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Abstract

The standard model (SM) of particle physics is a successful theory and well de-
scribes the world of elementary particles. However, there exist some phenomena
that the SM can not explain, and its extensions such as superstring theory, Grand
Unified Theory (GUT), and Gauge Higgs Unification (GHU), have been widely
discussed. A lot of these theoretical attempts are based on theories defined on
higher-dimensional spacetime, which is a promising framework for building theo-
ries beyond the standard model.

In this thesis, we focus on gauge theories defined on higher-dimensional space-
time. Extra components of a gauge field in a higher-dimensional gauge theory
yield scalar fields in the 4D effective theory. The underlying gauge symmetry
constrains some feature of the scalar field. For example, the gauge invariance pro-
hibits it from having a mass term at tree level. In addition, quantum corrections
to its mass is also restricted by the gauge symmetry and kept finite.

The scalar field that naturally arises from higher-dimensional gauge theories
can help to explain physics beyond the Standard model. In GHUs, this scalar is
identified as the Higgs field and the hierarchy problem can be solved by the under-
lying higher-dimensional gauge symmetry. Furthermore, this scalar field has also
been regarded as a cosmological scalar field such as the inflaton or quintessence.
In this thesis, based on the framework of higher-dimensional gauge theories, we
show two different studies and suggest some further applications.

The first study is motivated by Early Dark Energy (EDE), which has been
considered a promising solution to Hubble tension in cosmology. In this scenario,
the extra energy component helps to solve the discrepancy in the value of the
Hubble constant between local and cosmic microwave background observations.
Theoretically, the behavior of the EDE can be explained by a scalar field, but its
physical origin must be clarified. Such a scalar field is expected to be explained
by BSM.

In the first study, the origin of the EDE scalar is examined from the viewpoint
of higher-dimensional gauge theories. We identify the scalar field obtained from
the extra component of the gauge field in a 5D U(1) gauge theory as the EDE
scalar. The 5D gauge symmetry prohibits the existence of a potential for the
extra-dimensional scalar at tree level, but an effective potential is generated by
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quantum effects. We show that by choosing appropriate parameters such as the
charges and bulk masses of matter fields included in the theory, this effective
potential can have the shape and scale necessary to realize the EDE. Furthermore,
the time evolution of the equation of state and energy density of this system is
analyzed numerically to show that an EDE-like behavior is realized in this model.

In the second study, we construct an SU(n) gauge theory defined on a 6D
spacetime whose extra dimensions are compactified into a torus and penetrated
by a background magnetic field. It has been shown in specific setups of U(1) and
SU(2) that the background magnetic field spontaneously breaks the translational
symmetry on the torus and the extra-dimensional component becomes a Nambu-
Goldstone boson of the broken translational symmetry, and as a result, quantum
corrections to its mass are completely canceled. This feature expands the ap-
plicability of higher-dimensional gauge theory, and therefore, higher-dimensional
gauge theory with a background magnetic field is an attractive framework.

We extend the gauge groups such as U(1) and SU(2) assumed in previous
studies to general SU(n) and calculate the mass spectrum of 4D effective theories
mainly aiming to apply to GHUs and GUTs. Not only the gauge group but
also the background field are assumed to be general as far as it is consistent
with the theory. Furthermore, the gauge parameter in the standard Rξ gauge
fixing is left unfixed. Our result shows the existence of tachyonic modes, which
have been pointed out in some previous studies, regardless of the choice of the
gauge parameter and direction of the flux background in the representation space.
This result suggests that tachyon condensation will occur if the stabilization of
the tachyonic modes is not considered. Finally, we discuss the phenomenological
implications of the mass spectrum.

This thesis is based on the following published papers:

• K. Kojima and Y. Okubo,
“Early Dark Energy from a Higher-dimensional Gauge Theory”,
Phys.Rev.D 106 (2022) 6, 063540, arXiv:2205.13777 [astro-ph.CO].

• K. Kojima, Y. Okubo and C. S. Takeda,
“Mass spectrum in a six-dimensional SU(n) gauge theory on a magnetized
torus,”
JHEP 08 (2023), 083, arXiv:2306.00644 [hep-th].
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Chapter 1

Introduction

The Standard Model (SM) of particle physics is a very successful theory, which
well describes the world of elementary particles including quarks, leptons, gauge
bosons, and Higgs bosons. Theoretically, the SM is based on the gauge prin-
ciple and is described by the SU(3)c × SU(2)L × U(1)Y gauge theory. The
SU(2)L × U(1)Y part corresponds to the electroweak theory, and this symme-
try is broken to the electromagnetic U(1)EM symmetry by the Higgs taking the
vacuum expectation value (vev). The remaining part, SU(3)c, describes the strong
interaction between quarks and is known as quantum chromodynamics. The SM
is in agreement with various observations with very high accuracy.

However, there remain some phenomena that the SM can not explain. For
example, the SM does not include gravitational interaction which is not renor-
malizable in the framework of quantum field theory. The dark sector, i.e., dark
matter and dark energy, is also not accounted for in the SM. In addition, there
are some theoretical problems such as the hierarchy problem. Since the quantum
correction to the mass of the Higgs particle is sensitive to the cutoff scale due to
the lack of symmetry in the Higgs sector, an unnatural fine-tuning is needed to
obtain the observed Higgs mass, 125 GeV [1]. There are several other things that
the SM can not explain, such as the origin of neutrino masses and the quantization
of charge.

To solve these problems, various extensions of the SM have been discussed so
far. For example, supersymmetry, which is the symmetry under the interchange
of bosons and fermions, has widely been discussed [2, 3]. If a theory has this ad-
ditional symmetry, the quantum corrections to the Higgs mass from bosons and
their superpartners, fermions, cancel each other, which leads to the resolution of
the hierarchy problem. Another extension of the SM is Grand Unified Theory
(GUT) [4, 5]. GUTs unify the three gauge groups of the SM into a single gauge
group, such as SU(5), SO(10), and E6. Due to the unification, the charge quanti-
zation can be explained, and the parameters of the theory can be greatly reduced.
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Chapter 1. Introduction

In addition to these models, various other extensions of the SM have been widely
discussed, such as superstring theory, which can achieve quantization of gravity.

Some of these approaches to the physics beyond the Standard Model (BSM)
are based on the framework of higher-dimensional gauge theory that is defined on
a spacetime with compact extra dimensions. For instance, GUT models defined
in higher dimensional spacetime have been discussed [6, 7]. In these models, part
of a gauge symmetry in a higher-dimensional gauge theory is broken by condi-
tions related to the geometry of the compact extra dimensions, such as boundary
conditions, and do not appear in the 4D effective theory. Using this feature, we
can construct interesting models that might not be possible in a 4D spacetime.
For example, it is known that the doublet-triplet splitting problem that requires
fine-tuning of parameters in some GUT models can be solved in a 5D gauge theory
where the extra dimension is compactified into S1/(Z2×Z ′

2) [8]. Therefore, gauge
theories defined in higher-dimensional spacetime could lead to the unification of
the SM interactions.

Another example of the BSM based on the framework of higher-dimensional
gauge theory is the Gauge-Higgs Unification (GHU). In a higher-dimensional
spacetime, gauge fields have extra components due to the increase in spacetime
dimensions, and they transform as scalars under 4D Lorentz transformations. In
GHU, the zero-modes of these scalar fields originating from the extra components
of the gauge field are identified as scalars causing gauge symmetry breaking [9–12].
The higher-dimensional gauge symmetry prohibits the scalar field from having a
potential, but an effective potential can be generated by quantum effects. The
scalar field can have a nontrivial vev in this potential, which gives mass to some
gauge fields, and gauge symmetry is partly broken. This symmetry breaking has
been widely discussed in the contexts of both the electroweak symmetry breaking
and unified gauge symmetry breaking [13–39]. In these scenarios, the features of
the Higgs scalar are restricted by the underlying gauge symmetry, and therefore,
the quantum correction to its mass is kept finite. Consequently, the hierarchy
problem can be solved in GHU models.

As the examples above show, a higher-dimensional gauge theory is a versatile
framework with various possibilities for constructing BSMs. In this thesis, we
present two studies based on the framework of higher-dimensional gauge theory.
They are based on different backgrounds and motivations, which are shown below.

Hubble Tension and Early Dark Energy

Standard cosmology is based on Einstein’s gravity and cosmological principle,
which assumes that the universe is homogeneous and isotropic. In addition, as
the dark sector of the universe, dark energy originating the cosmological constant
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Chapter 1. Introduction

Λ and non-relativistic cold dark matter are assumed, and this model is called
the ΛCDM model. The ΛCDM has been consistent with most astronomical mea-
surements over the years. However, in recent years, a problem has arisen in the
standard cosmology. The value of the Hubble constant, which represents the cos-
mic expansion rate at present, is not consistent between the two different types
of observations.

One way to estimate the value of the Hubble constant H0 is by observing
nearby astronomical objects. The determination of H0 through this method is
based on the cosmic distance ladder, where the value of H0 is obtained by com-
bining observations at various distance scales. For instance, the Supernova H0 for
the Equation of State (SH0ES) project obtained H0 = 74.03±1.42 km s−1 Mpc−1

using the Cepheid calibrated Type Ia supernovae [40]. From the local observation,
the H0 value has been determined with very high accuracy.

Another way used for the H0 determination is by observing the cosmic mi-
crowave background (CMB), which is a footprint of the Big Bang and contains
information on the structure and history of the universe. The Hubble constant
H0 can also be determined from CMB measurements by assuming a cosmological
model, and the Planck collaboration obtained H0 = 67.4 ± 0.5 km s−1 Mpc−1 by
assuming the ΛCDM model in 2018 [41]. The H0 value obtained from the CMB
measurement is smaller than the local value. A recent analysis shows a 5σ differ-
ence between them [42]. This discrepancy between the two types of observations
is called Hubble tension. Since the ΛCDM model is assumed for estimating the
value of H0 in the CMB measurements, this tension potentially suggests that the
successful model of cosmology may need modification.

Motivated by this problem, extensions of the ΛCDM have been studied [43–45].
For example, models involving extra relativistic degrees of freedom [46–52], extra
interactions [53–56], and modified gravity [57–61] have been proposed. In addition,
there exist modifications of late-time dark energy properties [62–70]. Besides these
approaches, various other modifications have been discussed.

Early dark energy (EDE) is also one of the promising scenarios [71–77]. EDE
is an additional source of energy and behaves as dark energy until a certain time
before recombination. The EDE accounts for a few percent of the total energy of
the universe at this time and then dilutes faster than the energy density of the non-
relativistic matter. The existence of EDE slightly modifies the cosmic expansion
before the recombination with little effect on the late-time physics, which leads
to a larger value of the Hubble constant obtained from the CMB data. Recently,
many models and analyses related to EDE have been studied [78–89].

If EDE really exists in this universe, we have to clarify its physical origin.
In some models of EDE, the behavior of the EDE is explained by a scalar field.
For example, a canonical scalar field with an extended pseudo Nambu-Goldstone
boson (PNGB) potential has been discussed [73]. As we will discuss in Chap. 3,
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Chapter 1. Introduction

the shape and mass parameters of the potential are constrained by the condition
for the energy density of the scalar field to behave as EDE. Such scalar field giving
EDE is not included in the SM, so it is expected that BSM can naturally explain
the origin of the EDE scalar field.

In this thesis, we propose an EDE model based on a 5D U(1) gauge theory.
As mentioned above, the extra-component of the gauge field behaves as a scalar
field in the 4D effective theory. This scalar field can play some cosmological role
and was already considered as an inflaton [90] or quintessence [91]. We regard
it as the EDE scalar field. The potential for the scalar is flat at tree level due
to the 5D gauge symmetry, but an effective potential is generated by quantum
effects. The properties of the potential are constrained by the underlying gauge
symmetry, and we will see that it can have an ideal feature for the realization of
EDE.

Flux Compactification

In higher-dimensional gauge theories with more than two compact extra dimen-
sions, a background gauge field that gives a magnetic field penetrating the extra
dimensions can be assumed, and this compactification is known as flux compact-
ification or magnetic compactification. It was originally discussed extensively in
the context of moduli stabilization in string theory [92–95], but it has been widely
discussed also in the context of field theory. Higher-dimensional gauge theories
with background magnetic flux have a lot of interesting features. For example,
flux background with toroidal or orbifold compactifications yields chiral fermions
having a generation structure [96–104]. In addition, the flavor structure of quarks
and leptons, such as masses and mixing angles, has been widely examined in
this setup [105–112]. This magnetic flux can also be a source of supersymmetry
breaking [113].

In addition to the above, higher-dimensional gauge theories with background
flux have a remarkable feature. The scalar field originating from a higher-dimensional
gauge field is massless at tree level due to the higher-dimensional gauge symme-
try. In the without flux case, quantum corrections to the mass arise, and their
order is typically the compactification scale, which is the scale of the compact
extra dimension. However, remarkably, in setups with non-vanishing flux, it was
showed that the corrections are completely canceled out. This property was first
demonstrated in an abelian gauge theory with N = 1 supersymmetry [114], and
later confirmed also in a non-supersymmetric abelian theory without supersym-
metry [115]. It was also shown that the cancellation of the one-loop corrections
are caused by the spontaneously symmetry breaking of the translational symme-
try on the torus. The existence of the flux background breaks the translational
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Chapter 1. Introduction

symmetry on the torus. The extra-dimensional scalar is regarded as the NG boson
related to the spontaneously broken translational symmetry, and it remains mass-
less even under quantum corrections. A similar discussion has been carried out in
a non-abelian SU(2) gauge theory [116]. In addition, it has been shown that this
cancellation holds even when considering higher-order loop corrections [117] and
higher-dimensional operators [118].

This property enlarges the possibilities of higher-dimensional gauge theory.
As mentioned, we obtain a finite correction to the mass, proportional to the
compactification scale (2.63) in cases of vanishing flux. In GHUs, the zero-mode
of the extra-dimensional component of a gauge field is regarded as the Higgs field,
so the dynamically generated mass should be the observed Higgs mass 125 GeV,
which means that the compactification scale can not be much larger than the
weak scale. On the other hand, in non-vanishing flux cases, the extra dimensional
gauge field corresponds to the NG boson of the broken translational symmetry,
and it is kept massless even under quantum corrections. In addition, adding a
term that explicitly breaks the translational symmetry to such theories leads to
a finite correction to the mass [119]. If the breaking term is small, the finite
correction is suppressed in comparison to the compactification scale. Therefore,
the observed Higgs mass can be realized even when the compactification scale is
much larger than the weak scale, which enlarges the possibilities for model building
in GHU. A model of inflation based on this setup was also proposed [120], and a
higher-dimensional gauge theory with background flux is an attractive setup from
a phenomenological point of view.

Many of the previous studies have assumed specific gauge groups and back-
ground configurations. For further phenomenological applications, more compre-
hensive and general studies are needed to explore viable models based on the flux
background. Therefore, in this work, we consider the extension of these discus-
sions to an SU(n) gauge group. In Chap. 5, we examine an SU(n) pure Yang-Mills
theory with a general background, including continuous Wilson lines in addition
to a magnetic flux. We derive the mass spectrum of the theory, keeping the Rξ

gauge fixing parameter, and discuss its phenomenological implications. Our result
shows the existence of tachyonic modes, which should be appropriately treated
when considering applications of this model. Based on this study, we can con-
sider various phenomenological applications of non-abelian gauge theories with
magnetic flux background.

Organization of this Thesis

This thesis is organized as follows. In Chap. 2, we review the fundamentals of
higher-dimensional gauge theory. Basic concepts of high-dimensional gauge the-
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Chapter 1. Introduction

ory, which will be required in later chapters, will be introduced. In Chap. 3, we
also review the Early Dark Energy. We illustrate how the existence of EDE can
solve the Hubble tension and that the behavior of EDE can be explained by a
canonical scalar field with a suitable potential. Chap. 4 shows a model of EDE
based on a 5D abelian gauge theory. In Chap. 5, we present another study on a 6D
non-abelian gauge theory with a background magnetic flux. Finally, we conclude
this thesis in Chap. 6.

6



Chapter 2

Basics of Higher-dimensional
Gauge Theory

In this chapter, we review fundamentals of higher-dimensional gauge theories. In
the first two sections, the quantum electrodynamics (QED) defined on M4 × S1

spacetime is introduced. In Sec. 2.3, we show the 4D low energy effective theory
obtained from the 5D QED. After discussing some topics related to gauge trans-
formation in Sec. 2.4 and Sec. 2.5, Sec 2.6 treats the effective potential generated
for the zero-mode of the extra-dimensional component of the gauge field, which
is regarded as a scalar field in the 4D effective theory. In Sec. 2.7, we comment
on S1/Z2 orbifold compactification. Finally, in Sec 2.8, we review the quantum
mechanics of a charged particle in a constant magnetic field as a preparation for
Chap. 5.

2.1 Compact Extra-dimension: S1

In this chapter, we consider a 5D spacetime with a compact extra dimension.
We denote the spacetime coordinates by xM (M = 0, 1, 2, 3, 5), and we also use
xµ (µ = 0, 1, 2, 3) and y = x5. A function of xµ and y is simply expressed as
f(x, y). We often omit x in the argument when the xµ-dependence is obvious or
unimportant.

We mainly consider M4 × S1 spacetime where a compact extra-dimension S1

exists at each point on the 4D Minkowski spacetime M4 (Fig. 2.1(a)). Let R be
the radius of the extra-dimension S1. The extra-dimension can be constructed by
the identification

y ∼ y + 2πRm (m ∈ Z), (2.1)

as shown in Fig. 2.1(b). Since S1 is flat, the metric of the 5D spacetime is given
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Chapter 2. Basics of Higher-dimensional Gauge Theory

by ηMN = diag(− + + + +). The compactification scale Mc = (2πR)−1 is the
typical scale of a theory defined on this spacetime.

(a) 5D spacetime M4 × S1 (b) Identification y ∼ y + 2πR

Figure 2.1: (a) 5D spacetime with a compact extra-dimension S1 and (b) the identi-
fication to obtain S1

The action of a theory defined on M4 × S1 spacetime is expressed using the
corresponding 5D Lagrangian L5D(x, y) as

S =

∫
d4x

∫ 2πR

0

dy L5D(x, y). (2.2)

The 5D Lagrangian has to be single-valued on S1, i.e., the condition

L5D(x, y + 2πR) = L5D(x, y), (2.3)

must be satisfied [121]. As discussed later, fields must satisfy some boundary
conditions such that the Lagrangian satisfies this condition.

In Chap. 3, we also consider the orbifold S1/Z2 as an extra-dimension. This
compact space is explained in Sec. 2.7 after finishing the introduction of all the
fundamental concepts in the S1 case. Chap. 5 discusses a non-abelian gauge
theory defined on a 6D spacetime whose extra-dimensions are compactified to a
torus, which is a straightforward generalization of the following discussion in the
S1 case.

2.2 5D QED

As a simple example of a higher-dimensional gauge theory, let us consider the 5D
U(1) gauge theory defined on M4 × S1 spacetime. Let AM(x, y) and ψ(x, y) be a
U(1) gauge field and a Dirac field charged under the U(1). The action of the 5D

8
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QED is given by

S =

∫ 2πR

0

dy

∫
d4x L5D,QED(x, y), (2.4)

L5D,QED = ψ̄(x, y)(iΓMDM −Mψ)ψ(x, y) − 1

4
FMNFMN , (2.5)

DM = ∂M − ig5qψAM(x, y), (2.6)

FMN(x, y) = ∂MAN(x, y) − ∂NAM(x, y), (2.7)

where g5 is the gauge coupling constant and qψ(∈ Z) is a U(1) charge of the Dirac
field. In what follows, we set qψ = 1 for simplicity. The parameter Mψ, called
bulk mass, represents the mass of the fermion in the 5D spacetime. The matrix
ΓM satisfies the 5D Clifford algebra

{ΓM ,ΓN} = −2ηMN , (2.8)

and is the 5D version of the gamma matrices. The Dirac conjugate of the fermionic
field is defined by ψ̄(x, y) = ψ†(x, y)Γ0. By using the 4D gamma matrices γµ and
γ5 = iγ0γ1γ2γ3, we can express the 5D gamma matrices as ΓM = (γµ,−iγ5). Note
that the mass dimensions of the fields and the gauge coupling constant included
in the Lagrangian differ from those of the 4D theory. The Dirac field ψ, the
gauge field AM and the gauge coupling g5 have the mass dimensions 2, 3/2 and
−1/2, respectively. The Lagrangian density is invariant under the U(1) gauge
transformation

ψ(x, y) → ψgt(x, y) = eiΛ(x,y)ψ(x, y),

AM(x, y) → Agt
M = AM(x, y) +

1

g5
∂MΛ(x, y).

(2.9)

To define a gauge theory in higher-dimensional spacetime with compact extra-
dimensions, we have to specify boundary conditions for fields in addition to writing
down a Lagrangian. As discussed in Sec. 2.1, the Lagrangian in Eq. (2.5) has to
satisfy the single-valued condition (2.3), which yields the boundary conditions

ψ(x, y + 2πR) = ei2πηψψ(x, y) (ηψ ∈ R), (2.10)

AM(x, y + 2πR) = AM(x, y) , (2.11)

on the 5D fields. Since ψ is included in the form of ψ̄ψ in the Lagrangian, the
existence of the twist ei2πηψ is allowed.

A 5D field satisfying a boundary condition can be expanded by 4D fields.
In the 5D example, the fields ψ and AM satisfy the boundary conditions (2.10)

9
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and (2.11). For such fields, we can perform Fourier series expansions as

ψ(x, y) =
1√
2πR

∞∑
n=−∞

ψ(n)(x)ξψn (y), (2.12)

AM(x, y) =
1√
2πR

∞∑
n=−∞

A
(n)
M (x)ξAMn (y), (2.13)

where the mode functions ξψn (y) and ξAMn (y) can be chosen as

ξψn (y) = e−i
n+ηψ
R

y, and ξAMn (y) = e−i
n
R
y. (2.14)

One can easily check that the mode functions satisfy the boundary conditions (2.10)
and (2.11) and the orthogonal condition∫ 2πR

0

ξ̄ψn ξ
ψ
m =

∫ 2πR

0

ξ̄AMn ξAMm = 2πRδnm, (2.15)

where ξ̄ψn and ξ̄AMn are the complex conjugates of ξψn and ξAMn , respectively. In this
context, the mode expansion is especially called Kaluza-Klein (KK) expansion.

Since AM(x, y) is a real valued field, the coefficient A
(n)
M satisfies A

(−n)
M = A

(n)∗
M .

In the next section, we will see that the 4D fields ψ(n)(x) and A
(n)
M (x) appear in

the 4D effective theory obtained from the 5D QED.

2.3 4D Effective Theory

Performing the integral

L4D,QED =

∫ 2πR

0

dy L5D,QED , (2.16)

we obtain a 4D effective theory L4D,QED that describes physics at energy scales
lower than the compactification scale Mc. Here, we explicitly perform the extra-
dimensional integration by substituting the Lagrangian (2.5) and the KK expan-
sions (2.12) and (2.13). To do this, we divide L5D,QED into the gauge sector and
fermionic sector and discuss them separately.

2.3.1 Gauge Field

First, we calculate the gauge sector

Lg = −1

4
FMNF

MN = −1

4
FµνF

µν − 1

2
FµyF

µy , (2.17)

Fµν = ∂µAν − ∂νAµ , (2.18)

Fµy = ∂µAy − ∂yAµ . (2.19)

10
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For later discussion, we add the gauge fixing term

Lξ = − 1

2ξ
(∂µA

µ + ξ∂yAy)
2, (2.20)

and consider the gauge-fixed Lagrangian

Lgf
g = −1

4
FMNF

MN − 1

2ξ
(∂µA

µ + ξ∂yAy)
2

=
1

2
Aµ
[
ηµν(□ + ∂2y) + (1 − ξ−1∂µ∂ν)

]
Aν +

1

2
Ay[□ + ξ∂2y ]Ay, (2.21)

where we performed an integral by parts, and □ = ∂µ∂µ is the 4D d’Alembertian.
Substituting the KK expansion (2.13) and using the orthogonal condition (2.15),
we obtain

Lgf
4D,g =

+∞∑
n=−∞

{
1

2
A(n)∗
µ

[
ηµν
(
□ +

n2

R2

)
+ (1 − ξ−1)∂µ∂ν

]
A(n)
ν

+
1

2
A(n)∗
y

(
□ + ξ

n2

R2

)
A(n)
y

}
(2.22)

=
1

2
A(0)
µ

[
ηµν□ + (1 − ξ−1)∂µ∂ν

]
A(0)
ν +

1

2
A(0)
y □A(0)

y

+
∑
n ̸=0

{
1

2
A(n)∗
µ

[
ηµν
(
□ +

n2

R2

)
+
(
1 − ξ−1

)
∂µ∂ν

]
A(n)
ν (2.23)

+
1

2
A(n)∗
y

(
□ + ξ

n2

R2

)
A(n)
y

}
.

The third and fourth terms in the last line, which contain mixing terms between
real part and imaginary part of A

(n)
M , can be diagonalized by taking the linear

combinations (A
(n)
M +A

(−n)
M )/2 and −i(A(n)

M −A(−n)
M )/2 without changing the Klein-

Gordon-like operator. This Lagrangian contains an infinite number of the 4D
gauge fields A

(n)
µ and A

(n)
y .

From the 4D Lagrangian, one finds that the 4D mass of A
(n)
µ is given as

M2(A(n)
µ ) =

n2

R2
, (2.24)

and the nonzero KK modes A
(n)
µ (n ̸= 0) are massive. This result is independent of

the introduction of a gauge-fixed term, and the existence of the mass term means
that the 4D Lagrangian is not invariant under A

(n)
µ (x) → A

(n)
µ (x) + 1

g̃4
∂µΛ(x) for

n ̸= 0. This implies that part of the symmetry that the 5D theory had is broken.
Only the zero-mode part is invariant under such gauge transformations. The 5D

11
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U(1) gauge symmetry is broken to the 4D U(1) gauge symmetry that acts only
on the zero-mode of the 4D gauge field. In Sec. 2.5, we discuss symmetries in the
4D effective theory in more detail.

The masses of the nonzero-modes M(A
(n)
µ ) (n ̸= 0) are proportional to the

compactification scale Mc. Therefore, the nonzero-modes decouple from the 4D
effective theory, which describes physics below the compactification scale. The
nonzero-modes of A

(n)
y are also massive, and their masses depend on the gauge

parameter ξ. This means that A
(n)
y corresponds to a would-be Nambu-Goldstone

mode giving a longitudinal mode to the massive gauge field A
(n)
µ . Ignoring all the

massive modes, we obtain

Lgf
4D,g ≃

1

2
A(0)
µ

[
ηµν□ + (1 − ξ−1)∂µ∂ν

]
A(0)
ν +

1

2
A(0)
y □A(0)

y , (2.25)

as the 4D effective theory. From the 5D gauge sector, we have obtained a 4D
gauge field A

(0)
µ and a 4D scalar field A

(0)
y . The 5D gauge invariance constrains

the features of the scalar field A
(0)
y . For example, we can not write down the

potential including mass terms for the gauge field in the 5D action, so there is no
potential for A

(0)
y in the 4D effective theory. As we will see later, the underlying

gauge invariance also restricts properties of A
(0)
y at the quantum level.

2.3.2 Dirac Field

Next, let us discuss the fermionic sector

Lf = ψ̄(iΓMDM −Mψ)ψ

= ψ̄
[
iΓµ(∂µ − ig5Aµ) + iΓ5(∂y − ig5Ay) −Mψ

]
ψ. (2.26)

Here, we mainly focus on the mass spectrum of ψ(n). The integration of the
first term and the third term is almost trivial because the operator in the square
bracket does not act on the mode function in the KK expansion. Ignoring the
nonzero-modes of AM , the y integration of these terms yields

L4D,f ∋
+∞∑

n=−∞

ψ̄(n)

[
iγµ
(
∂µ − i

g5√
2πR

A(0)
µ

)
−Mψ

]
ψ(n), (2.27)

from which we see that the 4D gauge coupling is given by

g̃4 =
g5√
2πR

. (2.28)

This coupling g̃4 has no mass dimension. In addition to the interaction between
ψ(n) and A

(0)
µ , there are also interactions between the fermionic modes and the

12
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higher KK modes of A
(n)
µ that are not relevant to our discussion now. We show

the complete effective Lagrangian including the interaction terms in Sec. 2.5.
The remaining term iΓ5(∂y − ig5Ay) gives an additional contribution to the ψ(n)

mass and interactions between ψ(n) and A
(0)
y . Combining this contribution with

Eq. (2.27), the term we are interested in is

L4D,f ∋
+∞∑

n=−∞

ψ̄(n)

[
iγµD(0)

µ −Mψ − iγ5
(
n+ ηψ
R

+ g̃4A
(0)
y

)]
ψ(n), (2.29)

where we introduced D
(0)
µ = ∂µ − iqψg̃4A

(0)
µ (qψ = 1 for now).

To derive the mass spectrum, let us consider the equation of motion (EoM)

for ψ(n). A homogeneous background ⟨Ay⟩ = (2πR)−1/2⟨A(0)
y ⟩ can be introduced

without contradicting the 4D Lorentz invariance. On the other hand, the 4D
Lorentz invariance prohibits Aµ from having a background value. By neglecting

the fluctuations of A
(n)
M , we obtain the EoM[

iγµ∂µ −Mψ − iγ5
(
n+ ηψ
R

+ g̃4⟨A(0)
y ⟩
)]

ψ(n) = 0, (2.30)

for ψ(n) interacting only with the background field. Further acting an operator
(iγµ∂µ +Mψ + iγ5(

n+ηψ
R

+ g̃4⟨A(0)
y ⟩)) on this equation yields[

□−M2
ψ −

(
n+ ηψ
R

+ g̃4⟨A(0)
y ⟩
)2
]
ψ(n) = 0, (2.31)

which means that the mass of ψ(n) is given by

M2(ψ(n)) = M2
ψ +

( n
R

+
ηψ
R

+ g̃4⟨A(0)
y ⟩
)2
. (2.32)

We can recover the U(1) charge by replacing g̃4 by qψg̃4.

Let us first consider the ⟨A(0)
y ⟩ = 0 and ηψ = 0 case, where the 5D fermion

satisfies a periodic boundary condition ψ(y + 2πR) = ψ(y). In this case, the
zero-mode ψ(0) has a mass Mψ and remains in the 4D effective theory if the bulk
mass is much smaller than the compactification scale. When Mψ = 0, the mass
spectrum (2.32) is equivalent to the one for the gauge field (2.24), and we obtain
a massless Dirac fermion ψ(0) in the 4D effective theory. Next, we discuss the case
with a nontrivial background ⟨A(0)

y ⟩ ̸= 0. There is an additional contribution from
the interaction between the background, and the zero-mode mass is nonzero even
when Mψ = 0. This is similar to the way fermions acquire mass through coupling

with the vev of a Higgs scalar in the Higgs mechanism; indeed, in GHU, A
(0)
y is

13
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identified with the Higgs field. The background value ⟨A(0)
y ⟩ is not determined

at tree-level because there is no potential for A
(0)
y due to the 5D gauge symme-

try. However, we will see that an effective potential is dynamically generated
at loop-level. Finally, we turn to the case with a nontrivial phase (ηψ ̸= 0) in
the boundary condition. In this case, the zero-mode has a large mass ∝ Mc and
decouples from the 4D effective theory. Since ηψ is the phase of the boundary con-
dition, we can say that different boundary conditions yield different 4D effective
theories. Therefore, theories with different boundary conditions describe different
physics. More precisely, the theory has a 5D gauge symmetry, so there exists a
gauge-equivalent class of boundary conditions. Roughly speaking, theories with
boundary conditions belonging to the same class describe the same 4D physics in
different ways. We will discuss this point in detail in Sec. 2.4.

2.3.3 Scalar Field

So far, we have discussed the mass spectra of the gauge and fermionic fields. We
can also consider a charged scalar field ϕ(x, y), whose Lagrangian is given by

L5D,b = −|DMϕ|2 −M2
ϕ|ϕ|2, DM = ∂M − iqϕg5AM . (2.33)

Here, Mϕ is the bulk mass of ϕ, and qϕ(∈ Z) is a U(1) charge. The scalar has to
satisfy the boundary condition

ϕ(y + 2πR) = eiηϕϕ(y), (2.34)

and the KK expansion consistent with this boundary condition is

ϕ(x, y) =
1√
2πR

+∞∑
n=−∞

ϕ(n)(x)ξϕn(y), (2.35)

ξϕn = e−i
n+ηϕ
R

y. (2.36)

We can derive the mass spectrum for ϕ(n) in the same way as we did for ψ(n), and
obtain

M2(ϕ(n)) = M2
ϕ +

( n
R

+
ηϕ
R

+ qψg̃4⟨A(0)
y ⟩
)2
. (2.37)

In chapter 3, we consider the 5D scalar field in addition to the fermionic field.

2.3.4 Non-Abelian Gauge Field and Symmetry Breaking

Here, we comment on non-abelian gauge theories, which are discussed in Chap. 5.
Let AM be a non-abelian gauge field. In non-abelian gauge theories, the gauge
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field has self-interaction through the commutator [AM ,AN ]. Therefore, Aµ can
couple with the extra-dimensional background ⟨Ay⟩, which makes some compo-

nents of the 4D gauge field A
(0)
µ massive. To be more concrete, let us consider

the SU(2) gauge theory where the gauge field is expanded by the Pauli matrices
σi (i = 1, 2, 3) as

AM = A1
M

σ1

2
+ A2

M

σ2

2
+ A3

M

σ3

2
, (2.38)

and assume a homogeneous background

⟨Ay⟩ = vyσ
3 = vy

(
1 0
0 −1

)
, (2.39)

where vy is a real parameter. The term proportional to ([⟨Ay⟩,Aµ])2 in the kinetic
term for the 5D gauge field yields mass terms for KK modes of Aµ. Since the last
term in Eq. (2.38) commutes with this background, ⟨Ay⟩ has no interaction with
A3
µ and does not affect its mass spectrum. Therefore, the zero-mode of A3

µ remains
massless in the 4D effective theory. On the other hand, A1

µ and A2
µ couple to the

background, which gives nonzero mass to their zero-modes. Thus, the background
breaks the gauge symmetry in the higher-dimensional theory, and the 5D SU(2)
gauge symmetry is broken to U(1) in the 4D effective theory in this example. We
will treat this kind of symmetry breaking in Chap. 5.

2.4 Boundary Condition and Gauge Transfor-

mation

As shown above, the boundary condition affects physical quantities like the mass
spectrum in the 4D effective theory, which means that 5D theories with different
boundary conditions yield different 4D effective theories. However, since the La-
grangian has a U(1) gauge invariance, there are gauge equivalent classes of 4D ef-
fective theories. The boundary conditions (2.10) and (2.11) are gauge-dependent,
and after the gauge transformation (2.9), the boundary conditions become

ψgt(y + 2πR) = eiηψei(Λ(y+2πR)−Λ(y))ψgt(y), (2.40)

Agt
M(y + 2πR) = Agt

M(y) − 1

g5
(∂MΛ(y + 2πR) − ∂MΛ(y)). (2.41)

In general, while the gauge transformation keeps the action unchanged, it changes
the boundary conditions and the resulting effective theory. The gauge invariance
ensures that different effective theories related to each other through gauge trans-
formations describe the same physics.
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To illustrate it, let us consider the 5D QED where the boundary condition for
ψ is

ψ(y + 2πR) = eiηψψ(y) (ηψ ̸= 0), (2.42)

and Ay has no background value, i,e., ⟨Ay⟩ = 0. In this setup, the mass spectrum
of ψ(n) is given by

M2(ψ(n)) = M2
ψ +

(
n+ ηψ
R

)2

, (2.43)

and ψ(0) decouples from the effective theory due to the twist ηψ in the boundary
condition. Before performing the integration over the extra dimensions to obtain
the effective theory, we can perform a 5D gauge transformation by

Λ(y) =
ηψ
R
y. (2.44)

The gauge transformation changes the boundary condition for ψ to

ψgt(y + 2πR) = ψgt(y). (2.45)

In this gauge, the boundary condition for the Dirac field is periodic, and there is
no twist contributing to the mass spectrum. Instead, Ay shifts as

Ay(x, y) → Agt
y (x, y) = Ay(x, y) +

ηψ
g5R

, (2.46)

which means that A
(0)
y has a nonzero background value ⟨Agt(0)

y ⟩ =
ηψ
g̃4R

in this
gauge. The mass spectrum of the fermion is

M2(ψgt(n)) = M2
ψ +

( n
R

+ g̃4⟨Agt(0)
y ⟩

)2
. (2.47)

In this gauge, instead of having no contribution from the twist phase ηψ, A
gt(0)
y has

a nontrivial background value, resulting in the same mass spectrum. Although
the origin of the mass contribution is different in the two gauges, 5D theories with
different but gauge-equivalent boundary conditions describe the same 4D physics.

2.5 Symmetry in the 4D Effective Theory and

Wilson Line

Let us discuss the symmetry in the 4D effective theory obtained from the 5D
QED (2.5) in more detail. Without the Rξ gauge fixing, we obtain the following
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Lagrangians for the gauge and fermionic sectors.

L4D,g = −1

4
F (0)
µν F

µν(0) − 1

2
(∂µA

(0)
y )2

+
∑
n ̸=0

[
− 1

4
F (n)∗
µν F µν(n) +

n2

R2
A(n)∗
µ Aµ(n) − 1

2
|∂µA(n)

y |2

− i
n

2R

{
(∂µA(n)

y )A(n)∗
µ − A(n)

µ (∂µA(n)
y )∗

}]
, (2.48)

L4D,f =
+∞∑

n=−∞

ψ̄(n)

[
iγµD(0)

µ −Mψ − iγ5
(
n+ ηψ
R

+ g̃4A
(0)
y

)]
ψ(n)

+ g̃4

+∞∑
n=−∞

∑
n′ ̸=0

ψ̄(n+n′)

[
γµA(n′)

µ − iγ5A(n′)
y

]
ψ(n). (2.49)

Here, we have introduced the field strength of the n–th mode of the gauge field

F (n)
µν = ∂µA

(n)
ν − ∂νA

(n)
µ . (2.50)

In the gauge sector without gauge fixing (2.48), the last line, which contains the

mixing between A
(n)
µ and A

(n)
y , implies that the nonzero-modes of A

(n)
y correspond

to the would-be Nambu-Goldstone modes. The last line in the fermionic sec-
tor (2.49) represents the interactions between the fermions and nonzero-modes

of A
(n)
M , which are ignored in Eq. (2.29). To derive this part from the 5D QED

Lagrangian, we used ∫ 2πR

0

dy ξ̄ψn1
ξAMn2

ξψn3
= 2πRδn1,n2+n3 . (2.51)

Let us discuss the symmetry in the 4D effective Lagrangian given by the sum
of Eqs. (2.48) and (2.49). The 4D effective theory is invariant under the following
transformations:

A(0)
µ (x) → A(0)

µ (x) +
1

g̃4
∂µΛ̃(x), A(0)

y → A(0)
y +

m

g̃4R
,

A(n)
µ (x) → A(n)

µ (x), A(n)
y (x) → A(n)

y (x) (n ̸= 0),

ψ(n)(x) → ψgt(n)(x) = eiΛ̃(x)ψ(n+m)(x).

(2.52)

The transformations related to Λ̃(x) correspond to the 4D U(1) gauge symmetry

that remains in the 4D effective theory. On the other hand, since A
(n)
µ (n ̸= 0) are

massive, they have no gauge symmetry. In addition to the 4D gauge symmetry, the
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Lagrangians are invariant under the constant shift related to the integer m. The
constant shift of A

(0)
y effectively changes n/R to (n+m)/R in the parentheses in

Eq. (2.49), but ψ(n) transforms to ψ(n+m) at the same time, and therefore, the first
term in L4D,f is kept unchanged under the transformation. The second term in
L4D,f and the gauge sector L4D,g are trivially invariant under the transformation.
Therefore, the transformations in Eq. (2.52) keep the 4D effective theory obtained
from the 5D QED invariant.

There is a 5D gauge transformation related to the above 4D transformation,
and it is given by the 5D gauge transformation function

Λ(x, y) = Λ̃(x) +
m

R
y (m ∈ Z). (2.53)

The transformations of the 5D fields AM and ψ are given by

Agt
µ (x, y) = Aµ(x, y) +

1

g5
∂µΛ̃(x), Agt

y (x, y) = Ay(x, y) +
m

g5R
, (2.54)

ψgt(x, y) = eiΛ̃(x)ei
m
R
yψ(x, y). (2.55)

As shown in Appx. 2, this gauge transformation acts the KK modes of the fields as
Eq. (2.52). From this transformation function and Eqs. (2.40) and (2.41), we find
that this gauge transformation does not change not only the 5D QED Lagrangian
but also the boundary conditions. In other words, the 5D gauge transforma-
tion (2.53) does not change the 5D theory at all, and this invariance appears in
the 4D effective theory as the symmetry under the 4D transformation (2.52).

There exists an operator that contains the information of the symmetry in
the 4D effective theory. In our 5D theory, the extra-dimension S1 is not simply
connected, and we can introduce a non-contractive loop operator

⟨W ⟩ = eig5
∫ 2πR
0 dy ⟨Ay⟩ = e2πiRg̃4⟨A

(0)
y ⟩ = eiθ5 , (2.56)

called the Wilson line. Here, we defined the Wilson line phase

θ5 = 2πRg̃4⟨A(0)
y ⟩. (2.57)

The Wilson line is not invariant under general 5D gauge transformations but is
invariant under the transformation (2.52). Indeed, under the gauge transforma-
tion (2.52), the Wilson line phase shifts as θ5 → θ5 + 2πm, and the Wilson line
itself remains unchanged. The mass spectrum of a matter φ (= ψ, ϕ) can be
expressed as

M(φ(n)) = M2
φ +

(
n+ ηφ
R

+
qφθ5
2πR

)2

, (2.58)
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Figure 2.2: Aharonov-Bohm effect

by using the Wilson line phase. The whole tower of the KK masses is invariant
under θ5 → θ5 + 2πR as mentioned. We will see that the effective potential for
A

(0)
y is generated as a function of the Wilson line.

The above discussion can be understood by an analogy with the Aharonov-
Bohm effect in quantum mechanics [122]. Aharonov and Bohm examined the
quantum mechanics of a charged particle around a solenoid in which the magnetic
field exists only inside (Fig. 2.2). When a beam of charged particles is injected
from the point P1, the waves passing above (C1) and below (C2) the solenoid
interfere with each other at point P2. This interference can be observed in a screen
at P2 as interference fringes. The magnitude of the interference is determined by
the difference in phases of the wave functions

θAB = e

∮
C1−C2

dx ·A = eΦ, (2.59)

where e is the charge of the particle, A is the gauge field, and Φ is the magnetic
flux penetrating the solenoid. The interference is caused by the fact that the
space is not simply connected due to the magnetic field. The phase difference
θAB is called the Aharanov-Bohm (AB) phase. Since θAB is a phase, the shift
θAB → θAB + 2πm (m ∈ Z) does not affect the interference fringes on the screen.

In our 5D theory, the screen at P2 and the closed loop C1 − C2 correspond to
the 4D spacetime M4 and the extra-dimension S1, respectively. As the shift of
the AB phase by 2π does not change the interference fringes on the screen, the
shift of the Wilson line phase does not affect the 4D theory.

2.6 Effective Potential

In Sec. 2.3, we derived the 4D effective Lagrangian from the 5D QED Lagrangian (2.4).

At least at classical level, the WL scalar A
(0)
y has no potential including the mass
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term because we can not write the mass term AMA
M in the 5D QED Lagrangian,

which conflicts with the local gauge symmetry. As mentioned above, however, the
effective potential is generated as a function of the Wilson line ⟨W ⟩ = eiθ5 , which
is a non-local operator, through interactions with ψ(n) and ϕ(n). In this section,
we derive the effective potential.

As shown in Sec. 2.3, A
(0)
y interacts with ψ(n) and ϕ(n). Using the vertices, we

can consider one-loop diagrams as shown in Fig. 2.3. The effective potential is
generated through the interactions shown in Fig. 2.3. Integrating out all of the
KK modes of matter field φ we obtain

∆Vφ(θ5) = i
nφ
2

∞∑
n=−∞

∫
d4p

(2π)4
ln
[
−p2 +M2(φ(n))

]
, (2.60)

as the contribution from the field. Here, nφ is the degrees of freedom of φ, where
nψ = 4 for the fermion ψ and nϕ = −2 for the scalar ϕ. The difference in the
sign comes from the fermion loop factor. Although the higher-order KK modes of
ψ(n) and ϕ(n) decouples from the low-energy effective theory, we must sum over
all KK modes to obtain finite corrections when evaluating the effective poten-
tial [13]. Otherwise, gauge symmetry can not be preserved. This can be under-
stood as follows. The mode φ(n), whose corresponding mode function is given by
exp(−in+ηφ

R
y), has a momentum ∝ n/R in the y direction. Therefore, introducing

a cutoff in the KK mode is essentially equivalent to performing the cutoff regular-
ization, which is well known to be incompatible with gauge symmetry. To respect
the gauge invariance, all KK modes must be added up.

A
(0)
y

A
(0)
y

A
(0)
y

ψ(n), ϕ(n)

A
(0)
yA

(0)
y

A
(0)
y

A
(0)
y

A
(0)
y

A
(0)
y

ϕ(n)

Figure 2.3: one-loop interactions contributing to the effective potential for A
(0)
y .

We can perform the momentum integral in Eq. (2.60) and finally obtain the
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following expression [123,124]:

∆Vφ(θ5) =
3nφM

4
c

4π2

∞∑
ℓ=1

e−ℓMφ/Mc

[
1

ℓ5
+

1

ℓ4
Mφ

Mc

+
1

3ℓ3
M2

φ

M2
c

]
cos[ℓ(qφθ5 − 2πηφ)].

(2.61)

Since cos[ℓ(qψθ + ηφ)] = Re(⟨W ⟩qφℓe−iℓηφ), the effective potential is a function of
the Wilson line and consistent with gauge invariance remaining in the 4D effective
theory. The derivation of this expression is shown in Appx. A.2. The summation
over the KK modes n is converted to a summation of the winding number that
represents how many times the matter loop winds around the extra dimension.
The ℓ = 0 contribution is divergent, but we ignored it because it is constant
and does not depend on θ5. The θ5-dependent part is generated by the non-local
interactions where the matter field wraps around S1 at least once, which is why we
obtain the finite potential for the 4D scalar field ⟨A(0)

y ⟩. The potential is periodic
under the shift θ → θ + 2π. The total potential Veff(θ5) is obtained by adding up
the contributions from all matter fields, which are ψ and ϕ in this case.

When the bulk mass is zero, the potential is reduced to

∆Vφ(θ5) =
3nφM

4
c

4π2

∞∑
ℓ=1

1

ℓ5
cos[ℓ(qφθ5 − 2πηφ)], (2.62)

from which we find that the scale of the potential is M4
c . In the 5D QED with

nψ = 4, qψ = 1, and ηψ = 0, the potential has minima at θ5 ∼ mπ (m ∈ Z), and

the mass spectrum of ψ(n) contains the contribution from ⟨A(0)
y ⟩ ̸= 0. The mass

correction around the minima can be calculated from the effective potential as

m2

A
(0)
y

=
∂2∆Vψ(θ5)

∂A
(0)2
y

∣∣∣∣∣
θ5=mπ

=
g̃24
M2

c

∂2∆Vψ(θ5)

∂θ25

∣∣∣∣
θ5=mπ

=
3g̃24ζ(3)

π2
M2

c , (2.63)

where

ζ(z) =
∞∑
ℓ=1

1

ℓ3
, (2.64)

is the Riemann zeta function, and ζ(3) ≃ 1.202. The field A
(0)
y acquires a finite

mass ∝Mc through the quantum interaction.
In the nonzero bulk mass case Mφ ̸= 0, we have the factor e−ℓMφ/Mc in the

summation. This factor represents that the existence of the bulk mass suppresses
the propagation in the S1 direction. This bulk mass suppression plays an impor-
tant role in chapter 3, where we apply a 5D gauge theory with matter fields to
EDE.
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Figure 2.4: S1/Z2 orbifold. The points y = 0 and y = ±πR that are identified with
themselves are called the fixed points.

2.7 S1/Z2 Orbifold

So far, we have assumed S1 as the extra-dimension. In Chap. 3, we also consider
S1/Z2 that can be obtained by further imposing the identification

y ∼ −y, (2.65)

on S1 (Fig. 2.4). Due to this identification, the length of the extra-dimension is
halved, and its integration interval becomes [0, πR]. On S1/Z2, a 5D Lagrangian
has to satisfy

L5D(x,−y) = L5D(x, y), (2.66)

in addition to Eq. (2.3), and this condition results in additional conditions for the
field in the 5D QED. As a result, the 4D Lagrangian obtained from the 5D one
also changes.

Before discussing the conditions and the 4D effective theory, we briefly explain
why a geometry such as S1/Z2 is considered. In 5D theories, the chirality operator
γ5 does not commute with the generator of the 5D Lorentz transformation ΣMN =
i
4
[ΓM ,ΓN ] as [γ5,Σµy] ̸= 0. This fact means that right- and left-handed Weyl

fermions mix with each other under 5D Lorentz transformations and we have to
include both of them in a 5D Lagrangian to keep the 5D Lorentz invariance. In
other words, fermions must be included in the form of Dirac fermion ψ(x, y) =
(ψR(x, y), ψL(x, y))T. Therefore, it is difficult to realize a chiral theory such as
the SM. However, the 5D Lorentz invariance is not fully preserved when the extra
dimension is compact, and a chiral effective theory can be realized by choosing an
appropriate geometry of the extra-dimension. In a 5D spacetime, S1/Z2 is one of
such good choices to realize a chiral Lagrangian as a 4D effective theory.
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To illustrate it, let us again consider the 5D QED (2.5) with Mψ = 0 and
ηψ = 0. If the 5D fields satisfy the conditions

ψ(−y) = ±iΓ5ψ(y) = ±γ5ψ(y), (2.67)

Aµ(−y) = Aµ(y), Ay(−y) = −Ay(y), (2.68)

the condition (2.66) can be satisfied. The sign in Eq. (2.67) is arbitrary, and we
choose the minus, here. Then, in the chiral basis of the gamma matrices, the
condition (2.67) yields

ψR(−y) = −ψR(y), ψL(−y) = +ψL(y). (2.69)

Now, AM and ψR,L satisfy the periodic boundary condition, and their KK expan-
sions are given by

φ̃(x, y) =
1√
2πR

φ̃(0)
even +

1√
2πR

+∞∑
n=1

[
φ̃(n)
even(x) cos

( n
R
y
)

+ φ̃
(n)
odd(x) sin

( n
R
y
)]
,

(2.70)

where φ̃ = AM , ψL, ψR, and a different basis of the mode function was chosen than
before. The conditions (2.68) and (2.69) further constrain the KK expansion. For

the fields that are even under y → −y, i.e., Aµ and ψL, φ̃
(n)
odd must be zero to

satisfy the parity condition. On the other hand, Ay and ψR, which are odd under
the parity transformation, can not have even KK modes. The lack of even modes
also means that there is no zero-mode for the field. Therefore, only ψL has a
zero-mode and the 4D effective theory becomes chiral in this case.

In the example above, Ay can not have the zero-mode, which is not good be-
cause the zero-mode is identified as a cosmological scalar in Chap. 4. Fortunately,
however, Eq. (2.68) is not the only possible choice. To obtain an zero-mode of
Ay, we can consider the different boundary conditions as Aµ(x,−y) = −Aµ(x, y)
and Ay(x,−y) = Ay(x, y) instead of Eq. (2.68). These boundary conditions are
related to the outer automorphism, which is the complex conjugation of the rep-
resentation of U(1), and are called the conjugate boundary condition [125–127].
In this case, only Ay has a zero-mode, and Aµ has no massless mode. Therefore,
the U(1) gauge symmetry is broken. In chap. 4, we consider this setup as well as
the S1 compactification.

There is another subtle point in the S1/Z2 case. Under the parity transforma-
tion (2.67), the 5D fermion bilinear transforms as ψ̄ψ → −ψ̄ψ, so the bulk mass
term Mψψ̄ψ is not invariant. This is why we set Mψ = 0 in the above discus-
sion. Instead, however, we can introduce a modified mass term ϵ(y)Mψψ̄ψ, where
ϵ(y) = 1 for y ≥ 0 and ϵ(y) = −1 for y < 0 [124]. This bulk mass gives exactly
the same contribution to the mass spectrum as in Eq. (2.32) for the S1 case.
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In the setup where Ay has a zero-mode, we can calculate the effective potential
as done in Sec. 2.6. Since the mass spectra of the matter fields ψ(n) and ψ(n)

do not change from those of the S1 case, we obtain almost the same effective
potential as in Eq. (2.61). The difference appears only in the degrees of freedom
nφ. On S1/Z2, the scalar ϕ(y) must satisfy the condition (2.67), and ϕ(y) also
has to satisfy ϕ(−y) = +ϕ(y) or ϕ(−y) = −ϕ(y). As discussed for the fermion,
the condition removes half of the KK mode. Therefore, the contribution to the
effective potential is also halved, and nψ = 2 for a fermion and nϕ = −1 for a
complex scalar.

2.8 Quantum Mechanics of a Charged Particle

in a Magnetic Field

In Chap. 5, we consider a 6D gauge theory with a magnetic flux background.
Since the extra dimension is a 2D spacetime in this setup, it is helpful to review
the quantum mechanical system of a charged particle in a 2D spacetime with a
constant magnetic field, whose energy spectrum is known as the Landau level [128].
In Chap. 5, we will consider a 2D extra space compactified into a torus, but here
we instead impose the periodic boundary conditions on the wave function.

In this setup, the Hamiltonian of a charged particle with mass m and charge
e is given by

Ĥ =
1

2m
(Π̂2

x + Π̂2
y), (2.71)

Π̂x = p̂x − eAx, Π̂y = p̂y − eAy, (2.72)

where p̂x and p̂y are the momenta of the particle, and the gauge field Ai (i = x, y)
giving the background magnetic field is

Ax(x, y) = −1

2
(1 − γ)B0y, Ay(x, y) =

1

2
(1 + γ)B0x. (2.73)

We can freely choose the gauge parameter γ, but the physical consequences
are independent of it. Substituting this background configuration, the Hamil-
tonian (2.71) becomes

Ĥ =
1

2m

[(
p̂x +

1

2
(1 − γ)B0y

)2

+

(
p̂x −

1

2
(1 + γ)B0y

)2
]
. (2.74)

In what follows, for simplicity, we choose the Landau gauge γ = 1, where the
Hamiltonian is reduced to

Ĥ =
1

2m

[
p̂2x + (p̂y − eB0x̂)2

]
. (2.75)
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The energy spectrum of the charged particle is determined by the time-independent
Schrödinger equation

Ĥψ(x, y) = Eψ(x, y), (2.76)

where ψ(x, y) is the wave function of the charged particle.
As mentioned above, we impose periodic boundary conditions on the wave

function as

ψ(x+ Lx, y) = ψ(x, y), ψ(x, y + Ly) = ψ(x, y), (2.77)

where Lx and Ly are unit length in the x- and y-directions, respectively. In this
case, the strength of the background magnetic field B0 is quantized. To illustrate
it, let us consider the boundary conditions of the background gauge field. In the
Landau gauge, we obtain the following relations from the background (2.73).

Ai(x+ Lx, y) = Ai(x, y) +
1

e
∂iTx(x, y),

Ai(x, y + Ly) = Ai(x, y) +
1

e
∂iTy(x, y).

(2.78)

Here, the functions Ti are defined as

Tx(x, y) = eB0Lxy, Ty(x, y) = 0. (2.79)

The relations in Eq. (2.78) mean that Ai(Lx, y) and Ai(x, Ly) differ from Ai(0, y)
and Ai(x, 0), respectively, but their difference in each direction can be represented
by a gauge transformation. This is almost trivial since we are assuming the
uniform background field B0. In the Landau gauge, Tx(x, y) is zero and the first
relation is trivial, but it can be a nontrivial function in other gauges.

The gauge covariance of the Schödinger equation requires that the wave func-
tion ψ(x, y) satisfies

ψ(x+ Lx, y) = eiTx(x,y)ψ(x, y),

ψ(x, y + Ly) = eiTy(x,y)ψ(x, y).
(2.80)

The wave function also has to satisfy the periodic boundary condition (2.77),
which yields

eB0LxLy = 2πN (N ∈ Z). (2.81)

This relation means that the magnetic flux Φ = B0LxLy is expressed as

Φ = ϕ0N, ϕ0 =
2π

e
, (2.82)
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where the integer N must be positive when B0 > 0. In the system where the
periodic boundary condition on the wave function is imposed, the magnetic flux
is quantized in units of ϕ0.

Next, we discuss the energy spectrum of the system. One finds that p̂y and

Ĥ are simultaneously diagonalizable since [p̂y, Ĥ] = 0. Thus, we can expand the
wave function as ψ(x, y) = eipyyψ̃(x) and obtain the Hamiltonian for ψ̃(x)

Ĥx =
1

2m
p̂2x +

mω2
c

2
(x̂− x0)

2, (2.83)

where

ωc =
|e|B0

m
, x0 =

py
eB0

, (2.84)

and py is the eigenvalue of p̂y. Eq. (2.83) is equivalent to the Hamiltonian of the
harmonic oscillator centered at x0, and ωc is called the cyclotron frequency. In
a finite system, the value of py is quantized as py = 2πℓ/Ly (ℓ ∈ Z), and the
requirement that the center x0 must lie in the range 0 ≤ x0 < Lx limits the
possible values of the integer ℓ as

0 ≤ ℓ ≤ N − 1, (2.85)

where we used Eq. (2.82). The energy eigenvalue of this system is given by

En,ℓ = ωc

(
n+

1

2

)
(n = 0, 1, 2, . . . ; ℓ = 0, 1, . . . , N − 1), (2.86)

and the exited states in the x-direction are referred to as Landau levels. The energy
is independent of the center of the harmonic oscillator labeled by ℓ, and each
landau level is degenerate. The number of the degenerated states is proportional
to the strength of Φ.

The energy spectrum can be obtained in another way. When the gauge field
is given by Eq. (2.73), the operators

a† =
Πx − iΠy√

2eB0

, a =
Πx + iΠy√

2eB0

, (2.87)

satisfy [a, a†] = 1 independent of the gauge parameter γ. Namely, they are creation
and annihilation operators, and the Hamiltonian is expressed by

Ĥ = ωc

(
a†a+

1

2

)
. (2.88)

Therefore, we obtain a Landau-level energy spectrum regardless of the choice of
the gauge.
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Chapter 3

Hubble Tension and Early Dark
Energy

In this chapter, we review the EDE solution to the Hubble tension. Sec. 3.1 shows
why the EDE makes the value of the Hubble constant obtained from the CMB
data larger. In Sec. 3.2, we review the EDE model by a canonical scalar field. We
use the extended PNGB potential as an example and discuss how the potential
should be for the scalar giving EDE.

3.1 Early Dark Energy

This section reviews the EDE resolution to the Hubble tension. In the follow-
ing, we assume a homogeneous, isotropic, and flat universe, described by the
Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric.

The scale of the universe at t is expressed by the scale factor a(t), and the
Hubble parameter H(t) = ȧ(t)/a(t) represents the cosmic expansion rate at t. The
Hubble constant H0 is the present value of the Hubble parameter, i.e., H0 = H(t0),
where t0 represents the present time. The redshift z(t) = a(t0)/a(t) − 1 is often
used instead of t to represent time. In terms of the redshift, z = 0 corresponds to
t0 and z = ∞ is at the beginning of the universe.

The time evolution of the Hubble parameter is determined by the energy den-
sity of the universe ρ(z), which also depends on time. In the standard ΛCDM
model, the non-relativistic matter ρm(z), radiation ρr(z), and cosmological con-
stant ρΛ,0 contribute to the total energy density. Here, in addition to these ΛCDM
contributions, we suppose the existence of a scalar field corresponding to the EDE
scalar, which gives a non-negligible contribution ρϕ(z) to the total energy density
for later discussion. Then, the total energy density is given by

ρ(z) = ρm(z) + ρr(z) + ρΛ,0 + ρϕ(z), (3.1)
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where ρϕ(z) = 0 in the ΛCDM.
The time evolution of the energy density of each element x (= m, r,Λ) in

ΛCDM is determined by a parameter called the equation of state (EoS) wx. The
equation of state is given by the ratio of the pressure and energy density of the
element, and wm = 0, wr = 1/3, and wΛ = −1 for the non-relativistic matter,
radiation, and cosmological constant, respectively. The time-evolution of x

ρx(z) = ρx,0(1 + z)−3(1+wx), (3.2)

where we defined ρm,0 ≡ ρm(0) and ρr,0 ≡ ρr(0). The energy densities of matter
and radiation dilute with the cosmic expansion, and ρr(z) dilutes faster than
ρm(z). On the other hand, the energy density of the cosmological constant does
not depend on time and does not decay.

The Friedmann equation

3M2
PH

2 = ρ(z) = ρm,0(1 + z)3 + ρr,0(1 + z)4 + ρΛ,0 + ρϕ(z), (3.3)

determines the time evolution of a(t). Here MP = (8πG)−1/2 ≃ 2.4 × 1018 GeV
is the reduced Planck mass, and G is the gravitational constant. We define the
energy density parameters Ωx,0 ≡ ρx,0/ρ(0) and a parameter h that represents H0

in units of H̄0 = 100 km s−1 Mpc−1 to rewrite Eq. (3.3) as

H = H̄0

√
Ωm,0h2(1 + z)3 + Ωr,0h2(1 + z)4 + ΩΛ,0h2, (3.4)

for the ΛCDM model (ρϕ = 0). The density parameters Ωx,0 represent the fraction
of the energy of x out of the total energy at the present time and satisfy

Ωm,0 + Ωr,0 + ΩΛ,0 = 1, 0 ≤ Ωx,0 ≤ 1, (x = m, r,Λ), (3.5)

by definition. The parameters Ωx,0 and h determine the time evolution of the
universe in the ΛCDM model.

These cosmological parameters are determined observationally. Here, we see
how they are determined from the CMB observations. The CMB average tem-
perature T0 determines the energy density parameter of the photon Ωγ,0, and
Ωγ,0h

2 = 2.47×10−5 is obtained for T0 = 2.725 K [129]. In addition to the photon,
the neutrinos also contribute to the energy density of the radiation. The neutrino
contribution can be included by using the relation Ωr,0 = (1 + 0.227Neff)Ωγ,0,
where Neff is the relativistic degrees of freedom of neutrinos [130]. The SM pre-
dicts Neff = 3.044 [131], so we obtain Ωr,0h

2 = 4.18× 10−5. The energy density of
the baryonic matter Ωb,0 and the total energy density of matter including DM Ωm,0

can be determined from the CMB power spectrum. The ratio of even-numbered
to odd-numbered peak amplitudes determines Ωb,0h

2, and the ratio of the first
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peak to the other peaks determines Ωm,0h
2. The Planck collaboration obtained

Ωb,0h
2 = 0.0224 ± 0.0001 and Ωm,0h

2 = 0.143 ± 0.001 [41]. By using these values,
we find that the matter-radiation equality, where Ωr,0h

2(1+z)4 and Ωm,0h
2(1+z)3

coincides, occur at zeq ≃ 3400.
The Hubble parameter H0 is determined by the angular size of the sound

horizon θ∗ at the CMB last-scattering. The value of θ∗ can be derived from the
location of the first peak in the CMB power spectra. The observable θ∗ is related
with the comoving distance D(z∗) and the sound horizon rs,∗ that can be evaluated
assuming a cosmological model as

θ∗ ≡
rs,∗
D(z∗)

, (3.6)

where z∗ ≃ 1090 is the redshift at the last-scattering surface. The quantities
rs,∗ and D(z∗) are determined by the physics before and after the recombination,
respectively, and given by

rs,∗ =

∫ ∞

z∗

dz
cs(z)

H
, D(z∗) =

∫ z∗

0

dz
1

H
, (3.7)

where

cs(z) =

(
1 +

3Ωb,0h
2

4Ωγ,0h2(1 + z)

)−1/2

, (3.8)

is the sound speed in the baryon-photon fluid. The sound horizon rs,∗ hardly
depends on the dark energy parameter ΩΛ,0 since the contribution in Eq. (3.4) is
much smaller for z ≥ z∗. Thus, using the values of Ωm,0h

2 and Ωr,0h
2 given in the

previous paragraph, we can calculate the value of the sound horizon and obtain
rs,∗ = 0.481H̄−1

0 ≈ 144 Mpc. On the other hand, the value of D(z∗) is sensitive to
the dark energy density parameter. For z ≤ z∗, the dark energy density parameter
can not be ignored in Eq. (3.4), and it affects the integral for D(z∗). Instead, in
Eq. (3.7), we can eliminate ΩΛ,0 using Eq. (3.5). Substituting the values of Ωm,0h

2

and Ωr,0h
2 into D(z∗) in Eq. (3.7), the comoving distance becomes a function of

only h. Performing the integration numerically, we obtain D(z∗) ≃ 3.2/H0, and
thus Eq. (3.6) yields

H0 ≈
3.2θ∗
rs,∗

. (3.9)

Therefore, for given θ∗ and rs,∗, we can estimate H0. A more precise analysis using
Markov Chain Monte Carlo simulations gives H0 = 67.4± 0.5 km s−1 Mpc−1 [41],
but this is much smaller than values obtained from various local observations.

The relation (3.9) implies that if the value of rs,∗ is smaller than the one
calculated by assuming the ΛCDM, the value of H0 obtained from the CMB

29



Chapter 3. Hubble Tension and Early Dark Energy

observations gets larger. More precisely, if rs,∗ can be reduced without reducing
the numerator 3.2 ∝ D(z∗), H0 becomes larger. Eq. (3.7) tells us that we need a
modification that makes H(z) larger only in the pre-recombination era (z∗ < z).
In the EDE scenario, this modification is realized by the additional contribution
ρϕ(z) that is not negligible only for z∗ < z and hardly affects the total energy
density after the recombination, i.e., ρϕ(z)/ρ(z) ≪ 1 for z < z∗.

More concretely, EDE behaves as dark energy before a certain time zEDE(> z∗)
and its energy density decays faster than the background non-relativistic matter
in z < zEDE (Fig. 3.1). In Fig. 3.1, the blue, red, and magenta lines correspond
to the energy fractions of the radiation, non-relativistic matter, and cosmological
constant, respectively. As in the ΛCDM model, there are three periods in which
each of these elements dominates the universe. For z > zEDE, the energy density
of EDE is constant while those of the background radiation and non-relativistic
matter decay as (1 + z)−4 and (1 + z)−3, respectively. Therefore, the energy
fraction of EDE increases and reaches a maximum (∼ O(1)%) at time zEDE. On
the other hand, in the epoch z < zEDE, the energy fraction decreases since the
energy density of EDE decays faster than ρm(z). Therefore, EDE can reduce the
value of r∗,s while having little effect on the cosmic expansion after recombination,
i.e., hardly changing the comoving distance D(z∗).

Figure 3.1: Cosmic history with EDE. The vertical axis represents the energy fraction.
The colored regions correspond to the radiation, non-relativistic matter,
and cosmological constant dominant epochs, respectively. z∗ is the redshift
at the recombination. For z > zEDE, EDE (green dashed line) behaves as
dark energy. After accounting for a few percent of the total energy density
at z = zEDE, the EDE energy density decays faster than the background
non-relativistic matter (in this example, as fast as radiation).
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3.2 Scalar Field EDE

Several possibilities and models of EDE have recently been studied [43]. Here, we
mainly consider the cases where the EDE is given by a canonical and homogeneous
scalar field ϕ(t) whose action is

S =

∫
d4x

√
−g

[
1

2
ϕ̇2 − V (ϕ)

]
. (3.10)

Here, g is the determinant of the FLRW metric, and V (ϕ) is a potential for the
scalar. The energy density ρϕ and pressure pϕ of this scalar are given by

ρϕ =
1

2
ϕ̇2 + V (ϕ), pϕ =

1

2
ϕ̇2 − V (ϕ). (3.11)

The EoS of this scalar field is

wϕ =
pϕ
ρϕ

=
1
2
ϕ̇2 − V (ϕ)

1
2
ϕ̇2 + V (ϕ)

, (3.12)

from which one finds that wϕ varies with the dynamics of ϕ. The time evolution
of the scalar field in the FLRW spacetime is determined by the EoM

ϕ̈(t) + 3H(t)ϕ̇(t) + V,ϕ = 0, (3.13)

where V,ϕ = ∂V/∂ϕ. The EoM is equivalent to the one of a particle with a
time-dependent friction, called Hubble friction, and in the potential V (ϕ).

From Eqs. (3.12) and (3.13), we can understand intuitively how the scalar gives
EDE. Since the Hubble parameter behaves as ∼ 1/t in the matter-dominated and
the radiation-dominated periods, the friction is very large in the early universe. As
a result, the scalar rolls very slowly in the potential, and the EoS behaves as wϕ ∼
−1 since the potential term is much larger than the kinetic term. The friction
decreases and eventually the scalar begins to roll quickly along the potential.
The redshift where the scalar starts to roll down corresponds to zEDE in the
previous section.The value of zEDE that can alleviate the Hubble tension and is
consistent with the late time measurement is model-dependent, and it is typically
z∗ < zEDE ≤ 106 [79]. The EoS starts deviating from −1 at this time, and the
time evolution thereafter depends on the shape of the potential. Therefore, if the
potential has an appropriate shape, the transition of EoS from wϕ ∼ −1 to wϕ > 0
is realized.

To discuss the realization of EDE by a scalar field in detail, let us assume the
extended pseudo Nambu-Goldstone boson (PNGB) potential

V (n)(ϕ) = Λ4
(n)

(
1 + cos

ϕ

f

)n
(n ∈ Z, n ≥ 1), (3.14)
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which is discussed in Ref. [73]. The parameters Λ(n) and f have mass dimension
1. The PNGB potential is considered to be generated by non-perturbative effects
such as instanton expansion and interpreted as the result of the spontaneous
breakdown of approximate global symmetries. The parameter f corresponds to
the symmetry breaking scale. The energy scale Λ(1) corresponds to the dynamical
scale of the non-perturbative effects, and the n ≥ 2 contributions are generated
through higher-order instanton effects. In general, the potential for ϕ can be
expressed as V (ϕ) =

∑
n V

(n)(ϕ). Since Λ(n)/Λ(1) ≪ 1 is naturally expected if
Λ(1) is more suppressed than some ultra-violet cutoff scale [132, 133], the n = 1
contribution is usually dominant, i.e., V (ϕ) ≃ V (1). However, if there is some
mechanism by which the n = 1 potential cancels, it is possible that the n = 2 is
the leading contribution. Similarly, there is a possibility that V (n) is dominant for
some reason, so we consider here the general case V (ϕ) ≃ V (n).

Figure 3.2: The PNGB type potential V (n)(ϕ) in Eq. (3.14). ϕini is the initial value
of the EDE scalar and φ(t) represents the deviation from ϕini. After
the scalar rolls down the potential, it oscillates around ϕmin. ϕ̃(t) is the
deviation from this minimum.

Now, we discuss the conditions that must be satisfied for the scalar with the
PNGB potential to give an EDE. Let ϕini be a initial value of ϕ(t) (Fig. 3.2). In
the epoch z ≫ zEDE, the scalar is almost frozen in the potential due to the Hubble
friction. In the slow-roll phase, the energy density of the field is approximately
given by ρϕ ≃ V ≃ Λ4

(n), which has to account for a few percent of the total energy
density of the universe at zEDE. Since the typical scale of energy density at that
period is ρ(zEDE) ∼ (1 eV)4, the scale of the PNGB potential must be

Λ(n) ∼ 1 eV. (3.15)
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Next, we obtain another constraint on the potential from the condition for the
transition to the fast-roll phase to occur at the appropriate timing. Let φ be the
deviation from the initial value ϕini and write ϕ = ϕini +φ. We assume ϕini/f ≪ 1
just for simplicity and derive the EoM for the fluctuation. In the slow-roll phase,
the first term in Eq. (3.13) can be ignored, and the EoM can be expressed as

1

t
φ̇ =

Λ4
(n)

f 2
φ, (3.16)

in the lowest order of φ. We used H(t) ∼ 1/t and ignored an unimportant O(1)
factor. The solution of this equation is

φ = ϕini exp

(
Λ4

(n)

2f 2
t2

)
∼ ϕini exp

(
Λ4

(n)

f 2H2(t)

)
, (3.17)

from which one finds that φ begins to deviate from ϕini rapidly when Λ4
(n)/f

2 =

H2. The fast-roll has to start at zEDE, so using H(zEDE) =
√
ρ(zEDE)/(3M2

P) ∼
10−28 eV and Eq. (3.15) yields a constraint on f as

f ∼ 1028 eV ∼MP. (3.18)

Finally, we discuss the condition for wϕ > 0 in z ≤ zEDE. The scalar falls down
to a minimum ϕmin and oscillates around this point. The EoS also oscillates with
the oscillation of the field, and its time-averaged value depends on the shape of the
potential. Around a minimum (e.g., ϕ = π), the extended PNGB potential (3.14)
is expanded as

V (n)(ϕ̃) ≃
Λ4

(n)

2n
ϕ̃2n, (3.19)

where ϕ̃ is the deviation from the minimum. For large values of n, the potential
becomes flat, the period when the kinetic term becomes dominant in the EoS is
extended, and the mean value of wϕ approaches 1. It is known that the time-
averaged value is approximately given by

⟨wϕ⟩ =
n− 1

n+ 1
, (3.20)

in the oscillating phase [134]. Therefore, for the energy density ρϕ to decrease
faster than ρm, n ≥ 2 is required [79]. In the n = 2 case, ⟨wϕ⟩ ∼ 1/3 holds
during the oscillation, and ρϕ behaves like ρr. Thus, the EDE scenario with
the n = 2 potential and models with extra radiation components, which modify
Neff [41,135–137], are partly degenerate in their predictions. A novel and minimal
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setting occurs in the n = 3 case, which is suggested to be the most effective in
addressing the Hubble tension in the analysis presented in [73].

We have obtained three conditions: (1) on the scale of the potential Λ(n) ∼
1 eV, (2) on the symmetry breaking scale f ∼ MP, and (3) on the shape of the
potential, requiring n ≥ 2 for oscillating scenarios. Similar arguments can also be
made for other potentials, and we get restrictions on their parameters. The EDE
scalar with such properties is expected to be naturally explained from a theoretical
particle physics point of view. However, the potential looks challenging to realize
from models of particle physics. First, the potential scale ∼ 1 eV is very small,
and it seems difficult to derive this tiny scale from typical BSMs. In addition,
there is a vast hierarchy between Λ(n) ∼ 1 eV and f ∼ MP, which implies an
underlying mechanism that controls the potential. Ultralight axions can have
potentials with hierarchical mass scales [132], and they have been proposed as
possible candidates for the EDE scalar [73,74,79]. However, the PNGB potential
usually has the n = 1 contribution and does not satisfy the third condition n ≥ 2,
and therefore, can not realize the dilution of the EDE energy density. Thus, if an
axion-like particle is identified as the EDE scalar, an unknown mechanism, which
ensures that n ≥ 2 contributions dominate in the potential, is required. Natural
scenarios should account for the suppression of the n = 1 contribution without
fine-tuning. It does not appear to be easy to construct a model that satisfies all
three conditions.

In the next chapter, as an alternative to the axion case, we point out that
the scalar potential suitable to the EDE scenario appears in models incorporating
a compact extra dimension. An extra-dimensional component of gauge fields
naturally has a potential adequate to realize the EDE.
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Chapter 4

Early Dark Energy from a 5D
Abelian Gauge Theory

In this chapter, we propose a model of EDE based on a higher-dimensional gauge
theory. We identify the zero-mode of the extra component of the gauge field in
a 5D U(1) gauge theory defined on a M4 × S1 spacetime as the EDE scalar and
examine the possibility that the dynamically generated effective potential has the
suitable properties discussed in the previous chapter. In Sec. 4.1, we present a
setup of a higher-dimensional gauge theory that we consider as the origin of EDE
in this study. Then, based on the discussion in Chap. 3, we discuss the conditions
that the parameters in our model must satisfy in order to explain EDE. In Sec. 4.3,
we show concrete examples that realize the EDE potential and check the behavior
of the system numerically. Finally, in Sec. 4.4, we briefly summarize the study
and provide some discussions.

4.1 EDE Model Based on a 5D U(1) Gauge The-

ory with Matter Fields

This paper considers a 5D U(1)D gauge theory, the simplest higher-dimensional
gauge theory, and examines the possibilities that Ay gives EDE. The extra-
dimension is assumed to be compactified to S1 or S1/Z2. In addition to the
gauge field, we introduce Nf flavors of 5D Dirac fields ψm (m = 1, . . . , Nf ) and
Nb flavors of 5D scalar fields ϕm (m = 1, . . . , Nb). All the fields are independent
of the SM sector and neutral under the SM gauge symmetry, and all the SM fields
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are singlets under the U(1)D gauge symmetry. That is, we consider the action

S =

∫
d4x

∫ 2πR

0

dy(Lg + Lφ), (4.1)

Lg = −1

4
FMNF

MN , FMN = ∂MAN − ∂NAM , (4.2)

Lφ =

Nf∑
m=1

ψ̄m(iΓMDM −Mψm)ψm +

Nb∑
m=1

[
|DMϕm|2 −M2

ϕm |ϕm|
2
]
, (4.3)

as a dark sector. The covariant derivative for φ = (ψ1, . . . , ψNf , ϕ1, . . . , ϕNb) is
defined by DM = ∂M − iqφgDAM , where gD is the 5D gauge coupling and qφ(∈ Z)
is the U(1)D charge of φ. In the S1/Z2 case, as mentioned in Sec. 2.7, the bulk
mass for the fermion Mψm must be replaced by ϵ(y)Mψmψ̄ψ for the Z2 parity. In
general, the bulk mass Mφ can be different for each field, but we assume that
all matter fields have the same bulk mass M for simplicity. We will discuss the
different mass case in the end of Sec. 4.3.

We must specify the boundary conditions for the gauge, Dirac, and scalar
fields. The boundary condition for the gauge field is chosen so that the zero
mode of Ay remains in the 4D effective theory. Namely, we assume the periodic
boundary for the S1 case and the conjugate boundary condition for the S1/Z2

case. Only in the the S1 case, Aµ has a zero mode and the U(1)D gauge field
remains in the 4D effective theory. For the Dirac and scalar fields, the boundary
conditions for those fields are assumed to be periodic ,i.e.,

φ(y + 2πR) = φ(y). (4.4)

Thus, the mass spectra of the matter fields take the form of (2.58) with ηφ = 0.

4.2 Effective Potential and EDE conditions

As explained in Chap. 2, A
(0)
y has no potential at tree-level, but an effective

potential is generated through quantum interactions between the matter fields.
The contribution from φ is given by Eq. (2.61). In this study, we assume that the
bulk mass M is larger than the compactification scale Mc, i.e., M > Mc. In this
case, the potential contribution is approximately written as

∆Vφ(θ5) ≃
nφM

2M2
c

4π2
e−M/Mc cos(qφθ5). (4.5)

The factor nφ takes 4 (−2) if φ is a 5D fermion (complex scalar) for the S1 case,
whereas nφ takes 2 (−1) for the S1/Z2 case. The exponential factor e−M/Mc , which
represents the suppression of nonlocal interactions due to the bulk mass, plays an
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important role in this scenario. As mentioned in Chap. 2, the scale of the effective
potential is M4

c for M = 0. Thus, it is difficult for the effective potential to be a
suitable EDE potential for Mc ≫ 1 eV. However, for M ̸= 0, the factor e−M/Mc

lowers the scale of the effective potential and allows it to be the EDE scale. In our
model, it is possible to obtain the EDE potential from the BSM scale naturally.

While not discussed in Chap. 2, additional contributions to the effective po-
tential can arise through 5D gravitational interactions, which may change the
potential structure in Eq. (2.61). However, since the effective potential for A

(0)
y

is generated by non-local interactions, such quantum gravity correction is ex-
pected to be suppressed by the factor e−M5/Mc , where M5 is the 5D Planck mass
parameter and related to the 4D Planck mass MP as M3

5 = McM
2
P. Thus, if

M5 > M , the contribution from gravity is more suppressed compared to that
from the matter field, which is suppressed by e−M/Mc . In this case, the matter
contributions are dominant, and the one-loop effective potential for θ5 is given by
V (θ5) =

∑
φ ∆Vφ(θ5).

Based on the above discussions, we study the constraints for the mass param-
eters in this scenario. To obtain the potential (4.5) as the dominant contribution,
the condition

Mc < Mφ < M5, (4.6)

has to be satisfied. Using M3
5 = McM

2
P, it can be rewritten as

1 <
Mφ

Mc

<

(
MP

Mc

)2/3

. (4.7)

For a given value of the Mc, which is a free parameter in this model, this condition
determines the allowed range of the bulk mass M . We show the allowed region in
Fig. 4.1. The horizontal and vertical axes represent Mc/MP and Mφ/Mc, and the
white area corresponds to the region where the condition (4.7) is satisfied. On the
other hand, the blue (red) shaded region is not consistent with the first (second)
inequality in Eq. (4.7).

Let us examine the typical value of the parameters that give the required en-
ergy scale for EDE discussed in Sec. 3.2. When the potential is given by Eq. (3.14),
the typical values of the mass parameters must be Λ(n) ∼ 1 eV and f ∼ MP for
the scalar to give EDE. Our potential is equivalent to the PNGB type potential
with n = 1, and, if we ignore O(1) factors such as nφ and qφ,

V0 =
M2M2

c

4π2
e−M/Mc , (4.8)

and g̃D/Mc correspond to Λ4
(n) and f−1, respectively. Therefore, we obtain the
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Figure 4.1: The allowed range of the mass parameters in the scenario where the extra-
dimensional gauge field is identified as the EDE scalar. The blue shaded
region is inconsistent with the first inequality in Eq. (4.7), where a PNGB-
like potential (4.5) with a suppressed energy scale suitable for the EDE
scalar potential can not be obtained. The red shaded region is inconsistent
with the second inequality in Eq. (4.7), where the gravitational corrections
to the potential are not safely neglected. The solid (black) and dashed
(red) lines correspond to the solution of Eq. (4.10) for a given Mc/MP.

following constraints:

M2
φM

2
c

4π2
e−Mφ/Mc ∼ (1 eV)4, g̃D ∼ Mc

MP

. (4.9)

The first condition can be solved for Mφ/Mc, and the solution is given by

Mφ

Mc

= −2Wk

(
−10−54

2

(
Mc

MP

)−2
)

, (4.10)

where Wk (k = −1, 0) is the Lambert W function. This equation gives a typical
scale of M for a given Mc. We show the solution (4.10) in Fig. 4.1. As the figure
shows, only the k = −1 solution is consistent with the constraint in Eq. (4.6).
From Fig. 4.1, one finds that a wide range of the compactification scale is allowed
for the present scenario with Mc/MP ≲ 10−3. In most of the allowed regions, the
ratio of the bulk mass to the compactification scale is Mφ/Mc ∼ O(100). This
result is consistent with the approximation made to obtain the expression (4.5),
which neglects the ℓ ≥ 2 contributions.
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The second relation in Eq. (4.9) implies another advantage of our scenario.
The PNGB potential has the problem that the symmetry breaking scale f must
be the 4D Planck scale. On the other hand, in our model, it is replaced by the
condition for the 4D gauge coupling g̃D, and therefore, the unnatural mass scale
problem does not arise in our model. The 4D gauge coupling constant g̃D is
determined by Mc/MPand g̃D ≲ 10−3 in the allowed region. Such a small value of
g̃D is consistent with the perturbative evaluation and the one-loop approximation
of the effective potential in Eq. (2.61).

As discussed in Chap. 3.2, for the energy density of the EDE scalar to dilute
faster than that of the background non-relativistic matter, the EDE potential
must be expanded as ϕ̃2n (n ≥ 2) around the minimum where the scalar eventually
oscillates. This condition yields constraints on the U(1)D charges and numbers of
the scalar and Dirac fields in the 5D theory. To illustrate this, let us express the
full effective potential for θ5 as

Veff(θ5) = − V0
∑
φ

nφ [1 − cos(qφθ5)] , (4.11)

where we have introduced a constant contribution to the potential in order to
set the minimum value of the potential zero. The phase of the Wilson line θ5
is hereafter referred to as the EDE phase. This potential has an extremum at
θ5 = 0, so let us expand Veff(θ5) around this point as

Veff(θ5) ≃ V0

∞∑
k=1

(−1)k

2k!

(∑
φ

nφq
2k
φ

)
θ2k5 . (4.12)

For the expansion to start from the term ∝ θ2n5 , the condition∑
φ

nφq
2k
φ = 0, (4.13)

must be satisfied for k = 1, . . . , n − 1. In addition, the coefficient of the leading
term must be positive for the point to be a local minimum, so∑

φ

nφq
2k
φ > 0, (4.14)

also has to be satisfied. For a given set of fields φ with charge qφ, these conditions
give constraints for nφ. If there exist solutions to the (n−1) simultaneous algebraic
equations (4.13) that satisfy the condition (4.14), then the potential ∝ θ2n5 can
be realized. The value of nφ in the solution must also be consistent with the fact
that nφ represents the degrees of freedom of φ.
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The simultaneous equations (4.13) are solvable in general. Let us denote the
bulk scalars or fermions whose charges are qi by φi (i = 1, . . . , n), where |qi| ̸= |qj|
for i ̸= j. In addition, let |di| be the sum of the degrees of freedom of φi, where
di < 0 (di > 0) for scalars (fermions). If there exist n different bulk fields with
different charges, the set of equations (4.13) has the solution given by

di
dj

= −
q2j
q2i

n∏
k=1
k ̸=i,j

q2j − q2k
q2i − q2k

(i ̸= j), (4.15)

as shown in Appendix B.1. The charges qi must be chosen such that Eq. (4.14)
is satisfied and di is an appropriate value for the sum of the degrees of freedom.
Specific setups that satisfy all of these conditions are given in the next section.
In such setups, the effective potential around θ5 = 0 is approximately written as

Veff(θ5) ≃ V
(n)
eff (θ5) = − V0

(2n)!
djq

2
j

 n∏
k=1
k ̸=j

(q2k − q2j )

 θ2n5 + O(θ2n+2
5 ), (4.16)

which holds for any j.
In our scenario, the third condition n ≥ 2 for the EDE potential, which is nec-

essary to realize the energy density dilution faster than that of the non-relativistic
matter, can be satisfied by appropriately assuming bulk matter contents that sat-
isfy the conditions (4.13) and (4.14). This model can explain the origin of the
flatness of the EDE potential around its minimum. In addition, since the con-
strained parameters are the degrees of freedom nφ and the charge φ, this scenario
does not need any fine-tuning for the cancellation of lower-order terms. This point
is also an advantage of our model.

So far, we have assumed the periodic boundary conditions (4.4) for the bulk
matter fields. If we assume the anti-periodic boundary condition ηφ = 1/2 for φ,
the cosine in the effective potential (4.5) changes as cos(qφθ5) → cos(qφθ5 − π) =
− cos(qφθ5), which effectively corresponds to exchanging the sign of the fermionic
and bosonic contributions, i.e., nφ → −nφ. Thus, if we change the boundary
conditions of all fields from periodic to anti-periodic, the sign of the left-handed
side of Eq. (4.14) flips. Therefore, bulk matter contents with periodic boundary
conditions that satisfies Eq. (4.13) but not Eq. (4.14) can satisfy both of them
with anti-periodic conditions.

In this section, we have considered the 5D U(1) gauge theory (4.1) as the origin
of the EDE scalar. The 5D component of the gauge field Ay in the 5D dark sector

is identified as the EDE scalar. The effective potential for A
(0)
y can be a suitable

EDE potential without the unnatural mass scale problems discussed in Sec. 3.2. In
our model, the compactification scale of the extra dimension Mc must be smaller
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than O(10−3MP). The conditions for the potential to be an appropriate EDE
potential determine the order of the 4D gauge coupling g̃D and the bulk mass M .
For g̃D ∼Mc/MP and Mφ/Mc ∼ O(100), A

(0)
y begins to roll down in the potential

at zEDE and its energy accounts for O(1)% of the total energy in the universe at

that time. In addition, the energy density of A
(0)
y should decrease faster than that

of the matter in the late universe. This behavior can be realized when the charges
and degrees of freedom satisfy Eqs. (4.13) and (4.14). Therefore, we can conclude
that this model can naturally realize the EDE potential.

4.3 Explicit Examples and Numerical Results

In this section, we provide two specific models where n = 2 and n = 3 effective
potentials are realized and examine the behavior of these systems numerically.
The n = 2 potential ∝ θ45 is realized by the bulk matter content consisting of
eight complex scalars with charge q1 and a 5D fermion with q2 = 2q1 or −2q1. We
refer to the above case as the n = 2 model hereafter. The bulk matter content
consisting of 15 complex scalars with charge q1, a complex scalar with charge
q2 = 3q1 or −3q1, and three 5D fermions with charge q3 = 2q1 or −2q1 realizes the
n = 3 effective potential. We call this setup the n = 3 model.

Let us discuss the time evolution of the EDE phase θ5 and its energy density
ρθ5 in the above setups. In a 4D low-energy effective theory, ⟨A(0)

y ⟩ is a canonically
normalized scalar field and obeys the same equation of motion as Eq. (3.13). It

can be rewritten as the equation of motion for θ5 = 2πRg̃D⟨A(0)
y ⟩:

θ̈5 + 3H(t)θ̇5 + (2πR)2g̃2D
dVeff(θ5)

dθ5
= 0. (4.17)

For given Veff(θ5) and initial conditions for θ5 and θ̇5, the time evolution of the
EDE phase is determined by this equation. We denote the EoS by wθ5 and the
energy density parameter by Ωθ5(z) = ρθ5(z)/ρ(z). The total energy density
ρ(z) is given by Eq. (3.3), and ρϕ(z) is now replaced by ρθ5(z). If the potential
behaves as Veff(θ5) ∝ θ2n5 around its minimum, the time average of wθ5 during the
oscillation phase is well approximated by the right-hand side in Eq. (3.20).

For a given compactification scale and matter content, the time evolution of
the EDE phase depends on g̃D and M . From Eq. (4.8), one finds that the bulk
mass determines the energy scale of Veff(θ5). On the other hand, g̃D is irrelevant
to the potential but affects the time evolution of the system through the equation
of motion (4.17). As discussed in Sec. 3.2, θ5 is initially frozen in its potential
due to the Hubble friction and starts to roll down the potential when the friction
gets weak enough. From the equation of motion (4.17), one finds that g̃D affects
the magnitude of the contribution of the potential term. If g̃D is increased, the
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effect of the Hubble friction term is relatively diminished, and vice versa. Thus,
the value of g̃D controls the time when the fast roll starts. We will discuss later
the parameter dependence in detail.

To examine dynamics of the EDE phase, we numerically solve the EoM (4.17)
in the n = 2 and 3 models. We set q1 = 1 and initialize the system at t =
t0, where z(t0) = 1042. The EDE accounts for only a few percent of the total
energy of the universe at most, so we assume that the expansion of the universe is
determined by the other energy elements. In the following analysis, we consider a
matter-dominated universe where the Hubble parameter scales as H(t) = 2/(3t)
to simplify the analysis. For z ≤ zeq ≃ 3400, our universe is well approximated by
this treatment. In the radiation-dominated era, the Hubble parameter scales as
H(t) = 1/(2t), and the difference from the scale in the matter-dominated era is
just the O(1) factor. Therefore, our approximation is sufficient to understand the
qualitative behavior of the EDE phase in both the matter-dominant and radiation-
dominant eras.

As discussed in Sec. 4.2, the orders of the gauge coupling g̃D and bulk mass M
are determined for a given Mc. The precise values of these parameters are chosen
so that the start of the fast-roll and the values of Ωθ5 at that moment match
between the n = 2 and n = 3 models to facilitate a comparison. We show the
parameters and initial conditions for the EDE phase used in the following analysis
in Table 4.1.

Table 4.1: The parameters and initial conditions for the EDE phase used in the nu-
merical analysis.

model Mc/MP M/Mc g̃D θ5(t0) θ̇5(t0)
n = 2 1.0 × 10−6 212.5 6.95 × 10−6 π/2 0
n = 3 1.0 × 10−6 213.1 5.00 × 10−6 π/2 0

In Fig. 4.2, we show the effective potential V̄eff(θ5) normalized so that its
maximal value is one. The dashed (solid) line represents the potential in the n = 2
(n = 3) model. Around θ5 = 0, the potential is almost flat and approximately
written as the polynomial form Veff(θ5) ∝ θ2n5 . The n = 3 potential is flatter than
the n = 2 one in this region. The time-evolution of θ5 in the potential is shown
in Fig. 4.3. In both the n = 2 (dashed line) and n = 3 (solid line) cases, for
z ≳ 4000, θ5 is frozen due to the Hubble friction. At z ∼ 4000, θ5 starts to roll
down and then oscillates around θ5 = 0.

We show the EoS wϕ in Fig. 4.4 and the energy density parameter Ωθ5 in
Fig. 4.5. From Fig. 4.4, we see that the EoS is constant wθ5 ≃ −1 for z ≳ 4000 in
both cases. The EoS deviates from −1 around z ∼ 4000 and begins to oscillate
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Figure 4.2: The effective potential for θ5. The potential is normalized as V̄eff(θ5) =
Veff(θ5)/Veff(π). The dashed (solid) line corresponds to the n = 2 (n = 3)
case. It shows that the potential is flat around θ5 = 0, where the potential

is approximately written as Veff(θ5) ≃ V
(n)
eff (θ5) ∝ θ2n5

due to the oscillation of θ5 around the minimum of the potential. For the n = 3
case, the EoS takes wθ5 ≃ 1 relatively longer than in the n = 2 case, as expected
from Eq. (3.20). It can be seen from Fig. 4.5 that the energy of θ5 gives a few
percent contribution to the total energy of the universe around z = 4000. Before
z ∼ 4000, ρθ5 decays more slowly than the background matter and radiation
energy densities since wθ5 < wm < wr in this phase. Then, around z = 4000, the
EDE begins to dilute due to the transition of the EoS from wθ5 ≃ −1 to ⟨wθ5⟩ > 0.
The dilution of Ωθ5 is faster in the n = 3 case than in the n = 2 case, as expected
from the behavior of the EoS.

Let us discuss the parameter dependence of the time evolution of the system
in detail. As discussed above, changing the gauge coupling g̃D does not affect
the scale of the potential. Therefore, the energy density parameter in the slow-
roll phase given by the ratio of ρθ5 ≃ V0 to the total energy density is irrelevant
to the value of g̃D. On the other hand, g̃D affects the value of zmax when the
energy density parameter takes maximum and the fast-roll starts, and therefore,
the value of the energy density parameter at this moment Ωmax changes. To see
how Ωmax depends on g̃D, the discussion in Sec. 3.2 is helpful. The beginning
of the fast-roll zmax corresponds to the time when the exponent in Eq. (3.17)
reaches ∼ 1. Since Λ4

(n) and f correspond to V0 and Mc/g̃D in our model, the

relation V0 ∼ (Mc/g̃D)2H2(zmax) holds. Using V0 ≃ ρθ5(zmax) and the fact that
the Hubble parameter is related to the total energy density of the universe as
3M2

PH
2(zmax) = ρ(zmax), we find that Ωmax ∝ 1/g̃2D and Ωmax do not depend on
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Figure 4.3: The time evolution of θ5 as a function of the redshift. The dashed (solid)
line represents the n = 2 (n = 3) case. For z ≳ 4000, θ5 is frozen in the
potential due to the Hubble friction. For z ∼ 4000, θ5 begins fast-roll in
its potential and finally oscillates around the potential minimum θ5 = 0.

V0. This result indicates that the parameter g̃D specifies at what value of Ωθ5 the
fast-roll occurs. If the value of g̃D is large, the fast-roll occurs early, and the value
of Ωmax becomes small.

The bulk mass M , which determines the scale of the effective potential, affect
both the energy density parameter at the slow-roll phase ρθ5 ≃ V0 and the time
when the fast-roll occurs. A larger value of M results in a smaller value of ρθ5
during the slow-roll phase and a later start of the fast-roll , i.e., a smaller value of
zmax. However, since Ωmax is independent of V0, changing the value of M while
keeping g̃D fixed does not change Ωmax.

To check the parameter dependence, we numerically study the n = 3 model
in more detail. First, we vary the value of g̃D while keeping the bulk mass M
unchanged. The upper graph in Fig. 4.6 shows the time evolution of ρθ5 for
g̃D = 2.5 × 10−6 (blue line), 5.0 × 10−6 (red dashed line) and 10 × 10−6 (green
dotted line). As explained, the energy density before z ∼ 4000 is independent of
g̃D and does not change if we vary g̃D. On the other hand, zmax depends on g̃D. If
g̃D increases, zmax also increases, in other words, the fast-roll of θ5 starts earlier.
The lower graph in Fig. 4.6 shows how the energy density parameter Ωθ5 depends
on the coupling constant g̃D. The smaller g̃D and the later the fast-roll begins, the
larger the maximum value of the density parameter Ωmax becomes. This behavior
is consistent with the above discussion.

Next, we vary the value of M while keeping the value of g̃D unchanged. The
upper and lower graphs in Fig. 4.7 show the bulk mass dependence of ρθ5 and
Ωθ5 respectively. From Eq. (4.11), we see that a larger M suppresses the energy
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Figure 4.4: The time evolution of the EoS wθ5 as a function of the redshift. The n = 2
and n = 3 cases correspond to the dashed and solid lines, respectively.
For z ≳ 4000, θ5 has wθ5 ≃ −1 and gives dark energy. When θ5 starts to
oscillate, wθ5 also begins to oscillate. One finds that the wθ5 > 0 period
is longer than the wθ5 < 0 one. Thus, the time-averaged value of wθ5
satisfies ⟨wθ5⟩ > 0.

density in the dark energy phase. On the other hand, the maximum value of
the energy density parameter Ωmax is independent of the bulk mass. This is also
consistent with the above discussion.

Finally, the relation between the value of (g̃D,M) and the value of (zmax,Ωmax)
is shown in Fig. 4.8. Smaller values of the coupling constant and bulk mass increase
both zmax and Ωmax. If precise constraints on zmax and Ωmax are obtained from
future measurements, we may find implications for the fundamental parameters
g̃D and M/Mc in our model by using the relation shown in Fig. 4.8. Note that,
in a region where Ωmax takes a relatively large value, the approximation by the
matter-dominated universe may be worse because ρθ5 affects the expansion of the
universe in such region. To obtain a more accurate result, a complete treatment
of the Friedmann equation is required, which is left for future work.

It is possible to roughly estimate the H0 value predicted in this scenario by
evaluating the sound horizon. Ignoring the tiny difference in the value of D(z∗)
between ΛCDM and the EDE model, the ratio of the Hubble constants of these
models is given by

HEDE
0

HΛCDM
0

=
rΛCDM
s,∗

rEDE
s,∗

, (4.18)

where Hx
0 and rxs,∗ (x = ΛCDM,EDE) denote the Hubble constant and the sound

horizon in each model. As shown in Sec. 3.1, the value of the sound horizon is
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Figure 4.5: The time evolution of the energy density parameter Ωθ5 . The horizontal
axis corresponds to the redshift. The dashed and solid lines represent the
n = 2 and n = 3 models, respectively. In the slowly-rolling phase z ≳ 4000,
and the energy density of ρϕ is constant while those of the background
non-relativistic matter and radiation dilutes. Thus, the energy density
parameter increases in this phase. For z < 4000, since the EoS becomes
⟨wθ5⟩ > 0, Ωθ5 dilutes. The dilution is more efficient for the n = 3 case.

rΛCDM
s,∗ = 144 Mpc for the ΛCDM. We can evaluate rEDE

s,∗ by adding ρθ5 to the
energy density in Eq. (3.4). To include the effects of the relativistic matter, we
use the relation

t(z) =
2

3H̄0

1

Ωm,0h2

[
1

1 + z

√
Ωr,0h2 +

Ωm,0h2

1 + z

− 2Ωr,0h
2

Ωm,0h2

(√
Ωr,0h2 +

Ωm,0h2

1 + z
−
√

Ωr,0h2

)]
,

(4.19)

that holds in the matter- and radiation-dominant universe to rewrite ρθ as a
function of z. The effect of Ωθ5 is neglected in this relation. For Ωm,0 and Ωr,0, we
use the values shown in Sec. 3.1. We need ρθ5h

2 to evaluate the sound horizon for
the EDE case, so we assume h = 0.7 for this term. Under these approximations, we
evaluate the right-hand side of (4.18). For the n = 3 model with g̃4 = 2.95× 10−6

and M/Mc = 213.1, giving (zmax,Ωmax) ∼ (2500, 0.10), we obtain

HEDE
0

HΛCDM
0

≈ 1.05. (4.20)

Using the value HΛCDM
0 = 67.4 km s−1Mpc−1 yields HEDE

0 = 70.8 km s−1Mpc−1.
We need a detailed analysis including cosmological perturbations without the
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Figure 4.6: The upper and lower graphs show the g̃D dependence of the energy density
ρθ5 and the density parameter Ωθ5 , respectively. The other parameters
are chosen as the n = 3 case in Table 4.1. The 4D gauge coupling g̃D
determines when the fast-roll of θ5 starts. The larger the value of g̃D, the
earlier the fast-roll begins, and the peak value of the energy density, Ωmax,
is suppressed.

approximations used so far to obtain a more accurate value for H0 and also discuss
the consistency with measurements. Such analysis could distinguish our model
from other solutions to the Hubble tension, which is left for future studies.

We have analyzed the time evolution of the EDE phase by using the leading
effective potential in Eq. (4.11). To obtain the potential, we have ignored the ℓ ≥ 2
terms in Eq. (2.61), which are suppressed by e−ℓM/Mc . These terms could contain
the lower order terms in θ5 canceled by the condition (4.13) and could change the
behavior of the system. In addition, the potential (2.61) itself is obtained in the
one-loop approximation. There are two-loop effects to the leading potential as
subleading corrections. For completeness, we need to discuss these higher-order
corrections.
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Figure 4.7: The bulk mass M dependence of the energy density ρθ5 (upper panel) and
the energy density parameter Ωθ5 (lower panel). The other parameters are
chosen as the n = 3 case in Table 4.1. The larger the value of M , the later
the dilution of the energy density occurs, while Ωmax remains unchanged.

In our model, the behavior of ρθ5 for z > zEDE is mainly determined by the scale
of the effective potential for the EDE phase. Thus, the higher-order corrections
hardly affect the time evolution for the system for z > zEDE. On the other hand,
for z < zEDE where θ5 is oscillating around the potential minimum, the time
evolution of the EDE phase is sensitive to the shape of the potential. For example,
in the n = 2 model, the leading potential is expanded as Veff(θ5) ∝ θ45 around the
minimum, which realizes ⟨wθ5⟩ = 1/3 in the oscillation phase. If the higher-
order corrections include θ25-proportional terms, the potential structure around
the minimum changes.

To discuss the effect of the corrections in more detail, we consider the case
where the leading potential Veff(θ5) ∝ θ2n5 receives a higher-order correction δV (m) ∼
O(θ2m) (n > m ≥ 0). The potential including this correction can be parametrized

48



Chapter 4. Early Dark Energy from a 5D Abelian Gauge Theory

0 2000 4000 6000 8000 10000
0.001

0.005

0.010

0.050

0.100

0.500

Figure 4.8: The predicted values of zmax and Ωmax as functions of g̃D and M/Mc.
The solid vertical lines represent the case with fixed bulk mass and the
dashed horizontal lines represent the case with fixed coupling constants.
The fixed values are shown next to each line. The three intersections of
the cyan dashed line and solid lines correspond to the peaks that appeared
on the right in Fig. 4.7, and the three intersections of the red solid line
and dashed lines correspond to the peaks that appeared on the right in
Fig. 4.6.

as

Veff(θ5) + δV (m) ∝ θ2n5 + ϵθ2m5 = θ2n5

[
1 +

(
θC
θ5

)2(n−m)
]
, (4.21)

where ϵ is the relative size of the correction to the leading contribution, and we
defined the critical value θC = ϵ1/[2(n−m)]. The second term, which represents
the contribution of the correction, significantly affects the potential only in the
|θ5| ≤ θC region. In the |θ5| ≥ θC region, this contribution is negligible, and the
potential behaves as Veff(θ5) ∝ θ2n5 . Therefore, if θC is small enough, the potential
takes the form of θ2n5 over a wide range, and the time evolution is expected not
to change significantly. Indeed, we have numerically checked that the corrections
with θC ≲ 10−2 hardly change the results of our numerical analysis.

Let us estimate the typical value of θC in our model. The two-loop effect is
expected to be suppressed by the factor |ϵ| ∼ g̃2D/(4π

2) compared to the one-loop
contribution. The value of ϵ is conservatively smaller than 10−10 in our numer-
ical calculations with g̃D ∼ 10−6. Thus, we obtain θC ∼ [g̃2D/(4π

2)]1/[2(n−m)] ≲
10−10/[2(n−m)] for this setup, and 10/[2(n −m)] > 2 has to be satisfied to obtain
θC ≲ 10−2. This condition is naturally satisfied for the n = 2 and 3 cases, even for
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m = 1. On the other hand, for n ≥ 4, our scenario may be disturbed by the two-
loop effects. Since the order of the gauge coupling is determined as g̃D ∼Mc/MP,
assuming smaller values for the compactification scale would justify models with
larger n. The ℓ ≥ 2 contributions in the effective potential are strongly suppressed
by |ϵ| ∼ e−Mφ/Mc ∼ e−100 ∼ 10−44, therefore they barely affect the time evolution
of the system.

Finally, we comment on the effects of non-degenerate bulk masses. In the
above analysis, we have assumed that all of the bulk matter fields have the same
bulk mass M . However, in general, they can have different bulk masses if there
are no underlying symmetries restricting the bulk mass. If such non-degeneracy
exists, the bulk mass of a field φ can be expressed by M + ∆Mφ, where M is the
typical bulk mass scale. If bulk masses of some fields are much larger than those
of other fields, contributions from the heavy fields are much more suppressed and
can be ignored. Therefore, we consider the case where the difference in the bulk
masses is small, i.e., |∆Mφ/M | ≪ 1 is satisfied for all fields. In this case, the
effective potential (4.11) is modified to

Veff(θ5) = −V0
∑
φ

ñφ[1 − cos(qφθ5)], (4.22)

where we defined the effective degrees of freedom of φ by

ñφ = e−ℓ∆Mφ/Mcnφ. (4.23)

Therefore, in this case, the condition (4.13) constrains the values of ñφ. Since the
bulk mass is a continuous parameter and greatly affects the value of ñφ, fine-tuning
is necessary to realize the cancellation of the lower order terms in the effective
potential for θ5. Except for this unnaturalness problem, our model also works in
the non-degenerated bulk mass case.

4.4 Discussion and Summary

In this chapter, we have shown that the extra-dimensional component of the
gauge field in a 5D U(1)D gauge theory can be the EDE scalar, whose energy
density can alleviate the Hubble tension. The Wilson line phase associated with
the zero mode of the extra component Ay has a dynamically generated PNGB
type potential. The effective potential is able to satisfy all conditions for the
EDE potential discussed in Chap. 4 by properly choosing the parameters of the
theory. In our scenario, Mc, the compactification scale of the extra dimension, is
smaller than O(10−3MP). The scale of the mass parameters in the EDE potential,
which was constrained by the first two conditions obtained in Chap. 4, can be
accounted for by setting the gauge coupling constant and the bulk mass of the
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matter field included in the theory appropriately for a given value of Mc. In
addition, by properly choosing the type, number, and charge of matter fields
included in the theory, we can realize the 2n–th (n ≥ 2) polynomial potential
around its minima. We have shown two concrete setups of realizing n = 2 and
n = 3 potentials and demonstrated numerical calculations to check their time
evolution. The results show that EDE can be naturally explained by our model
based on higher-dimensional gauge theories.

More specific 5D gauge theory models may have additional implications for
both cosmological and particle physics models. Our scenario works with models
of S1 or S1/Z2 compactification. Only in the S1 case, the zero mode of the 4D

U(1)D gauge field A
(0)
µ remains massless in the low energy effective theory. This

4D gauge field can play some kind of cosmological role as a dark photon. For
example, if the massless dark photon does not have any interaction with the SM
sector, it gives additional contribution to Neff , which also has been considered as
the solution to the Hubble tension [136, 137]. Alternatively, the dark photon can
be massive through an additional mechanism such as the Stueckelberg mechanism.
If the massive dark photon has some interaction with the SM sector, e.g., a kinetic
mixing to the SM photon, it can be a candidate of dark matter, and the inter-
actions with the SM sector can predict phenomenologically and experimentally
interesting features [138].

In our scenario, the fundamental parameters in the 5D U(1)D gauge theory,
such as the gauge coupling constant, the bulk mass parameters, and the compact-
ification scale, determine the behavior of the system. Thus, the future progress of
cosmological measurements may give constraints and insights into particle physics
models based on higher-dimensional gauge theories. To reveal the validity of our
scenario, further investigations, such as a complete treatment of the Friedmann
equation and analyses of cosmological perturbations, are required. We leave them
as future work.
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Chapter 5

Mass Spectrum of a 6D SU(n)
Gauge Theory with Flux
Background

This chapter treats another study based on the framework of higher-dimensional
gauge theory. As mentioned in Chap. 1, higher-dimensional gauge theories with a
magnetic flux background have a lot of attractive features and have been widely
discussed. In this study, we generalize this setup aiming to further apply it to
phenomenology. In Sec. 5.1, we explain the purpose of this study more clearly.
From Sec. 5.2 to Sec. 5.5, we introduce a pure Yang-Mills theory with a flux
background defined on a M4×T 2 spacetime. In the following three sections 5.6, 5.7
and 5.8, we calculate quadratic terms of the fluctuation around the background.
After deriving the tree-level mass spectrum of the theory in Sec. 5.9, we discuss its
phenomenological implication in Sec. 5.10 and summarize this study in the final
section.

5.1 Objectives and Motivations

As mentioned in Chap. 1, higher-dimensional gauge theories with a magnetic flux
background have a lot of attractive features, which have been widely discussed
and various interesting properties have been revealed. There have been studies
that examine non-abelian gauge theories, such as SU(2) or SU(3), with a back-
ground flux [105, 114, 116, 139, 140]. The background flux taking a direction in
the space of a simply-connected gauge group can make some of the 4D gauge
fields massive and induce a spontaneous gauge symmetry breaking. In addition,
some of those studies have discussed that the background flux yields tachyonic
excitations at a low-energy regime, related to the Nielsen-Olsen instabilities [141].
These tachyonic modes can condensate, which seems to have an impact on vacuum
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structure as examined in superstring models [142,143]. It may give rich phenom-
ena such as further symmetry breaking in a more general field theoretical setup.
For further phenomenological applications of the higher-dimensional gauge theory
with a background flux, comprehensive studies in non-abelian gauge theory are
necessary.

In this chapter, for future applications to GUT and GHU, we examine a general
SU(n) gauge theory with a background flux keeping as much generality as possible.
As a first step to consider such a generalization, this work considers a 6D pure
Yang-Mills theory with a background flux and mainly focuses on clarifying the
complete tree-level mass spectra in low-energy effective theories. We assume a
background that satisfies the classical equation of motion and gives a magnetic
field in a 2D extra space compactified into T 2. In addition, we explicitly perform
a standard Rξ gauge fixing and derive the mass spectra depending on the gauge
parameter ξ, which helps to discuss about physical degrees of freedom at the
low-energy regime.

We also aim to confirm the existence of tachyonic modes and clarify how they
depend on the choice of the background magnetic field. If tachyons exist, their
condensation or stabilization would have to be discussed. Clarifying the properties
of the tachyonic modes is necessary to consider the application of this setup.

5.2 Background Spacetime M4×T 2 and Notation

In this chapter, we consider a 6D gauge theory. The spacetime is assumed
to be M4 × T 2, where M4 and T 2 are the 4D Minkowski spacetime and the
extra-dimensional torus. We denote coordinates on M4 by xµ (µ = 0, 1, 2, 3)
and the ones on T 2 by xm (m = 5, 6), which are also expressed together as
xM (M = 0, 1, 2, 3, 5, 6). To construct T 2, we introduce two shift vectors (L, 0)
and (LτR, LτI) (τR, τI ∈ R, τI > 0), and impose the identification

(x5, x6) ∼ (x5, x6) + n5(L, 0) + n6(LτR, LτI) (n5, n6 ∈ Z), (5.1)

as shown in Fig. 5.1. τR and τI are the parameters describing the moduli space of
the two-dimensional torus, and L parametrizes the size of T 2. Using these param-
eters, the area of the torus is given by VT 2 = L2τI , and (VT 2)−1/2 parametrizes a
typical scale of this theory. In the following, we take L = 1 for simplicity.

It is sometimes convenient to use complex coordinates defined as

z = x5 + ix6, z̄ = x5 − ix6, (5.2)

instead of the real coordinates. The differential operators with respect to the
coordinates are given by

∂z =
1

2
(∂5 − i∂6), ∂̄z =

1

2
(∂5 + i∂6), (5.3)
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(a) Torus (T 2) (b) Identification in Eq. (5.1)

Figure 5.1: Torus assumed as extra-dimensions and identification

and the torus identification is expressed as

z ∼ z + n5 + n6τ, (5.4)

where τ = τR + iτI is a complex moduli parameter. We will often discuss the shift
on T 2, so it is also convenient to introduce the translation operators Tp (p = 5, 6)
that shift the complex coordinates as

T5z = z + 1, T6z = z + τ. (5.5)

The identification (5.4) is rewritten by

z ∼ T n6
6 T n5

5 z. (5.6)

We will express boundary conditions by using these operators.

5.3 Pure Yang-Mills Theory and Boundary Con-

dition

In this chapter, we investigate the properties of the 6D pure Yang-Mills theory
with a background magnetic field. Let AM(xM) ∈ su(n) be an SU(n) gauge field,
where su(n) represents the Lie algebra of the special unitary group SU(n). By
the generators ta (a = 1, 2, . . . , n2 − 1) of the Lie algebra su(n), the gauge field is
expanded as AM = AaM ta. Since we will consider a gauge theory, we also introduce
the covariant derivative

DM = ∂M − igAM . (5.7)
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The action of the pure Yang-Mills theory is

S =

∫
d6x LYM,

LYM = −1

2
Tr(FMNFMN),

(5.8)

where FMN is the field strength defined by

FMN =
i

g
[DM ,DN ] = ∂MAN − ∂NAM − ig[AM ,AN ]. (5.9)

The field strength is also an element of su(n) and can be expanded by the gener-
ators as F a

M ta. The gauge transformation

AM → Agt
M = ΛAMΛ−1 +

i

g
Λ∂MΛ−1 (Λ = Λ(xM) ∈ SU(n)), (5.10)

keeps the action invariant.
As shown in Chap. 2, a single-valued condition for the 6D pure Yang-Mills

Lagrangian yields boundary conditions for the gauge field. Under the shifts (5.5),
the gauge field can change up to a gauge transformation as

AM(Tpz) = Tp(z)AM(z)T †
p (z) +

i

g
Tp(z)∂MT

†
p (z), (5.11)

where xµ is suppressed for notational simplicity and Tp(x
µ, z) ∈ SU(n) (p = 5, 6)

are called twist matrices. AM(z + 1 + τ) can be obtained from AM(z) by two
different ordered shifts, which yields a constraint on the twist matrices. This
condition is expressed as

AM(T6T5z) = AM(T5T6z), (5.12)

from which we obtain the constraint

[T□(z),AM(z)] =
i

g
∂MT□(z), T□(z) = T †

6T
†
5 (z + τ)T6(z + 1)T5(z). (5.13)

As shown below, there appear to be additional constraints on Tp when the back-
ground flux exists. The twist matrices, which determine the boundary conditions,
must be chosen to be consistent with all of these conditions.

5.4 Background Flux

Here, we introduce the background configuration of the gauge field. Let BM be
the background of AM and Fmn be the background field strength

FMN = ∂MBN − ∂NBM − ig[BM ,BN ]. (5.14)
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In what follows, AM represents the fluctuation from BM . For BM to be the
background configuration, it has to satisfy the classical EoM

DMFMN = (∂M − igad(BM))Fmn = 0, (5.15)

where DM is the background part of the covariant derivative. Here, to keep the
4D Lorentz invariance, we impose

Bµ = 0, ∂µBM = 0, (5.16)

which means that Fµν = FµN = 0 and the classical EoM is reduced to

DmFmn = (∂m − igad(Bm))Fmn = 0. (5.17)

A background configuration that preserves the 4D Lorentz invariance must satisfy
Eqs. (5.16) and (5.17).

The configuration

B5(z) = v5 −
1

2
(1 + γ)fx6, B6(z) = v6 +

1

2
(1 − γ)fx5,

[v5,v6] = [vm,f ] = 0, vm,f ∈ su(n), γ ∈ R,
(5.18)

is one of the solutions of the EoM (5.17). The constant vm, which we call the

continuous Wilson line (phase), corresponds to the background ⟨A(0)
y ⟩ in the 5D

case discussed in Chap. 2. This constant does not contribute to the background
field strength of the gauge field. On the other hand, the remaining terms in B5

and B6 give a nonzero constant contribution to the field strength as,

Fmn = ϵmnf (ϵ56 = −ϵ65 = 1, ϵ55 = ϵ66 = 0), (5.19)

regardless of the choice of the gauge parameter γ. The background field strength
f is referred to as the constant magnetic flux and is quantized as discussed later.
In the literature, γ is often chosen to be γ = 0 and γ = ±1, which correspond
to the symmetric and the Landau gauge, respectively. We make these choices to
simplify the discussions and calculations, since the physics does not depend on
the choice of gauge. However, to keep the generality and applicability as much as
possible, we here leave γ arbitrary. We investigate the features of the theory with
this flux background, especially the mass spectra of the 4D effective theory.

As mentioned above, the background gives another constraint on the twist
matrices. To see this, let us divide the boundary condition into one for the back-
ground and one for the fluctuation as

BM(Tpz) = Tp(z)BM(z)T †
p (z) +

i

g
Tp(z)∂MT

†
p (z), (5.20)

AM(Tpz) = Tp(z)AM(z)T †
p (z). (5.21)
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Their summation BM +AM follows the original boundary condition (5.11). Sub-
stituting the background solutions (5.16) and (5.18) into Eq. (5.20) yields the
following differential equations for the twist matrices:

∂µTp = 0, (5.22)

∂5T5 = ig[B5, T5], (5.23)

∂6T6 = ig[B6, T5] +
1

2
ig(1 − γ)fT5, (5.24)

∂5T6 = ig[B5, T6] −
1

2
ig(1 + γ)τIfT6, (5.25)

∂6T6 = ig[B6, T6] +
1

2
ig(1 − γ)τRfT6. (5.26)

In this setup, the twist matrices must satisfy these equations in addition to
Eq. (5.13).

One can easily find that

T5(z) = ei
1
2
g(1−γ)fx6T̃5, T6(z) = ei

1
2
gf{−(1+γ)τIx

5+(1−γ)τRx6}T̃6, (5.27)

satisfy the equations when T̃5 and T̃6 are constant matirices and satisfy

[f , T̃p] = [vm, T̃p] = 0. (5.28)

For the solutions (5.27) to be a consistent background, they have to satisfy
Eq. (5.13). Now, T□ is

T□ = e−igVT2f T̃ †
6 T̃

†
5 T̃6T̃5, (5.29)

and the condition becomes

[e−igVT2f T̃ †
6 T̃

†
5 T̃6T̃5,AM ] = 0. (5.30)

Considering the fact that it must be satisfied for arbitrary AM including the
fluctuation, this condition means that T□ has to be an element of the center
subgroup of SU(n). The center of SU(n) is Zn, so we obtain

e−igVT2f T̃ †
6 T̃

†
5 T̃6T̃5 = e2πi

ñ
nI, ñ ∈ Z. (5.31)

The integer ñ is referred to as the ’t Hooft flux [144] and is known to cause
nontrivial symmetry breaking [145]. However, to concentrate only on the effect of
the magnetic flux f , we assume ñ = 0 and T̃p = I. Then, the condition (5.31) is
reduced to

e−igfVT2 = I, (5.32)

58



Chapter 5. Mass Spectrum of a 6D SU(n) Gauge Theory with Flux Background

which yields a quantization condition for f in the next section.
As discussed in Chap. 2, the gauge transformation changes the boundary con-

dition and the background while keeping the description of the theory, which
means that Bm and Tp have gauge dependence. Using this feature, vm can be
eliminated from the background (5.18) and transferred to the twist matrices Tp.
This can be achieved by the gauge transformation function Λ = e−ig(v5x5+v6x6),
and the transformed background field and twist matrices are

B5(z) = −1

2
(1 + γ)fx6, B6(z) =

1

2
(1 − γ)fx5, (5.33)

T5(z) = e−igv5ei
1
2
g(1−γ)fx6 ,

T6(z) = e−ig(τRv5+τIv6)ei
1
2
gf{−(1+γ)τIx

5+(1−γ)τRx6}.
(5.34)

We choose this gauge in the following discussions.

5.5 Parametrization of the Background

The background flux and continuous Wilson lines, which satisfy the commutation
relations in Eq. (5.18), can be diagonalized without loss of generality. If f has
nonzero off-diagonal elements, we can diagonalize it by a constant gauge trans-
formation Λ, which transforms f to ΛfΛ−1. Since the commutation relation
[vm,f ] = 0 means that vm and f are simultaneously diagonalizable, there must
be another constant gauge transformation that diagonalizes vm while keeping f
diagonal. Therefore, we can express f and vm as

f = fkHk, vm = vkmHk, (5.35)

where Hk (k = 1, . . . , n− 1) are the Cartan generators of su(n) which satisfy

[Hk, Hℓ] = 0. (5.36)

In the following, we choose the fundamental representation where Hk are repre-
sented by n× n matrices as

Ĥ1 = diag(1,−1, 0, . . . , 0), Ĥ2 = diag(0, 1,−1, 0, . . . , 0), . . . ,

Ĥn−2 = diag(0, . . . , 0, 1,−1, 0), Ĥn−1 = diag(0, . . . , 0, 1,−1).
(5.37)

In what follows, we expand su(n) operators by these matrices.
As mentioned above, the background flux f is quantized in this setup. Now,

the background flux is diagonalized as in Eq. (5.35), so fk has to be

fk = f̂Nk, f̂ =
2π

gVT 2

=
2π

gτIL2
, Nk ∈ Z (5.38)
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for the condition (5.32) to be satisfied. One finds that f is quantized in units of
f̂ , and in the fundamental representation, the flux is expressed as

f = f̂NkĤk = f̂diag(N1, N2 −N1, N 3 −N2, . . . , Nn−1 −Nn−2,−Nn−1). (5.39)

The background flux is specified by giving the values of Nk.
We have covered everything regarding the background magnetic field; how-

ever, for the sake of further discussion, let us introduce the step operators in the
fundamental representation. To represent the n(n − 1) step operators of su(n),
we first introduce the basis matrices êij where the (i, j) component is 1, and all
other components are zero. Namely, the (i′, j ′) component of êij is expressed as

(êij)i′j′ = δii′δjj′ . (5.40)

By using the basis matrices, the step operators are given by

E
(+)
ij = êij, E

(−)
ij = êji, 1 ≤ i < j ≤ n, (5.41)

and satisfy E
(−)
ij = E

(+)†
ij = E

(+)T
ij . We can also express the Cartan generators by

êij as

Ĥk = êkk − êk+1 k+1. (5.42)

From these expressions of the Cartan and step operators, we can easily show that
the traces are

Tr[ĤkĤℓ] = (M su(n))kℓ, Tr[E
(+)
ij E

(−)
i′j′ ] = δii′δjj′ ,

Tr[ĤkE
(±)
ij ] = Tr[E

(+)
ij E

(+)
i′j′ ] = Tr[E

(−)
ij E

(−)
i′j′ ] = 0,

(5.43)

where (M su(n))kℓ is the (k, ℓ) component of the Cartan matrix

M su(n) =



2 −1 0 · · · 0
−1 2 −1 0 · · · 0
0 −1 2 −1 0 · · · 0

. . .

0 · · · 0 −1 2 −1 0
0 · · · 0 −1 2 −1
0 · · · 0 −1 2


. (5.44)

The commutation relations between these matrices are given by

[Ĥk, Ĥℓ] = 0, [Ĥk, E
(±)
ij ] = ±(δik − δjk − δi k+1 + δj k+1)E

(±)
ij ,

[E
(+)
ij , E

(−)
ij ] =

j−1∑
k=i

Hk,

[E
(±)
ij , E

(±)
i′j′ ] = ±δji′E(±)

ij′ (i < j′),

[E
(±)
ij , E

(∓)
i′j′ ] = ∓δii′E(∓)

jj′ (j < j ′).

(5.45)
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The generators Ĥk and E
(±)
ij form the Lie algebra su(n), and the fields in the

fundamental representation can be expanded by them. For instance, the expansion
of AM is given by

AM = AkMĤk + AijME
(+)
ij + ĀijME

(−)
ij =


A1
M A12

M · · · A1n
M

Ā12
M A2

M − A1
M

...
...

. . .

Ā1n
M · · · −An−1

M

 ,

(5.46)

where AkM , AijM , and ĀijM are component fields. The ghost introduced later is also
an adjoint field and is expanded similarly.

In the pure Yang-Mills theory, the interaction between the background Bm

and AM arises from the commutator [Bm,AM ]. Thus, for later discussion, let us
examine this commutator. Since our background is proportional to the Cartan
generators, the fields AkM do not couple either to the magnetic flux or the WL.
On the other hand, the remaining components can interact with the background.
The commutation relations of the step operators with the flux and the WL are
expressed as

[f , E
(±)
ij ] = ±f̂ Ñ ijE

(±)
ij , (5.47)

[vm, E
(±)
ij ] = ±ṽijmE

(±)
ij , (5.48)

where

Ñ ij = Nk(δik − δjk − δi k+1 + δj k+1) = N i −N i−1 −N j +N j−1, (5.49)

ṽijm = vkm(δik − δjk − δi k+1 + δj k+1) = vim − vi−1
m − vjm + vj−1

m . (5.50)

When Ñ ij ̸= 0 or ṽijm ̸= 0, the component field associated with the generator E
(±)
ij

interacts with the flux and/or the WL, respectively. We will classify the mass
spectra of the fields by these parameters.

5.6 Expansion around the Background

The purpose of this study is to examine the 4D effective theory that is obtained
from the 6D pure Yang-Mills action (5.8) with a background and describes the
physics below the compactification scale ∼ L−1. Since the main aim is to obtain
the tree-level mass spectrum of the effective theory, we expand the Lagrangian
around the background and mainly focus on the quadratic terms of the fluctuation.
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In this section, we perform the expansion around the background. Replacing
AM by BM + AM and using DM = DM − igAM in Eq (5.9) yields the following
expansion of the field strength

FMN = FMN + DMAN −DNAM − ig[AM ,AN ]. (5.51)

Substituting it into the Lagrangian (5.8), we can obtain the Lagrangian for the
fluctuation AM . As mentioned, we mainly focus on the quadratic terms

L(2)
1 = Tr[Aµ(ηµν□− ∂µ∂ν + ηµνDmDm)Aν ], (5.52)

L(2)
2 = Tr[Am(δmn□ + δmnDm′Dm′ −DmDm − igϵnmad(f))An], (5.53)

L(2)
3 = 2Tr[(∂µA

µ)(DmA
m)], (5.54)

where □ = ∂µ∂
µ is the 4D d’Alembertian and we have performed integration by

parts. The surface terms that arise from the integration by parts vanish as shown
in Appx. C.1. L(2)

1 and L(2)
2 are quadratic terms for Aµ and Am, respectively. L(2)

3

is a mixing term between them which is removed by gauge fixing terms introduced
later.

5.7 Rξ Gauge Fixing and Ghosts

To quantize a theory with gauge symmetry, we have to eliminate the gauge degrees
of freedom by gauge fixing. This paper only examines the tree-level mass spectrum
obtained from the 6D pure Yang-Mills theory. However, we will derive the effective
potential for the WLs calculating quantum corrections in future work. Therefore,
we carry out the standard gauge fixing procedure known as the Faddeev-Popov
method. The gauge fixing also helps us to discuss physical modes in the 4D
effective theory.

To fix the gauge, we add the gauge fixing term

LGF = − 1

ξ
Tr[(∂µA

µ + ξDmA
m)2]

=
1

ξ
Tr[Aµ∂µ∂νA

ν ] − 2Tr[(∂µA
µ)(DmA

m)] + ξTr[AmDmDnA
n], (5.55)

and the ghost term

Lc = − 2Tr[c̄{∂µ(∂µ − igad(Aµ)) + ξDm(Dm − igad(Am))}c], (5.56)

and consider the gauge fixed theory

Lgf
YM = LYM + LGF + Lc. (5.57)

Here, c is a Grassmann field that is called the Faddeev-Popov ghost, and ξ ∈ R is
referred to as the gauge fixing parameter. Note that AM in LGF and Lc is already
a fluctuation from BM .
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5.8 Quadratic Terms

Since we are interested in the tree-level mass spectrum, we focus on the quadratic
terms of the fluctuations AM and c

Lgf
YM ∋ L(2)

Aµ
+ L(2)

Am
+ L(2)

c (5.58)

L(2)
Aµ
, = Tr[Aµ(ηµν□ + ηµνDmDm − (1 − ξ−1)∂µ∂ν)A

ν ], (5.59)

L(2)
Am

= Tr[Am(δmn□ + δmnDm′Dm′ − (1 − ξ)DmDn − 2igϵmnad(f))An], (5.60)

L(2)
c = −2Tr[c̄(□ + ξDmDm)c]. (5.61)

To obtain Eq. (5.60), we have rewritten the third term in Eq. (5.53) by using the
relation

DnDm = [Dn,Dm] + DmDn = igϵmnad(f) + DmDn. (5.62)

The last term proportional to ad(f) in Eq. (5.60) arises from the nontrivial helicity
of Am in the extra-dimensional directions.

Let us expand AM by the su(n) generators as in Eq. (5.46). The derivative
DmAM can also be expanded as

DmAM = (∂mA
k
M)Ĥk + (D(ij)

m AijM)E
(+)
ij + (D̄(ij)

m ĀijM)E
(−)
ij , (5.63)

where we defined the covariant derivatives for the component fields

Dij
5 = ∂5 +

1

2
igf̂ Ñ ij(1 + γ)x6, Dij

6 = ∂6 −
1

2
igf̂ Ñ ij(1 − γ)x5,

D̄ij
5 = ∂5 −

1

2
igf̂ Ñ ij(1 + γ)x6, D̄ij

6 = ∂6 +
1

2
igf̂ Ñ ij(1 − γ)x5.

(5.64)

The operator in the first term is the ordinary partial derivative since the Cartan-
valued field AkM does not couple with the background. Using Eqs. (5.46) and (5.63),
the quadratic term (5.59) can be expressed in terms of the component fields as

L(2)
Aµ

= LCartan
Aµ +

∑
1≤i<j≤n

L(ij)
Aµ
, (5.65)

LCartan
Aµ = (M su(n))kℓA

k
µ[ηµν□− (1 − ξ−1)∂µ∂ν + ηµν∂m∂

m]Aℓν , (5.66)

L(ij)
Aµ

= 2Āijµ [ηµν□− (1 − ξ−1)∂µ∂ν + ηµν(D′(ij)
m )2]Aijν , (5.67)

where we have performed integration by parts to obtain the expressions (5.67)
and ignored the surface term based on the discussion in Appx. C.1. In the same
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way, from Eq. (5.60), we obtain

L(2)
Am

= LCartan
Am +

∑
1≤i<j≤n

L(ij)
Am
, (5.68)

LCartan
Am = (M su(n))kℓA

k
m

[
ηmn□ + ηmn∂m′∂m

′ − (1 − ξ)∂m∂n
]
Aℓn, (5.69)

L(ij)
Am

= 2Āijm[δmn□ + δmn(D
(ij)
m′ )2 − (1 − ξ)Dm(ij)Dn(ij) − 2igf̂ Ñ ijϵmn]Aijn , (5.70)

In these expressions, LCartan
Aµ

and LCartan
Am

represent the quadratic Lagrangians for

the Cartan component fields AkM , while L(ij)
Aµ

and L(ij)
Am

correspond to the ones for

AijM .
The quadratic Lagrangians (5.66) and (5.69) are not diagonalized in this basis

where the representation of Hk is given by Eq. (5.37) and the trace between
generators is given by Eq. (5.43). However, in the basis where the representation
is given by

Ĥ ′
k =

1√
2k(k + 1)

diag( 1, . . . , 1︸ ︷︷ ︸
k components

,−k, 0, . . . , 0), (5.71)

the Cartan generators satisfy Tr[Ĥ ′
kĤ

′
ℓ] = 1

2
δkℓ. This fact means that there ex-

ist linear combinations of AkM that diagonalize the quadratic terms for the Car-
tan component fields. The linear combination leaves the terms inside the square
brakets unchanged, ultimately resulting in the replacement (M su(n))kℓ → 1

2
δkℓ. On

the other hand, the Lagrangians for AijM are completely separated for each (ij),
requiring no diagonalization.

Let us discuss the boundary conditions for the component fields. Using the
twist matrices in Eq. (5.33), Eq. (5.21) yields the boundary conditions

AM(T5z) = e−igad(v5)ei
1
2
g(1−γ)x6ad(f)AM(z), (5.72)

AM(T6z) = e−ig(τRad(v5+τIad(v6)))ei
1
2
g{−(1+γ)τIx

5+(1−γ)τRx6}ad(f)AM(z). (5.73)

We have used the Campbell-Baker-Hausdorff formula eXY e−X = ead(X)Y in order
to obtain these expressions. Substituting the generator expansion (5.46) allows us
to obtain the boundary conditions for the component fields. For the Cartan com-
ponent fields, which do not interact with the background, we obtain the periodic
boundary condition

AkM(T5z) = AkM(T6z) = AkM(z). (5.74)

On the other hand, the boundary conditions for AijM take the following nontrivial
forms:

AijM(T5z) = e−igṽ
ij
5 ei

1
2
gf̂Ñ ij(1−γ)x6AijM(z), (5.75)

AijM(T6z) = e−ig(τRṽ
ij
5 +τIṽ

ij
6 )ei

1
2
gf̂Ñ ij{−(1+γ)τIx

5+(1−γ)τRx6}AijM(z). (5.76)
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The boundary conditions for ĀijM are obtained by taking the Hermitian conjugates
of Eqs. (5.75) and (5.76).

From the boundary condition (5.74) and the quadratic terms (5.66) and (5.69),
we find that AkM are completely decoupled from the continuous Wilson lines and
the flux. Therefore, as seen in the next section, the mass spectra for these fields
are obtained independently of these backgrounds. On the other hand, AijM couples
to the background flux and Wilson line when Ñ ij ̸= 0 and ṽijm ̸= 0. When N ij ̸= 0
and ṽijm ̸= 0, AijM couples to the flux and Wilson lines, respectively. In particular,
when Ñ ij ̸= 0, the boundary conditions (5.75) and (5.76) depend on xm. In the
next section, we will see that there is a significant difference in the mass spectrum
of AijM between the cases with Ñ ij = 0 and Ñ ij ̸= 0.

5.9 Mass Spectrum around Flux Background

5.9.1 Mass Spectrum for KK Modes of Ak
µ

We first discuss the tree-level mass spectrum for Akµ. Since this field satisfies
the periodic boundary conditions (5.74) under the shifts by T5 and T6, we can
introduce the KK expansion

Akµ(x, z) =
∑
n̂,m̂∈Z

Akµ(n̂,m̂)(x)ξ
Akµ
n̂,m̂(z),

ξ
Akµ
n̂,m̂(z) = C(n̂,m̂)e2πin̂x

5

e2πiτ
−1
I (m̂−n̂τR)x6 ,

(5.77)

where C(n̂,m̂) is a normalization constant, and each KK mode Akµ(n̂,m̂)(x
µ) (n̂, m̂ ∈

Z) is a 4D field. This is simply a six-dimensional extension of the KK expan-
sion (2.13) by the plane wave (2.14) introduced in Sec. 2.2.

The masses of Akµ are derived from the last term in Eq. (5.66). The mass

M2(Akµ(n̂,m̂)) is obtained as the eigenvalue of the operator −∂m∂m acting on ξ
Akµ
n̂,m̂

and given by

M2(Akµ(n̂,m̂)) =

(
2π

L

)2 [
n̂2 + τ−2

I (m̂− n̂τR)2
]
, (5.78)

where we have temporarily written L explicitly. This mass spectrum is the six-
dimensional version of Eq. (2.24). The mass (5.78) is zero for (n̂, m̂) = (0, 0).
Namely, the 4D effective Lagrangian obtained from Eq. (5.66) contains the mass-

less gauge fields A
k(0,0)
µ . Therefore, the related symmetry remains in the effective

theory.
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5.9.2 Mass Spectrum for KK Modes of Ak
m

Let us next derive the mass spectrum for Akm. Since the boundary conditions for
Akm are also periodic like those for Aijµ , the KK expansion of Akm has the same
form as that of Akµ given in Eq. (5.77). We denote the KK mode of Akm as Akm(n̂,m̂)

and the mode function as ξ
Akm
n̂,m̂. The mode function ξ

Akm
n̂,m̂ is equivalent to that of

Akµ, i.e., ξ
Akm
n̂,m̂ = ξ

Akµ
n̂,m̂.

The KK massM2(Akm(n̂,m̂)) ofAkm(n̂,m̂) is determined by the operator −ηmn∂m′∂m
′
+

(1 − ξ)∂m∂n in the quadratic Lagrangian (5.69). We obtain the mass matrix for
(Ak5(n̂,m̂) A

k
6(n̂,m̂)) and it is given by

M2(Akm(n̂,m̂)) =

(
2π

L

)2[ [
n̂2 + τ−2

I (m̂− n̂τR)2
](1 0

0 1

)
− (1 − ξ)

(
n̂2 n̂τ−1

I (m̂− n̂τR)
n̂τ−1

I (m̂− n̂τR) τ−2
I (m̂− n̂τR)2

)]
.

(5.79)

The off-diagonal second term is obtained from the term (1 − ξ)∂m∂n. The mass
matrix is diagonalizable, and its mass eigenvalues are

M2
ph(Akm(n̂,m̂)) =

(
2π

L

)2 [
n̂2 + τ−2

I (m̂− n̂τR)2
]
, (5.80)

M2
ξ (Akm(n̂,m̂)) = ξ

(
2π

L

)2 [
n̂2 + τ−2

I (m̂− n̂τR)2
]
, (5.81)

from which one finds that the part depending on ξ is separated from the indepen-
dent part.

The zero modes Akm(0,0) are massless scalars, and their masses do not depen-
dent on the gauge parameter ξ. Except for the NG modes associated with the
broken translational symmetry on T 2 discussed later, some of these zero modes
may acquire nonzero masses through quantum corrections, which will be briefly
discussed in section 5.9.6. The modes with (n̂, m̂) ̸= (0, 0) correspond to massive
scalar modes. The massive modes with the ξ-dependent masses M2

ξ (Akm(n̂,m̂)) are
would-be Goldstone modes and provide physical degrees of freedom to longitudinal
modes of massive vector fields Akµ(n̂,m̂).
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5.9.3 Mass Spectrum for KK Modes of Aij
µ and Aij

m with

Ñ ij = 0

We discuss the mass spectrum for Aijµ and Aijm in the Ñ ij = 0 case. In this case,
the Lagrangians (5.67) and (5.70) can be reduced to

L(ij)
Aµ

→ 2Āijµ [ηµν□− (1 − ξ−1)∂µ∂ν + ηµν∂m′∂m
′
]Aijν , (5.82)

L(ij)
Am

→ 2Āijm[δmn□ + δmn∂m′∂m
′ − (1 − ξ)∂m∂n]Aijn , (5.83)

which are equivalent to the quadratic Lagrangians for the Cartan components (5.66)
and (5.65). Therefore, the differential operators whose eigenvalues give the mass
are the same as those for Akµ and Akm. On the other hand, the boundary con-

ditions for AijM are different from those for AkM . For Ñ ij = 0, the boundary
conditions (5.75) and (5.76) become

AijM(T5z) = e−igṽ
ij
5 AijM(z), AijM(T6z) = e−ig(τRṽ

ij
5 +τIṽ

ij
6 )AijM(z), (5.84)

respectively. Since the exponents are constant, these boundary conditions are
equivalent to the boundary condition with ηψ ̸= 0 for the matter field (2.10)
discussed in Chap. (2). As shown in Sec. 2.3, the nontrivial phase ηψ in the
boundary condition simply yields the shift n → n +

ηψ
2π

from the mass spectrum
with the periodic boundary condition. In the present case, the integers n̂ and m̂
are replaced by n̂− gṽij5 /2π and m̂− gṽij6 /2π, respectively. Thus, the KK masses
for Aijµ and Aijm are given by

M2(Aijµ(n̂,m̂)) = M2
ph(Aijm(n̂,m̂))

=

(
2π

L

)2 [
(n̂− ãij5 )2 + τ−2

I ((m̂− ãij6 ) − (n̂− ãij5 )τR)2
]
, (5.85)

M2
ξ (Aijm(n̂,m̂)) = ξ

(
2π

L

)2 [
(n̂− ãij5 )2 + τ−2

I ((m̂− ãij6 ) − (n̂− ãij5 )τR)2
]
, (5.86)

where we have introduced ãijm = gṽijm/2π. This continuous quantity ãijm corresponds
to θ5 in Chap. 2, and the above mass spectra are invariant under integer shifts of
ãijm.

Except for the case with ãijm = 0 mod 1, these spectra have no massless modes.
In other words, the fields AijM that couples only with the continuous Wilson lines
have no dynamical modes in the low-energy effective theory. The gauge symme-
tries related to these fields are broken in the effective theory. As for AkM , half
of the scalar KK modes have ξ-dependent masses M2

ξ (Aijm(n̂,m̂)) and are would-be
Goldstone modes giving longitudinal modes to the massive gauge fields.
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5.9.4 Mass Spectrum for KK modes of Aij
µ with Ñ ij ̸= 0

Next, we calculate the mass spectrum for Aijµ in the Ñ ij ̸= 0 case. The field Aijµ
with Ñ ij ̸= 0 couples to the background flux, and the Lagrangian and bound-
ary conditions largely change due to the existence of this interaction. The mass
spectrum is obtained as the eigenvalues of the operator

−(D(ij)
m )2 =

(
−i∂5 +

1

2
gf̂Ñ ij(1 + γ)x6

)2

+

(
−i∂6 −

1

2
gf̂Ñ ij(1 − γ)x5/2

)2

,

(5.87)

and the mode function is given as the eigenfunction of this operator. The mode
function must be consistent with the boundary conditions (5.75) and (5.76).

This operator is equivalent to the Hamiltonian (2.74) for the two-dimensional
quantum mechanical system with a constant magnetic field. Therefore, the discus-
sion in Sec. (2.8) is helpful to derive the mass spectrum. The quantum mechanical
momentum operator defined by pm = −i∂m satisfies [xm, pn] = iδmn . We define
the operators

−iD(ij)
5 = p5 +

1

2
gf̂Ñ ij(1 + γ)x6, −iD(ij)

6 = p6 −
1

2
gf̂Ñ ij(1 − γ)x5, (5.88)

satisfying the commutation relation [−iD(ij)
5 ,−iD(ij)

6 ] = igf̂ Ñ ij independently to
the background gauge parameter γ. These operators correspond to Π̂x and Π̂y in
Sec. (2.8), and we can define creation and annihilation operators from them. As
done in Eq. (2.87), we further define the operators

Π(ij)
z = −i

√
2

gf̂ |Ñ ij|
D

(ij)
5 − iD

(ij)
6

2
=

√
2

gf̂ |Ñ ij|

[
pz + i

gf̂ Ñ ij

4
(z̄ − γz)

]
, (5.89)

Π̄(ij)
z = −i

√
2

gf̂ |Ñ ij|
D

(ij)
5 + iD

(ij)
6

2
=

√
2

gf̂ |Ñ ij|

[
p̄z − i

gf̂ Ñ ij

4
(z − γz̄)

]
, (5.90)

where we have used pz = −i∂z and p̄z = −i∂̄z.
These operators correspond to creation and annihilation operators. They sat-

isfy [Π̄
(ij)
z ,Π

(ij)
z ] = 1 for Ñ ij > 0 and [Π

(ij)
z , Π̄

(ij)
z ] = 1 for Ñ ij < 0. Therefore,

we can define the creation and annihilation operators (â, â†) = (Π̄
(ij)
z ,Π

(ij)
z ) for

Ñ ij > 0, and (â, â†) = (Π
(ij)
z , Π̄

(ij)
z ) for Ñ ij < 0 to express Eq. (5.87) as

−(D(ij)
m )2 = 2gf̂ |Ñ ij|

(
â†â+ 1/2

)
. (5.91)
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The eigenvalues of these operators are equivalent to the energy eigenvalues (2.86).
Namely, we obtain a Landau-level like spectrum, where the eigenvalue of the ℓ̂–th
exited state is proportional to (ℓ̂ + 1

2
) (ℓ̂ = 1, 2, . . .) and each state labeled by ℓ̂

has |Ñ ij| degenerated states.
We can also derive the mode functions that are the eigenfunctions of the

operator (5.91). Let ζ ij0,d(z) (d = 0, 1, . . . , |Ñ ij| − 1) be the mode function for
the degenerated ground state. The ground state is defined by

âζ ij0,d(z) = 0. (5.92)

The mode functions for excited states ζ ij
ℓ̂,d

(z) can be obtained from ζ ij0,d as

ζ ij
ℓ̂,d

(z) =
1√
ℓ̂!

(â†)ℓ̂ζ ij0,d(z). (5.93)

In addition, the mode functions must satisfy the same boundary conditions as
those for AijM in Eqs. (5.75) and (5.76), i.e.,

ζ ij
ℓ̂,d

(T5z) = e−2πiãij5 eig(1−γ)(x
6/2)f̂ Ñ ij

ζ ij
ℓ̂,d

(z), (5.94)

ζ ij
ℓ̂,d

(T6z) = e−2πi(τRã
ij
5 +τIã

ij
6 )eig{−(1+γ)τIx

5/2+(1−γ)τRx6/2}f̂ Ñ ij

ζ ij
ℓ̂,d

(z). (5.95)

As shown in Appx. C.2, we can obtain the explicit form of the mode function

ζ ij
ℓ̂,d

(z) =

(
2πÑ ij

τI

)1/4
1

2ℓ̂
√
ℓ̂!
e
πÑij

2τI
[z(z−z̄)− γ

2
(z+z̄)(z−z̄)]

×
+∞∑

n=−∞

Hℓ̂(wn,d(z))eiπÑ
ijτ(n−(ãij5 −d)/Ñ ij)2 (5.96)

× e2πi(n−(ãij5 −d)/Ñ ij)(Ñ ijz+τRã
ij
5 +τIã

ij
6 −γÑ ijτR/2),

for Ñ ij > 0, where Hℓ̂(x) are the Hermite polynomials, and we have used

wn,d(z) =

√
2πN ij

τI

[
z − z̄

2i
+ τI

(
n− ãij5 − d

Ñ ij

)]
. (5.97)

The overall normalization (2πÑ ij/τI) has been determined so that the orthogonal
relation ∫

VT2

dx5dx6 ζ̄ ij
ℓ̂,d
ζ ij
ℓ̂′,d′

= δℓ̂ℓ̂′δdd′ , (5.98)
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is satisfied, where ζ̄ ij
ℓ̂,d

= (ζ ij
ℓ̂,d

)†. The explicit mode function for Ñ ij < 0 can be

obtained by taking the complex conjugate of Eq. (5.96).
Using the mode functions, we can expand Aijµ (x, z) as

Aijµ (x, z) =
∞∑
ℓ̂=0

|Ñ ij |∑
d=1

Aij
µ(ℓ̂,d)

(x)ζ ij
ℓ̂,d

(z), (5.99)

where we call Aij
µ(ℓ̂,d)

(x) the ℓ̂–th Landau level. The mass for the ℓ̂–th Landau

level M2(Aij
µ(ℓ̂,d)

) is given by the eigenvalue of the operator (5.91) as

M2(Aij
µ(ℓ̂,d)

) = 2gf̂ |Ñ ij|(ℓ̂+ 1/2). (5.100)

All Aij
µ(ℓ̂,d)

have masses proportional to the compactification scale since f ∝ L−2.

Thus, the gauge symmetry related to Aijµ (Ñ ij ̸= 0) is broken by the interaction
with the flux. The Wilson line phases do not affect the mass spectrum, which
implies that the linear combination of the Wilson lines (5.50) can be the NG
boson of the translational symmetry broken by the flux ∝ Ñ ij.

5.9.5 Masses Spectrum for KK Modes for Aij
m with Ñ ij ̸= 0

Finally, let us discuss the mass spectrum for Aijm in the Ñ ij ̸= 0 case. In this case,
the extra-dimensional components of the gauge field couple to the flux. The last
three terms in the Lagrangian (5.70) determine the mass spectrum. Let us define
the mass operator matrix

M̂2(Aijm) = − 12×2(D
(ij)
m )2

+ (1 − ξ)

(
(D

(ij)
5 )2 D

(ij)
5 D

(ij)
6

D
(ij)
6 D

(ij)
5 (D

(ij)
6 )2

)
+ 2igf̂ Ñ ij

(
0 1
−1 0

)
(5.101)

to express the Lagrangian as

L(ij)
Am

= 2(Āij5 Āij6 )(12×2□− M̂2(Aijm))

(
Aij5
Aij6

)
. (5.102)

Here, 12×2 is the 2×2 identity matrix. We can rewrite the mass operator by using

Π
(ij)
z and Π̄

(ij)
z and obtain

M̂2(Aijm) = − 1 + ξ

2
12×2(D

(ij)
m )2

− 1 − ξ

2
gf̂Ñ ij

(
(Π

(ij)
z )2 + (Π̄

(ij)
z )2 i[(Π

(ij)
z )2 − (Π̄

(ij)
z )2 + 1]

i[(Π
(ij)
z )2 − (Π̄

(ij)
z )2 − 1] −(Π

(ij)
z )2 − (Π̄

(ij)
z )2

)

+ 2igf̂ Ñ ij

(
0 1
−1 0

)
(5.103)
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for Ñ ij > 0. Here, we used the commutation relation [Π̄
(ij)
z , Π̄

(ij)
z ] = 1. It is

convenient to introduce(
Aij−
Aij+

)
= U

(
Aij5
Aij6

)
, U =

1√
2

(
1 −i
1 i

)
. (5.104)

The matrix U is an unitary matrix UU † = 1. In terms of these complex fields,
the Lagrangian is rewritten as

L(ij)
Am

=
(
Āij− Āij+

) [
12×2□− M̂2(Aij±)

](Aij−
Aij+

)
(5.105)

M̂2(Aij±) = UM̂2(Aijm)U †

=

(
gf̂Ñ ij((1 + ξ)â†â− 1) −gf̂Ñ ij(1 − ξ)â†â†

−gf̂Ñ ij(1 − ξ)ââ gf̂ Ñ ij((1 + ξ)â†â+ ξ + 2)

)
, (5.106)

where we used the creation and annihilation operator (â, â†) = (Π̄
(ij)
z ,Π

(ij)
z ). For

the Ñ ij < 0 case, we also have a similar expression.
The field Aijm satisfies the same boundary conditions as Aijµ , so its Kaluza-Klein

expansion is also expressed by

Aij±(x, z) =
∞∑
ℓ̂=0

Ñ ij∑
d=1

Aij±(ℓ̂,d)
(x)ζ ij

ℓ̂,d
(z), (5.107)

where Aij±(ℓ̂,d)
is the ℓ̂–th Landau level, and ζ ij

ℓ̂,d
(z) is the same mode function as

that for Aijµ . Substituting the KK expansion into Eq. (5.105) and integrating out
the extra dimension yields the following 4D Lagrangian

L(ij)
Am

= 2Āij−(0,d)

[
□ + gf̂Ñ ij

]
Aij−(0,d) + 2Āij−(1,d)

[
□− ξgf̂Ñ ij

]
Aij−(1,d)

+ 2
∞∑
ℓ̂=0

(
Āij

+(ℓ̂,d)
Āij−(ℓ̂+2,d)

) [
12×2□−M2(A±(ℓ̂,d))

]( Aij
+(ℓ̂,d)

Aij−(ℓ̂+2,d)

)
. (5.108)

We have defined the mass matrix M2(A±(ℓ̂,d)) by

M2(A±(ℓ̂,d))

= −gf̂Ñ ij

 −[(1 + ξ)ℓ̂+ 2 + ξ] (1 − ξ)

√
(ℓ̂+ 1)(ℓ̂+ 2)

(1 − ξ)

√
(ℓ̂+ 1)(ℓ̂+ 2) −[(1 + ξ)(ℓ̂+ 2) − 1]

 . (5.109)

To derive it, we have used the relations

â†ζ ij
ℓ̂,d

(z) =
√
ℓ+ 1ζ ij

ℓ̂+1,d
(z), âζ ij

ℓ̂,d
(z) =

√
ℓζ ij
ℓ̂−1,d

(z). (5.110)
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In Eq. (5.108), the index d is also summed over the degenerated states. Taking
suitable values of the gauge parameter ξ and Ñ ij for the SU(2) case, the above
expression is consistent with similar equations shown in [114]. The last term in
the Lagrangian (5.108) can be diagonalized by using the orthogonal matrix

O =
1√

2ℓ̂+ 3

( √
ℓ̂+ 2

√
ℓ̂+ 1

−
√
ℓ̂+ 1

√
ℓ̂+ 2

)
, (5.111)

as OM2(A±(ℓ̂,d))O
−1, and we finally obtain the following mass spectrum for Aij±(ℓ̂,d)

M2
ph(Aij−(0,d)) = 2gf̂Ñ ij(−1/2), (5.112)

M2
ξ (Aij+(0,d)) = 2gf̂Ñ ijξ(1/2), (5.113)

M2
ph(Aij±(ℓ̂,d)

) = 2gf̂Ñ ij(ℓ̂+ 1/2) (ℓ̂ ≥ 1), (5.114)

M2
ξ (Aij±(ℓ̂,d)

) = 2gf̂Ñ ijξ(ℓ̂+ 1/2) (ℓ̂ ≥ 1). (5.115)

We can also obtain the same mass spectrum for Ñ ij < 0 repeating similar calcula-
tions. All of the KK modes whose masses are given by Eq. (5.114) are massive and
decouple from the low-energy effective theory. There exist the would-be Goldstone
modes, whose masses depend on ξ, and whose degrees of freedom will be absorbed
by the infinite tower of vector fields. The scalars Aij−(0,d) are tachyonic, which im-

plies the instability of the background configuration (5.18). We will discuss this
point in Sec. 5.10.

5.9.6 Vanishing One-loop Potentials for NG Bosons

As mentioned in Chap 1, the flux breaks the translational symmetry on T 2, which
yields NG bosons related with the broken symmetry. In our non-abelian setup,
the NG bosons are regarded as some combinations of the zero modes Akm(0,0). More

precisely, for a given set of Nk in Eq. (5.38), the NG bosons correspond to the
linear combinations of the Wilson lines (5.50) in the nonzero directions of Ñ ij

given by Eq. (5.49).
We can understand from the tree-level mass spectrum that one-loop corrections

do not induce masses and potentials for the NG bosons, as follows. In general, as
shown in Chap. 2 for the 5D U(1) gauge theory, background values of the Wilson
line phases are not determined at tree-level but may be fixed by an effective
potential dynamically generated through quantum corrections. We can obtain
the effective potential for the Wilson line phases in a similar way as discussed in
Sec. 2.6, although the tachyonic states exist. The KK modes whose masses depend
on the Wilson lines phases contribute to the effective potential. The crucial point
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is that the Wilson line phases ṽijm in the Ñ ij ̸= 0 directions do not appear in the
mass spectrum. Thus, Wilson line phases along the flux direction NkĤk have
completely flat potential even when including one-loop corrections. The other
Wilson line phases appear in the mass spectra and have non-vanishing one-loop
effective potentials, in general. However, the result may be disturbed by tachyonic
states, which are discussed in the next section.

5.9.7 Example: SU(3)

The previous discussion was done for the general background configuration of
SU(n), but let us provide a specific example in SU(3). In this case, Ĥk (k = 1, 2)
are given as

Ĥ
su(3)
1 =

1 0 0
0 −1 0
0 0 0

 , Ĥ
su(3)
2 =

0 0 0
0 1 0
0 0 −1

 . (5.116)

We assume the background

f su(3) = f̂

1 0 0
0 1 0
0 0 −2

 , v
su(3)
M = v

1 0 0
0 −1 0
0 0 0

 , (5.117)

which gives N1 = 1, N2 = 2, v1m = v and v2m = 0.
In this setup, the SU(3) gauge field is written as

A
su(3)
M =

A1
M A12

M A13
M

Ā12
M A2

M − A1
M A23

M

Ā13
M Ā23

M −A2
M

 . (5.118)

Since the parameters Ñ ij and ṽijm are

Ñ12 = 0, Ñ13 = 3, Ñ23 = 3, (5.119)

ṽ12m = 2v, ṽ13m = v, ṽ23m = −v, (5.120)

for this background configuration, A12
M and Ā12

M couple only to the continuous WL.
On the other hand, the fields A13

M , A
23
M , and their conjugates interact both with

the flux and WL. This can be read off from the background matrices (5.117).
The upper-left 2 × 2 submatrix of f is proportional to an identity matrix and
commutes with the first 2 × 2 part of AM . Therefore, in addition to the Cartan
parts, A12

M also does not interact with the flux.
Let us discuss the breaking of the gauge symmetry in this setup. First, we set

v = 0 and consider the breaking caused by the background flux f su(3). In this case,
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the mass spectrum for A13
µ , A23

µ and their conjugate are given by Eq. (5.100), and
they have no massless modes. On the other hand, for v = 0, all the other fields
have massless modes, and the related symmetries remain in the 4D effective theory.
Therefore, SU(3) is broken to SU(2)×U(1) by the flux as naively expected from
the matrix form of the flux background. The SU(2) corresponds to the upper-left
2 × 2 components of the gauge field that commutes with the flux, and the U(1)
corresponds to the diagonal part.

We consider next the case where there exists a non-vanishing Wilson line
(v ̸= 0) in addition to the flux. In this case, A12

µ and its conjugate, whose mass
spectrum is given by Eq. (5.86), do not have massless modes. The remaining
SU(2) symmetry in the v = 0 case is further broken by the coupling with the
Wilson line, and therefore, SU(3) is finally broken to U(1) × U(1). Only the
Cartan components A1

M and A2
M remain in the 4D effective theory.

In this setup, A13
m and A23

m each contain three tachyonic modes since Ñ12 = Ñ13.
As discussed in the next section, they can condense and induce further symmetry
breaking.

5.10 Phenomenological Implications

We have obtained the mass spectra in the low-energy effective theory of a 6D
SU(n) gauge theory with non-vanishing flux background. In this section, we
discuss the phenomenological implications of this mass spectra.

A crucial feature of this setup is the existence of tachyonic states, which were
also obtained in Refs. [105,113,114] for their specific setups. We have shown that
the tachyonic states appear independently of the gauge parameter ξ in a general
SU(n) gauge theory with a general background flux configuration (5.18), which
implies that the background configuration is unstable in general. In other words,
the background corresponds to a local maximum, not the ground state of the
system. Thus, they are expected to acquire nonzero vevs, and further breaking or
restoration of gauge symmetries may be induced. The tachyon condensation may
be very interesting for discussing phenomenological applications of this theory
with magnetic flux background, but we do not further examine it here.

In this study, instead of discussing the condensation of the tachyon, we focus
on stabilizing them by considering additional contributions to the masses. One
possible way to realize tachyon stabilization is to consider extending the number
of extra dimensions to more than two. In the context of flux compactifications in
superstring theories, there are usually more than two extra dimensions, and the
tachyon stabilization by Wilson line phases is often adopted [142]. For instance, let
us consider an 8D gauge theory and assume a flat 4D torus as the compact extra
dimensions. In this setup, a gauge field has four extra-dimensional components
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A5, A6, A7, and A8. We assume that the backgrounds B5 and B6 of A5 and
A6 give the background flux. As shown above, the flux background breaks the
gauge symmetry G to its subgroup H. In addition, we consider constant Wilson
line phases in the other extra-dimensional components A7 and A8 and represent
them by B7 and B8. Since the broken translational symmetry in the x5- and
x6-directions is irrelevant to B7 and B8, all of the tachyonic states appearing
in the Landau level excitations receive additional contributions from the Wilson
line phases in the x7- and x8-directions if the flux background and the Wilson
line phases are in the same direction in the representation space of G. Then, if
the contribution from the Wilson line phases is larger than that of the flux, the
tachyonic states no longer have negative masses and can be eliminated from the
tree-level mass spectrum.

Let us make the above discussion a little more concrete. In the eight-dimensional
setup, the tree-level mass spectrum is determined by the eigenvalues of the dif-
ferential operator −(D

(ij)
m′ )2, with m′ = 5, 6, 7, 8. For simplicity, we denote the

tree-level mass squared for physical excitations of Aijµ and (Aij7 , A
ij
8 ) by M2

+ and

those of (Aij5 , A
ij
6 ) by M2

−. In this setup, the masses of the fields coupling to the
flux background can be parametrized as

M2
± = 2gf̂ |Ñ |(ℓ̂± 1/2) + (2πρ)2

[
(n̂− ã7)

2 + (m̂− ã8)
2
]
, (5.121)

where f̂ is a flux unit, Ñ is an integer, and ρ parametrizes the relative size of
the compact extra dimensions. When the extra dimensions in the x7- and x8-
directions are compactified to be smaller than the other two, the parameter ρ has
a large value, and the contribution from the second term gets large.

The real parameters ã7 and ã8 in the second term correspond to the Wilson
phases. In this 8D setup, each KK mode of the flux charged fields is labeled by
four integers ℓ̂, d, n, and m. The non-negative integer ℓ̂ labels the Landau level
excitations, d(= 0, . . . , |Ñ |−1) labels the degeneracy of each Landau level, and the
integers n̂ and m̂ label KK modes. In the case with vanishing Wilson line phases
ã7 = ã8 = 0 (mod 1), negative mass squared appears in M2

− for ℓ̂ = n̂ = m̂ = 0 as
in the 6D setup. On the other hand, when the non-vanishing Wilson line phases
exists, the second term in Eq. (5.121) gives an additional contribution to the mass
spectrum. In this case, the mass of the mode with ℓ̂ = n̂ = m̂ = 0 is

M2
− → −gf̂ |Ñ | + (2πρ)2(ã27 + ã28), (5.122)

and the Ñ degenerated tachyonic modes are removed when the second term ex-
ceeds the first term.

As repeatedly mentioned, the values of a7 and a8 are not determined at tree-
level. Therefore, at tree-level, we can freely set their values so that the tachyonic
modes are eliminated from the mass spectrum (5.121). However, quantum cor-
rections can yield an effective potential for a7 and a8. It is nontrivial whether
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the configuration of the Wilson line phases that eliminates the tachyonic mode is
stabilized under quantum corrections. To justify the above stabilization, we must
calculate the effective potential and find at least a local minimum of the potential
in the region

ã27 + ã28 ≥
gf̂ |Ñ |
(2πρ)2

. (5.123)

The discussion on this matter is left for future studies.
Finally, we briefly mention matter fields under the flux background. It is well

known that we can realize a chiral theory as a low energy effective theory of a
6D theory with bulk fermions on a magnetized torus. The bulk fermions have
nontrivial helicity in the extra-dimensions, and the helicity of 4D left- and right-
handed Weyl fermions are different. As a result, they couple differently to the
flux, and only one of them can have a massless mode. In addition, the integer Ñ ij

in Eq. (5.49) expresses the coupling of the fermion to the flux and determines the
generation number of the chiral fermions at a low-energy regime. These properties
help to construct realistic GUT models.

5.11 Summary

In this chapter, we have investigated an SU(n) gauge theory in a 6D spacetime
with a constant magnetic flux in the two-dimensional torus. First, we analyzed
the classical equations of motion for the gauge field and clarified the conditions
that the background, including the Wilson line phases and magnetic flux, satisfies.
Then, assuming a Cartan direction background consistent with the equations of
motion, we have derived the boundary conditions for fields associated with the
discrete translations on the torus. We have performed the standard Rξ gauge fix-
ing procedure to clarify the physical degrees of freedom in the low energy effective
theory.

The complete mass spectrum is newly obtained for a general SU(n) case with
an arbitrary gauge parameter and background configurations. Our analysis con-
firmed the existence of tachyonic modes, which appear independently of the gauge
fixing parameter ξ or the background configuration of Wilson line phases with flux.
We have confirmed that some tachyonic modes exist in the 4D complex scalar field
originating from the extra components of the gauge field. In addition, they were
shown to be independent of the choice of the gauge parameters and the direction
of the background gauge field. Some of the remaining scalar fields coupled to the
flux were found to be massive, while others that showed dependence on ξ were
identified as would-be Goldstone modes. As expected, only the non-Cartan com-
ponents that do not couple to the flux receive contributions from the Wilson line
phases.
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From the mass spectrum, we have also discussed vanishing one-loop poten-
tials for NG bosons related to the broken translational symmetry on the extra-
dimensional torus. The Wilson lines, which are in the same direction as the flux
in the representation space, correspond to NG bosons and do not appear in the
mass spectrum. As a result, the one-loop effective potential is not generated in
those directions.

Based on our findings, we have discussed the phenomenological implications
associated with the stabilization of tachyonic modes. We have provided a concrete
example of an 8D pure Yang-Mills theory where tachyonic modes can be eliminated
from the tree-level mass spectrum. This elimination can be realized by the Wilson
line phases introduced in a different direction from the flux in the extra dimensions.
To justify the stabilization, we have to derive the effective potential for the newly
introduced Wilson line phase, which is left for future research.
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Conclusion

In this thesis, we presented two different studies based on the framework of higher-
dimensional gauge theory. One was an application to a cosmological scenario,
and the other was the analysis of a non-abelian gauge theory with a background
magnetic flux. Here, we briefly summarize the content of this thesis.

In Chap. 2, we reviewed the fundamental aspects of higher-dimensional gauge
theory mainly using the 5D QED defined on M4 × S1 spacetime as a concrete
example. In the first few sections, we introduced the basic concepts such as
compact extra-dimension, boundary condition, and Kaluza-Klein expansion, and
derived the 4D effective theory from the 5D QED Lagrangian. After discussing
gauge transformation in the following few chapters, the dynamically generated
effective potential was introduced. We also introduced S1/Z2 orbifold as another
geometry of the extra dimension and reviewed the quantum mechanics of a charged
particle in a constant magnetic field.

Chap. 3 was also a review and treated Early Dark Energy, which is a promising
solution to the Hubble tension in cosmology. In the first section, we explained why
the existence of EDE can make the value of the Hubble constant obtained from
the CMB data larger. In the next section, using the extended PNGB potential as
an example, we examined how the scalar potential must be for the energy density
of the scalar field to behave as EDE.

In Chap. 4, we proposed a model of an EDE based on the 5D U(1) gauge
theory with matter fields defined on M4 × S1 spacetime. We identified the zero-
mode of the extra component of the gauge field as the EDE scalar, whose energy
density accounts for a few percent of the total energy density of the universe at
a particular time before the recombination and then decreases faster than that
of matter. We examined the possibility that the effective potential for the scalar
field generated by quantum effects has suitable features for realizing the EDE
behavior. The analysis clarified the conditions that the parameters such as gauge
coupling, bulk mass, charge, and degrees of freedom must satisfy. We presented
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two examples that satisfied the conditions and checked the behavior of the system
numerically. Finally, we discussed the parameter dependence of the behavior of
the system, as well as the effect of the higher-order corrections. The results showed
that the 5D U(1) gauge theory can explain EDE without unnatural assumptions
and fine-tuning.

In Chap. 5, we investigated the mass spectrum of an SU(n) gauge theory with
background magnetic flux defined on a M4×T 2 spacetime aiming to future apply
it to GHU and GUT model buildings. The mass spectrum was obtained while
keeping as much generality as possible in the choice of background and gauge
parameter in the Rξ gauge fixing. Our result showed that tachyonic modes exist
in the sector of the scalar field arising from the extra components of the gauge
field. In this thesis, instead of discussing tachyon condensation, which requires a
complete understanding of the vacuum structure, we discussed the possibility of
removing the tachyonic modes by Wilson line phases in a 8D model. To justify
the stabilization, we have to calculate the effective potential for the Wilson line
phases, which was left for our future study.

The two studies in this thesis show the further possibility of higher dimensional
gauge theory. In the first study, we applied a 5D U(1) gauge theory to the
cosmological scenario, EDE. In our model, the scalar potential was not assumed
and was derived from the Lagrangian of a higher-dimensional gauge theory. As a
result, the effective potential was expressed in terms of the parameters in the 5D
gauge theory. Therefore, we may be able to obtain some physical implications in
higher dimensions from future observations in cosmology. In addition, our model
is the simplest one with a single extra dimension and abelian gauge symmetry
which can be extended to models with higher extra dimensions or with other gauge
symmetries. Such extensions may yield nontrivial behavior that is not realized in
our simple model. The scalar field arising from higher-dimensional gauge theories
can also be regarded as another cosmological scalar, as has already been done.
Therefore, higher-dimensional gauge theories may be able to naturally explain
some cosmological scenarios. The second study can be helpful for GUT and GHU
model buildings after investigating the tachyon condensation and stabilization in
future study. Higher-dimensional gauge theory is one of the promising theoretical
approaches for the construction of BSMs.
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Appendix for Chapter 2

A.1 Gauge Transformation of the KKModes (2.52)

In Sec. 2.5, we presented the transformations of the KK modes A
(n)
M and ψ(n) under

the gauge transformation by the function (2.53). Here, we provide the proof.
As mentioned, the gauge transformation does not change the boundary con-

ditions for ψ and AM . This means that ψgt and Agt
M can be expanded by the

same mode function as in Eq. (2.14). Therefore, the KK expansions of the gauge
transformed fields are given by

ψgt(x, y) =
1√
2πR

+∞∑
n=−∞

ψgt(n)(x)ξψn (y), (A.1)

Agt
M(x, y) =

1√
2πR

+∞∑
n=−∞

A
gt(n)
M (x)ξAMn (y). (A.2)

The KK expansions before the transformation are Eqs. (2.12) and (2.13).
Let us first discuss the transformation of the gauge field (2.54). Substituting

the KK expansions of Agt
M and AM yields

+∞∑
n=−∞

Agt(n)
µ (x)ξAMn (y) =

+∞∑
n=−∞

A(n)
µ (x)ξAMn (y) +

1

g̃4
∂µΛ̃(x)ξAM0 (y), (A.3)

+∞∑
n=−∞

Agt(n)
y (x)ξAMn (y) =

+∞∑
n=−∞

A(n)
y (x)ξAMn (y) +

m

g̃4R
ξAM0 (y), (A.4)

where we explicitly write 1 = ξAM0 (y) for the y-independent terms. Multiplying

both sides of these equations by ξ
(n)
m (y) and performing the y-integration, we

obtain the first two lines in Eq. (2.52).
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Next, we derive the transformation of the fermion KK modes. By substituting
the KK expansions (2.12) and (A.1) into Eq. (2.55), we get

+∞∑
n=−∞

ψgt(n)(x)ξψn =
+∞∑

n=−∞

eiΛ̃(x)ψ(n)(x)ξψn−m. (A.5)

Multiplying by the mode function ξn
′

ψ and performing integration using the or-
thogonality condition again, it becomes

ψgt(n′)(x) =
+∞∑

n=−∞

eiΛ̃(x)ψ(n)(x)δn′ n−m = eiΛ̃(x)ψ(n′+m)(x), (A.6)

which is the third line in Eq. (2.52).

A.2 Derivation of the Effective Potential

We perform the momentum integral in Eq. (2.60) to obtain the expression (2.61).
Here, we set qφ = 1 and ηφ = 0 and express the contribution from φ as

∆Vφ =
nφ
2
i

∞∑
n=−∞

∫
d4p

(2π)4
log
[
−p2 +m2

n

]
, (A.7)

m2
n = M2

φ +
( n
R

+ g̃4⟨A(0)
y ⟩
)2
. (A.8)

It is convenient to perform the Wick rotation and rewrite it as

∆Vφ = −nφ
2

∞∑
n=−∞

∫
d4pE
(2π)4

log
[
p2E +m2

n

]
. (A.9)

Now, we calculate the Euclidean momentum integral.
First, we use the mathematical formula

ln x = constant −
∫ ∞

0

e−xt

t
dt, (A.10)

to remove part of the constant divergence that the effective potential contains.
One can check this identity by differentiating both sides of it. Applying Eq. (A.10)
to Eq. (A.9) and ignoring the constant term, we obtain

∆Vφ =
nφ
2

∞∑
n=−∞

∫ ∞

0

dt

∫
d4pE
(2π)4

e−(p2E+m
2
n)t

t

=
nφ
2

∞∑
n=−∞

∫ ∞

0

dt
e−m

2
nt

t

∫
d4pE
(2π)4

e−p
2
Et. (A.11)
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The pE integral can be evaluated in the 4D polar coordinates as∫
d4pE
(2π)4

e−p
2
Et =

1

8π2

∫ ∞

0

dk2 k2e−tk
2

=
−1

8π2

∂

∂t

∫ ∞

0

dk2 e−tk
2

=
−1

8π2

∂

∂t

1

t

=
1

8π2

1

t2
(A.12)

Therefore, the potential is rewritten as

∆Vφ =
nφ

16π2

∞∑
n=−∞

∫ ∞

0

dt
e−m

2
nt

t3
=

nφ
16π2

∫ ∞

0

dt
e−M

2
φt

t3

∞∑
n=−∞

e−( n
R
+g̃4⟨A(0)

y ⟩)2t.

(A.13)

Next, we use the Poisson resummation formula

∞∑
n=−∞

f
( n
R

)
= 2πR

∞∑
ℓ=−∞

F (2πRℓ), (A.14)

where F (x) is the Fourier transformed function of f , i.e.,

F (x) =

∫ ∞

−∞

dk

2π
e−ikxf(k). (A.15)

We derive the Poisson resummation formula in Sec. A.3. After using this formula,
the sum over n becomes

∞∑
n=−∞

e−( n
R
+g̃4⟨A(0)

y ⟩)2t = 2πR
∞∑

ℓ=−∞

∫ ∞

−∞

dk

2π
e−ik·2πRℓe−(k+g̃4⟨A(0)

y ⟩)2t. (A.16)

By shifting the integration variable s = k + g̃4⟨A(0)
y ⟩, we get

∞∑
n=−∞

e−( n
R
+g̃4⟨A(0)

y ⟩)2t = R

∞∑
ℓ=−∞

eiℓ2πRg̃4⟨A
(0)
y ⟩e−

(πRℓ)2

t

∫ ∞

−∞
ds e−t(s+i

πRℓ
t

)2 . (A.17)

The integral over s is just a complex Gaussian integral:∫ ∞

−∞
ds e−t(s+i

πRℓ
t

)2 =

√
π

t
. (A.18)
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Thus, we can calculate the summation over n as follows
∞∑

n=−∞

e−( n
R
+g̃4⟨A(0)

y ⟩)2t = R

√
π

t

∞∑
ℓ=−∞

eiℓ2πRg̃4⟨A
(0)
y ⟩e−

(πRℓ)2

t

= R

[
1 +

∑
ℓ̸=0

eiℓ2πRg̃4⟨A
(0)
y ⟩e−

(πRℓ)2

t

]

= R

[
1 +

∞∑
ℓ=1

e−
(πRℓ)2

t

(
eiℓ2πRg̃4⟨A

(0)
y ⟩ + e−iℓ2πRg̃4⟨A

(0)
y ⟩
)]

= R

[
1 + 2

∞∑
ℓ=1

e−
(πRℓ)2

t cos(ℓ2πRg̃4⟨A(0)
y ⟩)

]
. (A.19)

The first term can be ignored because it gives only a constant contribution to the
potential.

Substituting Eq. (A.19) into Eq. (A.13), we obtain

∆Vφ =
nφR

8π3/2

∞∑
ℓ=1

cos(ℓ2πRg̃4⟨A(0)
y ⟩)

∫ ∞

0

dt t−7/2e−M
2
φte−

(πRℓ)2

t . (A.20)

We can rewrite this using the integral form of the Modified Bessel functions of
the second kind

Kν(z) =
1

2

(z
2

)−ν ∫ ∞

0

dt tν−1 exp

(
−t− z2

4t

)
. (A.21)

and the variable transformation Mt2 = x. It results∫ ∞

0

dt t−7/2e−M
2
φte−

(πRℓ)2

t = M5
φ

∫ ∞

0

dx x−7/2 exp

(
−x− (ℓ · 2πRMφ)2

x

)
= 2M5

φ(ℓ · πRMφ)5/2K 5
2
(ℓ2πRMφ). (A.22)

Using another expression of K 5
2
(z)

K 5
2
(z) =

√
π

2z
e−z
(

1 + 3
1

z
+ 3

1

z2

)
=

3

z2

√
π

2z
e−z
(

1 + z +
z2

3

)
, (A.23)

yields

∆Vφ(θ5) =
3nφM

4
c

4π2

∞∑
ℓ=1

e−ℓMφ/Mc

[
1

ℓ5
+

1

ℓ4
Mφ

Mc

+
1

3ℓ3
M2

φ

M2
c

]
cos(ℓθ5), (A.24)

where we used θ5 = 2πRg̃4⟨A(0)
y ⟩ and Mc = (2πR)−1. We can perform the same

calculation for the ηφ ̸= 0 case. Here, instead, we simply shift θ5 → θ5 − ηφ,
which corresponds to the inverse of the gauge transformation (2.44) that shifted
the ηφ ̸= 0 gauge to the ηφ = 0 gauge. We can also recover the U(1) charge of φ
by the replacement θ5 → qφθ5.
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A.3 Poisson Resummation

We derive the Poisson resummation formula (A.14), here. To show it, we use
another identity:

1

2πR

+∞∑
n=−∞

ei
n
R
x =

+∞∑
ℓ=−∞

δ(x− 2πRℓ). (A.25)

Proof. The right-hand side

ш(x) =
+∞∑
ℓ=−∞

δ(x− 2πRw) (A.26)

is called the Dirac comb and a periodic function with periodicity 2πR. To show
the formula (A.25), we expand the Dirac comb in a Fourier series as

ш(x) =
+∞∑

n=−∞

cne
i n
R
x. (A.27)

The coefficient cn is determined as

cm =
1

2πR

∫ +πR

−πR
dx ш(x)e−i

m
R
x (A.28)

=
1

2πR

∫ +πR

−πR
dx δ(x)e−i

m
R
x (A.29)

=
1

2πR
, (A.30)

where we used the fact that only ℓ = 0 Dirac delta in Eq. (A.26) is nonzero in the
integral region. Thus, the Fourier series expansion of the Dirac comb is finally
given by

ш(x) =
1

2πR

+∞∑
n=−∞

ei
n
R
x, (A.31)

and this is the left-handed side in Eq. (A.26).

By using this formula, we can easily show the Poisson resummation. The

85



Appendix A. Appendix for Chapter 2

left-handed side of Eq. (A.14) can be calculated as follows.

+∞∑
n=−∞

f
( n
R

)
=

+∞∑
n=−∞

∫ +∞

−∞
dx ei

n
R
xF (x) (A.32)

= 2πR

∫ +∞

−∞
dx F (x)

+∞∑
ℓ=−∞

δ(x− 2πRℓ) (A.33)

= 2πR
+∞∑
ℓ=−∞

F (2πRℓ) (A.34)

The last line is the right-handed side of the Poisson resummation. Here, we used
the inverse of Eq. (A.15) in the first equality and Eq. (A.25) in the second equality.
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B.1 Derivation of the Solution of Eq. (4.13)

In this appendix, we show that the solution of Eq. (4.13) is given by Eq. (4.15).Let
us suppose that there are N kinds of bulk matter fields with different charges in
the 5D U(1) gauge theory as studied in Sec. 4.3. The effective potential for θ5 can
be written as

Veff(θ5) = −V0
N∑
i=1

di[1 − cos(qiθ5)], (B.1)

where di and qi represent the degrees of freedom and the U(1) charge of a field
φi. We define |qi| ̸= |qj| for i ̸= j and qi ̸= 0. Here, we distinguish fields only
based on the absolute values of their U(1) charge. Namely, if multiple fields have
the same U(1) charge squared, they are labeled by the same index i.The overall
scale V0 given by Eq. (4.8) is irrelevant for the following discussion.

The potential (B.1) takes an extreme value at θ5 = 0 and is expanded around
this point as

Veff(θ5) =V0

[
1

2!

(
−

N∑
i=1

diq
2
i

)
θ25 +

1

4!

(
N∑
i=1

diq
4
i

)
θ45 + · · ·

]
. (B.2)

To obtain a potential dominated by the θ2n5 (n ≥ 2) term for θ5 ≃ 0, the following
n− 1 algebraic equations must be satisfied:

N∑
i=1

diq
2k
i = 0, k = 1, . . . , n− 1. (B.3)

They can be interpreted as n−1 simultaneous equations for di. We do not consider
the trivial solution di = 0 because the potential becomes completely flat in this
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case. If the above condition is satisfied, the effective potential is written as

Veff(θ5) = V0
(−1)n

(2n)!

(
N∑
i=1

diq
2n
i

)
θ2n5 + O(θ2n+2

5 ). (B.4)

Here, we show that the simultaneous equations (B.3) can be solved for di for a
given set of qi. First, Eq. (B.3) is not affected by a simultaneous rescaling of di as
di → cdi with an arbitrary parameter c, which means that the set of parameters
{d1, d2, . . . , dN} has N − 1 degrees of freedom that are relevant to solve Eq. (B.3).
Therefore, to obtain a nontrivial solution of the n− 1 conditions in Eq. (B.3), the
condition N − 1 ≥ n− 1 should be satisfied.

In the following, we focus on the minimal case with N = n. It is convenient
to normalize qi and di by using those of the n-th field and define

Q̃i ≡
q2i
q2n
, d̃i ≡

di
dn
, (B.5)

for i = 1, · · · , n− 1. Then, the conditions (B.3) can be expressed as

1 +
n−1∑
j=1

d̃jQ̃
k
j = 0, k = 1, . . . , n− 1. (B.6)

To solve these equations for d̃i, let us introduce

V =


Q̃1 Q̃2 · · · Q̃n−1

Q̃2
1 Q̃2

2 · · · Q̃2
n−1

...
...

. . .
...

Q̃n−1
1 Q̃n−1

2 · · · Q̃n−1
n−1



=


1 1 · · · 1

Q̃1 Q̃2 · · · Q̃n−1
...

...
. . .

...

Q̃n−2
1 Q̃n−2

2 · · · Q̃n−2
n−1



Q̃1 0 · · · 0

0 Q̃2 · · · 0
...

...
. . .

...

0 0 · · · Q̃n−1

 ,

(B.7)

where the first matrix on the right-hand side is known as the Vandermonde ma-
trix. From the definition (B.7), one finds that the (i, j) component of V can be
expressed as

(V )ij = (Q̃j)
i. (B.8)

By using V , Eq. (B.6) is rewritten as

V

 d̃1
...

d̃n−1

 = −

1
...
1

 . (B.9)
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One sees that the determinant of V is given by

detV =

 n−1∏
i,j=1
j>i

(Q̃j − Q̃i)

(n−1∏
m=1

Q̃m

)
, (B.10)

where the inside the first bracket is the determinant of the Vandermonde matrix
and known as the Vandermonde’s determinant. Since Q̃j ̸= Q̃i for i ̸= j and
Q̃i ̸= 0 in the present case, the determinant has a nonzero value, and there is an
inverse of V , denoted by V −1. From the definition of the inverse matrix, it follows
that

δij =
n−1∑
k=1

(V −1)ik(V )kj =
n−1∑
k=1

(V −1)ik(Q̃j)
i, (B.11)

where we used Eq. (B.8) in the last equality. The solution of Eq. (B.9) is given
by

d̃i = −
n−1∑
k=1

(V −1)ik, (B.12)

where (V −1)ik is the (i, k) element of V −1.
To obtain an explicit expression for d̃i, let us introduce the function

Ri(Q̃) =
Q̃

Q̃i

n−1∏
k=1
k ̸=i

Q̃− Q̃k

Q̃i − Q̃k

, (B.13)

which satisfies

Ri(Q̃j) = δij, (B.14)

by definition. Combining Eq. (B.14) and Eq. (B.11) yields

Ri(Q̃j) =
n−1∑
k=1

(V −1)ikQ̃
k
j . (B.15)

Comparing it with Eq. (B.12), we find that d̃i can be expressed by using the
function Ri(Q̃) as

d̃i = −Ri(1) = − 1

Q̃i

n−1∏
k=1
k ̸=i

1 − Q̃k

Q̃i − Q̃k

. (B.16)
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Substituting Eq. B.5 into Eq. (B.16), we finally obtain the solution of Eq. (B.3)
as

di
dj

= −
q2j
q2i

n∏
k=1
k ̸=i,j

q2j − q2k
q2i − q2k

, (B.17)

which holds for any i, j ∈ {1, . . . , n} and i ̸= j. The charges must be consistent
with the fact that di represents the degrees of freedom.

Using the solution above, we can rewrite the leading term of the effective
potential in Eq. (B.4). By using d̃i and Q̃i, the coefficient of the θ2n-proportional
term appearing in Eq. (B.4) is expressed as

(−1)n

(2n)!

n∑
i=1

diq
2n
i =

(−1)n

(2n)!
dnq

2n
n

(
1 +

n−1∑
i=1

d̃iQ̃
n
i

)
. (B.18)

Substituting Eq. (B.16) into Eq. (B.18) yields

1 +
n−1∑
i=1

d̃iQ̃
n
i = 1 −

n−1∑
i=1

Q̃n−1
i

n−1∏
k=1
k ̸=i

1 − Q̃k

Q̃i − Q̃k


= 1 − Q̃n−1

1

n−1∏
k=1
k ̸=1

1 − Q̃k

Q̃1 − Q̃k

− Q̃n−1
2

n−1∏
k=1
k ̸=2

1 − Q̃k

Q̃2 − Q̃k

(B.19)

− · · · − Q̃n−1
n−1

n−1∏
k=1

k ̸=n−1

1 − Q̃k

Q̃n−1 − Q̃k

.

Since the quantity above vanishes for Q̃i = 1 with an arbitrary i and is linear for
any Q̃i, we can also write

1 +
n−1∑
i=1

d̃iQ̃
n
i = C(1 − Q̃1)(1 − Q̃2) · · · (1 − Q̃n−1), (B.20)

where C is a constant. One sees that C = 1 should be satisfied by taking a specific
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value of Q̃i, e.g., Q̃i = 1 − i. Thus, we finally obtain

(−1)n

(2n)!

n∑
i=1

diq
2n
i =

(−1)n

(2n)!
dnq

2n
n (1 − Q̃1) · · · (1 − Q̃n−1)

=
−1

(2n)!
dnq

2
n

(
q21 − q2n

)
· · ·
(
q2n−1 − q2n

)
=

−1

(2n)!
djq

2
j

 n∏
k=1
k ̸=j

(q2k − q2j )

 , (B.21)

where we have used Eq. (B.17) in the last equality. Note that the last expression
in Eq. (B.21) holds for any j ∈ {1, . . . , n}. We used this result in Eq. (4.16).
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C.1 Surface Terms

In Chap. 5, we often performed integration by parts for the background covariant
derivative defined in Eq. (5.15) and ignored surface terms when calculating the
quadratic Lagrangians. In this appendix, we examine the surface terms and verify
that they are zero.

Let us first examine the extra-dimensional components of the background co-
variant derivative Dm(z) defined in Eq. (5.15). We have denoted the argument
z since the derivative depends on the torus coordinates through the background
gauge field (5.18). The background covariant derivative follows the boundary
condition

Dm(Tpz) = Tp(z)Dm(z)T †
p (z), (C.1)

where the twist matrices are given in Eqs. (5.33) and (5.34).
Let ϕ(z),ϕ′(z) ∈ su(n) be general fields in the adjoint representation that

obey the following relations:

Dmϕ = (∂m − igad(Bm))ϕ, ϕ(Tpz) = Tp(z)ϕ(z)T †
p (z). (C.2)

The other field ϕ′(z) satisfies the same relations. The trace of the product
(Dmϕ)(Dnϕ

′) can be calculated as follows.

Tr[(Dmϕ)(Dnϕ
′)] = Tr [(∂mϕ)(Dnϕ

′)] − igTr [[Bm,ϕ](Dnϕ
′)]

= ∂mTr [ϕ(Dnϕ
′)] − Tr [ϕ∂mDnϕ

′]

− igTr [Bmϕ(Dnϕ
′)] + igTr [ϕBm(Dnϕ

′)]

= ∂mTr [ϕ(Dnϕ
′)] − Tr [ϕ∂mDnϕ

′]

− igTr [ϕ(Dnϕ
′)Bm] + igTr [ϕBm(Dnϕ

′)]

= ∂mTr [ϕ(Dnϕ
′)] − Tr [ϕ∂mDnϕ

′] + igTr [ϕ[Bm, (Dnϕ
′)]]

= −Tr[ϕ(DmDnϕ
′)] + ∂mTr[ϕ(Dnϕ

′)]. (C.3)
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Here, we used the cyclic property of the trace in the third term of the third
equality. In the action, the last term gives a vanishing contribution as∫

M4

d4x

∫
T 2

d2x ∂mTr[ϕ(Dnϕ
′)] ∝

[
Tr[ϕ(Dnϕ

′)]
]Tpz
z

= 0. (C.4)

Here, we have used the boundary conditions in Eqs. (C.1) and (C.2) and the cyclic
property of traces. Therefore, the surface term can be neglected, and the relation∫

M4

d4x

∫
T 2

d2x Tr[(Dmϕ)(Dmϕ
′)] = −

∫
M4

d4x

∫
T 2

d2x Tr[ϕ(DmDnϕ
′)] (C.5)

holds in the action. Using similar discussions, we obtain Eqs. (5.52)–(5.54), (5.55), (5.67),
and (5.70) without contributions from surface terms.

C.2 Mode Functions

In section 5.9.4, we showed the explicit form of the mode functions (5.96) without
derivation. Here, we offer its derivation.

C.2.1 Zero-mode Functions

First, let us derive the zero-mode function ζ0,d appearing in Eq. (5.92). For the

case with N ij > 0, the annihilation operator is given by Π̄
(ij)
z in Eq. (5.90), and

Eq. (5.92) becomes the differential equation(
∂̄z +

gf̂Ñ

4
(z − γz̄)

)
ζ0,d(z) = 0, (C.6)

for the zero-mode function. Here, we omit the upper script ij for notational
simplicity. The zero-mode function must also satisfy the boundary conditions
in Eqs. (5.94) and (5.95). The differential equation (C.6) can be solved, and a
solution is given by

ζ0,d(z) = Ce−
gf̂Ñ
4

(zz̄− 1
2
γz̄2)ζ̃0,d(z), (C.7)

where C is a constant. The function ζ̃0,d(z) depends only on z and is determined
by the boundary conditions (5.94) and (5.95). It is convenient to introduce a new
function χ0,d by

ζ̃0,d(z) = e
gf̂Ñ
4

(1− γ
2
)z2χ0,d(z), (C.8)
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to express the solution as

ζ0,d(z) = Ce−
gf̂Ñ
4

(zz̄−z2+ γ
2
(z2−z̄2))χ0,d(z). (C.9)

The boundary conditions (5.94) and (5.95) yields the boundary conditions for
χ0,d(z) as

χ0,d(z + 1) = e−2πiã5χ0,d(z), (C.10)

χ0,d(z + τ) = e−2πi(τRã5+τIã6)e−πiÑτeγπiÑτRe−2πiÑzχ0,d(z), (C.11)

where we have used f̂ = 2π/(gVT 2) = 2π/(gτI) to obtain the second relation. The
function χ0,d satisfying these boundary conditions can be expressed by the Jacobi

theta function [105]. The Jacobi theta function ϑ

[
a
b

]
(z′|τ ′) is defined by

ϑ

[
a
b

]
(z′|τ ′) =

∑
n∈Z

eiπτ
′(n+a)2e2πi(n+a)(z

′+b) (a, b ∈ R, z′, τ ′ ∈ C), (C.12)

which satisfies

ϑ

[
a
b

]
(z′ + k|τ ′) = e2πikaϑ

[
a
b

]
(z′|τ ′) (k ∈ Z), (C.13)

ϑ

[
a
b

]
(z′ + τ ′|τ ′) = e−iπτ

′
e−2πi(z′+b)ϑ

[
a
b

]
(z′|τ ′) . (C.14)

Using the Jacobi theta function, the function χ0,d, which satisfies the boundary
conditions (C.10) and (C.11), is expressed as

χ0,d(z) = ϑ

[
−(ã5 + d)/Ñ

τRã5 + τIã6 − γτRÑ/2

]
(Ñz|Ñτ). (C.15)

Finally, the zero-mode function is expressed as

ζ0,d(z) = Ce
−πÑ

2τI
(zz̄−zz+ γ

2
(zz−z̄z̄))

ϑ

[
−(ã5 + d)/Ñ

τRã5 + τIã6 − γτRÑ/2

]
(Ñz|Ñτ). (C.16)

Imposing the normalization condition∫
VT2

dx5dx6 ζ̄0,d(z)ζ0,d′(z) = δd,d′ , (C.17)

determines the constant C as

C =

(
2πÑ

τI

)1/4

. (C.18)
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C.2.2 Excited Mode Functions

The excited mode functions are obtained from the zero-mode function by using

ζℓ̂,d(z) =
1√
ℓ̂!

(â†)ℓ̂ζ0,d(z), (C.19)

where the creation operator â† is given by

â† = Πz = −i
√

τI

2πÑ

[
∂z −

πÑ

2τI
(z̄ − γz)

]
, (C.20)

for Ñ ij > 0. We show that the excited mode functions are given by

ζℓ̂,d(z) =
C

2ℓ̂
√
ℓ̂!

+∞∑
n=−∞

Zℓ̂(wn,d(z))e
−πÑ

2τI
(zz̄−zz+ γ

2
(zz−z̄z̄))

eiπÑτ(n−(ã5+d)/Ñ)2

× e2πiÑ(n−(ã5+d)/Ñ)(z+(τRã5+τIã6)/Ñ−γτR/2).

(C.21)

where the function wn,d(z) and Zℓ̂ are defined by

wn,d(z) =

√
2πÑ

τI

[
z − z̄

2i
+ τI

(
n− ã5 + d

Ñ

)]
, (C.22)

Z0(wn,d) = 1, Zℓ̂+1(wn,d) = 2wnZℓ̂(wn,d) −
dZℓ̂(wn,d)

dwn,d
, (C.23)

respectively.
To derive the excited mode functions, let us define

Fn,d(z) ≡e−
πÑ
2τI

(zz̄−zz+ γ
2
(zz−z̄z̄))

eiπÑτ(n−(ã5+d)/Ñ)2

× e2πi(n−(ã5+d)/Ñ)(Ñz+τRã5+τIã6−γτRÑ/2),
(C.24)

to express the zero-mode function in Eq. (C.16) as

ζ0,d(z) = C

+∞∑
n=−∞

Z0(wn,d)Fn,d(z), . (C.25)

The first-excited function is obtained from the zero-mode function as

ζ1,d(z) =
1√
1!
â†ζ0,d(z) = −i

√
τI

2πÑ

[
∂z −

πÑ

2τI
(z̄ − γz)

]
ζ0,d(z), (C.26)
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and substituting Eq. (C.25) yields

ζ1,d(z) = −iC
√

τI

2πÑ

∑
n

[
(∂zZ0)Fn,d + Z0(∂zFn,d)

− πÑ

2τI
(z̄ − γz)Z0Fn,d

]
.

(C.27)

We can rewrite the first term as

(∂zZ0)Fn,d =
∂wn,d
∂z

dZ0

dwn,d
Fn,d =

1

2i

√
2πÑ

τI

dZ0

dwn,d
Fn,d, (C.28)

and rearrange the last two terms as

Z0(∂zFn,d) −
πÑ

2τI
(z̄ − γz)Z0Fn,d

=
2πÑ

τI
i

(
z − z̄

2i
+ τI

(
n− gṽ5

2πÑ
− d

Ñ

))
Z0Fn,d = i

√
2πÑ

τI
wn,dZ0Fn,d. (C.29)

By using these results, the first-excited function (C.27) becomes

ζ1,d(z) =
C

2

+∞∑
n=−∞

(
2wn,d(z)Z0(wn,d) −

dZ0(wn,d)

dwn,d

)
Fn,d(z). (C.30)

Identifying the square bracket with Z1, i.e.,

Z1 = 2wn,dZ0 −
dZ0

dwn,d
, (C.31)

the first-excited mode can be written as

ζ1,d(z) =
C

2

+∞∑
n=−∞

Z1(wn,d(z))Fn,d(z). (C.32)

Therefore, Eq. (C.21) is correct for ℓ̂ = 1.
Let us assume that Eq. (C.21) holds for ℓ̂ = k and show that it also holds for

ℓ̂ = k + 1. Using the relation

ζk+1,d(z) =
1√
k + 1

a†ζk,d(z), (C.33)
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and repeating the same calculation we did for ℓ̂ = 0, we obtain

ζk+1,d(z) =
C

2k+1
√

(k + 1)!

+∞∑
n=−∞

(
2wn,dZk −

dZk
dwn,d

)
Fn,d(z). (C.34)

Hence, Eq. (C.21) is also satisfied for ℓ̂ = k+ 1. Therefore, this assumption holds
for any ℓ̂.

The function Zℓ̂(wn), which satisfies the differential equation in Eq. (C.23), can
be expressed by Hermite polynomials Hℓ̂(x). Therefore, we obtain the expression

in Eq. (C.21) for Ñ ij > 0. The mode function for Ñ ij < 0 can be derived in the
same way, and we obtain

ζℓ̂,d(z) =
C

2ℓ̂
√
ℓ̂!

+∞∑
n=−∞

Hℓ̂(wn,d(z))e
−πÑ

2τI
(z̄z−z̄z̄+ γ

2
(z̄z̄−zz))

e−iπÑ τ̄(n−(ã5+d)/Ñ)2

× e−i2πÑ(n−(ã5+d)/Ñ)(z̄+(τRã5+τIã6)/Ñ−γτR/2).

(C.35)

This function satisfies the boundary conditions (5.94) and (5.95) and the orthog-
onal relation (5.98).
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[44] Nils Schöneberg, Guillermo Franco Abellán, Andrea Pérez Sánchez,
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