is

62 9 62 0 9, (62 62
(Zu + 1) (—82—U) + —USQ—U SQ—U (—U -1 _ 1)
HC2 — =

on the set of regular points. We note that p is a regular point of Cs if and only if 6,(p) # 0
by (2.42). This completes the proof.
O

Proposition 2.6.8. If the caustic C; (i = 1 or 2) has constant mean curvature, then C; is
regular.

Proof. We consider the case of C; defined near p € 671(Z;). By Theorem 2.6.7, if a singular
point g of C; exists on the source of Cy, then H €1 s unbounded at q. This implies that C;
cannot be a constant mean curvature surface. Thus we have the conclusion. O

Remark 2.6.9. It is known that caustics of flat fronts in the Euclidean 3-space R?® and
hyperbolic 3-space H? are also flat (see [22, 33, 39]).

For the dual front e; (i = 1, 2) of C;, these can be considered as maps into S 3. In particular,
we have the following.

Proposition 2.6.10. Let f: X~ — S3 be a flat front corresponding to the function 0 satisfying
(2.1). Let C; (i = 1 or 2) be the caustic of f defined on a neighborhood U; of p € 671 (Z;).
Then its dual e; is also a flat front and the mean curvature satisfies H¢ = HS, where we take
—C; as dual of e;.

0
Proof. We show the case for i = 1. By Lemma 2.6.4, e is a front. Since (e1), = — cos Ef +

0 0 0
Eveg + sin 3V and (e1), = E"eg, we see that

0 6> 0 02
<(el)u’ (el)u> = C052 5 + ZU + sin2 5 = ZU +1,
6,0
<(e1)u, (el)v> = %,
0.

((e1)v, (e1)u) = Z

Thus the first fundamental form of e; is given by

62 6,0, 62
(2.50) 1€ = (1 + Z) du® + Tdudv + Z”dvz.

Moreover, we see that
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(@) (=C1)a) = (€D (C1) = —81 22,

2
—{(e1)u> (=C1)y) = {(€1)us (C1)y) =0,
~ (e (€1 = (€1 (C1)) = 12,

where we can be taken —C7 as dual of e;. Hence the second fundamental form of e can be
calculated as

0
Iﬁlz—Jﬂﬁ:—grfum2—dﬁ)

Thus Gauss-Kronecker curvature K]fjl of e can be calculated as

_93
4
Kelz :—].
B R K
4 4 16

and hence e is flat. Moreover, the mean curvature H! of e with respect to —C7 is

62 6, 6> 0
~+1 81—u + £ —Sl—u 2 9
. \4 2 " 4 2 1 (62 6 c
H® = A e TH 1| = HO
62 0,\4 4
2
. . . 0, i 0, 6
We next consider i = 2. Since (e2), = _Eel and (e2), = —sin §f - Eel — Ccos 51/, we
see that
62 6.6,

2
((e2)u, (€2)u) = 1’ ((e2)y, (€2)y) = » ((e2)v, (€2)y) = % + 1.

Thus the first fundamental form of es is given by

4

62 0,0 62
1€ = Z”du2 + %dudv + (Z” + 1) dv®.

Moreover, we see that

(€2 (~Co) = ((€2)ur (Ca)a) = —e2 2

2
—((€2)u, (=C2)y) = {(€2)u, (C2),) =0,
(€2 (~C2)) = ((€2) (C2)) = 22

where we can be taken —C5 as dual of e9. Hence the second fundamental form of es can be
calculated as

6
11°? = —82511(01142 — dv?).
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By the same argument as above, we have

0;
4
K:? = =-1,
TN NN
4\ 4 16
6> 0> 6
i L | YT
He2:4 2 4 2 _ £ 9_u_‘9_u_1 _yc:
62 6, \4 4
2
Therefore we get the conclusions. O

Remark 2.6.11. If we choose C; (i = 1 or 2) as dual of e;, we have H® = —HCi.
As an application of Propositions 2.6.8 and 2.6.10, we notice the following result.

Corollary 2.6.12. The caustic C; (i = 1 or 2) has constant mean curvature if and only if the
dual front e; has constant mean curvature. In particular, these surfaces are regular.

Since C; and e; (i = 1 or 2) are flat front, we can see dual relations with respect to their
singularities by using Corollaries 2.3.3 and 2.4.6.

Corollary 2.6.13. Let p be a singular point of C; and e; (i =1 or 2).
(1) If p is swallowtail of C; (resp. e; ), then p is a cuspidal edge of e; (resp. C;)
(2) Assume that p is a cuspidal edge of C; and e;. Then Sgn(KSCf ) = —sgn(k$') holds at
p. Where Kfi (resp. ki) is the singular curvature of C; (resp. e; ).

2.7. Flatfronts whose caustics are minimal surfaces. We consider a flat front whose caustic
is a minimal surface. In particular, we focus on the caustic C; of a flat front f: ¥ — $3
which is defined on a simply connected neighborhood of p € 8~(Z;). In order to do this, we
investigate the system of partial differential equations:

Ouu — HUU =0,
(2.51) { 9 19

0; — 65 =4.
This system arises from (2.1) and (2.45).

Proposition 2.7.1. If a function 6 defined on a simply connected open neighborhood of
p € 071(Zy) satisfies the system (2.51), then there exist & € R and 8 € R \ {0} such that

1 1
(2.52) 0(u,v) = (ﬁ+—)u+ (ﬁ— —)v+a.

B B
Proof. We first note that 6, # 0 near p by Proposition 2.6.8. Differentiating the second
equation of (2.51) by 9, + 9, and 9, — d,, we have

2(614 - Hv)(euu + Quu) =0, 2(914 + 90)(9uu - euv) =0,

respectively. Since the second equation of (2.51) holds, both 6, + 6, and 6, — 6, do not vanish
near p. Thus it follows that
Ouu + Oup = Oy — Oy = 0,
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and hence we have 6, = 6,, = 0. Moreover, we get 6,, = 0 by (2.1). Therefore 0 is a linear
function of u and v. Since the second equation can be rewritten as

(0, +6,)(0, -0, =4,
there exists a constant 8 € R\ {0} such that

0,+6,=28, 6,-6,=

YIS

Thus we get
1 1
do = 0,du + 0,dv = ,8+—) du + (/3— —)dv.
o 3) e+ - 5

9—(ﬂ+l)u+(ﬂ—l)v+a
= 3 ,

Integrating this, we have

B
where « is a constant of integration. O
For the function 6 as in (2.52), if we choose § =1 or § = —1, then it holds that 6 = 2u + @
or § = —2u + a. Thus in these cases, the resulting flat fronts are rotational surfaces in S3
([101).
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3. Relations between (7, n + 1)-cusps and evolutes of fronts

3.1. Introduction. It has been known that for regular curves without inflection points, we
can define their evolutes. The evolute is the locus of the centers of the osculating circles
of a given plane curve ¢ : I — R?. The evolutes (or caustics) are important because they
relate to applications concerning envelopes, optical systems and general relativity theory
([5,12]). If ¢ has a singular point, then the evolute of ¢ cannot be defined as the conventional
method. However, in the work of Fukunaga-Takahashi, an evolute of a wave front was
defined and an useful representation of it was given ([8]). Furthermore, they proved that
multiplicities of singularities of fronts were lowered by considering evolutes, and the evolutes
of Cusp,3)(t) = (2,1%) and Cusp 3.4y (1) = (3, t*) were considered as examples (see Figures
13 and 14).

FiGure 13. The red curve FiGure 14. The blue curve is

is the (2, 3)_'CUSP and the the (3, 4)-cusp, the purple curve

green curve is Ev(c). is Ev(c) and the orange curve
is Ev(Ev(c)).

It is known that (2, 3)-cusps appear on cycloids and asteroids and (3, 4)-cusps appear on
parallel curves of parabolas (cf.[45]). Moreover, (2, 3)-cusp is the generic singularity of
fronts. The following simple criteria are known for these singularities ([45, Theorem 1.3.2],
[45, Theorem 1.3.4]).

Fact 3.1.1. Let ¢ : I ¢ R — R2 be a C* curve.
(1) ¢ is A-equivalent to Cusp(os) () = (t2,63) at t = 0 if and only if ¢/(0) = 0 and
det (¢”(0), ¢ (0)) # 0.
(2) c is A-equivalent to Cusp 3 4)(1) = (3, tY at t = 0 if and only if ¢'(0) = ¢”(0) = 0
and det (¢’ (0), ¢ (0)) # 0.
For the definition of A-equivalence, see Definition 3.2.1. By using above criteria and
properties of the evolutes of fronts, we easily see the following.
Corollary 3.1.2. Let ¢ : I — R? be a C* curve.
(1) c is A-equivalent to Cusp(93)(t) = (t2,13) at t = 0 if and only if the evolute Ev(c) of

cisregularatt = (.
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(2) c is A-equivalent to Cusp s 4 (1) = (3,tY) at t = 0 if and only if the evolute of the
evolute Ev(Ev(c)) of ¢ is regular at t = Q.

It seems to be natural to expect that the criteria for (2, 3)-cusps and (3, 4)-cusps given in
Corollary 3.1.2 can be naturally extended to criteria for (n, n + 1)-cusps. However, this is not
true in the case of (4, 5)-cusps (for details, see Chapter 4). We are also interested in what
these conditions correspond to.

In this Chapter we prove the following results.

Theorem 3.1.3. (/30]) Let ¢ : I — R? be a C*® curve. Then ¢ is C'-equivalent to
Cusp ey (1) = (", "1) at t = 0 if and only if

(3.1) 0)=c"(0)=---=c" D) =0, det(c™(0),c™V(0)) £ 0.

Theorem 3.1.4. ([30]) If ¢ is A-equivalent to Cusp, .1y (1) = (1", t"™Yatt=0,thent =0
is a singular point of Ev(c), - - - Ev*2(c) and a regular point of Ev"~'(c).

Corollary 3.1.5. ([30]) Let v : I — R? be a front without inflection points. Assume that
t = 0 is a singular point of vy, that is, (dy/dt)(0) = 0. Ift = 0 is a singular point of Ev(y),
-, Ev""Y(y), then y is not A-equivalent to Cusp sy att =0.

We note that the condition (3.1) does not depend on the choices of coordinates on the
source nor on the target (Proposition 3.3.3). As an application of Proposition 3.3.3, we prove
Theorem 3.1.3 and Theorem 3.1.4.

3.2. Preliminaries.

3.2.1. Fronts and singularities. Let I be an open interval containing the origin of R and
c: I — R%beaC™ map. A point p is called a singular point of c if ¢’(p) = 0. We say that
the curve ¢ is a front if there exists a C* map v : I — R? such that the pair (¢, v) : I — R?x S
is a Legendre immersion, namely, ¢’(t) - v(t) = 0 for each ¢ € I and (¢, v) is an immersion.
For properties of fronts, see [8,9,45,46].

Definition 3.2.1. Let c1,c2 : (R,0) — (R2,0) be C* map germs. We say that ¢1 and
co are C"-equivalent if there exist C" diffeomorphism germs ¢ : (R,0) — (R,0) and
¥ : (R?,0) — (R?,0) such that W o c1 oy~ = ¢o holds, where r € Nog U {oo}. In particular,
if r = oo, we call it A-equivalent.

3.2.2. Evolutes of fronts. Let ¢ : I — R? be a regular curve. We set e(¢) = ¢(1)/||¢(7)]| and
n(t) = M(e(t)), where ¢(t) = (dc/dt)(1), ||c(t)|| = \/¢(¢t) - ¢(¢) and M is the anticlockwise
rotation by /2. Moreover, () = det (¢(2), (1)) /||¢()|1? = é(r) - n(r)/||¢(¢) ]| is called the
curvature of c. An evolute Ev(c) : I — R? of c is given by

(3.2) Ev(c)(t) =c(r) + Kit)n(t)

except for the points where k(¢) = 0 (cf.[8,49]). A point¢ is called a inflection point if k(t) = 0.
In general, if ¢ has a singular point, then we cannot define the evolute as above, because the
curvature k(¢) is not defined at a singular point. However, Fukunaga and Takahashi defined
an evolute of a front and gave the representation formula of it ([8, Definition 2.10, Theorem
3.3]). Let us see this in the following. Let (c,v) : I - R?x S! bea Legendre immersion.

We call the curve defined by c,(¢) = c(¢) + Av(¢) a parallel curve of c, where A is a real
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number. Moreover, we denote the curvature of the parallel curve c,(z) by «,(¢) when ¢, is a
regular curve.

Definition 3.2.2. Let ¢ : I — R? be a front without inflection points, that is, k(t) # 0. Define
an evolute Ev(c) : I — R? of the front y by

1
c(t) + ——n(t) iftis a regular point of c,

k(!
Eo()(1) = “
c(t) + 0 n(t) ift e (tg—08,t9+9), t =ty is asingular point of ¢ ,
KA
. . . 1 - k(1) o
where 6 is sufficiently small positive number, n,(t) = mn(r) and A € R is satisfied
- Ak

the condition A # 1/« (t).
Moreover, they proved that the following fact ([8, Proposition 5.2 (1) and (3)]).

Fact 3.2.3. Let ¢ : I — R? be a front without inflection points. Assume that to is a
singular point of c¢. Then (d'c/dt')(ty) = 0 for i = 2,--- ,n+ 1 if and only if to is a
singular point of Ev'(c) for i = 1,--- ,n, where Evi(c) is the i-th evolute of c, that is,
Evi(c)(t) = Ev(Ev~(¢)) ().

By Fact 3.2.3, we immediately have the following result.

Corollary 3.2.4. Let ¢ : I — R? be a front without inflection points. Assume that tg
is a singular point of c. Then (d*c/dt*)(tg) = 0, ---, (d" Ve/dt" V) (1) = 0 and
(d"c/dr™)(ty) # 0 if and only if ty is a singular point of Ev(c),--- Ev"™2(c) and a regular
point of Ev'™(¢).

As mentioned in Section 3.1, we give properties of (n, n+ 1) cusps by using Fact 3.2.3 and
Corollary 3.2.4 in Section 3.3.

In order to give another representation of the evolute of a front, we recall the Frenet formula
of a front. Let (¢,v) : I — R? x S’ be a Legendre immersion. We set u(f) = M(v(¢)) and
£(t) = V' (t) - u(t). The pair {v(t), u(t)} is called a moving frame along of c. Then the Frenet

formula of ¢ is given by
(v’(t)) _ ( 0 {’(t)) (v(t))
W@ \=t@ 0 J\u@))"

We set B(t) = ¢’(¢) - u(t) and we call the pair (€, B) the curvature of the Legendre immersion.
Note that 7 is an inflection point of ¢ if and only if £(¢g) = 0. By using the moving frame of
a front, the evolute of a front can be written as follows ([8, Theorem 3.3]).

Fact 3.2.5. Let (y,v) : I — R? x S! be a Legendre immersion without inflection points.
(1) The evolute of a front Ev(y) can be expressed by

Eo(y)(1) = (1) - %)v(t).

Moreover, (Ev(vy), u) is a Legendre immersion with the curvature

d (B(t)
(“”’ a (m)) |
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(2) The evolute Ev(Ev(7y)) of an evolute of a front y can be expressed by
Eo(E()() = Euty) () - HO L0 ),

Moreover, (Ev(Ev(y)),—v) is a Legendre immersion with the curvature

d(d (B(1)
(“”’a(% (m)))'

Finally, we recall representations of the n-th evolutes of fronts. Let (y,v) : I — R? x 5
be a Legendre immersion without inflection points. We denote Ev’(7) = y(¢) and Ev'(z) =
Ev(y)(t). We define the followings inductively.

Ev"(1) = Eu(Ev" ' (7)) (1), Bo(t) = p(). and ﬁ,l(f):%(ﬁf;—(ltgﬂ),

Fukunaga and Takahashi gave the representations of the n-th evolutes of fronts.

Fact 3.2.6. ([8, Theorem 5.1]) Let y : I — R be a front. Then the n-th evolute of y is given
by

G4 EV ()0 = B ()0 - 2 ),

where M" is n-times operations of M. Moreover, (Ev"(y), M"(v)) is a Legendre immersion
with the curvature (€(t), 8,(1)).

3.3. Classifications of (n,n + 1)-cusps in the sense of C'-equivalence and evolutes of
fronts. In this section, we prove the following theorems.

Theorem 3.3.1. Let ¢ : I — R? be a C™ curve. Then c is C'-equivalent to Cusp (pps1) (1) =
(", 1Y at t = 0 if and only if

(3.5) ¢(0) =c¢"(0) =+ =" D(0) =0,
(3.6) det (¢™(0), "V (0)) # 0.

Theorem 3.3.2. If ¢ is A-equivalent to Cusp,, ,,1(t) = (1", " NYatt =0, thent =0isa
singular point of Ev(c), - - - Ev"™™2(c) and a regular point of Ev"~'(c).

For the proofs of these theorems, we divide them into several steps.
3.3.1. Invariants of (n,n + 1)-cusps.

Proposition 3.3.3. The conditions (3.5) and (3.6) do not depend on the choices of coordinates
on the source nor on the target.

For the proof, it is sufficient to prove the following two lemmas.

Lemma 3.3.4. The condition (3.5) does not depend on the choices of C* local diffeomor-
phisms ® : (R%,0) — (R2,0) nor y : (R,0) = (R, 0).
Lemma 3.3.5. The condition (3.6) does not depend on the choices of C* local diffeomor-
phisms @ : (R%,0) — (R2,0) nory : (R,0) — (R,0).

We will use the following fact to prove Lemma 3.3.4 and Lemma 3.3.5.
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Fact 3.3.6. (Faa di Bruno’s formula). Let f, g : R — R be C* functions and m € Z~q. Then
the following holds.

m k i
m! gt
(3.7) (Fop™=2 D U Wean| |5
k=1 i1+-+ig=m =1
i1, ,ix#0

Proof of Lemma 3.3.4. First, we show that the condition (3.5) does not depend on the
choice of a C* local diffeomorphism ®. We put ® = (D, Dy), y(1) = (x(2),y(t)) Setting
C(t) := ®oc(t) = ®(x(1),y(t)), we have ¢’(t) = J(t)c'(t), where J(t) = J(x(1),y(t)) =

(@1)x(x(2),y(2))  (P1)y(x(2), y(1))
(@2)x(x(2), y(2)) (P2)y(x(2),y(1))]"

Thus we see that

n—1
(3.8) () = ) Ced (DDt D (0),
k=0
By ¢’(0) = ¢”(0) = - - - = ¢ (0) = 0, we get
¢(0)=¢"(0)=---=¢""1)=0

Next, we show that the condition (3.5) does not depend on the choice of a C* local diffeo-
morphism ¢ . We set ¢(s) := coy(s) = (x(¢¥(s)),y(¥(s))). Then, by Fact 3.3.6, we see
that

£9(0) =S > ( (x®(0)) ]_[ v 1(0) 254 (0)) ]—[ v l)(o))
k=1 i1++ig=n ’
i1, ik #0
By ¢’(0) = ¢”(0) = - - - = ¢ (0) = 0, we get
&) =¢"(0)=---=c"D0)=0
Hence we have the assertion. |

Proof of Lemma 3.3.5. First, we show that the condition (3.6) does not depend on the
choice of a C* local diffeomorphism ®. By (3.8), we have

n

(3.9) ¢ (1) = LGl ()R ().

k=0
By (3.8) and (3.9), we get ¢ (0) = J(0)c™(0) and ¢ V(1) = ,C,1J(0)c™(0) +
J(0)c™*(0). Since J'(¢) = J,(6)x'(¢) + J,(1)y/(t) and ¢’(0) = 0, we have J'(0) = 0.
Thus we get ¢+ (r) = J(0)c"*1(0). Therefore we obtain

det (¢"(0), ¢V (0)) = det J(0) det (¢ (0), "D (0)) # 0.

Next, we show that the condition (3.6) does not depend on the choice of a local diffeomor-

phism ¢. By Fact 3.3.6, we have
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n+1

| ki) | ki)
2+ () = Z Z ((n le)'(x(k)(())) n Y iﬂ(O)’ (n ;1). 0 (0) 1—[ Y il'(O)).
) =1 ) ’ =1 )

k=1i1++ig=n+l
i1,,ig#0

Thus we get
(3.10) & (0) = ('(0)"c™(0), " (0) = Q™ (0) + (¥ (0))" " (0),
where Q is some constant. Hence we obtain

det (¢™(0), ¢ (0)) = (¥ (0)**! det (¢ (0), ¢ (0)) # 0

and have the assertion. m
Proof of Theorem 3.3.2. By using Proposition 3.3.3, Fact 3.2.3 and Corollary 3.2.4, we
have the assertion. O

As an application of Proposition 3.3.3, we can get the following result with respect to
(n,n + 1)-cusps.

Corollary 3.3.7. Let ¢ : I — R? be a front without inflection points. Assume that t = 0 is
a singular point of c, that is, (dc/dt)(0) = 0. Ift = 0 is a singular point of Ev(c), -- -,
Ev'"Y(c), then y is not A-equivalent to Cusp (pe1y at t = 0.

Proof. Suppose that ¢ is A-equivalent to Cusp,, ,41) at7 = 0. By Proposition 3.3.3, ¢ satisfies
the conditions (3.5) and (3.6). On the other hand, since ¢ = 0 is a singular point of Ev(c),
cee Ev”‘l(c), we see that the following by Fact 3.2.3.

d?c d"c
—0)=---= 0) =0.
dr? 0 dr ©
This is a contradiction. Therefore we have the assertion. O

3.3.2. C! diffeomorphism forms of (n,n + 1) cusps. The purpose of this step is to prove the
following proposition.

Proposition 3.3.8. Let ¢ : I — R? be a C*® curve. Then c satisfies (3.5) and (3.6) if and
only if y is A-equivalent to C, y41)(s) = (5", s"™1Yo(5)) at s = 0, where Yy is a C™ function
and Yy(0) # 0.

To prove this proposition, we need the following result ([45, Proposition A.1]).

Fact 3.3.9. (The division lemma) Let f : U — R be a C* function defined on a convex open
neighborhood U of the origin of R?. If there exists a non-negative integer k such that

_of 0% f o 0ff
f(u,o)—a m(u,o)—"'—m

then there exists a C® function g : U — R such that
flu,0) = g(u,0),  (u,0) € U.

Proof of Proposition 3.3.8. 1If ¢ is A-equivalent to C(,, +1)(s) = (5", s 1Yy (s)) at s = 0,
then clearly C, ,.+1) satisfies (3.5) and (3.6). By Proposition 3.3.3, ¢ also satisfies (3.5) and
(3.6).

Assume that ¢ satisfies (3.5) and (3.6). We put c(¢) = (x(¢), y(¢)). By the division lemma,
there exist C* functions x1 and y; such that x(¢) = "x; (), y(r) = t"y1(z). Since ¢ (0) # 0,
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we may assume that x;(0) # 0. In the following, we assume that x;(¢#) > 0 in an open
interval around ¢ = 0. Define a function s : R — R by s(¢) := t+/x1(¢), then s is a C* local
diffeomorphism on an open interval around ¢ = 0 (If x{(¢) < 0, we define s(¢) := t1/—x1(7)).

y1(t(s)) -
() Define a C

function Y (s) = Y1 (s) — Y1(0). By using the division lemma, there exists a C* function Y

Thus ¢ can be written as ¢(s) = (5", s"Y1(s)) using s, where Y1 (s) :=

- dt
such that Y (s) = sYy(s) and hence we get Y1 (s) = Y1(0) + s¥p(s). Since o #0ats =0,
s
det (¢"™(0), ¢"*D(0)) # 0 and

yy (t(s))x1(2(s)) —x1(1(5)y1(2(s)) dt(s)
x1(t(s))? ds
we have Y] (0) = Y(0) # 0. Therefore we obtain
c(s) = (s", 5" (Y1(0) + sYo(s)))
Define a C* diffeomorphism f : R? — R? by
f(u,0) = (u,v - u¥1(0)).
Then f o é(s) = (5", s""1¥y(s)). This concludes the proof. O

Yi(s) =

3.4. Proof of Theorem 3.3.1. If ¢ = Cusp, ,41), then it is clear that the conditions (3.5) and

(3.6) hold. Hence, by Proposition 3.3.3, if ¢ is C!-equivalent to Cusp p n+1y @t = 0, then the
conditions (3.5) and (3.6) hold.

Conversely, assume that ¢ satisfies(3.5) and (3.6). By Proposition 3.3.8, ¢ is A-equivalent
to Cnne1)(5) = (5", s"™1Yy(s)) at s = 0, where Y is a C* function and Y5(0) # 0. Define a
map ¢ : R? = R? by ¢(x,y) := (x, z), where z is the uniquely-determined C! function of y
satisfying y = zYo(zﬁ). Then we see that

dy dYy 1 1 1 L
= Y n+1 + 77— n+1 n+l = n+l
dz 0(zmT) +2 ds (1) n+ 1Z + 1
dy(0
By M = Yy(0) £ 0, yis a C' local diffeomorphism on an open interval of z = 0. Thus

dz
¢ is a C! local diffeomorphism on an open neighborhood of the origin of R2. In particular,
note that the only z corresponding to y = s™*'Yy(s) is z = s"*'. Therefore we obtain
(5", s™1Yy(s)) = (5", s™1) and have the assertion. O

3.5. Examples of evolutes of (4,5)-cusp. Let ¢(r) = (t*,¢°) be the (4,5)-cusp. Since

1 -1
v(t) = ——(-5t,4) and u(f) = ———(4, 5¢), we have
V16 + 25¢2 V16 + 25¢2
20
3.11 ()= ——— 1) = —13v16 + 25¢2.
(3.11) (1) 62252 B(1)

By using (3.4) and (3.11), we get the representations of the evolute, the second evolute and

the third evolute of y as follows.
48



2 1
Ev(e)() = (-3 - 29, 20 +6°),

192 175 32 375

Eu(E f) = (——z2 — 39t - —=45 1% — 30 - —r7),

o(Ev(e)(D) = (-~ T 3

192 925 13125 1536 752
o(Ev(Ev(e)) (1) = (- 5 32 125 5

™ (I:IGURE _15'h L5 FIGURE 16. Ficure 17.

cre dCllllrve is the (4, 5) The orange curve is The blue curve is
cusp and the green curve 18 Ev(Ev(c)). Ev(Ev(Ev(c))).

Ev(c).
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4. Criterion for (4, 5)-cusps and the (4, 5; +7)-cuspidal curvature

4.1. Introduction. One of the most basic singularities that appear in plane curves are cusps.
A plane curve c is (n,m)-cusp at t = 0 if ¢ is A-equivalent to Cusp,,,) (1) = (¢",1") at
t = 0. Classifications with respect to cusps were known in the sense of complex-analytically
equivalence by Bruce and Gaffney ([4, Theorem 3.8]). Namely,

Fact 4.1.1. The following are representatives of the complex C“-equivalent simple germs
(Ca O) - (C2, 0) .

(1) Ayt — (2,15,

(2) Egk - (l‘3 3k+1 +t3k+17+2);0 <p< k-2, — (t3 3k+1)

(3) Egrio 1t — (l‘3 Bhk+2 +t3k+p+4);() <p< k-2, t— (l‘S 3k+2)

(4) Wi 1o @2+, 1o (4O,

Wis 1o (L7 +0), 1o @7+, 1> @),
(5) Wiy i1— (L0 +%) g 2 1.

For the definition of simple, see [4, Definition 2.6]. In general, it is difficult to examine
types of (n, m)-cusps in the sense of A-equivalence (or analytically equivalence). However,
simple criteria for (2, 3)-cusps, (2, 5)-cusps, (2, 7)-cusps, (3, 4)-cusps and (3, 5)-cusps are
known ([45, Theorem 1.3.2], [37, Theorem 1.23], [13, Theorem A.1], [45, Theorem 1.3.4],
[27, Fact 2.1] and [15]). Namely,

Fact 4.1.2. Let ¢ : I ¢ R — R2 be a C* curve.
(1) ¢ is A-equivalent to Cusp(oz) (1) = (12,6%) at t = 0 if and only if ¢/(0) = 0 and
det (¢”(0), " (0)) # 0.
(2) ¢ is A-equivalent to Cuspz) (1) = (t2,%) at t = 0 if and only if ¢’(0) =
det (¢”(0),¢"”(0)) = 0 and

3det (¢”(0), ¢ (0))c” (0) = 10det (¢”(0), ¢Y(0))c”(0) 0.

(3) ¢ is A-equivalent to Cusp o7 (1) = (12,t7) at t = 0 if and only if there exist real

numbers k,1 € R such that ¢’(0) = 0, ¢”(0) # 0, ¢”(0) = kc¢”(0), ¢®(0) -
10
Ekc(‘l)(O) = {c"”(0) and

det (c"(O),c<7>(0) — ke (0) - (75 730k3) <4>(0)) £0.

(4) c is A-equivalent to Cusp s 4)(1) = (3,14 at t = 0 if and only if ¢’(0) = ¢”(0) = 0
and det (¢”(0), ¢ (0)) # 0.

(5) c is A-equivalent to Cusp(s 5 (1) = (13,1°) at t = 0 if and only if ¢’(0) = ¢”(0) = 0,
det (¢”(0), ¢ (0)) = 0 and det (¢ (0), ¢ (0)) # 0.

(6) If c satisfies the conditions ¢’ (0) = 0,¢”(0) £ 0,¢”(0) = --- = ¢""D(0) = 0 and

det (¢”(0), ¢ (0)) # 0,

then c is A-equivalent to Cusp g ) (1) = (t2,1") at t = 0, where n is an odd number
greater than or equal to 9.
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Ficure 18.

The red curve is Cusps 5(t), the FIGURE 19.
. P2,3%0); The purple curve is Cusp s 4)(t) and the orange curve is
green curve is Cusp (o 5)(#) and the ’
’ Ousp(3’5)(t).

blue curve is Cusp o 7)(1).

On the other hand, we gave a criterion for (n, 7 + 1)-cusps in the sense of C'-equivalence
(Theorem 3.1.3) that looks like a natural generalization of Fact 4.1.2 (1) and (4). However,
in the sense of A-equivalence, such a simple generalization does not hold for (4, 5)-cusps. In
fact, Theorem 4.1.3 below shows that the curves (t4, P+ t7) , (t4, P - t7) and (t4, t5) satisfy
the conditions ¢’(0) = ¢”(0) = ¢®(0) = 0 and det (¢'?(0), ¢®(0)) # 0, but they are not
A-equivalent each other at + = 0. This implies that any criterion for (4, 5)-cusps needs to
include imformation on the term with order higher than 5, and therefore it is more complicated
than the cusps which appeared in Fact 4.1.2.

In this chapter, we prove the following theorem.

Theorem 4.1.3. (/30]) Let ¢ : I — R? be a C*® curve. Let A and kg be constants that will be
defined in Definition 4.2.4.
(1) c is A-equivalent to Cusp 45 (1) = (t*,1°) if and only if c(0) = ¢”(0) = ¢”(0) = 0,
A #0and kg, = 0.
(2) ¢ is A-equivalent to Cuspy5..7)(1) = (t*,1° + 17) if and only if c(0) = ¢”(0) =
c”(0) =0, A # 0and ks > 0.
(3) ¢ is A-equivalent to Cusp(yp._7) (1) = (t*,1° = t7) if and only if c(0) = ¢”(0) =
c”(0)=0,A#0andk,; <0.
(4) Cusp(ap), Cuspas.ry and Cusp(ys._7) are not A-equivalent to at t = 0. However,
they are C'-equivalent each other to at t = 0.

To prove this theorem, we newly introduce an invariant k, of (4, 5)-cusp other than the
(4, 5)-cuspidal curvature (Definition 4.2.4). For the (n,n + 1)-cuspidal curvature, see ([28,
Appendix A]). This new invariant «, is called the (4, 5; £7)-cuspidal curvature. We give
complete classification with respect to (4, 5)-cusps by the sign of «, (Theorem 4.5.2).

4.2. (4,5;£7)-cuspidal curvature. We give a necessary and sufficient condition for a plane

curve to be A-equivalent to Cusp 4 5) at the origin. Namely, we prove the following.
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Theorem 4.2.1. Let ¢ : I — R? be a C*® curve. Then ¢ is A-equivalent to Cusp45)(1) =
(t*,t°) at t = 0 if and only if ¢’ (0) = ¢”(0) = ¢ (0) = 0, A # 0 and

4.1) —77TB? + 105AD + 60AC =0,

where A = det (¢®(0), c®(0)), B = det (¢'9(0), ¢ (0)), C = det (¢{7(0), c®(0)) and
D = det (¢'9(0), ¢®(0)).
Before we prove this theorem, we check the following.

Proposition 4.2.2. Under the conditions ¢’ (0) = ¢”(0) = ¢’ (0) = 0, the condition (4.1) does
not depend on the choices of coordinates on the source nor on the target.

Proof. First, we show that the condition (4.1) does not depend on the choice of a C* local
diffeomorphism @ : (R2,0) — (R2,0). We put ® = (P, P2) and y(r) = (x(¢), y(r)).
Moreover, we set ¢(1) = ® o ¢(t) = D(x(¢), y(t)). By (3.8), we have the followings.

3 4
V(1) = > 3 (PN (1), e () = 4G ()R (1),
k=0 k=0

5 6
¢ty = 5CIOT Pt (1), e (1) = 6Cr (1) Rt (1)
k=0 k=0

Note that we see that J'(0) = J”(0) = J””(0) = 0 by ¢’(0) = ¢”(0) = ¢”(0) = 0. Thus we
have the following.

¢M(0) = 7(0)y P (0), ¢ (0) =7(0)c®(0),
¢©0) = 7(0)c@0), ¢7(0) = J7(0)c(0).

Setting A = det (¢ (0), ¢4 (0)), B = det (¢9(0), ¢ (0)), € = det (¢(M(0), ¢ (0)) and
D = det (¢9(0), ¢®(0)), we have

(4.2) —77B% + 105AD + 60AC = (det J(0))%(=77B% + 105AD + 60AC) = 0.

Next, we show that the condition (4.1) does not depend on the choice of a C* local
diffeomorphism ¢ : (R,0) — (R,0). We set ¢(¢) = (¥(z)). By ¢’(0) = ¢”(0) = ¢"’(0) =0,
c(t) can be written as

4.3) c(t) = (*z(2), w (1)),

where z(¢) and w(z) are C* functions. Then we have the followings.

A = -2880z(0)w’(0) + 2880w (0)z’(0),

B = —8640z(0)w” (0) + 8640w(0)z” (0),

C = -20160z(0)w” (0) + 20160w(0)z”(0),
D = —432007'(0)w” (0) + 43200w’(0)z” (0).

Thus we see that
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—77B% + 105AD + 60AC

—5748019200(—z(0)w” (0) + w(0)z”(0))?

+ 3483648000(z(0)w’(0) — w(0)z'(0)) (z(0)w™ (0) — w(0)z"(0)).

Setting A = det (¢ (0),¢W(0)), B = det (¢©(0), ¢ (0)), € = det (¢(0), ¢ (0)) and
D = det (¢9(0), ¢ (0)), we obtain the following by the same calculations.

(4.4) —77B% + 105AD + 60AC = (¢’ (0))?°(=77B? + 105AD + 60AC) = 0.
Therefore we have the assertion. m]

Remark 4.2.3. By (4.2) and (4.4), we see that the expression —=77B? + 105AD + 60AC does
not change sign by coordinate transformations on the source nor on the target.

Definition 4.2.4. ([30]) Under the conditions ¢’(0) = ¢”(0) = ¢””(0) = 0 and ¢V (0) # 0,
we define the (4, 5; +7)-cuspidal curvature as follow:

—77B? + 105AD + 60AC
4.5) Kg = ,

e (0)I15

where A = det (c¢©(0), ¢ (0)), B = det (c¢'9(0), ¢ (0)), C = det (¢ (0), ¢ (0)) and
D = det (c'9(0), ¢®(0)).
Proposition 4.2.5. The number k, does not depend on the choices of parameter transforma-
tions on the source nor of congruent transformations on the target.

Proof. By (3.10) and (4.4), we see that the number &, is an invariant with respect to parameter
transformations. It is clear that the number «, is independent of congruent transformations
by (4.2). ]

The (4, 5; +7)-cuspidal curvature may depend on a coordinate transformation on the target.

However, this never changes the sign by coordinate transformations.

4.3. (4,5)-cusps and Whitney’s lemma. The purpose of this step is to prove the following
proposition.

Proposition 4.3.1. a(s) = (s%, s°)+ M(s) is A-equivalent to Cusp(y5)(s) = (s*,5%) ats =0,
where M(s) is a R%-valued C® function satisfying M(0) = M’(0)--- = M (0) = 0 and
MY (0) = 0.

To prove this proposition, we need the following result ([45, Theorem 3.1.7], [50]).

Fact 4.3.2. (Whitney’s lemma) Let f : U € R? — R be a C* function defined on an open
neighborhood of the origin of R?. If f satisfies f(u,v) = f(u,—v), then there exists a C*®

function g defined on an open neighborhood of the origin of R? such that f(u,v) = g(u,v?)
holds near the origin.

Lemma 4.3.3. Let k be an integer greater than or equal to 1. Then for any C® function
f R — R, there exist C* functions g; - I CR >R (I =1,2,---, 2]‘) such that

2k
(4.6) F0y=>" i),
=1
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where I is an open interval around t = Q.

Proof. We use the mathematical induction and Whitney’s lemma. In fact, we difine functions

u(t) = W, v(t) = M

Since u(¢) is an even function, there exists a C* function g; such that u(f) = g¢;(¢?) by
Whitney’s lemma. Moreover, since v(¢) is an odd function, there exists a C* function g, such
that u(z) = tgo (%) by the division lemma and Whitney’s lemma. Note that £(¢) = u(t) +v(z).
Therefore we see that

f(t) = g1(1%) +1ga (%)
holds on an open interval containing ¢ = 0. By the same argument as above for ¢g; and g9, we
have the assertion. m]

Proof of Proposition 4.3.1. By Lemma 4.3.3, there exist R?-valued C* functions M (s),
M>(s), Ms(s) and My(s) defined on an open interval containing s = 0 such that

4.7) M(s) = My (sY) + sMa(s?) + 52 M3 (sY) + s3 My (sY).

Since M (s) satisfies M(0) = M'(0) = --- = M(f)(O) = 0 and MV (0) = 0, there exist R2-
valued C* functions M1 (s), Ma(s), M3(s) and My(s) defined on an open interval containing
s = 0 such that

Mi(s) = s°M;(s), Ma(s) = s°Ma(s), (i =1,2,3).
Substituting these results into (4.7), we get the following.

M(s) = sSMy (s%) + sOMo(s%) + s1OM3(s%) + s My(sh).
Define a C* map ¢ : R> — R? by
Y(X,Y) = X2M(X) + XYMo(X) + Y2 M3(X) + Y3 My (X).
Then we see that ¥ (s%, s°) = M(s). Define a C* diffeomorphism ¥ : R? — R? by
P(X,Y)=(X,Y) +¥(X,Y).
Therefore we get
(4.8) W(st, s%) = (54 %) + M(s) = a(s).

This concludes the proof. O

4.4. Eliminations of the 7-th order and the 11-th order terms. The essential problems of
a criterion for (4, 5)-cusps are the treatments of the 7-th order and 11-th order terms. It is due
to the fact that 7, 11 ¢ {4p + 5q ; p,q € Z~¢}. In this step, we discuss the method of them.

Lemma 4.4.1. Let ¢ : [ — R? be a C*® curve. Then c satisfies (3.5) and (3.6) if and only
if ¢ is A-equivalent to co(t) = (", ") + hpes(t) at t = 0, where hy.3 is a R*-valued C*
function satisfying hy43(0) = b/ 4(0)--- = pmt2) (0) =0.

n+3
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Proof. If c is A-equivalent to co(7) = (", ™) + h,.3(t) at t = 0, then c satisfies (3.5) and
(3.6) by Proposition 3.3.3.

We assume that ¢ satisfies (3.5) and (3.6). By ¢/(0) = ¢”(0) = --- = ¢""(0) = 0, ¢ can
be written as

C(t) = (antn + an+1tn+1 + an+2tn+29 bntn + bn+1tn+1 + bn+2tn+2) + Hn+3(t)

where H,.3 is a R?>-valued C* function satisfying H,.3(0) = H 4(0)-- H("+2)(0) =0

n+3
Since det (¢ (0), ¢ (0)) # 0, there exists a linear coordinate transformation of R? such

that ¢ is A-equivalent to

4.9) cr(1) = (1" + dpeat™?, 1" 4 bpaat™?) + Haey (1),
where H,.3 is a R%-valued C® function satisfying H,3(0) = I:I,’1+3(0) e ,(1'152)(0) = 0.
Define a parameter transformation 7 : R — R by
(4.10) () =T+ 112 + cof,
b 1 1
where c1 = —nr_l:21 ,C9 = (An+2 + H n+2) By (49) and (410), we obtain
cL o) = (1" = by B (),
n+1
where H,,3 is a R?-valued C* function satisfying H,,3(0) = Fl;l 3(0) - ,(:32)(0)

Define a C* diffeomorphism f : R — R? by

- no o~
flx,y) = (x + mbn+2y’ y).

Composing ¢y o 7 and f, we have

(4.11) focror(f)= (""" + hus(),
where £1,,,3 is a R?-valued C™ function satisfying ,,3(0) = h,,50)- - = hi’i;Q)(O) =0
Therefore we have the assertion. O

Corollary 4.4.2. Let ¢ : [ — R? be a C* curve. Then c satisfies (3.5) and (3.6) if and only if
there exists a real number T such that c is A-equivalent to ¢(s) = (s", s"* +Ts”+3) +hn+4(s) at

s = 0, where hy.4 is aR?-valued C* function satisfying hp.4(0) = h, ., ,(0)-- h("+3) (0) =

Proof. If ¢ is A-equivalent to ¢(s) = (s, s +Ts"*3) + h,.4(s) at s = 0, then ¢ also satisfies
(3.5) and (3.6) by Proposition 3.3.3.

We assume that ¢ satisfies (3.5) and (3.6). By Lemma 4.4.1, ¢ is A-equivalent to a
co() = (", + hn+3(t) at t = 0, where hy3 is a R?-valued C* function satisfying
hpi3(0) = 1), 5(0) - - h("+2)(0) = 0. Thus we can write

n+3

n+3(t) = (dps3t bn+3fn+3 : )

Define a parameter transformation ¢ : R — R by
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a
p(s)=s-— AR
n

Composing ¢ and ¢, we obtain

(4.12) co 0 o(s) = (5", 8" + byy3s™) + huya(s),
where /1,44 is a R2-valued C* function satisfying /,.4(0) = fz; q(0) e = izfq’fj’)(()) = 0.
Setting T = Bn+3 and h,.4(s) = fzn+4(s), we have the assertion. O

Now, we are ready to discuss the elimination of the 7-th order and 11-th order terms. The
following result plays an essential role in the proof of a criterion for (4, 5)-cusps given by
Lemma 4.4.3.

Lemma 4.4.3. Let ¢ : [ — R? be a C*® curve. Then c satisfies ¢’(0) = ¢”(0) = ¢’ (0) = 0,
A # 0and (4.1) if and only if ¢ is A-equivalent to c1(s) = (s*, s°) + hg(s) at s = 0, where hg
is a R%-valued C* function satisfying hg(0) = hg(0) =--- = hg)(O) =0.

Proof. If ¢ is A-equivalent to ¢1(s) = (s, s°)+hg(s) at s = 0, then c satisfies ¢’ (0) = ¢”(0) =
¢”’(0) =0, A # 0 and (4.1) by Proposition 3.3.3 and Proposition 4.2.2.

Conversely, assume that ¢ satisfies ¢’(0) = ¢”(0) = ¢”’(0) = 0, A # 0 and (4.1). By
Corollary 4.4.2, there exists a real number T such that ¢ is A-equivalent to é(s) = (s%, s° +
Ts") + hg(s) at s = 0. Calculating the expression —77B? + 105AD + 60AC for ¢1, we have

(4.13) —77B% + 105AD + 60AC = 209018880007
Thus we get T = 0 and see that ¢ is A-equivalent to c1 at s = 0. This completes the proof. 0O

Lemma 4.4.4. Let ¢ : [ — R? be a C*® curve. Then c satisfies ¢’(0) = ¢”(0) = ¢’ (0) = 0,
A # 0and (4.1) if and only if ¢ is A-equivalent to ¢a(s) = (s*, s°) + Kg(s) at s = 0, where Ky
is a R%-valued C* function satisfying Kg(0) = K (0)=---= Kg)(()) =0and Kén)(O) =0.

Proof. If ¢ is A-equivalent to ca(s) = (s%,5°) + Kg(s) at s = 0, then clearly ¢ satisfies
¢ (0) =c"(0) =c¢"(0) =0, A # 0 and (4.1) by Lemma 4.4.3.

Conversely, assume that ¢ satisfies ¢’(0) = ¢”(0) = ¢””(0) =0, A # Oand (4.1). By Lemma
4.4.3, ¢ is A-equivalent to ¢ (s) = (s%, s°) + hg(s), where hg(t) = (gt +--- , bgt>+--+).
Define a coordinate transformation ¢ : R — R by

b1 o7 ai 8
5 4 -

Composing ¢ and ¢, the coefficients of the 11-th order term are (0, 0). Therefore we have
the assertion. O

p(s) =5 -

Remark 4.4.5. If c satisfies the conditions ¢’(0) = ¢”(0) = ¢”(0) =0, A # 0, then we can
always eliminate the 11-th order term from c. In fact, by Lemma 4.4.1, c is A-equivalent to
co(t) = (14, %) + hy(2) at t = 0, where h7(t) = (azt” +--- ,b7t’ + ). Define a coordinate
transformation ¢ : R — R by
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ary 1 _ ~ | -
p(s)=s5— ZS4 - E(5a$ — 16a7bg + 8l)11)s7 + Z(2a7a8 —d)st.

Composing cq and ¢, the coefficients of the T-th order term are (0, b7) and the coefficients of
the 11-th order term are (0, 0).

4.5. Proof of Theorem 4.2.1. If ¢ satisfies ¢’(0) = ¢”(0) = ¢”’(0) =0, A # 0 and (4.1),
then ¢ is A-equivalent to ca(s) = (s%, s°) + Kg(s) at s = 0 by Lemma 4.4.4. By Proposition
4.3.1, we see that c is also A-equivalent to Cusp 45 at s = 0.

Assume that c is A-equivalent to Cusp 4 5) at s = 0. Using Proposition 3.3.3 and Proposi-
tion 4.2.2, we get the conclusion. O

Theorem 4.5.1. Let ¢ : I — R? be a C* curve.
(1) ¢ is A-equivalent to Cusp(4p.47)(1) = (t*,¢° + 17) if and only if ¢’(0) = ¢”(0) =
¢”(0) =0, A # 0 and —77B? + 105AD + 60AC > 0,
(2) ¢ is A-equivalent to Cuspy5._7)(1) = (t*,t°> = t7) if and only if ¢’(0) = ¢”(0) =
¢”(0) =0, A # 0and —77B? + 105AD + 60AC < 0,
(3) Cuspas.47) and C’usp(4,5;_7) are not A-equivalent at t = (),
where A = det (¢®(0), c®(0)), B = det (¢'9(0), ¢ (0)), C = det (¢7(0), c®(0)) and
D =det (¢'9(0), ¢®(0)).

Proof. By Corollary 4.4.2, ¢ satisfies ¢’(0) = ¢”(0) = ¢”’(0) = 0 and A # 0O if and only
if there exists a real number T such that ¢ is A-equivalent to ¢(s) = (s*, 5% + T's”) + hg(s)
at s = 0, where hg is a R2-valued C* function satisfying hg(0) = hg(0) -~ - = hg)(O) = 0.
We note that 7 > 0 (resp. T < 0) if and only if —77B% + 105AD + 60AC > 0 (resp.
~T77B? + 105AD + 60AC < 0) by (4.13).
(1) By the above discussion, ¢ satisfies ¢’(0) = ¢’(0) = ¢”"(0) =0, A # 0 and —77B2 +
105AD + 60AC > 0 if and only if there exists a positive real number 7" such that c is
A-equivalent to ¢(s) = (s*, s° + Ts7) + hg(s) at s = 0. We set p = VT and

4
_p 0
L—(O p5)'

Then we see that

Lo 5(£) =(s*s°+s7) = Cusp(4,5:+7)(5)-
p

If ¢ is A-equivalent to Cuspas.+7) at t = 0, then ¢ satisfies ¢’(0) = ¢”(0) =
¢”(0)=0,A # 0and —77B% + 105AD + 60AC > 0 by Proposition 3.3.3 and Remark
4.2.3.

(2) By a similar argument as (1), we get the assertion.
(3) We immediately have the conclusion by Remark 4.2.3.

O

Summarizing Theorem 3.3.1, Theorem 4.2.1 and Theorem 4.5.1 by using «,, we obtain the
following results.

Theorem 4.5.2. Let ¢ : [ — R? be a C* curve.
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(1) c is A-equivalent to Cusp 45 (1) = (t*, %) if and only if c(0) = ¢”(0) = ¢’”(0) = 0,
A #0and kg4 = 0.

(2) ¢ is A-equivalent to Cuspy5..7)(t) = (t, 15 + t7) if and only if ¢(0) = ¢”(0) =
c¢”(0) =0, A# 0andky > 0.

(3) ¢ is A-equivalent to Cusp(yp._7) (1) = (t*,1° = t7) if and only if c(0) = ¢”(0) =
c¢”(0) =0, A # 0and Ky < 0.

(4) Cuspa sy, Cusp(as.ir) and Cuspys._7) are not A-equivalent to at t = 0. However,
they are C'-equivalent each other to at t = 0.

Remark 4.5.3. Cusp 4 5..7) and Cusp 4 5._7) are complex-analytically equivalent ar t = 0. In
fact, we set a matrix

£:((1) g), (i=V-1).

Then we see that

Lo Cuspy 5.7 (is) = (s, 5 +57) = Cusp(4.5.47)(5)-

4.6. Examples.

(1) Cuspap (1), p1(2) = (t* +17,1%) and po(t) = (t* — 17, 1°) are A-equivalent att = 0
by Theorem 4.2.1.

(2) Cuspiasan (1), q1(t) = (1*+17,15417), g2 (1) = (t* =17, 1°+17) and q3(1) = (1*=15,1°)
are A-equivalent at t = 0 by Theorem 4.5.1 (1)

(3) Cuspiys_m)(1), c1(t) = (t*+17,8° =17), ca(t) = (t* =17, =17, c3(1) = (14,17 +19),
ca(t) = (12,12 —19), and c5(r) = (¢* + 15, 1) are A-equivalent at t = 0 by Theorem
45.1(2)
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FiGure 21.
FiGure 20. The red curve is
The red curve is Cusp 4 5)(1), Cusp(4,5.47)(1), the green
the green curve is p1(f) and ~ curve is qi(?), the blue
the blue curve is po(7).  curveis g2(z) and the purple
curve is g3(7).

FiGurE 22.
The red curve is Cusp 45,7 (1),
the green curve is c1(¢), the blue
curve is ca(t), the purple curve is
c3(t), the orange curve is c4(t)
and the gray curve is c5(?).
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