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Abstract

The unification of gravity theory and quantum mechanics (quantum gravity) is a major
challenge in modern physics. Theoretically, quantum gravity is expected to reveal extreme
phenomena, such as the early universe, and the quantum aspect of a black hole. Quantum
gravity still shows no signs of completion because experimental evidence for the quantum
effects of gravity has never been observed so far.

Recent proposals for low-energy tabletop experiments have the potential to be game-
changers. The rapid development of quantum technology has raised hope that the study of
gravitational phenomena induced by quantum matter may be within its scope. In particular,
pioneered by Bose et al. and Matletto and Vedral, the possibility of detecting gravity-induced
entanglement between two quantum masses is a popular topic

However, the studies of Bose et al. and Matletto and Vedral did not take into account the
dynamical degree of freedom of quantum gravity (graviton) at all. It has been pointed out
that if the graviton is not considered, the properties of the theory of relativity and quantum
mechanics may become incompatible. In addition, there has been no discussion on how the
dynamical degrees of freedom of graviton affect entanglement generation.

In this thesis, we focus on revealing the quantum mechanical aspects of gravity based on a
quantum field theory. In particular, by comparison with the quantized electromagnetic field
case, we clarified the relationship between the existence of graviton and entanglement gener-
ation in a low-energy regime. We found that two quantum phenomena, vacuum fluctuation
and quantum superposition of bremsstrahlung owing to the transverse mode of the electro-
magnetic field (photon field), appear in the formula of a quantum correlation. Furthermore,
we demonstrated that causality, a property of the theory of relativity, and complementarity,
a property of quantum mechanics, are consistent because there are no quantum correlations
between objects that interact via dynamical fields. Finally, we quantitatively clarified that
the superposition of gravitational fields is correlated with the superposition state of the
particles.

Our results suggest that the dynamical degrees of freedom of the gravitational field may
play an essential role in the quantum effects of gravity in tabletop experiments in low-energy
regimes. We anticipate a deeper understanding of the decoherence induced by dynamical

fields to be important in finding a consistent theory of gravity and quantum mechanics.
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Notation

Here is summary for notation. For this thesis, the metric signature is chosen to be (4, —, —, —).
Greek letters take values 0, 1,2, 3 denoting the indices of the spacetime coordinates. We will
be working in the natural units ¢ = h = 1 excepting in Chapter 2 while we recover ¢ and h

as necessary. The standard mathematical and physical notations are adopted.

A = B : A is sufficient for B

¢ : speed of light

h : reduced Planck’s constant

G : Newton’s gravitational constant

e . elementary charge

N - Minkowski spacetime metric

g Curved spacetime metric, which satisfies with g,,¢"" = 5Z

Fﬁy : Christoffel connections, I’;}V = %g)‘p ((%gyp + O Gup — 3pg,u,)
V,, : Covariant derivative in the p direction, which generally leads to Vg, = 0
R“(wﬂ : Rieman tensor, R“(wﬁ = &,Fgﬁ — 9plh + FKVFQB - I";\Bff‘w
Ropg = R N Ricci tensor

R =g'"R,, : Ricci curvature

1,xn : n X n identiy operator
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1 Introduction

The construction of a unified theory of gravity theory and quantum mechanics is one of
the most important attempts in modern physics. This theory is called the quantum gravity
theory. Gravity is described by general relativity as the geometry of spacetime, whereas
quantum mechanics is a theory that explains the laws of physics in the microscopic world.
Currently, four fundamental forces (electromagnetism, strong force, weak force, and gravity)
are confirmed to exist in nature. In particular, all three forces, except gravity, have been
successfully described by quantum field theories, consistent with quantum mechanics.

Although the quantum gravity theory is considered essential for understanding extreme
situations, it has not yet been completed. For example, at the beginning of the universe, the
curvature of the spacetime will diverges. Standard cosmology, which assumes the classical
Einstein equation, suggests the existence of a singularity where the spacetime curvature
diverges |11, |12]. Under physical assumptions based on general relativity, a theorem was
proposed that singularity generally exists in an expanding universe [13]. Another example
is the quantum aspects of black holes: particle creation near the horizon of a black hole
leads to the evaporation of black holes with thermal radiation [14]. In particular, when the
initial state of the black hole is considered to be pure state quantum matter, this process is
interpreted as a time evolution from a pure state to a mixed state, where the final state is
thermal. Thus this time evolution is inconsistent with the unitarity of quantum mechanics,
which is known as information loss problem. Many ideas have been proposed to resolve this
problem |15}, |16}, |17, [18] [19]; however, this has not been solved because not only is the theory
describing the structure of spacetime and matter inside a black hole still unknown, but its
interaction with matter outside the black hole is also unclear. Quantum gravity theory is
expected to potentially provide an answer to information loss problem. Various candidate
theories (e.g., the superstring theory [20]) for quantum gravity theory have been proposed
so far. However, the validity of the proposed theories remains unclear.

One of the reasons for the difficulty in constructing a quantum gravity theory may be
that the phenomena originating from quantum gravitational fields have not yet been experi-
mentally discovered. General relativity predicted the existence of gravitational waves, which
are dynamical degrees of freedom in spacetime. In 2015, the existence of gravitational waves
was confirmed through direct observations using a gravitational wave interferometer [21].
However, the essence of quantum mechanics is that a particle is a wave and a wave is a

particle. Therefore, if the general relativity and quantum mechanics are unified, quantum



of gravitational field (graviton) should exist. However, the verification of the existence of
graviton requires accelerators with energies much higher than those currently attainable |22}
23| and thus faces technical difficulties. In recent years, methods for the indirect detection
of gravitons using gravitational wave interferometry have been proposed |24} 25, 26, 27, |28,
29]; however, these methods have not yet been realized.

It has been pointed out that gravity may not obey quantum mechanics. Diosi |30, |31] and
Penrose |32}, [33] have suggested that quantum state of a macroscopic object may decohere
due to its own gravitational energy. This implies that gravity is intrinsically fluctuating, not
quantum fluctuation. In this model, the Newtonian gravitational potential term is the origin
of the non-unitary dynamics. A more detailed theoretical model is presented in Sec. 2.3.2.

Developments in quantum technology from meso to macroscopic mechanical systems have
led to studies that may confirm the quantum mechanical nature of gravity in laboratory-
scale, low-energy experiments 34}, |35]. Feynman predicted that a particle in a superposition
state of position would also make another particle be in a superposition state of position via
gravitational interactions [36]. This is interpreted as the realization of a superposition state
of the gravitational potentials induced by the particles. Bose et al., [37] and Marletto and
Vedral [38] have devised a model to verify the superposition state of gravitational potentials
(see also the review article [39]). They considered the time evolution between two particles
in a superposition state of positions interacting due to the gravitational potential. Then they
found that two particles that are initially not in an entangled state can become entangled
due to the gravitational potential. This quantum entangled state is interpreted as being
induced by the superposition state of the gravitational potential. Inspired by their work,
various studies have been conducted to test the quantum gravity effect on a laboratory scale.
For instance, Refs. [40, 41, 42, |43| 44}, 45, 46| considered the quantum effects of gravity in a
table-top experiment. Moreover, the authors in Refs. |5} 6, |7, |47, 48, 49, 50| discussed the
entanglement generation between macroscopic objects using an optomechanical system |51}
52, 53|. However, the proposals of Bose et al., and Marletto and Vedral did not take into
account the degrees of freedom of the graviton, and it was noted that the properties of
relativity and quantum mechanics may be inconsistent without considering the graviton
[54, 55, 56].

This doctoral thesis aims to clarify the quantum-mechanical aspects of gravity from
the viewpoint of quantum field theory. In particular, in order to focus on revealing the

relationship between the property of gravity as a quantum field and the meaning of the

10



quantum superposition of gravitational potentials, we attempt to investigate the following

three questions:

(i) How do the degrees of freedom of a dynamical field affect quantum entanglement gen-

eration? (Section 3)

(ii) How are the properties of relativity and quantum mechanics consistent when the field

degrees of freedom are considered? (Section 4)

(iii) How is the superposition state of the gravitational field quantified? (Section 5)

First, to clarify question (i), we construct a model that can discuss quantum entan-
glement generation by considering the dynamical field degrees of freedom. Looking ahead
to the extension to the gravitational field, we consider quantum electrodynamics that can
be analyzed rigorously. In particular, we discuss the entanglement generation between two
charged particles interacting with an electromagnetic field. We assume that the initial states
of the two non-relativistic charged particles each in a superposition of two trajectories and
the electromagnetic field are separable states and analyze their time evolution. The gauge
fixing of the electromagnetic field is chosen to preserve the covariance with a view to ex-
tending to a gravitational field. Under the above assumptions, we derived a formula to
quantify the entanglement and discuss the entanglement generation between charged parti-
cles. Then we investigate the behavior of negativity by assuming specific trajectories of the
charged particles and performing calculations concretely. As a result, we demonstrate that
entanglement generation between two charged particles is suppressed by decoherence due to
vacuum fluctuations of the electromagnetic field. In addition, we found that the quantum
superposition of bremsstrahlung from a superposed trajectory affects the signature of the
quantum coherence between the two particles. However, the entanglement is not generated
because the vacuum fluctuations of the electromagnetic field dominate over the signature of
the entanglement. Similar features are expected in the entanglement generation between two
masses in the framework of a quantized gravitational field. We expect that even in the quan-
tized gravitational field, vacuum fluctuation and quantum superposition of bremsstrahlung,
owing to the gravitational field, will appear.

Next, based on the constructed model above, we consider question (ii). In particular, we
focus on how causality, a property of relativity, and complementarity, a property of quan-

tum mechanics, are consistent. In this study, we discuss the consistency of the above two
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properties in both the electromagnetic and linearized gravitational field cases. We show
that the causality can be understood in terms of the properties of the retarded Green’s
function. In addition, by introducing inequalities to quantitatively express complementarity,
we investigate the condition that causality and complementarity are consistent. We then
prove that the inequality expressing complementarity is guaranteed by the uncertainty re-
lation of the dynamical fields. To further deepen our understanding of this condition, we
focused on the relationship between the quantum correlation (entanglement) between two
particles caused by electromagnetic and gravitational fields. We found that the uncertainty
relation of the electromagnetic and gravitational fields led to vacuum fluctuations and that
the two particles do not become entangled. Furthermore, we numerically demonstrate that
the condition in which the two particles are quantum-uncorrelated guarantees consistency
with complementarity.

Finally, we investigate question (iii). In particular, we consider the trade-off relationship
between quantum entanglement in a composite system of two particles and a quantized
gravitational field. Consequently, it is found that the strength of entanglement between the
particle and the gravitational field changes due to the strength of entanglement between the
two particles. This relationship is known as a monogamy relation. Using the monogamy
relation, we analyze the behavior of the quantum superposition state of the gravitational
field. Then it is quantitatively discussed that the larger the width of the superposition of
the particles, the better the gravitational field is also superposed.

Our analysis will play an important role in the construction of a quantum field theory of
gravity that respects the properties of quantized gravitational fields (decoherence, superpo-
sition of bremsstrahlung, consistency of causality and complementarity).

This thesis is organized as follows. In Chapter. 2, we present the theoretical background
of this thesis. Chapters 3-5 constitute the main part of this thesis. In Chapter 3, we clarify
how the dynamical field affects entanglement generation using a quantum field theoretic
approach. In Chapter 4, we consider the consistency of the properties of the causality and
complementarity and reveal its condition. In Chapter 5, we discuss the quantification of the
quantum superposition of the gravitational field. Chapter 6 presents the conclusions of this
thesis and remarks on the future prospects. In Appendix A, we present a formula for the
1/c expansion of the phase shift in the non-relativistic regime, ¢ is the speed of light. In
Appendix B, we provide detailed computations in Sec. 3.2 and 5.1. In Appendix C, we prove
the statement in . In Appendix D, we numerically demonstrates the condition (4.48]).

12



Finally, in Appendix E, the proofs of inequalities ([5.5)) and ([5.18)) are presented.
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2 Theoretical Background

Here, we provide the theoretical background of this thesis. In particular, we briefly introduce
general relativity, quantum mechanics, and theories that combine them. Finally, we consider

the quantum field theory (quantum electrodynamics).

2.1 General relativity

General relativity is the simplest theory that describes the dynamics of gravity as the ge-
ometry of spacetime. This theory has been used in various verification experiments since it
was proposed by Einstein. The general relativity assumes the following two principles: the
equivalence principle, and the general principle of relativity. The equivalence principle guar-
antees that we can vanish the effect of gravity at any one point in spacetime. Specifically,
this means that the we can consider the Minkowski metric in the vicinity of any one point
in spacetime. The coordinate system around this point can be regarded as an inertial frame
(the local inertial frame). The general principle of relativity states that physical laws are
identical in any local inertial frame. This assertion indicates that the equation of motion is
expressed in a covariant tensor form with respect to the general coordinate transformation.

According to this theory, spacetime behaves as a dynamical variable. Mathematically,

the dynamical variable of the spacetime is introduced as
ds* = g (x)dotda”. (2.1)

Here the line element ds in curved spacetime characterizes the length from a spacetime point
x to o +dx#, and g, () is the metric tensor. In the following, we will see the equation of
motion with respect to g, (x). The metric tensor g, is a covariant tensor and transforms

by an arbitrary coordinate transformation x# — z# = f#(z) as

,  Ox“ ozl
Tur = Gt G

JapB- (2.2)

Here we first consider the motion of a free falling particle in curved spacetime. In
Minkowski spacetime, this particle has a straight line trajectory. However, in curved space-
time, “straight line” is generalized: geodesics. The equation of motion of particle along the

geodesic trajectory is given by a geodesic equation. The geodesic equation is derived as
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follows: We consider a particle moving the spacetime point from P; to P». The “straight
line” is given as the path that minimizes the distance between two points P and P». In

curved spacetime, the distance between two points P; and P, is characterized by

P P
/ ds = \/ Guvdatdz? . (2.3)
P P

Note that the line element ds is invariant under the general coordinate transformation. A

“straight line” in curved spacetime is determined by the condition that minimizes — f ds:
P
—5/ ds = 0. (2.4)
P

This condition leads to the following geodesic equation

2t " dz® dzP
_|_ -
dr? B dr dr

= 0. (2.5)

Here dr = ds/c is the proper time, which characterizes the time measured in the frame
where the particle is at rest (rest frame). This equation describes the straight line in the
curved spacetime and determines the trajectory of a free falling particle. Note that, in the
flat spacetime case (¢ = N ), the Christoffel connections becomes FZ 5= 0, and this leads
to d?z*/dr? = 0. The solution of this equation is ## = a*7 + b* with arbitrary coefficients
a* and b*, that is, this result shows the straight line in flat spacetime.

Next we derive the equation describing the dynamics of the metric g,,. We start the

following Einstein—Hilbert action

C4

5= 167G

/ d*z/=gR + S, (2.6)

where we define g = det(g,,), and Sy is the action of a matter, which relates to energy-

momentum tensor 7}, as follows:

2 6Sm

Ty = — o oom,
g og

(2.7)

Taking the functional derivative of the Einstein-Hilbert action S with respect to g, we

15



obtain the following equation

81
GIU’V f— c_4T'u’V’ (28)

where we defined the Einstein tensor G, = Ry, — Rgy /2. To derive Eq. (2.8), we used

the following formulas

1 1
5g" = —g"*g"P 595, Ov/—g = 5V 99" 09w = =5V =99w09" (2.9)

for the metric tensor, and

Ry = V0T), — V6T,
1

= §(VAVZ,(59,,)\ + VAV 1600 — VoV u8(99r) — VA ANgw), (2.10)

0R = V"V 6gu, — VIV (9" 0g) (2.11)

for the Ricci tensor and Ricci scalar, respectively. The left-hand-side of the above equa-
tion (2.8]) characterizes a geometric quantity of the spacetime and determines the dynamics
of the metric tensor g,,, whereas the right-hand-side shows the energy and momentum of
the matter. Thus, the Einstein equation ({2.8)) represents the equivalence between the space-
time curvature and the energy of matter. Note that Eq (2.8) automatically satisfies the

conservation of the energy-momentum tensor. Using the properties of the Rieman tensor

Ruovp = —Roywp = —Ruapy and Bianchi identity
VAR, 5+ VR 5, + VR, =0, (2.12)
the divergence of the Einstein tensor
VG =0 (2.13)
is always satisfied. This result leads to the conservation of the energy-momentum tensor.
VT =0. (2.14)

Finally, deeply understanding the dynamics of gravity, we consider the linear perturbation

16



of the metric from the Minkowski spacetime as follows

G = M + oy, g = 0w — By, (2.15)

where, in the equation of the right-hand side equation, we neglected terms of a higher order

than O(h?). This approximation makes the Einstein tensor G, to be

— Oy + 000 h + 0 — DD — 0y (090 iy — Dh)} . (2106)

N | —

G =
where R, and R are approximated as

1
Ry = 5 (aaaﬂhf; — 3,0uh + 0,0%hay, — th), (2.17)
R~ (aﬂthW _ Dh) (2.18)
with O := 1?0,0, and h := n”?h,,. Then the Einstein equation (2.8 becomes

167G
4

— Oy + 850 hye + 0,0 Py — 0u0h — 1, (0°0°has — OR) = 7%, (2.19)

C

)

where T, ,5,1, is of the first order of the energy-momentum tensor in the perturbations for
consistency with the weak field approximation. Furthermore, we can simplify the above

equation by introducing the new field v, defined as

1

w,uu = h;w - énuyh- (220)

This field makes it easier the above linearized Einstein equation as

167G
_D@ZJuy + auaaw,ua + auaa¢ua - nuuaaaﬁd]a/j = A T;Sll/) (2'21)

By choosing the Lorentz gauge condition 0¥, = 0, we obtain the following wave equation
167G
O = ——1— 7. (2.22)

We can solve the above equation with respect to 1, by Green’s function method, and then

17



the solution is

(1)
4G T (t — |z —yl/c,y)
, Byt ) 2.23
Vi = / ’ | — y| (2:23)

Note that by rewriting 1, in terms of h,,,, h,, becomes

1
h/ﬂ/ = w/u/ - §7lw/¢
4 s(t— o — ,
c [z -yl

with 7, = TF(”l,) — nw,T(l) /2 and T .= n“"Tﬁ(L,l). This equation shows that the energy and
momentum of the matter is the source of the gravity. The dynamical degrees of freedom
of gravity are gravitational waves, which were first directly observed in 2015 by using the

Michelson type interferometer.

2.2 Quantum mechanics: Perspective on the quantum information
theory

Quantum mechanics is the theory that describes the laws of physics in the microscopic world.
In addition to general relativity, quantum mechanics, which has been experimentally verified
with high accuracy, is one of the two pillars of modern physics. In quantum mechanics, light
and matter, etc. are interpreted as having both particle and wave properties. For instance,
Young’s interference experiment and other experiments showed that light classically behaves
as an electromagnetic wave, i.e., a wave. However, with the discovery of the photoelectric
effect [57] and Compton effect [58|, it was also experimentally determined that light has
properties as a particle. Furthermore, electrons are known to have properties as a particle
owing to the oil drop experiment [59]. In contrast, electron diffraction experiments [60),
61, |62, 63, 64], [65] have revealed that electrons behave as waves, as shown schematically in
Fig. [} These experimental results demonstrate the duality between particles and waves.

In relation to particle-wave duality, the uncertainty principle is another important con-
cept in quantum mechanics. The uncertainty principle implies that there is a common limit
to the product of minimum error between some pairs, such as the position and momentum
of a particle. This implies that these pairs of variables are not perfectly determined simul-

taneously. These particle-wave duality and the uncertainty principle were more generally
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FIG 1: A schematic picture of a double-slit experiment using electrons. The electron beam
gun repeatedly sends a single electron to a screen. The electrons passing through both slits
accumulate on the screen and produce an interference pattern as if they were interfering with
itself obeying a probability P(x).

summarized by the concept of complementarity. In this thesis, we define complementarity
as “the property of a particle that changes particle’s state when its position is measured.” In
Chapter 4, we will present a study on the consistency of complementarity in this sense and
relativistic causality.

The state of a quantum mechanical system is represented by a state vector [¢)) belonging
to the complex Hilbert space H. Hilbert space is a linear space in which the norm of the
state vector is defined and complete (the vector is continuous). Because of the linearity in

Hilbert space, we can consider the superposition state of several state vectors, as for instance

) = |0) + B[1), (2.25)

where the coefficients o and 3 satisfy |a|?> + |3|*> = 1 due to the condition of the norm
(Y|py = 1. This property is the quantum superposition state, and the quantum mechanics
allows for the simultaneous existence of different states.

The time evolution of a quantum mechanical system is described by a unitary transfor-

mation on Hilbert space. The state vector |¢(t)) evolves in time according to the Schréodinger
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equation as follows:
L d B
i () = H (1), (2.26)

where H is the operator that describes a quantum mechanical system. By solving this

equation, the following result is obtained

[ (1)) = U0)1$(0), (2.27)

where U(t) = e~ilt/h g the unitary operator, which satisfies UTU = UUT = 1, and it
describes the time evolution of this system. As Eq. , the quantum state represented
by a single state vector is pure state. In contrast, a mixed state is a superposition of pure
states with a certain probability. It is convenient to use a density matrix to describe the

mixed state, including the pure state. The density matrix p is defined as
p=>> pilvi)(wil, (2.28)
i

where p; represents the probability that the system is in pure state |¢;) and satisfies 0 < p; <
1 and ZZ p; = 1. The density matrix p is regarded as a collection of pure states |¢;) with
the probability p;. Note that if all p; = 0 except one value, then the density matrix becomes
p = i) (1|, that is, the system is in a pure state. Otherwise, it is in a mixed state, that is,
there exists nonzero values of p;. The pure state generally changes to a mixed state because
of interactions with the surrounding environment and other factors. This phenomenon is
known as quantum decoherence.

One of the important key concepts in quantum mechanics is quantum entanglement. For
simplicity, we consider two quantum systems A and B each possessing two quantum states
|0) and |1). This system is often called a 2-qubit system. For instance, if the state of the
system is represented as |W)s = |0)4|0)p, this state is separable. On the other hand, the

entangled state | W), is introduced as follows:

9)e = <= (1941005 + [1)a11)s) (2.29)

This state shows that if a measurement is performed in system A and reveals that the state
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is [0)a (]1)a), the state in system B can also be determined to be |0)g (|1)p), independent
of the distance. The feature of the entanglement is that it can exhibit similar correlations
not only on a particular basis but also based on the quantum superposition states of that

basis. We introduce orthogonal basis with |0); and |1); (i = A, B) rotated by 6 as follows:

|0); = cos 0]0); + sin|1); 2.30)
101 ); = —sinf]0); + cos|1);
with ¢ = A, B. Then the state |¥), becomes
o) —L(\()) )5 + |1)a]1) )_LO@ O+ 161)a16.) ) 231
e o \[ATYB alliB ) = “5 10241008 +101)a10L7B |- .

This result shows that the entanglement is independent of the basis of the two subsystems
and that this correlation is a quantum correlation.

The properties of an operation LOCC [66, [67] is important for understanding the en-
tanglement. The LOCC protocol is as follows. We consider two local systems, A and B.
We assume that these two systems can only exchange classical mechanical information (e.g.,
telephone) with each other. Then, A and B can perform physical operations such as quan-
tum measurements and unitary transformations, respectively, only on their local systems.
This operation is called local operations and classical communication (LOCC), and has the
property of not generating entangled states.

In the following, to judge whether it is an entangled state or not quantitatively, we

introduce two tools to quantify the entanglement: von Neumann entropy and negativity.

2.2.1 The von Neumann entropy

Here, we introduce the von Neumann entropy or entanglement entropy. We consider a pure
state |U)ap consisting of quantum states A and B, and the definition of the von Neumann

entropy S is defined by
S = —Trp [pA In pA} = —Trp [pB lan}, (2.32)

where pp = Trg U\IJ>AB<\IJH (pp = Tra [|\II>AB<\IJ|]) is reduced density matrix of the state
B (A), respectively. The von Neumann entropy S measures the strength of the quantum

correlation between subsystem A and its complement system B.
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Note that the von Neumann entropy is valid only for pure states. This is because it may
take a non-zero value for a separable state: for a mixed state V) A (V| = 14x4/4 = pa ® pB
with po = pp = lax2/2, the von Neumann entropy becomes S = In2, whereas, for the
entangled state , the von Neumann entropy is also the same result. In the following,
we consider the negativity. This is a measure of the entanglement of the two systems and is

also applicable to mixed states.

2.2.2 Negativity

Here, we present the negativity .4 [68]. We consider a density matrix p of a bipartite system
AB. The negativity is defined as follows:

A=A, (2.33)

Ai<0

where )\; are the negative eigenvalues of the partial transposition pT» with the elements
(al(b]pTa|d')|b') = (a’|(b|p|a)|V') in a basis {|a}|b) }4, of the system AB. If the negativity does
not disappear, then the system is entangled, which follows by the positive partial transpose
criterion |69, 70]. Additionally, nonzero negativity is a necessary and sufficient condition for
the entanglement of a two-qubit or a qubit-qutrit system [69]. Particularly, there is only one
negative eigenvalue A\, of the partial transposed density matrix of a two-qubit system |71},

72|. We can rewrite the negativity as

N = max[ — Amin, 0}. (2.34)

2.3 Effect of the gravity on quantum mechanics

Here we demonstrate how classical or quantized gravity affects quantum mechanics. In
particular, we review the COW experiment, the Schrodinger-Newton equation, and the BMV

experimental proposal.

2.3.1 COW experiment

The COW experiment [73] shows that the classical gravitational field originating from the
Earth induces the phase shift of a quantum particle. We consider a monochromatic neutron

beam with wavelength A at room temperature injected into a neutron interferometer shown
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FIG 2: A schematic experimental setup of the COW experiment [73]. The dashed line shows
the transmitted wave at the crystal surface.

in Fig. |2 along a horizontal line with momentum Aky. The neutron beam incident on a silicon
crystal is split into two wave packets, a transmitted wave and a diffracted wave, by Bragg
reflection at the crystal surface at point A and follows partial beam paths ABD and ACD.
Then the interferometer is rotated by an angle ¢ around the direction of the incident beam.
Finally, the wave packets of neutron recombine and interfere at point D, where the point
has higher gravitational potential above the Earth than the entry point A, and the potential
is given by mygh sin ¢ with the neutron mass my and the gravitational acceleration g. The

total energy of the neutron passing through paths ABD and ACD is conserved as,

B2 R

© 2my 2my

E

+ mpghsin @. (2.35)

Because part of the kinetic energy of the neutron is converted to potential energy, the
kinetic energy, that is, the wavenumber of the neutron is reduced on the path ACD . Thus
the difference of the path ACD and ABD S becomes |39, 74, 75|

Amig

B =kl — kol ~ — 33

Asin ¢ = —qeow Sin ¢, (2.36)

where we defined the area of the parallelogram A := (h, and we used the approximation
k ~ kg = 2m/X due to the small contribution of the gravity. The setup shown in Fig.
corresponds to the usual Mach—Zehnder interferometer, and the intensity difference AT is
proportional to cos 8 (for instance, see [76]). The oscillation frequency of AT is related to
the parameters of gcow and rotation angle ¢. Fig. |3| shows the difference of the intensity (or

counting rate) at counters C1 and C2 as a function of angle ¢. This result demonstrates
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FIG 3: Demonstration of the result of the difference intensity Al = cos /3 in COW exper-
iment |73| as a function of rotation angle —7/6 < ¢ < 7/6. The following parameters
were used: A ~ 1.4 x 1079 m, m, ~ 1.7 x 107?" kg, g ~ 9.8 m/s? h ~ 1.1 x 1073 J - s,
A =/(h=2d(d+acosf)tanf ~ 1.0 x 1073 m? with a = 2.0 x 1073 m, d = 3.5 x 1072 m,
6 = 22.17/180 rad.

that the classical gravitational potential changes the phase of the neutron wave function.

2.3.2 Schrodinger-Newton equation

One of the simplest models of classical gravity coupled to quantum matter is known as semi-
classical gravity |77, [78]. We consider a single quantum particle coupled with a classical

gravity. This system is described by the following semi-classical Einstein equation
81G , -
G =~ T ), (237)

where the right-hand-side of the above equations is modified by an expectation value of
operator valued energy-momentum tensor Tuv compared with Eq. (2.8]). This equation shows
that the quantum particle, which is taken an expectation value, creates the gravity. In the

non-relativistic limit, the state [¢) is evolved under the following Schrédinger equation

2
m%w, z) = ( LR S m))¢(t, ), (2.38)

2m
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where ¢(t, x) is the Newtonian potential, which is determined by the Poison equation

47er

VEig(t,®) = (W|Toolw) = 4nGmly(t, )| (2.39)
with Tpg = mc?|x) (x| and (x[yp) = ¥(t, ). By solving the above equation, the Newtonian

potential ¢(t, x) becomes

ot x Gm/d3 [, y)I” (2.40)
Jz—yl yl
Thus, the above Schrodinger equation ([2.38)) is rewritten as the following Schrodinger-

Newton equation |79

2 2

ih%zﬁ(t,ax) = l—;—mVQ —Gm /d3 %} Y(t, ). (2.41)
In this formalism, the gravitational potential is treated classically and the influence of grav-
ity on quantum particles is explained by assuming that the mass probability density of the
particle appears as a source. The Schréodinger-Newton equation was studied to discuss the
collapse of the wave function due to measurement |30, |31} |32, 33|. Unlike ordinary linear
quantum mechanics, the feature of the Schrédinger-Newton equation is its nonlinearity with
respect to the wave function ¥(¢, ), which breaks the unitarity and causes the decoherence
via self gravitational field. This modifications of linear quantum mechanics and classical
gravity invite criticism [80]. However, the validity of this approach has not yet been theoret-
ically or experimentally ruled out. Recently, it has been discussed in relationship with the
suggestion of whether gravity might need quantization or not [81].

Both of the above two examples are discussed in terms of classical (not operator val-
ued) gravitational fields. Thus, if we prepare multiple quantum particles, the entanglement
between them would not be created by the LOCC. We then present an example in which
two quantum particles interact with a gravitational field as a position operator and generate

entanglement.

2.3.3 BMYV experimental proposal

Here we briefly review the BMV experimental proposal |37, 38|. This proposal involves the

experimental setting of two matter-wave interferometers that test the quantum aspects of
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FIG 4: Configuration of trajectories of two charged particles. The length scale of each
superposition is L, the coordinate time during which each particle is superposed is 7', and
the particles are initially separated by the distance D.

gravity via entanglement generation. We consider two massive particles A and B each in a
superposition of two trajectories (see Fig. . These particles are coupled with each other
using the Newtonian potential. The total Hamiltonian is

Gmamp

FI = F[A + [:[B + VABa VAB = (2.42)

%A — %p|’
where H A and ]:IB are the Hamiltonians of the charged particles A and B, VAB is the
interaction Hamiltonian between them with the masses ma and mp, and X5 and Xg denote
each position operator of the two massive particles. Note that, in the following, if we replace
the coupling constant Gmamp with exeg where ey and ep are the electric charges of the
two charged particles A and B, the Coulomb potential version of the BMV proposal can
be discussed. We stress that the Newtonian potential Vap is an operator of the position
operators Xxp and xp. In the following computation, we do not need the explicit forms of
Hy and Hg. As we will mention after Eq. ([2.45)), they are implicitly given by specifying the
trajectories of each particle. Each of the two charged particles at t = 0 is in the spatially

superposed state

[W(0)) = %IC>A(IT>A +DA)ICB(Ms + 1)), (2.43)

where [1); (]1);) are the spin degrees of freedom of the massive particle j with j = A, B, and

|C)a and |C)p denote the localized particle wave function of A and B, respectively. For ¢ < 0,
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the massive particles A and B are localized around each trajectory, whose states are described
by |C)a and |C)p, respectively. Then the Newtonian potential for ¢ < 0 is not in a quantum
superposition and behaves classically. In this case the states of A and B are uncorrelated
with the Newtonian potential. Now, we assume that each particle is manipulated through
an inhomogeneous magnetic field (|C); [1); — [¢1); [1);.1C);[1); — [¢r); {);) to create
spatially superposed states with |¢r,); |1) j» and [UR); [4) ;» which is understood as the Stern-
Gerlach effect. In the following, |C); [1); and [C); ||); are represented by |L); and |R); with

j = A, B for simplicity. The initial state is rewritten as
1
[2(0)) = 5(IL)a + [R)a)(IL)5 + [R)B)- (2.44)

We note that |[R)a (|R)) and |L)s (|]L)B) are the states of wave packets localized around
classical trajectories x = Xar(t = 0) (x = Xr(t =0)) and x = Xa1(t =0) (x = XpL(t =
0)), respectively. After each particle has passed through an inhomogeneous magnetic field,
the states |L); and |R); are regarded as the localized states of the particle j = A, B around
the left trajectory and the right trajectory shown in Figld] respectively. We assume the

following approximation,

Xy (P = Xap()|P)a,  %5(1)|Q)s ~ Xpo(t)|Q)s, (2.45)

where X!, (t) = eit(Ha+He) g, o—it(Ha+Hz) g xL(t) = git(Ha+He) g o—it(Hat+He) are the po-
sition operators in the interaction picture. These assumptions are valid [82] when the de
Broglie wavelength A\gg of the massive particle is much smaller than the width Ax of its
wave packet (Aqp < Az). The trajectories of the particles, Xap(t) and Xpq(t), are deter-
mined by the Hamiltonians H A and ﬁB. In our computation, we specify the trajectories by
hand.

The evolved state |¥(7)) is

W(T)) = e 7 |w(0))

R R T
= ¢ THA+HHR)T ovpy [2/ dt| Cimams ] [ (0))
0

% (1) — X3(1)]

~ e TR 87 citra b @] Q)p, (2.46)
P,Q=R, L

—_
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where T is the time-ordered product, and the approximation (2.45) was used in the third
line. The phase shift

Dpq = / " g Gmamp (2.47)
P ) T Xar(t) — Xpq(®)] '

is induced by the Newtonian potential between particles A and B. The density matrix of

those particles is

pe=[(MNE(T) == Y > e Py (Pl @ |Qe(Qf,  (248)

P,Q=R,L P',Q'=R,L

A

where |Pg)p = e_iﬁAT|P>A and |Qg)p = e‘mBT|Q>B are the states of the massive particles
A and B moving along trajectories P and Q, respectively.
We then adopt the negativity .4 [68] to determine whether the state of two massive

particles is entangled or not. The minimum eigenvalue of the partial transpose of the density

matrix ([2.48)) is

Amin = —% sin [%] : (2.49)
where ®. is given as
@C:GmAmB/Tdt< L — !
0 [ Xar(t) = Xgr(t)]  [Xar(t) — XpL(?)]
1 1
RGeS e Advenoes e D

To evaluate ®. and the negativity (2.34)), we consider the trajectories

Xap(t) = [epx(t),o,o]T, Xpq = [eQX(tHD,o,o boxw =8L(1 _ i)2<i)2

T T
(2.51)
where eg = —er, = 1, L is the length scale of each superposition, T is the time scale during

which each particle is superposed and D is the initial distance between those particles (see
Fig. [)). The function X (t) is chosen so that each particle has no velocity at ¢ = 0 and
t = T to avoid the UV divergence in our computation in the following sections. This
point is discussed in more detail around Eq.. There can be other possible choice for
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superposition and trajectories. For example, the authors in Ref. [83] considered two particles
in superposition states of multiple trajectories, and discussed the entanglement generation
due to the Newtonian potential. The result indicated that multiple trajectories cases are more
resilient to decoherence than the two trajectories case. In the present paper, for simplicity,
we consider the entanglement generation between two charged particles.

When the trajectories of the particles are specified by Eq. , the quantity ®. is given
by

T
% = GmAmB/O at [% B (D - ;X(t) DT ;X(t))] (2.52)

Now, we recover the light velocity ¢ and the reduced Planck constant h. We focus on the
two regimes ¢I' > D ~ L and ¢I' > D > L, in which the charged particles move with
non-relativistic velocities (¢I'" > L). In the regime ¢I" > D ~ L, the above formula of &,
and the minimum eigenvalue are computed numerically. In the regime ¢T'> D > L,
the quantity . and the minimum eigenvalue are approximated as

256GmAmB(L)2(£)3 . N_64GmAmB(L)2(£>3

b, ~ — — —
¢ 315mhe  \cT D 315mhe  \cT D

(2.53)
where O(L3/D3) was ignored, and the Taylor expansion sin ®./2 ~ ®./2 was used.

Fig. 5| (a) and (b) show the negativity in the regime ¢I" > D ~ L and ¢T > D > L.
These results show that the negativity decreases as the ratio D/cT increases. Because
the negativity is always positive, the two massive particles A and B interacting with the

Newtonian potential are entangled in the regimes ¢1'> D ~ L and ¢T' > D > L.
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FIG 5: Negativity .4 induced by the Newtonian potential between the massive particles.
We adopted L/cT = 0.1 and Gmamg/hc = 0.1.
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The entanglement generation here is understood to be caused by the Newtonian poten-
tial treated as an operator of the positions of two massive particles A and B, which
allows the quantum superposition of Newtonian potentials associated with the superposition
of the massive particles. In the context of quantum information theory, LOCC explained
in Sec. 2.2 cannot create the entanglement between two systems. Translating to the BMV
setting, this means that it is impossible to create entanglement through classical interaction.
It immediately follows that if the Newtonian interaction entangles two massive particles,
then the interaction is quantum and is not described by LOCC.

The main theme of this thesis is how the quantum field of gravity relates to its low-
energy regime. In the next subsection, we introduce the quantum field theory and consider

the treatment of field theoretic approaches before proceeding to the main text of this thesis.

2.4 Quantum field theory

Here, we briefly introduce the quantization of quantum electrodynamics as an example of
quantum field theory. In particular, we focus on the quantization of electrodynamics in
Minkowski space-time using the Becchi-Rouet-Stora-Tyutin (BRST) formalism to preserve

the covariance of the theory with a view toward its extension to quantum gravity theory.

2.4.1 BRST formalism

The Lagrangian density of the QED in BRST formalism is written as follows:
1 =/
¥ = gQED + ZCeFaFP, »%QED = _ZLF“VFMV + w(Z’y“DM —m)i, (2.54)

where F,,, = 0,A, —0, A, is the field strength of the U(1) gauge field A, 1 is the Dirac field
with mass m, ¢ = ¥140, 4# is the gamma matrix satisfying {v*, v} = 2n"", D, = 0,+1ieA,
is the covariant derivative, which includes the electromagnetic interaction term with the
coupling constant e, and Zgr,rp is the gauge fixing and Faddeev-Popov ghost term. The

Lagrangian density Zgp is invariant under the following transformation
W — 7@y~ (1 —ief(x))p =+ 0y, A, — A, +9,0(x) = A, + A, (2.55)

where 6(z) is a real function. To give the gauge fixing and Faddeev-Popov ghost term
Zararp , we define 6(z) = AC(x), where A\ and C(x) are the global and local Grass-
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mann numbers. Field C(z) is a scalar field, but it satisfies the anti-commutation relations
{C(z),C(y)} = 0, which is the Faddeev-Popov ghost field. We rewrite 6 and 04, as follows

p(x) = M—ieC(x)p(x)) = Mpy(x), 6A, = N0,C(x)) = AoA,, BC(z) =0, (2.56)

where the operator dp is defined so that the nilpotency 63 = 0 satisfies. We also introduce
the anti-ghost field C'(z) and the Nakanishi-Lautrup field B(x). They satisfy

55C(z) = iB(zx), opB(x) =0, (2.57)

where « is an arbitrary parameter. The transformation of Eqs. (2.56|) and (2.57)) is referred

to as the BRST transformation. We can choose the gauge fixing and Faddeev-Popov ghost

terms as follows:
Lepsrp = —i0p(CF), F=0"A, + %aB. (2.58)
Consequently, the full Lagrangian density in BRST formalism is
L = —iFWF‘“’ + (i Db — m)y + %QBQ — O"BA,, —i0"C9,C. (2.59)

The equations of motion for fields A, B, C, C are given by the Euler-Lagrange equations,

0=08"F,, — J, — 0,B, (2.60)
0=0"A, +aB, (2.61)
0=0C =0c, (2.62)

where J, = e1py,1. The fields C(x) and C(z) follow the free evolution and do not interact
with the other fields. Substituting (2.61)) into (2.59), we arrive at the following Lagrangian

density,

1 0 1 s
L = = Fu " + § (i Dyp = m)yp — o (9, A1)* = i0"CO,C, (2.63)
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and the BRST transformations are summarized as
pA, = 0,0, dptp = —ieC,05C = 0,65C = é(auA“). (2.64)

Because of the BRST transformation, the Lagrangian density has a global symmetry (BRST

symmetry)
AopZ = 0. (2.65)

Associated with this global symmetry, there is a conserved current referred to as the BRST

current Jg defined by

0L 1
H g 5 @ — _FMV v - I/AV # " ) 2
Jh % 0D BP1 0,C a(? orc+ JhC (2.66)
where &1 = {4,,v,C, C}. The BRST charge Qg is given by

Qp = / BrJ3(z) = / d3x[(8iC)Fi0+JOC— é(aufw)(j : (2.67)

We perform the canonical quantization procedure in the Feynman gauge (v = 1). The

canonical conjugate momenta are defined as

0L 0L - 0L - 0L
WZE—.:—FOM—((?VAV)TION77T¢E—.:Z. ’YO,WCE—.:’iC,WEE—;:ZC,
0A, o oC oC
(2.68)
where “ -7 denotes the derivative with respect to time 2 = t. The commutation relations

are assigned as follows

32



The quantized BRST charge is given by
Qg = / Ba[(0:C) P + JOC — (9,A")C] = / Br[— (07 C + JOC + 7%, (2.69)

It is well known that when we quantize a gauge theory while maintaining the Lorentz
covariance, a state space V with an indefinite metric is required. For the standard proba-
bilistic interpretation of quantum mechanics , a physical state |¥,,ys) has no negative norm.
This state with a non-negative norm is identified by imposing the following condition (the

BRST condition)
CA2B|\I’phys> =0, (270)
where the physical state |Wppys) satisfies (Wphys|Wphys) > 0.

2.4.2 BRST charge in the interaction picture and in the Schrédinger picture

We derive a useful form of the BRST charge for our computation. Using Eq. (2.69), we
obtain the BRST charge in the interaction picture,

OL(¢) = eHot Qpe—itot — / B[ (07N C + PO + i7"7]), (2.71)

where ¢! = eiﬁo%e_mot,qg = {Au,ﬁ“,é, é, e, e, JU}, and they satisfy the Heisenberg

equation
il = [¢F, Hy). (2.72)

The gauge field AL(@“) and the ghost field C'(z) satisfy the Klein-Gordon equation. The

solutions are

k)e** £ h.c.), (2.73)

1 B 3k p
A,u<x) —/ W( M(
ATy Pk
C(x)_/\/(%)%w(

é(k)e™T 4 he), (2.74)
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where k° = |k|, G, (k) and é(k) are the annihilation operators of the gauge field AL(I), and
the ghost field C(z), respectively. The annihilation operators a,(k), ¢(k), and the creation

operators satisfy

la(k), al (K] = nuwd(k — k), {c(k),cT(K)} =d(k—K). (2.75)

Substituting (2.73) and (2.74) into Eq. (2.69)), we obtain the BRST charge in the interaction

picture

QL (t) = \/CZCT)?) [(k“du(k:) + %eikot> cf (k) +h-c-] : (2.76)

where J0 (¢, k) is the Fourier transformation of jIO (t,x)

¢k z ik-x
\/WJI (t, k)e'*®. (2.77)

Using the BRST charge in the interaction picture and ((2.69), the BRST charge in the

Schrodinger picture is obtained as

J(t,x) =

. . 3 70
Qp = e QL (1)ethot = \/% [(k:”dﬂ(k: + ﬁ%) (k) + h.c.] , (2.78)

where we used

e_iﬁotdu(k)eiﬁot _ &M(k)eikot, e—iﬁotéT(k>€iﬁot _ éT(kt)e_ikOt, e—zflotjl()(t7 k)eiﬁot _ jO(k)’
(2.79)

Here, JO is the Fourier transform of the matter current in the Schrodinger picture.

2.4.3 BRST condition for our models with charged particles

We use the explicit form of the BRST charge in the Schrodinger picture (2.78) to derive
the BRST condition for our models. Assuming a physical state |Wppys) = |\I/;hys> ® [0,
where |0), is the ground state of the ghost field, and using ([2.78)), we can reduce the BRST
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condition (2.70) as
. TOk)Y

(k“aﬂ(k) + W) W 50) = 0. (2.80)

When |\I/;hys> is the initial state given in (3.2)), (2.80) gives the equation,
JO(k
2K0
JO(k
2K0

~—

0— (k“&u(k) + )|x1:;hys>

)%QR) + |L)) ® |a)Em

R) + L)) ® (k:“du(k) +

= 4

— (Wi, (k) +

T (k)
V2k0

1
where the approximation (3.4) was used in the second line, and note that jﬂ(k) = jg(k) =
JY(k) at the initial time. Hence the initial coherent state of the electromagnetic field must

satisfy

JO(k)
V210

(k“&u(k;) + )|a>EM = 0. (2.82)

Because the displacement operator 15(04) given in (3.3) has the following relation

~

D (@)a(k)D(0) = au(k) + o (k). (2.89)
we obtain the constraint for the complex function a#(k) as

70
Ko (k) = —2 2(:3 (2.84)

j

This is the BRST condition for the model of a single charged particle. The BRST condition

for the model of two charged particles is obtained using the same procedure.
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3 Effect of photon field on entanglement generation

In this section, based on QED, we evaluate the entanglement generation between two charged
particles [4]. We first introduce the model of a single charged particle interacting with
an electromagnetic field, and then extend it to the model of two charged particles, which
corresponds to the BMV proposal setting, explained in Sec. 2.3.3. The results in the next two
subsections are based on the first principle analysis of the QED. Our analysis may be useful
to understand how the entanglement generation based on the operator valued Newtonian
potential Eq. is related to the quantum field theory of gravitational field. We will
see that the contribution from the Coulomb potential is reproduced in the behavior of the
entanglement and is consistent with the result of the non-relativistic limit. This implies
that the operator valued Coulomb potential is originated from the quantum field theory of
the electromagnetic field. As we will see below, this entanglement generation is driven by
the fact that an electromagnetic field can be in a superposition state associated with the
superposition states of currents of the charged particles, which shows the quantum nature

of the electromagnetic field.

3.1 Dynamics of charged particles coupled with an electromagnetic

field

We consider the dynamics of charged particles coupled with an electromagnetic field, where
the charged particles are each in a superposition of trajectories. After a brief review of the
model of a single charged particle, we extend it to the model of two charged particles. For
the covariant quantization of the electromagnetic field, we use the BRST formalism [84] in

the Feynman gauge. The details of the BRST formalism are presented in Sec. 2.4.

3.1.1 Model of a single charged particle

We consider a single charged particle and an electromagnetic field coupled to it. The total

Hamiltonian in the Schrodinger picture is

H=H,+Hgy+V, V= /dngu(x)fl“(x), (3.1)
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where Iflp is the Hamiltonian of the charged particle, F[EM is the free Hamiltonian of the
electromagnetic field, and V is their interaction Hamiltonian. jﬂ is the current operator of
the charged particle, and A is the electromagnetic field operator (the U(1) gauge field).

We assume that the charged particle is superposed in two different trajectories R and L.
The charged particle is initially in the superposed state of |R) and |L), where |R)(|L)) is the
state that the particle will go through a trajectory R (L).

charged particle
t

T

\ 4

FIG 6: Configuration of a single charged particle trajectory.

The electromagnetic field is assumed to be initially in a coherent state. Then the total initial

state at the time ¢t = 0 is

1

W (0)) 7

(IR) + L)) ® |a)mwm, (3.2)
where |a)gy = D()|0)gn is the coherent state of the electromagnetic field. Here, |0) gy is
the vacuum state satisfying a,(k)|0)gp = 0, and D(a) is the unitary operator referred to as

a displacement operator defined as

A

D(a) = exp U Pk (k)al,(k) — h.c) |, (3.3)

where the complex function o#(k) characterizes the amplitude and phase of the initial elec-
tromagnetic field. The form of the complex function a*(k) is restricted by the auxiliary
condition in the BRST formalism. Because we will find that the entanglement between two
charged particles does not depend on o#(k) in Sec. III A, the details on a#(k) are omitted
here. The details are presented in Appendix A. The coherent state |a)gy is interpreted as a
state in which there is a mode of the electromagnetic field following Gauss’s law due to the

presence of charged particles.
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We assume that the current operator jI“(:B) = em"tj/‘((),w)e*mot in the interaction

picture defined with Hy = f[p + Hpy is approximated by a classical current as

m
H@IP) = SR, Spe) = [ar®eE

5 (@ — Xp(7)), (3.4)
-
where P = R, L, e is an electric charge, and Xf;(T) represents each trajectory of the charged

particle. This approximation is valid when the following two assumptions are satisfied [82]:

1. The de Brogile wavelength is smaller than the width of the particle wavepacket.

2. The Compton wavelength Ac of the charged particle is much shorter than
the wavelength of the photon field Agy emitted from the charged particle
(Ac < Agm).

The first assumption justifies the localized classical trajectories JfR(x) and JJHL(x). The
second one neglects the process of a pair creation and annihilation.

The evolution of the initial state |¥(0)) is
(1) = ()

) T
_ o T oy [—i /0 dtf/l(t)p\IJ(O))

T
_.A ~ 7 A 1
_ . zHoTTeXp[_Z/ dt/dzx(]{l(x)AL(x)}ﬁ Z P) ® |o)em
0 P-R,L
e—z‘I:IOTZ|>A|> (3.5)
~ P) ® Up|a)gm, 3
V2 P=R,L

where the approximation in (3.4) was used in the fourth line, 171(25) — oty =itlot o
AL(:E) = ot A(0, )e~ ot “T7 in the second and third lines denotes the time ordered

product. The operator 013 is given by

Up = Texp [— i/OT dt/d?’fof(x)AL(:c)}
= exp [—i/d%Jff(x)AL(z) —%/d4x/d@Jﬁ(x}Jﬁ(y)GLV(x,y) : (3.6)
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where in the second line we used the Magnus expansion [85]

T )
T exp [— i/o dﬂA/I(t)} = exp [ZQk(T, 0)} (3.7)
k=1
with
T t1
Ql(T, O) = —i/ dt‘A/I(t), QQ(T O dtl dtQ VI tl Vl(tg)] (3.8)
0

and Q>3(T,0) given by higher commutators, for example, [[Vi(t1), Vi(t2)], Vi(t3)]. We note
that the commutator [‘71(t1), ‘A/I(tg)] is proportional to the identity operator and commutes

with ‘71( t) for any given time ¢. Hence, the terms Q>3(7, 0) involving higher commutators
vanish in Eq. (3.6). G (T, y) in Eq. (3.6) is the retarded Green’s function given by

Gl (,y) = —i[A(2), A, ()]0 —3"). (3.9)

We obtain the reduced density matrix of the charged particle as

1 N, 1 T i
po=Ten[WTNIDI =5 Y ea@lTLUpla)en PO =5 Y e wer Py (P,

P,P'=R,L P,P'=R,L
(3.10)

where |Pg) = e‘iﬁPT\P> is the state of the charged particle, which moved along the trajectory
P(=R,L). I'pp and $prp are

Ppp = & /ﬁ4/E4 @) () - ) (AL, ALY, 3.1)
Opp = /d4x (J”,(:c) - J’Pf(x)) Au(z)
——/f/# @) (F) + TEW)) G, y), (3.12)

~

where ({AL(&:), Al

L()}) is the two-point function of the vacuum given by

(L), AL }) = 2 (_ T + L )

— =i -yl (0~ g0 +ie) + o yP
(3.13)
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with the UV cutoff parameter €, and the field A, () is

3 ) 5
Ay(w) = / (%TPCZ/—f@(au(k)e’k”“’ +ec) (3.14)

The computation of the inner product EM<O&|UIJL,[A]P’C¥>EM in (3.10]) and the derivation of Eqs.
(3.11)) and (3.12)) are presented as follows: The inner product is rewritten as

= en(0[(D'() Up D(e) (D' (@) Up D(@)) |0}, (3.15)

where we used |a) = D(a)|0)gym, and the identity operator I = D(a)D'(a) was inserted
between the unitary operators U};/ and Up in the first equality. Because the displacement
operator D(«) satisfies Eq. (2.83), we obtain

A A

DT(a)AL(x)ﬁ(a) = AL(LIJ) + Au(x), (3.16)

where A, (z) is defined in Eq. (3.14). Subsequently, we obtain

DY(a)Up(x)D(a)

— exp _—% / d'z / d4ng(x)Jg(y)G;U(x,y)] Df(a)exp [—@' / d%ﬂj@)AL@)] D(a)
= exp _—% / d*x / d4ng(x)Jg(y)G;V(x,y)] exp l—i / d%Jg(x)ET(a)AL(x)D(a)]
~exp _—% / iy / Ay T8 () I ()G (2, y) — i / d%Jﬁ(:}c)Au(:r)}

X exp _—7; / d%Jﬁ(m)AL(m)] , (3.17)

where the formula of the unitary operator Up (3.6) was substituted and G (2, y) denotes
the retarded Green’s function given in Eq. (3.9). In the third equality we used Eq. (3.16)).
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We further obtain

(D (e) D'(a)UpD(a))

Up D(a
= exp l /d4 /d4 (z)Jp (y) — Jﬁ(x)Jg(y))GLV(:my) +i/d4x(J§,(x) — ij(x))Au(x)}

— exp [;‘ / d' / dty(J (@) Jp(y) = T (0) T () Gy () + i / d'z(Jp (@) - Jﬁ<x>)Au<x>]
X exp [ / ae (T (x) — J@) AL () + 5 / d%d‘*yﬂ,(st(ynﬁﬂw,A,I,(y)]}
= exp [g / d'x [ dy(Jp ()T (y) = Tp(@) T W) Gy (. y) +i / d'x(Jp.(w) - Jff(@)Au(x)]

X exp [ / dha (T (@) — Jh(2)) AL () + / dhedby (T (2) TE(y) - ;@)J{s‘(x))azxmy)}

— exp [ / dhz (T () — Jh(x) / d' / d'y( o (@) (T () + JE () G (. y>}
X exp l /d%(J{;‘,(x) — Jg@))AL(z)}

= exp [ifbpfp + Z.épp/:| : (3.18)

where the Baker Campbell Hausdorff formula edeB = eA+BHABI/2+ g used in the

second equality, and the relation [Ah(x), AL(y)] = Gy, (z,y) —iGy,(y, ¥) was substituted

(13 2

in the third equality. in the Baker—-Campbell-Hausdorff formula indicates the terms

involving the higher commutators of A and B. In our case, the commutator [AL(IB), AL(y)] is
proportional to the identity operator, so the higher commutators vanish. In the last equality,

we defined éPP’ and ®prp as

Opp: = / d'z(Jh (x) — Jh(x)) A} (2), (3.19)
Oprp = /d4x(J“,(x) - J#(x))Au(x)
b3 [t [ OR@ - B0) G0+ BW)Cle). 320
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Using the cumulant expansion for a given density matrix p,
A A g a 1 - N2
(e’)‘A)p = Tr[,oe’)‘A] = exp [M(A>p — 5)\2((A — <A)p) Yo+ ] , (3.21)

where A is a c-number parameter, Ais an operator, and “---” is the term with the third or

higher cumulant, we can compute the inner product (3.15)) as

EM(O|ﬁT(a)U£/ﬁpD(a)|O>EM

_ eiq)P’P EM <O’ei6Pp/‘O>EM
i®p A 1, A A
— e exp [i(Opp) — 5((Oppr — (Opp))?) 4+

:e@wexp[‘%/ dhed'y (T (x) = TH @) () = T @) ewi (014} (2) A} (1) 0k

— ¢ Terpti®err (3.22)

We used Eq. (3.18) and the cumulant expansion with p = [0)ga (0], A = 1 and A = Oppr
in the first and second lines, respectively. (-) denotes the vacuum expectation value. In the
third equality, we substituted Eq. (3.19), and the term “---” with the n-th cumulant for

n > 3 vanishes because the free vacuum state |0)gy is Gaussian. In the last equality, we

defined I'p/p as

FPP_

[ttty (3 0) = @) (B 0) = ) maiO1AL ) AL ) O
/ dadty (8 (x) — TE@)) (Ty) — Tow) ({AL (@), ALy) }).

»lkl»—‘ l\DIr—‘

Replacing the currents Jf; and Jj, with Jll.f and J}, o in the above procedure, we can also
derive (3.38)) . It is obvious that I'gg = 'y, = Prr = P11, = 0. However, 'y, and Pgy, are

given as

I'rL =

FMH

A>|®

/ o / () — T () — F ) (AL (@), AL V)
]4 dyt (L AL
C

j{ dzt Al x),fl,{(y)}) (3.23)
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and

bu, = [ dte ()~ I41@) Aue) — 5 [ e [ diu(UhGe) = )R + K 0)Giulen
—c ]{ dz, A" (z) — g f dz, (AL (z) + Al'(z)), (3.24)
C C

where fc dz, = fR dx, — fL dzx, is the integral along the closed trajectory composed of
trajectories R and L. Here, Af(z) is the retarded potential given by

At0) = [ a6 e ) (3.25)

According to , gy, is always positive, and the interference terms of pp (off-diagonal
components) decay for a large I'gy,. The quantity I'gy, is referred to as the decoherence
functional. The quantity ®r;, = —Prr gives the phase shift in the interference pattern of
the charged particle.

Assuming the following trajectories of the charged particle

XE(t) = [t,er(t),O,O]T, r=—a =1, X(t)= 8L(1 - %)2(%)2 (3.26)

where L and T are the length and time scales of the trajectories (also see Fig. @, we obtain

32¢2 /L2
Ipi ~ — (= .2
RL 37_(2 (T) ) (3 7)

the decoherence functional as

when the charged particle has a non-relativistic velocity L/T < 1. We mention here the
reason to choose X (¢) in Eq. (3.26). According to the function X (¢), the particle at ¢t = 0
and t = T has zero velocity and is smoothly superposed and recombined. The smoothness of
the trajectory avoids a divergence in the calculations of decoherence, which guarantees our
results in a form independent of an UV cutoff. The authors in [86] discussed the relation
between the smoothness of particle trajectories and the UV divergence in decoherence effect.
They reported that the decoherence functional computed assuming smooth trajectories is
free from the UV cutoff and of the order of O(e?v?), where v is the characteristic velocity of
particle. This is consistent with our result written by the characteristic velocity L/T. The
physical meaning of I'gry, is interpreted in the following two ways. First, we consider that

decoherence occurs through photon emission. The number of emitted photons is estimated
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as

? —WT? ~ &2 (%)2# _ 62(%)2, (3.28)
where v = 1/T is the energy of a single photon in the unit A = 1, and W ~ e2(L/T?)?
is the Larmor formula of the power of radiation emitted from a non-relativistic charged
particle. This formula shows the number of emitted photons during the time 7. When this
number exceeds one, i.e., WT' /v > 1, the decoherence becomes significant. The decoherence
due to bremsstrahlung was also discussed in [82]. This result is qualitatively interpreted
as follows: if the superposed time T is sufficiently long, the acceleration of the charged
particles becomes small, and therefore the number of photons emitted by the accelerated
charged particle decreases. This result in the small decoherence. On the other hand, when
the superposition scale L is large, i.e., if the acceleration of the charged particle is significant,
the number of emitted photons increases. Thus, the decoherence works well. Second, we can
deduce that the decoherence is due to the vacuum fluctuations of the transverse mode of the
electromagnetic field (photon field) [87, 88]. The fluctuating photon field leads to dephasing

effects,

(1) = ¢=(60)/2 o= (eABLT)*/2 (3.29)
where ¢; with ¢ = R, L is the phase shift due to the fluctuating photon field,
b; = / d'z AT (2) A (), (3.30)

and (p3) = (¢3) ~ (eAELT)? is its variance. AFE is the vacuum fluctuation of the electric
component of the photon field, which is estimated as AE ~ 1/T? in |89]. The variance of
the phase shift is

(eAELT)? ~ <e%LT>2 - 62@)2. (3.31)

This result is equivalent to Eq. (3.28]), and the decoherence becomes significant when
(eAELT)? > 1 is satisfied.
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3.1.2 Model of two charged particles

Here, we extend the previous model to the model of two charged particles (for example, see
Fig. . The total Hamiltonian in the Schrédinger picture is composed of the local Hamilto-
nians of each charged particle Hy and Hp, the free Hamiltonian of the electromagnetic field

FIEM and the interaction term V as
ﬁ:EHJg+EW+V,V:/ﬁ%@ﬂ@+@@0ﬂ@% (3.32)

where jX and jg are the current operators of each particle, which are coupled with the

electromagnetic field operator A", We consider the following initial condition at ¢ = 0,

) =5 S P)alQislae (3.33)

where each particle is in superposition |R)a + |L)a and |R)p + |L)p, and the electromag-
netic field is in a coherent state |a)gy. We assume that the current operators J;’f(x) =
eiHotjf(O,w)e_iHot in the interaction picture with respect to Hy = Ha + Hp + Hgyy are

approximated by the following classical currents as

Thi(@) [P)y = Jhp(2) [P)a,  Jhi(2) Qg = T (@) Q) (3.34)
K dX“
Thplo) = [ ar 8080 (- Xap()). Shgle) = e [ ar =250 (o - Xig(r)

(3.35)

where X\p(7) and Xp (7

initial state evolves as follows:

(1) with P, Q = R, L represent the trajectories of each particle. The

[W(T)) = exp [ — iHT]|¥(0))

T
= ZHOTTeXp —2/ dtVi(t)] [¥(0))
0
_ip,r]
e > IP)AlQsUpqlo)en, (3.36)
P,Q=R,L
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where we used the approximations (3.34]) in the third line. The unitary operator UPQ is
given by

Opq = Texp[ / dt/d3 2Q>AI()

= exp {—i / d*wJpq (v) AL () — % / d'z / d'yJbo(2) Jbq )Gy ()| (3.37)

where the Magnus expansion was used, and J{jQ = JKP + JgQ. Tracing out the degrees of
freedom of the electromagnetic field to focus on the quantum state of the charged particles,

we obtain the reduced density matrix of particles A and B,

pa = Trem[|V(T))(¥(T)]]
Yo Y emlalUhgUrglayen [P alP] @ |Q)s(Q

P,Q=R,L P',Q’=R,L

o) eTramati®eara Py (P ® Qe (Q, (3.38)

P,Q=R,L P',Q'=R,L

where |Pg)p = e_iﬁAT|P>A and |Qg)p = e_“qBT|Q>B are the states of the charged particles
A and B, which moved along the trajectories P and Q, respectively. The quantities I'p/¢ypq
and Ppypq are

Poqrg = / o / Iy = T ) (T ) — Th) AL @), ALy},

Dprypg = / (s (7) — () Au()

"/ die / Ay (T (@) = Too () Tpy ) + Q)G (x.y),  (3.40)

where ({Ah(x), /Al},(y)}> and Gy, (r,y) are the two-point function (3.13) and the retarded
Green’s function (3.9). A, (z) is the coherent electromagnetic field (3.14). The above formu-
las (3.39) and (3.40) are given by replacing the currents J§ and Jp !, in Eqs. (3.11) and (3.12)
with Jll.f and JE,

P'Q”
of the two charged particles. We also demonstrate the entanglement behavior for a couple

respectively. In the next section, we derive the entanglement negativity
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of typical configurations of the particle’s trajectories.

3.2 Entanglement behavior of two charged particles

3.2.1 Formula of the negativity of two charged particles

We evaluate the entanglement negativity with the formula (2.34). As explained in Sec. 2.2.2,
the negativity is obtained by composing the partial transposition of the density matrix.
To see the difference of the eigenvalue by the partial transposition, we first compute the

eigenvalues of the density matrix pap, respectively. They are obtained directly as follows:

Af = 411 1 —eTaTe cosh[['c] + { (e*FA — e*FB)Q + 4 Ta=Te gip? [%] + e 2la=2Ts gipp? [FC]}Q} ,
(3.41)
A;t = 411 14 ¢ Ta-ls cosh[['c] + { (e*FA — e*FB)Z + 47 Ta=Te g2 [%] + e 20208 gipp? [FC]}Q] .
(3.42)
In particular, the quantity © is
-1 / i / PYAT AT AL, AL )] = —2[ba ds]  (3.43)

with the commutation relation of the operators gg A and q@B,

s dn] = [ ataay( ) = T4 () U — S8 )AL ). AL
= [ ey o) = Ty () i = T AL o), A0 1)
+ [ atadty(nle) = T 0) U — B ()AL ) ALIOGP — 2
= z’/d%AJKAABH —~ z’/d“xAJﬁAAAH,

= z'ejg de, AAL (z) — ie?{ due, AAL (), (3.44)
Ca Cs

where we inserted the step functions 6(z% — %) + 6(3° — 2°) in the second line, and we

changed variables as x# <> y* and indices as pu <> v of the second term in the third line.
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AJ! = Jh —J4 and Jl is the current of the particle ¢ (= A, B) on the trajectory P (= R, L).
The quantity AA? = A’LHR — AZHL is the difference between the retarded potentials defined by

Ajp(z) = / Ay, (,9) Jip(y)- (3.45)

The line integral along the closed trajectory fC- dx,, is defined by 3%_ dx, = fiR dx,— j;L dzx,,
where iP denotes the trajectory P of the particle i. Next, the eigenvalues of the partial

transposition pi% with the components (P/|(Q’|p£‘*B]P)|Q> = (P{Q|paB|P")|Q) are

1 1
A = 1 [1 — e Ta e coshl ] + {(e_FA — e_FB)2 +de T2 e gin2(3/2) + e 24208 ginh? [0 | } 2] ,
(3.46)
1
[1 + e Ta7le cosh[l ] + { (e_FA - e_FB)2 +deta7le cog?(0/2) + e A2 ginh?[ ] } 2} :
(3.47)

X, =

A~ =

Thus, by doing the partial transposition, © is changed to ® defined in Eq. (3.51)) below. We
note that A_ is the minimum eigenvalue Anin, and hence the negativity of the two charged

particles is

A = max[—Apin, 0],

1 1
Amin = 1 1 — e taTe cosh[l] — { (e_FA — e_FB)Q + 4 Ta e gin2(9/2) 4+ e 202728 ginh?[T, ] } 2] :
(3.48)

Because the density matrix pap of the charged particles is regarded as that of a two-qubit

system, the negativity completely determines whether the particles are entangled or not.
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The quantities I'; (1 = A, B), I'. and & are given as

P, 1 / d's / YA () AT () ({AL (1), AL ()})

=~

62 2 2
-2 j{) wr ﬁ WAL, A, (3.49)
re=g [ dte [ atyasi@anm @, o)
62 2 1
=5 wrde, Aoy, (3.50

o =5 [t [ d{an@anw) + As@ AW}

e

=5 ( 7€A dz, AA%(7) + 723 da:MAAg(x)). (3.51)

The quantities 'y and I'g depend on the trajectories of each particle and have the similar
form to I'gr, (3.23)). These are the decoherence functionals appearing in the interference
terms of each charged particle. In Appendix [B.I| T's and I'g are computed explicitly. T'¢ is
characterized by the correlation function between the photon field coupled to particle A and
the photon field coupled to particle B. ® is computed from the phase shifts by the retarded
potentials of the electromagnetic field Aé‘ , which is analogous to the Aharanov-Bohm effect.
['c and ® depend on the relative configuration of the trajectories of particles A and B. In
Appendices [B.2]and [B.3] we explicitly evaluate I'c and ® assuming two specific configurations
of particles, which we refer to as the linear configuration (Figs. [7] and E[) and the parallel
configuration (Figs. and in this paper. The quantities I';, I'c and ® are independent
of the complex function (k) of the initial coherent state of the electromagnetic field, and
hence the negativity .4 also does not depend on oy, (k). Hence, as mentioned around Eq.

(3-3)), the entanglement between the particles does not depend on «, (k). Using the Stokes’s
theorem to rewrite the line integrals in Eqs. (3.49)), (3.50)), and (3.51]) by the surface integrals,
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we can express the quantities I';, I'c and ® in terms of the field strengths as

e? v af ;¢ 1 al
L= ) @ /sidf” {EL (), FLy (o)}, (3.52)
Lo & aom [ a0 (EL o), B (3.53)
¢ 16 S1 So " e 7 |
o / Ao AP (1) + / Ao AR (@), (3.54)
SA SB

where S; is the surface surrounded by the closed trajectory Cj, F gw = (9#121}, — 8,,/1}” and
AF" = Fif — F}” with the retarded field strengths F/" = 0" A, — 0V Al

In the following subsections, computing the quantities I';, I'. and ®, we present the
minimum eigenvalue (3.48)) and entanglement negativity .4 of the charged particles. Here-
after, we restore the reduced Planck constant i and the light velocity ¢ to determine the

non-relativistic limit of our analysis.

3.2.2 Linear configuration

We consider the linear configurations shown in Fig. [7] and Fig. [0} The parameters T, L,
and D represent the time of maintaining a superposition state of each particle, the length
of separation between the superposed trajectories of each particle, and the initial distance

between the charged particles A and B, respectively.
3.221 dd'>D~Lorc>D> L regimes

To evaluate the minimum eigenvalue A\pi,, which gives the negativity of the two charged
particles, we compute the quantities I';, I'c and ® by specifying the trajectories of the

particles. We consider the following trajectories

Xhp = [t,epX(1),0,0]7, X%

T
1) = [t e X (1) + D,o,o] = —e =1, (3.55)

X(t) = 8L(1 - %)2(%)2 (3.56)

where X KP and XgQ

spectively. Fig. [7] schematically shows the configuration of the particles. In the regimes

with P, @Q = R, L describe the trajectories of particles A and B, re-

dI'>D ~ L and ¢I' > D > L, the quantities I';, I'c, and ® are evaluated. As we show in

20



Appendix [B.1] assuming the above trajectories, we can compute I'; for ¢T" > L as

32¢2 /L \2

Ty =Tp~ %(ﬁ) . (3.57)
t
!

particle A ~ particle B
L)/ \|IR)B
T
.............................. »

FIG 7: Linear configuration in the regimes ¢I' > D ~ L and ¢T' > D > L. The left panel
shows the entire view of the linear configuration.

In the regime ¢I' > D ~ L, the quantity I is analytically obtained as

64e¢2 /L \2
I~ —(_> , 3.58
€7 3n2he \ T ( )

and the quantity ® is numerically computed from the formula

T
qm_%z 0 dt{%(l_c_j) a (Hc_j) (D—;X(t) +D+;X(t))]’ (3:59)

where v = dX/dt. Substituting Eqs. (3.57)), (3.58), and (3.59) into Eq. (3.48)), we evaluate

the minimum eigenvalue Ay, and the negativity 4. The behavior is shown by the red curve

in Fig. [§ (a). The derivation of Egs. (3.58) and (3.59)) is presented in Appendix [B.2.1} In
the regime ¢T' > D > L, the quantities I'c. and ¢ are estimated as

r 64e? (L>2(1+4(D)21 {DD o 64e? (L)Z{(CT>3+6(ZT}
~N—— | — — ) In|— ~ — — —
© 7 3n2he \ T T crl)’ 3157he \cT D D)’

(3.60)
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and we obtain the following eigenvalue ([3.48)|)

1
Amin & 5 [Pa+ T = /(T — Tp)? + 82 12|
B 16¢2 (L )2
~ 312he \ T

@G )] [ G D]

where in the first line we assumed that I';, I';, and ® are small, and Eqs. and
were substituted in the second line. Eq. is derived in Appendix m The term
I'pa + I'p in the first line of Eq. (or the first positive term in the second line) makes
Amin positive and reduces the negativity. In contrast, the second term given by ® and I'; (or
the second term in the second line) decreases Apin, where ® is much larger than I'; because
of ['e/® ~ (D/cT)? < 1. The quantity ® reflects the contribution of the Coulomb potential
(proportional to D3 term) and its relativistic correction (proportional to D~! term).

The panels (a) and (b) in Fig. |8 show the negativity in the regimes ¢I" > D ~ L and
cl' > D > L, respectively. The blue curve in each panel presents the behavior of the
negativity in Fig. b which is given in the non-relativistic limit and has no contributions
from the dynamical degrees of freedom of the electromagnetic field. The red curve shows the
behavior of the negativity computed from our analysis. In the panel (a) under the regime
' > D ~ L, the red curve is similar to the blue curve. This means that the Coulomb
potential is dominant to determine the negativity in this regime, and the relativistic cor-
rections are small. However, in the panel (b) under the regime ¢I" > D > L, there is the
parameter region without the negativity. This is because the decoherence effects I'y and I'g
are more dominant than the term ® mainly determined by the Coulomb potential. In this

regime, the computation of the negativity in the non-relativistic limit is not valid.
3.2.2.2 D> cl'> L regime

Subsequently, we present the formula of the minimum eigenvalue Ay in the regime D >
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0.1 ‘ ‘0.12 0.13 0.14 0.15 0.1 ‘ 0.2 0.3 04 ‘ 0:5

D/cT D/cr
FIG 8: Negativity .4 for the linear configuration. (a) is the case ¢I' > D ~ L while (b) is
the case ¢I' > D > L. We adopted L/cT = 0.1.

cI' > L. We assume the trajectories of the charged particles A and B given by

T T
XL (t) = [t,ePX(t),O,O} L Xho(t) = {t, coX(t— D) +D,0,0} R —
(3.62)

X(t) = 8L(1 - %)2 (%)2 (3.63)

where X]’_))‘Q is defined in D/c <t < T + D/c. The whole configuration of the trajectories
is shown in Fig. [9] in which the superposition of particle B is formed after particle A is

superposed. The trajectories of the particles are arranged to be causally connected.

t

y particle B
Z'w L)s/ \IR)B

particle A ~

FIG 9: Linear configuration in the D > ¢T" > L regime.
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We obtain the following formulas for the regime D > ¢T' > L,

32e? [ L\? 32 [ L\%2/cT\* 16e* [ L\2/cT\?
raetos S () ne s () (5) e (B ()
3n2he \ T 225m2he \ T D 315mhe \ T’ D
(3.64)
where 'y and I'g are the same as those given in (3.57)) because they depend only on each

particle motion, and the explicit derivation of ' and ® is presented in Appendix [B.2.2] We
can then compute the eigenvalue (3.48)) as

Amin & i[FA—f—FB — \/(FA —T'p)? +<I>2+Fg]
2 2 2 2 3

~ 5 () ~ s Gr) (3) (365)

where in the first equality, the minimum eigenvalue was approximated by assuming that

(i = A,B), I'c, and ® are small. In the second equality, we substituted and neglected

['c because of I'c/® ~ ¢T'/D <« 1 for the regime D > ¢T' > L. The positive term in the

right hand side of Eq. , which is given by the decoherence functional I';, comes from

the vacuum fluctuations of the photon field. The negative term in Eq. is given by

the quantity ® depending on the phase shifts due to the retarded field (see the formula of ®
and the discussion around (3.45)).

Fig. shows the minimum eigenvalue for a fixed L/cT = 0.1 as a function of

D/cT in the regime D > ¢T' > L. The minimum eigenvalue is always positive, and hence

the charged particles A and B are not entangled. This result shows that the decoherence
due to the vacuum fluctuation of the photon field suppresses the entanglement generation
due to the retarded field. In Sec. [3.3] we will discuss that the retarded field corresponds to

the longitudinal mode, that is, the non-dynamical part of the electromagnetic field.
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FIG 10: Minimum eigenvalue Ay, [pgg] for the linear configuration in the regime D > ¢T' >

L. We adopted L/cT = 0.1.

3.2.3 Parallel configuration

Here, we consider the parallel configurations shown in Fig. and Fig. [[3] The parameters
T, L, and D play the same role as those in the linear configuration, which are the typical

scales appearing in the trajectories of the particles.
3.221 dI'>D>Lorcd>D> L regimes
We first consider the trajectories of the two particles A and B as

T T
XEL (1) = [t,er(t),0,0] L Xb(t) = [t,eQX(t),D,O] Cen=—e =1,  (3.66)
X(t) = 8L(1 - %)2<%)2 (3.67)

The schematic configuration is shown in Fig. . We examine the quantities I';(i = A, B), I,
and ® for the regimes ¢I' > L > D and cI' > D > L to estimate the minimum eigenvalue
Amin- Even in this configuration, the decoherence functionals I'y and I'g for ¢I'" > L are
identical to those in Eq. , that is,

32¢? /L \2
Fa=Tpg~——(—]) . 3.68
A B 3772hc<cT) ( )

This is because the decoherence functionals are given by the local motions of each charged

particle. In the following, we evaluate I'c and ® for each of the regimes ¢I" > L > D and
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cl'>D> L.

particle B

Z’m L)/ \IR)B

particle A

FIG 11: Parallel configuration in ¢1" > D > L regime.
In the regime ¢I' > L > D, the quantities ['. and ¢ are
64e? [ L\?2 e* T 64 / L\?2
e —— | — b ——1——(— 3.69
“ 7 3n2he (CT) ’ 4dwhe D { 105 (CT) }7 (369)

which are derived in Appendix [B.3.1] The minimum eigenvalue (3.48)) for the regime ¢T" >
L > D is given as

1 o [P
)\min[pXAB] ~ {FA +I'g — \/(FA —I'p)2 + 45in? {5} + Fg}

YA N A A L
~ 3n2he \cT 4 St dwhe D 105\ T 3n2he \ T '

(3.70)

In the above equation, the first term coming from 'y +1'g increases the minimum eigenvalue,
whereas the second term given by ® and I'. decreases it. It should be noted that the quantity
® can be ® > 1 because of ¢T'/D(1 — L?/(cT')?) ~ ¢T'/D > 1 for the regime ¢I' > L > D.
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In the regime ¢T' > D > L, the quantities ['c. and ¢ are
64e2 /L \2 D\?2 D 32¢2 s LN\2(/cT\3 T
o () (B (B v st (B E) 5)
© 3w2hc(cT> { + (CT) et 3157he \ T D D
(3.71)

These formulas are derived in Appendix . The minimum eigenvalue (3.48)) for the regime
cl'> D > L is approximated as

1
Aminlo33] ~ 1 [FA T —/(Ta -T2+ @2 ¢ rg]

_ 16e? (L )2
~ 3n2he \cT

ARG -5 P ey

(3.72)

This minimum eigenvalue has the very similar feature to that obtained in the case of the
linear configuration. The first positive contribution in comes from the decoherence
functional I'; quantifying the decoherence due to the vacuum fluctuations of the photon field.
The second negative contribution in (3.72)) is computed from I'c and ®, which is mostly from
® because of I'./® ~ (D/cT)? < 1. The quantities I'. and ® stem from the vacuum
correlation of the photon field and the phase shifts due to the retarded field, respectively.
The panels in Fig. [12] (a) and (b) present the behavior of the negativity in the regimes
dI'>L>D and ¢I' > D > L, respectively. The blue curve shows the negativity in the
non-relativistic limit, which corresponds to the electromagnetic version of the BMV experi-
ment. The red curve is given by our analysis. The behavior of the negativity in Fig. (a)
means that our analysis is consistent with the non-relativistic result. However, in Fig.
(b), due to the decoherence, the parameter region without the negativity appears, and hence

the computation in the non-relativistic limit becomes invalid in ¢T" > D > L.

3.2.2.1 D> cl'> L regime
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FIG 12: Negativity .4 for the parallel configuration. (a) is the case ¢T' > L > D, whereas
(b) is the case ¢I' > D > L. We adopted L/cT = 0.1.

We consider the trajectories of two charged particles A and B as

T T
XU () = [t,ePX(t),O,O} L OXEL(t) = [t,ePX(t—D/c),D,O} L er=—e.=1, (3.73)

t t

X(t) = 8L(1 - T)Q(T)z’ (3.74)

where X KP and XE . with P,Q = R, L describe the trajectory of each particle. Here, XgQ

BQ
is defined in D/c <t < T + D/c. The spacetime configuration of the particles is presented

in Fig. [[3] We examine the minimum eigenvalue in the regime D > ¢T' > L.

particle B
L)s/ \[R)s

t

.,

particle A

FIG 13: Parallel configuration in D > ¢T' > L regime.
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We have the following formulas of I'a, I'g, I'c and ® for the regime D > ¢T' > L,

32¢2 /L \2 64e¢? /L \2cT 32¢2 s L\2/cT\4
o B v BB e (Y ()
3n2he \ T 1057he \c¢T'/) D 22572he \ T D

(3.75)

where I'y and I'g are not at all different from those given in (3.57) or (3.68]), and the
quantities I'; and ® are derived in Appendix Then, we can compute the minimum

eigenvalue (3.48)) as

1
e [FA +Tp — /(Ta —Ip)2 + 02 + rg]

4
2 2 2 2
~ 16e <£) _ 16e (i) g) (3.76)
3n2he \cT 1057he \c¢T'/ D

where the first term coming from the decoherence functional I'; increases the minimum
eigenvalue, and the second term given by ® decreases it. In the second equality, we neglected
I'c because of I'./® =~ (¢I'/D)? <« 1. Fig. |14/ shows the minimum eigenvalue (3.48) as a
function of D/cT in the regime D > ¢T' > L, which is always positive. Similar to the
result in the case of the linear configuration (see Fig. , the negativity remains zero, and
the entanglement between the charged particles A and B does not appear in the regime
D > cI' > L. We come to the same conclusion that the decoherence due to the vacuum
fluctuations of the photon field prevents the entanglement generation due to the retarded
field.

4.90x10°4+

— -4
oo 4.85%10

g I
5 480x10

475x10°4"

6
D/cT

FIG 14: Minimum eigenvalue )\min[ng] for the parallel configuration in the regime D >
c¢T'> L. We adopted L/cT = 0.1.

It is important to note that the parameter dependence appearing in the formulas of the
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minimum eigenvalue (3.65) and (3.76)) is different. The second terms of (3.65)) and (3.76))

are proportional to —cT'L?/D3 and —L?/D(cT), respectively. The latter is regarded as a
consequence of the quantum superposition of bremsstrahlung, as we will discuss in the next

section.

3.3 Discussion

Before the main discussion in this section, we first mention a basic property of the field
strength of a charged particle. Generally, the field strength of a charged particle is decom-
posed into two terms FH = F!" + Ff"" which are given as

e (ar — XE(t))v"(t) — (p <> v)

F#V(ZE) = _E 72[(17 — X(tr>) ] U(tr)]g ) (377>

4r((z — X(etr)) SIE [(m“ — XHM#)) <av(tr) - v (tr)> — (e V)])
(3.78)

B (x) =

where X* is the spacetime position of the particle, v# = dX*/dt is the velocity , a* = dv*/dt
is the acceleration, and v = 1/,/—vtv, is the Lorentz factor. The retarded time ¢, is given
by —(t —t;) + | — X (t;)| = 0. The above equations are obtained as follows: The current of

a charged particle is given as a four-vector current in a covariant form with

JH(z) = e/dejlf_ué(Zl) (x — X(1)), (3.79)

where X#(7) is the trajectory of the charged particle parameterized by a proper time 7.

Using this current and the retarded Green’s function,

r N (00

we obtain the retarded potential as

e ut (1)

AP (z) = /d4yGrle(x,y)JV(y) = X)) (3.81)

60



where u# = dX*/dr is the four-velocity of the charge, and 7, is determined by the light-cone

condition

—(t - X)) + |z — X(r)| = 0. (3.82)

From the definition of the field strength F** = 9t AY — 0¥ A*, we obtain

FH = vy v (3.83)
L e @ = X)) — (@ — XV(R)u(r)

B=-g (o= X (7)) -l >] ’ (384)
uy V() — (‘T — X(TT)) U(Tr u’ (T

R = Ry P (X )~ gy )

~ (2 — X¥(7)) (M(n) G — X(7)) - um)uﬂ(n)), (3.85)

where @# = dut/dr is the four-acceleration. We use the coordinate time ¢ instead of the
proper time 7 to rewrite the above field strengths. The four-vector and four-acceleration as
a function of ¢ are

dx# dXH ) dut dy

N:__ — 1 R —
Y S Y E s T T

1% 2 u
= vt + ytak, (3.86)

where v# and a* are the velocity and acceleration measured in the coordinate time ¢, and ~

is the Lorentz factor. These are defined by

1 1

axt dx " dot d?xXT
no_ _ |1 22 b g == = = . 3.87
! dt {’dt]’ ¢ dt {’dﬁ]’ 7 V=2 V1-02 (3.87)
We then determine the following retarded potential and its field strength as
e vk (ty)
A (z) = — (3.88)
dm (v = X (L)) - v( r)’
m gl [( X( 1)) - v(tr)]

v ‘ sy (o= X(0)-alt) |,
R s cryeron 1 e ) CU Rt vy w2

~ (@ — XU(1) (a“(tr) - Ei — igg% Zggvu(tr))} : (3.90)
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where the retarded time ¢, is given by
—(t—t;) + |z — X(t)] = 0. (3.91)

The field strength F/" independent of acceleration has the longitudinal mode of the retarded
field. In fact, the inner product of the unit vector n = (x — X (¢;))/|x — X (¢;)| in the
propagation direction and the electric field E, with B! = FY does not vanish, n - E, # 0.
The field strength F£" proportional to the acceleration only has the transverse modes of
the retarded field. This is because the propagation direction vector m, the electric field
E, with E! = F% and the magnetic field B, with B! = 50iij£k/2 (eM¥P7 is the totally
anti-symmetric tensor) satisfy
Op

n- E, — FVin, — 12 |C(ff ;()é’:)(‘tr)) —0, (3.92)
FP(at — XH(t))
2|@ — X (t)]

1 o ’ €
0 k pp
n-B, = 5¢ LY =

=0, (3.93)

where the last equality of the first equation holds by the light cone condition —(t — t;) +
e — X (t;)] = 0.

With the above knowledge, we next discuss the origin of the second terms in ([3.65) and
(3.76) computed from the quantity ®. We derived those terms by assuming the regime
D > ¢TI > L for each case of the linear and parallel configurations. The regime D > ¢T' is
regarded as the wave zone in which the distance between two charged particles D is much
larger than the wavelength of the photon field A\, = ¢T" emitted from each charged particle.
Hence it is important to understand how the radiative field affects the quantity ®. Let us
revisit the formula of ® expressed in terms of the field strengths,

o — Z( /S Ao AFEY () + /S dUWAFK”(x)>, (3.94)
A B

where S; is the surface surrounded by the spacetime trajectories of the particle i(= A, B),
and AF" = FIY — FIY. Here, Fly' = 0FAY, — 0V AL, are the retarded field strengths of
the charged particle i moving along the trajectory P(= R,L). As mentioned in the above
paragraph, the field strengths of the particle ¢ moving the trajectory P, FZ.“ Y, are separated
into two parts Fz.’é,y = FIY + FY | and then the quantity ® is also given as ® = &, + &,

iP,v iP.a’

62



with

O, = Z( / do, AF (1) + / do AF!", (:v)), (3.95)
Sa ’ Se ’

b, — Z( / Ao AFL (2) + / doWAFK”a(x)), (3.96)
Sa ’ Sp ’

where AFZ.’f": = Fi‘ﬁy’v — F;ﬁv and AFﬁ;j = Fi%{y,a — Flfﬁfa. The term @, depends on the
longitudinal mode (non-dynamical part) of the retarded electromagnetic field, and ®, comes
from the transverse modes (dynamical parts) of the retarded electromagnetic field of the
accelerated charged particles. In the linear and parallel configurations, &, for the regime
D > ¢I' > L has the same formula (see and (B.35))), whereas ®, for the regime
D > cI' > L depends on each configuration: ¢, vanishes in the linear configuration, but it
does not in the parallel configuration. To observe this, we focus on the fact that ®, in the

configurations shown in Fig. [T5]is given as

B, = Z / dtdrAFY, = Z / dtdr(E{p , — EX1..), (3.97)
Ss Sp
where EﬁP,a = tha is the xz-component of the electric field induced by the accelerated
motion of the charged particle A on the trajectory P (= R, L). Here, the first term in the
formula of ®, in (3.96)) vanished by assuming that the retarded field sourced by particle
B is causally disconnected with particle A. Following the Larmor radiation formula, the
electromagnetic wave emitted from the charged particle A cannot propagate in the direction
of the particle acceleration [90]. The shaded region in Fig.|15|shows the angular distribution
of the photon field of the charged particle A on each trajectory. In the linear configuration,
because each particle moves along the z-axis, the electromagnetic wave from particle A does
not propagate to particle B. This leads to EﬁR,a = EﬁL,a = 0 and hence ¢, = 0. In the
parallel configuration, because the electromagnetic wave from particle A can reach particle B,
the electric fields EﬁR,a and Ej_{L’a generated by the superposed particle A give a nontrivial
®,. Hence, the origin of ®, is regarded as the quantum superposition of bremsstrahlung
from the charged particle B in a superposition state. As observed in the previous section, the
quantity ®(= @, + P,) decreases the minimum eigenvalue Apin. This suggests that the effect
of the quantum superposition of bremsstrahlung appears in the formula of the entanglement.

As observed in the previous section, the decoherence due to the vacuum fluctuation of the
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(a) Linear configuration (b) Parallel configuration

FIG 15: Angular distribution of the photon field induced by each trajectory of the accel-
erating charged particle A for linear configuration (a) and parallel configuration (b) on the
x — y plane at a constant time.

photon field suppresses the entanglement generation in the charged particles.
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4 Quantum uncertainty of field in superposed particles

In this section, we reveal how the properties of relativity and quantum mechanics are consis-
tent based on the discussion of a gedanken experiment based on Refs. |2, 3]. In particular,
we focus on the consistency between causality and complementarity.

The gedanken experiment involving the quantum superposition of a massive object, as dis-
cussed in Refs. |54} |55, |56} [89] 91}, 92|, has garnered considerable attention. In the gedanken
experiment, the quantum superposition of the gravitational potential induced by the object
leads to inconsistency between causality and complementarity. This inconsistency is resolved
by considering the quantized dynamical degrees of freedom of electromagnetic/gravitational
field |54} 55, 56, 92]. A deep understanding of the gedanken experiment may allow one to
clarify the manner by which the quantum nature of the gravitational potential correlates

with the quantization of the gravitational field.

4.1 Brief Review of the gedanken experiment

We consider two quantum systems (Alice’s particle and Bob’s particle) separated by a dis-
tance D interacting through the electromagnetic/gravitational potential (Fig. . In Alice’s
system, her particle is prepared in a quantum superposition of two locations and starts to
recombine during time Tx. At t = Ty, Alice performs an interference experiment and as-
sesses whether it will be successful (whether the interference pattern of her particle will be
observed). If the superposition state of Alice’s particle is preserved, then the interference
experiment will be successful; however, if the superposition state is not preserved, then the
experiment will not be successful. In Bob’s system, Bob chooses whether he releases his
particle or not at t = 0. When he releases his particle, it is affected by the electromag-
netic/gravitational potential due to Alice’s particle and is thus displaced. Because Alice’s
particle is in the superposition of the two paths, the magnitude of the potential perceived
by Bob’s particle changes depending on the path traversed by her particle. Thus, Bob can
use his particle to measure which-path Alice’s particle took.

Let us assume that Alice’s interference experiment during the time T and Bob’s choice
and measurement during the time Ty are performed in a spacelike separated region satisfying
D > Ty and D > Tp (Fig. . If Bob releases his particle and can measure the position
of Alice’s particle, then, by complementarity, the superposition state of Alice’s particle col-

lapses and the particle decoheres. Thus, the interference experiment is not successful. By
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Alice Bob

FIG 16: Setup for the gedanken experiment. D represents the distance between Alice’s
system and Bob’s system. T, is a time scale for recombining particle A, and Ty is a time
scale that particle B in Bob’s system will be superposed when he released it. Here, we assume
D > Ty and D > Tg, in which Alice and Bob perform their actions in spacelike separated
regions.

contrast, when Bob decides not to release his particle and does not measure the path un-
dertaken by Alice’s particle, then her particle will preserve the superposition state and her
interference experiment will be successful. This indicates that causality is violated because
Bob’s choice is known by Alice when her particle is in a region where his actions have no
influence causally. However, if the causality holds, then Alice’s interference experiment is
successful (she observes the interference pattern of her particle). In this case, without deco-
hering Alice’s particle, Bob can use his released particle to obtain the which-path information
of her particle. This results in a violation in complementarity. The inconsistency between
causality and complementarity can be resolved by considering the vacuum fluctuations of
the electromagnetic/gravitational field and the emissions of photons/gravitons, which was
demonstrated as an order estimation in Refs. |54} 55, 92|. Bob’s measurement to acquire the
which-path information of Alice’s particle is limited by the vacuum fluctuations of a quan-
tized electromagnetic/gravitational field, and Alice’s interference experiment fails because
of the decoherence induced by the entangling radiation of photons/gravitons. Here, the en-
tangling radiation refers to the radiation emitted from and entangled with Alice’s particle.
This suggests that a quantized electromagnetic/gravitational field is sufficient to avoid the
inconsistency between causality and complementarity.

Here we reanalyze the consistency between causality and complementarity by assuming

a situation similar to that in Fig. [I6] This is an extension of the study explained in Sec. 3,
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which investigated the effect of vacuum fluctuations of a photon field on the electromagnetic
version of the BMV proposal. We consider the electromagnetic and gravitational versions of
a similar gedanken experiment based on QED and the quantum theory of linearized gravity,
respectively. Finally, we also discuss the relationship among the causality, complementarity,

and the entanglement between two particles via negativity ((3.48]).

4.2 Extension to quantum theory of linearized gravity version

Here we consider two charged/massive particles, A and B, which are non-relativistic and
obey the framework of quantum mechanics; the electromagnetic/gravitational field coupled

to the particles is assumed to be a quantum field.

t

particle A
particle B

T L) A IR)a L
v Tp
s\ /IR)s
‘ D ,’/ ‘

FIG 17: Configuration of our model. We specify regimes D > T and D > Ty, in which the
retarded Green’s function propagating from particle B to A vanishes. Particle A traverse via
the right or left path |R)a(|L)a) and induces an electromagnetic/gravitational field along
each path (as shown by the dashed red or blue line). The retarded field caused by particle
A affects particle B traversing via the left (|L)g) or right (|R)g) path.

We first review the result of the system of two charged particle coupled with an elec-
tromagnetic field discussed in Sec. 3. The initial state of the particles defined as (3.33)) is
assumed to be each in spatially localized superposition (Fig. , which might be realized via

the Stern-Gerlach effect, as explained in Sec. 2.3.3. Additionally, we assume that no initial
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entanglement occurs between the particles and the electromagnetic/gravitational field. E|
Furthermore, the wave packets of these particles are sufficiently far apart to form local paths
within each device.

Then, we can define the current of particle A (B) as Jp(z) (JgQ(x)) localized around
their paths of P (Q)(= R, L). Under the assumptions above, as shown in Sec. 3.1.2, the
decoherence and the entanglement between the two particles for the electromagnetic version
can be described by the following quantities —

~

t =1 [t [ ayar@ar e e, Ao
= LIP3 = Z(0l(éPM)Rl0), (41)
r =1 [t [ahAn@aRmEaLe. Aw) - SR,

1 v v r
o2 = 3 [ ey { AT + AT Gt

L sEM | 4EM
= §(®AB +®pp); (4.3)
where we defined AJ! = J Z.’f%—J fﬁ with i = A, B. The operators (/E;EM introduced in Eq. (3.30))
describes the phase shifts due to the quantum fluctuations of the electromagnetic field,
respectively. Here, <{AL(ZE), Ab(y) }) and G}, (z,y) are the two-point function of the vacuum
state |0) and the retarded Green’s function with respect to the quantized electromagnetic

field in the interaction picture. The quantities (I)Ell\s/[ and (DEIXI are defined as

BN — / Pad AT (2) AJTE ()G (2. 3).

BN / Pad AT () ATL (5) G (. 3). (4.4)

These results are equivalent to Eqs (3.49)), (3.50)), and (3.51)), and we subscript “EM” to

Tn the case of gravity, Alice’s particle may be entangled with her apparatus because of the conservation
of energy-momentum. For a rigorous description, we must consider the effects induced in a laboratory, as
discussed in [93]. However, the authors of [54] argued that laboratory effects need not be considered because
the state of the laboratory does not produce a significant decoherence. The authors of [94] discussed the
effect of the gravitational potential arising from the apparatus in a laboratory on the relative phases that
cause entanglement between two particles. If the laboratory apparatus is sufficiently heavy, then it does not
shift significantly. Thus the apparatus will not be superposed state and not contribute to the relative phases.
Moreover, if the gravitational field created by the apparatus is homogeneous, then the phase shift due to its
field will also not affect the relative phase.
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emphasize that this is the case for electromagnetic fields. Using these quantities, the formula
)\EM

of the minimum eigenvalue A ;.

EM 1 _[EM_pEM EM _EM _EM\ 2
Ay = 1 l—e A 7B cosh[I'JV] — (e A —e B )
BN (I)EM

EM
—|—4€7FA T8 gin2 {—

- ] 4—@2FEM2F%Msnﬂfﬁr§Nq}2]. (4.5)

Later, we extend the above formula to the gravitational version to judge whether two massive
particles are entangled or not by computing the negativity.

Then we consider the system of two massive particles, which interacts with a quantized
gravitational field. To achieve this, we focus on the similarity between the electromagnetic
and gravitational fields, and naively extend the results presented the above Egs. , ,
and to a gravitational field. In this extension, we introduce several important assump-
tions. We consider a linearized regime of gravity by expanding the metric of spacetime around
the Minkowski spacetime metric 7,,,. The full spacetime metric is given by g, = 1 + hyw,
where hy,, is the metric perturbation satisfying |h,,| < 1.

This metric perturbation is justified as follows: Let us now consider the gravitational
interaction of two particles with the same masses m. Based on the linearized gravity the-
ory [95], the energy-momentum tensor of a particle 7, induces the fluctuation part of the

metric

7,-u1/(tra y)

hyy ~G [ dy .
g |z — y|

(4.6)
Here t, = t — |x — y| is the retarded time, which represents the delay with respect to
propagation from the source point y to a spacetime point . The components of h,, are

evaluated as

m L LN\?2
hoo ~ GE’ hoi ~ hoo (T>ez’, hij ~ hoo(f) eie;, (4.7)
where R characterizes the typical length scale of particle A and B satisfying R < L. (L/T)e;
denote the characteristic velocity of the system with the ¢ direction of the unit vector e;. We

regard the length scale R as the typical size of the particle. Considering the non-relativistic
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condition L/T < 1, the condition |k, | < 1 is valid when

A
1>qt_-9 ©

9 _ Ac 4
L mL 91 (4.8)

is satisfied. Here we introduced g = Gm? of the coupling constant between the two particles
with the gravitational constant G. A\c = 1/m is the Compton wave length of the two parti-
cles. In the following analysis, we choose the parameter with which the above condition (4.8

is satisfied. Similar to the electromagnetic case, we can define the energy-momentum tensors
of particle A (B) as Tip () (7]56(1’)) localized around their paths of P (Q)(= R, L), and the

gravitational field version of the quantities F;.EM, FEM, and ®FM are presented as follows:
1 o .
et = 1 [ate [ ayaT AT ) ikl L))
1 - . 1 ~
= —<{¢GR,¢¢GR}> = 5{0I( £1200), (4.9)
o 1 n n
r6t =5 [ ate [ ayaT AT () Cikale) ) = SIS 65, (410

0 — 3 [ ey { AT @ATE ) + AT AT (1)} G0

1 G
= §(¢AB + PEX), (4.11)
where we defined AT = T3" — T} with i = A,B. The operators ngﬁl-GR also describes
the phase shifts due to the quantum fluctuations of gravitational field. This is explicitly

expressed as

PR = /d4:z:A7;W(:c)IA1L,/(:1:). (4.12)
Here, {h ) W }} and Gj,,,(z,y) are the gravitational version of the two point

function and retarded Green’s function, respectively |96]. The gravitational version of the

quantities @g% and CIDSE‘ can be similarly expressed as

oGE = / Pad y AT () AT (1) G o (2. 3),

PEx = / d'ad y AT (2) ATL (9) Gl po (2, y). (4.13)
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)\GR

min

The gravitational version of the minimum eigenvalue F;-EM,

I'EM “and @M in the result above (4.5) with F?R, IGR and @GR respectively, as shown:

can be obtained by replacing

A\GR _ 1 [1 _ e_pgR_ch;R cosh[FSR] _ {(e_rgl’» _ e_rgR)2

min 4
GR

1
+ 46—P§R—F(B;R sin2 |:(I)T:| —+ e_QFER_QFCB;R Sil’lh2 [F?R] } 2:| ) (414)

where FZ.GR, FCGR, and ®CR are defined as shown in Egs. , , and . The results
of Egs. and are extended as A presented as Eq. herein.

In the following, we present the inequality representing complementarity, the uncertainty
relation, and one of the entanglement measure: negativity. The inequality, the uncertainty
relation, and the negativity for the electromagnetic case are evaluated from the quantum
state of the charged particles determined using FFM (i = A,B), IEM, CDE% and CIDEIXI. By
replacing these quantities with F?R (i =A,B), I¢R, @gg and @gﬁ, we obtain the formulas
for gravitational case. Subsequently, we adopt simple notations I'; (i = A, B), I'c, ®ap and
dpa to describe the quantities above for the electromagnetic and gravitational cases in a

unified manner.

4.3 Complementarity inequality in QED
4.3.1 A brief proof of the complementarity inequality

Here, we present the QED results for the complementarity inequality. We first introduce
the visibility VEM of charged particle A and the distinguishability DE,M which quantifies the
which-path information of particle A acquired through charged particle B. These two quanti-
ties are useful for expressing complementarity. Additionally, we discuss the relationship with
the Robertson inequality in the last subsection. According to Refs. [97, 98|, the visibility
VEM and the distinguishability DEM satisfy the inequality,

(VM2 + (DY) < 1. (4.15)

This inequality expresses the complementarity: if the distinguishability is unity, DEM =1,
the visibility VEM vanishes, and if the visibility is unity, ViM = 1, the distinguishability
DE‘M vanishes. In the following, we give a simple proof of the above inequality by using the

definitions of visibility and distinguishability:

71



Proof. We prove the inequality (4.15) between visibility and distinguishability. First, we

derive the visibility for the state given in
1 Ay a
W(T) =5 > PalQse " Upglajpy
P,Q=R,L

1
= —=RpalQr)BEM + —= L) A[Q21)B,EM, (4.16)
v 7
where we rewrite the state (3.36) for later convenience and defined

Qp)BEM = Z |Qeype™ " Upgla)mm. (4.17)
Q R,L
The visibility of charged particle A is calculated with respect to the reduced density matrix

pEM as

VM = 2| A (L pEM|Ri) |
= 2|Trg em[a (Le| ¥ (T)) (¥ (T)|Ry) Al
= [B,ph (R|QL)B ph| = |a|. (4.18)

We next evaluate the distinguishability of charged particle B. For a trace distance D(p, o)
with arbitrary density operators p and o, we use the fact that the trace-preserving quantum

operations are contractive |99):

D(&(p), £(0)) < D(p,0), (4.19)

where £ is a trace-preserving quantum operation. This inequality means that the operation
& makes it difficult to distinguish between the two quantum states p and o, i.e., the trace

distance does not increase. Then, the distinguishability is bounded as

1
D™ = S Trs|pfR — PhL.
1
= §TYB|T1"EM[|QR>B,ph<QR|] — Trem[|QL) B,pn (L]
1
§TYB||QR>B ph{QR[ — QL) B pr (L], (4.20)
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where the inequality was used in the third line because the partial trace is a trace-
preserving quantum operation. Here we defined pgll\)/[ = Trgm|[|Qp)B EM(Qp|] with P = R, L
and, the trace distance Tr]@\ = Y. |\i| is given by the eigenvalues \; of a Hermitian operator
O. The general property of the trace distance is presented in [99]. The density operator
pgy characterizes the state of particle B when particle A moves along the path P. The
vector |Qp)p gMm describes the composite state of particle B and the electromagnetic field
when particle A moves along the path P and is introduced by rewriting the state .
If the distinguishability vanishes, DEM = 0, and the two density operators pgll\él and pglﬁ/l
are identical. This means that Bob cannot know which trajectory particle A has taken
from the state of particle B. However, if DEM = 1, the density operators pglf\{/[ and pglﬁd are
orthogonal to each other (pg%pggl = 0). Then, by measuring the state of particle B, Bob can
guess which trajectory particle A has passed through. In this sense, the distinguishability
DEM quantifies the amount of which-path information of particle A. The meaning of the
distinguishability mentioned above was discussed in [97]. To obtain the eigenvalues of the
operator |Qgr)B ph(QR| — |QL)B pn (2|, we define the orthonormal basis {|ua), |up)} using
the Gram-Schmidt orthonormalization as:
_ Q0)Bph — @lQR)B ph

lua) = [Qr)Bph, |uB) = : (4.21)
1= [of?

where the overlap o is defined in (4.18)). In this basis, the operator |Qg)B ph(QR|—|2L) B ph (L]

can be rewritten as

2R)B,ph(Qr| — [QL)Bpn (L] = [ua)(ual — (alua) + /1 — [alug))(a”(ual + /1 — |af*(us|)

_ 1—|a]? ay/1-—|af? (4.22)
a*\/IT—la> —(1—lal) ) |

in the orthonormal basis {|ua), |ug)}. Thus, the eigenvalues of this matrix Ay g are

A =V1—|af?, Ag=—y1-]af? (4.23)

and the distinguishability Dpg is suppressed by the sum of these eigenvalues as follows:

1 1
Dy < 5 TrBlI2R)B o0 (QR| = [Q0)Bpn (il = S(1Aal + [As) = V1 —faf. (4.24)
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Substituting (4.18)) into (4.24)), we find the relationship
(VEM)2 1 (DEM)? < 1. (4.25)

Therefore, the visibility of charged particle A and the distinguishability of charged particle
B follow the inequality (4.15]).

4.3.2 Concrete computation of the visibility and distinguishability

Here we computed the visibility (V™M) and the distinguishability (DEM). The visibility
VE‘M describes the extent to which the coherence of charged particle A remains when Alice
performs an interference experiment. The distinguishability DEM characterizes how particle
B can distinguish the path of particle A from the state of particle B. The visibility VEM of

charged particle A is expressed as
VIM = 2|4 (Ll ok R)a . (4.26)

The quantum state of particle A pEM is obtained by tracing out the degrees of freedom of

particle B and the electromagnetic field:

P = e[| (T)) (U (T)]]
] 1 L TRMpiefM (e—i J AT (@) Apru(2) | =i fd%AJK(m)ABLH(x))
2 . (4.27)

* 1

where we used the basis {|Rf)a, |Lf)a} to represent the density matrix, and * is the complex
conjugate of the (R, L) component. A% (z) = fd4yGLl,(x,y)J53(y) is the retarded potential
with ¢ = A, B and P = R, LL introduced in (3.45)). The quantity @EM is expressed as

01 = [ deAs @A) - g [ dedy AT @R + )Gl ). (429

The density operator pEM is directly obtained by tracing out the degree of freedom of the par-
ticle B in the density matrix pi¥ (3.38). The quantity Y™ defined in Eq. (4.1)) characterizes
the decoherence effect due to the radiation of the on-shell photon emitted by particle A [4, |56].
The result (4.27)) with the retarded electromagnetic field AgQ of particle B implies that the
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effect of particle B can propagate to Alice’s system. However, in the spacelike case D > Ty
and D > Tp (see Fig. , the photon field induced by particle B does not reach particle A,
ie., AgQ(x) =0, ie, [flu(x),fll,(y)] = 0 due to micro causality (z° — 3°)% — (z —y)? < 0.
Thus, the density operator (4.27)) becomes

L1 TR
pEM =35 EM _.5EM . (4.29)
2 e—FA —Z@A 1

This result indicates that the process of charged particle B during the time Ty does not
affect the interference experiment on charged particle A by causality. Note that, given the
law of charge conservation, we also have to consider the contribution from charged particle B
before the time Tg. Even by considering this, we can see that the density operator pa does
not depend on influences from spacelike separated regions. In the derivation of the above
equations, for simplicity, we only discussed the contribution from particle B during the time
Tg. From the definition of the visibility and , we obtain the visibility as follows:

(I)EM

cos <ﬁ) | : (4.30)

EM
VEM = TA

2

which leads to VEM — ¢ TR in the region where D > Ty and D > Tg.
Next, we compute the distinguishability DE,M. The definition of the distinguishability

DE‘M is expressed as

1
D™ = S Trslok — oir | (4.31)

The eigenvalues of the density matrix pglﬁf — pglﬁ/[ are

1 e—FEM—H‘@gM—i [d*aATE AR, e—FEM—H’@EM—i [d*zATE AL,

Ay =+
+ 2

EM
= 4e I

sin (% / d4xAJ§(x)AAAM(x))|. (4.32)

Thus, the distinguishability is expressed as

EM

1
DEM = Z(A4] + A]) = T (4.33)
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As proven in (4.15)), there is a trade-off relationship between the visibility VEM and the
distinguishability DEM7 as indicated by the following inequality:

(VEMY2 1 (DEM)? < 1. (4.34)

Therefore, the electromagnetic version of the complementarity inequality is written as

(I)EM (I)EM
(VEM)2 1 (DEM)2 — e 2K cog? (%) +e 2T gin? (%A) <1 (4.35)
Note that by replacing the quantities F;-EM, FEM, and ®"M in the above result with FZ-GR,

FCGR, and @GR respectively; the inequality (4.35) in the gravitational version is written as

PGR PGR
(V§R2 4 (DSR2 = e K" g2 (%) + e 25" gin? (%A) <L (4.36)

By adopting the simple notations I'; (i = A,B), I'c, ®ap and Ppa, we also describe the

inequalities Eqs. (4.35]) and (4.36) for the electromagnetic and gravitational cases in a unified

manner as follows

P )
V3 + D3 = e cos? (%) + e e gin? (%A) <1 (4.37)

In particular, for the case D > Th and D > Ty, the retarded photon field of particle B

vanishes (A’ép = 0), which leads to ®ap = 0, and the above inequality becomes

)

Vi +DE = e A oMo gin? (%A) <1 (4.38)
This inequality is consistent with the existence of the quantum radiation emitted from par-
ticle A (I'p > 0) and the vacuum fluctuations of the photon field around particle B (I'g > 0)
when the causality holds. If we can remove the two effects (I'y = I'g = 0), this inequality
would be violated as long as the retarded electromagnetic field of particle A does not vanish
(AXP # 0 and then ®ga # 0). Hence, if the two effects vanish, then complementarity is
violated, and the paradox would appear. In the following subsection, we will discuss that
the inequality (4.38]) is never violated by the (Schrodinger-)Robertson uncertainty relation

associated with the electromagnetic field.
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4.4 Relationship with uncertainty relation

Here we discuss the relationship with the complementarity inequality (4.38)) and the following
Schrodinger-Robertson uncertainty relation

2 2 1 s S P

(80n)2(Aan)? 2 7 (Hondnh)) + [ (6a.dul)] (1.39)

where Ady and Agp are the variances of the operators ¢ [([3-30)] and ¢ [[@-12)], respec-
tively. The commutation relation is equivalent to [g%A, gEB] = i(®ap — Ppa), which is also

extended to the gravitational version of Eq. (3.44]) by the same manner. Subsequently, the

following Schrodinger-Robertson uncertainty relation can be obtained:

r 1
PATE > —F + = (Pan — Dpa)?, (4.40)

where we used (A¢;)? = (0¢2]0) — ((0]¢4]0))? = 2T; and ({¢a,¢p}) = 2T, followed by
Eqs. ({.1), and ([£.2), (4.10). The expectation value of the commutator, <[QA5A,QZ§B]> =
i(Pap — Ppa), is the result of Eq. (8.44). The inequality above shows that the product of
I'pn and I'g has a lower bound expressed by I'c, $ap, and Pga.

In particular, in the region D > Ty and D > Ty where there is no retarded propagation
of photon field from Bob’s system to Alice’s system, we obtain the following Robertson

inequality as

L2 1o
Cal's > — + 7-Ppa (4.41)
1
> 1—6¢>123A. (4.42)

This means that the quantities 'y and I'g do not vanish simultaneously if ®ga # 0. Addi-
tionally, we can show that the Robertson inequality (4.42)) is a sufficient condition for the

inequality (4.38)):

1 )
[Al'g > EqﬂB A = e Ta g e Megin? (%) <1 (4.43)

The analytical and numerical proof of this statement is presented in Appendix [C] This

result implies that the Robertson inequality among I'a, I'g and ®pa, which reflects the non-
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commutative property of the photon/gravitational fields, guarantees the complementarity
described by the inequality between the visibility VA and the distinguishability Dg.

In the above analysis, we discovered that the uncertainty relation represented by Robert-
son’s inequality for a quantized field guarantees the consistency between causality and com-
plementarity. In the following subsection, we provide a detailed discussion regarding consis-

tency by focusing on the entanglement between two charged /massive particles.

4.5 Role of entanglement on uncertainty relation of field and com-
plementarity

In this subsection, we reveal how the uncertainty relation relates to complementarity, using
the entanglement between two particles A and B introduced in (3.48)). In our gedanken
experiment, we consider the region where Bob’s effect does not propagate to Alice’s system.
Using the retarded Green’s function, which describes the causal influence of a source, this is
quantified as ®ap = 0 [2, |3} 14,1100, |101]. This result reflects a general property of the retarded
Green’s function, which holds for both electromagnetic and gravitational fields. Therefore,
the complementarity inequality , Schrodinger-Robertson uncertainty relation ,
and Amin are expressed as follows, respectively:

)
e~ A 4 2B gip? (—EA) <1, (4.44)
F2 (I)Q
Cals 2 7+ g (4.45)
1
)\min = Z |:1 — B_FA_FB COSh[FC] — {(Q_FA — e_PB)2
) 1
1 ge~Ta-Ts g2 [%A] 4 e 20a—20s 2 [Fc]}2i| | (.46

In Sec. 4.4, we discovered that the inequality presented in is the sufficient condition
for the complementarity inequality (Eq. (4.44)) in the electromagnetic case (strictly, we used
the Robertson uncertainty relation [zAI'g > ®%, /16, which follows by (4.45))). To reveal the
relationship between the inequality and complementarity inequality , we consider
the role of entanglement. We first focus on the relationship between the uncertainty relation
of the electromagnetic/gravitational field (Eq. (4.45])) and Amin. Let us consider the limit of

small coupling constants for the electromagnetic/gravitational cases. The quantities I';, T,
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and ®pp depending on the coupling constants are small, and the approximate form of Ay,

can be expressed as

Nl 2 Pg (bQBA
Anin ~ 7 |Ta+ T =/ (Ta + ) —4(FAFB—Z—1—6) , (4.47)

which is valid for I'; < 1 (i = A,B), [T¢e|] < ThA +T'p < 1, and |Ppa| < 1. The inside of
the square root is always positive because of (I'y + I'g)? — 4(Dal'p — IT'2/4 — ®%,/16) =
(Ta —Tp)2+T2+®%, /4> 0. On the other hand, the sign of TzAI'y — I'2/4 — ®%, /16 inside
of the square root in Eq. determines the sign of A\yin, i.e., appearance of entangle-
ment between two particles. From the Schrédinger-Robertson uncertainty relation ,
Dal'g —T?2/4— <I>123 /16 must be non-negative. Therefore, the Schrodinger-Robertson uncer-
tainty relation and the entanglement between the particles A and B appear to be correlated.
This observation, which is obtained on the basis of the approximation, is extended to more
general relationship among the complementarity inequality, Schrodinger-Robertson uncer-
tainty relation, and the non-entanglement property between the two particles. Namely, we
can demonstrate the following relationship of the sufficient conditions numerically (for a

more detailed explanation, see Appendix D):

re (I)2BA 2T 2T 2 [ PBA
FAFBEZCjLT — Ain>0 = e “A+e “Bsin N <1. (4.48)

The relationship of the above sufficient conditions are depicted in Fig. , which are
obtained under the causality condition that the Bob’s action is spacelike separated from
Alice, i.e., Ppp = 0. The relationship presented in (4.48) mean as follows: The Schrédinger-
Robertson uncertainty relation implies the existence of the vacuum fluctuations of electro-
magnetic/gravitational field because 'y and I'g must be non-zero since $p is non-zero.
The origin of the non-zero values of I'y and I'g is the decoherence of the superposition of
each particle, which is supposed to come from the entanglement between the particles and
the electromagnetic/gravitational field. This decoherence causes no generation of the en-
tanglement between particles A and B, i.e., Apnin > 0. Because particles A and B are not
entangled, Bob is not able to sufficiently get the which-path information of Alice’s particle.

Therefore, the complementarity inequality holds.
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uncertainty relation of the
electromagnetic / gravitational field

Alice and Bob are not
entangled

complementarity
holds

FIG 18: Inclusion relationship of the uncertainty relation (blue region), the condition of the
non generation of entanglement (orange region), and the complementarity inequality (green
region) are inclusive.

5 Quantification of quantumness of the gravitational field

In this section, we consider how the superposition state of the gravitational field is quantified.
This study is based on the paper . First, we introduce the setup of our system: two massive
particles each in a superposed state coupled to a quantized gravitational field. Then we
consider a trade-off relation (monogamy relation) between the negativity and the conditional
von Neumann entropy in specific two configurations as shown in Figs. [0 and [/} Based on
the above relation, we derive the condition to be entangled state between the particle and
gravitational field. Finally, we use quantum discord to analyze quantum correlations between

particles in superposition states and gravitational field and discuss its behavior.

5.1 Setup of two particles system coupled with gravitational field

We first consider the system of two massive quantum particles to be each in a superposed
state, where they are interacting through quanitzed gravitational field. Note that the two
particles are non-relativistic, and the gravitational field is treated as linearized gravity. This
system can be regarded as the system explained in Chapter 4. Thus the quantum state of
this system is described by the FZ-GR, FE}R, @gg, and CI)CB;E as introduced in Eqs. , ,
and . In our analysis, we apply unified notation of electromagnetic and gravitational
case: F?R, FCGR, @gg, and @gﬁ are equivalent to I';, I'c, ®ap, and Pga.

For later convenience, it is useful to evaluate the quantities I';, I'c, ®ap, and ®ga by
order estimation where we ignore the numerical factors because we analyze quantitatively.
In the configurations shown in Figs. [9] and [7], the characteristic parameters of the system are

given by the superposed time 7', the width of the superposition L, and the distance of two
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particles D. Thus the quantities I';, I'c, ®ap, and Pga are described by these parameters.
For instance, the quantities ['y and I'g are estimated as the number of graviton emitted by

the quadrupole radiation during time 7' per the energy of a single graviton

I 4
[y =D~ ¢ (T) , (5.1)

whereas the electromagnetic case of the quantities FEM and FEM, which corresponds to the

dipole radiation, are

2
L
EM — PEM (2 (?) (5.2)

with the electric charge e. The quantities 'y and I'g are determined by the parameters
of their system A and B. In contrast, the quantities ®op, Pga, and I'c characterize the
correlation between two particles. Thus the distance of the systems A and B is important.

In the regime D > T > L, the quantities ®ap, Pga, and I'¢ will be given by

2 3 4 4
L T L T
Dap =0, Ppp =g (T) (5> WS <?> (5> ; (5.3)

where ®ap = 0 is understood as the vanishing of the retarded Green’s function propagating
from the particle B to A. The quantity $ga can regarded as the Newtonian potential induced
by the massive particle. I'; is referred to the result of the order estimation presented
in Appendix In the regime T' > D > L, the quantities ®ap, Pga, and I'c will be of

order
2 3 4
L T L
_ ~2(f) (L ~a2 L
Ppp = Ppa ~ryg (T) (D) WY (T) : (5.4)

Note that, in the regime T" > D > L, ®pp can be equivalent to ®pa because of the
symmetric configuration of the systems A and B (see Fig. E[) The quantity I'c is estimated
by using Eq. in Appendix , where we ignored the term proportional to D /T because
of D/T <« 1.
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5.2 Quantumness of gravitational due to monogamy relation

Here we discuss the entanglement between the particle A and the gravitational field from the
viewpoint of entanglement monogamy. To judge whether the particle A and the gravitational
field are entangled or not, we consider the entanglement of formation Ef(pa ). The entan-
glement of formation is one of the quantity judging two quantum states are in an entangled
state or not. For example, if E¢(pa ) > 0, then the particle A and the gravitational field is
entangled. However, if the entanglement of formation vanishes: E¢(pa ) = 0, the particle
A and the gravitational field are not entangled. The entanglement of formation has lower

bound due to the conditional von Neumann entropy S(A|B) [102] as
Ei(pag) > S(AIB), (5.5)

where the proof of this inequality is presented in Appendix [El Thus the inequality (5.5
indicates that the particle A and the gravitational field are entangled when S(A|B) > 0 is
satisfied. The conditional von Neumann entropy S(A|B) is given by the analogy with the

classical conditional entropy as

S(AIB) := S(paB) — S(pB)- (5.6)

The von Neumann entropy S(px) measures how strong the correlation is between subsystem
X and its complement system X. In classical theory, the conditional entropy is always
positive, but, in quantum theory, it can be negative [103|. The negativity of the conditional
von Neumann entropy is roughly interpreted as entanglement. The von Neumann entropy

S(pp) is computed as follows:

N —

S(ps) = = >_ Adlps]log[Aslpn]],  Axlpn] = 2
s==+

ll + 71" cos (%)] ; (5.7)

where the eigenvalues A4[pp] are obtained by calculating the eigenvalues of the density
matrix ng = Trp [p%\g/[] in the electromagnetic field case and extending it to the gravitational

field. The von Neumann entropy S(pap) is also derived as

S(par) = = 3 (Ailparllog[Ai[pas]] + A3lpas) loglA3lpas] ) (53)
s==+
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FIG 19: Left panel: Contour plots of the conditional von Neumann entropy S(A|B) as
functions of L/T and D /T, where we adopted the coupling constant g = 1. The black circle
is a point when D/T =5 with L/T = 3/10. Right panel: conditional von Neumann entropy
S(A|B) as a function of coupling constant g. This graph corresponds to the black circle in
the left panel.

with the eigenvalues of the density matrix pap obtained from Egs. and (| -, which

are extended to the gravitational version

1
Ali[PAB] . [1 _ o TaTe cosh([T¢] :I:{ e—FB)Q
Dpp— B :
o 2
4 4e-TaTs iy [ AB BA} + e~ 220 ginh [T, ]} ], (5.9)
1
Aloan] = g [1 e ot { (T -7’
Ppp— O >
+ 4 Fa—TB g2 [% + e 2a=208 ginp? I'e] } 2] . (5.10)

In the following analysis, we evaluate the conditional von Neumann entropy S(A|B) in two
regimes D > T > L (Fig.[0) and T">> D > L (Fig.[7).
5.2.1 D >T> L regime

The left panel of the figure denotes the parameters dependence of the conditional von
Neumann entropy S(A|B). To obtain a qualitative understanding of the behavior of the left

panel in Fig. we approximate the conditional von Neumann entropy as

S(AB) ~ FQB (1 — log [FQBD : (5.11)
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where we used I'y = I'g < 1 and $pp < 1, and we assumed the condition $pp/4I'g < 1.
The above equation is independent of the quantity of ®pa, i.e., D/T and its amount
depends only on I'g = ¢?(L/T)*. This figure represents that S(A|B) is always positive and
does not depend on the distance between two particles. The independence of the distance D
can be understood by introducing an entanglement measure: negativity. The negativity Nap
characterizes the entanglement between two particles [68, 71]. In particular, two particles A

and B are regarded as the two-qubit in our system and then defined as follows:
NAB = max[—/\min, 0] (5.12)

with the minimum eigenvalue Ay

1
/\min = Z [1 - €_FA_PB COSh[FC] — {(e_FA — e_FB)Q
P d 1
+ 4€_FA—FB Sin2 {W] + €—2FA—2FB sinh2 [FC] } 2:| ‘ (513)

If Mag = 0 or Apin > 0 holds, two particles are not entangled. In Refs. |2, 4], we pointed
out that negativity Map vanishes in the regime D > T > L because of the existence of
the vacuum fluctuations I'y and I'g. Thus, no correlation between A and B is interpreted
as disentanglement of them. Note that the white region in Fig. may show that the
approximation to derive the quantities 'y, I'g, I'c, and $gy is bad.

The right panel of the figure[I9shows the behavior of S(A|B) versus the coupling constant
g, respectively. In the limit of ¢ — 0 there is no interaction among the particle A, B, and the
graviational field, so that the quantum state pap and its reduced density matrix pg become
pure state, i.e., S(paB) = S(pp) = 0 . In contrast, in the limit of ¢ — oo, the decoherences
'y and I'g are dominant, and then the quantum states paop and pp approaches the classical

mixed state

1 1
PAB — 114><47 pB — 512><2 (5.14)

with n x n identity matrix 1,x,. These limits lead to S(A|B) — log2 for ¢ — oo. Thus,
in the region D > T > L, the conditional von Neumann entropy S(A|B) is always positive.
Therefore, E¢(pag) > 0 is constantly fulfilled because of the inequality (5.5)).

The condition E¢(pa ) > 0 can also be understood from the view point of the monogamy
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relation. Apin > 0 gives the concrete reason of the positivity of the conditional von Neumann

entropy as
0= NAB =Amin >0 = 0= Ef(PAB) > _S(A|B)a (515)

where the inequality was used in the right-hand-side. Note that, in general, Mag > 0
is equivalent to E(pap) > 0 if the composite system AB is two-qubit system, which leads to
Nag =0 < Et(pap) = 0 due to the contraposition. Combine with the inequality and
the above relation , we obtain the following result

0=MNag=2min =20 = Ef(pap) =0 = S(AB)>0 = Ei(pag) >0, (5.16)

where we used S(A|B) > 0 is satisfied in the regime D > T > L. This condition means
that the particle A and gravitational field is always entangled when two particles A and B
are not entangled. Thus, we consider that the entanglement between particle A, which is in
the superposition state, and the gravitational field can be regarded as a quantum nature of
the gravitational field since it accompanies particle A and causes the superposition of the

gravitational field.

5.2.2 T > D> L regime

The parameter dependence of the conditional von Neumann entropy is depicted in Fig. 20
The upper panels of Fig. 20] represent the contour plots of the conditional von Neumann
entropy versus L/T and D/T with the coupling constant g = 1 (left panel) and g = 3 (right
panel). We also show the borderline representing by bold black line in the upper right panel
of Fig. where the negativity Nap vanishes. In the left panel, S(A|B) > 0 is satisfied
in this parameter region. However, in the right panel, there are three regions: S(A|B) < 0
and Mag > 0, S(A|B) > 0 and Njg > 0, and S(A|B) > 0 and Nag = 0. In the region
S(A|B) < 0 and Nap > 0, the conditional von Neumann entropy S(A|B) is negative so we
cannot judge the entanglement of formation E¢(pa ) is positive or not. In other words, we do
not know whether the particle A and graviton are entangled pr not. However, the negativity
Nap is positive, and then two particles A and B are entangled. The region S(A|B) > 0 and
Nag > 0 means that the particle A and graviton and two particles A and B are entangled
state. In the region S(A|B) > 0 and AMag = 0, we can understand two particles A and B are
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D/T

FIG 20: Upper panel: Contour plot of the conditional von Neumann entropy S(A|B) as
functions of L/T (horizontal axis) and D /T (vertical axis), where we adopted the coupling
constant g = 1 (left panel) and g = 3 (right panel). The orange, black, and green circle are
points when L/T = 3/10, L/T = 5/10, and L/T = 6/10 with D/T = 8/10. The bold black
line is the boundary where the negativity AMap vanishes. Lower panel: Left, center, and right
panels show the conditional von Neumann entropy S(A|B) as a function of coupling constant
g. The black dashed line depicts the negativity AMag. This graph corresponds to the orange,
black, and green circles in the upper panel.

not entangled, but the particle A and graviton are entangled state.

Three typical points, orange, black, and green dotted in the upper panels of Fig.
behave as the lower panels of Fig. [20]including the negativity Mag depicted by black dashed
line. Each of them saturate, whereas the negativity vanish due to the decoherence when the
coupling constant g becomes large. This behavior is also interpreted as one of the monogamy

of the conditional von Neumann entropy and the negativity, respectively.

5.3 Behavior of Quantum discord

Here, we investigate the behavior of the quantum superposition of gravitational field using
quantum discord [104, [105, [106]. The quantum discord is known to be a measure of all
quantum correlations, including entanglement. The quantum discord of composite system

AB is defined by the difference between the quantum mutual information Z(A,B) and the
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classical correlation J (A, B)
D(A,B)=Z(A,B) — J(A,B). (5.17)

The non vanishing of the quantum discord is related to the quantum superposition princi-
ple [104]. In particular, we focus on the quantum discord between the particle A and the
gravitational field D(A, g), which may be the evidence of the quantum superposition of the
gravitational field, i.e., the quantumness of gravitational field. To simplify calculations, we
represent D(A, g) by using the entanglement of formation F¢(pap) and the conditional von
Neumann entropy S(A|B) as

D(A, g) = Ex(pas) + S(A[B), (5.18)

where the detail derivation is presented in Appendix . The above equation shows
that the quantum correlation between the particle and the gravitational field is determined
by the parameters of the systems A and B, which is one of the feature of the monogamy.
Note that, in two-qubit system, there is a formula related to the entanglement of formation

with respect to two-qubit state pap as

Er(paB) = h (1 fvi- CQ(pAB)) ; (5.19)

2

where we defined h(z) := —xloggz — (1 — x)loge(1 — x). C(paB) is concurrence, which
measures the degree of entanglement in the mixed state |66, 107, 108]. The concurrence for

a mixed state of qubit system is introduced as
C(pap) == max{0, a1 — a2 — ag — as} (5.20)

with a1 > ag > ag > a4. Here o; (i = 1,...,4) are the square root of eigenvalues of the

non-Hermitian matrix pag (05 ® af)p}gB(aﬁ ® 05). PAp is the complex conjugate of pap,

B
Y

we study the behavior of the quantum discord D(A, g) in two regions: D > T > L and
T>D> L.

and a;} (0,,) is the Pauli matrix, which works for the local system A (B). In the following,
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5.3.1 D>T> L regime

In this regime, two particles A and B are not entangled, i.e.

, Ef(pAB) = 0. Thus, the

quantum discord is exactly equivalent to conditional von Neumann entropy S(A|B) due to

Eq. (19
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FIG 21: Quantum discord D(A,g) as a function of L/T (left panel) with g = 1 and the

coupling ¢ (right panel). We adopted D/T = 5.

Fig. [21] depicts the behavior of the quantum discord D(A, g) as a function of L/T (left

panel) and coupling constant g, respectively. The result of the left panel shows that when

the length scale of the superposition of the particle A L increases, the gravitational field also

becomes well quantum superposition state. The right panel of Fig. [21] can be understood as

follows: if the coupling constant g is increasing, the decoherence is dominant, so that the

entanglement between two particles vanishes. However, the interaction between the particle

A and the gravitational field becomes stronger, i.e., they are well correlated. This result is

consistent with the (5.16)).

5.3.2 T > D> L regime
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FIG 22: Quantum discord D(A,g) as a function of L/T (left panel) with ¢ = 1 and the

coupling ¢ (right panel). We adopted D/T = 7/10.
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Fig. 22| also shows the behavior of the quantum discord D(A, g) as a function of L/T (left
panel) and ¢ (right panel). We come to the same conclusion in the region D > T > L that
increasing the superposition width of the particle A leads to the well superposition state of
the gravitational field. Moreover, when the coupling constant ¢ increases, the decoherence
works dominant and destroy the entanglement between two particles. Note that, in this
regime, the two particles A and B are slightly entangled, which reduces the correlation
between the particle A and the gravitational field. From the view point of the monogamy,
this disentanglement makes the entanglement between the particle A and the gravitational

field strong.

89



6 Conclusion

The unification of quantum mechanics and gravity theory is an important problem in mod-
ern physics for explaining extreme situations, such as the quantum aspects of black holes
and the early universe. Several theories have been proposed on the low- and high-energy
scales. However, there is no experimental evidence of quantum gravity; thus, we cannot test
these theories. In this thesis, we clarified the quantum mechanical aspects of gravity based
on quantum field theory. In particular, we considered the role of the dynamical field for
entanglement generation between two particles, the consistency of quantum mechanics and
relativistic theory, and the quantitative understanding of the quantumness of the gravita-
tional field.

In Chapter 3, we evaluated the effect of the dynamical electromagnetic field (photon
field) on the entanglement generation between two charged particles each in a superposition
state. The BMV experiment, explained in Chapter 2, is a proposal to detect entanglement
generation due to Newtonian gravity, which originates from the nondynamical component
of gravity. To understand entanglement generation in the context of quantum field theory,
we evaluated the entanglement generation between two charged particles coupled to an elec-
tromagnetic field based on QED, motivated by the theoretical similarity between gravity
and electromagnetism. We obtained a formula for the entanglement negativity between two
charged particles, each in a superposition of two trajectories. This explicitly demonstrated
the effect of a quantized electromagnetic field on the entanglement generation between two
charged particles. Our analysis automatically includes contributions not only from the lon-
gitudinal mode (non-dynamical part) but also from the transverse mode (dynamical part)
of the electromagnetic field. As expected, we demonstrated that the entanglement genera-
tion induced by the Coulomb potential was reproduced in the non-relativistic limit of our
formula. We also demonstrate how relativistic corrections to Coulomb entanglement arise.
In particular, vacuum fluctuations in the photon field cause quantum decoherence, which
becomes significant when decoherence due to photon emission simultaneously becomes sig-
nificant. When the two charged particles are separated by a long distance, the decoherence
effect dominates, and entanglement generation is suppressed. However, when two particles
are separated by the distance of a wave zone, the superposition of the electromagnetic wave
from the other charged particle influences the quantum coherence signature. We also found
that the quantum superposition of bremsstrahlung from a superposed trajectory affects the

signature of the quantum coherence between the two particles; however, entanglement is not
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generated because the vacuum fluctuations of the photon field dominate over the signature
of the entanglement.

Similar features are expected to appear in the entanglement generation between the two
masses in the framework of the quantized gravitational field. The vacuum fluctuations of
the gravitational field and quantum superposition of gravitational radiation are expected
to be involved in the entanglement generation between the two masses. In Chapter 4, the
framework discussed in this chapter was extended to the theory of gravity to clarify the
dynamical effects of a quantized gravitational field.

Chapter 4 considered the gedanken experiment to reveal the relationship between com-
plementarity and causality. Here, we revisited the resolution of the paradox proposed by
Refs. [54, 55) [56, 89, [91] indicated that the quantum superposition of the gravitational po-
tential may result in inconsistency between causality and complementarity. The authors
of [54, 55 56] argued that this inconsistency is resolved by vacuum fluctuations and the
entangling radiation of the electromagnetic/gravitational field. We conclude that the in-
consistency of causality and complementarity does not appear from the viewpoint of the
Schrodinger-Robertson uncertainty relation and complementarity inequality. The analysis
based on quantum field theory explicitly demonstrated the intuitively legitimate result that
causality holds and that operations on Bob’s system at a spacelike distance do not affect
Alice’s interference experiment at all by deriving Alice’s reduced density operator. On the
other hand, to find the validity of complementarity, we first derived visibility and distin-
guishability, which represent the degree of success of Alice’s interference experiment and
the degree of distinction of Alice’s quantum state, respectively. We then argued that there
is an inequality between these quantities, which is guaranteed by the Robertson inequality
associated with the non-commutative property of the quantized electromagnetic field. This
inequality describes the limit of complementarity in resolving this paradox.

Based on the QED /quantum theory of linearized gravity, we also analyzed the gedanken
experiment in connection with the Schrodinger-Robertson uncertainty relation and com-
plementarity inequality, focusing on the entanglement between two particles. We discovered
that the Schrodinger-Robertson uncertainty relation in an electromagnetic/gravitational field
prohibited the generation of entanglement between two particles when causality was fulfilled.
Additionally, we numerically demonstrated that the condition in which the two particles are
not entangled guarantees complementarity. The essence of the inconsistency between causal-

ity and complementarity is the assumption that the entanglement between Alice and Bob
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occurs in a region where Bob’s information cannot causally propagate to Alice. Our results
showed that the two particles cannot be entangled because of the existence of the quantized
electromagnetic/gravitational field, which resolves the paradox and preserves the consistency
between causality and complementarity.

Thus, the essence of the resolution for the paradox in this Gedanken experiment is the
existence of vacuum fluctuation and entangling radiation, which cause decoherence. This
decoherence is assumed to be induced by entanglement between the particle and the field.
However, determining whether a particle and a field are entangled is a nontrivial task. It
is important to discuss the condition that the particle and field are generally entangled.
Furthermore, the structure of the entanglement between the particle and the field can be
further investigated using various quantities of quantum information.

In Chapter 5, we considered the structure of the entanglement between the particle and
the field. In this study, we analyzed the dynamics of a two-particle system interacting with
a gravitational field and revealed the entanglement structure between the particle and grav-
itational field based on the quantum theory of linearized gravity. We derived the inequality
in which the conditional von Neumann entropy between two particles gives a lower bound
on the entanglement between the particle and the gravitational field. Furthermore, we found
that the conditional von Neumann entropy has a tradeoff relationship with the negativity
between the two particles. Thus, we showed that the particle and field are always entan-
gled if the two particles are not entangled. In addition, we computed the quantum discord
to quantitatively evaluate the quantum correlations between the particle and the gravita-
tional field. Quantum discord characterizes the quantum superposition of the gravitational
field. Consequently, as the width of the superposition state of the particle increases, the
superposition of the gravitational field becomes significant.

In this doctoral thesis, we considered the roles of the nondynamical and dynamical degrees
of freedom of fields in entanglement generation and decoherence. Thanks to the treatment
of the quantum field theory, we revealed that the decoherence is induced by a dynamical
quantum field. Therefore, the decoherence effect may be essential to the quantum theory of
gravity. In the future, we intend to gain a deeper understanding of the decoherence induced
by quantum fields, which will help elucidate the theory of quantum gravity. We consider it
important to understand the vacuum fluctuation of the field coupled with the spin degrees
of freedom of a particle and decoherence using a measuring instrument, which we neglected

in this thesis.
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We expect that our results will contribute to the construction of quantum gravity theory

in which quantum mechanics and general relativity are consistent.
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A 1/c expansion of O

We present the 1/¢ expansion of the quantity

_ 2%6( 7€ de, AAPB(z) + f{; dquAg(x)), (A1)
A B
where e UHP (tip)
A= P§L Tan {(x - XiPZtiP)) ' UiP(tiP)} ’ (4-2)
and v* = [c,v]T, eg = 1, e, = —1 and t;p satisfies the light cone condition —c(t — t;p) +

lx — X;p(tip)| = 0. We restored the reduced Planck constant i and the light velocity c.
Substituting (A.2)) into (A.1]), we obtain

e vl ( )
¢ = 87T2hc ( fc day Z Q [(x — XBQ](BtC;;)B)? UBQ<t2Q>] tAe B>)

vAp(t) - vBQ(tBQ)
87rh/dtPQ§:RLEP€Q[ (Xap(t) — X(tBQ))-UBQ(tBQ)] A B), (4-3)

where we changed the integral as fc dat = b R.L €P JdXk/dt)dt =" p_ R.L €P [ vip(t)
A, B) in the second line. The integrands have the form

va(t) - vp(ty) _ 2 —vp(t) - vp(ty)
c(Xa(t) = Xp(tr)) -vB(t)  c(—c(t — &) + (Xa(t) — Xp(t)) - vB(tr))
_ -1 (1 vt -vB(tr)>
| Xa(t) — Xp(t)] — (Xa(t) — Xp(tr)) - v(t)/c c? ’

(A4)
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where the light cone condition —c(t — t;) + | X a(t) — Xp(t;)| = 0 was used in the second

line. The 1/c expansion of the retarded time ¢, is

1
tr=1— E'XA(t) — Xp(t)|

=t — %\/(XA(t) - XB(tr))2

_ 1\/(XA<t> ~ Xp(t) + ”Bc(t) [Xa = XB@)')Q +0(5)

. %\/(XA(t) X0+ (Xal) - X)) - 221X, (1)~ Xu(0)] + 0( )

[ Xa(t) — Xp(t)| Xa(t) = Xp(t) wp() 1
=i c (H XA(l) — Xp()] ¢ )+O<c_3)
:t—ict)—r(t)~%+o<clg), (A.5)

where r(t) = Xa(t) — Xp(t) and r(t) = |r(¢t)|. The denominator of the integrand (A.4)) is

= /(Xa(t) — Xp(t))2 — (Xa(t) — Xp(t)) - vp(lr)

r r-vp r2ag\ 2 ry 1 r 1
= ('r+'vB(—+ 3 )— 2) —(r—ir’vB—)-—(vB——aB)—I—O(—S)
c c 2c c/ c c c
: 2 r2o2 . TV 1
:\/7“2+2r-v]3(t+r :B)—Qr-raB+ B—(T vB~|— B—%r-ag)—l—O(—?))
c c c c

2¢2 2 c c?
B T - VR T - VB ag vy (r-vp)? r-vg  TUR T 1
=1+ (0 )"“‘@*w ) (T+c_2_c_2r as) +0(5)
. . 2 . .
:T[1+r ’UB( rvB)_ ap UB (r-wg)® T UB_U_B+T aB]
2 22 22 2122 rc 2 2
2
(r - ’UB vy, T aB} ( 1 )
=r|l Ol = A6
7“[ TR T2t a2 A3)’ (4.6)
and the numerator of (A.4]) is
va(t) - vp(ty) VA - UB 1
- PR =1 MR 0(5). (A7)
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where the light cone condition and the Taylor expansion were used and the argument ¢ was
omitted. Then, (A.4]) reduces to

ol (t)vpp(ty)
c(Xa(t) — Xp(tr)) - vB(tr)
_ -1 (1 At ~'vB(tr)>
| Xa(t) = Xp(t)| — (Xa(t) — Xg(t)) - vB(t)/c c?

-1 : 1
: (=) -o()
i mE - dhne] C

:_1[1_M e w1y

r 2r2¢c2 22 2¢2 c2 3
VA - UB 1{2_(XA—XB )2}_(XA—XB)-aB]

1
S i .
|XA—XB][ 2 Toa'B X, Xp| B 22

(A.8)

We find that the 1/¢ expansion of ® is

2

e vap(t) - vBq(tBQ)
" dtp;m%[ v Kiina)) wwling)) * 4 P

EPEQ [ VAP " UBQ
1 —
87Th/ QZ |XAP - XBQl 62

1 Xap — X3 2 (Xap — XBq) -aB
T3 Q{U%Q (|XAP —XB3| 'UBQ) }_ 2c2Q Q] TAeB). (A9

For the non-relativistic limit ¢ — oo, the quantity & is

EPGQ
/dt > f(AoB)
7Th ,Q RL AP_XBQ’

_ @ /dt( 1 1 1 N 1 )
4rh | Xar — XBr| [Xar —XBr| |XarL— Xpr| [XaL— XL/
(A.10)

This result is equivalent to the quantity (2.50) (in the unit & = 1) computed in the non-

relativistic regime.
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B Detail derivation of I'gy, I'a, I'g, I'c and ©

We present the detailed calculation of I'ry,, I'a, I'g, I'c, and ®. In this calculation, we assume
that the charged particle has the non-relativistic velocity. We recover the constants ¢ and

h when we show the result of the calculation or use the formula of the 1/¢ expansion of ®

derived as (A.9).

B.1 Computations of I'ry, 'a and I'g

We first calculate the quantity I'gr,. We assume the following trajectories

XE(t) = [t,ePX(t),O,O]T, R——e =1, X(i) = 8L(1 _ %)2(%)2 (B.1)

Using Eq. (3.23)), we obtain
¢’ i pif Al il
Irp = Z dx dy <{A,u(x)aAy(y>}>
C C
2
T o A0 A0

77,u1/ 1 1 )
— b dur du
% v j{ Y —(t =t/ —i€)? +—(t—t/+i€)2

22

B Tdt(dxﬂ dX“) Tdt,<dXRM_dXLM)( - 1
_167r 0 dt a / J, dt’ dt’ t—t’—ze —(t —t' +ie

)

_ e? Tdt Tdt’(dXR B dXL) . (dXR B dXL)< 4 1
1672 J, 0 dt dt dt’ dt! (t — t’ —i€)?  —(t—t +ie

32¢2 2

_ = = B.2
3n2 T2’ (B.2)

where we took the limit e — 0 after the integration, and in the second line we used the dipole
approximation |86} 109] which ignores the spatial dependence of the photon field. The dipole
approximation is valid when the wave length of the photon field A\;, = T" is considerably larger
than the typical size (~ L) of the region where the charge exists. This condition is always
satisfied if we assume the non-relativistic velocity L/T < 1.

We next consider the quantity I'; given in the model of two charged particles.
Because of the time and spatial translation invariance of the vacuum state, I'; is independent

of the choice of the origin. Assuming that each of the charged particles A and B follows the
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trajectories defined by (B.1]) up to the choice of the origin of the time or spatial axis, we can

evaluate I'py and I'p as

32¢2 L2

3r2he (¢T)% (B-3)

I'pn=Dp="IgL~

where we recovered the constants ¢ and h.

B.2 Computations of I'c and ¢ for the linear configuration

B.21 T>D~LorT> D> L regimes

Here, we focus on the regime T'> D ~ L or T' > D > L for the linear configuration. We

assume the trajectories of two charged particles A and B as follows

T
X/IiP = [t7 GPX(t)v 07 0]T7 Xg (t) = [t7 GQX(t) + Da O, O:| , €ER = —€L = 1, (B4>

Q
X(t) = 8L(1 _ %)2(%)2 (B.5)

The parameters L and D should be D > L > 2X(t) to avoid overlapping each trajectory of
particles A and B. First, we focus on the regime T' > D ~ L. The quantity I'; is computed

by Eq. (3.50) as

62

re= 5§ w A, A

e

<G4 a0 A0
2 Ca Cs

e um 1 1 )
S S P (
2 Ca ’ Cp ’ Ar? _(‘To - yO - i6>2 " _(xO - yO + iE)Q
— 6_2 Tdt(deR . dX{LL) Tdt/(dXQRM . dX?LM)( 1 + 1
872 J, dt dt 0 dt’ dat’ —(t =t —ie)?2  —(t —t' + ie)?
_ 6_2 Tdt Tdt,(de B XmL) ' (ngR B ngL)( 1 N 1
872 J, 0 dt dt dt’ dat’ —(t—t' —ie)2  —(t —t +ie)?
64e? L2
_ el B.
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where the dipole approximation was used in the second line because of the condition T > L.

The quantity ® is evaluated using the result of (A.9)) as

e EPEQ [ VAP " UBQ
b=——+> | dt l— ————=
87Th/ z_: |XAP - XBQ| 02

P,Q=R,L
1 [, Xap — XBq 21 (Xap — XBq) - asq
— — . — A+ B
+ 202 {UBQ (|XAP - XBQ| 'UBQ) } 262 ] + ( & )
2
peq (1) {=D+ (ep — cq)X(B)}alt)
= dt Z [1 — €PEQ—5 — €Q 3
87r7i P RL (ep —eq) X (t)] c 2¢
+ (A < B)

= 4(;271 dt{%(l_g) - (H_Uz)(]D—;X( ot |D+;X(t)])

a(t) ( D=2X(1)  D+2X(1)
22 (|D ox(1)] D+ 2X(t>yﬂ
62 02 U2
= 47rh/dt[l2)( B c_2) - (1 i c_2> (D - ;X(t) DT ;X(t))]’ (B7)

where we have recovered the natural units ¢ and i to show the result of the 1/c expansion.

Next, we consider the regime 7' > D > L. In this regime, we obtain the I'. and & using

(3.50) and (B.7)) as follows,

2 “ ~
re= 5§ w A, A

62 p Mf du nﬁw 1 n 1 )
== X Yy : :
2 Jo. " e —@ = =i+ lz—yP |~ 0 i)+ —yP
e? j{ n 1
~— dzt dy” W , - c.c.)
T T
_ 6_2 dt(deR B deL) dt/(dXQR'u B dXQLM>( 1 +CC)
82 J, dt dt 0 dt! dt! —(t—t' —ie)2+ D%
_ _2 Tdt Tdt XmR XmL) ' (dXQR B dXQL) ( 1 4 C)
0 0 dt dt’ dt’ —(t—t'—ie)2+ D%

646 L2 D
S (”Wl‘l H)’ (B5)

where the distance between the particles |« — y| was approximated as D because of D > L

in the third line, and in the final line we took the limit ¢ — 0 and the leading order of
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T/D < 1 after the integration, and

e? 2
d=——— [ dt|=
47rﬁ/ LD

2

D

a (1+Z_§)<D—;X(t) +D+;X(t))}

|
(-2) 20+ ) (0 )
8

e2

~—— | dt i

Amh L
N e? gt T 402 X?’(t)]
T 4rnh | D2 D3

64 ( L\2/6¢T (¢T3
= 3157he \ T T ) B.
3157rﬁc(cT) ( D +(D) )’ (B.9)
where we took the leading order of 4X2(t)/D? ~ O(L?/D?) < 1 in the second line, and ne-

glected O(L*/D*) in the last line. Therefore, we obtain the result in the linear configuration
in cI'> D > L regime as

322 L? 64e? L2 4D? D
'y =Ip~ . ~ 1+ ——In|— B.10
A B 3n2he (c1)? " 3m2he (cT)Q( i (cT)? " [CTi|)7 ( )
64e® /L \2/6¢cT cT\3
D ~ — i — . B.11
3157rhc(cT) ( D + (D) ) ( )

B.2.2 D> T > L regime

Here, we focus on the regime D > T > L and calculate the quantities I'. and ®. We assume

the following trajectories of the two charged particles A and B as

T T
XHL (1) = [t,er(t),0,0} L Xbo(t) = [t, QX (t— D) +D,0,0} Cen= —e =1,
(B.12)

X(t)=s1(1- i)Q (i)Q, (B.13)
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where X Q is defined in D <t < T + D. First, we calculate the quantity I'c in this regime
by using (|3 as

e2

rc::E; CM(twijiny”<{AL<x>~4£@»}>

77;w 1 1
= — dat j{ dy” : + : )
. ] Gy e ey e g

77;w 1 >
%— dzxt d” .C.
Ca ’ ]{ Y —(2Y — yo—ie)2+D2+Cc

Tdt(dX“ dX“) TJdet,(dXQRM ngLu)( 1 N )
87r dt it )/, dt’ it J\—(t—t —ie2+D2 " °°

_ e dt D dat’ XmR B dX1L> (dXQR _ dXQL)( 1 L C)
dt dt dt’ dt’ —(t—t —ie)2+ D>

T+D / ! - \2 / - \2
e ,dX(t) dX(t — D) (. (t—t —ic) (t =t + i)
”5?5?/‘ﬁ/ W g

T+D
X X' —D
22D4/ dt/ pdX ) d (d ){(t—t’—i6)2+(t—t'+ie)2}
e

2 1277
- . B.14
2257r2 D4 ( )

where the distance between the particles | — y| was approximated as D because of D > L
in the third line. We used the geometric series expansion because of |(t — t+ ie)| <T < D
in the third to last line, and in the final line, we took the limit ¢ — 0 after the integration.

We next calculate the quantity ® using Eq. (3.54) in this regime. The quantity & is

P = E( / o AFLY () + / doWAFK”(x))
4 Sa Ss
— / dUWAFW( )

T+D XBR
/ dt/ dm AFX(t,z,0,0)

XaL(t

T+D XBR
/ dt/ da: AFM(t,z + D,0,0), (B.15)
XprL(t

where the region Sp = {D <t < T+ D, Xpp(t)+ D <z < Xpr(t)+ D, y=0, z =0},

and the first term in the first line vanishes because, in this configuration, particle A does not
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experience the retarded field of particle B. We changed the variable x — x + D in the final

line. The quantity ® is decomposed into two terms ® = &, + ¢,, which are given as follows

(see Egs. (B:89) and (B.90))

T+D XBR t)
t/ ﬁ/‘ dz AFSL (t,z + D,0,0)

BL( P=R,L

T+D XBR t)
l/ ﬁ/‘ dz AFSL,(t,x + D,0,0)

L P—R,L
(. + D — Xap(tap))aap(tap)
% [ t B tAP (aAP(tAP) + t—1tap — (x +D — XAP(tAP))UAP<tAP
(7 + D Xap(tap))?anp(tap) )]
(t —tap) — (z + D Xap(tar))vap(tap)

e T+D BR(t) e
— dt dx €
2/ /XB Z P47T[t—tAp — (x+ D — Xap(t1p))vap(tap)]?

juAP (tAP))

T+D Xer(t 2 2
(t—tAP) —($+D—XAP(tAp))
— dt/ €p [[

Kot t—tap — (x+ D — Xap(tap))vapr(tap)]

where the retarded time #op is approximated by neglecting O(L?/D?) as

taAp =1 — |iL‘—XAp(tAp)| =t — \/(l‘—i—D—XAp(tAp))z ~t—D,
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e (t—tap)vap(tap) — (x + D — Xap(tap))
/ dt/X Z P{

4 y3plt —tap — (z + D — Xap(tap))vap(tap)]?

(B.16)

3} aap(tap),

(B.17)

(B.18)



where (z — Xap(tap)) ~ O(L). For D > ¢I' > L, we can approximate O as

/T+D u /XBR o |: e (t — tAP)UAP(tAP) (iIZ‘ +D — XAP(tAP))
X (¢ p L 471 PYAP [t —tap — (% +D — XAP(tAP))UAP(tAP)]
N T+Dd Xer(t vap(t — D) Xap(t—D) x4+ D
— t €p D2 T p3 s
Xor(t P R,L
:_.T”}mx<n—x o [Lanlt = D) earlt = D) Xanlt = D) = Xawlt = D)
o BR BL D2 D3
16e? LT
_ ' B.1
3157 D3 .

Moreover, in the second line of the above equation, we substituted the retarded condition

(B.18]) into Eq. (B.19)) and approximated the denominator as

Viplt —tap — (x + D — Xap(tap))vap(tap)]
~ (1= v3p(t = D)) '[D = (¢ + D — Xap(t — D))uap(t — D)]
(1—3p(t— D)) '[1— (1+ (z — Xap(t — D))/D)vap(t — D)]

D
D

Q

(B.20)

where vap ~ O(L/T), vip ~ O(L?/T?), and (z — Xap)/D ~ O(L/D) were neglected in
the last line. However, the quantity ®, is exactly equal to zero because of the retarded time
condition (B.18]). This result indicates that in the context of equation , the electric
field E;A’ Ra (E}? L’a) is equal to zero because the electromagnetic wave cannot propagate the
direction of the acceleration of the charged particle A. Therefore, we summarize the result

in the linear configuration in D > ¢T' > L regime as follows

322 L2 32¢2 L2(cT)? 16e? L%(cT)
I‘A = FB ~ FC ~ - D) 4 ) ~ 3
225m2he D 3157mhe D

(B.21)
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B.3 Computation of I'c and ¢ for parallel configuration

B.3.1 T>L>DorT>D> L regimes

Here, we focus on the regimes 7' > L > D or T'> D > L and calculate the quantities I'¢

and ®. We assume the following trajectories of the two charged particles A and B as
T T
Xip) = [tenX(,0,0], Xpo(t) = [te@X(®), D0] , en=-a =1, (B2
t\2/1\2
X(t) = 8L(1 - —) (—) , B.23
(1) 9 (5 (B.23)

In these regimes, the approximate form of I is equal to (B.8). Neglecting O(D?/T?) in
T > L > D, we obtain the quantity I'; as

64e? L2
The quantity ® up to O(1/c?) obtained from (A.9) is
€EPEQ VAP ’UBQ
_ / "y 1
871'77, PO RL AP_XBQ| C
IR Xap — XBq 2 (Xap — XBq) - aBq
. — A+ B
3 2{UBQ (|XAP ~ Xpq vBQ) } 202 ] * )
EPEQ [ VAPUBQ
— 1—
2
87Th / ,QEZRL XAP — XBQ)2 + D? c
1 Xap— X (Xap— X
+_2{U]2§’,Q_ ( AP — XBQ ) } AP BQ)CLBQ} (A B)
2c \/(XAP_XBQ —I—D2

1 [ (5] 53] - T [ () 5+ )
" 4nh D 2c2 4X2+D 4X2—|—D2) 2 1)

(B.25)
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For ¢T"> L > D, the quantity ® is approximated as

2

e? 2 v? 2 D? v Xa
5 [l - bl 0 )5 )
4mth D 2c2 AX2 1 D2 2(4X2+ D%/ 2 2

e2 2 02
~— [ as [1 _ —]

4mh D 2¢2
2 T AL?
— _6_6_( — 6—>’ (B.26)
2mhe D 105(cT)?

where we neglected O(D/L) in the second line. In the regime ¢T' > D > L, we obtain

e? 2 v? 2 D? v2  Xa
o—- a5 - 0] - =1+ (14 5 ) 2 + )

4mh D 2¢2 VAaxX2 1+ D2 24X2+ D%/ 2 2

I [4X2 4v? + 2Xa}

~ drh D3 2D

2¢? cT'L? D?

:_3_€c_< _ 6 >, (B.27)

315whe D3 (cT)?

where we used the Taylor expansion (4X? + D?)® ~ D?¥(1 + 4aX?/D?) in the first line
and neglected O(L3/T?) in the second line. Consequently, I'y,I'p, I'c, and ® in the parallel

configuration are obtained as

FA:FB%

32¢2 L2 6de? L2 2 cT( 6412

3n2he (cT)2" ¢ 3n2he (cT)?’ 2rhe D 105(CT)2>’ (B:28)

—~

for ¢cT'> L > D, and

32¢2 L2 64e? L2 4D? D
I'yn=Ip~ I'e =~ 1+ —=In|— B.29
AT B 3R e T 3he (e \ T (er T ) (B-29)

32¢2 ¢TIL? < 6D2)

~ T 3157he D3 ~ (cT)?

(B.30)

for ¢cI' > D > L, respectively.
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B.3.2 D >T > L regime

Here, we consider the D > T > L regime and calculate the quantities ['c and ®. In this

regime, the trajectories of the two charged particles A and B are assumed as follows

T T
Xt (1) = {t, ePX(t),o,o] L XEL(1) = [t, er(t—D),D,O] . en=—e =1, (B31)

X(t) =s1(1- %)2(%)2 (B.32)

where XgQ is defined in D <t < T+ D. The quantity I'c is equal to the Eq. (B.14) because
we can approximate the difference of the distance of the two charged particles |z — y| ~
and use the geometric series expansion because of |(t —t' +i€)|/D < T/D < 1 in this regime
(detailed derivation, see the Eq. (B.14])). The quantity ® is obtained as

&= Z( / do, AFLY () + / daWAFKV(x))
S S

A B
e

=5 [ dmwarg @

T+D XBR
/ dt / dx AFNt, z, D, 0), (B.33)
XaL(t

where we note that the region Sp = {D <t < T+ D, XppL(t) <z < Xpr,y = D,z = 0};
in this configuration of interest, the first term in the first line vanishes because the retarded
field from particle B is causally disconnected with particle A. The retarded time tap is

approximated as

(x — Xap(t — D))?
2D ’
(B.34)

tap =t — | — Xap(tap)| =1t — \/(x—XAp(tAp))2—I—D2 ~t—D—

106



where (x — Xap(tap)) ~ O(L) and O(L?/D?) was neglected. We therefore obtain the
quantity @, and P, as

/T+D " /XBR e [ e (t — tAP)UAP(tAP) (x — le(tAP)) ]

Xow(t P oL A3 plt — tap — (# — Xip(tap))vap(tap)]®

D pXen(t vap(t— D)  x— Xap(t— D)
~ 3 dt P { Dz D3 }

Xp(t P R,.L

T+D
- VAR(t = D) —wvar(t = D)  Xar(t— D) — Xar(t — D)
= % dt(XBr () XBL(t)){ 2 + D3 }

16e% L>T

= 3157 DY (B:35)

where in the second line of the above equation, the denominator was approximated in the
same manner performed in (B.20]), and

T+D Xpr(t e
/ dt/ €p 2
o Ar[t —tap — (x — Xap(tap))vap(tap)]

P R,L
(r — Xap(tar))aap(tap)
t —tap — (x — Xap(tap))var(tap)
(z — XAP(tAP))QCLAP(tAP) )]
(t —tap) — (z — XAP (tap))vap(tap)
b el (t = tap)? — (z — Xap(tap))
e dt/ s reow o

x |(t —tap) | aap(tap) + vap(tap)
(= tae)( )

)]3} aap(tap)

XBL P RL
e2 T+D Xpr(t D?
~&n dt/ GP[ t—t Xan(t : 3]GAP(tAP)
Xp(t P=R,L [t —tap — (& — Xap(tap))vap(fap)]
N dt ep APt = D)
Xpr(t P AL D
T+D
apr(t — D) —apr(t — D)
=— dt(Xpr(t) — Xpr(t { ]
. (XBr(t) — XBL(?)) 5
64e? L2
~ 1057 DT’ (B.36)

where we substituted the retarded time condition (B.34]) into the second line of the above
equation and neglected the O(L?/D?) and v ~ O(L/T) in the third line of the denominator.

107



Consequently, the quantity ® is

2 12 2 4e2 2
64e® L <1 T >N 64e® L (B.37)

~ 1D \" 1202 ) T 105 DT’

where we neglected the second term because of D > T'in the last equality. Thus, I'a, I'g, ',
and ® in the parallel configuration in the regime D > ¢T' > L are

322 L2 . 32¢2 L2(cT)?  ~ 64e? L2
3m2he ()2’ 7 225w2he D* 7 T 1057he D(cT)

Ty =g~ (B.38)
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C Proof of the statement in (4.43

We numerically prove the statement in (4.43)). Using the Robertson inequality (4.42)), TaAI'y >
®3% /16, we have

& P
1 . B_QFA . 6_2FB SlIlQ (%A) Z 1 o 6_2FA _ 6_©2BA/8FA Sln2 (%) = f(X, Y), (C].)

where we defined the function f(X,Y) with X = e 2! and Y = e PBa/8IA as follows:

FIX,Y)=1— X — Y sin? (\/logXlog Y) . (C.2)

As it is sufficient to consider that I'y > 0 and &5 > 0, we can assume that 0 < X < 1 and
0<Y <1.

fX,Y)

FIG 23: Behavior of the function f(X,Y) where the region 0 < X <1land 0 <Y < 1.

Fig. shows the behavior of the function f(X,Y’), which is positive in the regions 0 <
X <land 0 <Y < 1. Since the function f(X,Y) is positive, the inequality e 2I' +
e~ sin? (Ppa/2) < 1 in is satisfied. Hence, the Robertson inequality is
the sufficient condition for the inequality , and the statement in holds. In the
following, we show that the function f(X,Y) is always positive in an analytic manner.

Proof. Now let derive the partial derivatives to find the gradient for f(X,Y"), and the results
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are

of(X,Y) - Y log Y sin (\/logXlog Y) coS (\/logXlogY)

== C.3
0X X/log X log Y ! (C3)
of(X,Y) log X cos (\/logXlog Y) ' ‘
5y~ ( Tog XTos v + sin ( log X log Y) sin ( log X log Y) .
(C4)

We are looking for the gradient is zero:

0 = log X cos (\/logXlogY) + v/log X log Y sin (\/logXlogY) : (C.5)

and

0=—-X+/logXlogY —YlogV sin (\/logXlogY) cos (\/logXlogY)
=—X(logXlogY)—YlogY ((«/logXlogY> sin (VlogXlogY)) cos (VlogXlogY) ,

(C.6)

where we multiplied by the factor v/log X logY in the second line. Substituting (C.5|) into
(C.6)), we obtain the following condition

0= (log X logY) (—X — Y sin? (\/logXlogY) + Y) : (C.7)

Case 1: log XlogY =0,ie, X =1orY =1. When X = 1, by definition of the function
f(X,Y), we have

f(LY) =0, (C.8)

where we used log1 = 0 and sin 0 = 0 for arbitrary value Y. Note that when ¥ — 0, then
Vlog XlogY is non-trivial. However, due to Y — 0, f(1,Y) becomes 0. When Y =1,

fX,1)=1-Y >0, (C.9)
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where we used log1 = 0 and sin 0 = 0 for arbitrary values X. Note that when X — 0, then
V1og X'logY is also non-trivial. However, in this case, f(X,Y) is

lim fOXY) |y =1 - sin’ (\/logXlogY) > 0. (C.10)
%

Thus, in case 1, f(X,Y) is always positive.
Case 2: —X — Y sin? (\/logXlog Y) +Y =0. Then f(X,Y) becomes

FX,Y)=1— X — Y sin? (\/logXlogY)

—1-Y >0. (C.11)

Thus, in case 2, f(X,Y) is also always positive. In either case, f(X,Y’) > 0, so the result is

proven.
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D Demonstration of the relationship expressed in the re-

lationship (4.48

In this Appendix, the relationship expressed in the relationship (4.48]) is demonstrated in a

numerical manner. For convenience, we rewrite A\in as

1
Amin = 1 [1 — e Ta-Tls cosh[['c] — {(e—FA . e—FB)Q
+ 4e~Ta=Ts gip? [w] 4 e 22l gjpnp?2 L] } 2}
r o
-l [5] e[ o

where the coefficient C' is expressed as

C = e—FA—FB [1 o e—FA—FB COSh[FC] + {(e—FA _ e—FB)Z

o @ 1/21-1
1 4o TaTs g2 [M} 4+ e 2Ta—2Ts sinh2[Fc}} } , (D.2)

The coefficient C' is always positive because 1 — e T471® cosh[['¢] > 0 since T'y +I'g > |Tc|.
Therefore, the condition Ay > 0 is equivalent to
Ppa

sinh[I"z] sinh[I'g] — sinh? [%] — sin? {T} > 0. (D.3)

Hereinafter, we regard the inequality (D.3)) as Apin > 0 and demonstrate the relationship

shown in the relationship (4.48)). The relationship (4.48)) can be divided into two components
((D.4)) and (D.5))) as follows:

r2 &7 T o
AT > ZC + %(SA — sinh[["4 ]| sinh[['g] — sinh? [76} — sin? [%A] >0, (D.4)
r P d
Sinh[FA] Sinh[FB] — SiIlh2 [?C] — sjn2 {%A] >0 = 6—2FA + 6_2FB Sin2 [ SA] <1
(D.5)

In the following two subsections, we examine whether the relationships above ([D.4)) and (D.5))

are satisfied.
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FIG 24: Behavior of the functions of log[F'(X1, Y1, 1/2)] (left), log[F'(X1,1/2, Z1)] (center),
and log[F'(1/2,Y1, Z1)] (right).
D.1 Demonstration of the relationship expressed in (D.4))

First, we demonstrate the relationship expressed in (D.4]). Substituting the left-hand side of
the inequality expressed in (D.4)) into the right-hand side, we obtain the following inequality:

r P
sinh [FA} sinh [FB} — sinh? {EC] — gin? (%A)
rz o2 r d
S : c BA}_- 2[(:}_.2[ BA]. .
> sinh [F A} sinh [_4FA + 60 sinh <5 | s | = (D.6)

The goal of this subsection is to demonstrate that the right-hand side of the above in-
equality is always positive. Next, we define variables X; = e 14 Y] := e~Te/ 4Ca and
AR e~®5a/16Ta Note that the ranges of X1,Y1, Z7 are limitedto 0 < X7 < 1,0 < Y] <1,

and 0 < Z7 < 1, respectively. Therefore, we compute the minimum of the following function:

::Z

171 |
F(X1, Y1, Z1) (Z - Xl) (Y% - 1/121) — sinh? [\/logXl long} _ sin? [\/ng1 log Zl].

(D.7)

The function log[F (X1, Y1, Z1)] is depicted in Figure[24] The minimum value of the function
F(X1,Y1, 7)) is zero at X7 = 1 based on a numerical program written using Mathematica.
These result shows that the minimum of the function F'(Xy,Y7, Z1) is larger than zero, i.e.,
F(X1,Y1,71) > 0. Thus, the relationship shown in is proven.

D.2 Demonstration of the relationship expressed in (D.5))

Next, we also demonstrate the relationship expressed in (D.5). The strategy used is the
same as that used for (D.4)), i.e., we demonstrated that the minimum of the right-most side
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of the inequality is greater than zero. The left-hand-side of (D.5)) can be rewritten as

sinh?[T./2]  sin?[®py /4]

inh[['g] >
sinh{l'p] 2 sinh[T"A] sinh[I"A]

(D.8)

where sinh[['z] > 0 because of I'y > 0. Solving the inequality above with respect to e!®
yields

e'B > C 41+ C2, (D.9)

where C' := (sinh?[['¢ /2]sinh[[' ] +sin?[®p, /4]) /sinh[I"s]. Substituting the inequality in
into the right-hand side of (D.5|) leads to the following inequality

L2
o sin® |Ppa /2
1 — e 2Ta _ ,=2I's ;)2 [ 2BA] >1—e2la_ [ BA/ } =: G(X2,Y2,Z3), (D.10)

(C+V1+ 02)2

where we defined the function G(Xaz, Ya2, Z2) as

. 9 .1
G(X2,Ys,Z3) == 1— X3 o [ZSm [ZQH

eVt

Here, Xo := e 14 Yy := e 1e/2) Zy = sin[Ppa/4] (0 < Xo <1,0< Yy < 1,0 < Zy < 1),

and

(D.11)

L (yre-w)’ 273
C= X)) (D.12)

Therefore, we focus on the minimum of the function G (X2, Y2, Z2) and show that the min-
imum value is greater than zero. Fig. shows the behavior of the function G(Xo, Y2, Z2).
The minimum value of the function G(X2, Y2, Z2) is zero in the limit X3 — 1 based on a
numerical program written using Mathematica. Because the function G(Xa2,Ys, Zo) is al-
ways positive, the inequality G (X2, Y2, Z2) > 0 is satisfied. Thus, the relationship expressed
in (D.5)) is proven. Furthermore, based on the relationship shown in and , the

relationship (4.48)) is proven.

114



FIG 25: Behavior of the function of G(Xs,Y5,1/2) (left), G(X»,1/2,Z5) (center), and
G(1/2.Ys. Zy) (right).

E Proofs of inequality (5.5) and Eq. (5.18

The goal of this Appendix is to prove inequality (5.5) and Eq. (5.18). In order to achieve
the goal, it is convenient to introduce the Koashi-Winter relation [110] of a pure tripartite

system |Wapg) as follows:

S(pa) = Er(par) + J (A, B), (E.1)

where the entanglement of formation F¢(pag) is defined by

Et(pag) == {pilﬁlpif; }ZPiS(TTEWAE%WAEH) (E.2)

i
with states [¢ag); due to Schmidt decomposition |Uagg) = > . \/PilYaE)i ® |¥B); satisfy-
ing Y . p; = 1 and p; > 0. The minimization is taken over all ensembles {p;, |¥ag);} such
that » . pi|Yar)i(¥ar| = pap. Roughly speaking, this entanglement of formation charac-
terizes at least how many maximally entangled states |1ag) required to generate the state
Trg(|Yar) (¥agrl]. J(A, B) in the second term of Eq. is the classical correlation, which
is seen as the amount of information about the subsystem A that can be obtained via per-

forming a measurement on the other subsystem B, and is defined by

J(A,B) == S(pa) — ?rlligsz‘S(/)Au), (E.3)
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where S(paj;) is the von Neumann entropy of the post-measurement state py|; with the

probability p; defined below
1
PAli = ;TI"B [(1a @ TIP)paB(1a @ IIP)] ,  pi:=Trap [(1a @ 11})pan(1a @ I1P)] . (E.4)
1

I1; is the positive operator valued measure (POVM) acting on the subsystem B. The con-
dition minyy,) is introduced not to disturb the all state, i.e., we must choose the projective
operator {II;} so as to reduce the dependence on the projection measure. Note that, as a
difference of classical theory, the measurement in subsystem B disturbs subsystem A. When
we measure the state of subsystem B, the wave function collapses, and the state of subsystem
B determines, that is, the projective measure makes a condition to the state of subsystem
A.

The classical correlation J(A,B) is related to the quantum discord D(A, B)[104]. The
definition of the quantum discord is the difference between the quantum mutual information
Z(A,B) = S(pa) + S(p) — S(pap) and the classical correlation J (A, B):

D(A,B) = I(A,B) — J(A,B). (E.5)

The quantum mutual information Z(A, B) quantifies the total amount of correlations between
the two subsystems A and B. We note that the quantum mutual information is always non-
negative due to the subadditivity of von Neumann entropy. In classical theory, D(A, B) =
is always correct, but, in quantum theory, it can become D(A, B) > 0.

By using Eq. and (E.5), we can prove the inequality E¢(par) > S(A|B) as follows:

Er(pag) = S(pa) — T (A, B)
= S(pa) —Z(A,B) + Z(A,B) — J (A, B)
= S(pa) —Z(A,B) + D(A,B)
> S(pa) —Z(A,B)
= S(pas) — S(pB) = S(A[B), (E.6)

where we inserted the quantum mutual information Z(A, B) in the second line and D(A, B) >

0 was used in the fourth line. An other reorder version of the inequality (E.6|) is also computed

116



as

E¢(paB) > S(par) — S(pE)
= S(pB) — S(paB)
— _S(A[B), (E.7)

where, in the second line, we used the properties S(pg) = S(pa) and S(par) = S(pB) ,
which holds because the state |[¢apg) is pure state. Note that these properties are always
satisfied because of the invariance of the von Neumann entropy under the Unitary evolu-
tion when the initial state is pure state. In the last line, we inserted the definition of the
conditional von Neumann entropy S(A|B) := S(pa) — S(pB)-

Furthermore, we can show the equation D(AE) = E¢(pap) + S(A|B) as follows:

D(AE) = Ex(pas) + S(pe) — S(paE) = Er(pas) + S(pa) — S(ps) = Et(paB) + S(A[B),
(E.8)

where, in the first equality, we used an other reorder version of the Koashi-Winter rela-

tion ([E.1)) with respect to B and E

A.E) — Z(A,E) + J(AE)
AE) - D(AE). (E.9)

In inequality. (5.5)) and Eq. (5.18]), we regard the state E as the state of the gravitational
field. Therefore, inequality (5.5) and Eq. (5.18)) is proven.

117



References

1]

2l

3]

4]

5]

(6]

7]

8]

Yuuki Sugiyama, Akira Matsumura, and Kazuhiro Yamamoto. “Quantumness of grav-
itational field: A perspective on monogamy relation”. In: (Jan. 2024). arXiv: 2401.
03867 [quant-ph].

Yuuki Sugiyama, Akira Matsumura, and Kazuhiro Yamamoto. “Quantum uncertainty
of gravitational field and entanglement in superposed massive particles”. In: Phys.
Rev. D 108 (10 Nov. 2023), p. 105019. URL: https://link.aps.org/doi/10.1103/
PhysRevD.108.105019.

Yuuki Sugiyama, Akira Matsumura, and Kazuhiro Yamamoto. “Consistency between
causality and complementarity guaranteed by the Robertson inequality in quantum
field theory”. In: Phys. Rev. D 106.12, 125002 (Dec. 2022), p. 125002. arXiv: 2206.
02506 [quant-ph].

Yuuki Sugiyama, Akira Matsumura, and Kazuhiro Yamamoto. “Effects of photon
field on entanglement generation in charged particles”. In: Phys. Rev. D 106.4, 045009
(Aug. 2022), p. 045009. arXiv: 2203.09011 [quant-ph].

Tomoya Shichijo et al. “Quantum state of a suspended mirror coupled to cavity light
— Wiener filter analysis of the pendulum and rotational modes”. In: arXiv e-prints,

arXiv:2303.04511 (Mar. 2023), arXiv:2303.04511. arXiv: 2303.04511 [quant-ph].

Yuuki Sugiyama et al. “Effective description of a suspended mirror coupled to cav-
ity light: Limitations of () enhancement due to normal-mode splitting by an optical

spring”. In: Phys. Rev. D 107.3, 033515 (Mar. 2023), p. 033515. arXiv: 2212.11056
[physics.optics].

Daisuke Miki et al. “Generating quantum entanglement between macroscopic objects
with continuous measurement and feedback control”. In: Phys. Rev. D 107.3, 032410
(Mar. 2023), p. 032410. arXiv: 2210.13169 [quant-ph].

Masahiro Hotta et al. “Expanding edges of quantum Hall systems in a cosmology
language: Hawking radiation from de Sitter horizon in edge modes”. In: Phys. Rev. D

105.10, 105009 (May 2022), p. 105009. arXiv: 2202.03731 [gr-qc].

118


https://arxiv.org/abs/2401.03867
https://arxiv.org/abs/2401.03867
https://link.aps.org/doi/10.1103/PhysRevD.108.105019
https://link.aps.org/doi/10.1103/PhysRevD.108.105019
https://arxiv.org/abs/2206.02506
https://arxiv.org/abs/2206.02506
https://arxiv.org/abs/2203.09011
https://arxiv.org/abs/2303.04511
https://arxiv.org/abs/2212.11056
https://arxiv.org/abs/2212.11056
https://arxiv.org/abs/2210.13169
https://arxiv.org/abs/2202.03731

9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

Koki Yamashita et al. “Large-scale structure with superhorizon isocurvature dark

energy”. In: Phys. Rev. D 105.8, 083531 (Apr. 2022), p. 083531. arXiv: 2112. 12552
[astro-ph.CO].

Yuuki Sugiyama, Kazuhiro Yamamoto, and Tsutomu Kobayashi. “Gravitational waves
in Kasner spacetimes and Rindler wedges in Regge-Wheeler gauge: Formulation of
Unruh effect”. In: Phys. Rev. D 103.8, 083503 (Apr. 2021), p. 083503. arXiv: 2012.
15004 [gr-qcl.

Arvind Borde and Alexander Vilenkin. “Singularities in Inflationary Cosmology:. a
Review”. In: International Journal of Modern Physics D 5.6 (Jan. 1996), pp. 813-824.
arXiv: gr-qc/9612036 [gr-qc].

Martin Bojowald. “Quantum gravity in the very early universe”. In: Nucl. Phys. A

862 (July 2011), pp. 98-103. arXiv: 1109.0248 [gr-qc].

S. W. Hawking and R. Penrose. “The Singularities of Gravitational Collapse and
Cosmology”. In: Proceedings of the Royal Society of London Series A 314.1519 (Jan.
1970), pp. 529-548.

S. W. Hawking. “Black hole explosions?” In: Nature 248.5443 (Mar. 1974), pp. 30-31.

Steven B. Giddings. “The black hole information paradox”. In: arXiv e-prints, hep-
th/9508151 (Aug. 1995), hep-th/9508151. arXiv: hep-th/9508151 [hep-th].

J. Preskill. “Do Black Holes Destroy Information?” In: Black Holes, Membranes,
Wormholes and Superstrings. Ed. by Sunny Kalara and D. V. Nanopoulos. Jan. 1993,
p. 22. arXiv: hep-th/9209058 [gr-qc].

James B. Hartle. “Generalized Quantum Theory in Evaporating Black Hole Space-
times”. In: Black Holes and Relativistic Stars. Ed. by Robert M. Wald. Jan. 1998,
p. 195. arXiv: gr-qc/9705022 [gr-qc].

Hrvoje Nikoli¢. “Resolving the black-hole information paradox by treating time on
an equal footing with space”. In: Physics Letters B 678.2 (July 2009), pp. 218-221.
arXiv: 0905.05638 [gr-qcl.

119


https://arxiv.org/abs/2112.12552
https://arxiv.org/abs/2112.12552
https://arxiv.org/abs/2012.15004
https://arxiv.org/abs/2012.15004
https://arxiv.org/abs/gr-qc/9612036
https://arxiv.org/abs/1109.0248
https://arxiv.org/abs/hep-th/9508151
https://arxiv.org/abs/hep-th/9209058
https://arxiv.org/abs/gr-qc/9705022
https://arxiv.org/abs/0905.0538

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

27]

28]

F. Winterberg. “Gamma-Ray Bursters and Lorentzian Relativity”. In: Zeitschrift
Naturforschung Teil A 56.12 (Dec. 2001), pp. 889-892.

Joseph Polchinski. String Theory. 1998.

B. P. Abbott et al. “Observation of Gravitational Waves from a Binary Black Hole
Merger”. In: Phys. Rev. Lett. 116 (6 Feb. 2016), p. 061102. URL: https://link.aps.
org/doi/10.1103/PhysRevLlett.116.061102.

John F. Donoghue. “General relativity as an effective field theory: The leading quan-
tum corrections”. In: Phys. Rev. D 50.6 (Sept. 1994), pp. 3874-3888. arXiv: gr -
qc/9405057 [gr-qcll

John F. Donoghue. “Introduction to the Effective Field Theory Description of Grav-
ity”. In: arXiv e-prints, gr-qc/9512024 (Dec. 1995), gr—qc/9512024. arXiv: gr-qc/
9512024 [gr-qcl.

Maulik Parikh, Frank Wilczek, and George Zahariade. “The noise of gravitons”. In: In-
ternational Journal of Modern Physics D 29.14, 2042001-359 (Jan. 2020), pp. 2042001—
359. arXiv: 2005.07211 [hep-th].

Sugumi Kanno, Jiro Soda, and Junsei Tokuda. “Noise and decoherence induced by
gravitons”. In: Phys. Rev. D 103.4, 044017 (Feb. 2021), p. 044017. arXiv: 2007 .09838
[hep-th].

Maulik Parikh, Frank Wilczek, and George Zahariade. “Quantum Mechanics of Grav-
itational Waves”. In: Phys. Rev. Lett. 127.8, 081602 (Aug. 2021), p. 081602. arXiv:
2010.08205 [hep-th]|

Maulik Parikh, Frank Wilczek, and George Zahariade. “Signatures of the quantization
of gravity at gravitational wave detectors”. In: Phys. Rev. D 104.4, 046021 (Aug.
2021), p. 046021. arXiv: 2010.08208 [hep-th].

Sugumi Kanno, Jiro Soda, and Junsei Tokuda. “Indirect detection of gravitons through
quantum entanglement”. In: Phys. Rev. D 104.8, 083516 (Oct. 2021), p. 083516. arXiv:
2103.17053 [gr-qcll

120


https://link.aps.org/doi/10.1103/PhysRevLett.116.061102
https://link.aps.org/doi/10.1103/PhysRevLett.116.061102
https://arxiv.org/abs/gr-qc/9405057
https://arxiv.org/abs/gr-qc/9405057
https://arxiv.org/abs/gr-qc/9512024
https://arxiv.org/abs/gr-qc/9512024
https://arxiv.org/abs/2005.07211
https://arxiv.org/abs/2007.09838
https://arxiv.org/abs/2007.09838
https://arxiv.org/abs/2010.08205
https://arxiv.org/abs/2010.08208
https://arxiv.org/abs/2103.17053

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

38

Mohammad Sharifian et al. “Open quantum system approach to the gravitational
decoherence of spin-1/2 particles”. In: arXiv e-prints, arXiv:2309.07236 (Sept. 2023),
arXiv:2309.07236. arXiv: 2309.07236 [gr-qcl.

L. Di6si. “A universal master equation for the gravitational violation of quantum

mechanics”. In: Physics Letters A 120.8 (Mar. 1987), pp. 377-381.

L. Di6si. “Models for universal reduction of macroscopic quantum fluctuations”. In:
Phys. Rev. A 40 (3 Aug. 1989), pp. 1165-1174. URL: https://link.aps.org/doi/
10.1103/PhysRevA.40.1165.

Roger Penrose. “On Gravity’s role in Quantum State Reduction”. In: General Rela-

tivity and Gravitation 28.5 (May 1996), pp. 581-600.

Roger Penrose. “On the Gravitization of Quantum Mechanics 1: Quantum State Re-

duction”. In: Foundations of Physics 44.5 (May 2014), pp. 557-575.

Daniel Carney, Philip C. E. Stamp, and Jacob M. Taylor. “Tabletop experiments for
quantum gravity: a user’s manual”. In: Classical and Quantum Gravity 36.3, 034001

(Feb. 2019), p. 034001. arXiv: |1807.11494 [quant-ph].

A. Gallerati, G. Modanese, and G. A. Ummarino. “Interaction Between Macroscopic
Quantum Systems and Gravity”. In: Frontiers in Physics 10, 941858 (June 2022),
p. 941858. arXiv: 2206.07574 [gr-qcll

Dean Rickles and Cécile M. DeWitt. The Role of Gravitation in Physics: Report from
the 1957 Chapel Hill Conference. The Role of Gravitation in Physics: Report from the
1957 Chapel Hill Conference, Edited by Dean Rickles and Cécile M. DeWitt. ISBN:
978-3-945561-29-4, 2011. Feb. 2011.

Sougato Bose et al. “Spin Entanglement Witness for Quantum Gravity”. In: Phys.
Rev. Lett. 119.24, 240401 (Dec. 2017), p. 240401. arXiv: 1707.06050 [quant-phl].

C. Marletto and V. Vedral. “Gravitationally Induced Entanglement between Two
Massive Particles is Sufficient Evidence of Quantum Effects in Gravity”. In: Phys.

Rev. Lett. 119.24, 240402 (Dec. 2017), p. 240402. arXiv: 1707.06036 [quant-ph].

121


https://arxiv.org/abs/2309.07236
https://link.aps.org/doi/10.1103/PhysRevA.40.1165
https://link.aps.org/doi/10.1103/PhysRevA.40.1165
https://arxiv.org/abs/1807.11494
https://arxiv.org/abs/2206.07574
https://arxiv.org/abs/1707.06050
https://arxiv.org/abs/1707.06036

[39]

[40]

[41]

42]

[43]

[44]

[45]

[46]

[47]

Sougato Bose et al. “Massive quantum systems as interfaces of quantum mechan-
ics and gravity”. In: arXiv e-prints, arXiv:2311.09218 (Nov. 2023), arXiv:2311.09218.
arXiv: 2311.09218 [quant-ph].

Abdulrahim Al Balushi, Wan Cong, and Robert B. Mann. “Optomechanical quantum
Cavendish experiment”. In: Phys. Rev. A 98 (4 Oct. 2018), p. 043811. URL: https:
//1link.aps.org/doi/10.1103/PhysRevA.98.043811.

Haixing Miao et al. “Quantum correlations of light mediated by gravity”. In: Phys.
Rev. A 101 (6 June 2020), p. 063804. URL: https://link.aps.org/doi/10.1103/
PhysRevA.101.063804.

Akira Matsumura and Kazuhiro Yamamoto. “Gravity-induced entanglement in op-
tomechanical systems”. In: Phys. Rev. D 102 (10 Nov. 2020), p. 106021. URL: https:
//1link.aps.org/doi/10.1103/PhysRevD.102.106021.

Daisuke Miki, Akira Matsumura, and Kazuhiro Yamamoto. “Non-Gaussian entangle-
ment in gravitating masses: The role of cumulants”. In: Phys. Rev. D 105 (2 Jan. 2022),
p. 026011. URL: https://link.aps.org/doi/10.1103/PhysRevD.105.026011.

Tomohiro Fujita et al. “Inverted Oscillators for Testing Gravity-induced Quantum
Entanglement”. In: arXiv e-prints, arXiv:2308.14552 (Aug. 2023), arXiv:2308.14552.
arXiv: 2308.14552 [quant-ph].

Youka Kaku et al. “Quantumness of gravity in harmonically trapped particles”. In:
Phys. Rev. D 106 (12 Dec. 2022), p. 126005. URL: https://link.aps.org/doi/10.
1103/PhysRevD. 106.126005.

Daisuke Miki, Akira Matsumura, and Kazuhiro Yamamoto. “Entanglement and de-
coherence of massive particles due to gravity”. In: Phys. Rev. D 103 (2 Jan. 2021),
p. 026017. URL: https://link.aps.org/doi/10.1103/PhysRevD.103.026017.

Youka Kaku, Tomohiro Fujita, and Akira Matsumura. “Enhancement of quantum
gravity signal in an optomechanical experiment”. In: Phys. Rev. D 108.10, 106014
(Nov. 2023), p. 106014. arXiv: [2306.02974 [gr-qc].

122


https://arxiv.org/abs/2311.09218
https://link.aps.org/doi/10.1103/PhysRevA.98.043811
https://link.aps.org/doi/10.1103/PhysRevA.98.043811
https://link.aps.org/doi/10.1103/PhysRevA.101.063804
https://link.aps.org/doi/10.1103/PhysRevA.101.063804
https://link.aps.org/doi/10.1103/PhysRevD.102.106021
https://link.aps.org/doi/10.1103/PhysRevD.102.106021
https://link.aps.org/doi/10.1103/PhysRevD.105.026011
https://arxiv.org/abs/2308.14552
https://link.aps.org/doi/10.1103/PhysRevD.106.126005
https://link.aps.org/doi/10.1103/PhysRevD.106.126005
https://link.aps.org/doi/10.1103/PhysRevD.103.026017
https://arxiv.org/abs/2306.02974

48]

[49]

[50]

[51]

[52]

53]

[54]

[55]

[56]

Nobuyuki Matsumoto et al. “Demonstration of Displacement Sensing of a mg-Scale
Pendulum for mm- and mg-Scale Gravity Measurements”. In: Phys. Rev. Lett. 122 (7
Feb. 2019), p. 071101. URL: https://link.aps.org/doi/10.1103/PhysRevLlett.
122.071101.

Seth B. Catano-Lopez et al. “High-() Milligram-Scale Monolithic Pendulum for Quantum-
Limited Gravity Measurements”. In: Phys. Rev. Lett. 124 (22 June 2020), p. 221102.
URL: https://link.aps.org/doi/10.1103/PhysRevLett.124.221102.

Jordy G. Santiago-Condori, Naoki Yamamoto, and Nobuyuki Matsumoto. “Verifi-
cation of conditional mechanical squeezing for a mg-scale pendulum near quantum
regimes”. In: arXiv e-prints, arXiv:2008.10848 (Aug. 2020), arXiv:2008.10848. arXiv:
2008.10848 [quant-ph].

Markus Aspelmeyer, Tobias J. Kippenberg, and Florian Marquardt. “Cavity optome-
chanics”. In: Reviews of Modern Physics 86.4 (Oct. 2014), pp. 1391-1452. arXiv:
1303.0733 [cond-mat.mes-hall]l

Yanbei Chen. “Macroscopic quantum mechanics: theory and experimental concepts
of optomechanics”. In: Journal of Physics B Atomic Molecular Physics 46.10, 104001
(May 2013), p. 104001. arXiv: 1302.1924 [quant-ph].

K. Alan Shore. “Quantum optomechanics, by W. P. Bowen and G. J. Milburn”. In:
Contemporary Physics 57.4 (Oct. 2016), pp. 616-617.

Alessio Belenchia et al. “Quantum superposition of massive objects and the quan-
tization of gravity”. In: Phys. Rev. D 98.12, 126009 (Dec. 2018), p. 126009. arXiv:
1807.07015 [quant-ph]l

Alessio Belenchia et al. “Information content of the gravitational field of a quantum
superposition”. In: International Journal of Modern Physics D 28.14, 1943001-140
(Jan. 2019), pp. 1943001-140. arXiv: [1905.04496 [quant-ph].

Daine L. Danielson, Gautam Satishchandran, and Robert M. Wald. “Gravitationally
mediated entanglement: Newtonian field versus gravitons”. In: Phys. Rev. D 105.8,

086001 (Apr. 2022), p. 086001. arXiv: 2112.10798 [quant-ph].

123


https://link.aps.org/doi/10.1103/PhysRevLett.122.071101
https://link.aps.org/doi/10.1103/PhysRevLett.122.071101
https://link.aps.org/doi/10.1103/PhysRevLett.124.221102
https://arxiv.org/abs/2008.10848
https://arxiv.org/abs/1303.0733
https://arxiv.org/abs/1302.1924
https://arxiv.org/abs/1807.07015
https://arxiv.org/abs/1905.04496
https://arxiv.org/abs/2112.10798

[57]

[58]

[59]

[60]

[61]

[62]

|63]

|64]

|65]

[66]

|67]

|68

H. Hertz. “Ueber einen Einfluss des ultravioletten Lichtes auf die electrische Ent-

ladung”. In: Annalen der Physik 267.8 (Jan. 1887), pp. 983-1000.

Arthur H. Compton. “The Spectrum of Scattered X-Rays”. In: Phys. Rev. 22 (5 Nov.
1923), pp. 409-413. URL: https://link.aps.org/doi/10.1103/PhysRev.22.4009.

R. A. Millikan. “The Isolation of an Ion, a Precision Measurement of its Charge, and
the Correction of Stokes’s Law”. In: Phys. Rev. (Series I) 32 (4 Apr. 1911), pp. 349—
397. URL: https://1link.aps.org/doi/10.1103/PhysRevSeriesI.32.349.

C. Davisson and L. H. Germer. “The Scattering of Electrons by a Single Crystal of
Nickel”. In: Nature 119.2998 (Apr. 1927), pp. 558-560.

C. Davisson and L. H. Germer. “Diffraction of Electrons by a Crystal of Nickel”. In:
Phys. Rev. 30 (6 Dec. 1927), pp. 705-740. URL: https://link.aps.org/doi/10.
1103/PhysRev.30.705.

C. J. Davisson and L. H. Germer. “Reflection of Electrons by a Crystal of Nickel”. In:
Proceedings of the National Academy of Science 14.4 (Apr. 1928), pp. 317-322.

G. P. Thomson and A. Reid. “Diffraction of Cathode Rays by a Thin Film”. In: Nature
119.3007 (June 1927), p. 890.

G. P. Thomson. “The Diffraction of Cathode Rays by Thin Films of Platinum”. In:
Nature 120.3031 (Dec. 1927), p. 802.

A. Tonomura et al. “Demonstration of single-electron buildup of an interference pat-

tern”. In: American Journal of Physics 57.2 (Feb. 1989), pp. 117-120.

Charles H. Bennett et al. “Mixed-state entanglement and quantum error correction”.
In: Phys. Rev. A 54 (5 Nov. 1996), pp. 3824-3851. URL: https://link.aps.org/
doi/10.1103/PhysRevA.54.3824.

Ryszard Horodecki et al. “Quantum entanglement”. In: Reviews of Modern Physics

81.2 (Apr. 2009), pp. 865-942. arXiv: quant-ph/0702225 [quant-ph].

G. Vidal and R. F. Werner. “Computable measure of entanglement”. In: Phys. Rev. A
65 (3 Feb. 2002), p. 032314. URL: https://link.aps.org/doi/10.1103/PhysRevA.
65.032314l

124


https://link.aps.org/doi/10.1103/PhysRev.22.409
https://link.aps.org/doi/10.1103/PhysRevSeriesI.32.349
https://link.aps.org/doi/10.1103/PhysRev.30.705
https://link.aps.org/doi/10.1103/PhysRev.30.705
https://link.aps.org/doi/10.1103/PhysRevA.54.3824
https://link.aps.org/doi/10.1103/PhysRevA.54.3824
https://arxiv.org/abs/quant-ph/0702225
https://link.aps.org/doi/10.1103/PhysRevA.65.032314
https://link.aps.org/doi/10.1103/PhysRevA.65.032314

[69]

[70]

[71]

[72]

73]

[74]

[75]

[76]

7]

78]

Michat Horodecki, Pawet Horodecki, and Ryszard Horodecki. “Separability of mixed
states: necessary and sufficient conditions”. In: Physics Letters A 223.1 (Feb. 1996),
pp. 1-8. arXiv: quant-ph/9605038 [quant-ph].

Asher Peres. “Separability Criterion for Density Matrices”. In: Phys. Rev. Lett. 77.8
(Aug. 1996), pp. 1413-1415. arXiv: quant-ph/9604005 [quant-ph].

Anna Sanpera, Rolf Tarrach, and Guifré Vidal. “Local description of quantum insep-
arability”. In: Phys. Rev. A 58 (2 Aug. 1998), pp. 826-830. URL: https://link.aps.
org/doi/10.1103/PhysRevA.58.826.

Frank Verstraete et al. “A comparison of the entanglement measures negativity and
concurrence”. In: Journal of Physics A Mathematical General 34.47 (Nov. 2001),
pp. 10327-10332. arXiv: quant-ph/0108021 [quant-ph].

R. Colella, A. W. Overhauser, and S. A. Werner. “Observation of Gravitationally
Induced Quantum Interference”. In: Phys. Rev. Lett. 34 (23 June 1975), pp. 1472—
1474. URL: https://link.aps.org/doi/10.1103/PhysRevLett.34.1472.

A. W. Overhauser and R. Colella. “Experimental Test of Gravitationally Induced
Quantum Interference”. In: Phys. Rev. Lett. 33 (20 Nov. 1974), pp. 1237-1239. URL:
https://link.aps.org/doi/10.1103/PhysRevLett.33.1237.

Hartmut Abele and Helmut Leeb. “Gravitation and quantum interference experiments
with neutrons”. In: New Journal of Physics 14.5, 055010 (May 2012), p. 055010. arXiv:
1207.2953 [hep-ph].

Wenfeng Huang et al. “Optimal phase measurements in a lossy Mach-Zehnder inter-
ferometer with coherent input light”. In: Results in Physics 50, 106574 (July 2023),
p. 106574. arXiv: 2302.11535 [physics.optics].

C. Moller. “The energy-momentum complex in general relativity and related prob-

lems”. In: Collog. Int. CNRS 91 (1962). Ed. by M. A. Lichnerowicz and M. A. Ton-
nelat, pp. 15-29.

L. Rosenfeld. “On quantization of fields”. In: Nuclear Physics 40 (Feb. 1963), pp. 353—
356.

125


https://arxiv.org/abs/quant-ph/9605038
https://arxiv.org/abs/quant-ph/9604005
https://link.aps.org/doi/10.1103/PhysRevA.58.826
https://link.aps.org/doi/10.1103/PhysRevA.58.826
https://arxiv.org/abs/quant-ph/0108021
https://link.aps.org/doi/10.1103/PhysRevLett.34.1472
https://link.aps.org/doi/10.1103/PhysRevLett.33.1237
https://arxiv.org/abs/1207.2953
https://arxiv.org/abs/2302.11535

[79]

[30]

[81]

[82]

[83]

[34]

[85]

[36]

[87]

|38

Mohammad Bahrami et al. “The Schrodinger-Newton equation and its foundations”.
In: New Journal of Physics 16.11, 115007 (Nov. 2014), p. 115007. arXiv: 1407 .4370
[quant-ph].

C. Anastopoulos and B. L. Hu. “Problems with the Newton-Schrédinger equations”.
In: New Journal of Physics 16.8, 085007 (Aug. 2014), p. 085007. arXiv: 1403.4921
[quant-ph].

S. Carlip. “Is quantum gravity necessary?” In: Classical and Quantum Gravity 25.15,

154010 (Aug. 2008), p. 154010. arXiv: 0803.3456 [gr-qc].

Heinz-Peter Breuer and Francesco Petruccione. “Destruction of quantum coherence
through emission of bremsstrahlung”. In: Phys. Rev. A 63 (3 Feb. 2001), p. 032102.
URL: https://link.aps.org/doi/10.1103/PhysRevA.63.032102.

Jules Tilly et al. “Qudits for witnessing quantum-gravity-induced entanglement of
masses under decoherence”. In: Phys. Rev. D 104.5, 052416 (Nov. 2021), p. 052416.
arXiv: 2101.08086 [quant-ph].

Steven Weinberg. The Quantum Theory of Fields. 1996.

Wilhelm Magnus. “On the exponential solution of differential equations for a linear
operator”. In: Communications on Pure and Applied Mathematics 7 (1954), pp. 649—
673. URL: https://api.semanticscholar.org/CorpusID:121056662.

Francisco D. Mazzitelli, Juan Pablo Paz, and Alejandro Villanueva. “Decoherence
and recoherence from vacuum fluctuations near a conducting plate”. In: Phys. Rewv.

D 68.6, 062106 (Dec. 2003), p. 062106. arXiv: quant-ph/0307004 [quant-ph].

Ady Stern, Yakir Aharonov, and Yoseph Imry. “Phase uncertainty and loss of inter-
ference: A general picture”. In: Phys. Rev. A 41 (7 Apr. 1990), pp. 3436-3448. URL:
https://link.aps.org/doi/10.1103/PhysRevA.41.3436.

L. H. Ford. “Electromagnetic vacuum fluctuations and electron coherence. I1. Effects
of wave-packet size”. In: Phys. Rev. D 56.3 (Sept. 1997), pp. 1812-1818. arXiv: quant-
ph/9704035 [quant-ph].

126


https://arxiv.org/abs/1407.4370
https://arxiv.org/abs/1407.4370
https://arxiv.org/abs/1403.4921
https://arxiv.org/abs/1403.4921
https://arxiv.org/abs/0803.3456
https://link.aps.org/doi/10.1103/PhysRevA.63.032102
https://arxiv.org/abs/2101.08086
https://api.semanticscholar.org/CorpusID:121056662
https://arxiv.org/abs/quant-ph/0307004
https://link.aps.org/doi/10.1103/PhysRevA.41.3436
https://arxiv.org/abs/quant-ph/9704035
https://arxiv.org/abs/quant-ph/9704035

[89]

[90]

[91]

[92]

93]

[94]

195]

196]

[97]

98]

Gordon Baym and Tomoki Ozawa. “Two-slit diffraction with highly charged particles:
Niels Bohr’s consistency argument that the electromagnetic field must be quantized”.
In: Proceedings of the National Academy of Science 106.9 (Mar. 2009), pp. 3035-3040.
arXiv: 0902.2615 [quant-ph].

John David Jackson. Classical Electrodynamics, 3rd Edition. 1998.

Andrea Mari, Giacomo de Palma, and Vittorio Giovannetti. “Experiments testing
macroscopic quantum superpositions must be slow”. In: Scientific Reports 6, 22777

(Mar. 2016), p. 22777. arXiv: 15609.02408 [quant-ph].

Alessandro Pesci. “Conditions for graviton emission in the recombination of a delo-
calized mass”. In: arXiv e-prints, arXiv:2209.10355 (Sept. 2022), arXiv:2209.10355.
arXiv: 2209.10355 [gr-qcll

Fumika Suzuki and Friedemann Queisser. “Environmental gravitational decoherence
and a tensor noise model”. In: Journal of Physics Conference Series. Vol. 626. Jour-
nal of Physics Conference Series. July 2015, 012039, p. 012039. arXiv: 1502.01386
[gr-qc].

Marios Christodoulou et al. “Locally Mediated Entanglement in Linearized Quantum
Gravity”. In: Phys. Rev. Lett. 130 (10 Mar. 2023), p. 100202. URL: https://link.
aps.org/doi/10.1103/PhysRevLett.130.100202.

Charles W. Misner et al. Gravitation. 2018.

John F. Donoghue, Mikhail M. Ivanov, and Andrey Shkerin. “EPFL Lectures on
General Relativity as a Quantum Field Theory”. In: arXiv e-prints, arXiv:1702.00319
(Feb. 2017), arXiv:1702.00319. arXiv: [1702.00319 [hep-th].

Berthold-Georg Englert. “Fringe Visibility and Which-Way Information: An Inequal-
ity”. In: Phys. Rev. Lett. 77 (11 Sept. 1996), pp. 2154-2157. URL: https://link.
aps.org/doi/10.1103/PhysRevLlett.77.2154.

Gregg Jaeger, Abner Shimony, and Lev Vaidman. “Two interferometric complemen-
tarities”. In: Phys. Rev. A 51 (1 Jan. 1995), pp. 54-67. URL: https://link.aps.
org/doi/10.1103/PhysRevA.51.54.

127


https://arxiv.org/abs/0902.2615
https://arxiv.org/abs/1509.02408
https://arxiv.org/abs/2209.10355
https://arxiv.org/abs/1502.01386
https://arxiv.org/abs/1502.01386
https://link.aps.org/doi/10.1103/PhysRevLett.130.100202
https://link.aps.org/doi/10.1103/PhysRevLett.130.100202
https://arxiv.org/abs/1702.00319
https://link.aps.org/doi/10.1103/PhysRevLett.77.2154
https://link.aps.org/doi/10.1103/PhysRevLett.77.2154
https://link.aps.org/doi/10.1103/PhysRevA.51.54
https://link.aps.org/doi/10.1103/PhysRevA.51.54

[99]

[100]

[101]

[102]

103

[104]

[105]

[106]

[107]

[108]

Michael A. Nielsen and Isaac L. Chuang. Quantum Computation and Quantum In-

formation. 2010.

Yoshimasa Hidaka, Satoshi Iso, and Kengo Shimada. “Complementarity and causal
propagation of decoherence by measurement in relativistic quantum field theories”. In:

Phys. Rev. D 106.7, 076018 (Oct. 2022), p. 076018. arXiv: 2205.08403 [quant-ph].

Yoshimasa Hidaka, Satoshi Iso, and Kengo Shimada. “Entanglement generation and
decoherence in a two-qubit system mediated by relativistic quantum field”. In: Phys.

Rev. D 107.8, 085003 (Apr. 2023), p. 085003. arXiv: 2211.09441 [quant-ph].

N. J. Cerf and C. Adami. “Quantum extension of conditional probability”. In: Phys.
Rev. A 60 (2 Aug. 1999), pp. 893-897. URL: https://link.aps.org/doi/10.1103/
PhysRevA.60.893|

Michat Horodecki, Jonathan Oppenheim, and Andreas Winter. “Partial quantum in-
formation”. In: Nature 436.7051 (Aug. 2005), pp. 673-676. arXiv: quant-ph/0505062

[quant-ph].

Harold Ollivier and Wojciech H. Zurek. “Quantum Discord: A Measure of the Quan-
tumness of Correlations”. In: Phys. Rev. Lett. 88 (1 Dec. 2001), p. 017901. URL:
https://link.aps.org/doi/10.1103/PhysRevLlett.88.017901/

Zhengjun Xi et al. “Necessary and sufficient condition for saturating the upper bound
of quantum discord”. In: Phys. Rev. D 85.3, 032109 (Mar. 2012), p. 032109. arXiv:
1111.3837 [quant-ph].

Shunlong Luo. “Quantum discord for two-qubit systems”. In: Phys. Rev. A 77 (4 Apr.
2008), p. 042303. URL: https://link.aps.org/doi/10.1103/PhysRevA.77.042303.

Sam A. Hill and William K. Wootters. “Entanglement of a Pair of Quantum Bits”. In:
Phys. Rev. Lett. 78 (26 June 1997), pp. 5022-5025. URL: https://link.aps.org/
doi/10.1103/PhysRevLett.78.5022.

William K. Wootters. “Entanglement of Formation of an Arbitrary State of Two
Qubits”. In: Phys. Rev. Lett. 80 (10 Mar. 1998), pp. 2245-2248. URL: https://link.
aps.org/doi/10.1103/PhysRevLett.80.2245.

128


https://arxiv.org/abs/2205.08403
https://arxiv.org/abs/2211.09441
https://link.aps.org/doi/10.1103/PhysRevA.60.893
https://link.aps.org/doi/10.1103/PhysRevA.60.893
https://arxiv.org/abs/quant-ph/0505062
https://arxiv.org/abs/quant-ph/0505062
https://link.aps.org/doi/10.1103/PhysRevLett.88.017901
https://arxiv.org/abs/1111.3837
https://link.aps.org/doi/10.1103/PhysRevA.77.042303
https://link.aps.org/doi/10.1103/PhysRevLett.78.5022
https://link.aps.org/doi/10.1103/PhysRevLett.78.5022
https://link.aps.org/doi/10.1103/PhysRevLett.80.2245
https://link.aps.org/doi/10.1103/PhysRevLett.80.2245

109

[110]

Jen-Tsung Hsiang and Da-Shin Lee. “Influence on electron coherence from quantum
electromagnetic fields in the presence of conducting plates”. In: Phys. Rev. D 73.6,
065022 (Mar. 2006), p. 065022. arXiv: hep-th/0512059 [hep-th].

Masato Koashi and Andreas Winter. “Monogamy of quantum entanglement and other
correlations”. In: Phys. Rev. A 69 (2 Feb. 2004), p. 022309. URL: https://1link.aps.
org/doi/10.1103/PhysRevA.69.022309.

129


https://arxiv.org/abs/hep-th/0512059
https://link.aps.org/doi/10.1103/PhysRevA.69.022309
https://link.aps.org/doi/10.1103/PhysRevA.69.022309

	Introduction
	Theoretical Background
	General relativity
	Quantum mechanics: Perspective on the quantum information theory
	The von Neumann entropy
	Negativity

	Effect of the gravity on quantum mechanics
	COW experiment
	Schrödinger-Newton equation
	BMV experimental proposal

	Quantum field theory
	BRST formalism
	BRST charge in the interaction picture and in the Schrödinger picture
	BRST condition for our models with charged particles


	Effect of photon field on entanglement generation
	Dynamics of charged particles coupled with an electromagnetic field
	Model of a single charged particle 
	Model of two charged particles 

	Entanglement behavior of two charged particles
	Formula of the negativity of two charged particles
	Linear configuration
	Parallel configuration

	Discussion

	Quantum uncertainty of field in superposed particles
	Brief Review of the gedanken experiment
	Extension to quantum theory of linearized gravity version
	Complementarity inequality in QED
	A brief proof of the complementarity inequality
	Concrete computation of the visibility and distinguishability

	Relationship with uncertainty relation
	Role of entanglement on uncertainty relation of field and complementarity

	Quantification of quantumness of the gravitational field
	Setup of two particles system coupled with gravitational field
	Quantumness of gravitational due to monogamy relation
	D T L regime
	T D L regime

	Behavior of Quantum discord
	D T L regime
	T D L regime


	Conclusion
	1/c expansion of 
	Detail derivation of RL, A, B, c and 
	Computations of RL, A and B
	Computations of c and  for the linear configuration
	T D L or T D L regimes
	D T L regime

	Computation of c and  for parallel configuration
	T L D or TD L regimes
	D T L regime


	Proof of the statement in (4.43) 
	Demonstration of the relationship expressed in the relationship (4.48)
	Demonstration of the relationship expressed in (D.4)
	Demonstration of the relationship expressed in (D.5)

	Proofs of inequality (5.5) and Eq. (5.18)

