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ABSTRACT

We find that the unit cell volume (V), which affects many properties, decreases too rapidly with strain when calculated with standard
density functional theories (DFTs) such as local density approximation (LDA). We find that this demerit is moderated with the use of the
Hubbard potential U for local electron correlation (DFT +U). However, the introduction of U to standard DFTs, e.g., LDA and Perdew–
Burke–Ernzerhof functional (PBE) optimized for solids (PBEsol), leads to the excessive underestimation of the spontaneous polarization
(PS) and frequently extinguishes PS. Therefore, we attempt to improve the overall accuracy of DFTs for ferroelectrics by using U in several
DFT methods including PBE that overestimates PS and lattice constants. We demonstrate that PBE with U (PBE +U) is in excellent agree-
ment with the experimental properties of BaTiO3 and SrTiO3, with improvements in the estimates of lattice constants, PS, the phonon fre-
quency, the antiferrodistortive angle of 105 K-phase SrTiO3, the bandgap, the strain dependence of V, and hole polarons. When the lattice
parameters and PS moderately agree with the experimental data, PBE +U with a single U set can produce both electron and hole polarons.
Hence, PBE +U can be a practical substitute of hybrid functionals for perovskite oxide ferroelectrics, except for the estimation of the
bandgap. Furthermore, we propose an approach to construct a functional accurately depicting the incipient ferroelectric state of SrTiO3.
Additionally, these results suggest that conventional DFT underestimates PS under compressive in-plane strain and predicts the unrealistic
deformation of ferroelectrics and that in-plane-strained lattices can mitigate the problems associated with U.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0213487

I. INTRODUCTION

Ferroelectrics (FEs) are key insulators employed in a wide
range of applications,1 with advancements in FE technology, such
as the development of monolayer FEs2 and the non-contact control
of both electron (e−) and hole (h+) layers.3 FEs have electrically
reversible spontaneous polarization (PS) and an anisotropic lattice
without inversion symmetry.1 For tetragonal FEs such as BaTiO3

(BTO) at room temperature (RT), this anisotropy is expressed as
c/a (where c is the c lattice constant and a is the a lattice constant)
and is correlated with PS. Hence, the accurate estimation of the
lattice parameters is the basis of the ab initio analysis of FEs. For
FEs, the required accuracy is far stricter than for other materials
[e.g., 0.5% for BTO and 0.1% for the incipient FE SrTiO3 (STO),

4–6

surpassing the potential accuracy of standard density functional

theories (DFTs) such as local density approximation (LDA) [local
spin density approximation (LSDA)].7 For this, an accurate e− dis-
tribution is necessary because of the entanglement of e− and ions.

For an accurate e− distribution, ab initio theory is also
expected to include electron correlation (e− correlation) because it
exists theoretically and in experiments appears as e− localization
(e.g., polarons). To date, ab initio theories have been improved by
updating LDA to advanced exchange correlation (XC) functionals,
including generalized gradient approximation (GGA), meta-GGA
approximation, and hybrid functionals,8–15 while LDA, GGA, and
meta-GGA are DFTs. In GGA such as Perdew–Burke–Ernzerhof
(PBE) functional,8 the energies are expressed by the e− density (n)
and its derivative (j∇nj). Perdew et al.8 explained that GGA
expands and softens atomic bonds and tends to predict more
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accurate total and atomization energies than LDA. According to
Perdew et al.,9 within a GGA framework, the accuracy of atomiza-
tion and total energy is incompatible with that of the lattice con-
stants and vice versa. In addition, PBE8 has a stronger j∇nj
dependence and yields atomization and total energies that are more
accurate than the PBE functional optimized for solids (PBEsol),
which has a weaker j∇nj dependence.9

Calculations using PBEsol have been shown to agree with the
lattice constants of many solids and FE properties.5,6,9 PBEsol is
claimed to be accurate for “weakly varying valence-electron densi-
ties in densely packed solids” such as metals but is considered inac-
curate for large values of j∇nj.9 Because this trade-off between the
atomization/total energy and lattice constants is present “within the
framework of GGA,”9 lower accuracy for the atomization and total
energies, especially for non-metals, is expected for other GGA
methods optimized for solids.10

The weaker j∇nj dependence of PBEsol9 leads to a lower sen-
sitivity to the changes in j∇nj. This reduced sensitivity and the
inaccuracy for large values of j∇nj9 are expected to reduce the sen-
sitivity of PBEsol to compressive strain (uext), which increases j∇nj.
This lower sensitivity is also expected for LDA because LDA has
no j∇nj effect. In many situations, FEs are placed under mechanical
stress or strain, including at domain boundaries (DBs) and at the
interface with other materials. This strain has been known to
change PS and induce/extinguish the FE phase16–25 at least since
Devonshire’s Ginzburg–Landau (GL) theory.16,25–27 In particular,
in tetragonal FEs, a giant increase in PS by epitaxial strain is explic-
itly shown theoretically in 1994,21,25 which is seen even in a starting
GL equation without manipulations.28,29 Furthermore, a 100%
increase in the PS and Curie temperature of a thin film compared
to the bulk values was experimentally shown in 199719,20 much
before it became widely known.30 Accordingly, developing a theory
that accurately predicts strain effects is important. In addition, the
correct treatment of polarons31–38 is required to understand electric
field effects and FE domains.2

A representation of strain is the change in the unit cell volume
(V), which reflects the average atomic interaction. In Fig. 1(a), V/V0

(V0: V at uext = 0) calculated using different ab initio methods are
compared with experiments and a linear elastic theory (Poisson
effect),39 which is valid for a small |uext|. Figure 1(a) shows that
V/V0 calculated using the PBE functional stops to decrease at a
small compressive in-plane strain (uext), while those calculated using
PBEsol and LDA stop to decrease only at large values of |uext|. The
PBE functional is, thus, more sensitive to uext than either PBEsol or
LDA and produces the uext-dependence that is more consistent with
a linear elastic theory at low |uext| than PBEsol and LDA. We note
that the Poisson ratio increases with strain, and when we consider
this, the PBEsol and LDA results further deviate from the elastic
theory. Similar results are obtained for STO (Sec. III C). In an exper-
imental comparison using thin films,40,41 defects and dislocations,
which reduce or increase V, are unavoidable, especially at uext-
<−0.01. In the remainder of this paper, BTO is referring to the
tetragonal (P4 mm) phase of BTO, unless otherwise mentioned.

In other words, PBEsol and LDA predict over-compressed lat-
tices, and the arguments advanced by Perdew et al.9 suggest that
this also occurs with other GGA methods optimized for solids. This
affects the accuracy of calculations of FE properties, with the

underestimation of V resulting in the underestimation of PS and the
stability of the FE phase because PS tends to increase with c/a =V/a3

(Refs. 4, 5, and 42) and the stability of the FE phase increases with
PS (Refs. 6 and 42).

A difference similar to that in Fig. 1(a) is observed in the com-
parison of two hybrid functionals: Heyd–Scuseria–Ernzerhof
(HSE) functional and the HSE functional for solids (HSEsol)14,15

[Fig. 1(b)], where the DFT parts are PBE and PBEsol, respectively.
Remarkably, the uext-dependence calculated using HSE and HSEsol
agrees better with a linear elastic theory39 than PBE and PBEsol
[Fig. 1(b)], while HSE and HSEsol contain a local e− correlation to
circumvent the self-interaction of e− intrinsic to DFTs.

The local e− correlation can also be implemented in DFTs
through Hubbard U. The use of Hubbard U to a meta-GGA method
Tao-Perdew-Staroverov-Scuseria functional (TPSS)11,43,44 improved the
agreement with a linear elastic theory (Appendix B), while both TPSS
and TPSS +U produce lattice and FE properties that agree with experi-
mental data at uext = 0.

42 These results suggest that the implementation
of local e− correlation improves the accuracy in strain effects.

Local e− correlation has been reported to be essential when
determining the electronic and lattice properties of insulators and
is a key factor for phase stability.31–38,45–47 This also suggests that a
DFT method with appropriate XC would agree with experimental
data when the correlation is included. Accordingly, the agreement
of DFT methods, which do not consider the correlation, with
experimental data may be non-natural, while any disagreement
between the two may indicate the possibility that the DFT method
can be improved by including the correlation. In contrast, we find

FIG. 1. Change in V of tetragonal BTO by in-plane strain (uext≡ a/a0− 1) cal-
culated using different XCs and linear elastic theory.39 V0 and a0 are V and a at
uext = 0 calculated using each XC, respectively. (a) PBE, PBEsol, and LDA. (b)
HSE and HSEsol. Asterisks show the experimental data,40,41 of which samples
are considered to be sufficiently oxidized to reduce secondary phases and defects.
The results with LDA and HSEsol are reprinted with permission from Y. Watanabe,
J. Chem. Phys. 148, 194702 (2018).42 Copyright 2018 AIP Publishing.
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that the inclusion of the correlation in DFT methods optimized for
solids weakens the optimization; for example, PBEsol +U and
LDA +U radically decrease the PS of BTO as shown in Sec. III A.
Hence, we seek to improve the accuracy of ab initio calculations of
BTO and STO by including local e− correlation (U) in DFT
methods that are not optimized for solids. We find that DFT
methods that overestimate the lattice constants and PS (e.g., the
PBE functional) are useful for DFT +U, while LDA underestimates
the lattice constants and PS

8,42 and is, thus, unsuitable.
In terms of the use of Hubbard U, the valence and the conduc-

tion bands of ABO3 oxides generally exhibit O- and B-site character-
istics, respectively, where A is a non-transition metal element such as
Ca, Sr, Ba, K, Pb, and Bi and B is a transition metal element.
Because the FE in ABO3 is mainly due to B and O atoms,42 we con-
sider here BO3, where B is at the center of symmetry.

The available implementation of U in the DFT is formulated
in a spherically invariant manner.43,44 In BO3, the anisotropy of the
orbits of the B residing at the center of symmetry is essential for
FE, while three O’s are present at peripherals. Thus, the impact of
U on the inversion asymmetry, which is fundamental to the FE
phase, is considered to be much severer at B than at
O. Furthermore, U on B decreases n in anisotropic orbits, while U
on O does not much (Appendix C). Hence, we expect that U on B
(d-orbits) intrinsically reduces/destroys PS; Sec. III A shows that
DFT +U using standard values of U for Ti48–52 destroys the FE
phase [PBEsol +U +V (Ref. 52) is reported to retain FE]. Hence,
we use U on O2p

42,53,54 and a small U on Ti3d.
An ideal ab initio theory would agree with all of the reliable

experimental properties near 0 K when quantum fluctuation is negli-
gible. We believe that this comprehensive agreement is the best crite-
rion for the reliability of a particular calculation. We, thus, show that
the PBE +U results agree with the major experimental properties of
BTO and STO, including the lattice parameters, PS, the strain depen-
dence of V and PS, phonon frequency,17,19,40,41,55–64 and the forma-
tion of h+ (and e− ) polarons, while also improving the estimation of
the bandgap (Eg) and antiferrodistortive (AFD) distortion angle
(w).65,66 When limited to FE phases (PS≠ 0), these achievements of
DFT +U have not been previously reported. In addition, the compu-
tational cost of PBE +U is orders of magnitude lower than that of
hybrid functionals, which is valuable for large-scale calculations.

We study RT-phase BTO (tetragonal, P4 mm, C4v
1 ) and

RT-phase (cubic-tetragonal, Pm3m–P4 mm, Oh
1-C4v

1 ), 105 K-phase
(I4/mcm, D4h

18), and 105 K FE-phase STO with PS // c (I4 cm, C4v
10).

The RT-phase BTO is present down to 4 K in epitaxial films.22

Theoretically, STO is in a FE phase at 0 K in the absence of
quantum fluctuation,6 which explains the appearance of the FE
phase induced by negligible stress or impurities in experiments.17,18

II. METHODOLOGY

We define the renormalized local e− correlation term Ueff as
Ueff≡U− J, where U is the coulomb term and J is the exchange
term. DFT methods that employ Ueff on Ti3d and O2p orbits are
reported to predict e− and h+ polarons, respectively.49–53 It is
reported that the values of U and J are obtained ab initio,48,67 such
as through linear response theory, and Ueff for Ti3d (Ueff(Ti)) and
Ueff for O2p [Ueff(O)] are approximately 4.5 and 9 eV,

respectively.51,52 It is also reported that standard values for
Ueff(Ti) and Ueff(O) are determined to reproduce the experimen-
tal values for the Mott–Hubbard bandgap,43,44,68,69

polaron,49,50,53,54 or experimental Eg70 and are typically 4–10 eV
and 8–10 eV, respectively. Additionally, it is reported that the
value of Ueff(Ti) is determined to reproduce the phase stability45

and reaction energy,71 which are typically 5 and 2–3 eV, respec-
tively. We find that the DFT methods with these Ueff values do
not achieve the accuracy required for the lattice parameters and
FE properties of BTO and STO. We believe that this is partly
due to the restriction posed by spherically invariant formula-
tion43,44 and, thus, self-consistent U values48,52,67 are also
approximations. We find that the use of different atomic poten-
tials [projector augmented wave (PAW) potentials72] in PBE,
PBEsol, LDA, TPSS, and SCAN does not resolve this
disagreement.

Lattice constants reflect ion–ion, e−–ion, and e−–e− interac-
tions, while the internal atomic coordinates contribute much less to
the total energy than do the lattice constants.6,73 Hence, we choose
Ueff to reproduce the experimental lattice constants under stress-
free conditions, while J = 0 for O (i.e., Ueff =U) and J for Ti is a
standard value, e.g., 0.5 eV.49–51

Logically, the criterion of accuracy for DFT methods with FEs
is the agreement with experiments near 0 K, because native ab
initio calculations predict the properties at 0 K under no quantum
fluctuation. However, the conventional criterion is in agreement
with experiments at RT, but such an agreement can be due to error
compensations and, hence, may mean some insufficiencies of the
DFT. Furthermore, the effects of temperature and quantum fluctua-
tion are trivial compared with those of mechanical strain19–24,40,41

and an unscreened depolarization field.28,74 For example, epitaxial
strain retains a BTO RT phase down to 4 K in experiments.22

Hence, in many cases, including the calculation of RT properties, it
is logically and practically preferable for the criterion of accuracy
for DFT methods to be in agreement with experiments at 0 K.
Because these experiments on FEs are rare, we proposed a process
for deducing 0 K properties from experiments above 0 K42 and
used these 0 K properties as the accuracy criterion (Fig. 2 and
Table I). However, we also show that by choosing U, PBE +U can
reproduce the experimental properties at RT and under quantum
fluctuations (Sec. III).

In the present study, all calculations are performed using
PAW potentials72 as implemented in VASP,75–77 with a plane wave
energy cutoff of 650 eV. In the geometry relaxation and Berry
phase calculation of PS,

78 the Monkhorst–Pack79 mesh for
Brillouin-zone integration is 8 × 8 × 8 for the RT phases (unit cell
size: 4 Å × 4 Å × 4 Å) and 8 × 8 × 6 for the STO 105 K phase (unit
cell size: 5.5 Å × 5.5 Å × 8 Å), respectively; the results are almost the
same for other mesh sizes, e.g., 6 × 6 × 6 – 13 × 13 × 13 for the RT
phases or 6 × 6 × 4 for the 105 K phase, being consistent with Wahl
et al.5 PS is also estimated using a semiempirical formula.80 After
relaxation, the calculated forces are at least lower than 0.5 meV/Å.
The screening parameter (μ) in HSE06 and HSEsol is a default
value (0.2 Å−1).5 The results of stress-free BTO and stress-free
cubic and 105 K-paraelectric STO calculated using LDA, PBEsol,
PBE, and HSE are used to test the reliability of the calculations and
agree with the results presented by Wahl et al.,5 including the zone-
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center phonon frequencies. For the 105 K FE phase of STO, the
HSE calculations6 agree with experimental results.17,59,65,66 In the
calculation of polarons for excess e− or h+, the Makov–Payne
scheme81 implemented in VASP and graphics-processing-unit
acceleration82,83 are used. Ion positions and charge and spin
density (unpaired e− density) are also visualized using VESTA.84

The default PAW potentials used in the present study are
those recommended for metal oxides by the VASP manual: BaSV
for Ba, SrSV for Sr, TiSV for Ti, and O_S for oxygen (energy cutoff:
283 eV). VASP provides three PAW potentials for oxygen. In some
cases, such as for a large Ueff(Ti), the standard PAW potential for
oxygen (energy cutoff: 400 eV) is used (denoted as Ost). Another
PAW potential for oxygen (O_h, energy cutoff: 700 eV) offers little
advantage when it is used with BaSV, SrSV, and TiSV for BTO and
STO.

III. RESULTS

A. Determining U

Figures 2 and 3 present the U-dependence of V, c/a, and PS of
BTO and STO calculated using PBE +U, respectively, and compare
them with experimental results or reliable theoretical values (Tables I
and II).55–59,85–88 Among examined DFT +U’s, only PBE +U
achieves the agreements of all of V, c/a, and PS with reliable values.

Ueff(O) reduces V, c/a, and PS. Ueff(Ti) keeps V almost
unchanged, decreases c/a, and drastically decreases PS, which
implies the incompatibility of Ueff(Ti) with the FE phase. Ueff(O)
and Ueff(Ti) increase h+ and e− polaron binding energy, respec-
tively. These trends and improvements in accuracy are also found
in other DFT methods (Appendix A).

The use of Ost instead of O_s increases V, c/a, and PS
(Appendix A), which is useful for the use of a large Ueff.
Additionally, PBEsol agrees with most experiments at uext = 0,5,42 but

PBEsol +U and LDA +U disagree with the experiments, except for
using Ost with extremely small values of Ueff(O) (Tables I and II).

B. Comparison with experiments under no external
stress

Table I, Fig. 2, and Appendix A show that the experimental V,
c/a, and PS (at 0 K) of RT-phase BTO are reproduced by PBE +U,
while PBEsol +U Ost, LDA +U Ost, and SCAN +U failed. Table I
lists the typical cases and shows that Eg is also improved by
Ueff(O). The comparison of different DFT methods in Fig. 4 and
Table I shows that the accuracy of PBE +U and TPSS +U Ost is
comparable with or better than that of PBEsol. PBE +U can also
reproduce the experimental properties at RT by choosing Ueff’s
[e.g., Ueff(O) = 6 eV, Ueff(Ti) = 1.6 eV (Fig. 4)].

In Fig. 3 and Table II, the experimental V and c/a and the reli-
able theoretical PS of RT-phase STO under no quantum fluctuation
and no stress6,58,59 are reproduced by PBE +U with
Ueff(O) = 4–6 eV and Ueff(Ti) = 0–0.3 eV.

Below 105 K, STO is in the 105 K phase.17 In Fig. 5, the calcu-
lations of 105 K-phase STO are compared with experimental values
in a pseudo-cubic unit cell representation.6 When comparing HSE,
HSEsol, PBE, PBEsol, TPSS +U, and LDA, only HSE yields lattice
parameters (including w) that agree with the experimental
values.6,58,59,65,66 In Figs. 5(a) and 5(b), PBE +U with the afore-
mentioned Ueff(O) and Ueff(Ti) noticeably improves the accuracy of
these parameters and outperforms PBEsol.

The calculation with the HSE functional reveals that stress-
free 105 K-phase STO at 0 K under no quantum fluctuation87 is
in an FE phase.6 This agrees with the appearance of an FE phase
with the application of negligible stress or negligible impuri-
ties17,18 (PS = 1.5 μC/cm2),88 which suppresses quantum fluctua-
tion. PS predicted using the HSE functional is considered an
upper bound,6 whereas PBEsol and LDA fail to show FE phases.6

FIG. 2. U-dependence of (a) V/Vexp, (b) c/a/(c/a)exp, and (c) PS/PS
exp of a BTO calculated using PBE + U. Vexp, (c/a)exp, and PS

exp are experimental estimates at 0 K.42

Experimental values correspond to yellow in color scale.
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In the calculation with PBE + U with the same set of Ueff’s in
Fig. 5, V, c/a, and w of the FE 105 K phase are very close to V, c/
a, and w of the 105 K phase.

C. Strain dependence

Using the DFT +U methods with U values that yield the
agreements with experimental properties at uext = 0, Figs. 6 and 7
reexamine uext-dependence. Similar results are obtained for the
uext-dependence of c/a, as expected from that of V and c/a =V/a3.
The experimental data for uext≤−0.002 are from epitaxial films,
while defects in epitaxial film are considered to increase with |uext|,
especially |uext| > 0.01.

30,89

The results obtained with the PBE + U method are indicated
by the reddish symbols. In Fig. 6, the dependences of V/V0 and
PS of BTO given by the PBE + U method are closer at low |uext|
to a linear elastic theory and the experimental results than those
given by the other DFT methods examined in Fig. 6 and
Appendix B.

For STO, we show no plot of an elastic theory because the
elastic constants of STO are sensitive to temperature and those
near 0 K are absent.90 The PS of RT phase STO at uext ≈ 0 is con-
sidered to be >1.5 μC/cm2 when quantum fluctuation is sup-
pressed17,88 because it is theoretically larger than PS of 105 K
phase.6 The results calculated with PBE + U, PBEsol, and HSE
are mutually similar (Fig. 7). In closer examinations of Fig. 7 and
Appendix B, V/V0 and PS calculated with PBE + U agreed the

TABLE I. Typical results with DFT + U for BTO. The procedures for estimating V, c, and c/a at 0 K42 are described in the caption of Fig. 4. The results by TSPP Ost, TSPP + U
Ost, and PBEsol + U Ost agreed better with experimental data than those with O_s.

Ueff O Ueff Ti a (Å) c (Å) V (Å3) c/a PS (μC/cm
2) Eg (eV)

PBE 0 0 4.000 4.213 67.41 1.053 45.8 1.77
PBE + U 6 1 3.964 4.067 63.89 1.026 32.7 2.32
PBE + U 6 1.3 3.969 4.052 63.81 1.021 29.7 2.36
PBE + U 5.5 1.3 3.974 4.060 64.11 1.022 30.2 2.30
PBE + U 5 1.3 3.979 4.069 64.42 1.023 30.8 2.25
PBE + U Ost 8 0 3.983 4.186 66.41 1.051 44.6 1.93
PBE + U Ost 5 2 4.021 4.100 66.27 1.020 28.7 2.04
PBE + U Ost 5 3.2 4.039 4.046 66.00 1.002 9.5 2.12
PBE + U Ost 5 4.45 4.046 4.047 66.26 1.000 0.0 2.26
PBEsola 0 0 3.971 4.059 64.01 1.022 32.5 1.75
PBEsolb 0 0 3.971 4.054 63.94 1.021 31.4 1.77
PBEsol Ost 0 0 3.962 4.096 64.29 1.034 40.5
PBEsol + UOst 0 0.3 3.971 4.054 63.93 1.021 31.91
PBEsol + UOst 0 1 3.979 4.034 63.88 1.014 25.8 1.87
HSEa 0 0 3.965 4.145 65.16 1.045 42.5 3.35
HSEb 0 0 3.965 4.145 65.16 1.045 42.5 2.92
HSEsola 0 0 3.946 4.042 62.94 1.024 33.3 3.31
TPSS Ost

a 0 0 3.989 4.070 64.76 1.020 31.8 1.79
TPSS + UOst

a 8 0 3.971 4.045 63.77 1.019 30.5 1.94
TPSS + UOst 2 2 4.007 4.012 64.41 1.001 6.3
SCAN 0 0 3.987 4.112 65.37 1.031 35.4
SCAN + U 8 0 3.980 4.066 64.40 1.022 31.1
SCAN + U 6 0.5 3.989 4.060 64.59 1.018 28.1
LDA Ost

a 0 0 3.941 3.990 61.97 1.012 26.1 1.75
LDAb 0 0 3.945 3.978 61.91 1.009 21.6 1.73
LDA + U Ost 6 0 3.928 3.965 61.17 1.010 22.6
LDA + U Ost 0 6 3.987 3.986 63.36 1.000 0.4
Exp. RTc 3.993 4.037 64.35 1.011 0.271d 3.27
Exp. (0 K)a 3.971 4.051 63.89 1.020 0.318 (0.321)

aReference 42.
bReference 5.
cReference 55.
dAt 270 K.56
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FIG. 3. U-dependence of (a) V/Vexp, (b) c/a, and (c) PS/PS
HSE of an RT phase STO calculated using different PBE + U. Vexp is an experimental V.59 PS

HSE is PS given by
HSE,6 which was comparable with PS given by PBEsol.

6 Experimental or HSE values correspond to yellow in color scale.

TABLE II. Typical results with DFT + U for STO. The differences between two HSE calculations5,6 are due to the screening parameter (λ). apc and cpc are a and c constants
of the pseudocubic unit cell.

Ueff O (eV) Ueff Ti (eV)

RT phase (no AFD) 105 K phase (AFD) 105 K-FE phase (AFD + PS)

a (Å) c/a PS (μC/cm
2) apc (Å) cpc/apc w (°) apc cpc/apc w (°) PS (μC/cm

2)

PBE +U 4 0 3.900 1.003 15.1 3.897 1.003 3.71
PBE +U 4.3 0 3.897 1.003 13.8 3.894 1.002 3.60 3.893 1.005 3.89 13.1
PBE +U 4.3 0.3 3.900 1.000 2.5 3.896 1.003 3.80 3.896 1.003 3.80 2.9
PBE +U 4.5 0.3 3.898 1.000 2.2 3.894 1.003 3.70 3.894 1.003 3.74 0.8
PBE +U 6 0 3.878 1.000 0.0 3.876 1.002 2.87
PBE +U 6.7 4.45 3.899 1.000 0.0 3.890 1.005 5.39
PBE +U Ost 8 0 3.909 1.008 23.2 3.908 1.003 4.17
PBE 3.936 1.010 25.4 3.935 1.004 4.67
PBEb 3.933 1.004 4.74
HSEa 3.899 1.004 16.5 3.899 1.001 1.77 3.896 1.005 2.69 15.9
HSEb 3.900 1.001 2.63
PBEsola 3.897 1.001 7.3 3.888 1.005 5.25 3.888 1.005 5.25 0.0
PBEsolb 3.886 1.006 5.31
LDAa 3.863 1.000 0.1 3.851 1.007 5.65 3.851 1.007 5.65 0.0
LDAb 3.863 1.000 3.847 1.008 6.05
HSEsola 3.872 1.000 0.2
Exp.c,d 3.897 1.002 3.897 1.002 2.10
Exp.e,f 3.896 1.001 3.896 1.001 >1.6

aReference 6.
bReference 5.
cReference 59.
dReference 65.
eReference 58.
fReference 66.
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best with those with HSE, while HSE produced the results agree-
ing the best with the experiments of STO.6

D. Phonon

The lack of experiments on strain effects in Fig. 7 is compen-
sated by the experiments of the zone-center phonon frequencies,
which reflect interatomic forces. The phonon frequencies of cubic
BTO calculated with PBE +U and HSE (λ = 0.3 Å−1)5 agree more
closely with the experimental results than those calculated with the
other ab initio methods in Fig. 8(a). This is consistent with the
agreement of PBE +U results with an elastic theory in Fig. 6(a).
The phonon frequencies of cubic STO calculated using PBE +U
agree with the experimental results more closely than those calcu-
lated using the other ab initio methods in Fig. 9.

For tetragonal RT-phase BTO, the phonon frequencies
using both PBE +U and PBEsol agree with the experimental data
at uext = 0 [Fig. 8(b)], but PBE +U shows that the frequencies are
more sensitive to uext than PBEsol.

E. Appropriate U and PBE +U for incipient FE

As shown in Figs. 2–9 and Tables I and II, the PBE +U
method yields accurate lattice parameters, PS, the uext-dependence,
and phonon frequencies and improved Eg. Figures 6(b) and 7(b)
show that the appropriate estimate of PS under strain is much
higher than the ab initio calculations predicted using LDA.

For the optimum PBE +U method, we list Ueff(O) = 5–6 eV
and Ueff(Ti) = 0–1.5 eV for BTO and Ueff(O) = 4–6 eV and
Ueff(Ti) = 0–0.3 eV for STO. The reason that these Ueff sets are not
unique is that trade-offs exist and we include the Ueff sets that

yield agreement with RT experiments of BTO (Tables I and II).
With BTO, for example, Ueff(O) = 6 eV and Ueff(Ti) = 1.3 eV yield
lattice constants that almost completely agree with GL estimates at
0 K, and PS calculated using Ueff(O) = 6 eV and Ueff(Ti) = 1 eV or
Ueff(O) = 5 eV and Ueff(Ti) = 1.3 eV agrees well with PS at 0 K.

For both BTO and STO, the PBE +U method can also repro-
duce the experimental data at RT, by changing Ueff. For fine-tuning,
the following results are useful (explained partly in Sec. III A). As
seen in Figs. 2 and 3 for BTO and RT-phase STO, Ueff(O) reduces
V, c/a, and PS, while Ueff(Ti) almost does not change the V of BTO,
reduces the V of RT-phase STO, and drastically reduces the c/a and
PS of BTO and RT-phase STO. As seen in Figs. 5(a) and 5(b) for
105 K-phase STO (paraelectric), Ueff(O) reduces V, c/a, and f,
while Ueff(Ti) increases V, c/a, and f; the cause of these changes in
c/a is considered due to that in f.6 In the case of 105 K-phase STO
(PS // c) [Fig. 5(c)], Ueff(O) reduces V, c/a, PS, and f, while Ueff(Ti)
increases V and f and decreases c/a and PS.

As an application, we construct a functional for an incipient
FE state of 105 K-phase STO. PBE +U with Ueff(O) = 6 eV and
Ueff(Ti) = 0.145 eV yield c/a and f that are consistent with the
experimental ones (Fig. 5) and shows PS = 0 for both 105 K-phase
and FE 105 K-phase. We believe that this state is an incipient FE
state, because PBE +U with Ueff(O) = 6 eV and Ueff(Ti) = 0, 0.1,
0.14, 0.143, 0.144, and ≥0.145 eV shows PS = 1.6, 0.61, 0.009,
0.0003, 0.0002, and 0 μC/cm2, respectively.

As discussed in Sec. I, Tables I and II and Figs. 2 and 3 show
that the use of standard values for Ueff(Ti) is incompatible with
FEs. Because the origin of this incompatibility is the spherically
invariant formulation of U,43,44 the same incompatibility should
also occur with the use of standard values for Ueff for other transi-
tion metal elements such as Hf, Mn, Fe, and Nb. Indeed, the PS of
BiFeO3 given by LDA +U (Ueff =U = 5.3 eV on Fe) is 30 μC/cm2,91

which is 35% of the correct PS value.92 Figures 6(a) and 7(a) also
show that Ueff(Ti) softens the lattice of BTO and STO even more
than PBEsol and LDA and yields incorrect lattice constants.

F. Electron localization: Polarons

The efficacy of U on e− correlation is tested by observing
polarons for excess h+ or e−. The minimum Ueff for polaron for-
mation is about 3 eV, which is consistent with the study by
Deskins and Dupuis;50,53 no polarons are observed in the calcula-
tions using PBE and PBEsol. In Fig. 10, PBE + U with
Ueff(O) = 6.7 eV and Ueff(Ti) = 4.45 eV yields both h+ and e−

polarons, PS = 0 and lattice constants that agree with experimental
results for STO at RT.

As explained in Sec. III A– III D, overall agreement with
experimental data including PS and phonons is achieved using
PBE +U with a range of Ueff values. Of these values, Ueff(O) = 5 eV
and Ueff(Ti) = 1.3 eV for BTO and Ueff(O) = 4.3 eV and
Ueff(Ti) = 0.3 eV for STO are used in Figs. 11(a) and 11(b).

In these cases, only h+ polarons are observed in BTO and
STO. These h+ polarons are extended in the plane ⊥ PS. The
binding energy of the polarons increases with Ueff, and the binding
energy of the polarons in STO [Fig. 11(b)] is slightly lower than
1 eV given by LDA +U.54 On the other hand, PBE +U Ost

[Ueff(O) = 5–8 eV and Ueff(Ti) = 3.2–3.3 eV] yields BTO properties

FIG. 4. PS and c/a of stress-free BTO calculated using different XCs and Us.
XCs without U are replots from Ref. 42. Dashed lines show the experimental
values estimated at 0 K.42 c/a is given by c/(V/c)1/2, where c is estimated by a
GL theory42 and two values of V at 0 K are estimated by the extrapolations of
three sets of experimental data.55,85,86 PS and c/a near RT are close to those of
B1-WC-AE,4 LDA Ost, PBEsol + U [Ueff(O) = 8 eV], and PBE + U [U(O) = 6 eV, U
(Ti) = 1.6 eV].
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that modestly agree with experimental data, including PS (Table I).
PBE +U Ost with these Ueff values produces both h+ polarons and
marginally localized e− polarons with a shallow binding energy
[(Figs. 11(c) and 11(d)].

IV. SUMMARY

An ideal ab initio calculation is expected to agree with major
reliable experimental properties near 0 K when quantum fluctuation
is negligible, while the accurate estimation of the lattice parameters is
the basis of ab initio calculations for FEs. This is almost satisfied
when using appropriately chosen hybrid functionals4,14,15,93,94 with
parameters and atomic potentials (PAW potentials) selected.4–6,42

However, hybrid functionals are computationally too heavy for large-
scale calculations. Hence, a frequently used compromise is to use
hybrid functionals for the ion positions given by DFT methods. This
is an inconsistent method that is inappropriate because the ion posi-
tions given by DFT methods are different from those given by
hybrid functionals (see Figs. 1–3 and 6) and electronic properties

and ion positions are entangled (e.g., FE under depolarization field
screened by excited e−).3,29,33 Hence, DFT methods that reach the
performance level of hybrid functionals are desired.

For BTO and STO, GGA methods optimized for solids (e.g.,
PBEsol) overcome the inaccuracy of LDA7 and are reported to
perform well5,6,42 except for 105 K-phase STOs, Eg, and polarons.
However, we find improper uext-dependence of the V given by
PBEsol and LDA, which is moderated in the calculations using
PBE or the functionals that contain local e− correlation (Fig. 1).
This disagreement is a critical disadvantage because V is a funda-
mental output and affects many properties.5,6,95 Because local e−

correlation exists in real insulators, we think that the agreement
with experiments exhibited by DFT methods without the correla-
tion may be non-natural, while the disagreement with experiments
yielded by DFT methods without the correlation is natural.
Meanwhile, we observe that the implementation of local e− correla-
tion to DFT (DFT +U) diminishes the FE properties. Thus, we
expect that DFT +U based on DFT methods that overestimate FE
properties5,42 has the potential to achieve overall agreement with

FIG. 5. 105 K-phase STO under no stress. (a) and (b) Paraelectric and (c) FE. Vpseudo-cubic vs (a) c/apseudo-cubic (V and c/a of pseudocubic unit cell) and (b) AFD angle w.
Dotted lines show the experimental values near 0 K (Refs. 58, 59, 65, and 66) and define an agreement criterion (green rectangle); in (c), the dotted lines show experi-
mental c/apseudo-cubic and PS

88 of paraelectric STO near 0 K and PS // c of given by HSE.6 The blue square in the illustration shows the pseudo-cubic unit cell. aRef. 6,
bRef. 5 (λ for HSE is 0.3 Å−1). PBEsol and LDA overestimated w and, hence, c/a.6
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experiments. This expectation is tested in the present study through
the analysis of RT-phase (tetragonal) BTO, RT-phase STO (cubic-
tetragonal), and 105 K-phase (I4/mcm) STO.

As discussed in Sec. I, the Hubbard U is formulated in a spheri-
cally invariant manner; thus, the standard or self-consistently derived
value of U in the B atom in ABO3 destroys the FE phase, as shown in
Tables I and II and Figs. 2 and 3. Because of this and other justifica-
tions, we choose Ueff so as to yield the experimental lattice parameters
at uext = 0 at 0 K. Of the DFT +U methods, PBE +U with Ueff chosen

FIG. 6. In-plane strain dependence of (a) V and (b) PS of tetragonal BTO (V0
and a0 are V and a at uext = 0, respectively, and calculated using each XC). For
the two asterisks near V/V0 = 1 in (a) and Fig. 1(a), V0 and a0 are V and a of a
thick BTO film, in which strain is relaxed. References for a–e are 19, 30, 40, 41,
and 55. The reference for (f ) is 42.

FIG. 7. In-plane strain dependence of (a) V and (b) PS of RT-phase (Pm3m–
P4mm) STO. The definition of V0 and a0 is given in Fig. 6. a is calculated from
the experimental c in Ref. 89. In experiments, STO has PS // c for uext-
≤−0.001.6,17 PS by HSE, PBEsol, and LDA are from Ref. 6.

FIG. 8. (a) Zone-center phonon frequencies of cubic BTO. (b) uext-dependence
of zone-center phonon frequencies of tetragonal BTO [PBE + U: Ueff(O) = 5 eV,
Ueff(Ti) = 1.3 eV]. Experimental phonon frequencies (cm−1) shown by green or
light-blue lines (uext = 0) are 182, 308, and 482 for cubic BTO60 and 178, 180,
276, 308, and 498, 515 for tetragonal BTO.61 aRef. 5.

FIG. 9. (a) Zone-center phonon frequencies of cubic STO (uext = 0).
Experimental phonon frequencies (cm−1) shown green lines are 169 (175, 178),
265 (266, 266), and 545 (547, 544).62–64 aRef. 5.
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in this manner reproduces experimental lattice constants, PS, the uext-
-dependence of V, and phonon frequencies, noticeably improves the
estimates of AFD w (with which PS changes critically [6]), and Eg,
and shows h+ polarons, similar to properly selected hybrid function-
als. These values for Ueff are listed in Sec. III E, and the origin of the
destruction of the FE phase is discussed in Appendix C. When we are
satisfied with the modest agreement of the lattice parameters and PS,
PBE +U Ost with a single Ueff set is used to show both e− and h+

polarons (Sec. III F). Because of the effect of U on B and, especially,
O atoms (Appendix C), PBE +U is expected to be also useful for
other ABO3 oxide FEs.

As mentioned above, PBE shows the moderate uext-
dependence in the V and the overestimation of FE
properties, which is more favorable for the implementation of U
than PBEsol does. Because PBEsol is obtained by changing the
gradient expansion coefficients μ and β of PBE,9 adjusting μ
and β is conjectured to further improve the accuracy of
PBE + U.

Figures 6(b) and 7(b) show that the appropriate estimate
of PS under strain is considered to be much higher than that cal-
culated with conventional DFT methods such as LDA and
PBEsol, if a sample remains defect-free. Figures 1, 6, and 7 also
indicate the possibility that conventional DFT methods predict
unrealistic deformation that yields improper polarization config-
urations in FE domains. Additionally, Figs. 6 and 7 suggest that,
by using an in-plane-strained lattice, PBE + U with standard
values of Ueff can exhibit both an accurate PS and e−/h+

polarons.
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FIG. 10. Polaron for (a) an excess h+ and (b) an excess e− in STO, as shown
by an isolated state in DOS and a localized unpaired e− density (yellow
shades). The central location of a polaron is at O (a) and Ti (b). Lattice distor-
tions exist but invisible in (a) and (b).

FIG. 11. h+ polaron in (a) BTO and (b) STO for Ueff by which PBE + U excel-
lently reproduces basic experimental properties. (c) h+ and (d) e− polaron in
BTO shown with a single set of Ueff [Ueff(O): 5 eV, Ueff(Ti): 3.2 eV, Ost]. The
results are shown in the same manner as Fig. 10.
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APPENDIX A: V, c/a, AND PS FOR OTHER DFT + U’s

Figures 12 and 13 present the U-dependence of V, c/a, and PS
of BTO and STO calculated using DFT +U’s of which accuracy is
improved by the implementation of U.

APPENDIX B: ADDITIONAL RESULTS OF STRAIN
DEPENDENCE

The uext-dependence of V and PS of tetragonal BTO and
RT-phase STO, which are not shown in Figs. 6 and 7, are displayed
in Figs. 14 and 15. Either the V, c/a, f, PS at uext = 0, or the uext-
-dependence of V or PS given by the ab initio methods using the

parameters listed in Figs. 14 and 15 is inconsistent with experimen-
tal results or elastic theory, except for HSE and TPSS +U Ost.

APPENDIX C: ORIGIN OF EFFECTS OF U

We discuss the origin of the effects of U. Atomization and
FE-phase energy are the basic outputs of ab initio calculations. BTO
contains three O atoms and a Ti atom, and the effect of Ueff(O) in
these energies is tripled. Hence, Fig. 16(a) shows that the effect of
Ueff (O) on atomization energy is similar to that of Ueff(Ti); Ueff (O)
and Ueff(Ti) reduce atomization energy similarly. Figure 16(a) shows
that the atomization energy by PBEsol is larger than that by PBE
and PBE +U. These results are consistent with the increase in the

FIG. 12. U-dependence of a BTO by DFT + U other than PBE + U O_s (Fig. 2): (a) and (d) (g) V/Vexp, (b) and (e) (h) c/a/(c/a)exp, and (c) and (f ) (i) PS/PS
exp. (a)–(c)

PBE + U Ost, (d)–( f ) SCAN + U, (d)–( f ) TPSS + U. In color scale, yellow corresponds to experimental values. Vexp, (c/a)exp, and PS
exp are experimental estimates at 0 K.42
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FIG. 13. U-dependence of RT phase STO by DFT + U other than PBE + U O_s (Fig. 3): (a) and (d) V/Vexp, (b) and (e) c/a, and (c) and (f ) PS/PS
HSE. (a)–(c) PBE + U Ost,

(d)–(f ) PBEsol + U. Experimental or HSE values correspond to yellow in color scale. Vexp is an experimental V.
59 PS

HSE is PS given by HSE.
6

FIG. 14. uext-dependence of (a) V and (b) PS of tetragonal BTO (supplementary to
Fig. 6) (V0 and a0 are calculated using each XC). For the two asterisks near V/V0 = 1
in Figs. 1(a) and 6(a), V0 and a0 are V and a of a thick BTO film, in which strain is
relaxed. References for a-e are 19, 30, 40, 41, and 56. The reference for f is 42.

FIG. 15. uext-dependence of (a) V and (b) PS of RT-phase (Pm3m–P4mm)
STO (supplementary to Fig. 7). The definition of V0 and a0 are given in Fig. 6.
aCalculated from the experimental c in Ref. 89. In experiments, STO has PS // c
for uext≤−0.001.6,17 PS by HSE is from Ref. 6.
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e−e− repulsion energy by U and the decrease in the interatomic dis-
tance by PBEsol. Contrastingly, Ueff(Ti) decreased FE-phase energy
much more rapidly than Ueff(O) [Fig. 16(b)], which explains the
rapid decrease of by PS and c/a by Ueff(Ti) in Fig. 2. In Fig. 16(b),
the FE-phase energy by PBEsol is clearly lower than that by PBE,
which explains the more rapid decrease of PS and c/a by U in
PBEsol than that by U in PBE (Fig. 2).

Figure 17 examines these effects of Ueff(Ti) on FE-phase
energy and PS, using e

− distributions in a Ti atom. The e− densities

in Fig. 17 contain the densities of 3p e−, 4s e−, and 3d e−. The
unpaired e− densities in Fig. 17 are due to the 3d e−s that contrib-
ute to the chemical bonding with O atoms, and, hence, the effect of
Ueff(Ti) on the bonding with O atoms is more visible than the e−

FIG. 16. (a) Atomization energy and (b) FE-phase energy (energy difference between tetragonal and paraelectric phase) of BTO given by PBE + U. The color (red, green)
of small squares at the origin represent the energies given by PBEsol.

FIG. 17. e− and unpaired e− iso-density surface in the Ti atom calculated
using (a) PBEsol, (b) PBE, (c) PBE + U [Ueff(Ti) = 1.3 eV], and (d) PBE + U
[Ueff(Ti) = 4.45 eV]. The second and third rows show the top and side views of
unpaired e− iso-density surfaces, respectively. Yellow and blue colors represent
the density of up- and down-spin, respectively. Orange spheres show the inner
cores. The rightmost figures show unpaired e− iso-density surfaces of the O
atom, which is unchanged by Ueff(O).

FIG. 18. Difference in e− density n between PBE and PBE + U for typical U
[(a)–(e)]; i.e., n(PBE + U)− n(PBE). (f ) n(PBEsol)− n(PBE). The ion positions
are the same for all results. Numbers are the values of U for O [U(O)] and Ti [U
(Ti)] and J for Ti in eV. The U and J values that are not shown are zero.

Journal of
Applied Physics

ARTICLE pubs.aip.org/aip/jap

J. Appl. Phys. 135, 224103 (2024); doi: 10.1063/5.0213487 135, 224103-13

© Author(s) 2024

 15 June 2024 01:21:56

https://pubs.aip.org/aip/jap


densities. Both the e− density and the unpaired e− density became
rounded or isotropic by Ueff(Ti), especially Ueff(Ti) = 4.45 eV, which
explains the destruction of FE. In Fig. 17, the unpaired e− density
by PBEsol is less anisotropic than that by PBE. This explains the
PS, c/a, and FE-phase energy given by PBEsol that were smaller
than those given by PBE.

Figure 18 shows the valence e− density n in a BTO unit cell.
Ueff (Ti) on Ti3d orbit moves e− of the anisotropic outer orbits into
the Ti core region, implying the decrease of anisotropic n for the
bonding with O and, hence, the decrease in the resistance against
deformation. Ueff (O) on O2p moves e− of the less anisotropic inner
orbits of O and Ti into the outer orbits of O, by which the anisot-
ropy of n does not much decrease. Hence, Ueff (O) is expected to
retain or increase the resistance against deformation and almost
retain the anisotropy for FE.
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