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Abstract: Interactions between the airflow, elastic body of the lips, and acoustic resonator of the
instrument cause self-sustained oscillation of the lips when generating sound using brass instruments,
and the steady-state oscillation of the instrument can be expected to be periodic. However, quasi-
periodic oscillation or period doubling can also occur, and a cascade of period doublings may further
introduce chaos. Therefore, given a set of dynamic equations representing the acoustic behaviors of the
airflow, lips, and instrument, a method for detecting and obtaining the periodic solution by adopting
a shooting method that relies on the match between the initial and terminal states after the time
corresponding to the oscillation period has passed is presented in this paper. Experiments were
performed for a trumpet model, where the resonance frequency of the lips and the blowing pressure
were used as the main control parameters. The minimum blowing pressure was estimated using a
linear stability analysis. The method could capture the corresponding changes in the periodic solution
very finely when a small perturbation was successively applied to the control parameters; however, it
was less effective when the acoustic load of the instrument was capacitive at the oscillation frequency.
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stability analysis

1. INTRODUCTION

The mechanism of sound generation by brass instru-
ments has been investigated in terms of the resonance
characteristics of the instrument bore [1] and the oscillating
mechanism of the lips [2-5]. The oscillatory behavior of
the lips is influenced by the resonance characteristics of the
instrument bore. Therefore, both dynamic systems should
be considered simultaneously with the behavior of airflow
passing through a narrow channel formed by the upper and
lower lips. The vibration of the lips dynamically alters the
cross-section of the air channel, which results in a periodic
change in the volume flow. Acoustic pressure is generated
because of the temporal change in the volume flow, and
this is the source of the sound that drives the instrument
bore and outputs the instrument sounds. The condition for
obtaining the self-sustained oscillation of the reed was
theoretically derived by Fletcher [2,3] for pressure-con-
trolled valves. Yoshikawa [4] measured the vibration
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patterns of horn players and observed the switch between
the outward-striking and sideways-striking modes in
relation to the blowing pitch. Adachi and Sato presented
the results of the computer simulations for the trumpet
using a two-dimensional lip model [5].

The steady-state oscillation of the lips can arise when a
trumpet is blown with a constant air pressure in the player’s
mouth, and this can result in periodic changes in the airflow
gushing from the air channel and the production of acoustic
pressure in the mouthpiece. Periodicity is a key feature
of an instrument driven by a self-sustained oscillation
mechanism. However, quasi-periodic oscillation (or period
doubling) can occur when playing wind instruments, which
can create a specific timbre different from that in normal
playings. A cascade of period doublings can introduce
chaos. Such an instable oscillation of the reed would draw
considerable attention and be studied for woodwind instru-
ments [6-9].

However, Gibiat and Castellengo [8] reported empirical
data that indicates skilled players of the trombone can
intentionally generate quasi-periodic sounds using a special
embouchure; this specific performance is different from the
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technique that uses vocal folds simultaneously with the lips
[10]. Therefore, we can expect that investigations on the
occurrence of instable oscillations will help deepen our
understanding of the physical mechanisms underlying the
performance of brass instruments. Adachi and Sato [5] and
Silva et al. [11] used computer simulations to show that
the oscillating frequency of the lips jumps abruptly when
their resonance frequency increases and goes beyond the
resonance frequency of the instrument bore. A similar pitch
jump phenomenon is observed in the human voice [12-16],
and it is referred to as a voice instability. The instability
caused when the resonance frequency of the vocal folds
increases and goes beyond the resonance frequency of the
vocal tract (i.e., the formant frequency) can lead to period
doubling and even chaotic behavior of the vocal folds. The
existence of hysteresis is a specific feature of a nonlinear
system, and it is commonly observed for brass instruments
[11] and voice [12] when the resonance frequency of the
lips or vocal folds is increased and then decreased.

If the cause of the quasi-periodic oscillations is
identified in relation to the values of parameters, such as
the lip resonance frequency and blowing pressure, it would
help instrument players avoid such undesired blowing
states. When the lip behavior is simulated using a set of
dynamic equations representing the acoustic behaviors of
the airflow, lips, and instrument, the occurrence of quasi-
periodic oscillations should be investigated over an
extensive range of parameter values. Therefore, the
automatic detection of periodic or quasi-periodic oscilla-
tion is a crucial but challenging problem. Toward this end,
Doc et al. [9] employed support vector machine (SVM) to
classify periodic and quasi-periodic oscillations. SVM is
a machine learning technique; it requires parameter train-
ing to construct the boundary between different classes.
In general, the effectiveness and classification accuracy
decrease for open data in machine learning techniques.

A numerical method called the shooting method
[17,18] is adopted in this study to overcome this problem.
This method relies on the match between the initial and
terminal states, wherein the time interval between both
states corresponds to the oscillation period, and the
terminal state is derived by numerically integrating the
dynamic equations with the given initial state. The problem
of finding a periodic solution results in the determination
of the value of the initial state. In addition, the oscillation
period can be jointly determined based on a nonlinear
iterative optimization procedure to minimize the error
between the initial and terminal states. Convergence is
obtained if the error becomes sufficiently small through
iterative optimization, and simultaneously, the existence
of a periodic solution is suggested. The method is useful
for investigating the occurrence of instability in relation to
blowing conditions.
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The oscillatory behavior of the lip was represented
using a two-dimensional model to examine the effective-
ness of the shooting method [5]. In combination with the
dynamic models of the airflow and the instrument, the
minimum blowing pressure was first estimated with a linear
stability analysis to determine the base condition of the
control parameters, i.e., the lip resonance frequency and
blowing pressure. Then, a small perturbation is succes-
sively applied to the parameter values. The primary
concern here is the detection of the steady, periodic
oscillation; however, we also examine the change in the
oscillation period and temporal pattern of the oscillation as
a response to the perturbations. We focus on the influence
of the resonance characteristic of the instrument bore
because it determines the relationship between the volume
flow that passes through the lip orifice and acoustic
pressure in the mouthpiece. In addition, the relationship
between the resonance frequency of the lip and that of the
instrument is essential for the occurrence of an abrupt jump
in oscillation frequency.

This paper is organized as follows. Section 2 provides a
description of the shooting method and the dynamic model
representing the acoustic behaviors of the airflow, lip, and
instrument. In addition, a method is presented to determine
the minimum value of the blowing pressure at which the
lip can start the oscillation. In Sect. 3, the numerical results
are presented when the values of the control parameters
are varied. Finally, Sect. 4 provides a discussion of the
experimental results and conclusions drawn from the
presented results.

2. ANALYSIS METHOD

The mathematical framework of the analytical method
is described in this section. A numerical shooting method is
used to obtain the periodic solution of a nonlinear dynamic
system. A set of equations representing the mechanical
motion of the lip, aerodynamic behavior of the airflow
through the lip aperture, and acoustic characteristics of
the instrument bore are provided to examine the steady
periodic oscillation in the trumpet. Further, we show a
linear stability analysis method for determining the mini-
mum blowing pressure with which oscillation of the lip
can arise.

2.1. Estimation of the Periodic Solution for a Dynamic
System
We assume that the dynamic system representing the
performance of the trumpet obeys a set of differential
equations.

x(1) = f(x(1), )]

where x(#) represents a vector indicating the state of
physical variables such as the displacement of the lip,
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volume flow through the lip aperture, and acoustic pressure
in the mouthpiece. The nonlinear function f represents the
relationship between these state variables and the input
force, i.e., the blowing pressure. When the system is
driven, all physical variables change periodically in the
steady state such that

x(t+T) = x(2), 2)

where T represents the oscillation period, and 1/T
represents the fundamental frequency. If the initial con-
dition x(0) is appropriately given, Egs. (1) and (2) suggest
the relationship

T
x(T) = /0 S(x(@®)dt + x(0) 3

and
x(T) = x(0). 4)

Therefore, the periodic solution of x(#) representing the
steady-state oscillation in the trumpet can be obtained by
determining the appropriate initial condition, x(0), and the
oscillation period, T.

In addition, the variational equation of Eq. (1) is

(8x) = Jéx, )

where J is the Jacobian matrix. The (i, j) component of
the Jacobian matrix, J;; = df;/0x;, is expressed by the ith
component of f and the jth component of x. The solution
to this initial-value problem can be written as

Sx(t) = D(1)éx(0), ©6)

where @(r) is the state transition matrix. It obeys the
relationships

&(1) = Jo(1) (7
and
&(0) = E, (8)

where E is the unit matrix, and the solution can be written

P(1) = exp (/ Jdt). 9
0

To determine the initial condition, x(0), and the
oscillation period, 7, we use a numerical scheme (i.e.,
the shooting method) designed for the solution and stability
analysis of steady, periodic vibration problems [17,18]. If
8x(t) and 8T are slight variations in x(f) and T, respec-
tively, the following relationship can be established from
Eq. (4):

x(T + 6T) + 6x(T + 6T) = x(0) 4 6x(0).

as

(10)

When the values of x(0) and T are specified, the values of

8x(0) and 8T can be determined by solving the following
simultaneous equations [18]:

[&(T) — E16x(0) + f(x(T))T = x(0) — x(T), (11)

which can be obtained using linear approximation of
Eq. (10) and the relationships in Eqgs. (1), (5), and (6). The
values of x(0) and T can then be updated by quantities
8x(0) and 6T such that Eq. (10) is satisfied.

To solve Egs. (1) and (7) simultaneously, we define a
vector z(t) of size N(N + 1) as

2(t) = (xT(1) ¢ (1) P3(1) -+ p (D),

where N, ¢;(r), and T represent the dimension of the state
vector x(f), ith column of the state transition matrix, and
transposition, respectively. Equations (1), (7), and (8)
indicate that z(¢) obeys the differential equation

12)

x(1) S(x(1)
d1(1) J(x()p1(0)
EO_d o) | 2 | Jx@e | (13
dt ~ dt .
PN (1) J(x(®)pn (1)
with the initial condition
z0)=(x"0) el €] --- ), (14)

where e; denotes the ith column of E.

According to [17,18], the iterative algorithm for
determining the optimal values of x(0) and T can be stated
as

(i) Set the iteration counter as i = 0. Let the initial values
of x(0) and T be x) = x(0) and T°, respectively.

(i) Set z(0) in Eq. (14) using x) and integrate the
differential equation in Eq. (13) for 0 <t < T'. The
value of z(T"), and at the same time, those for x(T")
and @(T"), are then obtained.

(iii)) The updating quantities, éxp and 7, are determined
by solving the simultaneous equations

[&(T") — E16x0 + f(x(T))ST = xj — x(T").  (15)

Here, a specific component of the state vector is
exclude in Eq. (15). The value of this component is
a priori fixed, and it is not updated in the following
step; this means that the corresponding component of
8x 1s set to zero.

(iv) The values of the initial condition and oscillation
period are updated as

X = x4+ w - 8xp (16)

and
TH =T+ w - 8T, 17)

where w represents the updating weight (0 < w < 1).
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(v) Calculate the difference between the initial and
terminal values of the state variables as

sx = x(T') — x6+1’

(18)

where x(T**') can be obtained by integrating the

equation in Eq. (1). If the norm of §x is smaller than

the threshold, the convergence is obtained and the

iterative process is terminated. The initial condition

is given as x(0) = xf)“, and the oscillation period as
T = T, Otherwise, the counter is increased as i =
i+ 1, and the process is repeated from the second
step.

The shooting method is advantageous for estimating
important temporal information, i.e., the oscillation period,
in addition to the initial value of the state variables. The
capability of this method can be understood as follows:
The right-hand side of Eq. (15) represents the difference
between the initial and terminal values of the state
variables, and this difference can be reduced by changing
the initial value and the oscillation period, as respectively
expressed in the first and second terms on the left-hand
side. If only the second term is considered, it is suggested
with Eq. (1) that the updating quantity of the oscillation
period is determined such that

X(T") - 8T = x}), — x(T"). (19)

The left side shows the multiplication of the gradient of x
at the terminal time instant and the adjusting value of the
period. It corresponds to the change in the state variables
under the assumption of local linearity; the error on the
right-hand side can be reduced by adjusting the period
using the updating quantity &7

2.2. Dynamic Model of the Trumpet

The trumpet model is composed of dynamic equations
representing the mechanical behavior of the lip, airflow
through the aperture formed by the upper and lower
lips, and acoustic resonator of the instrument bore. The
equations explicitly describe interactions among physical
variables. Behavior of the lips and airflow described in
this study is based on the Adachi—Sato model [5].
However, the acoustic pressure in the mouthpiece should
be described using a differential equation; the convolution
operation between the volume flow and reflection function
is no longer valid.

The motion of the lip are modeled using a mass-spring
system, and its shape is represented as a parallelogram,
according to the literature [5]. The upper and lower lips
are supposed to move symmetrically in terms of the x-axis,
forming a cuboid channel between them. Using the
positional variables x and y and the velocity variables v,
and v,, the motion of the upper lip in the horizontal and
vertical directions can be represented as
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X = vy, (20)
y= vy, 21

) 1 mk
Uy = — —{ .| —v, + kAxg +2bApAy; L, (22)
m 0

1 [mk
= { /%vy + kAyy — 2bApAx; — Zbdplip}, (23)

where Axyg = x — x9, Axy =x — x5, Ayo =Yy — Yo, Ay; =
y—ys, and Ap = pg — p; m, k, and Q represent the mass,
stiffness, and quality factor, respectively; xp and yg
represent the neutral position of the lip, and x; and y;
represent the positions of the joint; pg, p, and py;, represent
the static blowing pressure, acoustic pressure in the
mouthpiece, and Bernoulli pressure in the channel between
the upper and lower lips, respectively; and finally, b and d
represent the width of the lip opening and the thickness
of the lip, respectively. The dotted mark over the variable
indicates the time derivative.

From the equations governing aerodynamic and acous-
tic quantities (Egs. (7) and (8) in the literature [5]), the
dynamic equation for the acoustic volume flow, U,, can be
expressed as

. 1 1S4 1 Sii 1
Up=- {2220 L2 — - 2t XY
d 1Y Scup SZ 2Slip

where S, = max(2by, 0), Sc,p, and p represent the area of
the lip opening, area of the mouthpiece entry, and average
air density, respectively.
The acoustic pressure in mouthpiece p is represented
using the mode decomposition scheme as
N,

P=D) Pu (25)
n=1

where N, denotes the number of modal components. In
addition, each mode component is dynamically represented
by [11,19,20] as

Pn = qn (26)

and

. Wy wnZy
n = — —

On On

where w,, O,, and Z, represent the resonance angular
frequency, quality factor, and peak magnitude parameter,
respectively, for the nth mode. The input to this system is
the time derivative of the total volume flow, U = U, +
Utip, which is the sum of the acoustic volume flow, U,,
and the volume flow swept by lip motion, Uy;,. The time
derivative of U, is given by Eq. (24), and that of Uy, is
expressed as follows based on the literature [5].

qn — a)ipn + U, (27)
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Up = b{Ax;v, — Ay,u,). (28)

The mass and stiffness parameters of the lip were set to
m=1.5/ {(27r)2flip} and k = 1.5 f;;p, respectively, where fi;,
represents the lip resonance frequency [5]. Besides the lip
resonance frequency (fiip) and blowing pressure (pg), the
values of the parameters included in Eqs. (22) and (23)
were fixed. fii, and po are parameters used to control the
behavior of the lip and aeroacoustics variables because the
values of the flow components (U, and Uj;;) and mouth-
piece pressure (p) can be determined by the behavior of
the lip.

From the dynamic model representation presented
above, the vector representing the physical state involved
in the trumpet performance is expressed as

X = (X,y, Uy, vy9 Ua7plsp2$ Tt ,PNP,QI,CIZ, tt ,QN,,)T' (29)

Further, the total nonlinear dynamic equations, X = f(x),
and the Jacobian matrix, J; = df;/dx;, can be constructed
using Egs. (20)—(28) to obtain the periodic solution with
the shooting method. The number of state variables, and
hence, the number of dynamic equations, is N = 2N, + 5.
The Bernoulli pressure, pyp, in Eq. (23) is not included in
the state vector because it can be computed from the flow
equation shown in Eq. (8) of the literature [5] and the
values of the state variables such that

1 1
= p— pU> -

cup

(30)

2.3. Estimation of the Minimum Blowing Pressure

Periodic oscillations are analyzed by changing the
values of fji, and py. We adopted a method called linear
stability analysis to determine the minimum value of pg
required to cause the oscillation [19,20]. Suppose that the
lip is initially in a neutral position and a weak blowing
pressure is applied. Then, the lip may open slightly to a
certain degree and stay again at a balanced position, and
air flows through the lip orifice at a constant speed. The
constant lip position and volume flow are the equilibrium
solutions of the dynamic equations. The solution is denoted
by x. and y. for the position of the upper lip and U, for
the volume flow, and the values of other state variables in
Eq. (29) are zero.

The equilibrium solution can be determined by sub-
stituting these values of the state variables into the dynamic
and flow equations and by solving the following simulta-
neous equations in terms of X, Ve, and Ue.

1
3 k(xe — x0) + bPo(ye — ys) =0, (€2

2
lu ) — bPy( ) — bd{P Lo Yee 0
- e - Xe —XJ) — . =Y
2 Y Yo 0 J 0 2/0 Slip

(32)

L1 1 1
po— pUp| =5 +—1]=0. (33

and

2Slzlp - SCUPSHP S(Z:up

In the vicinity of the equilibrium solution, the line-
arized function f (x) can be written as [19,20]

Fx) =f(xe) + J(x)(x — xo),

where x. denotes the state vector for the equilibrium
condition. The eigenvalues of the Jacobian matrix, J(x.),
provide information about the stability of the equilibrium
solution. The equilibrium is instable and the solution
starts oscillating if at least one of the eigenvalues has a
positive real part. Simultaneously, the imaginary part of the
eigenvalue provides information on the angular frequency
of oscillation.

3. NUMERICAL RESULTS

3.1. Experimental Conditions

In the numerical study, model parameters were set
according to [5] as Scp=2.3x 107*m?, b=7.0x
103m, d=20x10"m, x;,=00m, vy =4.0 x
103m, xo=1.0x10"m, and Q =3.0. yo was 3.0 x
10~3 m, which was slightly greater than that in the original
study. The air density is p = 1.2kg/m>.

The number of modes for modelling the instrument
bore was 12 (N, = 12). The values of the mode parameters
w,, O,, and Z, were set in accordance with the literature
[11] to approximate the input impedance curve for the
open-valve position of a Yamaha YTR1335 trumpet. For
the important modes from the 2nd to the 6th, the resonance
frequencies (w, /2m) were 237.16, 353.89, 473.80, 591.29,
and 706.70 Hz, respectively. The quality factor (Q,) ranges
from 29.0 to 38.0, and the magnitude (Z,) ranges from
38.20 to 62.53. Figure 1 shows the input impedance of the
instrument, which is computed as

Ny
Zufw) = T 5 e

w,

using the mode decomposition representation presented in
Egs. (25)—(27).

The nondimensionalization of each state variable was
performed for numerical stability when applying the
shooting method. Position variables were normalized as
¥ =x/Ls and § = y/Ls, where the standard length was set
to Ly = v/bd using the geometrical parameters of the lip.
The dimensionless form of the velocity variables is given
by U, = vy/(Ls/Ts) and Uy = vy/(Ls/Ts), where Ts = 1/ fip

(34)

(33)
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Fig.1 Magnitude (top) and phase angle (bottom) of
input impedance for the instrument bore computed
using the mode decomposition representation. The
vertical line shows the resonance frequency for each
mode from the 2nd to the 6th.

represents the standard time value. Similarly, the volume
velocity was normalized to U = U /(Lg /Ts). The standard
value of the force is Fy = mLS/TSZ, by which the dimen-
sionless form of the pressure is given. The dimensionless
form of the dynamic equations and Jacobian matrix in
Eq. (7) can be obtained by substituting these dimensionless
state variables into Egs. (20)—(28).

In the third step of the shooting method, the value of
the state variable representing the y-axis position of the lip
was fixed and excluded from the parameter value updating.
The updating weight in Eqs. (16) and (17) was changed
to w = 0.1, 0.5, and 1.0. The optimal value of the weight,
and hence, the optimal value of the updating quantity, was
determined such that the mean absolute value of the
normalized version of the error [6x in Eq. (18)] was the
smallest. The iterative procedure was terminated when
|6x|/N was smaller than 2 x 107, or when the number of
iterations exceeded hundred as the criterion for conver-
gence. This error criterion was computed for normalized
dimensionless variables. The solver function ode4S of
MATLAB (MathWorks Inc.) was used for the numerical
integration of dynamic equations.

3.2. Minimum Blowing Pressure

We first investigated the minimum blowing pressure
and oscillation frequency with the minimum pressure. In
the linear stability analysis, the resonance frequency of
the lip (fii;p) was changed from 150 to 800Hz in 1Hz
increments; for each lip resonance frequency, the blowing
pressure (py) was increased from 1kPa in 1 Pa increments.
The equilibrium solution (x., y., and U,.), the Jacobian
matrix (J(x.)), and its eigenvalues were then computed for
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Fig.2 Estimated minimum blowing pressure (top) and
oscillation frequency with the minimum pressure
(bottom) as a function of the resonance frequency of
the lip. The horizontal line in each graph represents the
resonance frequency of the instrument bore corre-
sponding to modes from the 2nd to the 6th. The red
circle indicates the frequency at which the minimum
blowing pressure was locally minimum, and the blue
circle, the frequency at which it was locally maximum.

each combination of the lip resonance frequency and
blowing pressure. The minimum blowing pressure was
determined as the pressure at which at least one of the
eigenvalues has a positive real part [19,20]. Further, the
oscillation frequency was determined as w = J(41), where
3 represents the imaginary part of a complex number, and
A represents the eigenvalue with a positive real part
[19,20].

Top of Fig. 2 shows the estimated minimum blowing
pressure as a function of lip resonance frequency. It is
evident that the minimum blowing pressure tended to
increase with an increase in lip resonance frequency.
Further, the curve was U-shaped around each resonance of
the instrument, and we observed a pair of local minima and
maxima located between the adjacent resonance frequen-
cies of the instrument. These results were in agreements
with those performed for a model of the trombone [20].
The lip resonance frequency at each local minimum was
below the corresponding resonance frequency of the
instrument, and this difference was greater when the mode
number was smaller. In general, the lip can oscillate with
a small blowing pressure when its resonance frequency is
close to the resonance frequency of the instrument.

The bottom plot in Fig. 2 shows the estimated
oscillation frequency of the lip driven with the minimum
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Fig.3 Magnitude (top) and phase (bottom) of the input
impedance of the instrument bore for the frequency
range up to 800Hz. As shown in Fig. 2, the red and
blue circles respectively indicate the frequency at
which the minimum blowing pressure is locally
minimum and maximum.

blowing pressure. The oscillation frequency increased with
an increase in lip resonance frequency; however, a
discontinuous change in the oscillation frequency was
observed between adjacent resonance frequencies of the
instrument [5,11]. The minimum blowing pressure increas-
es sharply around the lip resonance frequency when the
oscillation frequency leaps, and it forms a steep peak of
the minimum pressure. Further, the figure shows that the
oscillation frequency was almost lower than the lip
resonance frequency, especially around the resonance
frequency of the instrument; the oscillation frequency
was partially higher than the lip resonance frequency when
the leap of the oscillation frequency occurred. This trend
was in agreement with the literature [5].

Figure 3 shows the magnitude and phase of the input
impedance for the frequency range up to 800 Hz, where the
red and blue circles respectively indicate the frequency at
which the minimum blowing pressure was locally mini-
mum or maximum, just as in Fig. 2. It is clear from the
figure that the phase is positive when the blowing pressure
is at the minimum; this suggests that the oscillation of the
lip can be initiated effectively for that phase property.
However, the frequency marked by the blue circle is
slightly above the dip of the input impedance, and in this
case, a higher blowing pressure is required to initiate the
oscillation of the lip because the acoustic feedback from
the instrument is weak.

3.3. Effect of Smooth Change in Blowing Pressure
The oscillatory behavior of the lip was investigated

using the shooting method. The blowing pressure was

increased from the previously estimated minimum value,

whereas the lip resonance frequency was fixed. In the first
step of the shooting method, the initial values of the state
vector and oscillation period x{) and 7° were given. For the
oscillation period, it is reasonable to use the reciprocal of
the oscillation frequency estimated by the linear stability
analysis (Fig. 2). However, Egs. (20)—(28) were numeri-
cally integrated simultaneously for the duration of 10077,
where the stationary state, i.e., the upper lip located at the
neutral position and other physical variables were zero,
was used as the initial value of the integral. The value of x{
was determined by identifying the time instant at which the
x-axis value of the lip position was the maximum in the
steady state of the oscillation. After normalizing the values
of x8 and T°, the shooting method was applied to obtain
the optimum solutions of x(0) and 7. Then, the blowing
pressure was increased with a constant increment, and the
solutions x(0) and T were used as x) and 79, respectively,
to analyze the periodic solution for the increased value of
the blowing pressure. This procedure was repeated for a
certain range of blowing pressures for each condition of the
lip resonance frequency.

Figure 4 shows the results for the lip resonance
frequency of 220 Hz; the blowing pressure increases from
1,870 Pa, slightly above the minimum value of 1,866 Pa, to
2,300 Pa in increments of 5Pa. This resonance frequency
was used because the phase characteristic of the instrument
was close to 90°, as shown in Fig. 3, for which stable
oscillation can be expected. The plot in Fig. 4(A) shows
the maximum and minimum positions of the lip during the
oscillation period. The difference between them (that is,
the peak-to-peak amplitude of the vibration) increased
continuously with an increase in the blowing pressure. The
oscillation frequency plotted in (B) increased almost
linearly with an increase in blowing pressure; however,
the gradient was very small (approximately 0.004 Hz/Pa).
The trajectory of the lip is shown in (C) for blowing
pressures of 1,900, 2,000, 2,100, 2,200, and 2,300 Pa. The
plots in (D), (E), and (F) show the temporal change in
the lip-opening area, total volume velocity (U, + Uy;p), and
mouthpiece pressure (p) for the same blowing pressure
values. Plots shown in (C)-(F) were obtained for each
blowing pressure by integrating the dynamic equations for
the time length of the estimated oscillation period with the
estimated initial value of the state vector.

The results demonstrate the effectiveness of the shoot-
ing method for obtaining a periodic solution and for
examining the effect of blowing pressure on the behavior of
the lip and accompanying aeroacoustic variables. Changes
in the magnitude and oscillation frequency of the lip
motion were reasonably predicted for a gradual increase
in blowing pressure. The volume flow increased when the
lip opening area increased and the mouthpiece pressure
decreased; further, the relationship between the volume
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Fig.4 Estimated results of the steady, periodical oscil-
lation for the lip resonance frequency of 220 Hz. (A)
Maximum and minimum positions of the upper lip
along the y-axis within the oscillation period. (B)
Oscillation frequency. (C) Movement trajectory of the
upper lip in the x—y plane for blowing pressures 1,900,
2,000, 2,100, 2,200, and 2,300 Pa. The arrow indicates
the direction of elliptical motion. (D-F) Time courses
of the cross-sectional area of the lip aperture, total
volume velocity, and mouthpiece pressure during the
oscillation period. The blowing pressures were 1,900,
2,000, 2,100, 2,200, and 2,300 Pa.

flow and mouthpiece pressure was influenced by the input
impedance of the instrument. At an oscillatory frequency of
approximately 215Hz, the phase of the input impedance
was positive (see Fig. 3). Therefore, the positive peak of
the mouthpiece pressure preceded that of the volume flow
over time, as observed in plots (E) and (F). In addition, the
positive mouthpiece pressure has an effect of opening the
lip and increasing its area, and therefore, the results in
(D), (E), and (F) accurately reflect the underlying inter-
relationships among physical variables. Similar results
were obtained for lip resonance frequencies of 178, 310,
440, and 574 Hz, at which the minimum blowing pressure
was locally minimum, as shown in Fig. 2.

Figure 5 shows the oscillation frequency of the lip
when the blowing pressure was first increased from 1,870
to 2,000 Pa, and then decreased again to 1,870 Pa. A weak
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Fig.5 Oscillation frequency of the lip for when the
blowing pressure was first increased (red circle) and
then decreased (blue circle). The lip resonance fre-
quency was 220 Hz.

hysteresis was observed, and the difference in the oscil-
lation frequency between the ascending and descending
conditions was 0.025 Hz at 1,880 Pa. Hysteresis existed for
the lip resonance frequencies of 230, 235, 340, and 450 Hz,
where the oscillation frequency was always higher in the
ascending condition than in the descending condition.

3.4. Effect of a Smooth Change in the Lip Resonance
Frequency

The oscillatory behavior of the lip was examined when
its resonance frequency was changed from 180 to 250 Hz in
2 Hz increments. The blowing pressure was 100 Pa greater
than the minimum value for each lip resonance frequency,
as shown in Fig. 6(A). To apply the shooting method, the
initial value of the oscillation period was determined using
a linear stability analysis for a lip resonance frequency of
180 Hz. The initial value of the state vector was determined
by integrating the dynamic equations starting from the
stationary state. When the optimal values of the initial
value and oscillation period were obtained, these values
were used as the initial values of the optimization after
the lip resonance frequency was increased; the procedure
was repeated for each condition on the lip resonance
frequency.

The oscillation frequency plotted in (C) increased
almost linearly as a function of the lip resonance
frequency. The two frequencies were almost equivalent
when the resonance frequency was 196 Hz; the oscillation
frequency was higher than the resonance frequency below
this frequency and vice versa. The phase angle of the input
impedance plotted in (D) decreased sharply with an
increase in the lip resonance frequency above 220 Hz;
however, it remained positive.

Based on the results plotted in (B), (E), and (F), the
magnitude of lip motion and opening area decreased with
an increase in the lip resonance frequency. The peak value
of the mouthpiece pressure plotted in (H) did not change
significantly irrespective of the lip resonance frequency,
although the blowing pressure increased with an increase in
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Fig. 6 Estimated results of steady, periodical oscilla-
tions when the lip resonance frequency increased from
180 to 250Hz. (A) Blowing pressure set for each lip
resonance frequency. (B) Maximum and minimum
position of the lip along the y-axis within the
oscillation period. (C) Oscillation frequency. (D) Phase
angle of the input impedance determined from the
oscillation frequency for each lip resonance frequency.
(E) Movement trajectory of the lip in the x—y plane for
the lip resonance frequencies of 180, 200, 220, 240,
and 250 Hz. (F-H) Time courses of the cross-sectional
area of the lip aperture, total volume velocity, and
mouthpiece pressure during the oscillation period for
lip resonance frequencies of 180, 200, 220, 240, and
250 Hz.

the lip resonance frequency, as shown in (A). The stiffness
of the lip increased in proportion to its resonance
frequency, which could result in a reduction in the lip
opening area. Indeed, the waveforms of the total volume
flow plotted in (G) changed significantly depending on the

lip resonance frequency. This can be understood from the
phase angle of the input impedance plotted in (D), i.e., the
peak of the volume flow and that of the mouthpiece
pressure coincided with an increase in the lip resonance
frequency and a decrease in the phase angle.

The results shown in Fig. 6 clearly demonstrate how
the phase angle of the input impedance influences the
generation of volume flow. The mouthpiece pressure
peaked when the lip-opening area peaked for a lip
resonance frequency of 250 Hz. This temporal relationship
is not favorable because the positive mouthpiece pressure
decreases the pressure difference between the inlet and
outlet of the lip opening and prevents the flow generation,
whereas the peak of the lip area promotes it. These two
factors are therefore contradictory and less effective. In
contrast, the temporal relationship was favorable when the
lip resonance frequency was 180 Hz: the phase angle was
approximately 86°, and the mouthpiece pressure peaked
at approximately 1ms; therefore, this made the pressure
difference greater when the lip area opened maximally at
approximately 2ms. As a result, volume flow was
generated effectively from a lower blowing pressure.

The oscillation frequency was lower than the lip
resonance frequency when it was above 196 Hz. This
enlargement of the oscillation period can be explained as
follows: the peak location of the mouthpiece pressure
was temporally very close to that of the lip-opening area
when the lip resonance frequency was 240 or 250 Hz. The
peak of the lip area indicates that the upper lip opened
maximally at that moment. In addition, the positive
mouthpiece pressure gives rise to the upward driving force
to the lip. Therefore, this temporal relationship can prevent
the lip from closing, which can result in an increase in
oscillation period.

3.5. Analysis of the Mode Transition Region

Finally, the existence of a periodic solution was
examined for the transition region between the 2nd and
3rd modes of the instrument by altering the lip resonance
frequency from 244 to 280Hz in 2Hz increments. We
found that the blowing pressure needed to be sufficiently
greater than the minimum value to obtain a stable periodic
solution when the lip resonance frequency was fixed within
this range. Thus, the blowing pressure was increased from
the minimum value in 10 Pa increments. For each blowing
pressure, the initial value of the state vector was deter-
mined by integrating the dynamic equations starting from
the stationary state, and then, the shooting method was
applied.

Figure 7 shows the oscillation frequency as a function
of the blowing pressure for each condition of the lip
resonance frequency. In the bottom plot, the lip resonance
frequency ranges from 244 to 264Hz. The blowing
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Fig.7 Estimated oscillation frequency (dot mark) for
the lip resonance frequency of 244-256 Hz (bottom)
and 268-280Hz (top). The open circle indicates the
oscillation frequency with the minimum blowing
pressure; the red cross mark indicates the oscillation
frequency with the lowest blowing pressure, by which
the periodic solution was obtained with the shooting
method. Both marks are connected with the broken
line.

pressure is higher than the minimum value determined by
linear stability analysis when the lip resonance frequency is
higher. In the top plot, the lip resonance frequency ranged
from 268 to 280 Hz. The blowing pressure had an upper
limit for these resonance frequencies, and the behavior of
the lip was instable when the blowing pressure was higher
than the limit. Further, we could not find any periodic
solutions for the lip resonance frequency of 266 Hz.

The oscillation frequency is shown in Fig. 8 as a
function of the resonance frequency of the lip. The blowing
pressure was the lowest value with which the periodic
solution was obtained using the shooting method, as
indicated by the red cross mark in Fig. 7. The dotted
vertical line indicates the frequency (262 Hz) at which the
magnitude of the input impedance was the minimum
between the 2nd and 3rd peaks. The oscillation frequency
was lower than the lip resonance frequency when the
resonance frequency was lower than or equal to 264 Hz,
and vise versa, when the resonance frequency was higher
than or equal to 268 Hz. The results imply that the sounding
frequency of the instrument could jump [5,11] from the
note corresponding to the 2nd mode of the instrument to
the note corresponding to the 3rd mode when the lip
resonance frequency increased across the local minimum
of the input impedance.

Temporal patterns of the y-axis position of the lip, total
volume flow, and mouthpiece pressure are computed by
integrating the dynamic equations to examine the instable
behavior of the lip, as shown in Fig. 7. Figure 9 shows the
results when the lip resonance frequencies are 274 and
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Fig.9 Simulated temporal patterns of the y-axis posi-
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276 Hz and the blowing pressure is 3,600 Pa. Although
the difference in lip resonance frequency was only 2 Hz,
the simulated temporal pattern fluctuated from cycle to
cycle when the lip resonance frequency was 276 Hz. No
convergence was obtained in the iterative procedure of the
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Fig. 10 Simulated temporal patterns of the y-axis
position of the lip, total volume flow, and mouthpiece
pressure for the lip resonance frequency of 256 Hz. The
blowing pressure was 2,800 Pa.

shooting method under the condition of the lip resonance
frequency and blowing pressure; therefore, a time-domain
simulation was required to ensure the existence of instable
behavior.

The bottom plot in Fig. 7 indicated a limit for the
shooting method. For example, when the lip resonance
frequency was 256 Hz, a blowing pressure of 2,880 Pa was
required to obtain the periodic solution. However, as
illustrated in Fig. 10, a periodic pattern is obtained with
the time-domain simulation even when the blowing
pressure is lower than 2,880 Pa. In Fig. 8, the oscillation
frequency ranges from 237.5 to 248.5Hz when the lip
resonance frequency ranged from 252 to 264 Hz. Within
this frequency range, the figure shows that the phase angle
of the input impedance is negative. The experimental
results imply that the effectiveness of the shooting method
depends on the input impedance of the instrument at the
oscillation frequency.

4. SUMMARY AND CONCLUSION

A numerical method is presented to estimate the
periodic solution of a dynamic system that represents the
sound generation mechanism of the trumpet. This method
was based on the shooting method [17,18] in which the
periodic solution was determined using an iterative
procedure by optimizing the initial values of the state
variables and oscillation period. Further, linear stability
analysis [19,20] was used to estimate the minimum
blowing pressure and oscillation frequency at that pressure.
The self-sustained oscillation of the lip was represented
using a two-dimensional model [5]; the acoustic character-
istics of the instrument bore were represented by combin-
ing a mode decomposition scheme and dynamic equation
considering the volume flow input to the mouthpiece and
the resulting acoustic pressure [11,19,20].

Numerical experiments were performed by smoothly
changing the resonance frequency of the lip or blowing
pressure, or by changing both parameters simultaneously.

The results indicated that the shooting method could
properly solve the initial value problem. The estimated
oscillation frequency of the lip varied finely with a small
change in the control parameters. We ensured that the
method could be used for both the detection and estimation
of the periodic solution, even when the system had a large
number of state variables and dynamic equations. Further,
the obtained oscillatory behaviors of the state variables
were interpretable in terms of the relationship between
their temporal waveforms and the input impedance of the
instrument at the oscillation frequency.

In the analysis of the transition region between the
successive modes of the instrument, the convergence of the
solution was not obtained by the shooting method when the
lip resonance frequency was around the frequency at which
the magnitude of the input impedance was in the locally
minima. A jump in the oscillating frequency was reported
[5,11] around this specific frequency. Irregular situations in
our study were classified into two cases: (1) We confirmed
that the behavior of the state variables was no longer
periodic when the lip resonance frequency was higher than
the frequency of the impedance minimum and the phase
of the input impedance was positive. (2) In the other case,
the shooting method could not detect the periodic solution
when the phase of the input impedance was negative at
the oscillation frequency. The former case showed the
usefulness of the shooting method for detecting the
existence of the instable behavior of the system; however,
the latter case exhibited its limitation.

Considering this limitation, we plan to extend the
present study to explore the occurrence of the period-
doubling phenomenon [8] in the trumpet. The shooting
method is directly applicable to the detection of this
phenomenon by setting the initial value of the oscillation
period in two ways. The optimization procedure of the
shooting method does not converge because of fluctuations
given by period-doubling when the phenomenon is caused
by a small change in the values of the control parameters
and the oscillation period is initially set to the regular,
periodic solution of the previous parameter setting. Further,
if the initial value of the oscillation period is doubled, the
optimization procedure works and provides a solution; and
therefore, it is possible to detect this phenomenon.

We would like to focus on the acoustic role of the
player’s vocal tract because we have already revealed
how the players of the brass and woodwind instruments
control the vocal tract in selecting a specific mode of the
instrument and the blowing pitch [21,22]. Acoustic
characteristics of the vocal tract can be computed using
morphological data obtained using a magnetic resonance
imaging device and modeled using a dynamic system
representation. Therefore, the effects of the vocal tract can
be incorporated into the trumpet model. Future studies can
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determine the cause of the period-doubling phenomenon
and help trumpet players avoid such unwilling blowing
states.
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