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LOCAL THETA LIFT FOR p-ADIC UNITARY DUAL PAIRS
U(2) x U(1) AND U(2) x U(3)

YASUHIKO IKEMATSU

ABSTRACT. In this paper we describe the local theta lift for p-adic unitary
dual pairs U(2) x U(1) and U(2) x U(3). We also describe the local theta lift
for a pair of p-adic quaternionic unitary groups of rank one.

1. INTRODUCTION

The purpose of this paper is to describe the local theta lift for p-adic unitary dual
pairs U(2) x U(1) and U(2) x U(3) in terms of endoscopy. This is a complement
to a result of Gelbart-Rogawski-Soudry [2]. Also Gan-Ichino [1] computed the
local theta lift for unitary groups in almost equal rank case in terms of Vogan L-
packets. The result in this paper provides another proof of their result in the cases
of U(2) x U(1) and U(2) x U(3). Our proof is based on some results in [2] and the
endoscopic description of the anisotropic unitary group in two variables in Konno-
Konno [3]. As an application, we obtain the description of the local theta lift for a
pair of p-adic quaternionic unitary groups of rank one in terms of endoscopy.

To explain the problem in this paper, we recall some results in [2]. Let F be a
non-archimedean local field of characteristic 0, and F a quadratic extension of F
with associated quadratic character wg/p. We denote the split (resp. anisotropic)
2-dimensional hermitian space over E by Vi, (resp. V,,) and a three-dimensional
skew-hermitian space over ¥ by W. We set V = V), V,,. Rogawski gave the
endoscopic descriptions of the irreducible admissible representations for U(V;,) and
for U(W) in [10]. Using it, Gelbart-Rogawski-Soudry showed in [2] that the local
theta lift for U(V') x U(W) sends an L-packet to an L-packet. They also described
the local pairing of an endoscopic representation 7 for U(W) by the behavior of
the local theta lift of 7 to U(V;,) and U(V,,). Namely, an explicit parametrization
of the members of an endoscopic L-packet of U(W) is given in terms of the local
theta lift to U(V).

We note that in [2] the local theta lift is investigated only for U(Vy,) x U(W),
because of the lack of the endoscopic description of the set Irr U(V,,,) of equivalence
classes of irreducible admissible representations of U(V,,) in those days. But now,
we have it at our disposal thanks to [3]. So it is natural to consider the local theta
lift for U(V,y,) x U(W) in terms of the endoscopic description.

We denote the local Langlands group of F' by Lr = Wgr x SU3(R), where Wg
stands for the Weil group of F. For G = U(V) or U(W), ®(G) means the set of
equivalence classes of L-parameters ¢ : Ly — LG, where G is the L-group of
G (see §2.2). The L-packets II; was given in [10], when G is U(V;,) or U(W).
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2 YASUHIKO IKEMATSU

For G = U(Vgy,), I, was given in [2, §1] (see also §2.2) by Jacquet-Langlands
correspondence. Let ¢g be the restriction of an L-parameter ¢ of G = U(V) or
U(W) to Lg. Note that ¢ is uniquely determined by ¢g. Let % be a non-trivial
character of F. Fix characters u,n of E* such that u|px = wE/F,n\Fx = 1. Then
we have the Weil representation wy, v« w» and the local theta lift 6, vu wn for
U(V) x U(W) (see §2.1).

Briefly state the endoscopic description of Irr U(W') given by Rogawski [10] (See
§4 for details). Let (Hy, so,&p) be the unique non-trivial elliptic endoscopic datum
for U(W) up to equivalence, where Hy = U(V;,) x U(1). For an L-parameter
¢ € ®(U(W)), we define the finite set [Ty = {p € ®(Hp)|& o p = ¢}. Rogawski
defined the local pairing (p,7) = + for p € be and 7 € Il by using the trace
formula in [10]. Then these (p, 7)’s determine each element of II,.

Now we can explain our results. Let p; and ps be characters of E* such that
p1 # p2 and pi|px = wgyp. Then there exists a unique L-parameter ¢, .,
of U(V,yn) such that (¢u, u.)E = p1 ® pe. We denote the L-packet for U(V,,)
associated to it by I, ., (Van). Then the L-packet II,, ., (Van) has two elements
T(p1, u2)t,, 7(pa, p2) 5, where the signs are specified in §5.1. We want to compute
the local theta lift 6 vy for U(Va,) x U(W).

First we consider the case of p = pi, that is, when the splitting character p
equals to one of components of E-restricted L-parameter.

Theorem 1.1 (Theorem 6.2, Corollary 6.5). We have
w(n,mppy )T ife =+,
0 ife =—.

Here the non-supercuspidal representation (0, nuips *)~ of U(W) will be explained
in Theorem 6.2.

O vier wn (T(11, H2)an) =

Next we consider the case of 1 # py, pio. Then by results in [2] we have

= Oy v wn (T(p, p2)a) # 0

and the L-parameter ¢ of 7% satisfies ¢ = unu;* @ unus* © 1. In this case, we

have fI¢ = {po, p1,p2}. See §6 for the exact form of p;’s. Then the local pairings
of % are given as follows:

Theorem 1.2 (Corollary 6.7). We have for e € {£}

<p07776> =
<p1,7r€> = =5
(o2, 7%) =e.

These are our main results given in this paper. Moreover, by using Theorem 1.1,
we can compute the local theta lift for U(V,,,) x U(1) (Theorem 6.4). Furthermore,
by proving a relation between the Weil representation of U(V,,,) x U(1) and that of
a pair of quaternionic unitary groups of rank one (Proposition 7.6), we can compute
the local theta lift for a pair of quaternionic unitary groups of rank one (Theorem
7.9).

The paper is organized as follows. In §2, we recall the Weil representation for
unitary groups in general setting and the construction of the L-packets for U(V)
and U(W). In §3, we compute the local theta lift for U(Vy,) x U(1). In §4, we
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recall some results in [2]. We also deduce the computation of the local theta lift for
U(Vsp) x U(W) from these and state the problem in this paper. In §5, we explain
the endoscopic description of Irr U(V,,) and prepare a global result to prove our
main theorems. In §6, we prove our main theorems. In §7, we compute the local
theta lift for a pair of quaternionic unitary groups of rank one.

Notation 1.3. Let E be a quadratic extension of F. The map o stands for the
non-trivial Galois automorphism of E over F. We will often write o(z) = 7.
Let Trg/p and Ng/p be the trace map and norm map of E over F, respectively.
We denote the modulus of F by |- |r. Fix a non-trivial character v of F. Then
AE/F,%) is the Langlands A-factor [7]. For each character x of F*, II(E*,x)
stands for the set of characters of E* whose restriction to F* are x. For each
n € II(E*, 1rx), we define a character n, of U(1) by
m(z/0(2)) =n(z), z€E”.

For a p-adic group G, we denote the set of equivalence classes of irreducible admissi-
ble representations of G' by Irr G. Fix a non-zero element § of £ with Trg,p(§) =0
and dy € F* ~\ Ng,p(E*). Also fix two characters n € II(E*,1px) and pu €
I(E*,wg/r) to construct Weil representations for unitary groups.

2. PRELIMINARIES

2.1. Welil representation for unitary groups. In this subsection we recall the
Weil representation for unitary groups in general setting.

Let V be a hermitian space and W a skew-hermitian space over F. The spaces
V and W may be taken as follows:

V= (EEBmaA)7 W = (E®naB)a
(v1,v2) = *v1 Avg, (w1, wa) = w1 B w,,

where A =*A:="'4% € GL,,(E) and B= —*B € GL,(E). Note that V is a space
of column vectors, whereas W is of row vectors. Then the unitary groups of V' and
W are given by

U(V) = {h € GL,(E) | *hAh = A},
U(W) = {g € GL,(E) |gB"g = B}.

Here U(V) (resp. U(W)) acts on V' (resp. W) on the left (resp. right).
Let
W=VogW

be the F-vector space equipped with the symplectic form
() =Tewye (L)@ (L))
We identify W with M,, ,(E) by the isomorphism
(2.1) VReW3v@w—v-we My, ,(F).
Then the symplectic form on W is given by
(X, X") =Trg/r(*XAX""B), X,X'eW.
The symplectic group of W is given by
Sp(W) = {g € GLp(W) | {wg,w'g)) = {w,w") for all w,w’ € W}.
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Here Sp(W) acts on W on the right. The Heisenberg group H (W) of W is given as
follows:

H(W) =W x F,

(w,t) - (W', ) = <w +w' t+t +

for w,w’ € W and ¢,t' € F.

Fix an irreducible unitary representation (7y v,w,Sy.w) of H(W) with central
character ¢. For any g € Sp(W), define the representation (7, v,w - ¢, Sv,w) of
H(W) by 7y v,w(w,t)g := 7y v,w(wg,t) for w € W,t € F. This is also an irre-
ducible unitary representation of H (W) with central character ¢. By Stone-von-
Neumann’s theorem, the unitary representation 7, v, - g is isomorphic to 7y v, .
Thus we have the metaplectic group:

g € Sp(W), }

Mgy: Ty v,w - g = Ty, v,w isomorphism

Mpz/) (W) = {(g?Mg>

The metaplectic group Mp,, (W) has the Weil representation (wy, v,w, Sv,w) defined
by
wd,’vﬁw(g7 Mg) = Mg.

Now let yy and yw be characters of E* such that yy|px = wg;“FEV and

XwlFx = wdEi;“FE W respectively. Then Kudla [5] defined the splitting associated to
xv and xw:

uy x i 2 U(V) x U(W) — Mpy, (W).
Thus the Weil representation (wy vxw wxv,Sy,w) of U(V) x U(W) associated to
xv and yxw is defined by

Wap, VXW WXV 1= Wy V, W O L)‘SVW X Liﬁ".

To explain the mixed model of the Weil representation wy, vxw wxv, we prepare
a few notation. Without loss of generality, we may assume that
Lime
V= (E%™, Ay ).
Lin

0

L

We put Vy = (E®2mo, ° ))and V; = (E®™  Ay), where m; = m—2my.

We denote by X the subs;)na(,)ce of V consisting of the elements of the form
Y1, . T, 0,...,0)
and X'’ the subspace of V' consisting of the elements of the form
HO, 0, T gt 1y - - - 5 Ton)-
Thus we have

(2.2) V=XoVioX.

Let Px: = Mx:Nx/ be the maximal parabolic subgroup of U(V) stabilizing X',
where Mx/ is the Levi component of Py stabilizing X and Nx: is the unipotent
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radical of Px/. We have

a a € GL,,,(E),
My = h) = h
X m(a7 ) *a_l h 6 U(‘/l) )
Lim b € My, .o (E
NX/ == n(b,c) = b 1m1 B 0( )’

c— %*b/hb —*bA1 1, ¢=—"c&Mpn,(E)

We denote the space of Schwartz-Bruhat functions on X = X @ g W by S(X).
Here, asin (2.1), we identify X @ g W with M,,,, »(E). Also fix an irreducible unitary
representation (7 vy ,w,Sv;,w) of H(Wi), where Wy = Vi @ W = My, o(E).
Then the Weil representation wy yxw wxv can be defined on S(X) ® Sy, w and has
the following explicit formulas:

Theorem 2.1. Let xv,,Xv, be characters of E* such that xv = xv,Xv, and

XV; | px = w%iﬁfvi. For ¢ ® ¢ € S(X) ®@ Sv,.w, we have

wy,vxw wxv (m(a, h)) ¢(z) @ ¢’
= xw(deta)| det a| ;" *¢(a"") Wy, yoxw vy (R)9,
wy,vxw wxv (n(b; ) p(x) ® ¢'
1
=1 (—2 TIE/F(*LL'C.T*B)) é(x) - vy, w(—bx,0)¢,
wy,vxw wxv (9) p(x) @ ¢
= (Xvp)u(det g)p(zg) F Wy VXWXV (g)ﬁbl'
Here x € X =My n(E), m(a,h) € Mx/, n(b,c) € Nx and g € UW).
Similarly, we may assume that

1n,
W = (E®", B ).

1,

We put Wy = (E®?m0, Lng ) and Wy = (E®™ By), where ny = n—2nq.
no
Asin (2.2) ,wehave W =Y @W1®Y’, where Y = {(y1,...,Yn,,0,...,0) | y; € E}
and Y = {(0,...,0,Yn—ng+1,---,Yn) | ¥i € E}.
Let Py: = My Ny be the maximal parabolic subgroup of U(W) stabilizing Y,
where

N - a a € GL,, (E),
;= mia, = ’
Y 9 g *a—l g € U(Wl)
N ) 1n0 lb c +éb£1*b be Mno,n1 (E)7
Y = n( 7C) - " ]_1 c="ce Mno (E)
no

Weset Y =V QgY = My, p,(E). Here, as in (2.1), we identified V ®p Y
with M, », (E). Also fix an irreducible unitary representations (7y v,w,,Sv.w, ) of
H(W3), where Wy =V ®@p W1 = M, n, (E).



6 YASUHIKO IKEMATSU

Theorem 2.2. Let xw,, xw, be characters of E* such that xw = xwy,Xxw, and
Xwilpx = wdE‘;n}f Wi For ¢ @ ¢ € S(Y) ® Svw,, we have the following explicit
formulas:
Wy, VXW WXV (h) ¢(y) ® gf)/
= (Xwp)u(det h)QJ)(h_ly) F Wy XWXV (h)¢/7
wy,vxw wxv (m(a, ) ¢(y) @ ¢'
= xv(deta)| det al};*p(ya) - wy, v, v (9),
wy,vxw wxv (n(bc)) p(y) @ ¢

=1 ;TYE/F(*Z/AZ/C)> oY) - Ty, v,wy (yd, 0)¢".

Here y € Y = My, 5o (E), m(a,g) € My, n(b,c) € Ny and h € U(V).

For an irreducible admissible representation 7 of U(V') or U(W), we denote the
local theta lift of m with respect to wy vxw wxv by Oy vxw wxv ().

2.2. L-packet. In this subsection we recall the construction of L-packets for the
unitary groups of our concern.

First we explain the unitary groups which we treat in this paper. For a € F'*,
we define a one-dimensional skew-hermitian space:

Wa - (E7 a§)7

where ¢ € E* is the fixed element as in Notation 1.3. Also define a three-
dimensional skew-hermitian space:

W= (E%?, 3 )-
-1

Let Vi, (resp. Vup) be the two-dimensional split (resp. anisotropic) hermitian space

over E given by
@2 1
Vo= () ),

Vo = (E@2,< o )).

Note that the unitary group U(V,,) is not quasi-split by our choice of dy (see
notation). Thus we have four unitary groups U(W,), U(W),U(V;,) and U(Vgy,).
We also denote the unitary similitude group of V' = V;,,, V4, by GU(V).

Next we recall the L-groups for these groups.

Lemma 2.3. For G = U(W,),UW),U(Vs,) or U(V,,), the L-group *G is given
as follows:

LG = GL,(C) x W,

"3 ww’ w e Wg,
g><lw~g/><1w/{gg E

gl,tg Y xww’ w ¢ W
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Here n is the dimension of the space associated to G and

1

I, = -1

(-1

We call a continuous homomorphism ¢ : Lr — G over Wr an L-parameter if
the projection of ¢(Wr) to GL,,(C) consists of semi-simple elements of GL,,(C) and
Plsu,m) — GL,(C) is analytic. Also, two L-parameters ¢, ¢’ are called equivalent
if there exists g € GL,(C) such that ¢’ = Ad(g) o ¢. The set of equivalence
classes of L-parameters of G is denoted by ®(G). For any L-parameter ¢ of G, the
restriction of ¢ to Lg is denoted by ¢ = ¢|,. Since it is well-known that ¢ is
uniquely determined by ¢g, we also call ¢ an L-parameter of G.

Lemma 2.4. (i) By local class field theory, we have the bijection:
O(U(W,)) 2 ¢ ¢dp € II(E™, 1px).
(#9) By the bijection II(E*,1px) 3 nw n, € Ir U(W,), we have the bijection:
D(U(W,)) = lr U(W,).
Thus we can identify ®(U(W,,)) with Irr U(W,).
Finally we recall the construction of L-packets for U(V;p), U(Vay), UW).

Theorem 2.5 ([10]). For G = U(V,,), U(W), we have a surjective map from Irr G
onto ®(G) with finite fibre.

Then each L-packet for U(Vy,) or U(W) is defined as a fibre II of its map, and
the image of II under its map is the L-parameter associated to II.

The construction of L-packets for U(V,,) requires the Jaquet-Langlands cor-
respondence. For 7 € Irr U(V,,), there exists 74, € Irr GU(V,,) such that 7 —
Tslu(an) If /L is the Jaquet-Langlands correspondence to GU(Vj,), then there
exists /% € Irr U(V,y) such that 775 < 7/%|y(y, ). Define the L-parameter of 7 to

be that of 77/, This is well-defined. In this way, we obtain a map from Irr U(V,,,)
to ®(U(V,y,)). Then we can prove that it is a map with finite fibre. Thus, in the
same way as above, we can define L-packets for U(V,,).

3. ENDOSCOPY AND LOCAL THETA LIFT FOR U(Vj,) x U(W,)

In this section we recall the classification of L-packets for U(V;,) and compute
the local theta lift for U(V;,) x U(W,,).

3.1. Endoscopy. We denote by B the Borel subgroup of U(V,,) consisting of lower
triangular matrices. Let

i~ (1)

be the unipotent radical of B and

== (* )

a maximal torus of U(V;,). Thus we have B = TU.

T € E,TI‘E/F(J)> = O}

aeEX}
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For each b € F* | we define a non-trivial character 1/)1(’]’ ¢ of U by
Vet U D ux) > p(—bag ") € C,

where 1 is the fixed character as in Notation 1.3. An irreducible admissible rep-

resentation m of U(V,) is called p’-generic, or @[J(b]_g—generic, if it has a non-zero

homomorphism into Indg(v‘”’) w?ﬁf'

Theorem 3.1 ([10]). An L-packet 11, of U(Vyy) has two elements if and only if
there exist characters puy, po € I(E*,wg/p) such that op = 1 @© pz. Otherwise
the cardinality of 11, is one.

When ¢g = p1 @, we denote the L-packet IL, by I, ., = II,,, ., (Vi) and call
it an endoscopic L-packet. Also, its elements are called endoscopic representations.

An endoscopic L-packet II,,, ,, has the unique 1/-generic (resp. ¢%-generic) el-
ement, where dj is the fixed element as in Notation 1.3. We write it as 7(u1, ug)jp
(vesp. 7(p1, p2)5,)- Note that if py = pg, then 7(u1, p1)3, is the unique ¢-generic
irreducible subrepresentation of Indg(vs”) -

To compute the local theta lift for U(V;,) x U(W,), we need a global result.
Let E be a quadratic extension of a number field F. Also its associated quadratic
character of A;/FX is denoted by Wi where A; is the idele group of F. For

each character x of A%/ F*, II(A%, x) stands for the set of characters of A%/ EX
whose restriction to A; are x. We have the following:

Theorem 3.2 ([10]). Let 7 = ®7, be an irreducible cuspidal representation of
U(Vip)(Ap). If there exist characters fiy, fiz € H(Ag,wé/ﬁ) such that t, € g, , 4,

for almost all places v of F, then T, € g, , ., for all places v.
3.2. Local theta lift. In this subsection, we compute the local theta lift 6, v o
for U(Vyp) x U(W,), where u,n are the fixed characters as in Notation 1.3.

From Theorem 2.1, the Weil representation wy, v wa of U(Vyp) x U(W,) on the
space S(E) of Schwartz-Bruhat functions on E has the following explicit formulas:

Wy vz (mla)) f(t) = u(a)lal " fat),
wy v wa (u(@)) f(t) = P(agx Ng/p(t) f(t),
wy v wa (9) F(t) =nu(g) f(tg).
Here f € S(E),t € E, m(a) € T, u(xz) € U and g € U(W,).
For brevity, we write wy = wy, v wa. First we shall compute (twisted) Jacquet
module of wy. For each b € F*, we set

Ey={t € EX |Ng/p(t) =bNg/p(¢1)}.
One notes that if b ¢ Ng,p(E*), then Ej is empty.
Lemma 3.3. (i) The unnormalized Jacquet module (wy)y of the Weil representa-
tion wy is isomorphic to - |El/2 X9, as T x U(W,)-module, where

pl- 1P B, s T x UW,) 2 m(a) x g = p(a)alz*n.(g) € C*.

it) The twisted Jacquet module (w. v of the Weil representation w.y, is isomor-
w)Uwpt, W

phic to n, @ S(Eu-1p) as U(W,)-module, where the action of UW,) on S(E,-1;)
is given by right translation.
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Proof. (i) If we define

wy(U) ={wy(u(x))f — flz € F. f € S(E)},

then (wy)u = wy/wy(U). By the above explicit formulas, we have wy(U) =
{f € S(E)]| f(0) =0}. Thus the map f — f(0) induces a T' x U(W,)-isomorphism

e)u = ul 5" R
(ii) Similarly, we have (o.)w)U,w[bLg = wy /wy (U, wa75)7 where
wy (U, 0e) = {wp(u(@)) f — Yy e(@)f |z € F,.f € S(E)}.

Moreover, we have wy (U, ¢y ) = {f € S(E)| flg,_,, =0}. Thus f — flg,
induces a U(W,)-isomorphism (wy )yt T ® S(Ey4-1p).

-1y

Corollary 3.4. Let 7' be an element of TI(E*, 1 px).

(i) The local theta lift 0 vy wa (1) is Y -generic and not P _generic.

(i) If n # n', then the local theta lift 0y v wa(my,) is an irreducible supercuspidal
representation of U(Vyp).

(i4i) If n =0, then the local theta lift 0y vu wo(nu) is the irreducible ¥*-generic
subrepresentation 7y, u)‘:f/F(a) of Indg(vs") .

Proof. We have a non-zero U(W,)-homomorphism wy — 7, by the explicit formu-
las. Thus we obtain 7= 6y, v wa (1) # 0. By the definition of the local theta lift,
we have a surjective U(V;p) x U(W,)-homomorphism

wy — 7R,
Taking its twisted Jacquet module with respect to @./)%}75, we have a surjective U(W,)-

homomorphism
Ny @ S(Eg-1p) — Ul X 7.,

by Lemma 3.3 (ii). Thus if b = ady, then TUY, is zero. Namely, 7 is not ¢%do-
generic. ’

We assume that i’ # 7. Taking the Jacquet module of wy — 7 K 7] with
respect to U, we have 7y = 0 by Lemma 3.3 (i). Thus 7 is supercuspidal. Here,
it is well-known that any supercuspidal representation of U(Vj,) is ¢%-generic or
¥ _generic. Therefore 7 is ¥%-generic.

Next we assume that ' = 7. By Frobenius reciprocity, we have

U(Vs
HomU(VSP)XU(Wa)(Wwa IndB( op) 7] X ’I]u)

~ —1/2
> Hompyuw,) (we)us 1l - |57 B )

~ C.
Thus 7 is an irreducible subrepresentation of Indg(vs’”) u, that is, 7 = 7(u, p)sip.
Since 7 is not ¥%-generic, we have 7 = 7(p, u):}f/F(a). Thus we obtain Corollary
3.4. (I

Theorem 3.5. For each n;, € it U(W,), the local theta lift Oy ve wa(n,) is the
unique Y*-generic element of L-packet 11, ;-1 of U(Vsy). Namely,

wp/r(a)

O, v w () = 7 (s '™ ) sp
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Proof. Set 7= 0y vy wn(n,). It is enough to show that 7 is contained in I, /1.
We have already proved it for 7 = 7’. Thus we consider the case for n # n’. Our
proof uses Theorem 3.2. Choose a number field F' and a quadratic field extension
E of F such that E,,/F,, = E/F for a finite place vy of F. Fix:

e a € F* such that a=a mod Ny, p(E*);
e £ € EX such that TrE/F(g) —0and £=¢ mod Ng/p(E™);
° TZJ is a non-trivial character of Aﬁ/ﬁ' such that 1/;1,0 =;

LIRS H(AE,wE/F) such that fi,, = u;
/

o 71 # i € (A%, 1) such that fu, = 7,7, = 7'

Now we define two (skew) hermitian spaces over E:
‘7817 = (E€B2’ < 1 ! >) and Wz = (E,&é)

Then the global theta lift 7 = 6 ;i 7 (7,) is non-zero and cuspidal, since the
VW

constant term of 7 is zero and its 1-Whittaker model is non-zero by the explicit
formulas of the Weil representation of w,; VWi Thus 7 is an irreducible cuspidal

representation of U(Vy,). If we show the claim that the local theta lift 7, of 7, , is
contained in Hﬂmﬂv oL for almost all places v of F', then we obtain Theorem 3.5
by Theorem 3.2.

First suppose that a field extension E, / F, and Ty, 7., are unramified. Then the
claim immediately follows from 7, = 7.

Next suppose that E, /Fv is split. We omit the symbol v from the notation.
Then we have E = F @ F,U(V.,) = GLy(F) and U(W;) 2 GL1(F). Also, its Weil

representation (w;,S (F @ F)) is given as follows:

wg (h) £(t) = f(det h)| det h| .1/* F(h7"1),
wy (9) () = 1(9)lgl 5 f (tg)-

Here f(t) € S(F @ F), h € GLy(F) and g € GL;(F). i
We want to show that 7 = Ind(inn'~1 X ). Let x be a quasi-character of F.
For an element f € S(F @ F), we define a function ®; on GLy(F) x GLy(F) by

t
B1h9) = 1 [ oot (o) xar.

By the above explicit formulas, the map f — ®; induces a non-zero GLQ(F) X
GL; (F)-homomorphism
wy — Ind(fx| - [2' R ) "™ - | 5

If x =i "!| |z, then we have a non-zero homomorphism

wy — Ind (i~ & o) K.

Since fi,7 and 7 are unitary, Ind(zi7'~! X fi) is irreducible. Thus we obtain 7 =
Ind (g7~ B ). Since Ind(ani’ —* K fi) € I z77-1, we have 7 € I g1 O
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4. ENDOSCOPY AND LOCAL THETA LIFT FOR U(2) x U(3)

In this section we recall some results from [2], mainly about the relation between
endoscopy and local theta lift for U(V) x U(W). After that, we will state the
problem in this paper.

First we define the subset of irreducible representations occurring in Weil repre-
sentation wy, yu wn of U(V) x UW). For V =V, or V,,, we set

Run(V) = {1 € Tx UV 0y v n (7) # 0}
Similarly for W, we set
Ryum(W) ={m € r UW) | Oy, vuwn(m) # 0,V =V, or Vo }.
Let 6y ;. be the map defined by the local theta lifts 0y yu wn for V = Vyp, Vop:
Oppn R (Vap) U R i (Van) = Ry (W),

Theorem 4.1. (i) The map 0y, ., is bijective.
(i1) For 7 € Ry, u,n(V) with L-parameter ¢, the L-parameter of Oy () is unpe ®
1, where ¢g is the contragredient representation of pg.

Proof. (i) The injectivity follows from the Dichotomy Theorem [2, Theorem 1.2].
The surjectivity follows from the definition of the map.
(ii) This was proved in [2, §4]. O

The set Ry, p.,(V) is described in terms of the local theta lift for U(V') x U(W7),
where Wy = (E, &) (see §2.2).

Theorem 4.2 ([2, Lemma 4.2|). For 7 € Irr U(V), the local theta lift Oy, ,(T)
is non-zero if and only if Oyaq yu o (1) = 0, where dy is the fized element as in
Notation 1.3. Namely,

Ryun(V) ={r € it U(V) | Oyao yu wn (1) = 0}.

To describe the set Ry (W), we prepare a few notation. An L-packet II of
U(W) is called (x-)endoscopic if it consists of infinite-dimensional representations
and ¢ contains a one-dimensional representation x of Wg. An element of such
I1, is called (x-)endoscopic.

Theorem 4.3 ([2, §4]). The set Ry, ,,.,(W) consists of the n-endoscopic represen-
tations and 1, o det.

The local theta lift 6, , , has the following property:

Theorem 4.4 ([2]). ForT € Ry un(V), 0y .0 (T) is generic if and only if V =V,
T 18 Y-generic and T # Indg(VS") | - |;31.
Remark 4.5. The proofs of the above theorems in [2] do not require the endoscopic

description of L-packets of U(V,,,). But Theorem 5.1 below on the cardinality of
an L-packet requires (see [2, p.430]).

Next we explain the endoscopic description of Irr U(W') given by Rogawski ([10]
and [8]). The unique non-trivial elliptic endoscopic datum (Hy, sg, &) for U(W) up
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to equivalence is given as follows:

Hy =U(V,,) x U(1), s = ( —Lo ) )

h
,uo(w) B ) xw ifwe Wg,
€ :THo 3 (hh) xw—s

—h _
W X W if w=w,.

Here we have fixed w, € Wr \ Wg and a character pg of E* such that po|px =
wg/p. For an L-parameter ¢ € ®(U(W)), define I, = {pc ®(Hy)|&op=0}.
Rogawski defined the local pairing (p,7) = + for p € fI¢ and m € Il by using the
trace formula in [10]. Let S, be the component group of the group Sy, where Sy is
the quotient group of Centgr,,(c)(¢(Lr)) by {#1}. Then its local pairing (p, 7) was
rewritten in terms of Sy in [8]. It is given as follows. If s € Sy is not the neutral
element, there exist p € I, and w € GL3(C) such that Ad(w) o & o p = ¢ and
Ad(w)(so) equals s in Sg. Then we set (s,-) := (p,-). If s is the neutral element,
then we set (s,-) := +. The following is the endoscopic description of Trr U(W).

Theorem 4.6 ([8]). We have the bijection ILy > 7 — (-, 7) € Irr S,

Next we explain the relation between the endoscopic description of Irr U(W)
and the local theta lift 6, ,,. Let m be an element of an L-packet Il,, and p
an element of II4. In [2], Gelbart-Rogawski-Soudry defined another local pairing

€,(m) by using the local theta lift 8 , , as follows. p € ﬂ¢ is an L-parameter of
Hy = U(V,p) xU(1). Then we denote its U(1)-part by p,. The character of E* /F'*
corresponding to p, is denoted by 7,. Thus Il is an 7,-endoscopic L-packet and 7
is an 77,-endoscopic. Then by Theorem 4.1 and Theorem 4.3, there exists a unique
Vo = Vsp or Vap such that 0y ve o, (m) # 0. Here Vy , is independent of the
choices of characters i, u by the following lemma:

Lemma 4.7. (i) For g € GU(V) with the similitude norm d, we have
Glpd,vu,wn (77) = 9w7V1L7W77 (7T) o Ad(g).

(ii) For any character p' € II(E*,wg/p), we have Oy vt wa(m) = (1 /1)y ©
detU(V) ®0¢,Vu7Wn (71')

Thus we can define the local pairing €,(7) := + if V; , = V,;, and — otherwise.
Namely, we have the following definition:

Definition 4.8. For p € f[¢ and 7 € Ilg,

o () 20
r — if 9¢7Vaﬂn7wnp (71—) # 0.

The following theorem gives the relation between the endoscopic description of
Irr U(W) and the local theta lift 6y, ,, .

Theorem 4.9 ([2, Theorem 3.1)). For p € Il and 7 € Ty, we have (p, ) = ¢,().

The following also holds:
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Proposition 4.10 ([2, Proposition 3.3]). Let © be an element of an endoscopic
L-packet I1y. Then m is generic if and only if €,(m) = + for any p € I4.

Now we can state the problem of our concern. Consider the theta lift 7 =
0y un(T) of 7 € Ir U(V') with L-parameter . The L-parameter ¢ of , when 7 is
non-zero, is given by

B = pnpe 1.

For p € ﬂ¢, we would like to determine the local pairing €,(m) completely. In the
cases of next proposition, the problem can be settled by the above results.

Proposition 4.11. Let py be the element of f[¢ such that po g = yalnugb@ X 1.
(2) If V.= Vg and 7 is y-generic, the local pairing €,(m) = + for any p € 1.

(i1) If vg is an irreducible representation of Ly, then we have fI¢ = {po}. Also,
€po (M) =+ if V=V, and — otherwise.

(i1i) If V =V and 7 is one dimensional, we have Iy = {po} and €, () = +.
(i) If V.= "Vs and 7 = 7(p, 13, (11 € I(E*,wg/r)), then m = 0.

() If V=V and 7 = (1, 2) 5, (10 # 1, p2 € I(E*,wp,p)), then the cardinal-
ity of fI¢ }'s two or three and the local pairing €,,(m) = + and €,(m) = — for any
p # po, € 1lg.

Proof. (i) If 7 = Indg(v“’) | - |, then 7 = 1, o det. The assertion is trivial.
Otherwise 7 is generic by Theorem 4.4. The assertion follows from Proposition

4.10.
(ii), (iii) By Theorem 4.1, the first is trivial. The second follows from V ,, = V.
(iv) By Theorem 3.5, we have

owdo Vi W (T(,ula N);p)
= gw,v;;l WL (7(p1, /’L);’_p)

= (Nlﬂil)u
#0.

Thus it follows from Theorem 4.2 that = = 0.
(v) 7 is not generic by Theorem 4.4. Moreover it is trivial that e,,(7) = +.
Assume that ju; # pa. Then we have Tlg = {po, p1, p2}, where

po.e = iy pn(pyt @ pst) xn,
p1E = Ho (0 ® pmpy ) X pmpur
2,5 = o (pmpy 't @ n) x pnpg

Since Sy = Z/2Z x Z/2Z, each non-trivial element of S, corresponds one-one to
each p;. Since (-, m) is a character of S, by Theorem 4.6, we have H<8,7T> =+,

where s runs the non-trivial elements of Sy. Thus we have (pg, 7)(p1, 7)(p2, ™) = +,

that is, €, (7)€, (T)€p, () = +. Since €,,(m) = +, we obtain €,, (7)e,, (1) = +.
If €,,(m) = + and €,,(7) = +, then 7 is generic by Proposition 4.10. This is a
contradiction. Therefore we have €,, (1) = €,, (1) = —.

We can also prove the case of 1 = po by the similar argument. (I
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Hence the remaining is the cases of V. = V,,, and reducible . Note that
these are the endoscopic cases. So we shall consider the endoscopic description of
L-packets of U(V,,) in the next section.

5. ENDOSCOPY FOR U(V,,)

In this section, we consider the local endoscopy for U(V,,) and a global result
for a global anisotropic unitary group in two variables. These were studied by
Konno-Konno [3] following the line of the article [6], which studied the endoscopy
for SL(2).

5.1. Local endoscopy. In this subsection, we recall the description of the local
endoscopic L-packets of U(V,,,) from [3].

Theorem 5.1 ([3]). An L-packet 11, of U(Va,) has two elements if and only if
there exist characters piy # po € H(E*,wg/p) such that op = p1 @ pa. Otherwise
the cardinality of 11, is one.

When pg = p1®pe, we denote the L-packet IL, by II,,, ., = I1,,, 1, (Var) and call
it an endoscopic L-packet. Also, its elements are called endoscopic representations.

We set
2,2 € EX,
NE/F(ZZ/) =1 .
The endoscopic description of each endoscopic L-packet of U(V,,) is given as
follows:

(5.1) T= {t(z,z’) = ( 2 wo() ) € U(Vin)

Theorem 5.2 ([3]). For any pair (p1, p2) of distinct characters p; € I(E* ,wg/r),
there exist inequivalent irreducible admissible representations 7(p1, p2)E, of U(Van)

consisting the endoscopic L-packet 11,,, ,,,. And they satisfy the following character
identity:

Tr7(p, ) (8(2, 2")) = Tr 7 (pa, ) (82, 2"))

' —o(2) ny Wio(z) —w'(2), 0
:/\(E/F,w)wE/p <€>LU(ZNE/F(Z )) |Z/_U(Z/) 1E/2 |Z E/2

for any t(z,2") € T and w,w’ € Irr E* such that p = ww', o = w(w’ o o).

It is easy to check the following:

Corollary 5.3. (i) For any p1 # pa2 € I(E*,wg/p) and € € {£}, we have

T(ﬂlv NQ)Zn = T(lj‘27 /1’1);'5
(i4) For each n € II(E*, 1px), we have ny, o det @7 (11, 12)S,, = T(Mu1, i)z, -

(#i1) The representation T(uflauz_l)zjf/p(il)s 1s the contragredient representation

of T(k1s p2) -
(iv) For g € GU(V,,) with the similitude norm a, we have T(u1, p2)s,, o Ad(g) =

WE/F(a)€

T(ﬂlv /L2)an
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5.2. Global endoscopy. In this subsection, we prepare a global result to show
our problem. Choose a number field F' and a quadratic field extension E of F' such
that

]
§

nd for a finite place vy of F;

F a v =
R and Evl = C for an infinite place v; of F.

R

Vo
vy

Fix:
e { € EX such that TrE/F(g) =0and {=¢ mod Ng/p(EX);
e ¢ is a non-trivial character of Ag/ F' such that 1/;% =;
e d € F such that d ¢ NEU/FU(EvX) at v =wvg,v; and d € NEU/FU(EUX)

at any place v # vg, v1.

We define two-dimensional hermitian spaces V and Vgp over E as follows:

vo@ (),
V=& )

By the above condition, we have V,, = V,, and the signature of V,, is (2,0).
Moreover, at any place v # vg, v1, the group U(V,) is a quasi-split unitary group
or general linear group. Finally, for any p; # pe € I(E*,wg,/p), we choose the

following global characters:
® [i1 # [io € H(Ag,wé/ﬁ) such that fi; v, = i (i = 1,2) and fi1,4, 7 fi2.v,-

Now we explain the endoscopic descriptions of the global L-packets of U(f/sp)
and of U(V) associated to fi; and fis.

First we consider U(V,,). For any place v, we have the local L-packet I1z, 4, ,(Vip)
for U(f/spﬂ,) associated to the L-parameter g, = [i1,, @ fi2,,. We omit v from the
notation. If E is a field, the local L-packet I1;, 5,(Vi,) consists of two elements
and have only one zﬁ—generic element. Here @—genericity is defined by using é as
in §3.1. Then we denote the z/;—generic element by 7(fi1, [Lg)jp. The other element
of Tl;, 4,(Vip) is denoted by T(fi1, fi2)5y- IF E is not a field, the local L-packet
I, 7, (Vap) consists of one ¢-generic element. It is denoted by 7(jii, fi2) 4y

We define a global L-packet I1;, z,(Vip) of U(Vi,) by
{®U7(ﬁ1’v7ﬂ2,v)§; ’ €, = + for almost all v} .

Theorem 5.4 ([3]). (i) Let T = ®,7(fi1,0, fl2,0)5, be an element of s, 7y (Vip)-
Then T is a cuspidal representation of U(f/sp) if and only if Il e, = +.
(i1) Let v be a place such that E, is a field. For § € E* such that Trg,5(6) = 0,

we set

_g—1 ~
T&,v - {tts(zvz/) =z < _fzgy g‘r Y > € U(V9P7v)

2,2 =x+yd € Ef
NE,/E,(ZZ/) =1
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Then we have the following character identity:

e 7(fia, fi2) (b (2, 2") = Tr 7 (i, fiz,w) 5 (ts(2, 2))

=\ (Ev/ﬁmi/;u) Wi, /F, <ZU(;)U(2)) w (z Nz, p, (Z')) < (;(j ?(::)T1~/(2Z ) |z’\gu2.
E,

Here w,w’ € Irr va such that fiy , = wW', iz, = w(w' 0 0).

Next we consider U(V'). For any place v, we have the local L-packet I1z, , z, V)

for U(V,) associated to the L-parameter fi;, @ fiz,,. These local L-packets are
described as follows. 3 ) )
If v # vp,vy, then V,, = V,,,. Thus we have U(V,) = U(Vsp,). We omit

v from the notation. If E is not a field, the local L-packet Iz, 5, (V) consists
of one t-generic element. It is denoted by 7(ji1,jiz)". If E is a field, we define
representations 7(fi1, fiz)* of U(V) by the composition of 7(jiy, ﬁg);tp and an iso-

morphism U(V) 2 U(V,,) induced by V 2 V.. Then 7(jiy, fi2)" is 9-generic and
s, 4, (V) = {7(ju1, fi2)*}. The following also holds:

Lemma 5.5. Define a mazimal torus T of U(V) as in (5.1). Then we have the
following character identity:

Tr7(fin, fio) " (t(2,2')) = Tr7(fin, fi2) ™ (t(2, 2))
= M (BJE) wg) (Z—;(Z)) o (5N p(2) & (7)) + () 1/2

2 —o()[? P

for any t(z,2') € T. Here w,w' € Irr EX such that ji; = ww', fis = w(w' 0 o).

Proof. Now there exists 2 € E* such that d = Nz p(@). We set

A= ( 1_/(; xoiicl/z )

Then the matrix A gives the isomorphism V ffsp. Namely,

A ()

Thus the group isomorphism U(V) = U(Vj,) is given by Ad(A). By definition, we
have 7(fiy, fi2)T = T([Lhﬂg);‘; o Ad(A). We also obtain

Ad(A)(Hz, 7)) = torgor (2 7)

for t(z,2") € T. Thus Lemma 5.5 follows from Theorem 5.4 (ii) and easy computa-
tion. ]

If v = vg, we have already explained in §5.1.

If v = vy, then E,/F, = C/R and the local L-packet Il , z,, has cardinality
one. We prepare a few notation to explain more. Also we omit v from the notation.
Set

x:CX 3 re? i e? e CX,
x1:C' e — e e CL.
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Then we may assume fi; = x™*™ and jio = Y™ ", where m,n € Z such that n # 0
and m —n =1 mod 2. Let p,, , be the irreducible |n|-dimensional representation

of U(V) with central character x7*. Then we have I1;, s, = {pm,n}. It is clear that

Pm,n = Pm,—n-

Lemma 5.6. Let r be an element of R* such that P(x) = " (z € R). We set
Cy, = sgu(inr/€). Then we have

Cy, -Trpm,n(t(z,zl))
= A ((C/R7 '(E) we/R (Z/_g’(zl)> w (Z N(C/R(ZI)) w’(a(z’)) — w/(zl) |z/ (1:/2

|2 — o (2"

for any t(z,2") € T. Here w,w’ € Irr C* such that jiy = ww', ig = w(w' 0 g).

Proof. Tt is enough to show the equality for z = €’¢, 2’ = ¢, ((,6 € R). We may
write w = x™,w’ = x™. Also, we have A ((C/]R, 1[)) = sgn(r)i. Thus the right hand
side is

- eig N 671‘9 efme _ emo

ie"™C sen(r =

gn( ¢ ) 2| sin 0|
0 _ ,—if _—iln|6 _ ,iln|6
_ . n L iimG € € € €
sgu(inr/§) - ie"™ sgn( 2| sin 4|
As is well known,
. ¢l — =10 —ilnlo _ ¢iln|0
Tr prnn (2, 2')) = ie"™ sgn( 2| sin 0|

This proves the lemma.

By this lemma, we set 7(fi1 v, , fi2.0, ) = P

Now we define a global L-packet II;, 5,(V) of U(V) by

7_(,["1,1)7 ﬂ2,v)€v € Hﬂl,u,ﬂ2,u (V)a}

QT ([k vy [12 v v
{ (it fiz.0) €, = + for almost all v

Theorem 5.7. Let 7 = ®,7(fi1v, fiz.e) be an element of Wz, 4,(V). Then 7 is a

cuspidal representation of U(V') if and only if e, = +.

Proof. This follows from [3] and the character identities in Theorem 5.2, Lemma
5.5 and Lemma 5.6. O

The following is the global result that we need. It will be used in §6.

Corollary 5.8. Let the notation be as above. Take 7 = ®7, € Iz, 7,(V) such
that 7, is 1,-generic for all v # vo,v1. Then T is cuspidal if and only if T,, =

Cv
T(,”le ,UJQ)anl .

Remark 5.9. Note that we can choose 1/;,5, i1 and fig so that C,, = +.
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6. MAIN THEOREMS

In this section, we keep the notation and the assumption in §5.2.
To prove our main theorems, we prepare the following lemma with respect to
the representation p,, ,, of the archimedean component U(V,,,):

Lemma 6.1. For brevity, we omit vi. Then 91;"7;‘17‘;[,11 (Pm.n) # 0 if and only if
C,, = +, where Wy = (C,£).

Proof. From [4], we recall explicit formulas of Fock model of the Weil representation
Wi = Wi g v of U(V)x U(W7). Since the signature of V' is (2, 0), we may assume
that V = (C#2, < 1 1 >) Then the complexification of the Lie algebra of U(V)
is M(C). We write E;j for the (j, k)-elementary matrix. Also, we may assume
§ = +i. Since the complexification of the Lie algebra of U(W7) is C, we write 13,
for its neutral element. The Fock space of the Weil representation wy 1s Clwy, wa].
Since fi; = ™", the explicit formulas are given as follows:

(1) sgn(ir/€) = +

m+n-—1 0
wy(Ejk) = > 5jk—wkaTUj,
1 1 9
wy(Lyy,) = tuig 1+ 2 B
(2) sgn(ir/§) = —
m+n-+1 0
wi(Bjk) = =50k +wig
B 0
(JJ,(Z)(].Wl) =—-1- U)lai’u)l — U/QTU)Q.

By those formulas, we can describe the local theta lift 6 7, 2. In the case (1),
the local theta lift 915,\”/%,1/?/11 is given by
Xll > Pm+n—l1,l (l > ]-)

Here x; : C' 3 2 — z € C! is a character of U(WW1). Thus 91;}‘7,;1715,11 (pm.n) # 0 is

equivalent to n > 1. Tts condition is equivalent to C,,, = sgn(inr/€) = +.
In the case (2), the local theta lift is given by

X5 Pmgn—g (1< -1).

Thus 91/;7‘7‘;”;[,11 (Pm.n) # 0 is equivalent to n < —1. Its condition is equivalent to
Cy, = +. O

Let
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be a three-dimensional skew hermitian space over E. Also, we assume that Cy, = +.
By Lemma 6.1, the local theta lift 6 - (Pm.n) Of pr.m to U(W,,) is non-

=010 1
SRR 16
zero. We denote its representation of U(Wvl) by Trmon-

Now we prove our main theorems. Namely, we compute the local theta lift
Oy, ve wn of an endoscopic representation 7(p1, p2)5, of U(Van) to U(W), where
(p1, p2) is any pair of distinct characters p; € II(E*,wg,r) and p,n are the fixed
characters of £ as in Notation 1.3. Also, we compute the local theta lift 6, v y»
for U(Van) x U(W,).

First we consider the case of yp = p; and € = +.

Theorem 6.2. We have

Op vt (T(p1, p2) ) = w(n mpaps ')~

Here 7(n, npi1 iy 1= is the unique irreducible non-generic subrepresentation ofIndU(W)( X

(nu1py H)w), where B is the Borel subgroup of all upper triangular matrices in U(W).

Proof. Note that w,, v o = my o detyw) ®wy, i1 1. Thus we may assume
1 = 1. Therefore it is enough to show that

aw,v;%7W1(W(ﬂaM1N51)_) = 7(p1, p2) dp-

First we show that the left hand side is an element of II,, ,,(Va,). Since
(1, ul,ugl)_ is 1-endoscopic, by Theorem 4.3 there exists a unique Vo = Vi), Van
such that

0y w (m(L, papy ) ™) # 0.
By Theorems 4.1 and 4.4, its theta lift is a non -generic representation in IT,,, ,,, (Vo).
If Vo = Vi, then its theta lift is 7(u1, p2)5,. But by Proposition 4.11 (iv), this is a
contradiction. Thus we have Vy = V,.

Next we use the notation and the assumption in §5.2. Choose a non-trivial
character 7 € H(AX 1) such that 7 ;é firfiz* and 7, = 1 at v = vg,v1. Then we
define a global L-parameter ¢ of U(W ) by ¢p =107 fi1fi5 *, where ¢ is the
restriction of ¢ to the Weil group of E. Thus we have the local L-packet Iy, of
U(W,,) for each v. A global L-packet Tl is defined by

{®@m, | 7y € Iy, , Ty is generic for almost all v} .

Let 7 be the element of II, such that 7,, = w(l,muz_l)_, Ty = T, and 7,
is generic at v # wvg,v1. We prove that 7 is cuspidal. Choose a character fig €
(AE,wE/F) such that fig ., = po, where pg is the fixed character as in §4. We

define H¢ as in §4. Then we have H¢ = {po, p1, p2}, where

po.5 = Ho (1® ufy') x 1,

prp =g (L@ iz ") x 1,

poie = lig (L@ 1) X fifiy "
By [10], if we show that (p;,7) = IL,{p; v, Ty) = + for each ¢ = 0,1,2, then 7 is
cuspidal. Since 7, is generic for v # vg,v1, we have (p; ,,7,) = + for i = 0,1,2
([2, Proposition 3.3]). Also for v = v, vy, we have (po,v, Tv) = €p, , (Ty) = —. Thus
we obtain (pg, T) = +. Since pg,, = p1,» for v = vy, vy, we also obtain (p1,7) = +.
Moreover, since (po, T){p1, T){p2, 7) = + by [2, p.454], we have (pa,7) = +. Thus
7 is a cuspidal representation.
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Now we show that 0,, yu1 (m(1, prps t) ™) = 7(p1, p2) 7, By [2, Theorem 1.1
(b)], there exists a unique two-dimensional hermitian space V over E such that the
global theta lift 7 := 0 v i (7) # 0. Since 7, is generic at v # vg and v1, V,,
is split by Theorem 4.4. Namely, V, = V,. For v = vy, we have already proved
above that V,, = V,, = ‘N/UO. Moreover, it follows from the definition of 7, , that
Vi, 2 V,,. Thus we have V 2 V. Also, from [2] the global theta lift 7 is a cuspidal
representation of U(V) and is included in I, 4,(V). Here 7, is 1,-generic for
v # vo,v1 and Ty, = pmn. By Corollary 5.8, we obtain 7,, = 7(u1, u2)/,. Since
the vo-component of 7 = 67 v, ya () i 0y v s ((1, 1y 1)), the theorem is
proved. (I

To compute the local theta lift for U(V,,) x U(W,) from Theorem 6.2, we need
the following lemma:

Lemma 6.3. Let N be the unipotent radical of the Borel subgroup B of UW) and
7' an element of I(E*,1px) such that n' # n.

(i) The Jacquet module (wy, v wn)n of the Weil representation wy, ve ywa of U(Van) X
U(W) is isomorphic to n| - [g Mwy v wn as E* x U(Van) x U(W1)-module.

(@) If 7y = ew,vg‘n,W{’ (1) # 0, then Oy v, wn (1) = (0, 0')~.

(i4i) We have 1, = 0, that is, 0 v wo(nu) = 0.

Proof. (i) By Theorem 2.2, we have the explicit formulas of the mixed model of the
Weil representation wy, v ywa of U(Vayn) x U(W). Then (i) follows from a similar
argument to the proof of Lemma 3.3.
(ii) Since 7, # 0, we have a surjective homomorphism
W vt wp = Ty BT

By (i) and the Frobenius reciprocity, we obtain a non-zero U(V,,,) x U(W)-homomorphism
v wn = Ty B Indp ™ (g &),

Thus 0, y» wn(7y) is an irreducible subquotient of Indg(w)(n X 7). Also, by

Theorem 4.4, 0, y» wn (7, ) is non-generic. Since " # 7, Indg(w) (nXn.) has a

unique non-generic irreducible subrepresentation 7(n,n’)”. Thus (ii) holds.
(ili) Assume 7,, # 0. By a similar argument to the proof of (ii), we obtain that

Oy v wn(Ty) is an irreducible non-generic subquotient of Indg(w)(n X 7,). But

Indg(w)(n X n,) is a generic irreducible representation. This is a contradiction.
Thus we have 7,, = 0. ]

Now we can compute the local theta lift for U(V,,) x U(W,).
Theorem 6.4. Forn' € II(E*,1px), we have
: T =Y i £y
9w,v;;,w;? (%) = ) ,
0 ifn=mn'
Proof. Choose g € GU(V,,,) with the similitude norm a. Then we have
9¢,V;‘n,wg (77;) = aw,v,#n,wl" (77;) o Ad(g).

Thus we may assume a = 1 by Corollary 5.3 (iv).
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By Lemma 6.3 (iii), we consider the case of  # n’. We want to show that

O vie, wo (T (o ' =) E) = .

By Theorem 6.2, we obtain

O v, o (T (s g’ ™) 5) = (')~
+

Here 7(u, unn’'=1) 7, is supercuspidal and 7(n,n’)~ is not supercuspidal. Since the
pair (W, W1) forms a Witt tower, we have 0, vu wn (7 (1, unn'~HE) # 0. Thus
there exists a unique character n”/ € TI(E*, 1« ) such that

O v, wo (T (s =) 1) = ).
By Lemma 6.3 (ii), we obtain 7 (n,n")~ = m(n,n")~. Therefore " =17’ O

Corollary 6.5. We have
Oy vt wn (T(11, p12) 0) = 0.
Proof. By Theorem 6.4,
ode,Va“,},Wl" (T(p1, 142) an)
=0y v wp (7(11, p12) )
= (napy M)
#0
Thus this corollary follows from Theorem 4.2. (|

Finally, we compute the local theta lift 6 y» wn» of the endoscopic representa-

tions 7 (1, po)E,, where p, ju1, po are distinct. By Theorem 6.4, we have

Oyao v, wo (T(p1, p2) ) = 0.
Thus, by Theorem 4.2, we have
T = Oy v wn (T(0a,s p2)5) # 0.

Also, the L-parameter ¢ of n* satisfies ¢ = unu; ' © unus * @1 by Theorem 4.1.
Thus we have II, = {po, p1, p2}, where

po.e =y n(pyt ® pst) X n,

pre =y (@ pnuy ') X ppy ",

pa.m = pig  (pmpy "t @) X pnpg
Theorem 6.6. We have for e € {£},

€) = —. As seen from the proof of Proposi-

tion 4.11 (v), we also have

€po (ﬂ-s)em (ﬂ-s)epz (ﬂ-s) =+
Thus we obtain €, (7¢)e,, (7°) = —. Since these ¢,, distinguish 7+, it is enough to
show the theorem for ¢ = +.
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Let 7 be the cuspidal representation of U(V) in Corollary 5.8. Fix the following;:
o7 € (A%, 1) such that v, = 7,7, = 1;
d ﬂ € H(Agawﬁ/ﬁ‘) such that /jvo = Maﬂvl = /117111~

Since we assume Cy, = +, the local theta lift 6; 5z, 9. (7o) # 0 for each v. Thus
by [2, Theorem 5.1], the global theta lift 7 := 0 v vira (7) is a non-zero cuspidal

representation of U(W). Note that 7,, = 7" and Ty, = T n-
We choose a character fig € H(AE7WE/1~”*) such that fig ., = po, where pg is the

fixed character as in §4. Then we define ﬂ¢ = {po, p1, p=} as follows:
Po. = fig iy © i) X 7,
pri = i (7@ piifiy ') x gyt
poi = i Ay ' @ 1) X fulfiy -
Since 7 is cuspidal, we have (p;,7) = + for any i =0, 1, 2.
Now 7, is ,-generic for v # vg,v1. Thus 7, is generic by Theorem 4.4. By
Proposition 4.10, we obtain (p; ., Ty) = €, , (7y) = + for any i.
Since fiy, = fi1,0,, We have pg .y, = p1,0,- Thus we obtain (p1,u,, Tu,) = (00,01 Toy )

= €po,v; (Tmn) = —.
Hence we have €,, (1) = (p1,0,,T0,) = — and €, (71) = +. O

By Theorem 4.9, we have the following corollary:
Corollary 6.7. We have for e € {+}
{po,m°) = —,
(p1,7%) = —¢,

<,02, 7T€> €.

7. LOCAL THETA LIFT FOR QUATERNIONIC UNITARY GROUPS OF RANK ONE

In this section, we describe the local theta lift for a pair of quaternionic unitary
groups of rank one by using Theorem 6.4.

7.1. Quaternionic unitary groups. In this subsection, we introduce quater-
nionic unitary groups of rank one.
Let D be the quaternion division algebra over F' with the main involution ¢. We
denote its reduced norm and trace by vp, trp, respectively.
Let V be an m-dimensional hermitian space and W an n-dimensional skew-
hermitian space over D. The spaces V and W may be taken as follows:
Y = (D%™, A), W = (D®", B),
(’Ul, UQ) = *UlAU27 <w1,w2> = ’LUlB*’LUQ.
Here A = *A :='A* € GL,,(D) and B = —*B € GL,(D). Note that V is a right
D-space of column vectors, whereas W is a left D-space of row vectors. Then the
quaternionic unitary groups of V and W are given by
U(V) ={h € GL,(D)|*hAh = A},
UW) = {g € GL.(D) |gB"g = B}.

Here U(V) (resp. UW)) acts on V (resp. W) on the left (resp. right).
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For one-dimensional (skew) hermitian spaces over D, we have the following re-
sults:

Lemma 7.1. (i) Any one-dimensional hermitian space V is isomorphic to (D, 1).
Moreover, we have U(V) = kervp.

(ii) For any one-dimensional skew-hermitian space W, there exist a quadratic ex-
tension L/F in D and § € L™ such that Trp;p(d) =0 and W = (D, 6). And then
we have UW) =ker N /p.

Proof. (i) By [12, X §2 Proposition 6], we have vp(D*) = F'*. The first assertion
is shown from it. The second assertion is trivial.

(ii) The first assertion follows from [11, Theorem 10.3.6]. We may assume that
W = (D,6). Then UW) = {g € D* | géu(g) = §}. For any g € U(W), we have
vp(g)? =1, that is, vp(g) = £1.

First assume that vp(g) = 1, that is, «(g) = g~'. Then we have g6 = dg.
Since L = F(§) is a maximal subfield in D, we obtain g € L*. Therefore g €
L*n U(W) = kerNL/F.

Next assume that vp(g) = —1, that is, t(g) = —g~*. Since g6 = —dg, we have
g¢ Land g>€ L. If g € L\ F, then L = F(g?). Thus g is commutative with §.
Since this is a contradiction, we get g2 € F*. By [11, Lemma 2.11.2], we have

Kertrp ={z € D |2 ¢ F,2° € F}.

Thus we obtain trp(g) = 0. Hence g + ¢(g) = 0 and gi(g) = —1. This implies that
g = %1, which is a contradiction to vp(g) = —1. O

In this section, we consider a hermitian space V; and a skew-hermitian space W,
of dimension one. By Lemma 7.1, we may assume that

Vi = (D, 1).

Similarly, we may assume that Wy = (D, d), where ¢ is an element of L* with trace
zero. But, since the field F in Notation 1.3 is any quadratic extension of F', we can
write L = F and § = £. Thus we can take

W = (D,f)

Since we consider that E is a subfield of D, we get UW;) C U(V;) by Lemma 7.1.
The following lemma is used to construct an embedding map from U(V;) to the
unitary group U(V,,), where V,, is the fixed hermitian space as in §2.2.

Lemma 7.2. There exists £ € D such that £&' = —€'¢, €2 = dy and
D=F@FtpF¢oF{¢E=EpE.
Proof. Define a quaternion F-algebra D’ with basis 1,e;,es,e3 by the following
multiplication table:
e1e3 = e3, €261 = —€1€3, e% = &2 e% = dp.
Let vp be the reduced norm of D’'. For z,y,z,w € F, we have

vpr(z 4+ yey + zey +wez) = 2% — y2€2 — 22dy + w?E3dy

e 4 ) ()

This implies that vp/ is anisotropic, since V, is anisotropic (see §2.2). Thus, by
[11, Theorem 2.11.8], D’ is a quaternion division algebra, which is isomorphic to
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D. By Skolem-Noether theorem, there is an isomorphism D’ 2 D such that the
image of ey is €. Then let £ be the image of e;. This proves the lemma. ([

By this lemma, we consider D = E @ £'E as a two-dimensional right E-space.
Then the hermitian form on V; = E @ ¢'E over D is considered a two-dimensional
hermitian form over E. The following result is easily checked.

Proposition 7.3. (i) The E-linear map i : V1 3 z + w + Y(w, z) € Vg, is an
isomorphism as hermitian spaces over E.
(#7) Let I : U(V1) — U(Vyy,) be the homomorphism induced by i. Then

I: UMW) 3 a+¢&8 ( dj%) g ) € U(Viun)

is an injective homomorphism and its image is SU(Vyy,).

Note that U(W;) as a subgroup of U(V;), so is embedded in U(V,,) by the

homomorphism

—1
Iuow,y : UMW) 27— < 7 . ) € U(Van)-

Also it is trivial that U(W;) = U(W7), where W7 is the fixed skew-hermitian space
as in §2.2.

7.2. The Weil representation of U(V;) x U(W;). In this subsection, we intro-
duce the Weil representation of U(V;) x U(W;). Also we prove Proposition 7.6
which plays an important role in §7.4.

Recall the construction of the Weil representation of U(V;) x UW,). Let

(7.1) Wp =V ®p Wi
be the F-vector space equipped with the symplectic form

{N=trp((,)®(,)).
Fix an irreducible unitary representation (7, p, Sp) of the Heisenberg group H(Wp)
with central character . As in §2.1, define the metaplectic group Mp,,(Wp) and
its Weil representation (wy p,Sp). By the doubling method, Kudla [5] defined the
splitting
Lw, X Ly, : U(Vl) X U(Wl) — Mpw(WD)«
Namely, we have the commutative diagram:

Lwq X Lyy

U(Vl) X U(Wl) Mp¢(WD)

~,

Sp(Wp).
Then the Weil representation (wy v, w,,Sp) of U(V1) x U(W) is defined by

Wip, V1, Wy 1= Wy, D O Ly, X Ly, .

Remark 7.4. The pair U(V;) x UW,) does not form a reductive dual pair in the
symplectic group Sp(Wp) (See [9, p.15]). However note that U(V;) x U(W;) has
the Weil representation as we explained above.

Define the symplectic space Wg = V,,, ® g W1 over F as in §2.1. The following
lemma is easily checked.
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Lemma 7.5. (i) The map
P:Wg=E®% 5"z 4 s, x0 + £m1) > w0 + 216 + 228’ + 2386 € D =Wp

is an isomorphism as symplectic spaces over F'.
(i1) We have the commutative diagram:

U(Vl) X U(W1> e Sp(WD)

x| |=

U(Van) x U(W1) —— Sp(Wg).
Here the right vertical map is the isomorphism induced by P.
We can consider (7, p, Sp) as an irreducible unitary representation of the Heisen-
berg group H(Wg), since H(Wp) = H(Wg). Then we have the metaplectic group
Mp,,(Wg) and its Weil representation (wy v,, .w,,Sp). Also, for a fixed character

1 € I(E*,wg/r), the Weil representation (wy, vz w1, Sp) of U(Vay) x U(W) is
defined by

— 1% 1
Wap, Vi, W T Wep, Vo Wh O by, X LY,

where {3, X 1, is the splitting of U(V,) x U(W)) (see §2.1).
In the remaining subsection, we want to prove the following:

Proposition 7.6. We have the equality as U(Vy) x U(Wy)-modules on Sp:
Wi,y Wy = W vkt Wi © (I xid).
Proof. We have the isomorphism of metaplectic groups induced by P:
®: Mp,(Wg) 3 (9, My) — (P~'gP, M) € Mp,(Wp).
If we show that the following diagrams are commutative:

UV —2 Mp,(Wp)

(7.2) Il T@

n

U(Van) e Mpw (Wg),

UW1) —2— Mp,(Wp)
73 H Jo

L]l
U(Wy) —=" Mp,,(Wg),

then we obtain the equality of Proposition 7.6.

First we consider the diagram (7.2). The homomorphism ® o L’V‘Vl o I defines
a splitting of U(V1). Then the quotient (® oy, oI )L;Vl1 becomes a character
of U(Vy). Since U(V;) dose not have characters but only trivial one, we obtain
® oy, oI =1yy,. Namely, the diagram (7.2) is commutative.

Next we consider the diagram (7.3). In order to describe the doubling method
in detail, we explain one lemma needed later.
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Take two skew-hermitian spaces over D:

Wep = (D®27 ( -1 1 ))7
W*l = (Da _g)
Then the D-linear map

(a+b)¢
2

is an isomorphism as skew-hermitian spaces over D. This induces the injective
homomorphism

(75) U(Wl) X U(Wfl) — U(Wsp)

(74) Wi eW_15 (a, b) = (—G, +0b,

) € Wep

Similarly, take the skew-hermitian space W, over E:

Wep = (E@2,( ! >).

Since the E-linear map

b
(7.6) WieW_y 3 (@) (~a b ) e,
is an isomorphism, we have the injective homomorphism
(7.7) U(W1) x UW_1) — U(Wsp).

Let W_p :=V; ®p W_1 and V; ®p Ws),, be the symplectic spaces defined as in
(7.1). Also, let W_g := V,, @ W_1 and V,,, @5 W, be the symplectic spaces
defined as in §2.1. By (7.4) and (7.6), we obtain the isomorphisms

Wp ©@W_p =2V, @p Wsp, WpOW_g=2V,, Qr W,
Lemma 7.7. (i) The F-linear map
(7.8) Van @ Wep v @w =i H(v) @w € V; @p Wy,
is an isomorphism as symplectic spaces. Then we have the commutative diagram:
We@W_p — Vo ®p Wy
P@P*l l(7.8)
Wp @ W_p —— Vi @p W,

where P~ : W_g — W_p is the isomorphism having the same form as P in Lemma
7.5 (i).
(i) Moreover, the following commutative diagram is induced from (i):

Mpd)(WE) X Mpw(W—E) EE— Mpd;(Van QF Wsp)

(7.9) <1>x<1>*l l
Mp,,(Wp) x Mp,(W_p) ——— Mp, (V1 @p Wep).

Here = : Mp,,(W_g) — Mp,,(W_p) is the isomorphism induced by P~.
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Now we describe the doubling method. Recall from [5] that the splitting
(7.10) U(Vl) X U(Wsp) — Mpw (V1 Xp Wsp)
is defined so that the Weil representation wy, v, w,, of U(V1) x U(W;s,) has the

following explicit formulas on the space S(V1) of Schwartz-Bruhat functions on Vi:

wy ., () f(z) = f(h™ ),

t(a)™t ) f(z) = [vp(a)|rf(za),

a
wd),Vl,Wsp

somm, (] ) 1(0) = (e fia).

Here f € SOV1), ¢ € Vi, h € UVy), a € D* and b € F. Then the splitting
ty, : UWp) — Mp,,(Wp) is defined so that the following diagram is commutative:

vy 2 U(W,y)

(7.11) LVIJ l(mo)

Mpqp(WD) — Mpw(Vl Xp Wsp)a
where the bottom map is obtained by restricting the bottom map of (7.9).
Similarly, the splitting
(7.12) U(Van) x UWsp) = Mpy,(Van @ Wep)
is defined so that the Weil representation Wy, VL W2 of U(Vgrn) x U(Wyp) on S(Vyn)
has the following explicit formulas (see §2.1):
Ww,‘ﬂl

1w (h) f(y) = f(h™y),

sty (g ) I =lalef o)

Wy, VL WL ( ! llj ) f)=v (b(=doNg/r(y1) + Ng/r(y2))) f(y).

Here f € S(Van), v = *(¥1,y2) € Van, h € U(Vyp), a € EX and b € F. Then the
splitting L]‘l/an : U(Wsp) — Mp,,(Wg) is defined by the doubling method as above.
Namely, we have the following commutative diagram:

vy 0 U(W,,)

(7.13) Lil,ml l(mz)
Mpqp(WE) — Mpw(Van 25 Wsp)7

where the bottom map is obtained by restricting the top map of (7.9).
Now we can prove the commutativity of the diagram (7.3). It is easy to check
that the following diagram is commutative:

vy s uw,)

H L

Uovn) =22 UWy),
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where J : U(W,) 3 g — g € UW,,) is the inclusion map induced by GLo(E) —
GLy(D).

From the isomorphism i : V; & V,,, in Proposition 7.3, we have the isomorphism
S(V1) 2 8(Vap). Then by comparing the two explicit formulas above, we can check
that

W, V1, Wy, © J E wy va

an?

wi,
as U(W,p,)-modules. This implies that the following diagram is commutative:

7.12
U(VVSP) g Mpqp(van RS Wep)

il 4

7.10
U(WSP) M Mpw(Vl ®p Wsp)-

Here A is the right vertical map of (7.9). Thus we have the following commutative
diagram:

7.12
U(Wl) — U(WSP) M Mpw(Van QF Wsp)

! !
7.10
UMW) —— UWy) ~22% Mp, (D @p Way).
Combining (7.11) and (7.13), we have the commutative diagram:

1
Van

U(Wl) — Mpw(WE) — Mpw(van QF Wsp)

| [

UWr) M, Mp,(Wp) ——— Mp, (V1 ®p Wsp).
Note that we obtain the following commutative diagram from the diagram (7.9):
Mp,(Wg) —— Mpy,(Van @& Wip)
@l lA
Mp,,(Wp) —— Mp,, (V1 ®p Wsp).

Since the bottom homomorphism Mp,,(Wp) — Mp,, (V1 ®@p Ws)) is injective, we
can show the commutativity of the following diagram:

1
“Wan

U(W1) —_— Mpw(WE) —_— Mpw(Van RE Wsp)
| Lo [
UWy) tvy 5 Mpw(WD) S Mpw(Vl ®p Wsp).
Thus we obtain the commutativity of the diagram (7.3). O
7.3. Endoscopy for U(V;). Let x be a quasi-character of E* such that y # xoo.
Then there exists an irreducible supercuspidal representation 7(x) of GLy(F') with

L-parameter Ind%g x- We denote its Jacquet-Langlands correspondent to D* by
D (X)-
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Theorem 7.8 ([6]). There exist two irreducible representations Tp(x) ™, 7o (x)™ of
U(V1) such that Tp(x)|luew,) = To(X)*T @ Tp(X) ™. And they satisfy the following
character identity:
Trrp(x)"(v) = Tr7p(x) ™ (7)
-1 _ T |
B/ F) e (T ) MO
Iy =g

for any v € UW). Moreover, Tp(x)™ are determined by the restriction x|uowy,)-
Also, Tp(x)" = 7p(x)~ if and only if x*|uow,) = 1.

)i

7.4. Main theorem. Now we can describe the local theta lift 0, v, , for U(Vy) x
UWy).

Theorem 7.9. For n € I(E*,1px), let x, be a character of E* such that
Xnluowy) = Nu- Then we have

+ .
oo ={(?" 2

Proof. Since U(V,,,) x U(W7) is a compact group, it is proven that the Weil rep-
resentation wy, yu w2 of U(Van) x U(W1) is a unitary admissible representation.
Thus it is a direct sum of irreducible unitary admissible representations. Therefore,
Theorem 6.4 implies that

wy v wr = EP T pn™) 5, M.
n#l

Here 7 runs the non-trivial elements of II(E*, 1y« ). By Proposition 7.6, we obtain

Wy iy = @ (i ™) 0 TR
n#l
Thus we must show that 7(u, un~1)%, o I = 7p(x,)T. This is shown in the next
lemma. O

Lemma 7.10. We have 7(p, un= 1), oI = 1p(xy) "

Proof. First we recall the following isomorphism:

E* x D*/AF* 5 (2,2 + §'w) = avp(z + £w) ™! ( dif(zi) p

) € GU(Van),

where AF* = {(x,2) € EX x D* | x € F*}. Then we have the commutative
diagram:
uV)  —— U(Van)

l linclusion map

E* x DXJAF* —=—5 GU(Vin).
Here the left vertical map is induced by U(V;) = kervp — D*.
Next choose quasi-characters w,w’ of E* such that ww’ = p, w(w’' o o) = un=t.
Then 7 = wX7p(w’) is an irreducible admissible representation of E* x D* /AF*.
By Theorem 7.8, we obtain

Tluwy) = ™(WN)luwy) = (W) & D (W)
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If we consider 7 as a representation of GU(V,,,), by [3], we have

Fluan = 7 1m™ )t @ 7(s ™) -
Since we can check that w'|yw,) = M = Xyluow), We obtain 7p(w') = 7p(xy)*

Thus we have 7(p, un= )5, o I = 7p(xy)" or To(xy) -
Next recall that U(W;) is identified with a subgroup of U(V,,) by

—1
Iuyow,y : UMW) 2 v — ( 7 . ) € U(Van)-

Then by Theorem 5.2, the restriction of the character identity of 7(u, un=1)E oI
to U(W)) is given as follows:

To7(p, ™) g 0 L(y) = Trr(p, pn ™) g 0 1(7)
-1 _ _ -1
= \(B/F, )i (V ; ”) 20— By )
vt —9lg
= Tr7p(xy) " (7) = Tr 7o (xn) ™ (7)-
The last equality follows from Theorem 7.8. Thus we obtain

(") 0 I = 1p(xn) T
O
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