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AN ANTIPODAL THEOREM FOR PARAMETRIC
OPTIMIZATION PROBLEMS

By
Hidefumi KAWASAKI*

Abstract

Borsuk-Ulam'’s theorem is a useful theorem of algebraic topology. It states that
for any continuous mapping f from the n-sphere S™ to R", there exists a point
x € S™ such that f(z) = f(—=z). Recently Kawasaki (2023) introduced Borsuk-
Ulam’s theorem to nonlinear optimization. It applied Borsuk-Ulam’s theorem to an
n-tuple of parametric optimization problems with parameter v € S™, and presented
an antipodal theorem for them. Further, it showed that given n convex sets in R",
it is possible to divide each width in half with a hyperplane. In this paper, we
take another approach, which weakens the assumptions, simplifies the proofs, and
includes a result beyond the scope of Kawasaki (2023). Further, we add a new
insight to the ham-sandwich theorem.

Key Words and Phrases: Borsuk-Ulam’s theorem, parametric optimization, ham-sandwich the-
orem.

1. Introduction

Borsuk (1933) proved an important theorem of algebraic topology. It states that for
any continuous mapping f from the n-sphere S™ to the Euclidean space R™, there exists a
point & € S™ such that f(x) = f(—=z). As for its applications, the ham-sandwich theorem
(Section 4), the necklace problem, and coloring of Kneser graph by Lovdsz (1978) are
well-known, see e.g. Matousek (2008). Kawasaki (2023) applied Borsuk-Ulam’s theorem
to an n-tuple of parametric optimization problems with parameter v € S™ by using a
technique of the ham-sandwich theorem, and presented Theorems 1.1 and 1.2 below.

For any v = (u1,...,un+1) € S™, we write u = (u1,...,u,) € R” and u =
(4, unt1). Then u is an element of n-disk D™. We assign to u € S™ a hyperplane
H, ={z € R" | (u,z) = uy41} and two closed half-spaces:

H:[ = {‘T eR” | <u’$> > un+1}ﬂ H, = {x eR"™ ‘ <u,x> < un+1}7

where (u,x) denotes the inner product wyzy + - -+ + up@,. It is clear that HY, = H, .
When u = (u,0), we denote them by

Hiy={z € R"| (u,) > 0}, Hyy = {z €R" | (u,z) < 0}.

Let A, ¢ R™ (1 = 1,...,n) be compact convex sets with non-empty interiors. We
assumed the following strict convexity of A; in Kawasaki (2023).
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2 H. KAWASAKI

(SC) A; N H = {«} for any boundary point = of A; and for any supporting hyperplane
H of A; at x.

The n-tuple of optimal-value functions ¢ = (¢1,...,¢n) : S™ = R™ is defined by

max fi(z,u) — min fi(z,u) (A;NHS #0),
pi(u) == { “ “

r€A;NH, r€A;NH,
0" (u | Ai) = un41 (AN HE =0),

where 6*(u | X) := max (u, ). We remark that the essential case of ¢;(u) is the former.
BAS

The latter is a device for ¢; to be continuous on the whole S™. A function f;(z,u) is
said to be antipodal w.r.t. w if fi(z,—u) = —f;(z,u) for any (z,u) € R™ x S™. By
applying Borsuk-Ulam’s theorem to ¢, we obtained the following antipodal theorem:

THEOREM 1.1. (Kawasaki (2023)) Assume that f;i(x,u) is antipodal w.r.t. w and
A; satisfies (SC) for any i =1,...,n. Then there exists uw € S™ such that both A; N H;}
and A; N H,, are non-empty, and

max fimu)— min_ fiwu) = max fizmw) - min_ fiw,u) (2
r€A;NHL r€A;NHE r€A;NHy T€EA;NHy
foranyi=1,...,n.

Further, by taking f;(z,u) = (z,u), we obtain the following theorem. It states that
there exists a hyperplane that divides each A;’s width in half.

THEOREM 1.2. (Kawasaki (2023)) There exists u € S™ such that both A;NH,} and
A; N H,, are non-empty and

S(u| AN HD) —6u(u | AinH) =6%(u | AiN Hy) — 0u(u | A;NH) (3)

foranyi=1,...,n, where 0,(u | X) := min (u,z).
zeX

In order for ¢ : S™ — R” to be continuous, we required the continuity of the set-
valued mapping u — A; N H,t. So we needed assumption (SC) in Kawasaki (2023). In
Section 2, we take another approach that does not go through the set-valued mapping.
Then, assumption (SC) is unnecessary, and proofs simplify. In Section 3, we clarify the
relationship between Theorem 1.2 and the corresponding Theorem 2.2. One will see
the latter includes a result beyond the scope of the former. In Section 4, we apply our
technique to the ham-sandwich theorem. One will see it brings a new insight to the
ham-sandwich theorem.

2. Parametric Optimal-Value Functions

In the following, we assume that for any ¢ =1,...,n

e A; C R™ is a non-empty compact set. It is possible to be non-convex and empty
interior.

e f; :R™ x D™ — R is continuous. It is antipodal w.r.t. uw € D" for any x € R™.

e 7, is a non-zero real constant.
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We define a new optimal-value function x; : S™ — R by

Ki(u) == gé% filw,u) + ;Iéljl filz, u) = 2yiunqa. (4)
Then it is easily seen that k; is continuous. Applying Borsuk-Ulam’s theorem to x =
(K1,...,Kn), we obtain the following antipodal theorem:

THEOREM 2.1. (a) For any v; #0 (i =1,...,n), there exists u = (u,ups+1) € S™
such that u # 0 and

Az, in f;(x,u) = 2y;up, i=1,...,n).
max fi(w,u) + min fi(z,u) = yuns1 (@ n) (5)

(b) There exists non-zero u € D™ such that max filx,u)+ mi,? fi(z,u) does not depend
TEA; TEA;

oni=1,...,n.

(c) If there is no non-zero v € D™ such that

max fi(x7v)+£% filz,v) =0 (i=1,...,n), (6)
then, for any v; #0 (i = 1,...,n), there exists non-zero u € D™ such that the ratio of
max filz,u) + mgl filz,u) (i =1,...,n) equals to the ratio of v; (i=1,...,n).

TCA; TEA;
PRrROOF. By Borsuk-Ulam’s theorem, there exists w € S™ such that ;(u) =
ki(—u) for any i. Namely,
, in fi _ 9,
aI:IéaA}f fz(xa u) + a?enAnl fz(xv U) Viln+1
= max fi(z,—u) + min fi(2, —u) + 2ystn1
= —mi [AC) - [AC) 2 i Un+1,
min fi(z,u) - max fi(z,u) + 2yitn+1
which implies (5). Since f;(z,u) is antipodal w.r.t. u, it holds that f;(z,0) = 0 for any
x. Suppose that u = 0, then it follows from (5) that
2viuny1 = max fi(z,0) + felljl fi(z,0) =0,
which contradicts (u,un41) # 0. Therefore, u # 0. (b) follows from (a) by taking

vi = 1. (c) It follows from (a) and the assumption on (6) that w,4+1 # 0. Hence, we
obtain the desired ratio. This completes the proof.

In particular when f;(z,u) = (x,u), Theorem 2.1 turns into an equal division
theorem:

THEOREM 2.2. (a) For any v; #0 (i = 1,...,n), there exists u = (U, upy1) € S™
such that u # 0 and

0 (u | A) +0e(u] Ai) =2vupt1 (E=1,...,n). (7)

(b) There exists non-zero w € D™ such that 6*(u | A;) + 6.(u | A;) does not depend on
1=1,...,n.
(¢) If there is no non-zero v € D™ such that

G| A)+ 0.0 A)=0 (i=1,....n), (8)

then for any v; # 0 (i = 1,...,n), there exists non-zero uw € D™ such that the ratio of
0*(u | Ai) + dx(u | A;) (1 =1,...,n) equals to the ratio of v; (i =1,...,n).
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Since the hyperplane

{IER”

passes a kind of center of A;, Theorem 2.2 (c¢) means that one can arrange Aq,..., A,
in order along the direction u, see Figure 2.

(z,u) = 6" (u | Ai) ;5*(1; | Al)}

EXAMPLE 2.3. Figure 1 Left and Right represent Theorem 2.2 (b) and (8) in R?, re-
spectively.

H,;

N

Figure 1: Left: §*(u

| A;) + 6x(u | A;) (i = 1,2) are a non-zero constant. Right:

(i=1,2).

Figure 2 represents Theorem 2.2 (c) in R2. For example, ratio 7y : 79 = 1 : —2 is
substantialized by u € D? in Left. Ratio 71 : 7o = 1 : 2 is substantialized by u € D? in
Right.

Figure 2: Left: 71 : 79 =1: =2, Right: 73 : 2 =1:2.

3. Relationship between Theorems 1.2 and 2.2

In this section, we clarify the relationship between Theorems 1.2 and 2.2. For this
aim, we take f;(z,u) = fi(z,u) = (u, z).

LEMMA 3.1. (a) If both A; N H} and A; N H,, are non-empty, then
S (ul AN HYE) =6 (u| Ay), (9)

Ou(u | AN H, ) = d0(u | 4;). (10)
(b) If A; is convex and both A; N\ H} and A; N H,, are non-empty, then

So(u| Ay VHE) = 6" (u| A; VH) = tngr. (11)
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PROOF. (a)

§(u| AN HY) =max{(u,z) | x € Ai, (u,z) > upy1} = max (u,z) = 6" (u| 4;).
TEA;

de(u| A;NHy) =min{{u,z) |z € A;, (u,z) < upq1} = Inijl (u, ) = du(u| 4;).
TEA;
(b) Take arbitrary y € A; N H} and z € A; N H,, then (u,2) < upt1 < (u,y). Hence,
there exists 0 < ¢ < 1 such that (u,ty + (1 — t)z) = w,41. Since A; is convex, z* :=
ty + (1 — t)z belongs to A; and (u,z*) = uy,41. Therefore,
Se(u| A;n HY) =min{{u,z) |z € Ai, (u,2) > upy1} = (U, %) = upy1. (12)
0 (u | AiNHy) =max{{u,x) | x € 4;, (u,z) < tpt1} = (U, %) = Upy1. (13)

This completes the proof.

PROPOSITION 3.2. Assume that A; is conver and both A; N Hf and A; N H,, are
non-empty, then Theorem 2.2 (7) with ~; = 1 is equivalent to Theorem 1.2 (3).

PROOF. (7) with ; = 1 is written as
0" (u | Ay) — tpg1 = Upt1 — 0x(u | A;). (14)
It follows from Lemma 3.1 that
LHS of (14) = §*(u | A; N HY) — . (u | A; 0 H}) = LHS of (3),
RHS of (14) = 8 (u | A; N H) — 6. (u | A; N H) = RHS of (3).
Therefore, (7) is equivalent to (3).

Proposition 3.2 indicates that Theorem 2.2 (a) where 7; = 1 is almost the same as
Theorem 1.2. On the other hand, Theorem 2.2 (c) is beyond the scope of Theorem 1.2.

4. Variation

In this section, we apply the technique of Section 2 to the ham-sandwich theorem.
Let A;,..., A, C R™ be compact sets with positive Lebesgue measure p. Then, the
ham-sandwich theorem states that there exists u € S™ such that

wA;NHD) = (AN HY) (i=1,...,n).
Now, let v; be non-zero constant, and define

Then, A = (A1,...,A,) : S™ — R™ is continuous. Applying Borsuk-Ulam’s theorem to
A, we obtain the following theorem.
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THEOREM 4.1. (a) For any v; #0 (i = 1,...,n), there exists u = (u,upy1) € S™
such that

p(ANHS) —p (AN Hy ) = 2yunsr (1= 1,....0). (16)

(b) There exists w € S™ such that p(A; N HY) — u(A; N Hy) does not depend on i =
1,...,n.
(¢) If there is no non-zero v € D™ such that

,u(AiﬂH{f,o):,u(AiﬂHv_,o) (i=1,...,n), (17)

then, for any~y; # 0 (i = 1,...,n), there exists u € S™ such that the ratio of pn (A; N H})—
w(A;,NH,) (i=1,...,n) equals to the ratio of v; (i =1,...,n).

PRrROOF. (a) By Borsuk-Ulam’s theorem, there exists u = (u,un+1) € S™ such
that A\;(u) = A\;(—u) for any i. Namely,
= u (A, N H;) — (A,L n H,j:) + 27Un+1,
which implies (16). (b) follows from (a) by taking v; = 1. (¢) Suppose that u,4+1 =0 in

(16), then u = (u,0) and w is non-zero. Hence (16) contradicts the assumption on (17).
Thus u,41 # 0, and we obtain the desired ratio. This completes the proof.

ExXAMPLE 4.2. In Figure 3, since there is no line passing the origin that divides both
A; and As in half, Theorem 4.1 (c) is applicable. For example, ratio v, : 79 = 1: 2 is

Figure 3: Theorem 4.1 (c). Left: 77 : 72 = 1: 2. Right: 73 : y2 =1: —1.

substantialized by u € D? in Figure 3 Left. Ratio 7, : 72 = 1 : —1 is substantialized by
v € D? in Figure 3 Right.

If we take
instead of (15), we obtain a theorem similar to Theorem 4.1. The difference is the
dividing hyperplane H,, = {z € R™ | (u.z) = up4+1}. It does not necessarily pass the

origin in Theorem 4.1, but passes the origin in Theorem 4.3. Since the proof is almost
same with Theorem 4.1, we omit it.
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THEOREM 4.3. (a) For any v; #0 (i = 1,...,n), there exists u = (u,upy1) € S™
such that
w (AN H;L’O) —p(4n H;O) =2viupy1 (i=1,...,n). (19)

b) There exists non-zero u € D™ such that u (4; N H o) —u (A; N H ) does not depend
2 u,0 H u,0

ont=1,...,n.

(c) If there is no non-zero v € D™ such that

p(AinHy ) =p(AinH ) (i=1,...,n), (20)

then, for any~y; 20 (i = 1,...,n), there exists u € D™ such that the ratio of (Ai N HIO)—
u(AiﬂH;O) (i=1,...,n) equals to the ratio of v; (i=1,...,n).

ExAMPLE4.4. In Figure 4, since there is no line passing the origin that divides both
A; and As in half, Theorem 4.3 (c) is applicable. For example, ratio y; : 7o = 1: 2 is
substantialized by u € D? in Figure 4 Left. Ratio 71 : 79 = 1 : —1 is substantialized by
v € D? in Figure 4 Right.

Figure 4: Theorem 4.3 (c). Left: 77 : 472 = 1: 2. Right: 73 : y2 =1: —1.
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