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Abstract

When selecting a model, robustness is a desirable property. However, most model

selection criteria that are based on the Kullback-Leibler divergence tend to have re-

duced performance when the data are contaminated by outliers. In this paper, we

derive and investigate a family of criteria that generalize the Akaike information crite-

rion (AIC). When applied to a polynomial regression model, in the noncontaminated

case, the performance of this family of criteria is asymptotically equal to that of the

AIC. Moreover, the proposed criteria tend to maintain sufficient levels of performance

even in the presence of outliers.

1 Introduction

To evaluate a statistical model of a phenomenon, we often use a measure of the statistical

divergence to measure the “farness” (not the mathematical distance) between the true dis-

tribution and that of the parametric model. This is the basis of the various model selection

criteria that are based on the divergence.
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A representative criterion is the Akaike information criterion (AIC), which was proposed

by [Akaike (1974)]. The AIC has been further developed in many studies; for example,

[Sugiura (1978)] and [Hurvich and Tsai (1989)] corrected the bias of the AIC so that it could

be used with small samples, [Takeuchi (1976)] suggested an alternative of the AIC with

weakened restrictions (the TIC), and [Konishi and Kitagawa (1996)] generalized the TIC so

that it could be used for any estimation method (the GIC). The AIC and many related

criteria originate from the divergence that was established by [Kullback and Leibler (1951)],

which is known as the Kullback-Leibler (KL) divergence. Also, The Bayesian information

criterion (BIC), which was proposed by [Schwarz (1978)], has the same main term as does

the AIC. [Nishii (1984)] examined the asymptotic consistency of the criteria based on the

KL divergence.

Many divergence measures have been proposed (for example, see [Read and Cressie (1988)],

[Pardo (2005)]). One such example is the BHHJ divergence, which was defined by [Basu, et al. (1998)]

(for more information, see [Basu, et al. (2011)]; it is also known as the density power diver-

gence or the beta divergence). This family of measures is characterized by a nonnegative

parameter α and converges to the KL divergence as α goes to zero. An advantage of the

BHHJ divergence family is that the parameter estimation is robust when α > 0; this is

due to the weighting assigned to outliers. Under appropriate assumptions, in terms of the

influence function, the gross error sensitivity, and the breakdown point, the methods based

on the BHHJ divergence achieve better estimations than that of the maximum likelihood

estimation (see [Basu, et al. (1998)]).

In general, when using a divergence measure, it is assumed that the observed data are

independent and identically distributed (i.i.d.). However, in actual applications, the data of-

ten follow different distributions. For instance, in a polynomial regression model, the various

response variables may have different distributions because they have separate explanatory

variables, even if all of the error terms have a common distribution. [Ghosh and Basu (2013)]

adapted the BHHJ divergence to independent but not identically distributed data.

We propose a family of model selection criteria based on the non-identically distributed
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version of the BHHJ divergence, and we will analyze its properties in detail. This family

of criteria can be regarded as a generalization of the AIC, but a different one than the

GIC family. As with the original divergence measures, these criteria depend on a tuning

parameter α, and the selection result converges to that of the AIC as α goes to zero. This

family of criteria tend to maintain selection accuracy even when there are outliers in the

observed data.

Our paper is arranged as follows. In Section 2, we define a family of criteria based on the

BHHJ divergence (the BHHJ-C), and its asymptotic selection probability is shown in Section

3. An important advantage of the BHHJ-C is that it produces a robust estimate; therefore,

in Section 4, we evaluate the robustness of the model selection when the distribution is

contaminated by an outlier. In Section 5, we present numerical simulations to compare

the model selection of the BHHJ-C to that of conventional methods. Our conclusions are

presented in Section 6. Some derivations and proofs are presented in the Appendix.

2 A family of BHHJ divergence-based criteria

Let G be a probability distribution, and let Fθ be a statistical model with respect to G. The

BHHJ divergence family is a measure of the farness between G and Fθ and is defined by

dα(G ; Fθ) =

∫
f(y |θ)α+1 dy − α+ 1

α

∫
f(y |θ)α dG(y) +

1

α

∫
g(y)α+1 dy , (1)

where g and f are the probability (density) functions of G and Fθ. The family has a tuning

parameter α (≥ 0). In particular, (1) converges to d0(G ; Fθ) =
∫
log g(y)

f(y |θ) dG(y) as α goes

to zero, which is the KL divergence. Although it is usually assumed that the data are i.i.d.,

for example, a polynomial regression model breaks the assumption of homogeneity. Each

explanatory variable Yi = xT
i β + ϵi (i = 1, . . . , n) has a different distribution, even if the

error terms ϵ1 , . . . , ϵn are i.i.d. with N(0, s).

Let Yi be independently distributed as Gi (i = 1, . . . , n), let Fi,θ be a parametric model

with respect toGi, and let θ(∈ Θ) be a common unknown parameter. [Ghosh and Basu (2013)]

adapted the BHHJ divergence for several independent but non-identical cases. They pro-
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posed a measure of the overall farness betweenG = (G1 , . . . , Gn)
T and Fθ = (F1,θ , . . . , Fn,θ)

T

as

dα(G ; Fθ) =
1

n

n∑
i=1

d0(Gi ; Fi,θ). (2)

With respect to (2), we define θα = argmin
θ

dα(G ; Fθ) as the best fitting parameter. Suppose

that the parameter space Θ of the candidate models is a subset of Rp, and there is an open

subset ΘO ⊂ Θ that contains the best fitting parameter for an arbitrary α ≥ 0.

The minimum BHHJ divergence estimator (BHHJ-MDIVE) θ̂α is defined as the argument

of the minimum of Hα(Y ; θ) with respect to θ, where we have the following definition:

Hα(Y ; θ) =
1

n

n∑
i=1

{∫
fi(y |θ)α+1 dy − α + 1

α
fi(Yi |θ)α

}
. (3)

This is interpreted as the farness between the observed data Y = (Y1 , . . . , Yn)
T and the

model Fθ. Additionally, since the log-likelihood can be regarded as a part of −d0(G ; Fθ),

and since −Hα(Y ; θ) is a section of dα(G ; Fθ) that converges to d0(G ; Fθ) as α goes to

zero, we can consider that −Hα(Y ; θ) is a quasi-likelihood. The expectation of (3) with

respect to G is

H⋆
α(θ) =

1

n

n∑
i=1

{∫
fi(y |θ)α+1 dy − α + 1

α

∫
fi(y |θ)α dGi(y)

}
, (4)

where this is the part of the BHHJ divergence (2) that is related to the model Fθ.

An important advantage of the BHHJ-MDIVE is that it is robust. It is estimated by

n∑
i=1

{∫
ui(y ; θ) fi(y |θ)α+1 dy − ui(Yi ; θ) fi(Yi |θ)α

}
= 0 , (5)

where ui(y ; θ) = ∂ log fi(y |θ)
∂θ

is a score function. Equation (5) is a generalization of the

MLE. The second term in (5) depends on the observed data and is the mean of the score

functions weighted by the probability (density) functions. Compared to the MLE, the BHHJ-

MDIVE has better gross error sensitivity and a better breakdown point ([Basu, et al. (1998)],

[Ghosh and Basu (2013)]).

By using Theorem 3.1 of [Ghosh and Basu (2013)], the BHHJ-MDIVE θ̂α is a consistent

estimator for the best fitting parameter, and
√
n θ̂α is asymptotically distributed with the
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normal distribution and the asymptotic variance-covariance matrix Jα(θα)
−1Kα(θα)Jα(θα)

−1.

Jα(θ) = 1
n

∑n
i=1 J

(i)
α (θ) = 1

n

∑
EGi

[
∂2dα(Ĝi ;Fi,θ)

∂θ ∂θT

]
= ∂2H⋆

α(θ)
∂θ ∂θT ,

Kα(θ) = 1
n

∑n
i=1K

(i)
α (θ) = 1

n

∑
EGi

[
∂dα(Ĝi ;Fi,θ)

∂θ

∂dα(Ĝi ;Fi,θ)

∂θT

]
.

(6)

Note that in (6), Jα(θ) and Kα(θ) have the same limiting one, which is the Fisher infor-

mation matrix, as α goes to zero. The asymptotic variance increases monotonically with α;

hence, a smaller α implies better efficiency, although a larger α implies greater robustness.

We make the following regularity conditions (i = 1, . . . , n):

(C0) The full model contains the true distribution G.

(C1) The support YS = {y | fi(y |θ) > 0} does not depend on either i or θ, and the true

probability (density) functions {gi} also have the support YS.

(C2) The probability (density) functions {fi(y |θ)} are in the C3 class for almost all y ∈ YS

and for all θ ∈ ΘO.

(C3) For arbitrary i, the integrals
∫
fi(y |θ)α+1 dy and

∫
fi(y |θ)α dGi(y) are three times

differentiable with respect to θ ∈ ΘO, and the differential and the integral are ex-

changeable.

(C4) For θ ∈ ΘO, the matrices J
(1)
α (θ) , . . . , J

(n)
α (θ) are positive definite. The minimum

eigenvalue υ0
n of Jα(θ) satisfies infn υ

0
n > 0.

(C5) For arbitrary i, y ∈ YS, and θ ∈ ΘO, there exists Q
(i)
jkl (j, k, l = 1 , . . . , p) such that∣∣∣∣∣∂3V

(i)
α (y ; θ)

∂θj ∂θk ∂θl

∣∣∣∣∣ ≤ Q
(i)
jkl(y) ,

1

n

n∑
i=1

EGi

[
Q

(i)
jkl(Y )

]
= O(1) ,

where V
(i)
α (y ; θ) =

∫
fi(y |θ)α+1 dy − α+1

α
fi(y |θ)α.

(C6) For arbitrary i and θ ∈ ΘO, J
(i)
α (θ) = O(1), K

(i)
α (θ) = O(1), and∫

{αu
(i)
j (y ; θ)u

(i)
k (y ; θ)− Ξ

(i)
jk (y ; θ)}

2fi(y |θ)2α dGi(y) = O(1) ,

where u
(i)
j is the j-th component of the score function ui, and Ξ

(i)
jk is the (j, k)-th

element of the observed information matrix Ξi.
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(C7) For arbitrary ϵ > 0 and θ ∈ ΘO,

lim
n→∞

1

n

n∑
i=1

EGi

[∥∥∥ψ(i)
α (Y ; θ)

∥∥∥2 1
(∥∥∥ψ(i)

α (Y ; θ)
∥∥∥ > ϵ

√
n
)]

= 0 ,

where ψ
(i)
α (y ; θ) =Kα(θ)

− 1
2
∂V

(i)
α (y ;θ)
∂θ

.

(C8) The matrix Jα(θ)
−1Kα(θ) is continuous for arbitrary θ ∈ ΘO.

(C9) For arbitrary θ ∈ ΘO,∑n
i=1 P

{∥∥∥∂V
(i)
α (Y ;θ)
∂θ

∥∥∥ > n
}

= o(1) ,

1
n

∑n
i=1EGi

[∥∥∥∂V
(i)
α (Y ; θ)
∂θ

∥∥∥2

1
(∥∥∥∂V

(i)
α (Y ;θ)
∂θ

∥∥∥ > n
)]

= o(1) ,

1
n2

∑n
i=1EGi

[∥∥∥∂V
(i)
α (Y ; θ)
∂θ

∥∥∥2

1
(∥∥∥∂V

(i)
α (Y ; θ)
∂θ

∥∥∥ ≤ n
)]

= o(1) ,

and ∑n
i=1P

{∥∥∥∂2V
(i)
α (Y ;θ)
∂θ ∂θT

∥∥∥ > n
}

= o(1) ,

1
n

∑n
i=1EGi

[∥∥∥∂2V
(i)
α (Y ; θ)
∂θ ∂θT

∥∥∥2

1
(∥∥∥∂2V

(i)
α (Y ; θ)
∂θ ∂θT

∥∥∥ > n
)]

= o(1) ,

1
n2

∑n
i=1EGi

[∥∥∥∂2V
(i)
α (Y ; θ)
∂θ ∂θT

∥∥∥2

1
(∥∥∥∂2V

(i)
α (Y ; θ)
∂θ ∂θT

∥∥∥ ≤ n
)]

= o(1) .

Condition (C0) is a fundamental principle of many model selection criteria, such as the

AIC. Conditions (C1) to (C7) are necessary to determine the consistency and the asymptotic

normality of the estimator; these are almost the same as those listed in [Ghosh and Basu (2013)].

Conditions (C8) and (C9) are used to derive and investigate the model selection criterion

based on the BHHJ divergence when the data are non-identically distributed. Note that (C6),

(C7) and (C9) are fulfilled immediately if the probability (density) functions of the model

are independent with the sample size n (for example, the polynomial regression model).

Under these conditions, we can derive a family of model selection criteria that are based

on the BHHJ divergence by approximating H⋆
α(θ̂α), in a way similar to that used to derive

the AIC. Note that, because the data are inhomogeneous, additional conditions are required,

compared to the i.i.d. case. An overview of the derivation is shown in the Appendix.
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Definition 1 (BHHJ-C). For α > 0, we define the BHHJ-C as

BHHJ-Cα = Hα(Y ; θ̂α) +
1

n
Bα(θ̂α) , (7)

where Bα(θ̂α) =
∑m

j=1 λj(θ̂α), m is the rank ofKα(θ̂α)Jα(θ̂α)
−1Kα(θ̂α), and λ1(θ̂α) , . . . , λm(θ̂α)

are the nonzero eigenvalues of Jα(θ̂α)
−1Kα(θ̂α).

We note that, in the i.i.d. case (i.e., G1 = · · · = Gn), (7) is a network information

criterion [Murata, et al. (1994)] that uses the BHHJ divergence as the discrepancy risk, and

it corresponds to the divergence information criterion [Mattheou, et al. (2009)] if we use the

variance of an appropriate normal distribution for the bias term Bα(θ). We note that the

bias term Bα(θ̂α) =
∑

j λj(θ̂α) = tr{Jα(θ̂α)
−1Kα(θ̂α)} converges to p (the dimension of

the parameter θ) as α goes to zero, because the two matrices Jα and Kα have the same

limiting one. On the other hand, since the main term Hα(Y ; θ̂α) is the part of the BHHJ

divergence that depends on the model, and the log-likelihood function is also a part of the KL

divergence, the limα→0 BHHJ-Cα is not always equal to the AIC. Nevertheless, the parameter

selection of the AIC and that of the BHHJ-C converge as α goes to zero. Incidentally, the

bias of the AIC does not depend on i since J0 = K0, so any inhomogeneity is not relevant

to the AIC.

3 Asymptotic properties of the BHHJ-C

For the BHHJ-C, we consider the selection probability of each of two parametric models.

The larger model has p unknown parameters, and the smaller one is the same as the larger

model but is restricted by r equality constraints. We write these constraints as h(θ) = 0r,

and let M (θ) = ∂h(θ)T

∂θ
, where M (θ) is a p × r matrix of rank r. Note that, by Condition

(C0), the larger model includes the true distribution.

Let θα = argmin
θ

H⋆
α(θ) be the best fitting parameter, and let θ̂α = argmin

θ
Hα(Y ; θ)

be the BHHJ-MDIVE for the larger model; further, let θcα = arg min
h(θ)=0

H⋆
α(θ) and θ̂cα =

arg min
h(θ)=0

Hα(Y ; θ) be the respective quantities for the smaller model. Because of the

constraints, it is obvious that Hα(Y ; θ̂α) ≤ Hα(Y ; θ̂cα).
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Under this setting, there are two cases that we can consider. The first situation is that

the smaller model maintains “adequacy” (i.e., the ability to include the true distribution)

in spite of the constraints, that is, θcα = θα. In this case, the larger model should not be

chosen, since it will overfit the data. In the second situation, the smaller model is no longer

adequate because of the constraints, and thus we should choose the larger model.

It has been shown that the likelihood ratio follows the chi-square distribution with r

degrees of freedom (for example, see [Inagaki (2003)]). In this section, we investigate the

asymptotic selection probability of the BHHJ-C by generalizing this proposition.

3.1 Selection probability for BHHJ-C

Now, we will consider the case in which the smaller model is adequate. The BHHJ-Cs for

the larger and smaller models are respectively

BHHJ-Cα = Hα(Y ; θ̂α) +
1
n
Bα(θ̂α), BHHJ-C

c
α = Hα(Y ; θ̂cα) +

1
n
Bc

α(θ̂
c
α) .

Note that the bias terms are different, since they depend on the model; also, note that

Hα(Y ; θ̂α), Bα(θ̂α), Hα(Y ; θ̂cα), and Bc
α(θ̂

c
α) are OP (1) with respect to the sample size n.

We define the overfitting probability as P {BHHJ-Cc
α − BHHJ-Cα > 0}, that is, the prob-

ability of selecting the larger model.

Theorem 1. As n goes to infinity, the asymptotic distribution of

P {2n (BHHJ-Cc
α − BHHJ-Cα) > 0} is equivalent to

r∑
j=1

ρj(θα)Z
2
j − 2 {Bα(θα)−Bc

α(θα)} , (8)

where Z1 , . . . , Zr are independently distributed as N(0, 1), ρ1(θα) , . . . , ρr(θα) are nonzero

eigenvalues of Sα(θα)Kα(θα), and

Sα(θ) = Jα(θ)
−1M (θ)

{
M (θ)TJα(θ)

−1M (θ)
}−1

M (θ)TJα(θ)
−1 .

Proof. We apply the method of Lagrange multipliers:

maximize : −Hc
α(Y ; θ) = −Hα(Y ; θ)− h(θ)Tκ,
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where κ ∈ Rr. The BHHJ-MDIVE of the smaller model fulfills

−∂Hc
α(Y ; θ̂c

α)
∂θ

= −∂Hα(Y ; θ̂c
α)

∂θ
−M (θ̂cα) κ̂

c
α = 0p , −∂Hc

α(Y ; θ̂c
α)

∂κ
= −h(θ̂cα) = 0r ,

where κ̂c
α is the BHHJ-MDIVE of κ. Remark that κ̂c

α
P−→ κα = 0r, because

∂Hα(Y ; θ̂c
α)

∂θ
−

∂H⋆
α(θα)
∂θ

P−→ 0p (by Condition (C9) and the weak law of large numbers [Chung (2001)]), and

M (·) is not the zero matrix. Thus,

0p+r =
√
n

 −∂Hα(Y ; θ̂c
α)

∂θ
−M (θ̂cα) κ̂

c
α

−h(θ̂cα)


=

√
n

 −∂Hα(Y ;θα)
∂θ

0r

+
√
n

 −Jα(θα) −M (θα)

−M (θα)
T O

 θ̂cα − θα
κ̂α − κα

+ oP (1) ,

and we obtain that:

√
n

 θ̂cα − θα
κ̂α − κα

 =

 Jα(θα) M(θα)

M (θα)
T O

−1  −
√
n ∂Hα(Y ;θα)

∂θ

O

+ oP (1) .

Therefore,
√
n
(
θ̂cα − θα

)
= −

√
nLα(θα)

∂Hα(Y ; θα)

∂θ
+ oP (1) , (9)

where Lα(θ) is defined as

Jα(θ)
−1 − Jα(θ)

−1M (θ)
{
M (θ)TJα(θ)

−1M (θ)
}−1

M (θ)TJα(θ)
−1 .

To evaluate the BHHJ-MDIVE for the larger model, we use the Taylor expansion, as follows:

√
n
(
θ̂α − θα

)
= −

√
nJα(θα)

−1 ∂Hα(Y ; θα)

∂θ
+ oP (1). (10)

Using (9), (10), and the weak law of large numbers, we obtain

2n
{
Hα(Y ; θ̂α)−Hα(Y ; θα)

}
= zα(θα)

TJα(θα)
−1 zα(θα) + oP (1) ,

2n
{
Hα(Y ; θ̂cα)−Hα(Y ; θα)

}
= zα(θα)

TLα(θα)zα(θα) + oP (1),

with zα(θ) =
√
n∂Hα(Y ;θ)

∂θ
. From these equations, we obtain

2n
{
Hα(Y ; θ̂cα)−Hα(Y ; θ̂α)

}
= zα(θα)

TSα(θα)zα(θα) + oP (1) . (11)

9



Note that Sα(θα) on the right-hand side of (11) is a nonnegative definite symmetric ma-

trix, and zα(θα) is asymptotically distributed with Np (0, Kα(θα)). Thus, the asymptotic

distribution of the quadratic form on the right-hand side of (11) is the same as the distri-

bution of
∑r

j=1 ρj(θα)Z
2
j ; see [Dik and Gunst (1985)]. From Condition (C8), we also obtain

Bα(θ̂α)
P−→ Bα(θα) and Bc

α(θ̂
c
α)

P−→ Bc
α(θα) because of the continuity of the bias term.

Therefore, by using Slutsky’s theorem, we obtain the required result.

Corollary 1 (The underfitting probability of the BHHJ-C). If the smaller model cannot ex-

press the true distribution, the difference Hα(Y ; θ̂cα)−Hα(Y ; θ̂α) is positive and OP (1) al-

most surely. Therefore, the probability of underfitting P {BHHJ-Cc
α − BHHJ-Cα < 0} tends

to zero as n goes to infinity; that is, if there is at least one adequate model, in the limit as n

goes to infinity, the BHHJ-C does not choose an underfitting model.

3.2 An example of the asymptotic selection probability of the

BHHJ-C

If the nonzero eigenvalues of Sα(θα)Kα(θα) are all the same, the first term in (8) (
∑r

j=1 ρj(θα)Z
2
j )

can be represented by the chi-square distribution with r degrees of freedom. In particular, in

the polynomial regression model and under an appropriate setting, the asymptotic overfitting

probability is constant, regardless of the value of α. We prove this proposition below.

Corollary 2 (The polynomial regression model). Let x1 , . . . , xn be fixed explanatory vari-

ables, and let the response variables Yi (i = 1, . . . , n) be normally distributed. We let the

larger model be Yi = xT
i β + ϵi = β0 + β1xi + · · · + βpx

p
i + ϵi, where the ϵi’s are indepen-

dently distributed as N(0, s). Additionally, some r (1 ≤ r ≤ p) constraints are given as

βp+1−r = · · · = βp = 0. Then, it holds that

ρ1(θα) = · · · = ρr(θα) = (α + 1) ζ2α
ζα

,

where

ζα = (2π)−
α
2 (α + 1)−

3
2 s

−α
2
−1

α ,

τα = 1
4
(2 π)−

α
2 (α + 1)−

5
2 (α2 + 2) s

−α
2
−2

α ,
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in which sα is the best fitting value of the scale parameter s (the variance of the error terms).

In this case, the overfitting probability is equivalent to P {χ2
r > 2 r} for any α ≥ 0.

The proof of Corollary 2 is shown in the Appendix. Note that the asymptotic overfitting

probability is not always independent of α. For instance, in the previous example, if we add

the (r + 1)-th constraint to the variance parameter as s = s∗ with some positive value s∗,

the nonzero eigenvalues are not uniform. The asymptotic behavior of BHHJ-C is generally

related to α.

4 Sensitivity of the divergence-based model selection

criteria

The estimation based on the BHHJ divergence is robust when α > 0. When assessing

robustness, an influence function is often used to assess the response to a perturbation in the

population distribution. The estimator can be regarded as a functional of the probability

distribution of the observed data. Since the model selection criterion depends on data and

estimators, it is also a functional of the distribution function. In this section, we consider

the sensitivity of the model selection criterion.

An outlier is a data point that does not fall within the expected range of the true pop-

ulation distribution. We will denote as δzi the distribution that takes the value zi with

probability one. Let Ων
zi
be the mixture distribution (1−ν)Gi+νδzi (i = 1 , . . . , n) for some

small ν > 0, and let Ων
z = (Ων

z1
, . . . , Ων

zn)
T . The influence function (IF) of T (·), the func-

tional form of the estimator, is defined by T
(1)
α (z ; Tα(G)) = limν→0

Tα(Ων
z)−Tα(G)
ν

, where z =

(z1 , . . . , zn)
T . For the IF, the gross error sensitivity (GES) is given as supz T

(1)
α (z ; Tα(G))

([Huber (1983)], [Hampel, et al. (1986)]).

Let Tα(Ĝ) be a functional form of the BHHJ-MDIVE family (which includes the MLE)

θ̂α for α ≥ 0. The best fitting parameter θα can be expressed as Tα(G). Since the bias

term in BHHJ-C, 1
n
Bα, is a function of the parameter and it is continuous, due to (C8), the

behavior of the bias is determined by Tα. The main term Hα depends on Tα and the data Y ,
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so the influence of an outlier is not always finite, even if the estimator is robust. Therefore,

we will primarily consider the main term in the BHHJ-C. We will use the functional form of

the main term:

H0(G) = − 1

n

n∑
i=1

∫
log fi(y |T0(G)) dGi(y) ,

and for α > 0,

Hα(G) =
1

n

n∑
i=1

{∫
fi(y |Tα(G))α+1 dy − α+ 1

α

∫
fi(y |Tα(G))α dGi(y)

}
for the distribution G = (G1 , . . . , Gn)

T .

The idea of the IF is diverted to many studies (e.g. for test statistics in [Ghosh, et al. (2015)]).

Now, we attempt to measure the sensitivity of a model selection criterion by applying this

idea.

Definition 2. We define

H(1)
α (z ; Tα(G)) = lim

ν→0

Hα(Ω
ν
z)−Hα(G)

ν
=

[
∂Hα(Ω

ν
z)

∂ν

]
ν=0

(12)

to measure the sensitivity of the BHHJ-C.

Equation (12) can be regarded as the change in the BHHJ-C due to outliers in the data.

When estimating parameters, it is undesirable that the existence of an outlier should have

a large effect on the value of the estimates. Similarly, the sensitivity of a model selection

criterion (12) should be finite with respect to outliers in the data.

When α = 0 (i.e., the criterion is based on the KL divergence), the sensitivity is

H(1)
0 (z ; T0(G)) =

1

n

n∑
i=1

{∫
ui(y ; T0(G))T dGi(y) T

(1)
0 (z ; T0(G))

+

∫
log fi(y |T0(G)) dGi(y)− log fi(zi |T0(G))

}
. (13)

In contrast, when α > 0, we obtain

H(1)
α (z ; Tα(G)) =

α+ 1

n

n∑
i=1

[∫
fi(y |Tα(G))α+1ui(y ; Tα(G))T dy T (1)

α (z ; Tα(G))

−
∫

fi(y |Tα(G))αui(y ; Tα(G))T dGi(y) T
(1)
α (z ; Tα(G))

+
1

α

{∫
fi(y |Tα(G))α dGi(y)− fi(zi |Tα(G))α

}]
. (14)

12



Whether the suprema of (13) and (14) are finite is determined by several factors, such as

the probability density functions gi and fi, the adequacy of the model, and the GES of the

estimator.

Now, we will consider the polynomial regression model. The portion of T
(1)
α (the IF of

the BHHJ-MDIVE) that is related to the contaminated data z is
(
zi − xT

i β
)2

exp{−α(zi −

xT
i β)

2/(2s)}, so the GES is finite if and only if α > 0. When α = 0, since an extreme

outlier has a probability density that is exceedingly close to 0, − log fi(zi |T0(G)) can become

infinite, even if the model is adequate (i.e., G = FTα(G)). Whereas, the IF is finite, and the

value fi(zi |Tα(G))α has an upper bound for any α > 0. Therefore, (13) is infinite, and (14)

is finite even if z is an extreme outlier. This leads to the following theorem.

Theorem 2. In the polynomial regression model, the sensitivity (12) is infinite if α = 0,

and it is finite if α > 0.

5 Simulation results

In this section, we present some numerical simulations with a polynomial regression model in

order to examine the results described in Sections 3 and 4. We also investigate the accuracy

of the model selection criteria in the presence of outliers.

Our simulations were designed as follows. The set of the models of the response variables

Y = (Y1 , . . . , Yn)
T were specified as

Yi = xT
i β + ϵi , xi = (1 , xi , . . . , x

p
i )

T , ϵi
i.i.d.∼ N(0, s) ,

β = (β0 , β1 , . . . , βp)
T , s ∈ (0, +∞) , i = 1, . . . , n ,

for the nonrandom explanatory variables {xi}. In this simulation, we assigned the values

x1 , . . . , xn such that they equally divided the interval [−2, 2].

We give the “true model” that generates the observed data as follows:

Yi = ηi(xi) + ϵi = 0.5xi − 1.5 x2
i + 0.5x4

i + ϵi ,
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where ϵ1 , . . . , ϵn are independently distributed as N(0, 1). We suppose the candidates

p = 0, 1, . . . , 5 to observe the tendency of the selection (underfitting, true, or overfitting

model) of the criteria. Since this is included in the candidate models, the criteria will

preferentially select the fourth-order model (p = 4).

We used the following values for the tuning parameter: α = 0.1, 0.25, 0.5, 0.75, 1, 1.25,

and 1.5.

5.1 Selection probability of the BHHJ-C

For the polynomial regression models, the BHHJ-C selection probabilities are asymptotically

uniform and independent of α ≥ 0, by Corollary 2; here, we confirm that. The sample size n

was 5000. Table 1 shows the relative frequencies of selecting the true (4th-order) model, an

underfitting (3rd-order) model, and an overfitting (5th-, 6th-, and 14th-order) model. The

results for the BHHJ-C are close to the theoretical percentages given in Corollaries 1 and 2.

Table 1: The selection frequency of the BHHJ-C

4 3 4 5 4 6 4 14

(theoretical) 100 0 84.3 15.7 86.5 13.5 97.1 2.9

AIC 100 0 84.5 15.5 86.0 14.0 97.0 3.0

BHHJ-C0.10 100 0 84.4 15.6 86.3 13.7 97.1 2.9

BHHJ-C0.25 100 0 84.6 15.4 86.3 13.7 96.9 3.1

BHHJ-C0.50 100 0 84.2 15.8 86.4 13.6 96.9 3.1

BHHJ-C0.75 100 0 84.3 15.7 86.4 13.6 96.9 3.1

BHHJ-C1.00 100 0 84.1 15.9 86.2 13.8 97.1 2.9

BHHJ-C1.25 100 0 84.1 15.9 86.3 13.7 96.9 3.1

BHHJ-C1.50 100 0 84.1 15.9 86.0 14.0 97.1 2.9

5.2 Robustness of the model selection criteria

We used the same candidate models as in the simulations presented in the previous subsec-

tion. Here, we assume that some outliers are contained in the observed data. Let ϵ1 , . . . , ϵn

14



be independently distributed error terms:

ϵi ∼

 N(0, 1), (w.p. 1− ν),

U (mini{ηi(xi)} − 10 , maxi{ηi(xi)}+ 10) , (w.p. ν),

where “w.p.” means with probability. We examined the selection probability of the BHHJ-C

for n = 100 samples. For comparison, we also use the criteria that have the log-likelihood

function (a part of KL divergence) as the main term: the BIC, the GIC, and the AIC.

The GIC’s estimator is equivalent to the BHHJ-MDIVE, so it can be regarded as another

generalization of the AIC using the BHHJ-MDIVE.

We show the results of 10, 000 simulations for each of four patterns with the following

contamination rates: ν = 0%, 5%, 10%, and 20% in Tables 2, 3, 4, and 5, respectively.

Table 2: contamination rate: 0%
0–3 4 5

BIC 0.1 97.0 2.9

TIC 0.0 94.1 5.9

GIC0.10 0.0 93.9 6.1

GIC0.25 0.0 93.8 6.2

GIC0.50 0.0 94.0 6.0

GIC0.75 0.2 93.6 6.1

GIC1.00 0.8 92.8 6.5

GIC1.25 1.6 91.0 7.3

GIC1.50 2.9 89.3 7.7

AIC 0.0 85.2 14.8

BHHJ-C0.10 0.0 85.4 14.6

BHHJ-C0.25 0.0 85.5 14.5

BHHJ-C0.50 0.0 85.8 14.2

BHHJ-C0.75 0.0 86.7 13.3

BHHJ-C1.00 0.1 88.3 11.6

BHHJ-C1.25 0.2 89.9 9.8

BHHJ-C1.50 0.8 91.5 7.6

Table 3: contamination rate: 5%
0–3 4 5

BIC 49.6 49.3 1.2

TIC 67.9 31.0 1.1

GIC0.10 85.0 13.8 1.3

GIC0.25 88.2 10.8 1.1

GIC0.50 88.2 10.8 1.1

GIC0.75 87.8 11.1 1.1

GIC1.00 87.1 11.7 1.3

GIC1.25 87.3 11.4 1.4

GIC1.50 87.5 11.1 1.4

AIC 11.5 75.3 13.3

BHHJ-C0.10 0.1 86.9 13.0

BHHJ-C0.25 0.0 85.0 15.0

BHHJ-C0.50 0.0 85.4 14.5

BHHJ-C0.75 0.0 86.6 13.3

BHHJ-C1.00 0.3 88.1 11.5

BHHJ-C1.25 0.7 89.7 9.5

BHHJ-C1.50 1.8 90.8 7.5
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Table 4: contamination rate: 10%
0–3 4 5

BIC 80.4 19.1 0.6

TIC 88.1 11.6 0.3

GIC0.10 96.3 3.2 0.4

GIC0.25 98.8 1.0 0.1

GIC0.50 99.0 0.9 0.1

GIC0.75 98.7 1.1 0.2

GIC1.00 98.4 1.4 0.2

GIC1.25 98.3 1.5 0.2

GIC1.50 98.2 1.6 0.3

AIC 33.2 55.9 10.9

BHHJ-C0.10 5.2 85.1 9.7

BHHJ-C0.25 0.1 86.6 13.3

BHHJ-C0.50 0.0 86.4 13.5

BHHJ-C0.75 0.2 87.2 12.6

BHHJ-C1.00 0.5 88.6 10.9

BHHJ-C1.25 1.1 89.8 9.0

BHHJ-C1.50 2.3 90.8 6.8

Table 5: contamination rate: 20%
0–3 4 5

BIC 97.3 2.7 0.1

TIC 95.1 4.6 0.2

GIC0.10 97.0 2.6 0.3

GIC0.25 99.6 0.1 0.3

GIC0.50 99.9 0.1 0.1

GIC0.75 99.9 0.1 0.1

GIC1.00 99.9 0.1 0.0

GIC1.25 99.8 0.2 0.1

GIC1.50 99.9 0.1 0.1

AIC 67.5 26.9 5.7

BHHJ-C0.10 46.5 47.7 5.8

BHHJ-C0.25 7.0 84.0 9.0

BHHJ-C0.50 2.0 88.0 10.1

BHHJ-C0.75 1.9 88.8 9.4

BHHJ-C1.00 2.7 89.6 7.9

BHHJ-C1.25 3.9 89.9 6.2

BHHJ-C1.50 6.2 89.0 4.7

In the noncontaminated case (Table 2), the BIC had the best performance, and the

other criteria also achieved high accuracies. However, when the data were contaminated

with outliers, the accuracies of the BIC and GIC family (including the TIC) were reduced

by more than half, even when the contamination rate was only 5% (Table 3). When the

contamination rate was 20% (Table 5), the BIC and GIC family had performance rates of

nearly zero; that is, the corresponding criteria are unable to select the true model when the

data contain outliers. In contrast, however, the BHHJ-C for α ≥ 0.25 maintained a high

rate of performance. When α was very small or zero, the performance deteriorated, because

the BHHJ-C became similar to the AIC.

The suitable choice of the α is a difficult issue. In many previous studies, α ≤ 1 is

assumed (for example, [Basu, et al. (1998)] and [Ghosh and Basu (2015)]). However, the
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BHHJ-Cα with α > 1 achieved the best accuracy in the contaminated cases. Taking the

instability of the estimation of the large α into account, we consider that [1, 1.5] is also a

preferable range of α from the viewpoint of the robust model selection in the polynomial

regression. Although the “optimal α” depends on the setting and purpose, this simulation

result suggests that we should consider that it can be more than 1.

Since the outliers were not normally distributed, the contaminated cases did not satisfy

Condition (C0), but in spite of this, the BHHJ-C with α ≥ 0.25 achieved almost the same

accuracy rate as in the noncontaminated case. One reason for this is that the supremum of

H(1)
α is finite, as shown in Theorem 2. The boxplots of the values obtained by the AIC and

BHHJ-C1.50 for the 4th-order models with contamination rates of 0% and 5% (corresponding

to Tables 2 and 3, respectively) are shown in Figures 1 and 2, respectively.

Figure 1: AIC Figure 2: BHHJ-C (α = 1.5)

In the two figures, the data are centered. As it can be seen in Figure 1, the values of

the AIC are destabilized by the presence of outliers. The standard deviation of the AIC in

the noncontaminated case is 7.33, and in the 5%-contaminated case, it increases to 21.79.

However, with the BHHJ-C1.50 the standard deviations of the two cases are very similar:

1.41 and 1.21. Therefore, we have shown that the distribution of BHHJ-C1.50 is nearly

independent of the presence of outliers. This shows that the BHHJ-C reduces the effect of

outliers without reducing the accuracy, and this is a distinct advantage of using the BHHJ-C.
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6 Conclusion

In this paper, we derived a family of the robust model selection criteria, the BHHJ-C.

When used with the polynomial regression model, although when α was large, the estimator

based on the BHHJ divergence achieved robustness at the cost of efficiency, as α → 0, the

asymptotic selection probability of the BHHJ-C was equivalent to that of the AIC. Moreover,

for large α, the BHHJ-C tends to maintain its level of performance by controlling the weight

assigned to the observed data points, and this reduces the effect of outliers.

The results presented in Section 5 show that in the presence of outliers, the model selec-

tion criteria based on the log-likelihood, i.e. KL divergence (the AIC, the GIC family, and

the BIC) had poorer performance, but the BHHJ-C with large α was still able to select the

correct model. This shows the important advantage of our proposed criterion.

A Derivation of the BHHJ-C (7)

We rewrite (4) as H⋆
α(θ) = 1

n

∑n
i=1 U

(i)
α (θ). The Taylor expansion of U

(i)
α (θ̂α) around the

best fitting parameter θα is

U (i)
α (θ̂α) = U (i)

α (θ̂α) +
∂U

(i)
α (θα)

∂θT

(
θ̂α − θα

)
+

1

2

(
θ̂α − θα

)T ∂2U
(i)
α (θα)

∂θ ∂θT

(
θ̂α − θα

)
+ oP

(
1

n

)
, (15)

for arbitrary i = 1, . . . , n. Since the best fitting parameter minimizes Hα(Y ; θ) and
∂2H⋆

α(θ)
∂θ ∂θT = Jα(θ), the expectation is as follows:

E
[
H⋆

α(θ̂α)
]
= H⋆

α(θα) +
1

2
E

[(
θ̂α − θα

)T
Jα(θα)

(
θ̂α − θα

)]
+ o

(
1

n

)
, (16)

this is obtained by summing (15) over i. In a similar way, we have

H⋆
α(θα)

= E [Hα(Y ; θα)]

= E
[
Hα(Y ; θ̂α)

]
+

1

2
E

[(
θ̂α − θα

)T ∂2Hα(Y ; θ̂α)

∂θ ∂θT

(
θ̂α − θα

)]
+ o

(
1

n

)
.
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The weak law of large numbers when the random variables are not identically distributed (see

[Chung (2001)]) and Condition (C9) imply ∂2Hα(Y ;θ)
∂θ ∂θT − Jα(θ)

P−→ O for arbitrary θ ∈ ΘO

as n → +∞, so we have

H⋆
α(θα) = E

[
Hα(Y ; θ̂α)

]
+

1

2
E

[(
θ̂α − θα

)T
Jα(θα)

(
θ̂α − θα

)]
+ o

(
1

n

)
. (17)

By (16) and (17), we have

E
[
H⋆

α(θ̂α)
]
= E

[
Hα(Y ; θ̂α)

]
+E

[(
θ̂α − θα

)T
Jα(θα)

(
θ̂α − θα

)]
+ o

(
1

n

)
.

Therefore, we obtain a valid approximation of H⋆
α(θ̂α) as follows:

E
[
Hα(Y ; θ̂α)

]
+E

[(
θ̂α − θα

)T
Jα(θα)

(
θ̂α − θα

)]
. (18)

Using the asymptotic normality, the second term of (18) is asymptotically equivalent to

1
n

∑
j=1 λj(θα). Thus we can approximate it by 1

n
Bα(θ̂α), as described in Definition 1.

B Proof of Corollary 2

Under the statement in Corollary 2, the constraint vector h(θ) and the matrix M (θ) can

be written as

h(θ) =


βp+1−r

...

βp

 , M (θ) =
∂h(θ)T

∂θ
=


O(p+1−r)×r

Ir

0T
r

 ,

where θ = (β0 , β1 , . . . , βp , s)
T (note that θ is p+ 2 dimensional).

Here, we partition the design matrix X = (x1 , . . . , xn)
T ∈ Rn×(p+1) as

X = (X•X◦) , X• ∈ Rn×(p+1−r) , X◦ ∈ Rn×r ,

where X• is the part that is the same in the two models, and X◦ is the part that is unique
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to the larger model. The matrices Jα and Kα defined by (6) can be calculated as follows:

Jα(θα) = (α + 1)


ζα

XT
• X•
n

ζα
XT

• X◦
n

O

ζα
XT

◦ X•
n

ζα
XT

◦ X◦
n

O

O O τα

 ,

Kα(θα) = (α + 1)2


ζ2α

XT
• X•
n

ζ2α
XT

• X◦
n

O

ζ2α
XT

◦ X•
n

ζ2α
XT

◦ X◦
n

O

O O τ2α − α2

4
ζ2α

 .

The inverse of Jα is

Jα(θα)
−1 = (α + 1)−1


n
ζα
j11 n

ζα
j12 O

n
ζα
j21 n

ζα
j22 O

O O 1
τα

 ,

where

j11 = (XT
• X•)

−1 − (XT
• X•)

−1XT
• X◦Υ

−1X◦X• (X
T
• X•)

−1 ,

j12 = −(XT
• X•)

−1XT
• X◦ Υ

−1 , j21 =
(
j12

)T
, j22 = Υ−1 ,

Υ = XT
◦ X◦ −XT

◦ X• (X
T
• X•)

−1XT
• X◦ = XT

◦ (In −P•) X◦ .

Note that P• is the proposition matrix X• (X
T
• X•)

−1XT
• .

We have the following relationships:

Jα(θα)
−1M (θα) = (α + 1)−1 n

ζα


−(XT

• X•)
−1XT

• X◦Υ
−1

Υ−1

O

 ,

{
M (θα)

TJα(θα)
−1M (θα)

}−1
= (α+ 1)

ζα
n

Υ ,

M (θα)
TJα(θα)

−1Kα(θα) = (α + 1)
ζ2α
ζα

(O Ir O) ,

and from them, we obtain

Sα(θα)Kα(θα) = (α+ 1)
ζ2α
ζα


O −(XT

• X•)
−1XT

• X◦ O

O Ir O

O O O

 .
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It is obvious that the nonzero eigenvalues of Sα(θα)Kα(θα) are (α+ 1) ζ2α
ζα

, and the number

of eigenvalues is r.

The convergence values of the bias terms Bα and Bc
α are

(α+ 1)

{
ζ2α
ζα

(p+ 1) +
τ2α
τα

− α2

4

ζ2α
τα

}
, (α+ 1)

{
ζ2α
ζα

(p+ 1− r) +
τ2α
τα

− α2

4

ζ2α
τα

}
,

respectively, and their difference is (α + 1) ζ2α
ζα

r. Therefore, the asymptotic probability of

overfitting is

P

{
(α + 1)

ζ2α
ζα

χ2
r − 2 (α + 1)

ζ2α
ζα

r > 0

}
= P

{
χ2
r > 2 r

}
.

We have obtained the required result.
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