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We construct a method for fairing a given discrete planar curve by using the integrable discrete
analog of Euler's elastica, which is a discrete version of the approximation algorithm presented by
Brander et al. We ¯rst give a brief review of the integrable discrete analog of Euler's elastica
proposed by Bobenko and Suris, then we present a detailed account of the fairing algorithm, and
we apply this method to an architectural problem of characterizing the keylines of Japanese
handmade pantiles.
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1. Introduction

The Euler's elastica (elastic curve) is a class of
planar curves characterized as the solutions to the
variational problem of minimizing the elastic energy
under a certain boundary condition. It has been
regarded as one of the most important class of
planar curves because it is endowed with rich

mathematical structure: exact solutions, integra-
bility, geometry of elliptic curves, and so on, while it
serves as a simple but realistic model of thin inex-
tensible elastic rod (see, for example, Refs. 1 and 2).
Brander et al.3 have proposed an algorithm for
fairing a given planar curve segment by an Euler's
elastica, motivated mainly by the development of
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the robotic hot-blade cutting technology. In this
work, motivated by a problem of architecture to
characterize the keylines of Japanese handmade
pantiles, where the curve data are obtained in the
form of discrete point data, we aim to construct a
fairing method of discrete planar curves by using
the integrable discrete analog of the Euler's elastica
proposed by Bobenko and Suris,4 which is referred
to as the discrete elastica in this paper.

This paper is organized as follows. We give a
brief review of the Euler's elastica and the discrete
elastica in Secs. 2 and 3, collecting the information
on variational formulations, exact solutions and
continuum limits with proofs. We present a detailed
account of the fairing of a given discrete planar
curve to a discrete elastica in Sec. 4. Finally, ap-
plication to the characterization of the keylines of
Japanese handmade pantiles is discussed in Sec. 5.
For various formulas of the Jacobi elliptic functions
used in this paper, the readers may refer to Ref. 5,
for example.

2. Euler's Elastica

Let �ðsÞ 2 R2 (s 2 R) be an arc length parameter-
ized planar curve. By de¯nition, it holds that
jj� 0ðsÞjj ¼ 1, where 0 ¼ d

ds. The tangent and normal
vectors are de¯ned by T ðsÞ ¼ � 0ðsÞ and
NðsÞ ¼ Rð�=2ÞT ðsÞ, respectively, where

Rð’Þ ¼ cos’ � sin’
sin’ cos’

� �
: ð1Þ

Due to jj� 0ðsÞjj ¼ 1, it is possible to parameterize the
tangent vector as

T ðsÞ ¼ cos �ðsÞ
sin �ðsÞ
� �

; ð2Þ

where the angle function �ðsÞ is the angle of T ðsÞ
measured from the horizontal axis in the counter-
clockwise direction. Introducing the Frenet frame
�ðsÞ by

�ðsÞ ¼ ½T ðsÞ;NðsÞ� 2 SOð2Þ; ð3Þ
we have the Frenet formula

� 0ðsÞ ¼ �ðsÞLðsÞ; LðsÞ ¼ 0 ��ðsÞ
�ðsÞ 0

� �
; ð4Þ

where �ðsÞ ¼ � 0ðsÞ is the (signed) curvature.
The Euler's elastica (or simply referred to as the

elastica) is de¯ned as a critical point of the elastic

energy

E ¼
Z L

0

ð�ðsÞÞ2ds; ð5Þ

with respect to variations with ¯xed endpoints and
¯xed tangent vectors at the endpoints, under the
condition of preserving the total length. The Euler–
Lagrange equation yields the following di®erential
equations for the curvature and the angle function.

Proposition 1. The curvature � of the Euler's
elastica satis¯es

� 00 þ 1

2
�3 � �� ¼ 0; ð6Þ

where � 2 R is a constant. Moreover, the angle
function � satis¯es

� 00 þ � sin � ¼ 0; ð7Þ
where � > 0 is a constant.

Derivation of Eq. (6) is given in various litera-
tures such as Refs. 2 and 4. Here, we show a concise
derivation using the variation of the tangent vector.
Consider the functional

S ¼
Z L

0

ðhT 0;T 0i þ chT ;T i þ ha;T iÞds; ð8Þ

where the ¯rst term is the elastic energy, and the
second and third terms correspond to the preser-
vation of jjT jj and �ðLÞ � �ð0Þ, respectively, with
c ¼ cðsÞ 2 R and a 2 R2 being the Lagrange mul-
tipliers. The variation of S is calculated by using the
Frenet formula (4) as

�S ¼
Z L

0

ð2hT 0; �T 0i þ 2cðsÞhT ; �T i þ ha; �T iÞds

¼ 2hT 0; �T ijL0
þ 2

Z L

0

ð�2 þ cðsÞÞT � � 0N þ a

2
; �T

D E
ds: ð9Þ

The ¯rst term is the boundary term that vanishes
due to the boundary conditions, and the second

Fig. 1. Smooth planar curve and the Frenet frame.
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term gives the Euler–Lagrange equation

ð�2 þ cÞT � � 0N þ a

2
¼ 0: ð10Þ

Taking the scalar product with T and N , we have

�2 þ cþ 1

2
ha;T i ¼ 0; ð11Þ

�� 0 þ 1

2
ha;Ni ¼ 0; ð12Þ

respectively. Multiplying � to both sides of Eq. (12),
we ¯nd that it is integrated to give

�2

2
� � ¼ 1

2
ha;T i; ð13Þ

where � 2 R is a constant of integration. Eliminat-
ing ha;T i from Eqs. (11) and (13), c is determined
consistently as c ¼ � 3

2 �
2 þ �. Di®erentiating

equation (12) gives

� 00 ¼ � �

2
ha;T i: ð14Þ

Then eliminating ha;T i from Eqs. (13) and (14)
yields

� 00 þ �
�2

2
� �

� �
¼ 0;

which is nothing but Eq. (6).

Remark 2.

(1) Equation (6) is derived from Eq. (7) as follows.
Multiplying � 0 on both sides of Eq. (7), we see
that Eq. (7) is integrated to give

1

2
ð� 0Þ2 ¼ � cos �þ �; ð15Þ

where � is a constant of integration. Then dif-
ferentiating equation (7) and using Eq. (15)
yields

� 00 ¼ �� cos �� � 0 ¼ � 1

2
�2 þ �

� �
�;

which is Eq. (6).
(2) Equations (6) and (7) can be seen as traveling-

wave reductions of the (focusing) modi¯ed
Korteweg–de Vries (KdV) equation

@�

@t
þ 3

2
�2 @�

@s
þ @ 3�

@s3
¼ 0

and the sine-Gordon equation

@ 2�

@s@y
¼ sin �;

respectively, where the former describes the in-
tegrable deformation of planar curves.6,7

It is known that the di®erential equations (6)
and (7) can be solved in terms of the Jacobi elliptic
functions. This is well known, but we present the
solutions for the readers' convenience. In the liter-
ature, the solutions are often constructed from the
¯rst integral of (6) given by

ð� 0Þ2 þ �4

2
� ��2 ¼ C; ð16Þ

where C is a conserved quantity (constant). Here,
we present those solutions and verify them by the
di®erential equations for the Jacobi elliptic
functions.

Proposition 3. The curvature � and the angle
function � of an Euler's elastica can be expressed in
terms of the Jacobi elliptic functions as follows:

(i) Let � ¼ �=ð2k�2 � 1Þ, then
� ¼ 2k�1 ffiffiffi

�
p

dnðk�1 ffiffiffi
�

p
s; kÞ; ð17Þ

sin
�

2
¼ snðk�1 ffiffiffi

�
p

s; kÞ: ð18Þ

(ii) Let � ¼ �=ð2k2 � 1Þ, then
� ¼ 2k

ffiffiffi
�

p
cnð ffiffiffi

�
p

s; kÞ; ð19Þ
sin

�

2
¼ k snð ffiffiffi

�
p

s; kÞ: ð20Þ

Proof. It can be easily veri¯ed that Eqs. (17)
and (19) satisfy Eq. (6) from the di®erential
equations for the dn and cn functions5

y ¼ dnðx; kÞ; d2y

dx2
¼ ð2� k2Þy� 2y3;

y ¼ cnðx; kÞ; d2y

dx2
¼ ð2k2 � 1Þy� 2k2y3;

respectively, by applying suitable scale transforma-
tions. Also, Eqs. (18) and (20) are shown to satisfy
Eq. (7) in a similar manner.

Remark 4. The Jacobi elliptic functions can be
extended to modules k > 1, see, for example, Refs. 5
and 8. Thus, there exists an analytic continuation
for all Jacobi elliptic functions in the range k � 0. In
this way, cases (i) and (ii) can be regarded as one.
As it is known, the case (i) (respectively, (ii)) yields
the elastica without (respectively, with) in°ection
points; see Fig. 2.
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3. Integrable Discrete Euler's Elastica

3.1. Basic framework of discrete planar

curves

We ¯rst introduce the basic framework for discrete
planar curves.9–11 Let �n 2 R2 (n 2 Z) be a discrete
planar curve with j�nþ1 � �nj ¼ h, where h > 0 is
a constant. We also assume detð�nþ1 � �n;
�n � �n�1Þ 6¼ 0, i.e., not three consecutive points are
collinear. Then �n is called a discrete planar curve
with segment length h. We de¯ne the discrete tan-
gent and normal vectors by

Tn ¼ �nþ1 � �n
h

¼ cos�n

sin�n

� �
; ð21Þ

and Nn ¼ Rð�=2ÞTn, respectively, where the dis-
crete angle function �n is the angle of Tn measured
from the horizontal axis in the counterclockwise
direction. The discrete Frenet frame is de¯ned by

�n ¼ ½Tn;Nn� 2 SOð2Þ; ð22Þ
and the discrete Frenet formula by

�nþ1 ¼ �nLn; ð23Þ
where Ln ¼ RðKnþ1Þ and Kn ¼ �n ��n�1 is the
angle between two adjacent tangent vectors.
Equation (23) is the discrete version of the Frenet
formula (4); see Fig. 3. The discrete curvature �n
can be de¯ned as the reciprocal of the radius 	n of

the osculating circle touching two adjacent seg-
ments at their midpoints9 (see Fig. 4)

�n ¼ 1

	n
¼ 2

h
tan

Kn

2
: ð24Þ

We note that the discrete Frenet formula (23) can
be written in terms of �n as

�n � �n�1

h
¼ �n þ �n�1

2

0 ��n
�n 0

� �
: ð25Þ

3.2. Discrete Euler's elastica

The discrete Euler's elastica4,12,13 is de¯ned as a
critical point of the functional

Edð�Þ ¼
XN�1

n¼1

2

h
log 1þ h2

4
�2
n

� �
ð26Þ

ffi
XN�1

n¼1

2

h
logð1þ hTn�1;TniÞ; ð27Þ

with respect to variation with ¯xed endpoints and
¯xed end edges. Note that ffi means that the two
functionals yield the same critical points. As men-
tioned in Ref. 12, Ed can be regarded as a discrete
analog of the elastic energy (5), in a sense that
2=h logð1þ h2�2

n=4Þ is the potential energy of the
bending force proportional to the discrete curvature
�n at each vertex of the discrete curve.

Taking into account the preservation of
jj�n � �n�1jj and �N � �0 by introducing the
Lagrange multipliers cn 2 R and a 2 R2, respec-
tively, consider the functional

Sd ¼
XN�1

n¼1

2

h
logð1þ hTn�1;TniÞ

þ
XN�1

n¼0

ðcnhTn;Tni þ hha;TniÞ: ð28Þ

Fig. 2. Typical examples of smooth elasticae. Upper: (i)
k ¼ 0:99, middle: (ii) k ¼ 0:9089 . . ., lower: (ii) k ¼ 0:8.

Fig. 3. Discrete planar curve and the Frenet frame.

Fig. 4. Discrete curvature of discrete arc length planar curve.
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Proposition 5. The Euler�Lagrange equation for
the functional (28) is given by

2

h

Tn�1

1þ hTn�1;Tni
þ 2

h

Tnþ1

1þ hTn;Tnþ1i
þ 2cnTn þ ha ¼ 0; ð29Þ

or, equivalently, in terms of the discrete curvature
�n by

�nþ1 þ �n�1 ¼

�n

1þ h 2

4 �
2
n

; ð30Þ

where 
 2 R is a constant.

Proof. The variation of Sd is calculated as
follows4,12:

�Sd ¼
XN�1

n¼1

2

h

h�Tn�1;Tni
1þ hTn�1;Tni

þ 2

h

hTn�1; �Tni
1þ hTn�1;Tni

� �

þ
XN�1

n¼0

ð2cnhTn; �Tni þ hha; �TniÞ

¼ Rþ
XN�2

n¼1

2

h

Tn�1

1þ hTn�1;Tni
�

þ 2

h

Tnþ1

1þ hTn;Tnþ1i
þ 2cnTn þ ha; �Tn

�
;

where R is the boundary term given by

R ¼ 2

h

T1

1þ hT0;T1i
þ 2c0T0 þ ha; �T0

� �

þ 2

h

TN�2

1þ hTN�2;TN�1i
�

þ 2cN�1TN�1 þ ha; �TN�1

�
;

which vanishes due to the boundary condition.
Setting �Sd ¼ 0 gives the Euler�Lagrange equation

2

h

Tn�1

1þ hTn�1;Tni
þ 2

h

Tnþ1

1þ hTn;Tnþ1i
þ 2cnTn þ ha ¼ 0; ð31Þ

which proves the ¯rst part. For the second part we
use the discrete Frenet formula (25) written
explicitly in terms of the tangent and normal
vectors

Tn � Tn�1

h
¼ �n

Nn þNn�1

2
; ð32Þ

Nn �Nn�1

h
¼ ��n

Tn þ Tn�1

2
; ð33Þ

we obtain

2

h

hTn�1;Nni
1þ hTn�1;Tni

¼ ��n; ð34Þ
2

h

hTn;Nni
1þ hTn;Tnþ1i

¼ �nþ1: ð35Þ

Then, taking the inner product of both hand sides of
Eq. (31) with Nn, and using Eqs. (34) and (35),
gives

�n � �nþ1 ¼ hha;Nni: ð36Þ
Then, taking the inner product of (32) with a gives

ha;Tni � ha;Tn�1i ¼ � 1

2
�n�nþ1 þ

1

2
�n�1�n; ð37Þ

which implies that exists a constant � 2 R such that

ha;Tni ¼ � 1

2
�n�nþ1 þ �: ð38Þ

Finally taking the inner product of (33) with a, and
using Eqs. (36) and (38), yields

ð�nþ1 þ �n�1Þ 1þ h2

4
�2
n

� �
¼ ð2þ h2�Þ�n; ð39Þ

which is exactly Eq. (30) with 
 ¼ 2þ h2�.

By using a technique similar to the one shown in
Ref. 14, we construct explicit solutions to Eq. (30)
from its discrete ¯rst integral,

�2
nþ1 þ �2

n � 
�nþ1�n þ
h2

4
�2
nþ1�

2
n ¼ C; ð40Þ

where C 2 R is a constant (conserved quantity).
Here, we avoid the long computation required and
simply present the solutions corresponding to
Eqs. (17) and (19), and verify them by using the
addition formulas for the Jacobi elliptic functions.

Proposition 6. Let z; q 2 R be constants. Then the
following functions satisfy Eq. (30).

(i)

�n ¼ 2

h

snðk�1z; kÞ
cnðk�1z; kÞ dnðk

�1ðznþ qÞ; kÞ;


 ¼ 2
dnðk�1z; kÞ
cn2ðk�1z; kÞ :

ð41Þ

(ii)

�n ¼ 2

h

ksnðz; kÞ
dnðz; kÞ cnðzðnþ qÞ; kÞ;


 ¼ 2
cnðz; kÞ
dn2ðz; kÞ :

ð42Þ

Fairing of discrete planar curves to integrable discrete analogue of Euler's elasticae
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Proof. These solutions are veri¯ed directly by the
addition formulas for the dn and cn functions.5 On
the one hand, we use that

dnðuþ vÞ þ dnðu� vÞ ¼
2dnv
cn2v dnu

1þ sn 2v
cn2v dn

2u
: ð43Þ

Putting u ¼ k�1ðznþ qÞ, v ¼ k�1z, and �n ¼
adnðu; kÞ, and comparing Eq. (43) with Eq. (30),
we see that

1

a2

sn2v

cn2v
¼ h2

4
;

2dnv

cn2v
¼ 
;

which proves (i). Similarly, on the other hand we
use

cnðuþ vÞ þ cnðu� vÞ ¼
2cnv
dn 2v cnu

1þ k 2sn2v
dn 2v cn2u

: ð44Þ

Then putting u ¼ znþ q, v ¼ z, and �n ¼
bcnðu; kÞ, we get Eq. (30) with

1

b2
k2sn2v

dn2v
¼ h2

4
;

2cnv

dn2v
¼ 
;

which proves (ii).

Remark 7

(1) Comparing Eqs. (17) and (41), we see that there
exists constants �; s0 2 R such that
�n ¼ �ð�nþ s0Þ. Indeed, we have

� ¼ zffiffiffi
�

p ; s0 ¼
qffiffiffi
�

p ; ð45Þ

with

� ¼ k2h�2

ðsnðz; kÞÞ�2 � 1
: ð46Þ

There is also a similar relationship between
Eqs. (19) and (42). This implies that the dis-
crete curvature �n is an \exact discretization"
of the smooth curvature �ðsÞ.

(2) By putting 
 ¼ h2�þ 2 and nh ¼ s, Eq. (30)
yields Eq. (6) in the continuum limit h ! 0. On
the level of solutions, the following para-
metrizations of z

are consistent in the continuum limit to
Eqs. (18) and (20), respectively.

(3) Equation (30) is also known as the McMillan
map, which is a special case of the Quispel–
Roberts–Thompson (QRT) map solved by el-
liptic functions.15 It can also be regarded as an
autonomous version of a discrete Painlev�e II
equation.16–18

(4) It is known that position vectors of both smooth
and discrete elasticae admit explicit formulas in
terms of the elliptic theta functions.19,20

Figure 5 illustrates typical examples of discrete
elasticae.

3.3. Discrete Euler's elastica in terms of

a potential function

Following Ref. 7, we say that �n is a potential
function if it is such that

�n ¼ �nþ1 þ �n
2

: ð49Þ

In this context, the discrete curvature is written as

�n ¼ 2

h
tan

�nþ1 � �n�1

4

� �
: ð50Þ

Proposition 8. Suppose that �n satis¯es

sin
�nþ1 � 2�n þ �n�1

4

� �

þ � sin
�nþ1 þ 2�n þ �n�1

4

� �
¼ 0; ð51Þ

Fig. 5. Typical examples of discrete elasticae. Upper: (i)
k ¼ 0:99, middle: (ii) k ¼ 0:919 . . ., lower: (ii) k ¼ 0:8.
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where � > 0 is a constant. Then we have

(1) It holds that

cos
�nþ1 � �n

2

� �
þ � cos

�nþ1 þ �n
2

� �
¼ �;

ð52Þ
where � 2 R is a constant.

(2) The discrete curvature satis¯es Eq. (30) with

 ¼ 2ð1� �2Þ=�2.

Proof. The ¯rst statement is shown as follows.
Multiplying sinð�nþ1��n�1

4 Þ to Eq. (51), using the
product-to-sum formula, and rearranging terms
gives:

cos
�nþ1 � �n

2

� �
þ � cos

�nþ1 þ �n
2

� �

¼ cos
�n � �n�1

2

� �
þ � cos

�n þ �n�1

2

� �
;

which implies (52). In order to show the second
statement, we introduce

’n ¼ �nþ1 � �n
2

;  n ¼ �nþ1 þ �n
2

; ð53Þ

for simplicity in the notation. We have that
Kn ¼  n �  n�1 ¼ ’n þ ’n�1, and Eq. (51) is
rewritten as

sin
’n � ’n�1

2

	 

¼ �� sin  n þ  n�1

2

� �
: ð54Þ

We expand Eq. (54) as

sin’n cos
Kn

2
� cos’n sin

Kn

2

¼ �� sin n cos
Kn

2
þ � cos n sin

Kn

2
;

which gives

tan
Kn

2
¼ sin’n þ � sin n

�
; ð55Þ

tan
Knþ1

2
¼ sin’n � � sin n

�
; ð56Þ

where we used Eq. (52). From Eqs. (55) and (56),
and the sum-to-product formula, we have

� tan
Knþ1

2
þ tan

Kn�1

2

� �

¼ 2 sin
Kn

2
cos

’n � ’n�1

2

	 

� � cos

 n þ  n�1

2

� �� �
:

ð57Þ

We use the following two expressions: On the one
hand, from Eq. (51)

cos2
’n � ’n�1

2

	 

� �2cos2

 n þ  n�1

2

� �
¼ 1� �2:

ð58Þ
On the other hand,

cos
’n � ’n�1

2

	 

þ � cos

 n þ  n�1

2

� �

¼ cos
Kn

2
ðcos’n þ � cos nÞ

þ sin
Kn

2
ðsin’n þ � sin nÞ

¼ �

cos Kn

2

; ð59Þ

where we used Eqs. (52) and (55). Finally, we
multiply Eq. (57) by Eq. (59) to obtain

� tan
Knþ1

2
þ tan

Kn�1

2

� �
�

cos Kn

2

¼ 2 sin
Kn

2
ð1� �2Þ;

where we used (58), which is rewritten as

tan
Knþ1

2
þ tan

Kn�1

2
¼ 1� �2

�2

2 tan Kn

2

1þ tan2 Kn

2

: ð60Þ

From the de¯nition of discrete curvature, Eq. (60) is
equivalent to Eq. (30) with 
 ¼ 2ð1� �2Þ=�2,
which proves the second statement.

Remark 9. Proposition 8 provides discrete analogs
for Eqs. (7) and (15). In fact, by putting

� ¼ 1� h2

4
�; � ¼ h2

4
�; s ¼ nh; ð61Þ

Equations (51) and (52) yield Eqs. (7) and (15) in
the continuum limit h ! 0.

We next present explicit solutions for Eq. (51).
Part of Propositions 10 and 12 can be found in
Ref. 21, in a slightly di®erent context: in that work,
the function �n is regarded as the angle function
(here denoted as �n) instead of a potential function.

Proposition 10. The following functions satisfy
Eq. (51):

(i)

sin
�n
2

¼ snðk�1ðznþ qÞ; kÞ;
dnðk�1z; kÞ ¼ 1� �

1þ �
:

ð62Þ

Fairing of discrete planar curves to integrable discrete analogue of Euler's elasticae
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(ii)

sin
�n
2

¼ ksnðznþ q; kÞ;
cnðz; kÞ ¼ 1� �

1þ �
:

ð63Þ

Proof. For convenience, we write u ¼ k�1ðznþ qÞ
and v ¼ k�1z. For (i), we show that Eq. (62)
satis¯es Eq. (52). Note that cosð�n=2Þ ¼ cnu and
cosð�nþ1=2Þ ¼ cnðuþ vÞ. Then, the right-hand side
of Eq. (52) is rewritten as

cos
�nþ1 � �n

2

� �
þ � cos

�nþ1 þ �n
2

� �

¼ 1

1� k2sn2usn2v
½fð1þ �Þcn2u

þ ð1� �Þsn2udnvgcnvþ f�ð1þ �Þdnv
þ ð1þ �Þgsnusn vcn udnv�; ð64Þ

where we used the addition formulas for the cn and
sn functions. Imposing dnv ¼ ð1þ �Þ=ð1� �Þ, we
see that Eq. (52) is consistently reduced to
� ¼ ð1þ �Þcnv. We prove (ii) in a similar manner.
In fact, noticing that cosð�n=2Þ ¼ dnu and imposing
cnv ¼ ð1þ �Þð1� �Þ, Eq. (52), with u ¼ znþ q and
v ¼ z, is consistently reduced to � ¼ ð1þ �Þdnv.
Remark 11

(1) In case (i), the parameter 
 in Eq. (30) is given
by


 ¼ 2
ð1� �2Þ

�2
¼ 2

dnðk�1z; kÞ
cn2ðk�1z; kÞ ; ð65Þ

which implies that �n in Eq. (62) corresponds to
�n in Eq. (41). In case (ii),


 ¼ 2
ð1� �2Þ

�2
¼ 2

cnðz; kÞ
dn2ðz; kÞ ; ð66Þ

so that �n in Eq. (63) corresponds to �n in
Eq. (42). These correspondences can be veri¯ed
directly by computing �n from Eqs. (62)
and (63), respectively.

(2) Continuum limits of Eqs. (62) and (63) to
Eqs. (41) and (42), respectively, are obtained by
putting � ¼ �

4 h
2 and taking the limit of h ! 0.

This is consistent with Remark 7.

We ¯nally present the variational formulation for
Eq. (51).

Proposition 12 (Ref. 21, Sec. 2). Equation (51)
is equivalent to the Euler�Lagrange equation of the

functional

~Sd ¼
XN�1

n¼0

cos
�nþ1 � �n

2

� �
� � cos

�nþ1 þ �n
2

� �
;

with respect to variations of the potential angle �n
with ¯xed endpoints.

Proof. Let

Lð�n; �nþ1Þ ¼ cos
�nþ1 � �n

2

� �
� � cos

�nþ1 þ �n
2

� �
:

Then, the Euler�Lagrange equation is calculated as

0 ¼ @

@�n
Lð�n; �nþ1Þ þ

@

@�n
Lð�n�1; �nÞ

¼ cos
�nþ1 � �n�1

4

� �
sin

�nþ1 � 2�n þ �n�1

4

� ��

þ � sin
�nþ1 þ 2�n þ �n�1

4

� ��
;

which gives Eq. (51).

Remark 13. Equation (51) can be seen as a
reduction of two well-known equations:

(1) The discrete sine-Gordon equation10,22,23

sin
�mþ1
lþ1 � �mþ1

l � �mlþ1 þ �ml
4

� �

¼ a

b
sin

�mþ1
lþ1 þ �mþ1

l þ �mlþ1 þ �ml
4

� �
;

where a, b are lattice intervals. In fact, assuming
that � depends only on n ¼ lþm, this equation
is reduced to Eq. (51) with � ¼ � b

a.
(2) The discrete potential modi¯ed KdV equation24

tan
�mþ1
lþ1 � �ml

4
¼ bþ a

b� a
tan

�mþ1
l � �mlþ1

4
;

or equivalently

sin
�mþ1
lþ1 � �mþ1

l þ �mlþ1 � �ml
4

� �

¼ a

b
sin

�mþ1
lþ1 þ �mþ1

l � �mlþ1 � �ml
4

� �
;

which describes the isoperimetric and equidistant
deformation of discrete planar curves,7,11 is
transformed to the discrete sine-Gordon equation
by �ml ! ð�1Þm�ml . In this sense, Eq. (51) can
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also be regarded as a reduction of the discrete
potential modi¯ed KdV equation.

4. Approximation of Discrete Curves

In this section, we construct an algorithm to ap-
proximate a given discrete planar curve to a discrete
elastica. Among the many possible discretizations
for the elastica, the advantages of using the one
shown in this work can be described as follows:
First, the discrete elasticae are endowed with the
same integrable structure as in their smooth coun-
terpart, i.e., they possess several conserved quanti-
ties, can be obtained via a variational principle, and
their explicit solutions are expressed in terms of
Jacobi elliptic functions. Moreover, it is known that
variational integrators have controlled error in their
solutions.25–27 In particular, the explicit expression
for the discrete curvature �n is an \exact dis-
cretization" of the smooth curvature �ðsÞ as dis-
cussed in Remark 7, and the potential function �n
has the same functional shape as the smooth angle
function �ðsÞ. From these observations, we expect
this discretization to have good numerical
properties.

4.1. General discrete Euler's elastica
segment

To describe a general curve segment in the plane,
we include the freedom of rotation in the equations.
We do this by shifting the angle function and dis-
crete angle function by a constant � 2 R in all the
expressions. In particular, Eq. (51) goes to

sin
�nþ1 � 2�n þ �n�1

4

� �

þ �h2

4
sin

�nþ1 þ 2�n þ �n�1

4
� �

� �
¼ 0;

ð67Þ
where we put � ¼ �h2=4, with � > 0 a constant.
From Proposition 10, we have

(i)

cos
�n � �

2
¼ cnðk�1ðznþ qÞ; kÞ;

sin
�n � �

2
¼ snðk�1ðznþ qÞ; kÞ;

ð68Þ

(ii)

cos
�n � �

2
¼ dnðznþ q; kÞ;

sin
�n � �

2
¼ ksnðznþ q; kÞ;

ð69Þ

where k > 0, q; z 2 R are constants. The parameter
k determines the shape of the elastica, q the initial
point, and z is related with the length and point
aggregation of the curve segment. From its starting
point �0 2 R2, a discrete elastica segment is calcu-
lated recursively by

�n ¼ �n�1

þ h
cos

�nþ1 � �

2
þ �n � �

2
� �

� �

sin
�nþ1 � �

2
þ �n � �

2
� �

� �
2
664

3
775; ð70Þ

for all n ¼ 1; . . . ;N � 1. Note that we can expand
the sine and cosine in Eq. (70) and make use of
Eqs. (68) and (69) to obtain an explicit expression
in terms of the Jacobi elliptic functions. We use the
analytic continuation of the Jacobi elliptic functions
and extend the domain of the module to k > 0.
Finally, we conclude that a general discrete elastica
segment can be characterized by the seven
parameters

p ¼ ðx0; y0;h; �; z; q; kÞ; ð71Þ
where x0; y0 2 R are the two components of the
initial point �0. We write as �nðpÞ to the discrete
elastica with parameters p.

4.2. Fairing process

Given a general discrete curve segment 
n 2 R2

(n ¼ 0; . . . ;N � 1), we look for a discrete elastica
�nðpÞ 2 R2 that is the closest, in a L2-distance
sense, to 
n. Namely, we seek to ¯nd p� such that

p� ¼ argmin
p2U

XN�1

n¼0

1

2
jj�nðpÞ � 
njj2

( )
; ð72Þ

where

U ¼ fðx0; y0;h; �; z; q; kÞj
x0; y0; z; q 2 R ^ � 2 ½0; 2�Þ ^ h; k > 0g:

We solve this non-convex problem using the Interior
Point Optimizer (IPOPT) package, that for our
purpose can be seen as a gradient descent-like

Fairing of discrete planar curves to integrable discrete analogue of Euler's elasticae
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method for nonlinear optimizations.28 For its im-
plementation we need to compute the gradient and
the Hessian of the objective function

LðpÞ :¼
XN�1

n¼0

1

2
jj�nðpÞ � 
njj2: ð73Þ

For the gradient, we have

@

@pi
LðpÞ ¼

XN�1

n¼0

�nðpÞ � 
n;
@

@pi
�nðpÞ

� �
; ð74Þ

with pi ¼ x0; y0;h; �; z; q; k; which is computed re-
cursively from Eq. (70) by

@

@pi
�nðpÞ ¼

@

@pi
�n�1ðpÞ þ

0; pi ¼ x0; y0;
Tn; pi ¼ h;

h
@

@pi
Tn otherwise;

8><
>:

and

@

@pi
�0 ¼

1
0

� �
; pi ¼ x0;

0
1

� �
; pi ¼ y0;

0
0

� �
otherwise:

8>>>>>>>><
>>>>>>>>:

Then, the only nontrivial derivatives we need to
compute are

@

@pi
Tn ¼ Nn

1

Cnþ1ðpÞ
@

@pi
Snþ1ðpÞ þ

1

CnðpÞ
@

@pi
SnðpÞ

� �
;

or equivalently,

@

@pi
Tn ¼ �Nn

1

Snþ1ðpÞ
@

@pi
Cnþ1ðpÞ þ

1

SnðpÞ
@

@pi
CnðpÞ

� �
;

for pi ¼ z; q; k, where we denoted Sn � sin �n��
2 and

Cn � cos �n��2 . Finally, we use Eqs. (68), (69) and

the derivatives of the Jacobi elliptic functions with
respect to their argument and module to complete
the computation. For the Hessian, we use a nu-
merical quasi-Newton approximation, internally
computed by the package.

The IPOPT method needs a starting point p̂,
that we refer as the initial guess. In the following
section, we describe the algorithm that we use to
obtain the initial guess, which is a discrete analog of
the one provided in Ref. 3.

4.3. Initial parameters

The initial guess, that starts the IPOPT method,
can be obtained in a numerically stable manner
thanks to two geometric properties of the discrete
elastica: Proposition 14 and Corollary 14. Remark-
ably, these are geometrically equivalent to the same
properties for the smooth elastica.3 Let

I ¼ sin�
� cos�

� �
2 R

2;

and de¯ne the projection of the curve �n onto I as

un ¼ hI; �ni; ð75Þ
and the angle measured from I as �n ¼ �

2 þ�n � �,
which satis¯es that

cos�n ¼ � sinð�n � �Þ;
sin�n ¼ cosð�n � �Þ:

�
ð76Þ

Proposition 14. The discrete curvature �n is an
a±ne function of the projection un, satisfying

�n ¼ �

�
un þA; ð77Þ

where � 2 R satis¯es Eq. (52) and A 2 R is a
constant.

Proof. In the context of the proof of Proposition 8,
after incorporating � and putting � ¼ �h2=4, from
Eqs. (55) and (56) we obtain

�nþ1 � �n
h

¼ � �

�
sinð�n � �Þ: ð78Þ

Then, noticing that unþ1 � un ¼ hhI;Tni, we have

unþ1 � un

h
¼ � sinð�n � �Þ: ð79Þ

Hence, by comparing Eqs. (77) and (78), we
conclude that there exists a constant A 2 R such
that, for all n,

�n ¼ �

�
un þA: ð80Þ

Note that, by putting �1 ¼ � cos� and
�2 ¼ � sin�, Eq. (77) can be expressed as

�n ¼ 1

�
ð�2xn � �1ynÞ þA; ð81Þ

where xn; yn 2 R are the two components of �n.

S. E. Grai® Zurita, K. Kajiwara & T. Suzuki
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Corollary 15. It holds that

sin�n ¼ �

2�
unþ1un þA

unþ1 þ un
2

þB; ð82Þ

where B 2 R is a constant.

Proof. From the de¯nition of un and �n in
Eqs. (75) and (76), respectively, we obtain

Tn ¼ Rð�Þ sin�n

� unþ1�un
h

� �
;

and

Nn ¼ Rð�Þ
unþ1�un

h
sin�n

� �
:

Then, putting this into the Frenet formula ðTn �
Tn�1Þ=h ¼ �nðNn þNn�1Þ=2 gives

sin�n � sin�n�1 ¼
1

2

�

�
un þA

	 

ðunþ1 � un�1Þ;

where we used (77). After expanding the right-hand
side of the previous expression and then adding
	 A

2 un, we conclude that there exists a constant B 2
R such that, for all n,

sin�n ¼ �

2�
unþ1un þA

unþ1 þ un
2

þB: ð83Þ

To estimate ð�; z; q; kÞ we use some results from
the smooth elastica to avoid unnecessary complex-
ity in the discrete case. We use the following
approximations: From Eq. (52) with � ¼ �h2=4,
taking Eq. (61) into account, Eqs. (81) and (82) can
be expanded in terms of

ffiffiffi
�

p
h as

�n ¼ �2xn � �1yn þAþOð�h2Þ; ð84Þ
and

sin�n ¼ 1

2
�u2

n þAun þBþOð�h2Þ; ð85Þ

respectively. For the discrete curvature, note that
solutions (41) and (42) can be written, respectively,
as

(i) Let �max ¼ 2
h

snðk�1z;kÞ
cnðk�1z;kÞ, then

�n ¼ �maxdnðk�1ðznþ qÞ; kÞ: ð86Þ
(ii) Let �max ¼ 2

h
ksnðz;kÞ
dnðz;kÞ , then

�n ¼ �maxcnðznþ q; kÞ: ð87Þ
From Remark 11, we have 
 ¼ 2þ �h2 þOðh4Þ,
and it follows from Eqs. (47) and (48) that

z ¼ ffiffiffi
�

p
hþOðh2Þ. Then we can approximate �max

as

ðiÞ : �max ¼ 2k�1 ffiffiffi
�

p þOð�h2Þ;
ðiiÞ : �max ¼ 2k

ffiffiffi
�

p þOð�h2Þ:
�

ð88Þ

We obtain an approximation of the parameter k
from these expressions. We see from Eq. (85) that u
must be bound from above and below, the upper
bound umax being

umax ¼
�Aþ�

�
þOðh2Þ; ð89Þ

where � ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � 2�ðB� 1Þp

. Noticing that umax

occurs at the same instance as �max, from Eq. (77)
we have

�max ¼ �þOð�h2Þ: ð90Þ
Hence, from Eq. (88) we obtain

ðiÞ : k ¼ 2
ffiffiffi
�

p
�

þOð ffiffiffi
�

p
h2Þ;

ðiiÞ : k ¼ �

2
ffiffiffi
�

p þOð ffiffiffi
�

p
h2Þ:

8>>>><
>>>>:

ð91Þ

Pseudo code

Given a discrete curve 
n (n ¼ 0; 1; . . . ;N � 1) with
segment length h, we compute �n such that

cos�n

sin�n

� �
¼ 
nþ1 � 
n

h
; ð92Þ

for all n ¼ 0; 1; . . . ;N � 2, and the discrete curva-
ture �n by

�n :¼ 2

h
tan

�n ��n�1

2
; ð93Þ

for all n ¼ 1; 2; . . . ;N � 2. Then, we obtain the
initial guess p̂ by solving Eqs. (84) and (85) in the
least-square sense and using several of the equations
mentioned above. We proceed as follows:

. (parameter �) From Eq. (84), compute

ð�̂1; �̂2; ÂÞ

¼ argmin
ð�1;�2;AÞ

XN�2

n¼1

ð�n þ �1yn � �2xn �AÞ2
( )

;

then �̂ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�̂ 2

1 þ �̂ 2
2

p
; and � is such that cos� ¼

�̂1=�̂ and sin� ¼ �̂2=�̂.

Fairing of discrete planar curves to integrable discrete analogue of Euler's elasticae
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. (parameter k) From Eq. (85), compute

B̂ ¼ argmin
B

XN�2

n¼0

sin�n �
1

2
�̂u2

n � Âun �B

� �
2

( )
:

From Eq. (91), if B̂ < Â 2

2�̂ � 1, then we are in case
(i) and

ðiÞ : k̂ ¼ 2
Â

2

�̂
� 2ðB̂ � 1Þ

 !�1=2

otherwise we are in case (ii) and

ðiiÞ : k̂ ¼ 1

2

Â
2

�̂
� 2ðB̂ � 1Þ

 !
1=2

:

. (parameter q and z) For simplicity, let
sn ¼ znþ q. De¯ne m 2 N as the number of seg-
ments in which the function un is monotone. We
counted m manually, although it could also be
estimated by, for example,

ðiÞ : m̂ ¼ ðN � 1Þĥ
ffiffiffiffî
�

p

Kðk̂Þ

& ’
ðþ1Þ;

ðiiÞ : m̂ ¼ ðN � 1Þĥ
ffiffiffiffî
�

p

2Kðk̂Þ

& ’
ðþ1Þ;

8>>>>><
>>>>>:

where K is the complete elliptic integral of the
¯rst kind, and the term in brackets ðþ1Þ is added
only if both u0 and uN�1 are simultaneously in-
creasing or decreasing. Now, using the fact that
sn�1 ¼ F 
 arcsin, cn�1 ¼ F 
 arccos, where F is
the elliptic integral of the ¯rst kind, we can simply
invert the Jacobi elliptic function at the endpoints
n ¼ 0 and n ¼ N � 1 to obtain q and z. We treat
each of the cases (i) and (ii) separately.
(i): From Eqs. (86) and (88), we have the fol-
lowing:

dnðk̂�1
sn; k̂Þ ¼

�̂un þ Â

2k̂
�1 ffiffiffiffî

�
p ;

which can be rewritten as

snðk̂�1
sn; k̂Þ ¼ k̂

�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �̂un þ Â

2k̂
�1 ffiffiffiffî

�
p

 !
2

vuut � Un:

Hence, if un is decreasing on the ¯rst segment:

s0 ¼ k̂F ðarcsinU0; k̂Þ;

and

sN�1 ¼ ðm� 1Þk̂Kðk̂Þ þ k̂F ðarcsinUN�1; k̂Þ;

if m is odd, or

sN�1 ¼ mk̂Kðk̂Þ � k̂F ðarcsinUN�1; k̂Þ;

if m is even. If un is increasing on the ¯rst
segment:

s0 ¼ 2k̂Kðk̂Þ � k̂F ðarcsinU0; k̂Þ;

and

sN�1 ¼ ðmþ 1Þk̂Kðk̂Þ � k̂F ðarcsinUN�1; k̂Þ;

if m is odd, or

sN�1 ¼ mk̂Kðk̂Þ þ k̂F ðarcsinUN�1; k̂Þ;

if m is even.
(ii): From Eqs. (87) and (88) we have the
following:

cnðznþ q; k̂Þ ¼ �̂un þ Â

2k̂
ffiffiffiffî
�

p � Un:

Hence, if un is decreasing on the ¯rst segment:

s0 ¼ F ðarccosU0; k̂Þ;
and

sN�1 ¼ 2ðm� 1ÞKðk̂Þ þ F ðarccosUN�1; k̂Þ;
if m is odd, or

sN�1 ¼ 2mKðk̂Þ � F ðarccosUN�1; k̂Þ;
if m is even. If un is increasing on the ¯rst
segment:

s0 ¼ 4Kðk̂Þ � F ðarccosU0; k̂Þ;
and

sN�1 ¼ 2ðmþ 1ÞKðk̂Þ � F ðarccosUN�1; k̂Þ;
if m is odd, or

sN�1 ¼ 2mKðk̂Þ þ F ðarccosUN�1; k̂Þ;
if m is even.
Finally, for both cases we set

q̂ ¼ s0; ẑ ¼ 1

N � 1
ðsN�1 � s0Þ:

. (parameters x0 and y0) From the previous steps,
using all the recovered parameters, construct a
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discrete elastica segment that starts at the origin,
�nð	pÞ with 	p ¼ ð0; 0;h; �̂; ẑ; q̂; k̂Þ. Then,

ðx̂0; ŷ0Þ ¼ argmin
ðx0;y0Þ

XN�1

n¼0

ð
n � �nð	pÞÞ2
( )

:

Figure 6 illustrates typical examples of the fairing
by the discrete elasticae obtained by using the
above algorithm.

5. Application: Characterization of
Keylines of Japanese Handmade

Pantiles

5.1. Background and outline

Sangawara (Japanese pantiles) are the most com-
mon type of roof tiles in Japan and are thought to

be unique to the country. Although the number of
buildings with sangawara roofs is decreasing, the
landscapes with the remaining constructions having
sangawara roofs are considered by the community
to be one of the most beautiful scenes and culturally
Japanese. Traditionally, sangawara were handmade
from local clay by placing a clay plate on a wooden
mold, beating it with a board called tataki, and
stroking it with a board called nadeita (Fig. 7).

In recent times, they are mass-produced by metal
mold presses in limited areas. The mold shapes are
thought to be based on the shape of the sangawara
in the handmade era, but companies keep their
designs a trade secret, so it is not clear. We consider
that it is important to characterize esthetically
pleasing curves like sangawara with mathematical
formulas to be used in architectural design. Because
of this, and the fact that the process involves
bending the clay plate, we thought that the shape of
sangawara could possibly be approximated by
elasticae. In Sec. 5.2, we explain how the handmade
sangawara (simply referred to as pantiles) were
collected, in Sec. 5.3 we obtain the keyline of each
pantile, and in Sec. 5.4 we approximate those key-
lines to discrete elasticae.

Fig. 6. Typical examples of the fairing by the discrete elasti-
cae. Black squares: input curve, green triangles: initial guess,
red circles: output elastica.

Fig. 7. Beating (top) and stroking (bottom) in making
handmade pantiles in demonstration class at Department of
Architecture, Mukogawa Women's University.
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5.2. Data acquisition

The pantiles we measured had been used in a house
built around 1900 in Settsu City, Osaka Prefecture
(Fig. 8). From the characteristic shapes of the
pantiles, they were likely used from the original
construction or replaced before the revision of the
urban building law in 1924 after the Great Kanto
Earthquake. According to the owners, most of the
tiles were blown away when the 2nd Muroto Ty-
phoon hit in 1961, so they were collected and re-
roofed. After that, only a few of the pantiles were
replaced before the house was demolished in March
2017.

In our survey before the demolition, we found
that the roofs of this house were covered by four
di®erent sizes of pantiles that ranged from 240mm
to 280mm in working width. Prior to dismantling
the building, we preserved six rows of pantiles (row
A to row F in Fig. 9) that covered those four sizes.
The pantiles varied in shape due to their handmade
nature, so we preserved six rows instead of only four
individual pantiles. We measured 37 pantiles from
the rows C and F with a working width of 270mm
(the most commonly used on this house), excluding
the eave pantiles (pantiles C01 and F01).

The 3D data of each pantile was acquired by
using the NextEngine's Ultra HD 3D laser scanner.
In Fig. 10, we show a diagram of the setup. The
mesh data was then read by the 3D Systems'
RapidWorks 64 4.1.0 reverse modeling software.
Furthermore, we used this software to synthesize
and discard its polygons ¯ner than the scanner's
measurement accuracy (0.3mm) and then auto-
matically launder incorrect data and ¯ll holes in the
meshes. For each pantile, we extracted two 3D
keylines corresponding to the two front edges that
could be observed when pitched. The upper 3D
keyline was generated by extracting the curve net-
work from the mesh data, and the lower 3D keyline
was generated by extracting the outer boundary
curve of the mesh data. In both cases, we used
RapidWorks for this process. In Fig. 11, we show an
example of the two 3D keylines generated. Finally,
we note that each of these 3D keylines are indeed
discrete curves in R3; however, we need to process
them to obtain discrete planar curves to be used in
the fairing algorithm.

5.3. Pre-processing

Projection into discrete planar curves

In order to generate discrete planar curves from the
3D keyline data, we projected the points in R3 onto
the plane which minimizes the sum of the squared
distances to the points. As is well known, such plane
is constructed by applying the principal component
analysis of the so-called covariance matrix. Con-
cretely, let p1; p2; . . . ; pM 2 R3 be the 3D keyline
data of one of the edges of one pantile, and de¯ne

	p :¼ 1

M

XM
k¼1

pk: ð94Þ

Consider the covariance matrix

Cov½p� :¼ 1

M

XM
k¼1

ðpk � 	pÞ tðpk � 	pÞ 2 R
3�3;

which is symmetric and positive semi-de¯nite, and
let e1; e2; e3 2 R3 be orthonormal eigenvectors as-
sociated to the eigenvalues �1; �2; �3 2 R

(�1 � �2 � �3 � 0) of Cov½p�. Then, it is known
that the plane 
12 � R3 that includes 	p and is
parallel to e1 and e2 (i.e., with e3 as the normal
vector) minimizes the sum of the squared distances
to p1; p2; . . . ; pM (see, for example, Ref. 29).

Fig. 8. Exterior photos of the house with handmade pantile
roof.
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Following this idea, we changed the original
xyz-coordinate system into the x 0y 0z 0-coordinate
system, where 	p is the origin O 0 and the orientations
of e1, e2, and e3 are the x 0-, y 0-, and z 0-axes,

respectively, as shown in Fig. 10. The change of
coordinates of pk in the xyz-coordinate system to p 0

k

in the x 0y 0z 0-coordinate system satis¯es

p 0
k ¼ tðe1 e2 e3Þðpk � 	pÞ;

because ðe1 e2 e3Þ is an orthogonal matrix. Finally,
the projection of pk onto 
12 was obtained by re-
moving the z 0-component from p 0

k (k ¼ 1; . . . ;M).

Conversion to constant step sizes

The discrete curves obtained by projecting the 3D
keylines onto their corresponding x 0y 0-plane (simply
referred to as the 2D keylines before approximation)

Fig. 9. (Color online) Preserved pantiles (rows A–F) and measured pantiles (in red: pantiles C02–C14, and pantiles F02–F25).

Fig. 10. Placement of the 3D laser scanner and the pantile for
measurement.

Fig. 11. (Color online) Example of the 3D data acquired for
pantile C07. In blue: upper and lower 3D keylines.

Fairing of discrete planar curves to integrable discrete analogue of Euler's elasticae
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do not have constant step sizes. We applied the
following procedure to approximate them by con-
stant step-size discrete curves:

(1) Let the leftmost point of the 2D keyline before
approximation, on the negative side of the
x 0-axis, be the starting point A1.

(2) Let the point on the keyline whose distance
from A1 is r (¼ 1:0mm) be A2.

(3) For k ¼ 2; 3; . . ., let the point on the keyline
whose distance from Ak is r and does not return
to Ak�1 be Akþ1 (Fig. 12). However, if there are
multiple points that satisfy this condition, let
the point on the keyline closer to the rightmost
point, on the positive side of the x 0-axis, be Akþ1

(Fig. 13).
(4) The ¯nal point k ¼ N is set when the only point

that has a distance r from AN is the one that
returns to AN�1. AN is the stop point of the 2D
keyline after approximation (Fig. 14).

Note that the resulting curve Ak 2 R2,
k ¼ 1; . . . ;N , is a discrete planar curve with con-
stant step size r.

Principal axis alignment

When measuring the pantiles as shown in Fig. 10,
we placed them one by one on the table by hand.
Therefore, the position and rotation angle of each
pantile is slightly di®erent. To compare the shapes
of the keylines of the measured pantiles, we have to
eliminate the e®ects of the positions and rotation
angles and convert them into a coordinate system
determined by only the keyline shape. This e®ect
was eliminated by changing the coordinates and
projecting them from the xyz-coordinate system
into the x 0y 0-coordinate system, where the geomet-
ric center is O 0, the orientation of its ¯rst principal
component is the x 0-axis, and the orientation of its
second principal component is the y 0-axis. However,
this alignment is lost after approximating the dis-
crete curves to constant step-size discrete curves.
Hence, we performed a principal component analy-
sis again, but on the plane containing the discrete
curve Ak, k ¼ 1; . . . ;N . Let

	A ¼ 1

N

XN
k¼1

Ak;

and f1; f2 be normalized eigenvectors that corre-
spond to the eigenvalues �1; �2 (�1 � �2) of the
covariance matrix

Cov½A� ¼ 1

N

XN
k¼1

ðAk � 	AÞ tðAk � 	AÞ 2 R
2�2:

Here, the directions of f1 and f2 are determined so
that the diagonal components of ðf1 f2Þ are all
positive. Then, the x 0y 0-coordinate system is
transformed to the x 00y 00-coordinate system, where
	A as the origin O 00 and x 00 as the ¯rst principal axis
(in the direction of f1). Finally, we denote to as A 0

k

Fig. 12. Procedure to construct a constant step-size discrete
planar curve (pantile C07, lower keyline).

Fig. 13. Visualization of the method for determining the fol-
lowing point when there are multiple points whose distance is r
(pantile C07, lower keyline).

Fig. 14. Visualization of the method for determining the stop
point (pantile C07, lower keyline).
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(k ¼ 1; . . . ;N) to the discrete curve in the new co-
ordinate system, which satis¯es that

A 0
k ¼ tðf1 f2ÞðAk � 	AÞ;

because ðf1 f2Þ is an orthogonal matrix. In what
follows, the x 00y 00-coordinate system is rede¯ned as
the xy-coordinate system.

Estimation of in°ection points

If we visualize and smooth curve fairing the 2D
keyline of the pantile, it has one global in°ection
point and its shape is clearly asymmetric across the
in°ection point. In general, it is di±cult to formu-
late such a curve in terms of a single elastica.
Therefore, we estimated the global in°ection point
of the approximate curve, then we divided the curve
on both sides of the in°ection point and fair them
with two di®erent elastic curves. We estimated the
in°ection point using a method inspired by the
Ramer–Douglas–Peucker (RDP) algorithm,30,31

which was devised to simplify an open polygon with
many vertices by thinning out some of the vertices
(Fig. 15). We call this the RDP method:

(1) Let the point farthest from the line segment
connecting the two end points be 3. Let the end
point on the side with the in°ection point
(viewed from point 3) be 2, and let the end
point on the side without the in°ection point
be 1.

(2) For P ¼ 2; 3; . . ., among the points of the dis-
crete curve between P and P þ 1, let the point
farthest from the line segment P ðP þ 1Þ be
P þ 2. However, the labels of P and P þ 1 are
switched if one of the next two conditions hold:

(a) P þ 1 is in the upper side of the line seg-
ment ðP � 1ÞP and point P þ 2 is in the
upper side of the line segment P ðP þ 1Þ.

(b) P þ 1 is in the lower side of the line segment
ðP � 1ÞP and point P þ 2 is in the lower
side of the line segment P ðP þ 1Þ.

(3) The computation is terminated when there is no
more points between P þ 1 and P þ 2, and the
in°ection point is estimated to be P þ 2.

5.4. Approximation by discrete Euler's

elasticae

We considered the 37 lower keyline segments situ-
ated at the right-hand side of the in°ection point

(i.e., the valley portion of the keylines), see Fig. 16.
For each discrete planar curve we applied the fair-
ing algorithm as described in Sec. 4. Among the
parameters p ¼ ðx0; y0;h; �; z; q; kÞ shown in
Eq. (71), the point ðx0; y0Þ was set at the in°ection

Fig. 15. Example of in°ection point estimation by the RDP
method (pantile C07, lower keyline). From top to bottom, the
¯rst curve represents step (1). The second and third curves
represent step (2). The fourth curve shows the particular case
when switching the labels 4 and 5 is needed for case (2-b). The
¯fth and last curve represents the termination condition of step
(3), where the in°ection point is estimated to be at the point 11.

Fig. 16. Input curves: Right (valley) sides of the 2D lower
keylines corresponding to pantiles C02–C14 and pantiles F02–
F25. The highlighted curves (pantiles F16 and F24) presented
statistically di®erent results.
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point and the remaining ¯ve parameters were op-
timized. An example of the approximation of a
keyline (pantile C07, lower keyline) by a discrete
elastica is shown in Fig. 17, the calculation results
for the 37 fairing discrete elasticae are shown in
Fig. 18, and the calculation results for the para-
meters h, �, z, q, k are shown in Table 1.

As Table 1 shows, the 35 key lines (except for
pantiles F16 and F24) show very little variation in
the calculated results of the parameters, and the
discrete elasticae are similar in both shape and ro-
tation angle. The k values are close to 0:3, and the
shapes are close to sine curves. However, the values
of �, z, q, and k for pantiles F16 and F24 are very

di®erent from the others. The k values exceed 10,
and the shapes are close to arcs.

Figure 19 shows the 37 translated discrete elas-
ticae shown in Fig. 18 with the in°ection point
ðx0; y0Þ at the origin. The variations of the discrete
elasticae are larger than that in Fig. 18, suggesting
that a certain number of variations and errors may
be included in the estimations of the in°ection
points. In F16 and F24 in particular, the estimated
in°ection points are located closer to the right
(valley) sides. Therefore, we can assume that the
areas around the in°ection points where the cur-
vature is small are largely omitted, and the discrete
elasticae are approximated to be close to the arcs.
The e®ect the local unevenness of the keyline has on
the estimation of the in°ection point should be
examined.

In conclusion, we found that 35 of the 37 lower
keylines of the handmade pantiles could be ap-
proximated by discrete elasticae with a very small
variation on the right (valley) side of the in°ection
point. However, the errors of the estimated posi-
tions of the in°ection points may a®ect the accuracy
of the approximations.

Table 1. Calculation results for h, �, z, q and k (mean and standard deviation).

h
�

Lower keylines right (valley) side [mm] [rad] [grad] z q k

C02–14, F02–15, 17–23, 25 [mean] 0:964 �0:168 �9:623 9:001� 10�3 5:919 0:353

[std. dev.] 6:564� 10�3 2:078� 10�3 0:119 1:263� 10�3 1:789� 10�3 1:235� 10�2

F16 0:945 2:045 117:192 67:36 5:226 27:43
F24 1:007 2:478 141:986 121:8 28:28 27:39

Notes: Because the values for pantiles F16 and F24 were very di®erent from the others, the means and standard deviations were
calculated for the 35 keylines except for pantiles F16 and F24, and the values for them were written separately.

Fig. 19. Result of translating the discrete elasticae in Fig. 18
so that each in°ection point is at origin. Calculation results of
F16 and F24 are clearly di®erent from the others.

Fig. 18. Output curves: fairing discrete elasticae. The
highlighted curves presented statistically di®erent results.

Fig. 17. (Color online) Example: fairing of the pantile C07
lower keyline (black) to a discrete elastica (red).
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