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LOCAL THETA LIFT FOR p-ADIC UNITARY DUAL PAIRS

U(2)×U(1) AND U(2)×U(3)

YASUHIKO IKEMATSU

Abstract. In this paper we describe the local theta lift for p-adic unitary

dual pairs U(2)× U(1) and U(2)× U(3). We also describe the local theta lift
for a pair of p-adic quaternionic unitary groups of rank one.

1. Introduction

The purpose of this paper is to describe the local theta lift for p-adic unitary dual
pairs U(2) × U(1) and U(2) × U(3) in terms of endoscopy. This is a complement
to a result of Gelbart-Rogawski-Soudry [2]. Also Gan-Ichino [1] computed the
local theta lift for unitary groups in almost equal rank case in terms of Vogan L-
packets. The result in this paper provides another proof of their result in the cases
of U(2)×U(1) and U(2)×U(3). Our proof is based on some results in [2] and the
endoscopic description of the anisotropic unitary group in two variables in Konno-
Konno [3]. As an application, we obtain the description of the local theta lift for a
pair of p-adic quaternionic unitary groups of rank one in terms of endoscopy.

To explain the problem in this paper, we recall some results in [2]. Let F be a
non-archimedean local field of characteristic 0, and E a quadratic extension of F
with associated quadratic character ωE/F . We denote the split (resp. anisotropic)
2-dimensional hermitian space over E by Vsp (resp. Van) and a three-dimensional
skew-hermitian space over E by W . We set V = Vsp, Van. Rogawski gave the
endoscopic descriptions of the irreducible admissible representations for U(Vsp) and
for U(W ) in [10]. Using it, Gelbart-Rogawski-Soudry showed in [2] that the local
theta lift for U(V )×U(W ) sends an L-packet to an L-packet. They also described
the local pairing of an endoscopic representation π for U(W ) by the behavior of
the local theta lift of π to U(Vsp) and U(Van). Namely, an explicit parametrization
of the members of an endoscopic L-packet of U(W ) is given in terms of the local
theta lift to U(V ).

We note that in [2] the local theta lift is investigated only for U(Vsp) × U(W ),
because of the lack of the endoscopic description of the set IrrU(Van) of equivalence
classes of irreducible admissible representations of U(Van) in those days. But now,
we have it at our disposal thanks to [3]. So it is natural to consider the local theta
lift for U(Van)×U(W ) in terms of the endoscopic description.

We denote the local Langlands group of F by LF = WF × SU2(R), where WF

stands for the Weil group of F . For G = U(V ) or U(W ), Φ(G) means the set of
equivalence classes of L-parameters φ : LF → LG, where LG is the L-group of
G (see §2.2). The L-packets Πϕ was given in [10], when G is U(Vsp) or U(W ).
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For G = U(Van), Πϕ was given in [2, §1] (see also §2.2) by Jacquet-Langlands
correspondence. Let φE be the restriction of an L-parameter φ of G = U(V ) or
U(W ) to LE . Note that φ is uniquely determined by φE . Let ψ be a non-trivial
character of F . Fix characters µ, η of E× such that µ|F× = ωE/F , η|F× = 1. Then
we have the Weil representation ωψ,V µ,Wη and the local theta lift θψ,V µ,Wη for
U(V )×U(W ) (see §2.1).

Briefly state the endoscopic description of IrrU(W ) given by Rogawski [10] (See
§4 for details). Let (H0, s0, ξ0) be the unique non-trivial elliptic endoscopic datum
for U(W ) up to equivalence, where H0 = U(Vsp) × U(1). For an L-parameter

φ ∈ Φ(U(W )), we define the finite set Π̂ϕ = {ρ ∈ Φ(H0) | ξ0 ◦ ρ = φ}. Rogawski

defined the local pairing 〈ρ, π〉 = ± for ρ ∈ Π̂ϕ and π ∈ Πϕ by using the trace
formula in [10]. Then these 〈ρ, π〉’s determine each element of Πϕ.

Now we can explain our results. Let µ1 and µ2 be characters of E× such that
µ1 6= µ2 and µi|F× = ωE/F . Then there exists a unique L-parameter ϕµ1,µ2

of U(Van) such that (ϕµ1,µ2)E = µ1 ⊕ µ2. We denote the L-packet for U(Van)
associated to it by Πµ1,µ2

(Van). Then the L-packet Πµ1,µ2
(Van) has two elements

τ(µ1, µ2)
+
an, τ(µ1, µ2)

−
an, where the signs are specified in §5.1. We want to compute

the local theta lift θψ,V µ
an,Wη for U(Van)×U(W ).

First we consider the case of µ = µ1, that is, when the splitting character µ
equals to one of components of E-restricted L-parameter.

Theorem 1.1 (Theorem 6.2, Corollary 6.5). We have

θψ,V µ1
an ,Wη (τ(µ1, µ2)

ε
an) =

{
π(η, ηµ1µ

−1
2 )− if ε = +,

0 if ε = −.

Here the non-supercuspidal representation π(η, ηµ1µ
−1
2 )− of U(W ) will be explained

in Theorem 6.2.

Next we consider the case of µ 6= µ1, µ2. Then by results in [2] we have

π± := θψ,V µ
an,Wη (τ(µ1, µ2)

±
an) 6= 0

and the L-parameter φ of π± satisfies φE = µηµ−1
1 ⊕ µηµ−1

2 ⊕ η. In this case, we

have Π̂ϕ = {ρ0, ρ1, ρ2}. See §6 for the exact form of ρi’s. Then the local pairings
of π± are given as follows:

Theorem 1.2 (Corollary 6.7). We have for ε ∈ {±}
〈ρ0, πε〉 = −,
〈ρ1, πε〉 = −ε,
〈ρ2, πε〉 = ε.

These are our main results given in this paper. Moreover, by using Theorem 1.1,
we can compute the local theta lift for U(Van)×U(1) (Theorem 6.4). Furthermore,
by proving a relation between the Weil representation of U(Van)×U(1) and that of
a pair of quaternionic unitary groups of rank one (Proposition 7.6), we can compute
the local theta lift for a pair of quaternionic unitary groups of rank one (Theorem
7.9).

The paper is organized as follows. In §2, we recall the Weil representation for
unitary groups in general setting and the construction of the L-packets for U(V )
and U(W ). In §3, we compute the local theta lift for U(Vsp) × U(1). In §4, we
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recall some results in [2]. We also deduce the computation of the local theta lift for
U(Vsp)× U(W ) from these and state the problem in this paper. In §5, we explain
the endoscopic description of IrrU(Van) and prepare a global result to prove our
main theorems. In §6, we prove our main theorems. In §7, we compute the local
theta lift for a pair of quaternionic unitary groups of rank one.

Notation 1.3. Let E be a quadratic extension of F . The map σ stands for the
non-trivial Galois automorphism of E over F . We will often write σ(x) = xσ.
Let TrE/F and NE/F be the trace map and norm map of E over F , respectively.
We denote the modulus of F by | · |F . Fix a non-trivial character ψ of F . Then
λ(E/F, ψ) is the Langlands λ-factor [7]. For each character χ of F×, Π(E×, χ)
stands for the set of characters of E× whose restriction to F× are χ. For each
η ∈ Π(E×,1F×), we define a character ηu of U(1) by

ηu(z/σ(z)) = η(z), z ∈ E×.

For a p-adic group G, we denote the set of equivalence classes of irreducible admissi-
ble representations of G by IrrG. Fix a non-zero element ξ of E with TrE/F (ξ) = 0

and d0 ∈ F× ∖ NE/F (E
×). Also fix two characters η ∈ Π(E×,1F×) and µ ∈

Π(E×, ωE/F ) to construct Weil representations for unitary groups.

2. Preliminaries

2.1. Weil representation for unitary groups. In this subsection we recall the
Weil representation for unitary groups in general setting.

Let V be a hermitian space and W a skew-hermitian space over E. The spaces
V and W may be taken as follows:

V = (E⊕m, A), W = (E⊕n, B),

(v1, v2) =
∗v1Av2, 〈w1, w2〉 = w1B

∗w2,

where A = ∗A := tAσ ∈ GLm(E) and B = −∗B ∈ GLn(E). Note that V is a space
of column vectors, whereas W is of row vectors. Then the unitary groups of V and
W are given by

U(V ) = {h ∈ GLm(E) | ∗hAh = A} ,
U(W ) = {g ∈ GLn(E) | gB∗g = B} .

Here U(V ) (resp. U(W )) acts on V (resp. W ) on the left (resp. right).
Let

W = V ⊗E W
be the F -vector space equipped with the symplectic form

〈〈 , 〉〉 = TrE/F (( , )⊗ 〈 , 〉σ) .

We identify W with Mm,n(E) by the isomorphism

(2.1) V ⊗E W 3 v ⊗ w 7→ v · w ∈ Mm,n(E).

Then the symplectic form on W is given by

〈〈X,X ′〉〉 = TrE/F (
∗XAX ′∗B), X,X ′ ∈ W.

The symplectic group of W is given by

Sp(W) = {g ∈ GLF (W) | 〈〈wg,w′g〉〉 = 〈〈w,w′〉〉 for all w,w′ ∈ W} .
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Here Sp(W) acts on W on the right. The Heisenberg group H(W) of W is given as
follows:

H(W) = W× F,

(w, t) · (w′, t′) =

(
w + w′, t+ t′ +

〈〈w,w′〉〉
2

)
for w,w′ ∈ W and t, t′ ∈ F .

Fix an irreducible unitary representation (τψ,V,W ,SV,W ) of H(W) with central
character ψ. For any g ∈ Sp(W), define the representation (τψ,V,W · g,SV,W ) of
H(W) by τψ,V,W (w, t)g := τψ,V,W (wg, t) for w ∈ W, t ∈ F . This is also an irre-
ducible unitary representation of H(W) with central character ψ. By Stone-von-
Neumann’s theorem, the unitary representation τψ,V,W · g is isomorphic to τψ,V,W .
Thus we have the metaplectic group:

Mpψ (W) =

{
(g,Mg)

∣∣∣∣∣ g ∈ Sp(W),

Mg : τψ,V,W · g ∼= τψ,V,W isomorphism

}
.

The metaplectic group Mpψ (W) has the Weil representation (ωψ,V,W ,SV,W ) defined
by

ωψ,V,W (g,Mg) :=Mg.

Now let χV and χW be characters of E× such that χV |F× = ωdimE V
E/F and

χW |F× = ωdimE W
E/F , respectively. Then Kudla [5] defined the splitting associated to

χV and χW :

ιχW

W × ιχV

V : U(V )×U(W ) → Mpψ(W).

Thus the Weil representation (ωψ,V χW ,WχV ,SV,W ) of U(V ) × U(W ) associated to
χV and χW is defined by

ωψ,V χW ,WχV := ωψ,V,W ◦ ιχW

W × ιχV

V .

To explain the mixed model of the Weil representation ωψ,V χW ,WχV , we prepare
a few notation. Without loss of generality, we may assume that

V = (E⊕m,

 1m0

A1

1m0

).

We put V0 = (E⊕2m0 ,

(
1m0

1m0

)
) and V1 = (E⊕m1 , A1), wherem1 = m−2m0.

We denote by X the subspace of V consisting of the elements of the form

t(x1, . . . , xm0 , 0, . . . , 0)

and X ′ the subspace of V consisting of the elements of the form

t(0, . . . , 0, xm−m0+1, . . . , xm).

Thus we have

(2.2) V = X ⊕ V1 ⊕X ′.

Let PX′ = MX′NX′ be the maximal parabolic subgroup of U(V ) stabilizing X ′,
where MX′ is the Levi component of PX′ stabilizing X and NX′ is the unipotent
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radical of PX′ . We have

MX′ =

m(a, h) =

 a
h

∗a−1

∣∣∣∣∣∣ a ∈ GLm0
(E),

h ∈ U(V1)

 ,

NX′ =

n(b, c) =
 1m0

b 1m1

c− 1
2
∗bA1b −∗bA1 1m0

∣∣∣∣∣∣ b ∈ Mm1,m0
(E),

c = −∗c ∈ Mm0(E)

 .

We denote the space of Schwartz-Bruhat functions on X = X ⊗E W by S(X).
Here, as in (2.1), we identifyX⊗EW with Mm0,n(E). Also fix an irreducible unitary
representation (τψ,V1,W ,SV1,W ) of H(W1), where W1 = V1 ⊗E W = Mm1,n(E).
Then the Weil representation ωψ,V χW ,WχV can be defined on S(X)⊗SV1,W and has
the following explicit formulas:

Theorem 2.1. Let χV0
, χV1

be characters of E× such that χV = χV0
χV1

and

χVi |F× = ωdimE Vi

E/F . For φ⊗ φ′ ∈ S(X)⊗ SV1,W , we have

ωψ,V χW ,WχV (m(a, h))φ(x)⊗ φ′

= χW (det a)| det a|−n/2E φ(a−1x) · ωψ,V χW
1 ,W

χV1 (h)φ
′,

ωψ,V χW ,WχV (n(b, c))φ(x)⊗ φ′

= ψ

(
−1

2
TrE/F (

∗xcx∗B)

)
φ(x) · τψ,V1,W (−bx, 0)φ′,

ωψ,V χW ,WχV (g)φ(x)⊗ φ′

= (χV0)u(det g)φ(xg) · ωψ,V χW
1 ,W

χV1 (g)φ
′.

Here x ∈ X = Mm0,n(E), m(a, h) ∈MX′ , n(b, c) ∈ NX′ and g ∈ U(W ).

Similarly, we may assume that

W = (E⊕n,

 1n0

B1

−1n0

).

We putW0 = (E⊕2n0 ,

(
1n0

−1n0

)
) andW1 = (E⊕n1 , B1), where n1 = n−2n0.

As in (2.2) , we haveW = Y ⊕W1⊕Y ′, where Y = {(y1, . . . , yn0
, 0, . . . , 0) | yi ∈ E}

and Y ′ = {(0, . . . , 0, yn−n0+1, . . . , yn) | yi ∈ E}.
Let PY ′ =MY ′NY ′ be the maximal parabolic subgroup of U(W ) stabilizing Y ′,

where

MY ′ =

m(a, g) =

 a
g

∗a−1

∣∣∣∣∣∣ a ∈ GLn0
(E),

g ∈ U(W1)

 ,

NY ′ =

n(b, c) =
 1n0

b c+ 1
2bB1

∗b
1n1

B1
∗b

1n0

∣∣∣∣∣∣ b ∈ Mn0,n1
(E),

c = ∗c ∈ Mn0(E)

 .

We set Y = V ⊗E Y = Mm,n0(E). Here, as in (2.1), we identified V ⊗E Y
with Mm,n0(E). Also fix an irreducible unitary representations (τψ,V,W1 ,SV,W1) of
H(W2), where W2 = V ⊗E W1 = Mm,n1

(E).
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Theorem 2.2. Let χW0
, χW1

be characters of E× such that χW = χW0
χW1

and

χWi |F× = ωdimE Wi

E/F . For φ ⊗ φ′ ∈ S(Y) ⊗ SV,W1 , we have the following explicit

formulas:

ωψ,V χW ,WχV (h)φ(y)⊗ φ′

= (χW0
)u(deth)φ(h

−1y) · ωψ,V χW1 ,W
χV
1

(h)φ′,

ωψ,V χW ,WχV (m(a, g))φ(y)⊗ φ′

= χV (det a)| det a|m/2E φ(ya) · ωψ,V χW1 ,W
χV
1

(g)φ′,

ωψ,V χW ,WχV (n(b, c))φ(y)⊗ φ′

= ψ

(
1

2
TrE/F (

∗yAyc)

)
φ(y) · τψ,V,W1

(yb, 0)φ′.

Here y ∈ Y = Mm,n0
(E), m(a, g) ∈MY ′ , n(b, c) ∈ NY ′ and h ∈ U(V ).

For an irreducible admissible representation π of U(V ) or U(W ), we denote the
local theta lift of π with respect to ωψ,V χW ,WχV by θψ,V χW ,WχV (π).

2.2. L-packet. In this subsection we recall the construction of L-packets for the
unitary groups of our concern.

First we explain the unitary groups which we treat in this paper. For a ∈ F×,
we define a one-dimensional skew-hermitian space:

Wa = (E, aξ),

where ξ ∈ E× is the fixed element as in Notation 1.3. Also define a three-
dimensional skew-hermitian space:

W = (E⊕3,

 1
ξ

−1

).

Let Vsp (resp. Van) be the two-dimensional split (resp. anisotropic) hermitian space
over E given by

Vsp = (E⊕2,

(
1

1

)
),

Van = (E⊕2,

(
−d0

1

)
).

Note that the unitary group U(Van) is not quasi-split by our choice of d0 (see
notation). Thus we have four unitary groups U(Wa),U(W ),U(Vsp) and U(Van).
We also denote the unitary similitude group of V = Vsp, Van by GU(V ).

Next we recall the L-groups for these groups.

Lemma 2.3. For G = U(Wa),U(W ),U(Vsp) or U(Van), the L-group
LG is given

as follows:

LG = GLn(C)⋊WF ,

g ⋊ w · g′ ⋊ w′ =

{
gg′ ⋊ ww′ w ∈WE ,

gIn
tg′−1I−1

n ⋊ ww′ w /∈WE .
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Here n is the dimension of the space associated to G and

In =


1

−1
. . .

(−1)n−1

 .

We call a continuous homomorphism φ : LF → LG over WF an L-parameter if
the projection of φ(WF ) to GLn(C) consists of semi-simple elements of GLn(C) and
φ|SU2(R) → GLn(C) is analytic. Also, two L-parameters φ, φ′ are called equivalent
if there exists g ∈ GLn(C) such that φ′ = Ad(g) ◦ φ. The set of equivalence
classes of L-parameters of G is denoted by Φ(G). For any L-parameter φ of G, the
restriction of φ to LE is denoted by φE = φ|LE

. Since it is well-known that φ is
uniquely determined by φE , we also call φE an L-parameter of G.

Lemma 2.4. (i) By local class field theory, we have the bijection:

Φ(U(Wa)) 3 φ 7→ φE ∈ Π(E×,1F×).

(ii) By the bijection Π(E×,1F×) 3 η 7→ ηu ∈ IrrU(Wa), we have the bijection:

Φ(U(Wa)) → IrrU(Wa).

Thus we can identify Φ(U(Wa)) with IrrU(Wa).

Finally we recall the construction of L-packets for U(Vsp),U(Van),U(W ).

Theorem 2.5 ([10]). For G = U(Vsp),U(W ), we have a surjective map from IrrG
onto Φ(G) with finite fibre.

Then each L-packet for U(Vsp) or U(W ) is defined as a fibre Π of its map, and
the image of Π under its map is the L-parameter associated to Π.

The construction of L-packets for U(Van) requires the Jaquet-Langlands cor-
respondence. For τ ∈ IrrU(Van), there exists τs ∈ IrrGU(Van) such that τ ↪→
τs|U(Van). If τJLs is the Jaquet-Langlands correspondence to GU(Vsp), then there

exists τJL ∈ IrrU(Vsp) such that τJL ↪→ τJLs |U(Vsp). Define the L-parameter of τ to

be that of τJL. This is well-defined. In this way, we obtain a map from IrrU(Van)
to Φ(U(Van)). Then we can prove that it is a map with finite fibre. Thus, in the
same way as above, we can define L-packets for U(Van).

3. Endoscopy and local theta lift for U(Vsp)×U(Wa)

In this section we recall the classification of L-packets for U(Vsp) and compute
the local theta lift for U(Vsp)×U(Wa).

3.1. Endoscopy. We denote by B the Borel subgroup of U(Vsp) consisting of lower
triangular matrices. Let

U =

{
u(x) =

(
1
x 1

) ∣∣∣∣x ∈ E,TrE/F (x) = 0

}
be the unipotent radical of B and

T =

{
m(α) =

(
α

∗α−1

) ∣∣∣∣α ∈ E×
}

a maximal torus of U(Vsp). Thus we have B = TU .
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For each b ∈ F×, we define a non-trivial character ψbU,ξ of U by

ψbU,ξ : U 3 u(x) 7→ ψ(−bxξ−1) ∈ C1,

where ψ is the fixed character as in Notation 1.3. An irreducible admissible rep-
resentation π of U(Vsp) is called ψb-generic, or ψbU,ξ-generic, if it has a non-zero

homomorphism into Ind
U(Vsp)
U ψbU,ξ.

Theorem 3.1 ([10]). An L-packet Πφ of U(Vsp) has two elements if and only if
there exist characters µ1, µ2 ∈ Π(E×, ωE/F ) such that ϕE = µ1 ⊕ µ2. Otherwise
the cardinality of Πφ is one.

When ϕE = µ1⊕µ2, we denote the L-packet Πφ by Πµ1,µ2 = Πµ1,µ2(Vsp) and call
it an endoscopic L-packet. Also, its elements are called endoscopic representations.

An endoscopic L-packet Πµ1,µ2
has the unique ψ-generic (resp. ψd0 -generic) el-

ement, where d0 is the fixed element as in Notation 1.3. We write it as τ(µ1, µ2)
+
sp

(resp. τ(µ1, µ2)
−
sp). Note that if µ1 = µ2, then τ(µ1, µ1)

+
sp is the unique ψ-generic

irreducible subrepresentation of Ind
U(Vsp)
B µ1.

To compute the local theta lift for U(Vsp) × U(Wa), we need a global result.

Let Ẽ be a quadratic extension of a number field F̃ . Also its associated quadratic
character of A×

F̃
/F̃× is denoted by ωẼ/F̃ , where A×

F̃
is the idele group of F̃ . For

each character χ of A×
F̃
/F̃×, Π(A×

Ẽ
, χ) stands for the set of characters of A×

Ẽ
/Ẽ×

whose restriction to A×
F̃

are χ. We have the following:

Theorem 3.2 ([10]). Let τ = ⊗τv be an irreducible cuspidal representation of
U(Vsp)(AF̃ ). If there exist characters µ̃1, µ̃2 ∈ Π(A×

Ẽ
, ωẼ/F̃ ) such that τv ∈ Πµ̃1,v,µ̃2,v

for almost all places v of F̃ , then τv ∈ Πµ̃1,v,µ̃2,v
for all places v.

3.2. Local theta lift. In this subsection, we compute the local theta lift θψ,V µ
sp,W

η
a

for U(Vsp)×U(Wa), where µ, η are the fixed characters as in Notation 1.3.
From Theorem 2.1, the Weil representation ωψ,V µ

sp,W
η
a
of U(Vsp)×U(Wa) on the

space S(E) of Schwartz-Bruhat functions on E has the following explicit formulas:

ωψ,V µ
sp,W

η
a
(m(α)) f(t) = µ(α)|α|−1/2

E f(α−1t),

ωψ,V µ
sp,W

η
a
(u(x)) f(t) = ψ(aξxNE/F (t))f(t),

ωψ,V µ
sp,W

η
a
(g) f(t) = ηu(g)f(tg).

Here f ∈ S(E), t ∈ E, m(α) ∈ T , u(x) ∈ U and g ∈ U(Wa).
For brevity, we write ωψ = ωψ,V µ

sp,W
η
a
. First we shall compute (twisted) Jacquet

module of ωψ. For each b ∈ F×, we set

Eb =
{
t ∈ E× ∣∣NE/F (t) = bNE/F (ξ

−1)
}
.

One notes that if b /∈ NE/F (E
×), then Eb is empty.

Lemma 3.3. (i) The unnormalized Jacquet module (ωψ)U of the Weil representa-

tion ωψ is isomorphic to µ| · |−1/2
E ⊠ ηu as T ×U(Wa)-module, where

µ| · |−1/2
E ⊠ ηu : T ×U(Wa) 3 m(α)× g 7→ µ(α)|α|−1/2

E ηu(g) ∈ C×.

(ii) The twisted Jacquet module (ωψ)U,ψb
U,ξ

of the Weil representation ωψ is isomor-

phic to ηu ⊗ S(Ea−1b) as U(Wa)-module, where the action of U(Wa) on S(Ea−1b)
is given by right translation.
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Proof. (i) If we define

ωψ(U) = {ωψ(u(x))f − f |x ∈ F, f ∈ S(E)} ,

then (ωψ)U = ωψ/ωψ(U). By the above explicit formulas, we have ωψ(U) =
{f ∈ S(E) | f(0) = 0}. Thus the map f 7→ f(0) induces a T ×U(Wa)-isomorphism

(ωψ)U ∼= µ| · |−1/2
E ⊠ ηu.

(ii) Similarly, we have (ωψ)U,ψb
U,ξ

= ωψ/ωψ(U,ψ
b
U,ξ), where

ωψ(U,ψ
b
U,ξ) =

{
ωψ(u(x))f − ψbU,ξ(x)f

∣∣x ∈ F, f ∈ S(E)
}
.

Moreover, we have ωψ(U,ψ
b
U,ξ) =

{
f ∈ S(E)

∣∣ f |Ea−1b
= 0
}
. Thus f 7→ f |Ea−1b

induces a U(Wa)-isomorphism (ωψ)U,ψb
U,ξ

∼= ηu ⊗ S(Ea−1b). □

Corollary 3.4. Let η′ be an element of Π(E×,1F×).
(i) The local theta lift θψ,V µ

sp,W
η
a
(η′u) is ψ

a-generic and not ψad0-generic.

(ii) If η 6= η′, then the local theta lift θψ,V µ
sp,W

η
a
(η′u) is an irreducible supercuspidal

representation of U(Vsp).
(iii) If η = η′, then the local theta lift θψ,V µ

sp,W
η
a
(ηu) is the irreducible ψa-generic

subrepresentation τ(µ, µ)
ωE/F (a)
sp of Ind

U(Vsp)
B µ.

Proof. We have a non-zero U(Wa)-homomorphism ωψ → η′u by the explicit formu-
las. Thus we obtain τ = θψ,V µ

sp,W
η
a
(η′u) 6= 0. By the definition of the local theta lift,

we have a surjective U(Vsp)×U(Wa)-homomorphism

ωψ → τ ⊠ η′u.

Taking its twisted Jacquet module with respect to ψbU,ξ, we have a surjective U(Wa)-
homomorphism

ηu ⊗ S(Ea−1b) → τU,ψb
U,ξ

⊠ η′u

by Lemma 3.3 (ii). Thus if b = ad0, then τU,ψb
U,ξ

is zero. Namely, τ is not ψad0 -

generic.
We assume that η′ 6= η. Taking the Jacquet module of ωψ → τ ⊠ η′u with

respect to U , we have τU = 0 by Lemma 3.3 (i). Thus τ is supercuspidal. Here,
it is well-known that any supercuspidal representation of U(Vsp) is ψa-generic or
ψad0 -generic. Therefore τ is ψa-generic.

Next we assume that η′ = η. By Frobenius reciprocity, we have

HomU(Vsp)×U(Wa)(ωψ, Ind
U(Vsp)
B µ⊠ ηu)

∼= HomT×U(Wa)((ωψ)U , µ| · |
−1/2
E ⊠ ηu)

∼= C.

Thus τ is an irreducible subrepresentation of Ind
U(Vsp)
B µ, that is, τ = τ(µ, µ)±sp.

Since τ is not ψad0 -generic, we have τ = τ(µ, µ)
ωE/F (a)
sp . Thus we obtain Corollary

3.4. □

Theorem 3.5. For each η′u ∈ IrrU(Wa), the local theta lift θψ,V µ
sp,W

η
a
(η′u) is the

unique ψa-generic element of L-packet Πµ,µηη′−1 of U(Vsp). Namely,

θψ,V µ
sp,W

η
a
(η′u) = τ(µ, µηη′−1)

ωE/F (a)
sp .
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Proof. Set τ = θψ,V µ
sp,W

η
a
(η′u). It is enough to show that τ is contained in Πµ,µηη′−1 .

We have already proved it for η = η′. Thus we consider the case for η 6= η′. Our
proof uses Theorem 3.2. Choose a number field F̃ and a quadratic field extension
Ẽ of F̃ such that Ẽv0/F̃v0 = E/F for a finite place v0 of F̃ . Fix:

• ã ∈ F̃× such that ã ≡ a mod NE/F (E
×);

• ξ̃ ∈ Ẽ× such that TrẼ/F̃ (ξ̃) = 0 and ξ̃ ≡ ξ mod NE/F (E
×);

• ψ̃ is a non-trivial character of AF̃ /F̃ such that ψ̃v0 = ψ;

• µ̃ ∈ Π(A×
Ẽ
, ωẼ/F̃ ) such that µ̃v0 = µ;

• η̃ 6= η̃′ ∈ Π(A×
Ẽ
,1) such that η̃v0 = η, η̃′v0 = η′.

Now we define two (skew) hermitian spaces over Ẽ:

Ṽsp = (Ẽ⊕2,

(
1

1

)
) and Wã = (Ẽ, ãξ̃).

Then the global theta lift τ̃ = θψ̃,Ṽ µ̃
sp,W

η̃
ã
(η̃′u) is non-zero and cuspidal, since the

constant term of τ̃ is zero and its ψ̃-Whittaker model is non-zero by the explicit
formulas of the Weil representation of ωψ̃,Ṽ µ̃

sp,W
η̃
ã
. Thus τ̃ is an irreducible cuspidal

representation of U(Ṽsp). If we show the claim that the local theta lift τ̃v of η̃′u,v is

contained in Πµ̃v,µ̃v η̃v η̃
′−1
v

for almost all places v of F̃ , then we obtain Theorem 3.5
by Theorem 3.2.

First suppose that a field extension Ẽv/F̃v and η̃v, η̃
′
v are unramified. Then the

claim immediately follows from η̃v = η̃′v.

Next suppose that Ẽv/F̃v is split. We omit the symbol v from the notation.

Then we have Ẽ ∼= F̃ ⊕ F̃ ,U(Ṽsp) ∼= GL2(F̃ ) and U(Wã) ∼= GL1(F̃ ). Also, its Weil

representation (ωψ̃,S(F̃ ⊕ F̃ )) is given as follows:

ωψ̃ (h) f(t) = µ̃(deth)| deth|−1/2

F̃
f(h−1t),

ωψ̃ (g) f(t) = η̃(g)|g|F̃ f(tg).

Here f(t) ∈ S(F̃ ⊕ F̃ ), h ∈ GL2(F̃ ) and g ∈ GL1(F̃ ).

We want to show that τ̃ = Ind(µ̃η̃η̃′−1 ⊠ µ̃). Let χ be a quasi-character of F̃×.

For an element f ∈ S(F̃ ⊕ F̃ ), we define a function Φf on GL2(F̃ )×GL1(F̃ ) by

Φf (h, g) =
1

L(0, χ)

∫
F̃×

ωψ̃(h, g)f

(
t

0

)
χ(t)dt×.

By the above explicit formulas, the map f 7→ Φf induces a non-zero GL2(F̃ ) ×
GL1(F̃ )-homomorphism

ωψ̃ → Ind(µ̃χ| · |−1

F̃
⊠ µ̃)⊠ η̃χ−1| · |F̃ .

If χ = η̃η̃′−1| · |F̃ , then we have a non-zero homomorphism

ωψ̃ → Ind(µ̃η̃η̃′−1 ⊠ µ̃)⊠ η̃′.

Since µ̃, η̃ and η̃′ are unitary, Ind(µ̃η̃η̃′−1 ⊠ µ̃) is irreducible. Thus we obtain τ̃ =
Ind(µ̃η̃η̃′−1 ⊠ µ̃). Since Ind(µ̃η̃η̃′−1 ⊠ µ̃) ∈ Πµ̃,µ̃η̃η̃′−1 , we have τ̃ ∈ Πµ̃,µ̃η̃η̃′−1 . □
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4. Endoscopy and local theta lift for U(2)×U(3)

In this section we recall some results from [2], mainly about the relation between
endoscopy and local theta lift for U(V ) × U(W ). After that, we will state the
problem in this paper.

First we define the subset of irreducible representations occurring in Weil repre-
sentation ωψ,V µ,Wη of U(V )×U(W ). For V = Vsp or Van, we set

Rψ,µ,η(V ) = {τ ∈ IrrU(V ) | θψ,V µ,Wη (τ) 6= 0} .

Similarly for W , we set

Rψ,µ,η(W ) = {π ∈ IrrU(W ) | θψ,V µ,Wη (π) 6= 0, V = Vsp or Van} .

Let θψ,µ,η be the map defined by the local theta lifts θψ,V µ,Wη for V = Vsp, Van:

θψ,µ,η : Rψ,µ,η(Vsp) tRψ,µ,η(Van) → Rψ,µ,η(W ).

Theorem 4.1. (i) The map θψ,µ,η is bijective.
(ii) For τ ∈ Rψ,µ,η(V ) with L-parameter ϕ, the L-parameter of θψ,µ,η(τ) is µηϕ̌E⊕
η, where ϕ̌E is the contragredient representation of ϕE.

Proof. (i) The injectivity follows from the Dichotomy Theorem [2, Theorem 1.2].
The surjectivity follows from the definition of the map.

(ii) This was proved in [2, §4]. □

The set Rψ,µ,η(V ) is described in terms of the local theta lift for U(V )×U(W1),
where W1 = (E, ξ) (see §2.2).

Theorem 4.2 ([2, Lemma 4.2]). For τ ∈ IrrU(V ), the local theta lift θψ,µ,η(τ)
is non-zero if and only if θψd0 ,V µ,Wη

1
(τ) = 0, where d0 is the fixed element as in

Notation 1.3. Namely,

Rψ,µ,η(V ) = {τ ∈ IrrU(V ) | θψd0 ,V µ,Wη
1
(τ) = 0}.

To describe the set Rψ,µ,η(W ), we prepare a few notation. An L-packet Πϕ of
U(W ) is called (χ-)endoscopic if it consists of infinite-dimensional representations
and φE contains a one-dimensional representation χ of WE . An element of such
Πϕ is called (χ-)endoscopic.

Theorem 4.3 ([2, §4]). The set Rψ,µ,η(W ) consists of the η-endoscopic represen-
tations and ηu ◦ det.

The local theta lift θψ,µ,η has the following property:

Theorem 4.4 ([2]). For τ ∈ Rψ,µ,η(V ), θψ,µ,η(τ) is generic if and only if V = Vsp,

τ is ψ-generic and τ 6= Ind
U(Vsp)
B µ| · |−1

E .

Remark 4.5. The proofs of the above theorems in [2] do not require the endoscopic
description of L-packets of U(Van). But Theorem 5.1 below on the cardinality of
an L-packet requires (see [2, p.430]).

Next we explain the endoscopic description of IrrU(W ) given by Rogawski ([10]
and [8]). The unique non-trivial elliptic endoscopic datum (H0, s0, ξ0) for U(W ) up
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to equivalence is given as follows:

H0 = U(Vsp)×U(1), s0 =

(
−12

1

)
,

ξ0 : LH0 3 (h, h′)⋊ w 7−→



(
hµ0(w)

h′

)
⋊ w if w ∈WE ,(

−h
h′

)
⋊ wσ if w = wσ.

Here we have fixed wσ ∈ WF ∖WE and a character µ0 of E× such that µ0|F× =

ωE/F . For an L-parameter φ ∈ Φ(U(W )), define Π̂ϕ = {ρ ∈ Φ(H0) | ξ0 ◦ ρ = φ}.
Rogawski defined the local pairing 〈ρ, π〉 = ± for ρ ∈ Π̂ϕ and π ∈ Πϕ by using the
trace formula in [10]. Let Sϕ be the component group of the group Sϕ, where Sϕ is
the quotient group of CentGL3(C)(φ(LF )) by {±1}. Then its local pairing 〈ρ, π〉 was
rewritten in terms of Sϕ in [8]. It is given as follows. If s ∈ Sϕ is not the neutral

element, there exist ρ ∈ Π̂ϕ and w ∈ GL3(C) such that Ad(w) ◦ ξ0 ◦ ρ = φ and
Ad(w)(s0) equals s in Sϕ. Then we set 〈s, ·〉 := 〈ρ, ·〉. If s is the neutral element,
then we set 〈s, ·〉 := +. The following is the endoscopic description of IrrU(W ).

Theorem 4.6 ([8]). We have the bijection Πϕ 3 π 7→ 〈·, π〉 ∈ IrrSϕ.

Next we explain the relation between the endoscopic description of IrrU(W )
and the local theta lift θψ,µ,η. Let π be an element of an L-packet Πϕ, and ρ

an element of Π̂ϕ. In [2], Gelbart-Rogawski-Soudry defined another local pairing

ερ(π) by using the local theta lift θψ,µ,η as follows. ρ ∈ Π̂ϕ is an L-parameter of
H0 = U(Vsp)×U(1). Then we denote its U(1)-part by ρη. The character of E

×/F×

corresponding to ρη is denoted by ηρ. Thus Πϕ is an ηρ-endoscopic L-packet and π
is an ηρ-endoscopic. Then by Theorem 4.1 and Theorem 4.3, there exists a unique
Vπ,ρ = Vsp or Van such that θψ,V µ

π,ρ,W
ηρ (π) 6= 0. Here Vπ,ρ is independent of the

choices of characters ψ, µ by the following lemma:

Lemma 4.7. (i) For g ∈ GU(V ) with the similitude norm d, we have

θψd,V µ,Wη (π) = θψ,V µ,Wη (π) ◦Ad(g).

(ii) For any character µ′ ∈ Π(E×, ωE/F ), we have θψ,V µ′ ,Wη (π) = (µ′/µ)u ◦
detU(V ) ⊗θψ,V µ,Wη (π).

Thus we can define the local pairing ερ(π) := + if Vπ,ρ = Vsp and − otherwise.
Namely, we have the following definition:

Definition 4.8. For ρ ∈ Π̂ϕ and π ∈ Πϕ,

ερ(π) :=

{
+ if θψ,V µ

sp,W
ηρ (π) 6= 0,

− if θψ,V µ
an,W

ηρ (π) 6= 0.

The following theorem gives the relation between the endoscopic description of
IrrU(W ) and the local theta lift θψ,µ,η.

Theorem 4.9 ([2, Theorem 3.1]). For ρ ∈ Π̂ϕ and π ∈ Πϕ, we have 〈ρ, π〉 = ερ(π).

The following also holds:
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Proposition 4.10 ([2, Proposition 3.3]). Let π be an element of an endoscopic

L-packet Πϕ. Then π is generic if and only if ερ(π) = + for any ρ ∈ Π̂ϕ.

Now we can state the problem of our concern. Consider the theta lift π =
θψ,µ,η(τ) of τ ∈ IrrU(V ) with L-parameter ϕ. The L-parameter φ of π, when π is
non-zero, is given by

φE = µηϕ̌E ⊕ η.

For ρ ∈ Π̂ϕ, we would like to determine the local pairing ερ(π) completely. In the
cases of next proposition, the problem can be settled by the above results.

Proposition 4.11. Let ρ0 be the element of Π̂ϕ such that ρ0,E = µ−1
0 ηµϕ̌E × η.

(i) If V = Vsp and τ is ψ-generic, the local pairing ερ(π) = + for any ρ ∈ Π̂ϕ.

(ii) If ϕE is an irreducible representation of LE, then we have Π̂ϕ = {ρ0}. Also,
ερ0(π) = + if V = Vsp and − otherwise.

(iii) If V = Vsp and τ is one dimensional, we have Π̂ϕ = {ρ0} and ερ0(π) = +.
(iv) If V = Vsp and τ = τ(µ, µ1)

−
sp (µ1 ∈ Π(E×, ωE/F )), then π = 0.

(v) If V = Vsp and τ = τ(µ1, µ2)
−
sp (µ 6= µ1, µ2 ∈ Π(E×, ωE/F )), then the cardinal-

ity of Π̂ϕ is two or three and the local pairing ερ0(π) = + and ερ(π) = − for any

ρ 6= ρ0,∈ Π̂ϕ.

Proof. (i) If τ = Ind
U(Vsp)
B µ| · |−1

E , then π = ηu ◦ det. The assertion is trivial.
Otherwise π is generic by Theorem 4.4. The assertion follows from Proposition
4.10.

(ii), (iii) By Theorem 4.1, the first is trivial. The second follows from Vπ,ρ0 = V .
(iv) By Theorem 3.5, we have

θψd0 ,V
µ1
sp ,W

1

1
(τ(µ1, µ)

−
sp)

= θψ,V µ1
sp ,W

1

1
(τ(µ1, µ)

+
sp)

= (µ1µ
−1)u

6=0.

Thus it follows from Theorem 4.2 that π = 0.
(v) π is not generic by Theorem 4.4. Moreover it is trivial that ερ0(π) = +.

Assume that µ1 6= µ2. Then we have Π̂ϕ = {ρ0, ρ1, ρ2}, where

ρ0,E = µ−1
0 µη(µ−1

1 ⊕ µ−1
2 )× η,

ρ1,E = µ−1
0 (η ⊕ µηµ−1

2 )× µηµ−1
1 ,

ρ2,E = µ−1
0 (µηµ−1

1 ⊕ η)× µηµ−1
2 .

Since Sϕ ∼= Z/2Z × Z/2Z, each non-trivial element of Sϕ corresponds one-one to

each ρi. Since 〈·, π〉 is a character of Sϕ by Theorem 4.6, we have
∏
s

〈s, π〉 = +,

where s runs the non-trivial elements of Sϕ. Thus we have 〈ρ0, π〉〈ρ1, π〉〈ρ2, π〉 = +,
that is, ερ0(π)ερ1(π)ερ2(π) = +. Since ερ0(π) = +, we obtain ερ1(π)ερ2(π) = +.
If ερ1(π) = + and ερ2(π) = +, then π is generic by Proposition 4.10. This is a
contradiction. Therefore we have ερ1(π) = ερ2(π) = −.

We can also prove the case of µ1 = µ2 by the similar argument. □
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Hence the remaining is the cases of V = Van and reducible ϕE . Note that
these are the endoscopic cases. So we shall consider the endoscopic description of
L-packets of U(Van) in the next section.

5. Endoscopy for U(Van)

In this section, we consider the local endoscopy for U(Van) and a global result
for a global anisotropic unitary group in two variables. These were studied by
Konno-Konno [3] following the line of the article [6], which studied the endoscopy
for SL(2).

5.1. Local endoscopy. In this subsection, we recall the description of the local
endoscopic L-packets of U(Van) from [3].

Theorem 5.1 ([3]). An L-packet Πφ of U(Van) has two elements if and only if
there exist characters µ1 6= µ2 ∈ Π(E×, ωE/F ) such that ϕE = µ1 ⊕ µ2. Otherwise
the cardinality of Πφ is one.

When ϕE = µ1⊕µ2, we denote the L-packet Πφ by Πµ1,µ2
= Πµ1,µ2

(Van) and call
it an endoscopic L-packet. Also, its elements are called endoscopic representations.

We set

(5.1) T =

{
t(z, z′) =

(
zz′

zσ(z′)

)
∈ U(Van)

∣∣∣∣∣ z, z′ ∈ E×,

NE/F (zz
′) = 1

}
.

The endoscopic description of each endoscopic L-packet of U(Van) is given as
follows:

Theorem 5.2 ([3]). For any pair (µ1, µ2) of distinct characters µi ∈ Π(E×, ωE/F ),

there exist inequivalent irreducible admissible representations τ(µ1, µ2)
±
an of U(Van)

consisting the endoscopic L-packet Πµ1,µ2 . And they satisfy the following character
identity:

Tr τ(µ1, µ2)
+
an(t(z, z

′))− Tr τ(µ1, µ2)
−
an(t(z, z

′))

= λ (E/F, ψ)ωE/F

(
z′ − σ(z′)

ξ

)
ω
(
zNE/F (z

′)
) ω′(σ(z′))− ω′(z′)

|z′ − σ(z′)|1/2E

|z′|1/2E

for any t(z, z′) ∈ T and ω, ω′ ∈ IrrE× such that µ1 = ωω′, µ2 = ω(ω′ ◦ σ).

It is easy to check the following:

Corollary 5.3. (i) For any µ1 6= µ2 ∈ Π(E×, ωE/F ) and ε ∈ {±}, we have

τ(µ1, µ2)
ε
an = τ(µ2, µ1)

−ε
an .

(ii) For each η ∈ Π(E×,1F×), we have ηu ◦ det⊗τ(µ1, µ2)
ε
an = τ(ηµ1, ηµ2)

ε
an.

(iii) The representation τ(µ−1
1 , µ−1

2 )
ωE/F (−1)ε
an is the contragredient representation

of τ(µ1, µ2)
ε
an.

(iv) For g ∈ GU(Van) with the similitude norm a, we have τ(µ1, µ2)
ϵ
an ◦ Ad(g) =

τ(µ1, µ2)
ωE/F (a)ϵ
an .
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5.2. Global endoscopy. In this subsection, we prepare a global result to show
our problem. Choose a number field F̃ and a quadratic field extension Ẽ of F̃ such
that

• F̃v0 = F and Ẽv0 = E for a finite place v0 of F̃ ;

• F̃v1 = R and Ẽv1 = C for an infinite place v1 of F̃ .

Fix:

• ξ̃ ∈ Ẽ× such that TrẼ/F̃ (ξ̃) = 0 and ξ̃ ≡ ξ mod NE/F (E
×);

• ψ̃ is a non-trivial character of AF̃ /F̃ such that ψ̃v0 = ψ;

• d̃ ∈ F̃ such that d̃ /∈ NẼv/F̃v
(Ẽ×

v ) at v = v0, v1 and d̃ ∈ NẼv/F̃v
(Ẽ×

v )

at any place v 6= v0, v1.

We define two-dimensional hermitian spaces Ṽ and Ṽsp over Ẽ as follows:

Ṽ = (Ẽ⊕2,

(
−d̃

1

)
),

Ṽsp = (Ẽ⊕2,

(
1

1

)
).

By the above condition, we have Ṽv0
∼= Van and the signature of Ṽv1 is (2, 0).

Moreover, at any place v 6= v0, v1, the group U(Ṽv) is a quasi-split unitary group
or general linear group. Finally, for any µ1 6= µ2 ∈ Π(E×, ωE/F ), we choose the
following global characters:

• µ̃1 6= µ̃2 ∈ Π(A×
Ẽ
, ωẼ/F̃ ) such that µ̃i,v0 = µi (i = 1, 2) and µ̃1,v1 6= µ̃2,v1 .

Now we explain the endoscopic descriptions of the global L-packets of U(Ṽsp)

and of U(Ṽ ) associated to µ̃1 and µ̃2.

First we consider U(Ṽsp). For any place v, we have the local L-packet Πµ̃1,v,µ̃2,v (Ṽsp)

for U(Ṽsp,v) associated to the L-parameter ϕEv
= µ̃1,v ⊕ µ̃2,v. We omit v from the

notation. If Ẽ is a field, the local L-packet Πµ̃1,µ̃2(Ṽsp) consists of two elements

and have only one ψ̃-generic element. Here ψ̃-genericity is defined by using ξ̃ as
in §3.1. Then we denote the ψ̃-generic element by τ(µ̃1, µ̃2)

+
sp. The other element

of Πµ̃1,µ̃2
(Ṽsp) is denoted by τ(µ̃1, µ̃2)

−
sp. If Ẽ is not a field, the local L-packet

Πµ̃1,µ̃2
(Ṽsp) consists of one ψ̃-generic element. It is denoted by τ(µ̃1, µ̃2)

+
sp.

We define a global L-packet Πµ̃1,µ̃2
(Ṽsp) of U(Ṽsp) by{

⊗vτ(µ̃1,v, µ̃2,v)
ϵv
sp

∣∣ εv = + for almost all v
}
.

Theorem 5.4 ([3]). (i) Let τ̃ = ⊗vτ(µ̃1,v, µ̃2,v)
ϵv
sp be an element of Πµ̃1,µ̃2(Ṽsp).

Then τ̃ is a cuspidal representation of U(Ṽsp) if and only if Πvεv = +.

(ii) Let v be a place such that Ẽv is a field. For δ ∈ Ẽ× such that TrẼ/F̃ (δ) = 0,
we set

Tδ,v =

{
tδ(z, z

′) = z

(
x −ξ̃−1y

−δ2ξ̃y x

)
∈ U(Ṽsp,v)

∣∣∣∣∣ z, z
′ = x+ yδ ∈ Ẽ×

v

NẼv/F̃v
(zz′) = 1

}
.
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Then we have the following character identity:

Tr τ(µ̃1,v, µ̃2,v)
+
sp(tδ(z, z

′))− Tr τ(µ̃1,v, µ̃2,v)
−
sp(tδ(z, z

′))

= λ
(
Ẽv/F̃v, ψ̃v

)
ωẼv/F̃v

(
z′ − σ(z′)

σ(δ)− δ

)
ω
(
zNẼv/F̃v

(z′)
) ω′(σ(z′)) + ω′(z′)

|z′ − σ(z′)|1/2
Ẽv

|z′|1/2
Ẽv
.

Here ω, ω′ ∈ Irr Ẽ×
v such that µ̃1,v = ωω′, µ̃2,v = ω(ω′ ◦ σ).

Next we consider U(Ṽ ). For any place v, we have the local L-packet Πµ̃1,v,µ̃2,v (Ṽ )

for U(Ṽv) associated to the L-parameter µ̃1,v ⊕ µ̃2,v. These local L-packets are
described as follows.

If v 6= v0, v1, then Ṽv ∼= Ṽsp,v. Thus we have U(Ṽv) ∼= U(Ṽsp,v). We omit

v from the notation. If Ẽ is not a field, the local L-packet Πµ̃1,µ̃2
(Ṽ ) consists

of one ψ̃-generic element. It is denoted by τ(µ̃1, µ̃2)
+. If Ẽ is a field, we define

representations τ(µ̃1, µ̃2)
± of U(Ṽ ) by the composition of τ(µ̃1, µ̃2)

±
sp and an iso-

morphism U(Ṽ ) ∼= U(Ṽsp) induced by Ṽ ∼= Ṽsp. Then τ(µ̃1, µ̃2)
+ is ψ̃-generic and

Πµ̃1,µ̃2(Ṽ ) = {τ(µ̃1, µ̃2)
±}. The following also holds:

Lemma 5.5. Define a maximal torus T of U(Ṽ ) as in (5.1). Then we have the
following character identity:

Tr τ(µ̃1, µ̃2)
+(t(z, z′))− Tr τ(µ̃1, µ̃2)

−(t(z, z′))

= λ
(
Ẽ/F̃ , ψ̃

)
ωẼ/F̃

(
z′ − σ(z′)

ξ̃

)
ω
(
zNẼ/F̃ (z

′)
) ω′(σ(z′)) + ω′(z′)

|z′ − σ(z′)|1/2
Ẽ

|z′|1/2
Ẽ

for any t(z, z′) ∈ T . Here ω, ω′ ∈ Irr Ẽ× such that µ̃1 = ωω′, µ̃2 = ω(ω′ ◦ σ).

Proof. Now there exists x ∈ Ẽ× such that d̃ = NẼ/F̃ (x). We set

A =

(
−d̃ x

1/2 xd̃−1/2

)
.

Then the matrix A gives the isomorphism Ṽ ∼= Ṽsp. Namely,

∗A

(
1

1

)
A =

(
−d̃

1

)
.

Thus the group isomorphism U(Ṽ ) ∼= U(Ṽsp) is given by Ad(A). By definition, we
have τ(µ̃1, µ̃2)

± = τ(µ̃1, µ̃2)
±
sp ◦Ad(A). We also obtain

Ad(A)(t(z, z′)) = td̃−1ξ̃−1/2(z, z
′)

for t(z, z′) ∈ T . Thus Lemma 5.5 follows from Theorem 5.4 (ii) and easy computa-
tion. □

If v = v0, we have already explained in §5.1.
If v = v1, then Ẽv/F̃v = C/R and the local L-packet Πµ̃1,v,µ̃2,v

has cardinality
one. We prepare a few notation to explain more. Also we omit v1 from the notation.
Set

χ : C× 3 reiθ 7→ eiθ ∈ C×,

χ1 : C1 3 eiθ 7→ eiθ ∈ C1.
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Then we may assume µ̃1 = χm+n and µ̃2 = χm−n, where m,n ∈ Z such that n 6= 0
and m− n ≡ 1 mod 2. Let ρm,n be the irreducible |n|-dimensional representation

of U(Ṽ ) with central character χm1 . Then we have Πµ̃1,µ̃2
= {ρm,n}. It is clear that

ρm,n = ρm,−n.

Lemma 5.6. Let r be an element of R× such that ψ̃(x) = eirx (x ∈ R). We set

Cv1 = sgn(inr/ξ̃). Then we have

Cv1 · Tr ρm,n(t(z, z′))

= λ
(
C/R, ψ̃

)
ωC/R

(
z′ − σ(z′)

ξ̃

)
ω
(
zNC/R(z

′)
) ω′(σ(z′))− ω′(z′)

|z′ − σ(z′)|1/2C

|z′|1/2C

for any t(z, z′) ∈ T . Here ω, ω′ ∈ IrrC× such that µ̃1 = ωω′, µ̃2 = ω(ω′ ◦ σ).

Proof. It is enough to show the equality for z = eiζ , z′ = eiθ, (ζ, θ ∈ R). We may

write ω = χm, ω′ = χn. Also, we have λ
(
C/R, ψ̃

)
= sgn(r)i. Thus the right hand

side is

ieimζ sgn(r
eiθ − e−iθ

ξ̃
)
e−inθ − einθ

2| sin θ|

= sgn(inr/ξ̃) · ieimζ sgn(e
iθ − e−iθ

i
)
e−i|n|θ − ei|n|θ

2| sin θ|
.

As is well known,

Tr ρm,n(t(z, z
′)) = ieimζ sgn(

eiθ − e−iθ

i
)
e−i|n|θ − ei|n|θ

2| sin θ|
.

This proves the lemma.
□

By this lemma, we set τ(µ̃1,v1 , µ̃2,v1)
Cv1 := ρm,n.

Now we define a global L-packet Πµ̃1,µ̃2
(Ṽ ) of U(Ṽ ) by{

⊗vτ(µ̃1,v, µ̃2,v)
ϵv

∣∣∣∣∣ τ(µ̃1,v, µ̃2,v)
ϵv ∈ Πµ̃1,v,µ̃2,v

(Ṽ ),

εv = + for almost all v

}
.

Theorem 5.7. Let τ̃ = ⊗vτ(µ̃1,v, µ̃2,v)
ϵv be an element of Πµ̃1,µ̃2

(Ṽ ). Then τ̃ is a

cuspidal representation of U(Ṽ ) if and only if Πvεv = +.

Proof. This follows from [3] and the character identities in Theorem 5.2, Lemma
5.5 and Lemma 5.6. □

The following is the global result that we need. It will be used in §6.

Corollary 5.8. Let the notation be as above. Take τ̃ = ⊗τ̃v ∈ Πµ̃1,µ̃2
(Ṽ ) such

that τ̃v is ψ̃v-generic for all v 6= v0, v1. Then τ̃ is cuspidal if and only if τ̃v0 =

τ(µ1, µ2)
Cv1
an .

Remark 5.9. Note that we can choose ψ̃, ξ̃, µ̃1 and µ̃2 so that Cv1 = +.
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6. Main theorems

In this section, we keep the notation and the assumption in §5.2.
To prove our main theorems, we prepare the following lemma with respect to

the representation ρm,n of the archimedean component U(Ṽv1):

Lemma 6.1. For brevity, we omit v1. Then θψ̃,Ṽ µ̃1 ,W̃1

1
(ρm,n) 6= 0 if and only if

Cv1 = +, where W̃1 = (C, ξ̃).

Proof. From [4], we recall explicit formulas of Fock model of the Weil representation

ωψ̃ = ωψ̃,Ṽ µ̃1 ,W̃1

1
of U(Ṽ )×U(W̃1). Since the signature of Ṽ is (2, 0), we may assume

that Ṽ = (C⊕2,

(
1

1

)
). Then the complexification of the Lie algebra of U(Ṽ )

is M2(C). We write Ej,k for the (j, k)-elementary matrix. Also, we may assume

ξ̃ = ±i. Since the complexification of the Lie algebra of U(W̃1) is C, we write 1W̃1

for its neutral element. The Fock space of the Weil representation ωψ̃ is C[w1, w2].

Since µ̃1 = χm+n, the explicit formulas are given as follows:

(1) sgn(ir/ξ̃) = +

ωψ̃(Ej,k) =
m+ n− 1

2
δj,k − wk

∂

∂wj
,

ωψ̃(1W̃1
) = 1 + w1

∂

∂w1
+ w2

∂

∂w2
.

(2) sgn(ir/ξ̃) = −

ωψ̃(Ej,k) =
m+ n+ 1

2
δj,k + wj

∂

∂wk
,

ωψ̃(1W̃1
) = −1− w1

∂

∂w1
− w2

∂

∂w2
.

By those formulas, we can describe the local theta lift θψ̃,Ṽ µ̃1 ,W̃1

1
. In the case (1),

the local theta lift θψ̃,Ṽ µ̃1 ,W̃1

1
is given by

χl1 7−→ ρm+n−l,l (l ≥ 1).

Here χ1 : C1 3 z 7→ z ∈ C1 is a character of U(W̃1). Thus θψ̃,Ṽ µ̃1 ,W̃1

1
(ρm,n) 6= 0 is

equivalent to n ≥ 1. Its condition is equivalent to Cv1 = sgn(inr/ξ̃) = +.
In the case (2), the local theta lift is given by

χl1 7−→ ρm+n−l,l (l ≤ −1).

Thus θψ̃,Ṽ µ̃1 ,W̃1

1
(ρm,n) 6= 0 is equivalent to n ≤ −1. Its condition is equivalent to

Cv1 = +. □

Let

W̃ = (Ẽ⊕3,

 1

ξ̃
−1

)
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be a three-dimensional skew hermitian space over Ẽ. Also, we assume that Cv1 = +.

By Lemma 6.1, the local theta lift θ
ψ̃v1 ,Ṽ

µ̃1,v1
v1

,W̃1
v1

(ρm,n) of ρm,n to U(W̃v1) is non-

zero. We denote its representation of U(W̃v1) by πm,n.
Now we prove our main theorems. Namely, we compute the local theta lift

θψ,V µ
an,Wη of an endoscopic representation τ(µ1, µ2)

ε
an of U(Van) to U(W ), where

(µ1, µ2) is any pair of distinct characters µi ∈ Π(E×, ωE/F ) and µ, η are the fixed

characters of E× as in Notation 1.3. Also, we compute the local theta lift θψ,V µ
an,W

η
a

for U(Van)×U(Wa).
First we consider the case of µ = µ1 and ε = +.

Theorem 6.2. We have

θψ,V µ1
an ,Wη (τ(µ1, µ2)

+
an) = π(η, ηµ1µ

−1
2 )−.

Here π(η, ηµ1µ
−1
2 )− is the unique irreducible non-generic subrepresentation of Ind

U(W )
B (η⊠

(ηµ1µ
−1
2 )u), where B is the Borel subgroup of all upper triangular matrices in U(W ).

Proof. Note that ωψ,V µ1
an ,Wη = ηu ◦ detU(W ) ⊗ωψ,V µ1

an ,W1 . Thus we may assume
η = 1. Therefore it is enough to show that

θψ,V µ1
an ,W1(π(1, µ1µ

−1
2 )−) = τ(µ1, µ2)

+
an.

First we show that the left hand side is an element of Πµ1,µ2
(Van). Since

π(1, µ1µ
−1
2 )− is 1-endoscopic, by Theorem 4.3 there exists a unique V0 = Vsp, Van

such that
θψ,V µ1

0 ,W1(π(1, µ1µ
−1
2 )−) 6= 0.

By Theorems 4.1 and 4.4, its theta lift is a non ψ-generic representation in Πµ1,µ2
(V0).

If V0 = Vsp, then its theta lift is τ(µ1, µ2)
−
sp. But by Proposition 4.11 (iv), this is a

contradiction. Thus we have V0 = Van.
Next we use the notation and the assumption in §5.2. Choose a non-trivial

character η̃ ∈ Π(A×
Ẽ
,1) such that η̃ 6= µ̃1µ̃

−1
2 and η̃v = 1 at v = v0, v1. Then we

define a global L-parameter φ of U(W̃ ) by φẼ = 1 ⊕ η̃ ⊕ µ̃1µ̃
−1
2 , where φẼ is the

restriction of φ to the Weil group of Ẽ. Thus we have the local L-packet Πϕv
of

U(W̃v) for each v. A global L-packet Πϕ is defined by

{⊗πv |πv ∈ Πϕv
, πv is generic for almost all v} .

Let π̃ be the element of Πϕ such that π̃v0 = π(1, µ1µ
−1
2 )−, π̃v1 = πm,n and π̃v

is generic at v 6= v0, v1. We prove that π̃ is cuspidal. Choose a character µ̃0 ∈
Π(A×

Ẽ
, ωẼ/F̃ ) such that µ̃0,v0 = µ0, where µ0 is the fixed character as in §4. We

define Π̂ϕ as in §4. Then we have Π̂ϕ = {ρ0, ρ1, ρ2}, where
ρ0,Ẽ = µ̃−1

0 (η̃ ⊕ µ̃1µ̃
−1
2 )× 1,

ρ1,Ẽ = µ̃−1
0 (1⊕ µ̃1µ̃

−1
2 )× η̃,

ρ2,Ẽ = µ̃−1
0 (1⊕ η̃)× µ̃1µ̃

−1
2 .

By [10], if we show that 〈ρi, π̃〉 := Πv〈ρi,v, π̃v〉 = + for each i = 0, 1, 2, then π̃ is
cuspidal. Since π̃v is generic for v 6= v0, v1, we have 〈ρi,v, π̃v〉 = + for i = 0, 1, 2
([2, Proposition 3.3]). Also for v = v0, v1, we have 〈ρ0,v, π̃v〉 = ερ0,v (π̃v) = −. Thus
we obtain 〈ρ0, π̃〉 = +. Since ρ0,v = ρ1,v for v = v0, v1, we also obtain 〈ρ1, π̃〉 = +.
Moreover, since 〈ρ0, π̃〉〈ρ1, π̃〉〈ρ2, π̃〉 = + by [2, p.454], we have 〈ρ2, π̃〉 = +. Thus
π̃ is a cuspidal representation.
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Now we show that θψ,V µ1
an ,W1(π(1, µ1µ

−1
2 )−) = τ(µ1, µ2)

+
an. By [2, Theorem 1.1

(b)], there exists a unique two-dimensional hermitian space V over Ẽ such that the
global theta lift τ̃ := θψ̃,V µ̃1 ,W̃1(π̃) 6= 0. Since π̃v is generic at v 6= v0 and v1, Vv

is split by Theorem 4.4. Namely, Vv ∼= Ṽv. For v = v0, we have already proved
above that Vv0

∼= Van ∼= Ṽv0 . Moreover, it follows from the definition of πm,n that

Vv1
∼= Ṽv1 . Thus we have V ∼= Ṽ . Also, from [2] the global theta lift τ̃ is a cuspidal

representation of U(Ṽ ) and is included in Πµ̃1,µ̃2
(Ṽ ). Here τ̃v is ψ̃v-generic for

v 6= v0, v1 and τ̃v1 = ρm,n. By Corollary 5.8, we obtain τ̃v0 = τ(µ1, µ2)
+
an. Since

the v0-component of τ̃ = θψ̃,V µ̃1 ,W̃1(π̃) is θψ,V µ1
an ,W1(π(1, µ1µ

−1
2 )−), the theorem is

proved. □

To compute the local theta lift for U(Van)×U(Wa) from Theorem 6.2, we need
the following lemma:

Lemma 6.3. Let N be the unipotent radical of the Borel subgroup B of U(W ) and
η′ an element of Π(E×,1F×) such that η′ 6= η.
(i) The Jacquet module (ωψ,V µ

an,Wη )N of the Weil representation ωψ,V µ
an,Wη of U(Van)×

U(W ) is isomorphic to η| · |E ⊠ ωψ,V µ
an,W

η
1
as E× ×U(Van)×U(W1)-module.

(ii) If τη′ := θψ,V µ
an,W

η
1
(η′u) 6= 0, then θψ,V µ

an,Wη (τη′) = π(η, η′)−.

(iii) We have τη = 0, that is, θψ,V µ
an,W

η
1
(ηu) = 0.

Proof. (i) By Theorem 2.2, we have the explicit formulas of the mixed model of the
Weil representation ωψ,V µ

an,Wη of U(Van) × U(W ). Then (i) follows from a similar
argument to the proof of Lemma 3.3.

(ii) Since τη′ 6= 0, we have a surjective homomorphism

ωψ,V µ
an,W

η
1
→ τη′ ⊠ η′u.

By (i) and the Frobenius reciprocity, we obtain a non-zero U(Van)×U(W )-homomorphism

ωψ,V µ
an,Wη → τη′ ⊠ Ind

U(W )
B (η ⊠ η′u).

Thus θψ,V µ
an,Wη (τη′) is an irreducible subquotient of Ind

U(W )
B (η ⊠ η′u). Also, by

Theorem 4.4, θψ,V µ
an,Wη (τη′) is non-generic. Since η′ 6= η, Ind

U(W )
B (η ⊠ η′u) has a

unique non-generic irreducible subrepresentation π(η, η′)−. Thus (ii) holds.
(iii) Assume τη 6= 0. By a similar argument to the proof of (ii), we obtain that

θψ,V µ
an,Wη (τη) is an irreducible non-generic subquotient of Ind

U(W )
B (η ⊠ ηu). But

Ind
U(W )
B (η ⊠ ηu) is a generic irreducible representation. This is a contradiction.

Thus we have τη = 0. □

Now we can compute the local theta lift for U(Van)×U(Wa).

Theorem 6.4. For η′ ∈ Π(E×,1F×), we have

θψ,V µ
an,W

η
a
(η′u) =

{
τ(µ, µηη′−1)

ωE/F (a)
an if η 6= η′,

0 if η = η′.

Proof. Choose g ∈ GU(Van) with the similitude norm a. Then we have

θψ,V µ
an,W

η
a
(η′u) = θψ,V µ

an,W
η
1
(η′u) ◦Ad(g).

Thus we may assume a = 1 by Corollary 5.3 (iv).
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By Lemma 6.3 (iii), we consider the case of η 6= η′. We want to show that

θψ,V µ
an,W

η
1
(τ(µ, µηη′−1)+an) = η′u.

By Theorem 6.2, we obtain

θψ,V µ
an,Wη (τ(µ, µηη′−1)+an) = π(η, η′)−.

Here τ(µ, µηη′−1)+an is supercuspidal and π(η, η′)− is not supercuspidal. Since the
pair (W,W1) forms a Witt tower, we have θψ,V µ

an,W
η
1
(τ(µ, µηη′−1)+an) 6= 0. Thus

there exists a unique character η′′ ∈ Π(E×,1F×) such that

θψ,V µ
an,W

η
1
(τ(µ, µηη′−1)+an) = η′′u.

By Lemma 6.3 (ii), we obtain π(η, η′′)− = π(η, η′)−. Therefore η′′ = η′. □

Corollary 6.5. We have

θψ,V µ1
an ,Wη (τ(µ1, µ2)

−
an) = 0.

Proof. By Theorem 6.4,

θψd0 ,V
µ1
an ,W

η
1
(τ(µ1, µ2)

−
an)

= θψ,V µ1
an ,W

η
1
(τ(µ1, µ2)

+
an)

= (µ1µ
−1
2 η)u

6=0

Thus this corollary follows from Theorem 4.2. □

Finally, we compute the local theta lift θψ,V µ
an,Wη of the endoscopic representa-

tions τ(µ1, µ2)
±
an, where µ, µ1, µ2 are distinct. By Theorem 6.4, we have

θψd0 ,V µ
an,W

η
1
(τ(µ1, µ2)

±
an) = 0.

Thus, by Theorem 4.2, we have

π± := θψ,V µ
an,Wη (τ(µ1, µ2)

±
an) 6= 0.

Also, the L-parameter φ of π± satisfies φE = µηµ−1
1 ⊕ µηµ−1

2 ⊕ η by Theorem 4.1.

Thus we have Π̂ϕ = {ρ0, ρ1, ρ2}, where

ρ0,E = µ−1
0 µη(µ−1

1 ⊕ µ−1
2 )× η,

ρ1,E = µ−1
0 (η ⊕ µηµ−1

2 )× µηµ−1
1 ,

ρ2,E = µ−1
0 (µηµ−1

1 ⊕ η)× µηµ−1
2 .

Theorem 6.6. We have for ε ∈ {±},
ερ0(π

ε) = −,
ερ1(π

ε) = −ε,
ερ2(π

ε) = ε.

Proof. By Definition 4.8, we have ερ0(π
ε) = −. As seen from the proof of Proposi-

tion 4.11 (v), we also have

ερ0(π
ε)ερ1(π

ε)ερ2(π
ε) = +.

Thus we obtain ερ1(π
ε)ερ2(π

ε) = −. Since these ερi distinguish π±, it is enough to
show the theorem for ε = +.
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Let τ̃ be the cuspidal representation of U(Ṽ ) in Corollary 5.8. Fix the following:

• η̃ ∈ Π(A×
Ẽ
,1) such that η̃v0 = η, η̃v1 = 1;

• µ̃ ∈ Π(A×
Ẽ
, ωẼ/F̃ ) such that µ̃v0 = µ, µ̃v1 = µ̃1,v1 .

Since we assume Cv1 = +, the local theta lift θψ̃v,Ṽ
µ̃v
v ,W̃ η̃v

v
(τ̃v) 6= 0 for each v. Thus

by [2, Theorem 5.1], the global theta lift π̃ := θψ̃,Ṽ µ̃,W̃ η̃ (τ̃) is a non-zero cuspidal

representation of U(W̃ ). Note that π̃v0 = π+ and π̃v1 = πm,n.
We choose a character µ̃0 ∈ Π(A×

Ẽ
, ωẼ/F̃ ) such that µ̃0,v0 = µ0, where µ0 is the

fixed character as in §4. Then we define Π̂ϕ = {ρ̃0, ρ̃1, ρ̃2} as follows:

ρ0,Ẽ = µ̃−1
0 µ̃η̃(µ̃−1

1 ⊕ µ̃−1
2 )× η̃,

ρ1,Ẽ = µ̃−1
0 (η̃ ⊕ µ̃η̃µ̃−1

2 )× µ̃η̃µ̃−1
1 ,

ρ2,Ẽ = µ̃−1
0 (µ̃η̃µ̃−1

1 ⊕ η̃)× µ̃η̃µ̃−1
2 .

Since π̃ is cuspidal, we have 〈ρi, π̃〉 = + for any i = 0, 1, 2.

Now τ̃v is ψ̃v-generic for v 6= v0, v1. Thus π̃v is generic by Theorem 4.4. By
Proposition 4.10, we obtain 〈ρi,v, π̃v〉 = ερi,v (π̃v) = + for any i.

Since µ̃v1 = µ̃1,v1 , we have ρ0,v1 = ρ1,v1 . Thus we obtain 〈ρ1,v1 , π̃v1〉 = 〈ρ0,v1 , π̃v1〉
= ερ0,v1 (πm,n) = −.

Hence we have ερ1(π
+) = 〈ρ1,v1 , π̃v1〉 = − and ερ2(π

+) = +. □

By Theorem 4.9, we have the following corollary:

Corollary 6.7. We have for ε ∈ {±}
〈ρ0, πε〉 = −,
〈ρ1, πε〉 = −ε,
〈ρ2, πε〉 = ε.

7. Local theta lift for quaternionic unitary groups of rank one

In this section, we describe the local theta lift for a pair of quaternionic unitary
groups of rank one by using Theorem 6.4.

7.1. Quaternionic unitary groups. In this subsection, we introduce quater-
nionic unitary groups of rank one.

Let D be the quaternion division algebra over F with the main involution ι. We
denote its reduced norm and trace by νD, trD, respectively.

Let V be an m-dimensional hermitian space and W an n-dimensional skew-
hermitian space over D. The spaces V and W may be taken as follows:

V = (D⊕m, A), W = (D⊕n, B),

(v1, v2) =
∗v1Av2, 〈w1, w2〉 = w1B

∗w2.

Here A = ∗A := tAι ∈ GLm(D) and B = −∗B ∈ GLn(D). Note that V is a right
D-space of column vectors, whereas W is a left D-space of row vectors. Then the
quaternionic unitary groups of V and W are given by

U(V) = {h ∈ GLm(D) | ∗hAh = A} ,
U(W) = {g ∈ GLn(D) | gB∗g = B} .

Here U(V) (resp. U(W)) acts on V (resp. W) on the left (resp. right).
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For one-dimensional (skew) hermitian spaces over D, we have the following re-
sults:

Lemma 7.1. (i) Any one-dimensional hermitian space V is isomorphic to (D, 1).
Moreover, we have U(V) = ker νD.
(ii) For any one-dimensional skew-hermitian space W, there exist a quadratic ex-
tension L/F in D and δ ∈ L× such that TrL/F (δ) = 0 and W ∼= (D, δ). And then
we have U(W) = kerNL/F .

Proof. (i) By [12, X §2 Proposition 6], we have νD(D
×) = F×. The first assertion

is shown from it. The second assertion is trivial.
(ii) The first assertion follows from [11, Theorem 10.3.6]. We may assume that

W = (D, δ). Then U(W) = {g ∈ D× | gδι(g) = δ}. For any g ∈ U(W), we have
νD(g)

2 = 1, that is, νD(g) = ±1.
First assume that νD(g) = 1, that is, ι(g) = g−1. Then we have gδ = δg.

Since L = F (δ) is a maximal subfield in D, we obtain g ∈ L×. Therefore g ∈
L× ∩U(W) = kerNL/F .

Next assume that νD(g) = −1, that is, ι(g) = −g−1. Since gδ = −δg, we have
g /∈ L and g2 ∈ L. If g2 ∈ L∖ F , then L = F (g2). Thus g is commutative with δ.
Since this is a contradiction, we get g2 ∈ F×. By [11, Lemma 2.11.2], we have

Ker trD = {x ∈ D | x /∈ F, x2 ∈ F}.
Thus we obtain trD(g) = 0. Hence g + ι(g) = 0 and gι(g) = −1. This implies that
g = ±1, which is a contradiction to νD(g) = −1. □

In this section, we consider a hermitian space V1 and a skew-hermitian space W1

of dimension one. By Lemma 7.1, we may assume that

V1 = (D, 1).

Similarly, we may assume that W1 = (D, δ), where δ is an element of L× with trace
zero. But, since the field E in Notation 1.3 is any quadratic extension of F , we can
write L = E and δ = ξ. Thus we can take

W1 = (D, ξ).

Since we consider that E is a subfield of D, we get U(W1) ⊂ U(V1) by Lemma 7.1.
The following lemma is used to construct an embedding map from U(V1) to the

unitary group U(Van), where Van is the fixed hermitian space as in §2.2.

Lemma 7.2. There exists ξ′ ∈ D such that ξξ′ = −ξ′ξ, ξ′,2 = d0 and

D = F ⊕ Fξ ⊕ Fξ′ ⊕ Fξ′ξ = E ⊕ ξ′E.

Proof. Define a quaternion F -algebra D′ with basis 1, e1, e2, e3 by the following
multiplication table:

e1e2 = e3, e2e1 = −e1e2, e21 = ξ2, e22 = d0.

Let νD′ be the reduced norm of D′. For x, y, z, w ∈ F , we have

νD′(x+ ye1 + ze2 + we3) = x2 − y2ξ2 − z2d0 + w2ξ2d0

= (z + wξ x+ yξ)

(
−d0

1

)(
z − wξ

x− yξ

)
.

This implies that νD′ is anisotropic, since Van is anisotropic (see §2.2). Thus, by
[11, Theorem 2.11.8], D′ is a quaternion division algebra, which is isomorphic to
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D. By Skolem-Noether theorem, there is an isomorphism D′ ∼= D such that the
image of e1 is ξ. Then let ξ′ be the image of e2. This proves the lemma. □

By this lemma, we consider D = E ⊕ ξ′E as a two-dimensional right E-space.
Then the hermitian form on V1 = E ⊕ ξ′E over D is considered a two-dimensional
hermitian form over E. The following result is easily checked.

Proposition 7.3. (i) The E-linear map i : V1 3 z + ξ′w 7→ t(w, z) ∈ Van is an
isomorphism as hermitian spaces over E.
(ii) Let I : U(V1) → U(Van) be the homomorphism induced by i. Then

I : U(V1) 3 α+ ξ′β 7→
(

σ(α) β
d0σ(β) α

)
∈ U(Van)

is an injective homomorphism and its image is SU(Van).

Note that U(W1) as a subgroup of U(V1), so is embedded in U(Van) by the
homomorphism

I|U(W1) : U(W1) 3 γ 7→
(
γ−1

γ

)
∈ U(Van).

Also it is trivial that U(W1) = U(W1), where W1 is the fixed skew-hermitian space
as in §2.2.

7.2. The Weil representation of U(V1) × U(W1). In this subsection, we intro-
duce the Weil representation of U(V1) × U(W1). Also we prove Proposition 7.6
which plays an important role in §7.4.

Recall the construction of the Weil representation of U(V1)×U(W1). Let

(7.1) WD = V1 ⊗D W1

be the F -vector space equipped with the symplectic form

〈〈 , 〉〉 = trD (( , )⊗ 〈 , 〉ι) .
Fix an irreducible unitary representation (τψ,D,SD) of the Heisenberg groupH(WD)
with central character ψ. As in §2.1, define the metaplectic group Mpψ(WD) and
its Weil representation (ωψ,D,SD). By the doubling method, Kudla [5] defined the
splitting

ιW1 × ιV1 : U(V1)×U(W1) → Mpψ(WD).

Namely, we have the commutative diagram:

U(V1)×U(W1)
ιW1

×ιV1 //

''OO
OOO

OOO
OOO

O
Mpψ(WD)

xxqqq
qqq

qqq
q

Sp(WD).

Then the Weil representation (ωψ,V1,W1
,SD) of U(V1)×U(W1) is defined by

ωψ,V1,W1 := ωψ,D ◦ ιW1 × ιV1 .

Remark 7.4. The pair U(V1)×U(W1) does not form a reductive dual pair in the
symplectic group Sp(WD) (See [9, p.15]). However note that U(V1) × U(W1) has
the Weil representation as we explained above.

Define the symplectic space WE = Van ⊗E W1 over F as in §2.1. The following
lemma is easily checked.
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Lemma 7.5. (i) The map

P : WE = E⊕2 3 t(x2 + ξx3, x0 + ξx1) 7→ x0 + x1ξ + x2ξ
′ + x3ξ

′ξ ∈ D = WD

is an isomorphism as symplectic spaces over F .
(ii) We have the commutative diagram:

U(V1)×U(W1) −−−−→ Sp(WD)

I×id

y y∼=

U(Van)×U(W1) −−−−→ Sp(WE).

Here the right vertical map is the isomorphism induced by P .

We can consider (τψ,D,SD) as an irreducible unitary representation of the Heisen-
berg group H(WE), since H(WD) ∼= H(WE). Then we have the metaplectic group
Mpψ(WE) and its Weil representation (ωψ,Van,W1

,SD). Also, for a fixed character

µ ∈ Π(E×, ωE/F ), the Weil representation (ωψ,V µ
an,W

1

1
,SD) of U(Van) × U(W1) is

defined by

ωψ,V µ
an,W

1

1
:= ωψ,Van,W1

◦ ιµW1
× ι1Van

,

where ιµW1
× ι1Van

is the splitting of U(Van)×U(W1) (see §2.1).
In the remaining subsection, we want to prove the following:

Proposition 7.6. We have the equality as U(V1)×U(W1)-modules on SD:

ωψ,V1,W1
= ωψ,V µ

an,W
1

1
◦ (I × id).

Proof. We have the isomorphism of metaplectic groups induced by P :

Φ : Mpψ(WE) 3 (g,Mg) → (P−1gP,Mg) ∈ Mpψ(WD).

If we show that the following diagrams are commutative:

(7.2)

U(V1)
ιW1−−−−→ Mpψ(WD)

I

y xΦ

U(Van)
ιµW1−−−−→ Mpψ(WE),

(7.3)

U(W1)
ιV1−−−−→ Mpψ(WD)∥∥∥ xΦ

U(W1)
ι1Van−−−−→ Mpψ(WE),

then we obtain the equality of Proposition 7.6.
First we consider the diagram (7.2). The homomorphism Φ ◦ ιµW1

◦ I defines

a splitting of U(V1). Then the quotient (Φ ◦ ιµW1
◦ I)ι−1

W1
becomes a character

of U(V1). Since U(V1) dose not have characters but only trivial one, we obtain
Φ ◦ ιµW1

◦ I = ιW1
. Namely, the diagram (7.2) is commutative.

Next we consider the diagram (7.3). In order to describe the doubling method
in detail, we explain one lemma needed later.
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Take two skew-hermitian spaces over D:

Wsp = (D⊕2,

(
1

−1

)
),

W−1 = (D,−ξ).

Then the D-linear map

(7.4) W1 ⊕W−1 3 (a, b) 7→ (−a+ b,
(a+ b)ξ

2
) ∈ Wsp

is an isomorphism as skew-hermitian spaces over D. This induces the injective
homomorphism

(7.5) U(W1)×U(W−1) ↪→ U(Wsp).

Similarly, take the skew-hermitian space Wsp over E:

Wsp = (E⊕2,

(
1

−1

)
).

Since the E-linear map

(7.6) W1 ⊕W−1 3 (a, b) 7→ (−a+ b,
(a+ b)ξ

2
) ∈Wsp

is an isomorphism, we have the injective homomorphism

(7.7) U(W1)×U(W−1) ↪→ U(Wsp).

Let W−D := V1 ⊗D W−1 and V1 ⊗D Wsp be the symplectic spaces defined as in
(7.1). Also, let W−E := Van ⊗E W−1 and Van ⊗E Wsp be the symplectic spaces
defined as in §2.1. By (7.4) and (7.6), we obtain the isomorphisms

WD ⊕W−D ∼= V1 ⊗D Wsp, WE ⊕W−E ∼= Van ⊗E Wsp.

Lemma 7.7. (i) The F -linear map

(7.8) Van ⊗E Wsp 3 v ⊗ w 7→ i−1(v)⊗ w ∈ V1 ⊗D Wsp

is an isomorphism as symplectic spaces. Then we have the commutative diagram:

WE ⊕W−E
∼=−−−−→ Van ⊗E Wsp

P⊕P−

y y(7.8)

WD ⊕W−D
∼=−−−−→ V1 ⊗D Wsp,

where P− : W−E → W−D is the isomorphism having the same form as P in Lemma
7.5 (i).
(ii) Moreover, the following commutative diagram is induced from (i):

(7.9)

Mpψ(WE)×Mpψ(W−E) −−−−→ Mpψ(Van ⊗E Wsp)

Φ×Φ−

y y
Mpψ(WD)×Mpψ(W−D) −−−−→ Mpψ(V1 ⊗D Wsp).

Here Φ− : Mpψ(W−E)
∼−→ Mpψ(W−D) is the isomorphism induced by P−.
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Now we describe the doubling method. Recall from [5] that the splitting

(7.10) U(V1)×U(Wsp) → Mpψ(V1 ⊗D Wsp)

is defined so that the Weil representation ωψ,V1,Wsp of U(V1) × U(Wsp) has the
following explicit formulas on the space S(V1) of Schwartz-Bruhat functions on V1:

ωψ,V1,Wsp
(h) f(x) = f(h−1x),

ωψ,V1,Wsp

(
a

ι(a)−1

)
f(x) = |νD(a)|F f(xa),

ωψ,V1,Wsp

(
1 b

1

)
f(x) = ψ(bνD(x))f(x).

Here f ∈ S(V1), x ∈ V1, h ∈ U(V1), a ∈ D× and b ∈ F . Then the splitting
ιV1

: U(W1) → Mpψ(WD) is defined so that the following diagram is commutative:

(7.11)

U(W1)
(7.5)−−−−→ U(Wsp)

ιV1

y y(7.10)

Mpψ(WD) −−−−→ Mpψ(V1 ⊗D Wsp),

where the bottom map is obtained by restricting the bottom map of (7.9).
Similarly, the splitting

(7.12) U(Van)×U(Wsp) → Mpψ(Van ⊗E Wsp)

is defined so that the Weil representation ωψ,V 1
an,W

1
sp

of U(Van)×U(Wsp) on S(Van)
has the following explicit formulas (see §2.1):

ωψ,V 1
an,W

1
sp
(h) f(y) = f(h−1y),

ωψ,V 1
an,W

1
sp

(
a

σ(a)−1

)
f(y) = |a|Ef(ya),

ωψ,V 1
an,W

1
sp

(
1 b

1

)
f(y) = ψ

(
b
(
−d0 NE/F (y1) + NE/F (y2)

))
f(y).

Here f ∈ S(Van), y = t(y1, y2) ∈ Van, h ∈ U(Van), a ∈ E× and b ∈ F . Then the
splitting ι1Van

: U(Wsp) → Mpψ(WE) is defined by the doubling method as above.
Namely, we have the following commutative diagram:

(7.13)

U(W1)
(7.7)−−−−→ U(Wsp)

ι1Van

y y(7.12)

Mpψ(WE) −−−−→ Mpψ(Van ⊗E Wsp),

where the bottom map is obtained by restricting the top map of (7.9).
Now we can prove the commutativity of the diagram (7.3). It is easy to check

that the following diagram is commutative:

U(W1)
(7.7)−−−−→ U(Wsp)∥∥∥ yJ

U(W1)
(7.5)−−−−→ U(Wsp),
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where J : U(Wsp) 3 g 7→ g ∈ U(Wsp) is the inclusion map induced by GL2(E) ↪→
GL2(D).

From the isomorphism i : V1
∼= Van in Proposition 7.3, we have the isomorphism

S(V1) ∼= S(Van). Then by comparing the two explicit formulas above, we can check
that

ωψ,V1,Wsp ◦ J ∼= ωψ,V 1
an,W

1
sp

as U(Wsp)-modules. This implies that the following diagram is commutative:

U(Wsp)
(7.12)−−−−→ Mpψ(Van ⊗E Wsp)

J

y yA
U(Wsp)

(7.10)−−−−→ Mpψ(V1 ⊗D Wsp).

Here A is the right vertical map of (7.9). Thus we have the following commutative
diagram:

U(W1) −−−−→ U(Wsp)
(7.12)−−−−→ Mpψ(Van ⊗E Wsp)∥∥∥ yJ yA

U(W1) −−−−→ U(Wsp)
(7.10)−−−−→ Mpψ(V1 ⊗D Wsp).

Combining (7.11) and (7.13), we have the commutative diagram:

U(W1)
ι1Van−−−−→ Mpψ(WE) −−−−→ Mpψ(Van ⊗E Wsp)∥∥∥ yA

U(W1)
ιV1−−−−→ Mpψ(WD) −−−−→ Mpψ(V1 ⊗D Wsp).

Note that we obtain the following commutative diagram from the diagram (7.9):

Mpψ(WE) −−−−→ Mpψ(Van ⊗E Wsp)

Φ

y yA
Mpψ(WD) −−−−→ Mpψ(V1 ⊗D Wsp).

Since the bottom homomorphism Mpψ(WD) → Mpψ(V1 ⊗D Wsp) is injective, we
can show the commutativity of the following diagram:

U(W1)
ι1Van−−−−→ Mpψ(WE) −−−−→ Mpψ(Van ⊗E Wsp)∥∥∥ yΦ

yA
U(W1)

ιV1−−−−→ Mpψ(WD) −−−−→ Mpψ(V1 ⊗D Wsp).

Thus we obtain the commutativity of the diagram (7.3). □

7.3. Endoscopy for U(V1). Let χ be a quasi-character of E× such that χ 6= χ◦σ.
Then there exists an irreducible supercuspidal representation τ(χ) of GL2(F ) with

L-parameter IndWF

WE
χ. We denote its Jacquet-Langlands correspondent to D× by

τD(χ).
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Theorem 7.8 ([6]). There exist two irreducible representations τD(χ)
+, τD(χ)

− of
U(V1) such that τD(χ)|U(V1) = τD(χ)

+ ⊕ τD(χ)
−. And they satisfy the following

character identity:

Tr τD(χ)
+(γ)− Tr τD(χ)

−(γ)

= λ (E/F, ψ)ωE/F

(
γ−1 − γ

ξ

)
χ(γ)− χ(γ−1)

|γ − γ−1|1/2E

for any γ ∈ U(W1). Moreover, τD(χ)
± are determined by the restriction χ|U(W1).

Also, τD(χ)
+ ∼= τD(χ)

− if and only if χ2|U(W1) = 1.

7.4. Main theorem. Now we can describe the local theta lift θψ,V1,W1
for U(V1)×

U(W1).

Theorem 7.9. For η ∈ Π(E×,1F×), let χη be a character of E× such that
χη|U(W1) = ηu. Then we have

θψ,V1,W1(ηu) =

{
τD(χη)

+ if η 6= 1,

0 if η = 1.

Proof. Since U(Van) × U(W1) is a compact group, it is proven that the Weil rep-
resentation ωψ,V µ

an,W
1

1
of U(Van) × U(W1) is a unitary admissible representation.

Thus it is a direct sum of irreducible unitary admissible representations. Therefore,
Theorem 6.4 implies that

ωψ,V µ
an,W

1

1
=
⊕
η ̸=1

τ(µ, µη−1)+an ⊠ ηu.

Here η runs the non-trivial elements of Π(E×,1F×). By Proposition 7.6, we obtain

ωψ,V1,W1
=
⊕
η ̸=1

τ(µ, µη−1)+an ◦ I ⊠ ηu.

Thus we must show that τ(µ, µη−1)+an ◦ I = τD(χη)
+. This is shown in the next

lemma. □

Lemma 7.10. We have τ(µ, µη−1)+an ◦ I = τD(χη)
+.

Proof. First we recall the following isomorphism:

E× ×D×/∆F× 3 (x, z + ξ′w) 7→ xνD(z + ξ′w)−1

(
σ(z) w
d0σ(w) z

)
∈ GU(Van),

where ∆F× = {(x, x) ∈ E× × D× | x ∈ F×}. Then we have the commutative
diagram:

U(V1)
I−−−−→ U(Van)y yinclusion map

E× ×D×/∆F× ∼=−−−−→ GU(Van).

Here the left vertical map is induced by U(V1) = ker νD ↪→ D×.
Next choose quasi-characters ω, ω′ of E× such that ωω′ = µ, ω(ω′ ◦ σ) = µη−1.

Then τ̃ = ω⊠τD(ω′) is an irreducible admissible representation of E××D×/∆F×.
By Theorem 7.8, we obtain

τ̃ |U(V1) = τD(ω
′)|U(V1) = τD(ω

′)+ ⊕ τD(ω
′)−.
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If we consider τ̃ as a representation of GU(Van), by [3], we have

τ̃ |U(Van) = τ(µ, µη−1)+an ⊕ τ(µ, µη−1)−an.

Since we can check that ω′|U(W1) = ηu = χη|U(W1), we obtain τD(ω
′)ϵ = τD(χη)

ϵ.

Thus we have τ(µ, µη−1)+an ◦ I = τD(χη)
+ or τD(χη)

−.
Next recall that U(W1) is identified with a subgroup of U(Van) by

I|U(W1) : U(W1) 3 γ 7→
(
γ−1

γ

)
∈ U(Van).

Then by Theorem 5.2, the restriction of the character identity of τ(µ, µη−1)±an ◦ I
to U(W1) is given as follows:

Tr τ(µ, µη−1)+an ◦ I(γ)− Tr τ(µ, µη−1)−an ◦ I(γ)

=λ (E/F, ψ)ωE/F

(
γ−1 − γ

ξ

)
ηu(γ)− ηu(γ

−1)

|γ−1 − γ|1/2E

= Tr τD(χη)
+(γ)− Tr τD(χη)

−(γ).

The last equality follows from Theorem 7.8. Thus we obtain

τ(µ, µη−1)+an ◦ I = τD(χη)
+.

□
Acknowledgements. The author would like to thank his advisor, Prof. Takuya Konno,
for much helpful advice and encouragement.

References

1. Wee Teck Gan and Atsushi Ichino, The Gross-Prasad conjecture and local theta correspon-

dence, (2014).
2. Stephen Gelbart, Jonathan Rogawski, and David Soudry, Endoscopy, theta-liftings, and period

integrals for the unitary group in three variables, Ann. of Math. (2) 145 (1997), no. 3, 419-476.

3. Kazuko Konno and Takuya Konno, Lecture on endoscopy for unitary groups in two variables,
November, 2005, under revision.

4. Kazuko Konno and Takuya Konno, On doubling construction for real unitary dual pairs,

Kyushu J. Math. 61 (2007), no. 1, 35-82.
5. Stephen S. Kudla, Splitting metaplectic covers of dual reductive pairs, Israel J. Math. 87

(1994), no. 1-3, 361-401.

6. J.-P. Labesse and R. P. Langlands, L-indistinguishability for SL(2), Canad. J. Math. 31
(1979), no. 4, 726-785.

7. R. P. Langlands, On Artin’s L-function, Rice Univ. Studies 56 (1970), 23-28.
8. Robert P. Langlands and Dinakar Ramakrishnan (eds.), The zeta functions of Picard modular

surfaces, Universite de Montreal Centre de Recherches Mathematiques, Montreal, QC, 1992.

9. C. Moeglin, M.-F. Vigneras, J.-L. Waldspurger, Correspondences de Howe sur un corps p-
adique, Lecture Notes in Mathematics 1291, Springer-Verlag, Berlin, 1987.

10. Jonathan D. Rogawski, Automorphic representations of unitary groups in three variables,

Princeton University Press, Princeton, NJ, 1990.
11. Winfried Scharlau, Quadratic and Hermitian forms, Grundlehren der Mathematischen Wis-

senschaften [Fundamental Principles of Mathematical Sciences], vol. 270, Springer-Verlag,

Berlin, 1985.
12. A. Weil, Basic Number Theory, Third edition, Die Grundlehren der mathematischen Wis-

senschaften, Band 144. Springer-Verlag, New York-Berlin, 1974. xviii+325 pp.

Institute of Mathematics for Industry, Kyushu University, 744 Motooka, Nishi-ku,
Fukuoka, 819-0395, Japan

Email address: y-ikematsu@imi.kyushu-u.ac.jp


