SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

A robust generalization and asymptotic
properties of the model selection criterion
fami ly

Kurata, Sumito
Graduate School of Engineering Science, Osaka University

Hamada, Etsuo
Graduate School of Engineering Science, 0Osaka University

https://hdl. handle. net/2324/7179470

HRIEZR : Communications in Statistics - Theory and Methods. 47 (3), pp.532-547, 2017-09-11.
Taylor and Francis
N— 30

HEFIBAMR

. KYUSHU UNIVERSITY




Journal: Communications in Statistics - Theory and Methods

A ROBUST GENERALIZATION AND ASYMPTOTIC PROPERTIES OF THE MODEL
SELECTION CRITERION FAMILY

Sumito Kurata and Etsuo Hamada

Graduate School of Engineering Science

Osaka University

1-3 Machikaneyama, Toyonaka, Osaka 560-8531, JAPAN.

kurata@sigmath.es.osaka-u.ac.jp

Key Words: Model selection; BHHJ divergence; Nonhomogeneous data; Robustness; Poly-

nomial regression.

Abstract

When selecting a model, robustness is a desirable property. However, most model
selection criteria that are based on the Kullback-Leibler divergence tend to have re-
duced performance when the data are contaminated by outliers. In this paper, we
derive and investigate a family of criteria that generalize the Akaike information crite-
rion (AIC). When applied to a polynomial regression model, in the noncontaminated
case, the performance of this family of criteria is asymptotically equal to that of the
AIC. Moreover, the proposed criteria tend to maintain sufficient levels of performance

even in the presence of outliers.

1 Introduction

To evaluate a statistical model of a phenomenon, we often use a measure of the statistical
divergence to measure the “farness” (not the mathematical distance) between the true dis-
tribution and that of the parametric model. This is the basis of the various model selection

criteria that are based on the divergence.



A representative criterion is the Akaike information criterion (AIC), which was proposed
by [Akaike (1974)]. The AIC has been further developed in many studies; for example,
[Sugiura (1978)] and [Hurvich and Tsai (1989)] corrected the bias of the AIC so that it could
be used with small samples, [Takeuchi (1976)] suggested an alternative of the AIC with
weakened restrictions (the TIC), and [Konishi and Kitagawa (1996)] generalized the TIC so
that it could be used for any estimation method (the GIC). The AIC and many related
criteria originate from the divergence that was established by [Kullback and Leibler (1951)],
which is known as the Kullback-Leibler (KL) divergence. Also, The Bayesian information
criterion (BIC), which was proposed by [Schwarz (1978)], has the same main term as does
the AIC. [Nishii (1984)] examined the asymptotic consistency of the criteria based on the
KL divergence.

Many divergence measures have been proposed (for example, see [Read and Cressie (1988)],
[Pardo (2005)]). One such example is the BHHJ divergence, which was defined by [Basu, et al. (1998)]
(for more information, see [Basu, et al. (2011)]; it is also known as the density power diver-
gence or the beta divergence). This family of measures is characterized by a nonnegative
parameter a and converges to the KL divergence as « goes to zero. An advantage of the
BHHJ divergence family is that the parameter estimation is robust when o > 0; this is
due to the weighting assigned to outliers. Under appropriate assumptions, in terms of the
influence function, the gross error sensitivity, and the breakdown point, the methods based
on the BHHJ divergence achieve better estimations than that of the maximum likelihood
estimation (see [Basu, et al. (1998)]).

In general, when using a divergence measure, it is assumed that the observed data are
independent and identically distributed (i.i.d.). However, in actual applications, the data of-
ten follow different distributions. For instance, in a polynomial regression model, the various
response variables may have different distributions because they have separate explanatory
variables, even if all of the error terms have a common distribution. [Ghosh and Basu (2013)]
adapted the BHHJ divergence to independent but not identically distributed data.

We propose a family of model selection criteria based on the non-identically distributed



version of the BHHJ divergence, and we will analyze its properties in detail. This family
of criteria can be regarded as a generalization of the AIC, but a different one than the
GIC family. As with the original divergence measures, these criteria depend on a tuning
parameter «, and the selection result converges to that of the AIC as « goes to zero. This
family of criteria tend to maintain selection accuracy even when there are outliers in the
observed data.

Our paper is arranged as follows. In Section 2, we define a family of criteria based on the
BHHJ divergence (the BHHJ-C), and its asymptotic selection probability is shown in Section
3. An important advantage of the BHHJ-C is that it produces a robust estimate; therefore,
in Section 4, we evaluate the robustness of the model selection when the distribution is
contaminated by an outlier. In Section 5, we present numerical simulations to compare
the model selection of the BHHJ-C to that of conventional methods. Our conclusions are

presented in Section 6. Some derivations and proofs are presented in the Appendix.

2 A family of BHHJ divergence-based criteria

Let GG be a probability distribution, and let Fy be a statistical model with respect to G. The

BHHJ divergence family is a measure of the farness between GG and Fp and is defined by

a

do(G; Fp) = /f(yl‘9)o‘+1 ay - 21 /f(yle)a dG(y)Jr;/g(y)"‘+1 dy (1)

«

where g and f are the probability (density) functions of G and Fy. The family has a tuning

g(y
fyl

to zero, which is the KL divergence. Although it is usually assumed that the data are i.i.d.,

parameter a (> 0). In particular, (1) converges to do(G ; Fp) = [ log )0) dG(y) as a goes
for example, a polynomial regression model breaks the assumption of homogeneity. Each
explanatory variable Y; = &8 +¢; (i = 1,...,n) has a different distribution, even if the
error terms €y , ..., €, are i.i.d. with N(0, s).

Let Y; be independently distributed as G; (i = 1,...,n), let F; g be a parametric model
with respect to Gy, and let 8(€ ©) be a common unknown parameter. [Ghosh and Basu (2013)]
adapted the BHHJ divergence for several independent but non-identical cases. They pro-
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posed a measure of the overall farness between G = (G4, ... , Gn)T and Fy = (Fig, ..., Fmg)T

as
1 n
da(G; Fe) = E;dU(Gi; Fi,e)- (2)

With respect to (2), we define 8, = arg IIleiIl do(G; Fy) as the best fitting parameter. Suppose
that the parameter space © of the candidate models is a subset of R?, and there is an open
subset ©p C O that contains the best fitting parameter for an arbitrary a > 0.

The minimum BHHJ divergence estimator (BHH.J-MDIVE) 8, is defined as the argument

of the minimum of H,(Y ; 8) with respect to 8, where we have the following definition:

Havi o) = 23 [ rwiora - i) 3)

n <

This is interpreted as the farness between the observed data Y = (Y7, ..., Yn)T and the
model Fyp. Additionally, since the log-likelihood can be regarded as a part of —dy(G ; Fy),
and since —H,(Y ; 0) is a section of d,(G; Fp) that converges to do(G; Fp) as a goes to
zero, we can consider that —H,(Y ; 0) is a quasi-likelihood. The expectation of (3) with

respect to G is

:(0) = - 3 { [ nitor -

where this is the part of the BHHJ divergence (2) that is related to the model Fy.

2 [rwleracin) (@

An important advantage of the BHHJ-MDIVE is that it is robust. It is estimated by

n

S { [ uwtvs 0) 4010+ s~ w5 0) i 0)7} ~ 0. )

i=1

dlog fi(y|6)
00

where u;(y; 0) = is a score function. Equation (5) is a generalization of the
MLE. The second term in (5) depends on the observed data and is the mean of the score
functions weighted by the probability (density) functions. Compared to the MLE, the BHHJ-
MDIVE has better gross error sensitivity and a better breakdown point ([Basu, et al. (1998)],
[Ghosh and Basu (2013)]).

By using Theorem 3.1 of [Ghosh and Basu (2013)], the BHHJ-MDIVE 8, is a consistent

estimator for the best fitting parameter, and \/ﬁéa is asymptotically distributed with the
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normal distribution and the asymptotic variance-covariance matrix J,, (0, ) " K, (0,)J4(0,) 7 .

n i 02do(Gi; F; O2H%(0
Ja(0) = & 20, Ji(0) = 2 Eg, [ a(eaeT ’9)] - aeae(T)’

(©)
n i G 3,0) 0da (G F,
Ko(0) = 1 S K(8) = 1 %0 B, |Gl MelE R |

Note that in (6), J,(0) and K,(0) have the same limiting one, which is the Fisher infor-
mation matrix, as a goes to zero. The asymptotic variance increases monotonically with «;
hence, a smaller o implies better efficiency, although a larger o implies greater robustness.

We make the following regularity conditions (i =1,...,n):

(CO0) The full model contains the true distribution G.

(C1) The support Vs = {y | fi(y|0) > 0} does not depend on either i or 8, and the true

probability (density) functions {g;} also have the support Vs.

(C2) The probability (density) functions {f;(y|8)} are in the C? class for almost all y € Vg
and for all 8 € Og.

(C3) For arbitrary 4, the integrals [ fi(y|0)*™ dy and [ fi(y|0)* dG;(y) are three times
differentiable with respect to @ € ©¢p, and the differential and the integral are ex-

changeable.

(C4) For 6 € ©p, the matrices JS)(O), e Jéf)(a) are positive definite. The minimum

eigenvalue v0 of J,(0) satisfies inf, v0 > 0.

(C5) For arbitrary i, y € Vs, and 6 € O, there exists lek)l (j,k,l=1, ..., p) such that

n

< Q). Y Ee [@0)] = o),

=1

PV (y; 6)
26, 06, 00,

where Vi’ (y; 0) = [ fi(y|0)™+' dy — < f(y| 0)°.
(C6) For arbitrary i and 8 € O, J)(6) = O(1), K&(8) = O(1), and

/{Mz% 0)ul(y: 8) — Z0)(y: 0)}2£i(y | 0)** dGi(y) = O(1) .

(1)

where u;” is the j-th component of the score function w;, and _2 is the (7, k)-th

element of the observed information matrix E;.
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(C7) For arbitrary ¢ > 0 and 8 € O,
i 3w [0 o 1 ([ 0] i) <

where qpﬁj)(y; 0) = Ka(g)—éaVoﬁi;éy;G)'

(C8) The matrix J,(0) 1K, (0) is continuous for arbitrary 8 € Oo.

(C9) For arbitrary 0 € O,

ZiP{[[= ] 2 nf = o)

¢ X B U!”( 2 1 (] )] = o,
Vi (v ;9) Vi (v ;6)

b e | 1 (2] <] - o0

and

2vi (v ;e
aea(eT )H > ”} = o(1),

¥ P

1 " 2V (v ;0) 2vi(v;e) -
7 2im1 Ba U 90 aeT 00 aeT >n)| = o(l),
1 n v (v, 0) »2vi(v;e) o
2z 2ic1 Bg, “ 20 aoT “gaer || <n)| = o(1).

Condition (C0) is a fundamental principle of many model selection criteria, such as the
AIC. Conditions (C1) to (C7) are necessary to determine the consistency and the asymptotic
normality of the estimator; these are almost the same as those listed in [Ghosh and Basu (2013)].
Conditions (C8) and (C9) are used to derive and investigate the model selection criterion
based on the BHHJ divergence when the data are non-identically distributed. Note that (C6),
(C7) and (C9) are fulfilled immediately if the probability (density) functions of the model
are independent with the sample size n (for example, the polynomial regression model).

Under these conditions, we can derive a family of model selection criteria that are based
on the BHHJ divergence by approximating H;(éa), in a way similar to that used to derive
the AIC. Note that, because the data are inhomogeneous, additional conditions are required,

compared to the i.i.d. case. An overview of the derivation is shown in the Appendix.



Definition 1 (BHHJ-C). For a > 0, we define the BHHJ-C' as
- 1

BHHJ‘Ca = Hoz(Y; 004) E Ba(éa) ) (7)
where Bo(00) = Y21, Aj(04), m is the rank of Ko (0a)Ja(0a) ' Ka(0a), and M (6a) , ..., Am(6a)
are the nonzero eigenvalues of Jo(0,) ' Ko(6,).

We note that, in the ii.d. case (ie., G = --- = G,,), (7) is a network information

criterion [Murata, et al. (1994)] that uses the BHHJ divergence as the discrepancy risk, and
it corresponds to the divergence information criterion [Mattheou, et al. (2009)] if we use the
variance of an appropriate normal distribution for the bias term B,(0). We note that the
bias term B,(6,) = > Ai(0y) = tr{Jo(04) ' K,(8,)} converges to p (the dimension of
the parameter 0) as « goes to zero, because the two matrices J, and K, have the same
limiting one. On the other hand, since the main term H, (Y ; ,) is the part of the BHHJ
divergence that depends on the model, and the log-likelihood function is also a part of the KL
divergence, the lim,_,o BHHJ-C,, is not always equal to the AIC. Nevertheless, the parameter
selection of the AIC and that of the BHHJ-C converge as a goes to zero. Incidentally, the
bias of the AIC does not depend on i since Jy = K, so any inhomogeneity is not relevant

to the AIC.

3 Asymptotic properties of the BHHJ-C

For the BHHJ-C, we consider the selection probability of each of two parametric models.
The larger model has p unknown parameters, and the smaller one is the same as the larger

model but is restricted by r equality constraints. We write these constraints as h(6) = 0,,

and let M(0) = aha(z)T7 where M (0) is a p x r matrix of rank r. Note that, by Condition

(CO0), the larger model includes the true distribution.
Let 8, = arg mein H*(0) be the best fitting parameter, and let , = arg mgn H,(Y;0)

be the BHHJ-MDIVE for the larger model; further, let 85 = arg h{%)igo H%(0) and 6 =

arg hr(x;)in H,(Y ; 0) be the respective quantities for the smaller model. Because of the
=0

constraints, it is obvious that Ho.(Y ; 6,) < H.(Y : 65).
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Under this setting, there are two cases that we can consider. The first situation is that
the smaller model maintains “adequacy” (i.e., the ability to include the true distribution)
in spite of the constraints, that is, 85 = 6,. In this case, the larger model should not be
chosen, since it will overfit the data. In the second situation, the smaller model is no longer
adequate because of the constraints, and thus we should choose the larger model.

It has been shown that the likelihood ratio follows the chi-square distribution with r
degrees of freedom (for example, see [Inagaki (2003)]). In this section, we investigate the

asymptotic selection probability of the BHHJ-C by generalizing this proposition.

3.1 Selection probability for BHHJ-C

Now, we will consider the case in which the smaller model is adequate. The BHHJ-Cs for

the larger and smaller models are respectively
BHHJ-Co = Ho(Y ;5 0a) + 1 Bo(0,), BHHI-CS, = Ho (Y ; 62) + 1BS(65).

Note that the bias terms are different, since they depend on the model; also, note that
Hy(Y ; 0,), Ba(8,), Hy (Y ; 62), and BS(65) are Op(1) with respect to the sample size n.
We define the overfitting probability as P {BHHJ-C; — BHHJ-C, > 0}, that is, the prob-

ability of selecting the larger model.

Theorem 1. As n goes to infinity, the asymptotic distribution of
P {2n (BHHJ-C;, — BHHJ-C,) > 0} is equivalent to

Z pj(eoc) Z]Z —2 {Ba(ea) - Bg(ea)} ) (8)
j=1
where Zy , ..., Z, are independently distributed as N(0,1), p1(6y), ..., pr(0) are nonzero

eigenvalues of Sy (0,) K. (0,), and
Sa(0) = J(6)7'M(6) {M(6)7J.(6) ' M(6)} " M(6)"J.(6)".
Proof. We apply the method of Lagrange multipliers:
maximize : —HS(Y ;0) = —H,(Y ; 0) —h(0)'k,

8



where k € R". The BHHJ-MDIVE of the smaller model fulfills

OHS(Y ;05)  OH.(Y ;65 Acy re BHS(Y ;05) Acy
—OHAOCi0) = OMaOCi00) MGG R = 0,, —ZOC8) — _p(6s) = o0,

where £{, is the BHHJ-MDIVE of k. Remark that ¢, LN Ko = 0,., because OHa(Y:05) _

6
aHa—é) RN 0, (by Condition (C9) and the weak law of large numbers [Chung (2001)]), and

M (-) is not the zero matrix. Thus,

_OHa(Y305)  prfe) i
Op-i-r = \/ﬁ 06 ( )

~h(65)
O ~J.(6,) —M(6, 65 — 0,
_ \/ﬁ 00 + \/ﬁ ( ) ( ) o + Op(l) :
0. -M(0,)T" O Ro — Ka
and we obtain that:
-1
6 — 6, J.(8,) M, _Jp 2Ha(Y 0a)
\/ﬁ o — ( ) ( ) \/ﬁ 00 + Op(l) .
Ro — Ko M(6,)T O O
Therefore,
0H,(Y ; 0,
Vi (8 -0,) = —viLo(o,) 0D ), ()

where L, () is defined as
Jo(0)7" = J.(6)"'M(8) {M(6)7J.(0)"'M(0)} " M(0)7J.(6)!

To evaluate the BHHJ-MDIVE for the larger model, we use the Taylor expansion, as follows:

0H,(Y ; 0,)

g+ or(L) (10)

Jn (éa - ea) =/ Ja(0,)
Using (9), (10), and the weak law of large numbers, we obtain

2n {Ha(Y; 0.) — H.(Y ea)} = 20(00)TJn(0,) " 20(0.) + 0p(1)
2n {Ha(Y; 0c) — H.(Y aa)} = 20(00)TLo(0.) 20(0,) + 0p(1),
\/_

8H

with z,(0) = . From these equations, we obtain

~

2n {Ha (Y 6°) — Hu(Y ; aa)} = 20(00)78.(0.) 24 (0.) + 0p(1) . (11)

9



Note that S,(6,) on the right-hand side of (11) is a nonnegative definite symmetric ma-
trix, and z,(0,) is asymptotically distributed with N, (0, K,(6,)). Thus, the asymptotic
distribution of the quadratic form on the right-hand side of (11) is the same as the distri-
bution of 377, p;j(8)Z7; see [Dik and Gunst (1985)]. From Condition (C8), we also obtain
Ba(6,) N Ba(6,) and B<(6°) N B (60,) because of the continuity of the bias term.

Therefore, by using Slutsky’s theorem, we obtain the required result. O

Corollary 1 (The underfitting probability of the BHHJ-C). If the smaller model cannot ex-
press the true distribution, the difference Ho(Y ; 65) — Ho(Y ; 6,) is positive and Op(1) al-
most surely. Therefore, the probability of underfitting P {BHHJ-CS — BHHJ-C, < 0} tends
to zero as n goes to infinity; that is, if there is at least one adequate model, in the limit as n

goes to infinity, the BHHJ-C does not choose an underfitting model.

3.2 An example of the asymptotic selection probability of the
BHHJ-C

If the nonzero eigenvalues of S, (0) Ko (0.) are all the same, the first term in (8) (3°7_, p;(684)Z7)
can be represented by the chi-square distribution with r degrees of freedom. In particular, in
the polynomial regression model and under an appropriate setting, the asymptotic overfitting

probability is constant, regardless of the value of a. We prove this proposition below.

Corollary 2 (The polynomial regression model). Let @y, ..., @, be fized explanatory vari-
ables, and let the response variables Y; (i = 1,...,n) be normally distributed. We let the
larger model be Y; = I B + ¢; = Bo + fixi + -+ + Bpxl + €;, where the ¢;’s are indepen-
dently distributed as N(0,s). Additionally, some r (1 < r < p) constraints are given as
Bpt1—r = -+ = By, = 0. Then, it holds that

where
—2-1

Co= @) B (a+ ) Faat ",
o =1@2m) % (a+1)F (a2 +2)sa? 7,
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in which s, is the best fitting value of the scale parameter s (the variance of the error terms).

In this case, the overfitting probability is equivalent to P {x? > 2r} for any a > 0.

The proof of Corollary 2 is shown in the Appendix. Note that the asymptotic overfitting
probability is not always independent of .. For instance, in the previous example, if we add
the (r 4+ 1)-th constraint to the variance parameter as s = s* with some positive value s*,
the nonzero eigenvalues are not uniform. The asymptotic behavior of BHHJ-C is generally

related to «.

4 Sensitivity of the divergence-based model selection
criteria

The estimation based on the BHHJ divergence is robust when a > 0. When assessing
robustness, an influence function is often used to assess the response to a perturbation in the
population distribution. The estimator can be regarded as a functional of the probability
distribution of the observed data. Since the model selection criterion depends on data and
estimators, it is also a functional of the distribution function. In this section, we consider
the sensitivity of the model selection criterion.

An outlier is a data point that does not fall within the expected range of the true pop-
ulation distribution. We will denote as d,, the distribution that takes the value z; with
probability one. Let €27 be the mixture distribution (1—-v)G;+vd,, (i =1, ..., n) for some
small v > 0, and let Q% = (Q% , ..., Q7 ). The influence function (IF) of T'(-), the func-

z1?
tional form of the estimator, is defined by To(él)(z ; T, (G)) = lim, w

, Where z =
(21, ..., 2,)". For the IF, the gross error sensitivity (GES) is given as sup, To(él)(z ; To(G))
([Huber (1983)], [Hampel, et al. (1986)]).

Let T,(G) be a functional form of the BHHJ-MDIVE family (which includes the MLE)
éa for @« > 0. The best fitting parameter 8, can be expressed as T,(G). Since the bias
term in BHHJ-C, %Ba, is a function of the parameter and it is continuous, due to (C8), the

behavior of the bias is determined by T,,. The main term H, depends on T, and the data Y,
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so the influence of an outlier is not always finite, even if the estimator is robust. Therefore,
we will primarily consider the main term in the BHHJ-C. We will use the functional form of

the main term:
1 n
G) =~ > [log fity| T(@) dGi(w).
=1

and for a > 0,
HalG {/f WIT (@) dy - 2 [ (01 Tu(@)" dGit

for the distribution G = (G, ..., Gyn)".

The idea of the IF is diverted to many studies (e.g. for test statistics in [Ghosh, et al. (2015)]).
Now, we attempt to measure the sensitivity of a model selection criterion by applying this

idea.

Definition 2. We define

HY(z; To(@)) = lim

v—0 14

(12)

Ha() — Ha(G) [aﬂa_ml _

to measure the sensitivity of the BHHJ-C.

Equation (12) can be regarded as the change in the BHHJ-C due to outliers in the data.
When estimating parameters, it is undesirable that the existence of an outlier should have
a large effect on the value of the estimates. Similarly, the sensitivity of a model selection

criterion (12) should be finite with respect to outliers in the data.

When a = 0 (i.e., the criterion is based on the KL divergence), the sensitivity is

H (2 Th(G) = — Z { / wily; To(@)" dGy(y) T (=5 To(@))

. / log fi(y | To(G)) dGi(y) — log fi(= |T0<G>>} | (13)

In contrast, when o > 0, we obtain

MO TG) = DS R0ITG) a: TG T TG

/ Jiy | T(@) iy Tul @) dGi(y) T (25 Ta(@))
o [ roIT@) a6 - st @) . (19

12



Whether the suprema of (13) and (14) are finite is determined by several factors, such as
the probability density functions g; and f;, the adequacy of the model, and the GES of the
estimator.

Now, we will consider the polynomial regression model. The portion of Tél) (the IF of
the BHHJ-MDIVE) that is related to the contaminated data z is (zl — aczT,B)Q exp{—a(z; —
x1'3)?/(25)}, so the GES is finite if and only if @ > 0. When o = 0, since an extreme
outlier has a probability density that is exceedingly close to 0, —log f;(z; | To(G)) can become
infinite, even if the model is adequate (i.e., G = Fr, (). Whereas, the IF is finite, and the
value fi(z; | To(G))™ has an upper bound for any a > 0. Therefore, (13) is infinite, and (14)

is finite even if z is an extreme outlier. This leads to the following theorem.

Theorem 2. In the polynomial regression model, the sensitivity (12) is infinite if o = 0,

and it is finite if o > 0.

5 Simulation results

In this section, we present some numerical simulations with a polynomial regression model in
order to examine the results described in Sections 3 and 4. We also investigate the accuracy
of the model selection criteria in the presence of outliers.

Our simulations were designed as follows. The set of the models of the response variables

Y = (Y1, ..., Y,)" were specified as

Vi =aTB+¢, = =1,z ...,2°)", eii'in'N(O, s),
BZ(B07/817---7517)T7 56(07“‘00), izl,...,n,

for the nonrandom explanatory variables {@;}. In this simulation, we assigned the values
x1, ..., T, such that they equally divided the interval [—2, 2].

We give the “true model” that generates the observed data as follows:

Y; = ni(xy) +6 = 052, — 1.527 + 052 + ¢,

13



where €, ..., €, are independently distributed as N(0, 1). We suppose the candidates
p = 0,1,...,5 to observe the tendency of the selection (underfitting, true, or overfitting
model) of the criteria. Since this is included in the candidate models, the criteria will
preferentially select the fourth-order model (p = 4).

We used the following values for the tuning parameter: o = 0.1,0.25,0.5,0.75,1, 1.25,
and 1.5.

5.1 Selection probability of the BHHJ-C

For the polynomial regression models, the BHHJ-C selection probabilities are asymptotically
uniform and independent of a > 0, by Corollary 2; here, we confirm that. The sample size n
was 5000. Table 1 shows the relative frequencies of selecting the true (4th-order) model, an
underfitting (3rd-order) model, and an overfitting (5th-, 6th-, and 14th-order) model. The

results for the BHHJ-C are close to the theoretical percentages given in Corollaries 1 and 2.

Table 1: The selection frequency of the BHHJ-C
4 3 4 5 4 6 4 14

84.3 15.7186.5 135|971 2.9
84.5 15.5186.0 14.0|97.0 3.0
844 15.6|86.3 13.7]971 29
84.6 154 ]86.3 13.7]969 3.1
84.2 158|864 13.6]969 3.1
84.3 1571864 13.6]969 3.1
84.1 159 ]86.2 13.8|971 29
84.1 159 ]86.3 13.7]969 3.1
84.1 159 (86.0 14.0|97.1 29

(theoretical) | 100

AIC 100
BHHJ-Cy 10 | 100
BHHJ-Cy o5 | 100
BHHIJ-Cy 50 | 100
BHHJ-Cy 75 | 100
BHHJ-Cy 0 | 100
BHHJ-C; 95 | 100
BHHJ-Cy 5 | 100

o O O o o o o o o©

5.2 Robustness of the model selection criteria

We used the same candidate models as in the simulations presented in the previous subsec-

tion. Here, we assume that some outliers are contained in the observed data. Let €1, ... , €,

14



be independently distributed error terms:

N(0, 1), (w.p. 1 —v),
U (ming{n;(x;)} — 10, max;{n;(x;)} +10), (w.p. v),

)

where “w.p.” means with probability. We examined the selection probability of the BHHJ-C
for n = 100 samples. For comparison, we also use the criteria that have the log-likelihood
function (a part of KL divergence) as the main term: the BIC, the GIC, and the AIC.
The GIC’s estimator is equivalent to the BHHJ-MDIVE, so it can be regarded as another
generalization of the AIC using the BHHJ-MDIVE.

We show the results of 10,000 simulations for each of four patterns with the following

contamination rates: v = 0%, 5%, 10%, and 20% in Tables 2, 3, 4, and 5, respectively.

Table 2: contamination rate: 0% Table 3: contamination rate: 5%
0-3 4 5 0-3 4 5
BIC 0.1 970 29 BIC 49.6 49.3 1.2
TIC 0.0 94.1 59 TIC 679 31.0 1.1
GICy 19 0.0 939 6.1 GICy 10 85.0 13.8 1.3
GICq.25 0.0 938 6.2 GICy.25 88.2 10.8 1.1
GICy 50 0.0 940 6.0 GICy 50 88.2 10.8 1.1
GICq.75 0.2 936 6.1 GICy 75 87.8 11.1 1.1
GIC1.00 0.8 928 6.5 GICy 00 8r.1 11.7 1.3
GICy 95 1.6 91.0 7.3 GICy 25 87.3 114 14
GICy 50 29 89.3 7.7 GICy 5 875 11.1 14
AIC 0.0 85.2 14.8 AIC 11.5 753 13.3
BHHJ-Cy19 | 0.0 85.4 14.6 BHHJ-Cy19 | 0.1 86.9 13.0
BHHJ-Cyo5 | 0.0 85.5 14.5 BHHJ-Cyo5 | 0.0 85.0 15.0
BHHJ-Cys59 | 0.0 85.8 14.2 BHHJ-Cys50 | 0.0 85.4 14.5
BHHJ-Cy75 | 0.0 86.7 13.3 BHHJ-Cy75 | 0.0 86.6 13.3
BHHJ-Cyq9 | 0.1 88.3 11.6 BHHJ-C1499 | 0.3 88.1 11.5
BHHJ-Cy55 | 0.2 89.9 9.8 BHHJ-Cy5 | 0.7 89.7 9.5
BHHJ-Cy50 | 0.8 915 7.6 BHHJ-Cy5 | 1.8 90.8 7.5
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Table 4: contamination rate: 10% Table 5: contamination rate: 20%

0-3 4 ) 0-3 4 5

BIC 80.4 19.1 0.6 BIC 973 2.7 01
TIC 88.1 11.6 0.3 TIC 95.1 4.6 0.2
GICo 19 96.3 32 04 GICy 19 97.0 26 0.3
GICq.25 98.8 1.0 0.1 GICy 25 99.6 0.1 0.3
GICy 50 99.0 09 0.1 GICy 50 999 0.1 0.1
GICo.75 98.7 1.1 0.2 GICq75 99.9 0.1 041
GICy o 984 14 02 GICi .00 99.9 0.1 0.0
GIC; 95 983 15 02 GICy 95 99.8 0.2 0.1
GIC; 50 982 1.6 0.3 GIC; 50 999 0.1 0.1
AIC 33.2 559 109 AIC 67.5 269 5.7
BHHJ-Cy10 | 5.2 851 9.7 BHHJ-Cyq | 46.5 47.7 5.8
BHHIJ-Cypos | 0.1 86.6 13.3 BHHIJ-Cpo5 | 7.0 84.0 9.0
BHHJ-Cps0 | 0.0 86.4 13.5 BHHJ-Cys50 | 2.0 88.0 10.1
BHHJ-Cy75 | 0.2 872 12.6 BHHJ-Cy7; | 1.9 888 94
BHHJ-Cy 0 | 0.5 88.6 10.9 BHHJ-Cyq0 | 2.7 89.6 7.9
BHHJ-Cy9; | 1.1 89.8 9.0 BHHJ-Ci25 | 39 899 6.2
BHHJ-Cy5 | 2.3 908 6.8 BHHJ-Cy5 | 6.2 89.0 4.7

In the noncontaminated case (Table 2), the BIC had the best performance, and the
other criteria also achieved high accuracies. However, when the data were contaminated
with outliers, the accuracies of the BIC and GIC family (including the TIC) were reduced
by more than half, even when the contamination rate was only 5% (Table 3). When the
contamination rate was 20% (Table 5), the BIC and GIC family had performance rates of
nearly zero; that is, the corresponding criteria are unable to select the true model when the
data contain outliers. In contrast, however, the BHHJ-C for a > 0.25 maintained a high
rate of performance. When a was very small or zero, the performance deteriorated, because
the BHHJ-C became similar to the AIC.

The suitable choice of the « is a difficult issue. In many previous studies, a < 1 is

assumed (for example, [Basu, et al. (1998)] and [Ghosh and Basu (2015)]). However, the
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BHHJ-C, with a > 1 achieved the best accuracy in the contaminated cases. Taking the
instability of the estimation of the large a into account, we consider that [1, 1.5] is also a
preferable range of a from the viewpoint of the robust model selection in the polynomial
regression. Although the “optimal a” depends on the setting and purpose, this simulation
result suggests that we should consider that it can be more than 1.

Since the outliers were not normally distributed, the contaminated cases did not satisfy
Condition (C0), but in spite of this, the BHHJ-C with o > 0.25 achieved almost the same
accuracy rate as in the noncontaminated case. One reason for this is that the supremum of
HY is finite, as shown in Theorem 2. The boxplots of the values obtained by the AIC and
BHHJI-C, 5 for the 4th-order models with contamination rates of 0% and 5% (corresponding

to Tables 2 and 3, respectively) are shown in Figures 1 and 2, respectively.

10
o o
@

50

Figure 1: AIC Figure 2: BHHJ-C (o = 1.5)

In the two figures, the data are centered. As it can be seen in Figure 1, the values of
the AIC are destabilized by the presence of outliers. The standard deviation of the AIC in
the noncontaminated case is 7.33, and in the 5%-contaminated case, it increases to 21.79.
However, with the BHHJ-C; 50 the standard deviations of the two cases are very similar:
1.41 and 1.21. Therefore, we have shown that the distribution of BHHJ-C; 59 is nearly
independent of the presence of outliers. This shows that the BHHJ-C reduces the effect of

outliers without reducing the accuracy, and this is a distinct advantage of using the BHHJ-C.
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6 Conclusion

In this paper, we derived a family of the robust model selection criteria, the BHHJ-C.
When used with the polynomial regression model, although when « was large, the estimator
based on the BHHJ divergence achieved robustness at the cost of efficiency, as a — 0, the
asymptotic selection probability of the BHHJ-C was equivalent to that of the AIC. Moreover,
for large o, the BHHJ-C tends to maintain its level of performance by controlling the weight
assigned to the observed data points, and this reduces the effect of outliers.

The results presented in Section 5 show that in the presence of outliers, the model selec-
tion criteria based on the log-likelihood, i.e. KL divergence (the AIC, the GIC family, and
the BIC) had poorer performance, but the BHHJ-C with large o was still able to select the

correct model. This shows the important advantage of our proposed criterion.

A Derivation of the BHHJ-C (7)

We rewrite (4) as Hx(8) = £ Y7, US)(O). The Taylor expansion of US)(OA&) around the

best fitting parameter 8, is

L o (i) )
U@, = U§j>(9a)+7a[]“ (6a) (oafea)

@ 00T
1 A T 82U¢§¢Z) (004) 2 1
+§ <0a — 9a> W (Ga — ea) + op <n> s (15)
for arbitrary ¢ = 1,...,n. Since the best fitting parameter minimizes H,(Y ; €) and
% = J,(0), the expectation is as follows:
*(0 _ * 1 3 T . l
E |[Hj(0.)| = Hy(0.)+5E| (00 —0a) Ja(0a) (62— 0a)|+0(-) . (16)

this is obtained by summing (15) over 7. In a similar way, we have

HZ(6a)
= E [Ha(Y§ Oa)]

(6. - ,,a)T PHa(Y ; 0a) (6.-0.)

= B[Ha(Y;00) +%E 06 967

()
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The weak law of large numbers when the random variables are not identically distributed (see
[Chung (2001)]) and Condition (C9) imply % — J,(0) 5 O for arbitrary 6 € O,
as n — +00, so we have

H(0,) = BHo(Y: 6,)] + % E [(éa ) Ja(0) (6. - aa)} +o (i) Can

By (16) and (17), we have

B[#20.)] = B[V 6,)] + B | (02— 0.) 7u(6.) (02— 0.)] +0 ()

n

~

Therefore, we obtain a valid approximation of H*(8,,) as follows:
. . T R
E | Ho(Y; 0a)| + E [(ea ~0a) Ja(0a) (60— 0)} . (18)

Using the asymptotic normality, the second term of (18) is asymptotically equivalent to

Ly i=1Aj(84). Thus we can approximate it by %Ba(éa), as described in Definition 1.

B Proof of Corollary 2

Under the statement in Corollary 2, the constraint vector h(0) and the matrix M (0) can

be written as

ﬁ +1—r O( +1—r)xr
h(0) = p M(0) = ORO)" _ pI
N ’ 00 ! ’
Bp 0y
where 8 = (By, B1, ..., By, s)T (note that 6 is p + 2 dimensional).
Here, we partition the design matrix X = (x1, ..., z,)" € R™®*+D a5

X = (X, X)), X,eR™0®H—" X cRY",

where X, is the part that is the same in the two models, and X, is the part that is unique
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to the larger model. The matrices J, and K, defined by (6) can be calculated as follows:
¢ xXI'Xx, ¢ XI'x, O

Jo(0a) = (a+1) [ ¢, XX ¢ XX ¢

« n

O @ Ta
(oo X (KXo 0
Ko(6) = (a+17 | g XX , XIXe o
@) @ Too — aTQ COQC

(%jll %jm O
Jo(0.)"' = (a+ 1)1 | g2 ot A
O o =+
where
3t = (XTX)T = (XT X)X XY XX (XY X))
j12 — —(X.TX.>_1X.TXO T_l, j21 — (le)T ’ j22 — T_l,
T = XX, - XX, (xI'x,)'xr'x, = xI'(1,-P.,) X,.

Note that P, is the proposition matrix X, (X7 X,) 1 X7T.
We have the following relationships:
(XTX) ' XTX, Y
J.(0.)""M(0,) = (a+ 1) Cﬂ T-!
) @)

Ca

1
= (a+1)27
(1),

{M(0.)" Ja(6a)"" M(6)}

M (0,)77,(6,)  Ko(6,) = (a+ 1) % (01.0),

«

and from them, we obtain

O —(X.TX.)_IX.TXO O
Sa(eoc) Ka(ea) = (a + 1) Cg_a (@) I, (@)
O @) o
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It is obvious that the nonzero eigenvalues of S, (6,)K,(0,) are (a + 1)%—;, and the number
of eigenvalues is r.

The convergence values of the bias terms B, and B¢ are

{2+ 2o S 2ol
respectively, and their difference is (o + 1)%—;7". Therefore, the asymptotic probability of
overfitting is
C2a 2 C2a o 2
P (a+1)—xr—2(04+1)c—7" >0p =P{x>2r}.

We have obtained the required result.

Acknowledgement

The authors would like to express their gratitude to the reviewer and the editor in chief for

their valuable comments, which have considerably improved the earlier version of the article.

This work was partly supported by JSPS KAKENHI Grant Number 16J04579.

References

[Akaike (1974)] Akaike, H. (1974). A new look at the statistical model identification. IEEE
Transactions on Automatic Control, 19 (6), 716-723.

[Basu, et al. (1998)] Basu, A., Harris, I. R., Hjort, N. L., Jones, M. C. (1998). Robust and
efficient estimation by minimising a density power divergence. Biometrika, 85 (3), 549—

559.

[Basu, et al. (2011)] Basu, A., Shioya, H., Park, C. (2011). Statistical inference: the mini-

mum distance approach. CRC Press.

[Chung (2001)] Chung, K. L. (2001). A course in probability theory. Academic Press.

21



[Dik and Gunst (1985)] Dik, J. J. and de Gunst, M. C. M. (1985). The distribution of general

quadratic forms in normal variables. Statistica Neerlandica, 39 (1), 14-26.

[Ghosh and Basu (2013)] Ghosh, A. and Basu, A. (2013). Robust estimation for indepen-
dent non-homogeneous observations using density power divergence with applications

to linear regression. Electronic Journal of Statistics, 7, 2420-2456.

[Ghosh and Basu (2015)] Ghosh, A., Basu, A. (2015). Robust estimation for non-
homogeneous data and the selection of the optimal tuning parameter: the density power

divergence approach, Journal of Applied Statistics, 42, 2056-2072.

[Ghosh, et al. (2015)] Ghosh, A., Basu, A., Pardo, L. (2015). On the robustness of a diver-
gence based test of simple statistical hypotheses, Journal of Statistical Planning and

Inference, 161, 91-108.

[Hampel, et al. (1986)] Hampel, F. R., Ronchetti, E. M., Rousseeuw, P. J., Stahel, W. A.
(1986). Robust statistics: the approach based on influence functions. Wiley.

[Huber (1983)] Huber, P. J. (1983). Minimax aspects of bounded-influence regression. Jour-
nal of the American Statistical Association, 78 (381), 66-72.

[Hurvich and Tsai (1989)] Hurvich, C. M. and Tsai, C. L. (1989). Regression and time series
model selection in small samples. Biometrika, 76 (2), 297-307.

[Inagaki (2003)] Inagaki, N. (2003). Statistical mathematics (revised edition). Shokabo (in

Japanese).

[Konishi and Kitagawa (1996)] Konishi, S. and Kitagawa, G. (1996). Generalised informa-
tion criteria in model selection. Biometrika, 83 (4), 875-890.

[Kullback and Leibler (1951)] Kullback, S. and Leibler, R. A. (1951). On information and
sufficiency. The Annals of Mathematical Statistics, 22 (1), 79-86.

22



[Mattheou, et al. (2009)] Mattheou, K., Lee, S., Karagrigoriou, A. (2009). A model selection
criterion based on the BHHJ measure of divergence. Journal of Statistical Planning and

Inference, 139 (2), 228-235.

[Murata, et al. (1994)] Murata, N., Yoshizawa, S., Amari, S. (1994). Network information
criterion-determining the number of hidden units for an artificial neural network model.

IEEE Transactions on Neural Networks, 5 (6), 865-872.

[Nishii (1984)] Nishii, R. (1984). Asymptotic properties of criteria for selection of variables
in multiple regression. The Annals of Statistics, 12 (2), 758-765.

[Pardo (2005)] Pardo, L. (2005). Statistical inference based on divergence measures, CRC

Press.

[Read and Cressie (1988)] Read, T. R. C. and Cressie, N. (1988). Goodness-of-fit statistics

for discrete multivariate data. Springer.

[Schwarz (1978)] Schwarz, G. (1978). Estimating the dimension of a model. The Annals of
Statistics, 6 (2), 461-464.

[Sugiura (1978)] Sugiura, N. (1978). Further analysts of the data by akaike’s information
criterion and the finite corrections. Communications in Statistics- Theory and Methods,

7 (1), 13-26.

[Takeuchi (1976)] Takeuchi, K. (1976). Distributions of information statistics and criteria

for adequacy of models. Mathematical Science, 153, 12-18 (in Japanese).

23



