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In this paper, we consider a class of plane curves called log-aesthetic curves and their 
generalization which are used in computer aided geometric design. In the framework of 
similarity geometry, those curves are characterized as invariant curves under the integrable 
flow on plane curves governed by the Burgers equation. They also admit a variational 
formulation leading to the stationary Burgers equation as the Euler-Lagrange equation. As 
an application of the formulation, we propose a discretization of these curves and the 
associated variational principle which preserves the underlying integrable structure. We 
finally present algorithms for generating discrete log-aesthetic curves for given G1 data 
based on similarity geometry. Our method is able to generate S-shaped discrete curves 
with an inflection as well as C-shaped curves according to the boundary condition. The 
resulting discrete curves are regarded as self-adaptive discretization and thus high-quality 
even with the small number of points. Through the continuous representation, those 
discrete curves provide a flexible tool for the generation of high-quality shapes.

© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the 
CC BY license (http://creativecommons .org /licenses /by /4 .0/).

1. Introduction

1.1. Background and overview

In this paper, we consider a class of plane curves in computer aided geometric design called the log-aesthetic curve
(LAC) and its generalization called the quasi aesthetic curve (qAC). The LAC has been originally proposed by extracting the 
common properties from thousands of plane curves which car designers regard as aesthetic (Harada et al., 1999). A new 
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mathematical characterization of the LAC and the qAC based on the theory of integrable systems and similarity geometry 
was announced in Inoguchi et al. (2018). In the previous paper (Inoguchi et al., 2018), the LAC and the qAC are formulated as 
invariant curves with respect to the integrable flow on the plane curves preserving the similarity arc length. More precisely, 
the evolution of the curves is governed by the similarity curvature which is characterized by the stationary solutions of 
integrable nonlinear partial differential equation arising from the geometric setting. An alternate formulation based on the 
variational principle of the LAC and the qAC is presented by introducing the fairing energy functional. We then construct 
a discrete analogue of the LAC (dLAC) and the qAC (dqAC) within the above-mentioned framework, which gives a new 
implementation of the LAC and the qAC with a sound mathematical background as discrete curves. In general, discrete 
curves and surfaces are useful for generating high-quality smooth curves and surfaces without undulations, since it is easier 
to control the change of curvatures of discrete curves and surfaces than smooth ones (see, for example, Kobayashi and 
Kimura (2010)). Practically, it is easier to deform the dLAC than the LAC since a dLAC is a set of discrete points, which is 
suitable for flexible design process in CAD. For manufacturing process, continuous representation of the dLAC is crucial, but 
approximating a dLAC by NURBS curves gives us a high-quality shape, since the curvature distribution is well preserved 
through this approximation. Therefore the dLAC serves as a fundamental ingredient for flexible and high-quality shape 
generation by the LAC. Then the contributions of this paper may be described as follows:

(1) The technique of integrable discretization is applied to define the dLAC and the dqAC, together with the formulation by 
the discrete variational principle. We then introduce a discrete fairing functional and formulate these discrete curves in 
terms of a discrete variational principle. The discrete curves obtained in this manner are not naïve approximations of 
the original LAC and qAC but admit their own natural geometric characterization.

(2) An implementation of the dLAC is presented, in which we consider the boundary value problem of the dLAC for given 
endpoints and associated tangent vectors. In this implementation, the dLAC serves as a self-adaptive mesh discretization 
of the LAC. In general, discrete curves have more degrees of freedom in design than smooth curves due to the parame-
ters which disappear in the continuum limit, so that generation of various shapes is possible. The dLAC proposed in this 
paper consists of mathematically defined discrete points on a certain curve, which is expected to be useful for various 
designs, as it can generate wide variety of shapes.

(3) The continuous representation of discrete curves is indispensable for application of discrete curves to various manu-
facturing in order to guarantee the precision of the products to be made. The discrete points of a dLAC are defined 
mathematically and are without unnecessary noise, which is different from the measurement data of the reverse engi-
neering. The B-spline or the NURBS curves can approximate the shape generated by the dLAC precisely including the 
curvature distribution. Therefore the dLAC can be directly applicable to manufacturing and provides with a flexible tool 
for high-quality shape generation.

1.2. Related works

The class of qAC was introduced in Sato and Shimizu (2016), see also Inoguchi (2016); Inoguchi et al. (2018). Another 
generalization of the LAC (GLAC) introduced in Gobithaasan and Miura (2011) is also well studied, and the GLAC is charac-
terized by the linearity of the logarithmic curvature/torsion graphs (Gobithaasan et al., 2014b), Bernoulli equations (Miura 
et al., 2015), and similarity geometric context (Inoguchi et al., 2019). Some attempts of variational characterizations of 
“log-aesthetic surfaces” are studied in Suzuki et al. (2018a,b). Applications of the LAC are, for instance, shape completion 
problems (Gobithaasan et al., 2014d), log-aesthetic magnetic curves to CAD systems (Wo et al., 2014), approximation of 
the LAC/GLAC using quintic Bézier curves for industrial CAD systems (Albayari et al., 2017; Lu and Xiang, 2016). On the 
generation of the LAC, representative studies are the adaptive Runge-Kutta methods (Gobithaasan et al., 2014c), evolution 
of a curve by log-aesthetic flow (Miura et al., 2017) for solving the equation, generation of a LAC segment for a given G2

Hermite data (Gobithaasan et al., 2014a; Wo et al., 2015), and an explicit formula of the smooth LAC in terms of the incom-
plete Gamma function (Ziatdinov et al., 2012). In the previous studies, generating methods of the S-shaped LAC are based 
on connecting two independent C-shaped LACs at some “inflection point” as in Gobithaasan et al. (2014a,d); Miura et al. 
(2013), however, we propose an essentially different method of the generation of the S-shaped dLAC. Similarity geometric 
approaches to the LAC/GLAC are also studied in Inoguchi et al. (2019); Miura et al. (2018).

2. Log-aesthetic curves and similarity geometry

In this section, we give a brief review of the LAC and the qAC based on similarity geometry according to Inoguchi et al. 
(2018). Originally, the LAC has been studied in the framework of Euclidean geometry. Before proceeding to the LAC, we give 
a brief account of the treatment of plane curves in Euclidean geometry. Let γ (s) ∈ R2 be an arc length parametrized plane 
curve and s be arc length. We introduce the Frenet frame by F E(s) = (T E(s), NE(s)) ∈ SO(2), where dγ (s)/ds = T E(s) and 
NE(s) = J T E(s) are the tangent and the normal vector fields, respectively, and J is the positive π/2-rotation. The Frenet 
frame satisfies the Frenet formula

dF E(s)

ds
= F E(s)LE(s), LE(s) =

(
0 −κ(s)

κ(s) 0

)
, (1)
2
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Fig. 1. Left: Log-aesthetic curves for various parameters. Right: Log-aesthetic curves for α = −1,0,1,2.

Fig. 2. A car model designed by means of log-aesthetic (LA) splines and its mock-up (Miura et al., 2013).

where κ(s) is the curvature. Since |T E(s)| = 1 by definition of arc length, we may write T E(s) = t(cos θ(s), sin θ(s)), where θ
is called the angle function. Note that the curvature κ is related to the signed radius of curvature q(s) and the angle function 
θ(s) by q(s) = 1/κ(s), κ(s) = dθ(s)/ds.

According to Miura (2006), an arc length parametrized plane curve γ (s) ∈R2 is said to be a LAC of slope α if its signed 
curvature radius q satisfies

q(s)α = as + b (α �= 0), q(s) = exp(as + b) (α = 0), a,b ∈R. (2)

The class of LAC includes some well known plane curves. For instance, the logarithmic spiral, the clothoid, the Nielsen spiral 
are included as the LAC of slope 1, −1, and 0, respectively. The LAC of slope 2 is also known as the circle involute curve. 
These examples are illustrated in Fig. 1.

LACs are now maturing in industrial and graphic design practices. Fig. 2 shows the practical example of a car designed 
using the LA splines. Fig. 2(a) shows free-form surface iso-parametric lines generated using the LA splines and corresponding 
zebra maps. Fig. 2(b) shows the geometric model with a special lighting condition and 2(c) are photos of a manufactured 
mockup based on the geometric model. Note that the roof of the car is designed by an LA spline curve with three segments 
and its zebra maps indicate that the surface is of high quality. Based on our experience, the LA splines are generated with 
most G2 Hermite data. Another direction of application is developed in architecture design (Suzuki, 2017). For more details 
of the LAC, we refer to Inoguchi et al. (2019); Miura and Gobithaasan (2014, 2016).

Those studies have been carried out based on the basic characterization (2) in the framework of Euclidean geometry. 
However, equation (2) is too simple to identify the underlying geometric structure. Consequently, we do not have a good 
guideline as to how to generate a larger class of aesthetic geometric objects including the LAC based on a sound mathemat-
ical background. As we have announced in the previous paper (Inoguchi et al., 2018), it is natural to adopt the framework of 
similarity geometry, which is a Klein plane geometry associated with the group of similarity transformations, i.e., isometries 
and scalings. The natural parameter of plane curves in similarity geometry is the angle function θ = ∫

κ(s) ds, which will be 
referred to as the similarity arc length in this paper. For simplicity, we assume that the curves have no inflection points. Let 
γ (θ) ∈R2 be a plane curve in similarity geometry parametrized by the similarity arc length θ . We introduce the similarity 
Frenet frame F (θ) by
3
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Fig. 3. Description of plane curves in similarity geometry.

F (θ) = (T , N) ∈ CO+(2) = {r A | r ∈R+, A ∈ SO(2)}, T = dγ

dθ
, N = J

dγ

dθ
, (3)

where T and N are the similarity tangent and normal vector fields, respectively. The group CO+(2) is called the confor-
mal orthogonal group. Note that |T (θ)| = |q| which follows from |T E(s)| = 1 and dθ/ds = κ = 1/q (see Fig. 3). Then, the 
(Euclidean) Frenet formula (1) implies that the similarity Frenet frame satisfies the similarity Frenet formula

dF

dθ
= F L, L =

( −u −1
1 −u

)
, (4)

for some function u(θ) which is called the similarity curvature. Moreover, the similarity curvature u is related to the signed 
curvature radius q by the Cole-Hopf transformation:

u = −1

q

dq

dθ
. (5)

One can check that a plane curve without inflection points in similarity geometry is uniquely determined by the similarity 
curvature up to similarity transformations.

Remark 2.1. The similarity arc length parameter θ is defined only if the curve has no inflection points. Therefore, only curves 
with isolated inflection points possess a piecewise natural parameter θ .

The notion of the LAC may be shown to be invariant under the similarity transformations. For instance, the slope α
is expressed as α = 1 + (1/u2) du/dθ . In other words, the LAC is reformulated in terms of similarity geometry as follows 
(Inoguchi, 2016; Sato and Shimizu, 2015). A plane curve γ (θ) in similarity geometry is said to be a qAC of slope α if its 
similarity curvature satisfies the Riccati equation (Sato and Shimizu, 2016)

du

dθ
= (α − 1)u2 + c, c ∈R. (6)

In particular, if c = 0, then γ is said to be a LAC of slope α, where the equation for the similarity curvature and its solution 
are explicitly given by

du

dθ
= (α − 1)u2, (7)

u = − λ

(α − 1)λθ + 1
, λ ∈R, (8)

respectively. Under the framework of similarity geometry, it is known that there are two characterizations of the LAC and 
the qAC. One of the characterizations is given by considering the integrable (time) evolution of plane curves that preserves 
the invariant parameter of similarity geometry, which is known to be described by the Burgers hierarchy (Chou and Qu, 
2002). The simplest evolution is given by

∂

∂t
γ = (b − u)T − N, b ∈R, (9)

∂ F

∂t
= F M, M =

( − ∂u
∂θ

+ u2 + 1 − bu −b
b − ∂u

∂θ
+ u2 + 1 − bu

)
, (10)

in terms of the position vector γ and the similarity Frenet frame F , respectively. The compatibility condition of (4) and (10)
(Ft)θ = (Fθ )t , or equivalently ∂L/∂t − ∂M/∂θ = LM − ML yields the Burgers equation

∂u

∂t
= ∂

∂θ

(
∂u

∂θ
− u2 + bu

)
. (11)

Therefore, the evolution is referred to as the Burgers flow. The Burgers equation is linearized in terms of the signed curvature 
radius via the Cole-Hopf transformation (5) according to
4
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Fig. 4. Description of discrete plane curves in similarity geometry.

∂q

∂t
= ∂2q

∂θ2
+ b

∂q

∂θ
.

Imposing the stationarity ansatz ∂u/∂t = 0 reduces the Burgers equation (11) to the Riccati equation

∂u

∂θ
= u2 − bu + c, c ∈ R. (12)

In particular, putting b = 0, we recover the Riccati equation (6) with α = 2. We note that (6) is obtained formally from 
(12) by making the substitution u → (α − 1)u. In this sense, qACs are characterized by the stationary Burgers flow, or in 
other words, they are invariant curves with respect to the Burgers flow. We also note that the parameter b corresponds to 
a rotation of the curve.

Another characterization of the LAC and the qAC is the variational formulation with respect to the fairing energy functional
Fλ,a (Inoguchi et al., 2018).

Fλ,a(γ ) =
θ2∫

θ1

1

2

{
a2u(θ)2 + λ

(
q1 q2

q(θ)2

)a}
dθ, (13)

where a = α − 1, λ is an arbitrary constant and qi = q(θi) (i = 1, 2). In fact, we have:

Theorem 2.2 (Inoguchi et al. (2018)). If a plane curve γ is a critical point of the fairing energy Fλ,a (13) under the assumption of 
preservation of the total turning angle and the boundary condition that the ratio of the length of tangent vectors at the endpoints is 
preserved, then the similarity curvature u satisfies u′ = au2 + c, where c is a constant. Therefore, quasi aesthetic curves of slope α �= 1
are critical points of the fairing functional.

In summary, the LAC and the qAC have two characterizations under the framework of similarity geometry; one charac-
terization is as the invariant curves of the integrable time evolution of plane curves, and the other is as a critical point of 
the fairing energy functional. In the following sections, we consider a natural discretization of the LAC and the qAC based 
on these characterizations.

3. Discrete log-aesthetic curves and quasi aesthetic curves

One of the benefits of the formulation presented in Section 2 is that one is led to the construction of a natural discrete 
analogue of the LAC and the qAC which preserves the underlying integrable nature of these curves. It is expected that these 
discrete curves obtained on the principle of structure preservation have better quality as discrete curves compared to other 
existing discretizations regarded as approximations (cf. Section 5). In this section, we construct the discrete analogue of the 
LAC and the qAC by using the framework of integrable evolution of discrete plane curves in similarity geometry as discussed 
in Kajiwara et al. (2016). Let γn ∈R2, n ∈Z be a discrete plane curve. As shown in Fig. 4, we introduce the similarity Frenet 
frame Fn ∈ CO+(2) according to

Fn = (Tn, Nn), Tn = γn+1 − γn, Nn = J Tn, (14)

where Tn and Nn are discrete tangent and normal vectors, respectively, and we write

qn = |Tn| =
√〈Tn, Tn〉. (15)

Then, Fn satisfies the discrete similarity Frenet formula

Fn+1 = Fn Ln, Ln = un R(κn+1), R(κn+1) =
(

cosκn+1 − sinκn+1
sinκn+1 cosκn+1

)
,

un = qn+1
, κn = � (Tn−1, Tn).

(16)
qn

5
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Fig. 5. Radii of osculating circles of an arc length parametrized discrete plane curve in Euclidean geometry and a discrete curve of constant turning angle 
in similarity geometry. Left: Euclidean geometry, |γn+1 − γn| = qn = const. Right: similarity geometry, � (γn − γn−1, γn+1 − γn) = κn = const. In both cases, 
the radii are given by ρn = (qn/2) cot(κn/2).

Hereafter, we assume that the discrete turning angle κn = κ = const.. The associated discrete curves may be regarded as the 
similarity geometric analogues of arclength parametrized discrete curves in Euclidean geometry. Such discrete curves may 
be referred to as “similarity arc length parametrized”. In this case, un plays the role of a discrete counterpart of the similarity 
curvature of smooth plane curves.

Remark 3.1. There is an interesting correspondence on the radii of osculating circles for both arc length parametrized dis-
crete curves in Euclidean geometry and similarity geometry (see Fig. 5). In Euclidean geometry, a discrete plane curve 
γn ∈ R2 is said to be an arc length parametrized discrete curve if the segment length is a constant (Hoffmann, 2009), i.e., 
|γn+1 − γn| = q = const. Then, there exists a circle touching the two segments γn − γn−1 and γn+1 − γn at their midpoints, 
and its radius ρn is given by ρn = (q/2) cot(κn/2), where κn = � (γn − γn−1, γn+1 − γn). On the other hand, in similarity 
geometry, there exists a circle touching simultaneously the three consecutive segments γn − γn−1, γn+1 − γn , γn+2 − γn+1
with the second segment being touched at its midpoint. The radius of the circle ρn is given by ρn = (qn/2) cot(κ/2), which 
is the same expression as in the Euclidean case. From this observation one may regard 1/ρn as a discrete analogue of the 
Euclidean curvature, and one can trace its change along the discrete curve by 1/qn .

We consider an integrable discrete (time) evolution of a discrete curve γn preserving the constant turning angle κn = κ . 
We denote the original discrete curve by γ 0

n and the curve obtained after m discrete time steps is labelled by γ m
n . The 

quantities relevant to these discrete curves are written in a similar manner. For example, qm
n = |γ m

n+1 − γ m
n | and um

n =
qm

n+1/qm
n . Then, the simplest evolution is known to be given by Kajiwara et al. (2016)

γ m+1
n = γ m

n − σ

κ2

{(
1

um
n−1

− cosκ

)
T m

n + sinκ Nm
n

}
, (17)

where the frame F m
n satisfies

F m
n+1 = F m

n Lm
n , Lm

n = um
n R(κ),

F m+1
n = F m

n Mm
n , Mm

n = Hm
n I, I : identity matrix, Hm

n = 1 + σ

κ2

(
um

n − 2 cosκ + 1

um
n−1

)
,

(18)

and σ is a constant. Note that the first equation is nothing but the discrete similarity Frenet formula. The compatibility 
condition of (18), (Fn+1)

m+1 = (F m+1)n+1, or equivalently, Lm+1
n Mm

n = Mm
n+1Lm

n , yields the discrete Burgers equation (Hirota, 
1979; Nishinari and Takahashi, 1998)

um+1
n

um
n

=
1 + σ

κ2

(
um

n+1 − 2 cosκ + 1
um

n

)
1 + σ

κ2

(
um

n − 2 cosκ + 1
um

n−1

) , (19)

which is an integrable discretization of the Burgers equation (11) in a sense that it preserves the linearizability. Actually, 
(19) is linearized in terms of qm

n to

qm+1
n − qm

n

σ
= qm

n+1 − 2 cosκ qm
n + qm

n−1

κ2
. (20)

Note that the continuum limit (11) of (19) with b = 0 is obtained by setting

um
n = 1 − κu(t, θ), θ = nκ, t = mσ , (21)
6
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and taking the limit κ, σ → 0. In fact, substituting (21) into (19) and expanding in terms of κ and σ by noticing

um
n±1 = 1 − κu(t, θ ± κ) = 1 − κ

(
u ± κ

∂u

∂θ
+ κ2

2

∂2u

∂θ2
+ · · ·

)
, um+1

n = 1 − κu(t +σ , θ) = 1 − κ
(

u +σ
∂u

∂t
+ · · ·

)
,

(22)

we see that the discrete Burgers equation (19) becomes

∂u

∂t
= ∂2u

∂θ2
− 2u

∂u

∂θ
, (23)

which is the Burgers equation (11) with b = 0.
Imposing the stationarity ansatz um+1

n = um
n on the discrete Burgers equation (19) and neglecting the superscript m, we 

obtain the discrete stationary Burgers equation

un+1 + 1

un
= un + 1

un−1
, (24)

whose continuum limit according to (21) gives the stationary Burgers equation

d2u

dθ2
= 2u

du

dθ
. (25)

Equation (24) can be integrated to yield the discrete Riccati equation

un+1 + 1

un
= C, (26)

where C is an integration constant. The existence of the continuum limit of (26) according to (21) requires the parametriza-
tion C = 2 − cκ2, leading to

du

dθ
= u2 + c. (27)

In order to construct the discrete analogue of (7) and (6), we replace un by (un)a , where a = α − 1, to obtain

(un+1)
a + 1

(un)a
= (un)

a + 1

(un−1)a
, (28)

and

(un+1)
a + 1

(un)a
= C, (29)

respectively. This a dependence is motivated by the following observation. In the smooth curve case, the similarity cur-
vature u = −(log q)θ is replaced by au, which implies that the curvature radius q is replaced by qa . In the discrete case, 
as explained in Remark 3.1 and Fig. 5, we have un = qn+1/qn = ρn+1/ρn , where ρn = (qn/2) cot(κ/2) is the radius of an 
analogue of the curvature circle, which implies the above a dependence on un . Indeed, this a dependence is consistent with 
the parametrization (21). Actually, noticing that (un)a = (1 − κu)a = 1 − auκ + O (κ2), we see that (28) and (29) reduce to 
(7) and (6), respectively, if we set C = 2 − acκ2. Let us consider the solution of (29), which may be linearized in terms of 
(qn)a as

(qn+1)
a − 2(qn)

a + (qn−1)
a

κ2
= −ac(qn)

a, (30)

by noticing

(un)
a = (qn+1)

a

(qn)a
. (31)

In the case c = 0, the solution of (30) is given by (qn)a = c1n + c2 with c1, c2 being arbitrary constants to yield

un =
(

1 + aλκ

aλκn + 1

) 1
a

, (32)

where λ = c1/(κac2). It is evident that under the parametrization (21), (32) yields the original expression for the similarity 
curvature of the LAC (8), which can be verified by expanding un = (1 +aλκ/(aλθ + 1))1/a by κ and comparing with the first 
equation of (21). The above discussion motivates the following natural definition.
7
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Fig. 6. Smooth and discrete quasi aesthetic curves. Left: Quasi aesthetic curves with (i) (a, c) = (1, 0) (solid line), (ii) (3/2, −1) (dashed line), (iii)(3, −2/3)

(dotted line). Right: Discrete quasi aesthetic curves with the same parameters (i): black, (ii): gray (iii): white, where C = 2 − acκ2 and κ = 0.05.

Definition 3.2. Let γn be a discrete plane curve of constant turning angle κ . γn is said to be a discrete log-aesthetic curve 
(dLAC) of slope α if un satisfies

(un+1)
a + 1

(un)a
= 2. (33)

γn is said to be a discrete quasi aesthetic curve (dqAC) of slope α if un satisfies

(un+1)
a + 1

(un)a
= C, C ∈R. (34)

In both cases, a = α − 1, and the segment length qn satisfies

(qn+1)
a − C(qn)

a + (qn−1)
a = 0. (35)

Fig. 6 illustrates some qACs and dqACs with the same parameters a and c.

4. Variational formulation of discrete log-aesthetic curves and discrete quasi aesthetic curves

It turns out that, as in the continuous case, the dLAC and the dqAC proposed in Section 3 may be obtained via a 
variational principle. Indeed, in the following, we demonstrate that the dLAC and the dqAC may be characterized as the 
stationary curves of constant turning angle of the discrete fairing energy functional Φλ,a given by

Φλ,a(γ ) =
n2−1∑
n=n1

{
(un)

a + 1

(un)a
+ λ

(
qn1 qn2

qnqn+1

)a}
, (36)

with respect to an arbitrary variation of the discrete curve γn which we write as

δγn = ξn Tn + ηn Nn. (37)

To this end, we first compute the variation of the frame by using the discrete similarity Frenet formula (16) as

δTn = δγn+1 − δγn = χn Tn + ψn Nn, δNn = −ψn Tn + χn Nn, (38)

or

δFn = Fn Mn, Mn =
(

χn ψn

−ψn χn

)
, (39)

where

χn = ξn+1un cosκn+1 − ηn+1un sinκn+1 − ξn,

ψn = ξn+1un sinκn+1 + ηn+1un cosκn+1 − ηn.
(40)

The variation of the frame (39) must be compatible with the similarity Frenet formula (16). Accordingly, the associated 
compatibility condition (δF )n+1 = δ(Fn+1), or equivalently, δLn = Ln Mn+1 − Mn Ln results in the pair
8
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δun

un
cosκn+1 − δκn+1 sinκn+1 = cosκn+1(χn+1 − χn) + sinκn+1(ψn+1 − ψn),

δun

un
sinκn+1 + δκn+1 cosκn+1 = − cosκn+1(ψn+1 − ψn) + sinκn+1(χn+1 − χn),

(41)

from which we obtain the variation of un and κn as

δun

un
= χn+1 − χn, δκn+1 = ψn − ψn+1. (42)

Taking the variation of q2
n = 〈Tn, Tn〉, we have 2qnδqn = 2〈δTn, Tn〉. Then, from (39), we obtain the variation of qn as

δqn

qn
= χn. (43)

Note that δun can also be calculated by using un = qn+1/qn , which is consistent with (42).
On use of the variations (42) and (43), the variation of the discrete fairing energy functional is seen to be

δΦλ,a(γ ) = a
n2−1∑
n=n1

[{
(un)

a − 1

(un)a

}
δun

un
+ λ

(
−δqn

qn
− δqn+1

qn+1
+ δqn1

qn1

+ δqn2

qn2

)(
qn1 qn2

qnqn+1

)a]

= a
n2−1∑
n=n1

[{
(un)

a − 1

(un)a

}
(χ̃n+1 − χ̃n) − λ

(
qn1 qn2

qnqn+1

)a

(χ̃n+1 + χ̃n)

]

= −a
n2−2∑

n=n1+1

{
1 + 1

(un−1un)a

}{
(un)

a − (un−1)
a + λ

(
qn1 qn2

qn−1qn

)a}
χ̃n

+ a

[
(un2−1)

a − 1

(un2−1)a
+ (un1)

a − 1

(un1)
a

− λ

(
qn1

qn2−1

)a

+ λ

(
qn2

qn1+1

)a] χn2 − χn1

2
, (44)

where

χ̃n = χn − χn1 + χn2

2
. (45)

The boundary term vanishes iff χn1 = χn2 , which implies that δ(qn1/qn2) = 0 from (43). This means that the ratio of the 
length of segments at the endpoints is preserved by the variation, which is the discrete analogue of the boundary condition 
in the smooth curve case. The first variation formula (44) implies that if γn is a critical point of the discrete fairing energy 
for variations which respect the boundary condition δ(qn1/qn2) = 0, then γn satisfies

(un)
a − (un−1)

a + λ

(
qn1 qn2

qn−1qn

)a

= 0, n = n1 + 1, . . . ,n2 − 1, (46)

which is equivalent to (28) or (26) together with un = qn+1/qn in the same manner as in the continuous case. As a result, 
we have the following theorem.

Theorem 4.1. If a discrete plane curve γn is a critical point of the discrete fairing energy Φλ,a (36) under the boundary condition that 
the ratio of length of segments at the endpoints is preserved, then un satisfies (24). Therefore, discrete quasi aesthetic curves of slope 
α �= 1 are those discrete curves of constant turning angle which constitute critical points of the discrete fairing functional.

Remark 4.2. Since ψn does not enter the variation (44) of the discrete fairing functional, whether or not the variation 
of the curve preserves the constancy of the turning angle does not affect the discrete Euler-Lagrange equation. However, 
if κn+1 = κn is to be preserved by the variation then, by virtue of (42), ψn is no longer arbitrary but constrained by 
ψn+1 − ψn = const. It is also observed that the structure of the variation (44) may be interpreted in a simple geometric 
manner. Since, up to Euclidean motions, a discrete curve is uniquely determined by the angles κn and the lengths qn of 
the segments, we may regard δqn as independent quantities in the variation of the energy functional. More precisely, in 
order to respect invariance under similarity transformations, appropriate independent variations are given by δq̃n , where 
q̃n = qn/

√
qn1 qn2 . Hence, since the energy functional depends on q̃n only with un = q̃n+1/q̃n , its variation may be expressed 

entirely in terms of φ̃n = δq̃n/q̃n . In this manner, one retrieves the variation (44) if one takes into account that, for instance, 
qn1/qn2−1 = 1/q̃n2−1q̃n2 .
9
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5. Generation of discrete log-aesthetic curves

In this section, we consider the problem of G1 Hermite interpolation by using the dLAC, namely, we generate the dLAC 
with specified endpoints and the direction of segments (tangent vectors) at the endpoints. This problem was formulated and 
solved for the LAC in Yoshida and Saito (2006). In Section 5.1 we present a method to generate the dLAC based on similarity 
geometry. In this formulation, we assume that the discrete curves are similarity arc length parametrized; it has a constant 
turning angle, or, each angle between the adjacent segments is the same, and the segment length qn is the variables. This 
implies that this method can generate dLACs without inflection, namely “C-shaped” curves only. On the other hand, the 
curve segments with an inflection point, namely “S-shaped” curves are also important in industrial design (Miura et al., 
2013). A method of generating a LAC with an inflection point has been proposed in Miura et al. (2013) when the slope 
α is negative. In Section 5.2, we present a method to generate an S-shaped dLAC based on similarity geometry. Also, we 
construct continuous models from the generated dLACs, and show that the points and the curvatures are well approximated. 
Thus, dLACs can be directly used for manufacturing.

5.1. Discrete log-aesthetic curves without inflection

We consider a generation method of the dLAC without inflection based on similarity geometry. As mentioned above, we 
assume that the discrete curve is similarity arc length parametrized. For simplicity, we first construct the dLAC consisting of 
four points for given endpoints, γ0 and γ3, and the direction of the segments at those points with the specified parameter 
a. Consider the triangle on the plane shown in Fig. 7. The problem is equivalent to determining γ1 on AB and γ2 on BC 
such that � (γ2 − γ1, AB) = � (BC, γ3 − γ2) = κ , where κ = 1

2 θ2. In other words, the length of the segments qn = ∣∣γn+1 − γn
∣∣

(n = 0, 1, 2) is subject to the constraints

q0 cos θ1 + q1 cos(θ1 − κ) + q2 cos(θ1 − 2κ) = �, (47)

q0 sin θ1 + q1 sin(θ1 − κ) + q2 sin(θ1 − 2κ) = 0, (48)

where we have chosen the coordinates such that γ0 = t(0, 0) and γ3 = t(�, 0) (� > 0) without loss of generality. Moreover, 
according to (35), qn (n = 0, 1, 2) satisfies

(q0)
a − 2(q1)

a + (q2)
a = 0, (49)

for specified real number a. Therefore, the three unknown variables q0, q1 and q2 are determined from equations (47), (48)
and (49), in principle, and γ1, γ2 are given by

γ1 = γ0 + q0

(
cos(θ1 − κ)

sin(θ1 − κ)

)
, γ2 = γ1 + q1

(
cos(θ1 − 2κ)

sin(θ1 − 2κ)

)
. (50)

It is straightforward to generalize the above procedure to generate a dLAC with N +2 points, γ0 = t(0, 0), γ1, . . . , γN , γN+1 =
t(�, 0), for given γ0, γ1 and γN , γN+1 being on the respective edges of the specified triangle depicted in the second picture 
of Fig. 7. Then, qn (n = 0, . . . , N) satisfy the following equations:

(qn−1)
a − 2(qn)

a + (qn+1)
a = 0, n = 1, . . . , N − 1, (51)

q0 cos θ1 + q1 cos(θ1 − κ) + · · · + qN cos(θ1 − Nκ) = �, (52)

q0 sin θ1 + q1 sin(θ1 − κ) + · · · + qN sin(θ1 − Nκ) = 0, (53)

where κ = θ2/N . It is possible to determine qn in principle, since we have N + 1 equations for N + 1 unknown variables qn

(n = 0, . . . , N). Then, we have

γn = γn−1 + qn−1

(
cos(θ1 − nκ)

sin(θ1 − nκ)

)
, n = 1, . . . , N. (54)

Now, equations (51)–(53) may be solved numerically as follows:

(1) We may write the general solution of (51) as

(qn)
a = (N − n)(q0)

a + n(qN)a

N
(n = 0, . . . , N). (55)

Also, we may temporarily put (q0)
a = �

N+1 .
(2) Substituting the above expressions into (53), we have a nonlinear equation in qN . We then solve the equation by a 

suitable solver, e.g., the bisection method.
(3) Compute qn (n = 1, . . . , N − 1) by using (55).
10
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Fig. 7. Generation of discrete log-aesthetic curves by G1 interpolation. Left: four points. Right: N + 2 points.

Fig. 8. Examples of discrete log-aesthetic curves with N = 2,6,14,30 for α = ±0.5.

(4) Compute the left-hand side of (52) and put it as L.
(5) Apply the scaling Tn → �

L Tn so that (52) is satisfied and regenerate γn .

In this method, we are able to reduce the nonlinear equations for qn (n = 0, . . . , N) to a single nonlinear equation for only 
one variable qN , by using the linearity of (51) in (qn)a and the scaling property of (52) and (53).

Fig. 8 illustrates the examples of dLACs generated by the above method. Despite the different α values, the shape of the 
curves in the top and bottom rows of the middle picture are similar. When N = 2 (total number of vertices is 4), the triangle 
cut by the vertices polyline of α = 0.5 is a little bit larger than that of α = −0.5 as shown in the superimposed figure on 
the left. The right figure illustrates the case of N = 30 for α = ±0.5 and the area bounded by the control polyline with the 
curve for α = 0.5 is larger than that with the one for α = −0.5, that is consistent with the left and middle figures. Each 
curve reasonably approximates its continuous counterpart and the difference of those curves is reasonable when compared 
with the case of the smooth LAC as in Yoshida and Saito (2006). The discrete curvature of the curves (see Remark 3.1) is 
monotonically increasing from left to right and reproducing the smooth LAC’s property very well. The computation time to 
generate dLACs on a Core i7 6700 3.4 GHz is from 10 to 20 msec according to N = 50 to 300 implemented in Matlab®. The 
computation time based on numerical discretization of the smooth LAC described in Yoshida and Saito (2006) takes about 
80 msec in Matlab® and the discrete implementation is much faster since fine numerical integration to obtain the shape of 
the curves is not required and only coarse summation expressed in (54) to keep the boundary conditions are necessary.

The above advantage may be understood to be due to the geometric characterization of dLACs themselves as discrete 
curves. Namely, in similarity geometry, the turning angles of the discrete plane curves are constant κ , so that the shape is 
controlled by the segment length qn . Since a discrete analogue of the curvature is given by (2/qn) tan(κ/2), which is the 
reciprocal of the radius of the osculating circle touching the three consecutive edges (see Remark 3.1), if the curvature is 
large (resp. small) the segment length is small (resp. large). Therefore the distribution of the vertices is dense (resp. coarse) 
where the curvature is large (resp. small), which implies that the discrete plane curve under similarity geometry is regarded 
as a self-adaptive discretization, as illustrated in Fig. 9. Even a coarse discrete curve can generate sufficiently good shape. 
Especially, during the design stage, a designer tries to generate as various as possible curves as to pursue the desired shape. 
Coarse discrete curves are good enough and desirable because one can generate curves quickly and check their suitability.

5.2. Discrete log-aesthetic curves with an inflection

In this section, we propose a method generating a dLAC with an inflection, i.e., an S-shaped dLAC based on similarity 
geometry.

Unlike the case where there is no inflection discussed in Section 5.1, uniqueness of the solution is not guaranteed. As in 
the previous section, we assume that the discrete curve has (N + 2)-vertices γ0 = t(0, 0), γ1, . . . , γN , γN+1 = t(�, 0) (� > 0). 
11
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Fig. 9. Example of discrete log-aesthetic curves as a self-adaptive discretization of log-aesthetic curves. α = 0.3, κ = −0.2, γ0 = (0,0), γ1 = (0,0.2).

Fig. 10. A discrete log-aesthetic curve with an inflection.

Suppose that for given n ∈ {1, 2, . . . , N − 1} the turning angles at the vertices γ1, . . . , γn are a constant −κ(< 0), and those 
at γn+1, . . . , γN are κ(> 0). The edge γn − γn+1 corresponds to the “inflection edge” where the turning angles change the 
sign at the left and right vertices. We put N − n = m so that there are n + 1 vertices in the left of the inflection edge and 
m + 1 vertices in the right (Fig. 10). The Euclidean curvature κ(s) (s: arc length) of a smooth LAC with an inflection point is 
given by Miura et al. (2013)

κ(s) =
{

(c0s + c1)
− 1

α c0s + c1 ≥ 0,

−(−c0s − c1)
− 1

α otherwise,
(56)

where c0, c1 are parameters. We introduce the segment length qk (k = 0, 1, . . . , N) as

qk =

⎧⎪⎨⎪⎩
z(n − k + δ)1/a, k = 0, . . . ,n − 1,

zδ1/a k = n,

z(−n + k + δ)1/a, k = n + 1, . . . , N,

(57)

where z, δ > 0 are parameters to be determined. The segment lengths have been chosen by the following consideration. We 
first specify the “inflection edge” length qn . In view of (56), we then introduce the other segment lengths qk in a symmetric 
manner with respect to qn . Then qk (k = 0, . . . , N) satisfies the following equations:

n−1∑
qi cos(θ0 − iκ) + qn cos(θ0 − nκ) +

m∑
qn+ j cos(θ0 − nκ + jκ) = �, (58)
i=0 j=1

12



J. Inoguchi, Y. Jikumaru, K. Kajiwara et al. Computer Aided Geometric Design 105 (2023) 102233
Fig. 11. Example of discrete log-aesthetic curves with an inflection to be excluded.

n−1∑
i=0

qi sin(θ0 − iκ) + qn sin(θ0 − nκ) +
m∑

j=1

qn+ j sin(θ0 − nκ + jκ) = 0, (59)

θ0 − nκ + mκ = θN . (60)

From (60) we have

κ = θN − θ0

m − n
. (61)

For a given number of vertices N +2, the slope a = α−1, the endpoints γ0, γN+1, the angles θ0, θN at γ0, γN+1, respectively, 
and the position of the inflection n, one can compute the pair (δ, z) by solving (58) and (59) and the dLAC with an 
inflection can be generated accordingly. It should be remarked that in the discrete case, n must be prescribed and cannot 
be determined from the equations, so that the dLAC cannot be uniquely determined, while in the smooth case a LAC with 
an inflection point can be uniquely determined under a certain moderate condition (Miura et al., 2013).

However, if we prescribe the position of the inflection point n, sometimes there is no solution δ, or the triplet (n, δ, z)
generates the discrete curve with undesirable shape in view of a design requirement as illustrated in Fig. 11. Therefore 
we impose the following assumptions in order to guarantee the existence of the solution and exclude the discrete curves 
described in Fig. 11,

θ0 − (n − l)κ ≥ −π

2
, for all l = 0,1,2, . . . , (62)

θ0 − nκ ≤ 0. (63)

Equations (62) and (63) are for excluding the dLACs in the left and the right of Fig. 11, respectively. Then we have the 
following restriction for the position of the inflection n, that is, an arbitrary choice of n is not allowable:

Lemma 5.1. Assume that κ > 0. Then we have the following estimate:

θ0 + π
2

θ0 + θN + π
N ≤ n ≤ θ0

θ0 + θN
N, (θ0 > θN),

θ0

θ0 + θN
N ≤ n ≤ θ0 + π

2

θ0 + θN + π
N, (θ0 < θN).

(64)

Proof. We consider the first case. From the conditions (61), (62) and N = n + m, we have

0 ≤ θ0 − (n − l)κ + π

2
= θ0 − (n − l)

θN − θ0

m − n
+ π

2

= 1

m − n

(
−(θ0 + θN + π)n + (θN − θ0)l +

(
θ0 + π

2

)
N

)
.

Since the assumptions θN − θ0 < 0 and κ > 0 give m − n < 0, we have

−(θ0 + θN + π)n + (θN − θ0)l +
(
θ0 + π

2

)
N ≤ 0.

Therefore we conclude

n ≥ max

(
θ0 + π

2

)
N + (θN − θ0)l = θ0 + π

2 N,

l=0,1,...,n θN + θ0 + π θN + θ0 + π

13
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where we used the condition l ≥ 0. The remaining part of the estimate can be shown in a similar manner. By the assumption 
(63), we have

0 ≥ θ0 − nκ = θ0 − n
θN − θ0

m − n
= mθ0 − nθN

m − n
= −n(θ0 + θN) + Nθ0

m − n
.

The condition m − n < 0 implies that the numerator of the last expression is non-negative, and therefore we have

n ≤ θ0

θ0 + θN
N,

which proves the first case. The second case is proved in a similar manner noting that m − n > 0. �
In summary, one can compute (δ, z) to generate a dLAC with an inflection from the given data (N, a, γ0, γN+1, θ0, θN ) for 

each n in the range in (64) as follows:

(1) Put z = 1 and solve (59) to obtain δ.
(2) Compute the left hand side of (58), and put it as L.
(3) Compute |γN+1 − γ0| = � and put z = �

L .

This computation generates many dLACs and the choice may be left to the user, but a criteria may be given as follows. 
Consider the discrete fairing energy

Φλ,a(γ ) =
N−1∑
k=0

{
(uk)

a + 1

(uk)
a

+ λ

(
q0qN

qkqk+1

)a}
, (65)

whose Euler-Lagrange equation is given by

(uk)
a − (uk−1)

a + λ

(
q0qN

qk−1qk

)a

= 0. (66)

We compute the discrete fairing energy for a dLAC. Since uk = qk+1/qk with qk in (57), λ can be determined from (66) as

λ = −
(
(uk)

a − (uk−1)
a
)(

qk−1qk

q0qN

)a

= − (qk+1)
a(qk−1)

a − (qk)
2a

(qk−1)
a(qk)

a

(
qk−1qk

q0qN

)a

= −
(
(qk)

a + za
)(

(qk)
a − za

) − (qk)
2a

(qk−1)
a(qk)

a

(
qk−1qk

q0qN

)a

=
(

z2

q0qN

)a

.

Then a direct computation gives the discrete fairing energy for the dLAC as

Φλ,a(γ ) =
N−1∑
k=0

{
(uk)

a + 1

(uk)
a

+
(

z2

qkqk+1

)a
}

= 2N + 2

(
2

δ
− 1

n + δ
− 1

−n + N + δ

)
. (67)

In view of the continuum limit to the LAC, we may choose the dLAC that attains the minimum of the discrete fairing energy 
(67). Practically, we may choose the dLAC corresponding to the maximum value of δ among those generated, since (67) is 
monotonic decreasing with respect to δ > 0 for each n, and the change of the energy with respect to n is much smaller 
than that with respect to δ. Fig. 12 shows various dLAC examples with an inflection edge. We specified N = 39, so the total 
number of the vertices is 41. α = −2/3 and the direction angle θs at the start (leftest) vertex is equal to π/3. We changed 
the direction angle θe at the end (rightest) vertex to be π/12, π/6 and π/4. The edge in red is an inflection edge in each 
curve. The sign of the discrete turning angle κ of the curve segment in green is negative and that in blue is positive. For 
θe = π/12, there are 6 solutions for (δ, z) although for θe = π/6 and θe , 3 and 2 solutions exist, respectively. For each curve, 
we described its corresponding (n, δ) values. As n increases, δ decreases. The discrete fairing energy is the lowest for the 
leftest curve in each group, in which its inflection edge is the shortest.

We now consider the construction of the continuous representation of dLACs, which is indispensable especially for 
manufacturing to guarantee the precision of the products to be made. Through this process, the variety of dLACs generated 
under the same condition in Fig. 12 serves as a flexibility of the shape generation so that the designer can select the 
desirable shape.

For an S-shaped dLAC consisting of three parts, we have approximated the first and third parts by B-spline curves with 
the least square method and for the inflection edge, we have generated a Bézier curve with G2 continuity. Fig. 13 shows a 
B-spline curve approximation of the dLAC example with (n, δ) = (28, 0.054822) whose direction angle at the end vertex is 
π/12 in Fig. 12. Its left figure shows two quartic B-spline curves approximating the first and third part of the dLAC and a 
quintic Bézier curve approximating the inflection edge. Its right figure shows discrete curvature of the dLAC by small circles 
14
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Fig. 12. Examples of discrete log-aesthetic curves with α = −2/3, N = 39 and their direction angles θs at the start vertices is π/3.

Fig. 13. B-spline curve approximation of the examples of discrete log-aesthetic curves (n, δ) = (28, 0.054822) whose direction angle at the end vertex is 
π/12 in Fig. 12. Left: approximation curves, right: curvature distribution.

and continuous curvature of the B-spline and Bézier curves by continuous lines. Both of the discrete points and curvatures 
are well approximated by the continuous ones and G2 continuity is guaranteed as shown in the figures. The reason why 
the approximation is good is that the discrete points of a dLAC do not have noises although measured points are inevitably 
with noise. In this way, the dLACs can be directly used for manufacturing, providing a flexible method of high-quality shape 
generation.

6. Conclusion and future works

In this paper, we have presented the new framework of the LAC and the qAC by exploiting the similarity geometry, 
where they are characterized as invariant curves with respect to the integrable evolution. The dLAC and the dqAC have 
been proposed as the integrable discretizations of the LAC and the qAC, respectively, based on this framework. Also, the 
characterization by the variational principles for those curves has been presented. We have implemented the methods to 
generate both C-shaped and S-shaped dLACs, and demonstrated that they serve as a flexible method of high-quality shape 
generation through their continuous representations.

The dLAC may be particularly useful in the reverse engineering, where the shape is obtained as the discrete points data 
by the measurement. In this context, the fairing of a given discrete curve by the dLAC plays a crucial role in the design 
using the LAC.

We have presented a sound mathematical basis for the LAC and the qAC. Based on this, we aim to formulate natural 
generalizations of the LAC to space curves and surfaces, which are expected to be useful for generating “aesthetic” shapes 
in industrial design. Those issues will be reported in the future publications.
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