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Abstract

By means of functional integrations spectral properties of semi-relativistic
Pauli-Fierz Hamiltonians

H=+\/(p—aA)2+m2—m+V +Hyuq

in quantum electrodynamics is considered. Here p is the momentum operator,
A a quantized radiation field on which an ultraviolet cutoff is imposed, V an
external potential, H,,q the free field Hamiltonian and m > 0 describes the
mass of electron. Two self-adjoint extensions of a semi-relativistic Pauli-Fierz
Hamiltonian are defined. The Feynman-Kac type formula of e *# is given. An
essential self-adjointness, a spatial decay of bound states, a Gaussian domination
of the ground state and the existence of a measure associated with the ground
state are shown. All the results are independent of values of coupling constant

a, and it is emphasized that m = 0 is included.
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1 Introduction

1.1 Preliminary

In the past decade a great deal of work has been devoted to studying spectral proper-
ties of non-relativistic quantum electrodynamics in the purely mathematical point of
view. In this paper we are concerned with the semi-relativistic Pauli-Fierz model (it is
abbreviated as SRPF model) in quantum electrodynamics and its spectral properties
by using functional integrations. The SRPF model describes a minimal interaction
between semi-relativistic electrons and a massless quantized radiation field A on which
an ultraviolet cutoff function is imposed. We assume throughout this paper that the
electron is spinless and moves in d (> 3) dimensional Euclidean space for simplicity.
In the case where the electron has spin 1/2, the procedure is similar and we shall pub-
lish details somewhere. A Hamiltonian of semi-relativistic as well as non-relativistic
quantum electrodynamics is usually described as a self-adjoint operator in the ten-
sor product of a Hilbert space and a boson Fock space. In this paper instead of the
boson Fock space we can formulate the Hamiltonian as a self-adjoint operator in the
known Schrodinger representation in a functional realization of the boson Fock space
as a space of square integrable functions with respect to the corresponding Gaussian
measure. Through the Schrodinger representation a Fyenman-Kac type formula of the
strongly continuous one parameter semigroup generated by the SRPF Hamiltonian is
given. A functional integral or a path measure approach is proven to be useful to
study properties of bound states associated with embedded eigenvalues in the continu-
ous spectrum. See e.g., [LHBIIl Sections 6 and 7] . We are interested in investigating
properties of bound states and ground states of the SRPF Hamiltonian by functional
integrations.

1.2 Self-adjoint extensions and functional integrations

The SRPF Hamiltonian can be realized as a self-adjoint operator bounded from below
in the tensor product of L?(R%) and a boson Fock space .%, where L?(IR?) denotes the
state space of a semi-relativistic electron and .# that of photons. Then the decoupled
Hamiltonian is given by

(Vp2+m?2—m+ V) 1+ 1® H,aq, (1.1)



where p = (p1, ..., pa) = (=04, ..., —i0,,) denotes the momentum operator, m electron
mass, V : R? — R an external potntial, and H,,q the free field Hamiltonian on .%. The
SRPF Hamiltonian is defined by introducing the minimal coupling by the quantized
radiation field A with cutoff function ¢, i.e., replacing p® 1 with p® 1 — A and, then

H=/(p&I—aAPZ+m? —m+V &1+ 1& Ha, (1.2)

where « is a real coupling constant. In order to investigate the semigroup e, ¢ > 0,
we redefine H on L*(RY) ® L?(2) instead of L*(R?) ®.%, where L?(2) denotes the set
of square integrable functions on a Gaussian probability space (2, 1), and is called a

Schrodinger representation of .%.

We introduce three classes, 74¢, Pkato and ¥, of external potentials. The defini-
tions of ¥4f, Pkato and ¥ are given in Definitions BI3] B0l and BT respectively.
Note that #kaio contains relativistic Kato-class potentials (see (LT)), #;el potentials be-
ing relatively bounded with respect to \/p? +m? —m, and Pkato C Y4, Fra C Vot hold.
We show in Theorems .5 and [L.7] that H is self-adjoint on D(|p| ® 1) N D(1® H,aq) for
V € ¥.. For more singular potentials we shall construct two appropriate self-adjoint
extensions of H, which are denoted by Hy and Hk. The former is defined for V' € 74
by the quadratic form sum and the later for V' € %o through Feynman-Kac type
formula. See Definition for Hys and Definition for Hk. Although 74 is wider
than ka0, Hi is defined under weaker condition on cutoff function ¢ than that for
qu.

In Introduction H stands for Hqe or Hx in what follows. We construct the Feynman-
Kac type formula of e ™ in terms of a composition of Euclidean quantum field Ag(f)
with test function f € & = @ LA(R%"), d-dimensional Brownian motion (By)cr on
the whole real line R defined on a probability space (2p, Bp, P*), and a subordina-
tor (1})i>0 on (2, B,,v). The Euclidean quantum field Ag(f) is Gaussian, and the
covariance is given by E, . [Ag(f)Agr(9)] = ar(f, g) with some bilinear form qg(-,-) on
& x &. Hence it is driven in Theorem and Corollary that

(F,e MG = /dem’O

Pxv
R4

for F,G € L*(R%1%(2)) = L*(RY) ® L*(2). Here I[—t,t] is a limit of &-valued
stochastic integrals, which is formally written as

KJ_t F(B_g,), e~ oaell=te= 1, V(Br)ds 1, (B ))} (1.3)

-t =@ [ ¢ - BB (1.4)



with A = (¢/y/w). Here T = inf{t|T; = s} is the first hitting time of (7});>¢ at s.
Notations J; and j; are defined in Section 2.2 below, and the rigorous definition of (I.4))
is given in Lemma 3.7, Remarks and 317

1.3 Main results

By using the Feynman-Kac type formula (L3) we study the spectrum of the SRPF
Hamiltonian H. The main results of this paper are (a)-(d) below:

(a) Self-adjointness and essential self-adjointness of H (Theorems and [L.7]).
(b) Spatial decay of bound states ®,, of H (Theorem [(.12)).

(c) Gaussian domination of the ground state ¢, of H (Theorem [6.5]).

(d) Existence of a probability measure p, associated with ¢, (Theorem [[3).

The spectrum of non-relativistic versions of H, which is the so-called Pauli-Fierz model,
have been studied, and among other things the existence of a ground state is proven
in IGLLO1]. See also and references therein. The spectrum of semi-
relativistic versions, H, is also studied in e.g., [FGS01, [HHT3a, [HH13D, [KMS09, KMSTT]
KMS12, IMST0L MS09] from an operator-theoretic point of view. In particular the exis-
tence of ground states of H are considered under some conditions in [KMS09,
for m > 0 and [HH13b] for m > 0.

Here are outlines of assertions (a)-(d) mentioned above.

(a) Following our previous work [HirO0Db], we investigate (a). This can be proven
by estimating the scalar product |(K F,e "™@G)| for self-adjoint operators K = 1® H,aq
and p, ® 1. Let V = 0. Then a bound |(KF,e"™G)| < Cxq|/F|, F,G € D(H), is
shown with some constant C . Hence e leaves D(|p| ® 1) N D(1 ® H,,q) invariant
for V' =0 and we can conclude that H is essentially self-adjoint on D(|p|® 1) ND(1®
H,.q) by Proposition for V' € ¥4 for arbitrary values of . This is an extension
of that of a non-relativistic case established in and Section 7.4.1].
Furthermore the self-adjointness of H is shown in Theorem 7. Examples include
a spinless hydrogen like atom (Example [L8]). It is noted that our method is also
available to the SRPF Hamiltonian with spin. We give a comment on known results.
Although in [KMSTIL MS10] the self-adjointness of the SRPF Hamiltonian with spin
1/2 is considered, it is not sure that the method can be available to spinless cases.
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(b) Let
H,=vp2+m2—m+V (1.5)
be the semi-relativistic Schrédinger operator. Let (2:):>o be the d-dimensional Lévy
process on a probability space (Qy, By, Z*) such that EL p=7w2] = et/ [ul*+m?=m)q—iuz
Hence the self-adjoint generator of (2;):> is given by v/p? + m?—m. The Feynman-Kac
type formula for H,, is thus given by

(Fre7tg) = [ s [Fleo)gtae V11, (16)
Rd
Conversely taking a potential —V such that
sup E7le” Iy ViEds] < oo, (1.7)
z€R4

we can define the strongly continuous one-parameter symmetric semigroup s;, t > 0,
on L?(R%) by

(sF)(@) = Eg | (z)e™ b V] (18)

Thus we can define the unique self-adjoint operator Hff by s; = e_tHfD{, t > 0. A po-

tential V' satisfying sup,.ps Efje’ s V(Bs)dS]

< oo is known as a Kato-class potential.
Replacing the Brownian motion B; with Lévy process z;, we call a potential —V sat-
isfying (L) a relativistic Kato-class potential. The property (L) is also used in the
proofs of Lemmas and L1} and Corollary B9 Let V = V, — V_ be such that
Ve>0,V, e Llloc(Rd) and V_ is a relativistic Kato-class potential. #i.i, denotes the
set of such potentials. Furthermore let ¢, be a bound state of Hff with V' € kato, 1.€.,

Hggbb = F¢y, with some E € R. Then the stochastic process

(etFem BV (2 4 ) (19)
>0

is martingale with respect to the natural filtration M; = o0(z,,0 < s < t). From

martingale property we can derive a spatial decay of ¢, (z) ([CMS90]). Furthermore

in we can extend these procedures to a semi-relativistic Schrodinger operators

of the form: /(o (p—a))2+m2 —m +V on C?>® L*(R?), where 0 = (07,09, 03)

denotes 2 x 2 Pauli matrices and a = (aq, as, az) a vector potential satisfying suitable

conditions.



In a similar manner to (L§) we define a strongly continuous one-parameter sym-
metric semigroup and define the SRPF Hamiltonian with V' € ¥i.:,. We can show in
Theorem that the map

(S:F)(x) = Epy,

Pxv

[J* —iaAg(I[0, t})e_f(; V(BTS)dSJtF(BTt)

is the strongly continuous one-parameter symmetric semigroup under the identification
L*(RY) @ L2(2) = L2(R% L*(2)). Thus we can define the self-adjoint operator Hk by
S; = e Mx ¢ > (. To study (b) we also show a martingale property of some stochastic
process derived from the Feynman-Kac type formula (L3). Let &y, be any bound state
of Hk, i.e., Hx®, = E®y, with some £ € R. We can show in Theorem that the
L?(2g)-valued stochastic process

(Mt(il?))tzo (etEe—zaAE fo BTr+m)ertq>b(BTt + ZL’)) ’ ¢ 2 O, (110)

>0

is martingale with respect to a filtration (M;);>¢. Suppose that |V (z)| — 0 as |z| — oo.
Then we can show in Theorem that ||®y(z)||12(2) spatially decays exponentially
in the case of m > 0 and polynomially in the case of m = 0. As far as we know a
polynomial decay of bound states of the SRPF Hamiltonian with m = 0 is new.

(c) By the phase factor e~ Aell=tl) gppeared in the Feynman-Kac type formula
@3, (F,e"™MG) € C for F,G > 0 in general. However it is established in a similar
manner to [Hir00a] that (F,e~*2Ne ™Me’2NG) > 0 for F,G > 0 (F # 0,G # 0), where
N denotes the number operator. Le., e "2Ne ei3N is positivity improving. Then the
ground state y, satisfies that e_’%Napg > (0. This is a key point to study the ground

state of H by path measures. By e "zN g > 0, normalizing sequence
py=eMo 1)/l (¢ 1) (1.11)

strongly converges to a normalized ground state (g as t — oo for any 0 < ¢ € L*(RY)

but ¢ # 0.

Physically it is interested in observing expectation values of some observable O
with respect to g, i.e., (pg, Opg). Since gptg — g as t — oo strongly, we can see
that (¢, Op,) = tllglo (py. O¢l). Let A¢ be the quantized radiation field smeared by

¢ e @' L2(RY). To show (c) we prove in Lemma B2 the bound

2 1
(pl,e™epl) < ——
¢ 57 /1= 2Bae(ot, jo€)?

7
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uniformly in ¢ for some 5 > 0. Taking the limit ¢ — oo on both sides of (LI2), we
show that ¢, € D(eBAg) for some 0 < 3.

(d) For some important observables O, by (L3]) we can see that (¢}, Op}) = E,, [F))
with an integrant Ff, and probability measures (we call this as finite volume Gibbs
measure) given by

1 o? ¢
M?RPF(A) = (A) = /dequ [ﬂAe—TqE(I[—t,t})e— JZ V(Bry)ds . t>0, (1.13)

Z

where Z, denotes the normalization constant. See Definition Furthermore it
is interesting to show the convergence of measures pu;, t > 0, for its own sake in
mathematics. Formally we have (¢, Op,) = E,_[F§]. Exponent qg(I[—¢,t]) in (LI3)
is called a pair interaction associated with H, which is formally given by

JYSRPE — / dB" / dBYW, —~T7, B, — B,), (1.14)
p,v=1

where the pair potential W, is given by

1 [@(k)|? kuko\ _inx
S X)) == 8. — ‘ (k) q . 1.1
W (t, X) 2/Rd o (&) u e e e (1.15)

See (64) and (G.0) for details. Several limits of some finite volume Gibbs mea-
sures associated with models in quantum field theory are considered, e.g., exam-
ples include the Nelson model I0S99], spin-boson model and the
Pauli-Fierz model [BH09]. In this paper we consider a limit of finite volume Gibbs
measures associated with the SRPF model. The pair interaction associated with a
spin-boson model [HHLI2], the Nelson model and the Pauli-Fierz model

[BHO9, Hir00al [Spo87] are given by

t t ~ 2
Iw(k)l No—Ny o —[s—rle(k)
_ _1 s T S—T|w 1.1
e~k (Bs—Br) g —ls—rlw(k)
/_tdS/ dr/d 2W ’ o o

k kl’ —ik-(Bs—By) ,—|s—r|w
(5W— ‘Z‘2>e R Be=Br)gls=rletgr: - (1.18)

dB“

;,LVl



Path without jumps | Path with jumps

Uniformly bounded W# ey ;>

Non-uniformly bounded W# ut® pSRPE

Figure 1: Finite volume Gibbs measures

respectively. Let ,uf be the finite volume Gibbs measure with the pair interaction W#,
where # stands for SRPF, SB, N, PF. Note that W~ and W*B are uniformly bounded
with respect to paths, i.e.,

t t ~
W# < / ds / dr / Me“t_s|w(k)dk, # =SB, N,
S —t re 2w (k)

while WSRPE and WPY are not uniformly bounded. In addition, pl and pf¥ are
measures defined on the set of continuous paths, % and pP*FY however, on the set
of paths with jumps. See Figure [I

Existence of limits of u¥ and uf'* is proven in [LHBII, Theorem 6.12] and [BHQ9],
respectively, by showing the tightness of the family of measures (1) )i>0 and (p;")>o.
It is, however, not straightforward to show the convergence of uP3, since (u5%);>0 is a
measure defined on the set of paths with jumps £1. Then the local weak convergence
of 1$B is shown in [HHLIZ] instead of a weak convergence. Since both ul¥ and uB
include the uniformly bounded pair interactions, we can fortunately easily use the
limit measures to express the ground state expectation with some observable, e.g.
e™N etc. See and Section 6]. On the other hand since u}" includes
the non-uniformly bounded pair interaction, it is unfortunately hard to apply the limit
measure to express the ground state expectation with some concrete observable. See
[Spo04, p.196-197]. It is however worthwhile showing the existence of limit measure
itself, since our pair interaction is far singular than that of e.g. [OS99]. The family of

probability measures %Y which is our main object in this paper, is defined on the set

of cadldg paths, and its pair interaction is not uniformly bounded. We prove that pRFF

SRPF

converges to a probability measure p2.*" in the local weak sense as ¢ — oo by using

the existence of the ground state of H, which is studied in KMS09, [IKMS11].
This paper is organized as follows: Section [2 is devoted to defining the SRPF
Hamiltonian Hq¢ in both a Fock space and a function space to study the semigroup

9



by a path measure. In Section [3] we construct a Feynman-Kac type formula for H.
In Section Ml we show the essential self-adjointness and the self-adjointness of Hgs.
In Section [ we define the self-adjoint operator Hix of the SRPF Hamiltonian with
a potential in the relativistic Kato-class, and show that some stochastic process is
martingale by which a spatial decay of bound states is proven. Section [(]is devoted to
showing a Gaussian domination of the ground state. In Section [7] the existence of an
infinite volume limit of finite Gibbs measures is shown. In Section [§ we give comments
on a model with spin 1/2 and model with a fixed total momentum. Finally in Appendix
we give fundamental tools of probability theory and proofs of some equalities used in
this paper.

2 Semi-relativistic Pauli-Fierz model

2.1 SRPF model in Fock space

Let us begin by defining fundamental tools of quantum field theory in Fock repre-
sentation. Let W = L?(R¢x {1,..,d—1}) be the Hilbert space of a single photon in
the d-dimension Euclidean space, where R? x {1,..,d—1} > (k,j) denotes the pair of
momentum k and polarization j of a single photon. We denote the n-fold symmetric
tensor product of W by @2, W for n > 1 and set ®,,,WW = C, where C is the set
of complex numbers. The boson Fock space describing the full photon field is defined
then as the Hilbert space

7 =P @ (2.1)

n=0

endowed with the scalar product (¥, ®)z = > >0 (UM &) ., for U = 2, ¥
and ® = @, ®™ . Alternatively, .# can be identified as the set of ¢*-sequences
{wmyee with S0 @™ 20w < 00. The vector @, = {1,0,0,..} € F is called
the Fock vacuum. The finite pyarticle subspace %3, is defined by

Fn = {{\If(") rep € ﬁ}\lf(m) = 0 for Vm > M with some M} . (2.2)

With each f € W a creation operator and an annihilation operator are associated. The
creation operator af(f) : & — .Z is defined by

(@' (/) w)"™ = /nS,(f @ vr-Y) (2.3)

10



for n > 1, where S, (fi®---® fn) = (1/n!) X ca, fr() @+ @ fr(n) is the symmetrizer
with respect to the permutation group &,, of degree n. The domain of a'(f) is maxi-
mally defined by D(a'(f)) = {{UM}2 € F [0, n||S,(f ® ¥ V) |2 < 0o}, The
annihilation operator a(f) is introduced as the adjoint of a'(f), i.e., a(f) = (af(f))*.
Both af(f) and a(f) are closable operators, their closed extensions are denoted by the
same symbols. Also, they leave %, invariant and obey the canonical commutation
relations on Fg,:

la(f),a'(9)] = (f, )L, [a(f),al9)] =0, [d'(f),a'(9)] =0. (2.4)

The dispersion relation considered in this paper is chosen to be w(k) = |k| for k € R%
We denote f the Fourier transformation of f € L?(R?). We use the informal expression

Z / a*(k,§) f(k, j)Xk for a*(f) for convenience. Then the quantized radiation field

smeared by f ¢ L?(Rd) is defined by
At =53 Z / T (T W)+ alh e Rk @)
for each € R? and its momentum conjugate by
IL,(f.2) = EZ [ eutho VTR (o e £ (k) = alk )™ F(—1)dk, - (26)

where e(k, j), k € R1\ {0}, j = 1,...,d — 1, are d dimensional polarization vector such
that e(k, j) - e(k,j') = 6;; and k - e(k,j) = 0. From canonical commutation relations
it follows that [A,(f,z),1L,(g,y)] = z'f5;}(k)f(—k)g(k)eik(:”_y)dk, where

kk,
K[>

denotes the transversal delta function. The quantized radiation field with a fixed

5;(1{;) = 80 — k+#0,

ultraviolet cutoff function ¢ is then defined by

Ay(z) = Au(p, ). (2.7)
By k- e(k,j) = 0, the Coulomb gauge condition
Ve A(z) =0 (2.8)

holds as an operator. A standing assumption in this paper is as follows.

11



Assumption 2.1 We suppose that ¢(k) = ¢(—k) and $//w € L*(RY).

We also introduce an assumption.

Assumption 2.2 We suppose that wy/wp, ¢//w € L*(RY).

Under Assumption 2.1 A,(z) is a well-defined symmetric operator in .%. By the

A (z) D[t

fact that Z w < oo for & € Zg, and t > 0, and Nelson’s analytic vec-

n!

n=0

tor theorem [Nel59], the symmetric operator A, (z)[#,, is essentially self-adjoint. We

denote its closure A,(x)[z,, by the same symbol A,,(z).

Next we define the free quantum field Hamiltonian on .#. The free quantum field
Hamiltonian is defined as the infinitesimal generator of a one-parameter unitary group.
This unitary group is constructed through a functor I'. Let (X — Y') denote the set
of contraction operators from X to Y. We set €(X) for € (X — X) for simplicity.
Functor I' : €(W) — €(.F) is defined as I'(T') = @, ,[®"T], where ®°T = 1. For a
self-adjoint operator h on W, I'(e"), t € R, is a strongly continuous one-parameter uni-
tary group on .%. Then by Stone’s theorem there exists a unique self-adjoint operator
dl'(h) on .Z such that I'(e?) = (") ¢ ¢ R. dI'(h) is called the second quantization
of h. Let w be regarded as the multiplication operator f — w(k)f(k,7) = |k|f(k,J).
The operator dI'(w) is then the free quantum field Hamiltonian.

The Hilbert space describing a state space of a single electron is L?(R¢). The semi-
relativistic electron Hamiltonian on L*(RY) with a real-valued external potential V is
given by

Hy=vp?+m?—m+V. (2.9)

Here p? = Zzzl pa, V acts as the multiplication operator in L*(R?), and m > 0
describes the mass of an electron. We regard m > 0 as a non-negative parameter and
it is allowed to be m = 0. The state space of the joint electron-field system is

Hroa. = L*(RY) @ 7. (2.10)

To define the quantized radiation field A we identify Ff.qc with the set of .%-valued
L? functions on R?, i.e., G = fﬂgi Fdx and A, is defined by A, fRd (x)Xx with
the domain

D(A {Fe/ﬁdx
Rd

) € D(Ay(x)) ae. = € R and /RﬂAu(x)F(x)H;dx < oo} |

12



Hence (A, F)(z) = A,(x)F(x) for F(z) € D(A,(z)) and A, is self-adjoint. The
Friedrichs extension of 3(p ® 1 — aA)? [coo @)@, 18 denoted by ha.

Definition 2.3 (Definition of SRPF Hamiltonian) Suppose Assumption 21l The
SRPF Hamiltonian is defined by

(2ha +m)? —m+V @1+ 1®dT(w) (2.11)

with the domain D((2hs +m?)Y))ND(V @ 1) N D(1® H,.q).

2.2 SRPF model in function space

In order to construct the Feynman-Kac type formula of the semigroup generated by the
SRPF Hamiltonian we prepare some probabilistic tools for the field and the particle.
Let us use a 2-space representation instead of the Fock representation. Define the
field operator A, (f) by

A1) = 75 30 [ ewthod) (£ 5.5) + F Ryt )

and the d x d matrix D(k) by D(k) = (5jl,(k))1<uu
form qy : @?L2(RY) x @¢L*(R%) — C defined by

<4 for k # 0. Consider the bilinear

1 2 .
au(f9) = 5 | (F0R). D30k (2.12)
where (z,y) = 7 -y denotes the standard scalar product on C? Then we have

S (Au(F) D, Au(9.)) 7 = au(f. 9).
We introduce another bilinear form qg : @¢L%(R**!) x ¢?L?(R) — C by

as(F,G) = 5 [ (F(b ko), DGk k) o (2.13)

Note that D(k) is independent of kg € R in the definition of qg. We denote qx (K, K)
by qu(K) for simplicity, where qx stands for qy and qg.

Let #&(R?) be the set of real-valued Schwarz test functions on RY. Let 2 =
(@2 (RY)) and 2y = (B (R¥1)). Here X’ denotes the dual space of a locally

convex space X. We denote the pairing between elements of 2 and ®%.%(R%) by

13



(¢, fHim ER for ¢ € 2 and f € LS (RY). We denote the expectation with respect to
a probability path measure P” starting from z at t = 0 by E%[---] = [ ---dP”. By the
Bochner-Minlos Theorem there exists a probability space (2, 3y, py) such that ¥y is
the smallest o-field generated by {(¢, f)m|f € @ZZI (RN} and (¢, f)u is a Gaussian
random variable with mean zero and the covariance given by E,,, (&, f)m(o, 9)M =
aum(f, g). Then we have

E |:el<¢’f>M:| — e—%QM(fJ). (214)

HM

Since (¢, @Z duwf) is a Z-representation of the quantized radiation field with test
function f € S&(RY), we have to extend f € &(RY) to a more general class since
our cutoff is (¢/y/w)” € L*RY). For any f = Rf +iSf € @zzl S (RY) we set
(@, fov = (0, Rf)m + (), Sf)m. Let

M =P LR, (2.15)

Since .’(R?) is dense in L*(R?) and the equality [, [(¢, f)m|*dpn = 3]/ f]|%, holds by

@.Id), we can define (¢, f)m for f € 4 by (¢, fHm = s—lim,e0(d, fu)u in L?(2),
where {f,}°°, C @ﬁ:l 7 (R?) is any sequence such that sdim,, . f,, = f in .#. Thus
we define the multiplication operator A(f) by

ANE) (9) = (¢, [)mF (), fe M

in L?(2) with the domain D(A(f)) = {F € L*(2)| [, (¢, [)mF(¢)|*dpum < 00}. De-
note the identity function in L?*(2) by 1o and the function A(f)1o by A(f) unless
confusion may arise. It is known as the Wiener-1td6 decomposition that

L*(2)=PLi(2)

—~

2) = C and :X:
)H;'L:1 Afy): =
(D)1 6vpf) for

with L2(2) = L.H. {;HyzlA(fj);uj cM, j= 12n} Here L2
denotes Wick product recursively defined by :A(f): = A(f) and :A
ANz AU = 2o am(fs fi) Ty Afi): We set Au(f) =
f e L*(RY).

Let

=S

d

& = rr®H. (2.16)

14



Similarly we can define the Gaussian random variable Ag(f) labelled by f € & on a
probability space (Zg, Yg, ug) with qy replaced by qg in (ZI4]). In particular

E |:6i(¢7f>E} _ e_%QE(fvf) (2.17)

HE

and (Ag(f)F) (¢) = (&, [)eF(¢) hold for f € &.
We define the second quantization on L*(2). Let T € €(L*(RY)). Then I'(T) €
€ (L*(2)) is defined by

n

[(T)1y = 1, F(T):ﬁ A(f)): =] AT ) (2.18)

Jj=1 J=1

For T € € (L*(R41)) (resp. €(L*(RY) — LERITY)), I(T) € € (L*(2x)) (resp.
I(T) € €(L*(2) — L*(2g)) is similarly defined. For each self-adjoint operator h
in L2(RY) (resp. L*(RItY)), T'(e™), t € R, is a one-parameter unitary group on L*(2)
(resp. L*(2g)). Then there exists a unique self-adjoint operator dI'(h) in L?(2) (resp.
L*(2g)) such that I'(e"") = e™I'™ for all t € R. We set

Hiaa = dl'(w(p)), Pi,=dl(p.), N=d['(1;2gae) (2.19)
in L?(2), where w(p) = |p| = /p2. We also set
Huaa =dl(1®@w(p)), Pr,=dl(1®p,), N=d[(1® l2g), (2.20)

where we identify L?(R4™) = L*(R) ® L?(R?). H,.q denotes the free field Hamiltonian
of L?(2), P; the momentum operator and N the number operator, and H,,q, P and N
the Euclidean version of H,.q, Py and N, respectively. The spaces L?*(2) and L*(Zg)
are connected by the family of isometries. Let j, : L2(RY) — L*(R4!), t € R, be the
family of isometries such that (js f,jig) r2ra+1) = (f, e~ 751G 12 gay, and then J, = I'(jy),
t € R, turns to be the family of isometry transforming L?(2) to L*(Zg) such that
(Js®@, Jo W) 12(2,) = (@, e 175Maad) 15 5. We have the relations:

JtHrad - Hratha JtN = NJu JtPf - P_th- (2-21)

It is known that Z, A,(f) and dI'(h) are isomorphic to L?(2), A,(f) and dI'(h(p)),
respectively, where h is the multiplication operator by h. That is, there exists a unitary
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operator U : .# — L*(2) such that (1) UQy, = 1129, (2) UL

fm W = L3(2), (3)
UA,(f)U = A,(f), and (4) UA'(R)U! = dl'(h(p)). We set

H = L*(RY @ L*(2). (2.22)

Through the unitary operator Y = 1® U : L?(R?) ® .# — 5 the SRPF Hamiltonian
is defined as an operator on 7. Let

A= (p/Vw), (2.23)

where f denotes the inverse Fourier transform of f in L2(RY). Set A,(\(- — z)) =
A@?_,5,,\(- — x)). Then the quantized radiation field with cutoff function ¢ is
defined by A, = fﬂgi A, (A(- — x))dz. Then A is a self-adjoint operator in .7 under
the identification: 2 = [, L*(2)la. Let L% (2) be the finite particle subspace of
L*(2), ie.,

L2 (2) = Linear hull of {:H A(f):,1

i=1

]‘}E///,jzl,...,n,nZl}. (2.24)

Then the Friedrichs extension of (p — aA)? [cgo(rtyo12, () 1s denoted by hy.

Definition 2.4 (Definition of Hp) Suppose Assumption 21l The SRPF Hamilto-
nian in the function space 7 is defined by

HF = Tkin +V+ Hradu (225>
Tin = (2hy +m*)V2 —m (2.26)

with the domain D(Hp) = D(Ty,n) N D(V) N D(Hyaa)-

We investigate Hp instead of (Z2I1)) in what follows.

3 Feynman-Kac type formula

3.1 Markov properties

Let O C R and we set

Uo = LHA{f € L4(R4)|f € Ran j; with some ¢t € O}
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and define the sub-o-field ¥ by the minimal o-filed generated by Ag(f), f € Uo, i.e.,
Yo = 0 Ap(f)|f € Up). We also set Lgp = 5. Let ep : LE(R™™) — Up be the
projection and the second quantization I'(ep) : L?(2) — L?(2g) is denoted by Ep.
Hence EpL?*(2) is the set of Yp-measurable functions in L?*(Zg). Moreover we set
E, = J,J;. Then E, = E follows. Let E, [@|X¢ be the conditional expectation
of ® € L*(Zg) with respect to Xp, i.e., By the Jensen inequality p = E,, @|Xd] is
the unique L?-function such that it is Yp-measurable and E,, 0@ = E,, [F'4 for all
Y o-measurable function V.

Lemma 3.1 Let ® € L*(Zg). Then Eo® =E,, 0|Xq).

PRrROOF: We see that o = Ep® is measurable with respect to ¥p and E,, 'd =
(V,Ep®) = (V,?) = E,, WY for all Xp-measurable function ¥. Thus the lemma
follows. O

The property below is known as Markov property [Sim74]: let a < b <t < ¢ < d,
then Ej,yEiEcq = EjapkL.q follows. From this property we can see the corollary
below:

Corollary 3.2 It follows that E,, [P|S(_os] = Eu @|X] for all S o) -measurable
function ®.

Proor: We note that E(_OQS}E[&OO)(I) = E(_oovs]EsE[&oo)(I) = ESE[&OO)(I) by the Markov
property. Then the lemma follows from Lemma B.1]and E, = Ey,;. O

3.2 Euclidean groups

We introduce the second quantization of Euclidean group {u;,r} on L*(R4!), where
the time shift operator w; is defined by u; f(xg,x) = f(xo—t,x) and the time reflection
r by rf(xe,x) = f(—wp,x). The second quantization of u, and r are denoted by
U = ['(w) : L*(2g) — L*(Zg) and R = T'(r) : L*(2g) — L*(2g), respectively.
Note that r* = r, rr = r*r = 1, u; = u_; and uju; = 1 and that U; and R are
unitary. The time shift u;, the time reflection r and isometry j; satisfy the algebraic
relations: w;js = jsu¢ and rjs = j_sr. From these relations it follows that U,J, = J,y
and RU, = U_,R as operators.

17



3.3 Feynman-Kac type formula and time-shift

Let (Qp, Zp, P*) be a probability space, and (B;);cr the d-dimensional Brownian mo-
tion on whole real line R on (Qp, Zp, P*) starting from x at ¢ = 0. See Appendix
A for the detail of the Brownian motion on whole real line R. We also introduce a
subordinator (7});>¢ on a probability space (€2, %,,v) such that

ED [t = e~tVautmi=m) g >0,y > 0. (3.1)

The subordinator (7;);>0 is one-dimensional Lévy process and indeed given by 7T}, =
inf{s > 0| B! +ms = t}, where (B});>o denotes the one-dimensional Brownian motion.
Path [0,00) 3t — T; € [0, 00) is nondecreasing and right continuous, and the left limit
exists almost surely in v. The distribution p; of T}, ¢ > 0, on R is given by

2

puls) = \/%etms_?’ﬂ exp (-% <% " m2s)) 10.00)(5) (3.2)
and thus EZ[f(T})] = [; f(s+ 2)p(s)ds. Notice that E)[T}] < oo if and only if m > 0.
We need to define a self-adjoint extension of Hg, which is constructed through a func-
tional integration. The idea is a combination of Proposition [3.41below and a subordina-
tor (73)i>0. In quantum mechanics, the path integral representation of the heat semi-
group generated by the semi-relativistic Schrodinger operator v/ (p — a)? + m2 —m—+V
is given by

(f, e_t(\/m_mﬂ/)g) = /d:.EE;fu [f(?To)g(BTt)e_ Jo V(Br)ds =i [y “(BS)OdBS] .
R
(3.3)

Here fOTt a(Bs) odB;, is defined by fOT a(Bs) odB, evaluated at T' = T;. Although
the SRPF Hamiltonian is of a similar form of /(p —a)? + m? — m + V, it is not

t

straightforward to construct the Feynman-Kac type formula of e ¥, The Feynman-

Kac type formula for the case of a = 0 is however immediately given by
(F, e_t(Hp+Hrad)G)% = /def)f,, [(JOF(BTO), th(BTt))L2(QE)e— Jo V(BTS)ds} . (3.4)
Rd

We shall extend this formula for an arbitrary value of a. The self-adjoint operator
hy is defined by the Friedrichs extension. In general self-adjoint extensions are not
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unique, and it is also not trivial to signify an operator core of hy. As is shown in the
proposition below we can however show the essential self-adjointness of h, by means of
functional integral approach under some conditions. Let C*°(N) = N, D(N"), where
we recall that N denotes the number operator. We define the L?(R%)-valued stochastic
integral ) A(- — B,dB! by

t 2"
/ A(- = BJBY = s—lim Y "A(-— B,,_,)(B! = Bl )
0 =1

n—00 £

in L*(R? x Qp,dz @dP”) with t; = tj/2".

Proposition 3.3 Let h be closed and the generator of a contraction semigroup on a
Banach space. Let D be dense and D C D(h), so that e”™"D C D. Then D is a core
of h, i.e., h|p = h.

PRrROOF: See [RS75, Theorem X.49]. O

To prove an essential self-adjoint of hy we apply Proposition B3l

Proposition 3.4 Suppose Assumptions [21 and [2Z22.  Then ha is essentially self-
adjoint on D(p?) N C>°(N), and it follows that

(Fe~ta@) = / doE [(F(BO),e—mW [O’t])G(Bt))] , (3.5)
Rd

where K[0,t] = @Z:1 fot A(- — BB,

PROOF: See Appendix Bl O

The path integral representation of the semigroup generated by the semi-relativistic
Schrodinger operator can be constructed by a combination of the d-dimensional Brow-
nian motion (B;);>o and a subordinator (7;);>¢. In a similar manner we can see the
lemma below:

Lemma 3.5 Suppose Assumptions[21 and[2.2. Then

(Fe MnG) = / dzEpyg, [(F(Br,), e *A* 0D G(By,))) (3.6)
]Rd

where K[0,t] = @, [* A(- — BJABY is defined by @', [, M- — BB evaluated

at T ="1T;.
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PROOF: Since (F,e @) = E) (¥, e """ ®)], by Proposition B4 and (B, we see

that (F,e "MinG) = E? [/d:zE% [(\II(BTO),e_mA(K[O’tD(I)(BTt))H. We can exchange [ dv
R4

and [dz by Fubini’s lemma. Then the lemma follows. a

By Lemma we see that D(Ty,) N D(Hpaq) is dense. Then we can define the
quadratic form sum Ty, + Hyaq. Let V be bounded. Then by the Trotter-Kato product

formula [KMT78] we have

. 2n
e_t(Tkin +Hyaa+V) = s— lim (e_TilTkine_%Hrade_TilV) , t 2 0. (37)
n—o0

Using this formula we construct a Feynman-Kac type formula of e #(Tkin +Hraa+V) for

a bounded V. We define an L*(R*™)-valued stochastic integral | g jsA(- — BsYAB* by
the strong limit:
2”

T S+A;
/ jsA(- = BJBY = s—lim ) / isea, JA(- — BydB" (3.8)
S

%
n—00 = S+A;_

in L*(R! x Qp,dz ®dP”), where A; = (T — S)2. We give a remark on notation.
Notation A(- — B,) denotes the function A = A(+) shifted by B,. We denotes the image
of A(- — B,) by the isometry j; by j;A(- — Bs). More precisely
o —itko k R )
JA( = By) (ko k) = = (k) Ak)e P (ko, k) € R x R,

VT (k) + Tk

Let us recall the family of projections: E;, = J,J7, t € R.
Lemma 3.6 Suppose Assumptions[21, [Z3, and that V € C3°(R?). Then

27L
(F, (e_ZL”Tki“e_%H”de_zL”V> G)
2n t 1

_ /delmD;?y |:(JOF(BTO>7 e—iaAE(In[O,tDJtG(BTt» e =027 (Bth) 7 (39)
Rd

where

L0.0 =B [ Vi, A6 - Bb (3.10)

with t; =tj/2", and fgt’ 1jtj71)\(- — BB denotes L*(R*1)-valued stochastic integral
i
fﬁjtjfl)\(- — B,\B" evaluated at T =T, , and S =Ty,
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PROOF: By the formula JiJ, = e~ lt=s/Hrd  we have

271/
(F, (o 2 ung s ) G) / dzELL [Un ~Timo sV (en, ’},

where
on Ty .
—iaA(@5_y Jr,” A—BidBE)
U, = (JOF(BTO) H (thle ( v )th1> JtG(BTt)> ,

and we see that

Tt Tt .
—iaA (®Z:1 thjj,l )\(~—BT)dB7‘f) —iaAg (®Z:1 thjjiljtjil )\(._BT.)dBﬁ)

* J—
‘]tj71e th71 = Etj71€

tj71

(3.11)

by the definition of J; and E;. Then by the Markov property of Ep, E}s can be removed
in (311 and thus the lemma follows. O

(I,]0, t])¢>0 can be regarded as an &-valued stochastic process on the product prob-
ability space (Qp x Q,, Bp x B,,P* @ v). By the It6 isometry we have

Tt
/ it s A = B) |32 garnyds| = dTif¢/vw|? (3.12)

Ty,

.
Ef |[1.[0,4]2] = d> Ef
j=1

We will show that I,[0,¢] has a limit as n — oo in some sense. Let A4, € %, be a
null set, i.e., v(4;,) = 0, such that for arbitrary w € Q, \ .4;, the path t — Ti(w) is
nondecreasing and right-continuous, and has the left-limit.

Lemma 3.7 For each w € Q, \ A, the sequence {1,[0,t]}, strongly converges in
L*(Q2p,P*) @ & as n — oo, i.e,. there exists an 1[0,t] € L*(Qp,P*) @ & such that
lim Eg [|1.[0, ¢] — 1[0, )|Z] =

Proor: Set I, = 1,[0,¢]. It is enough to show that {I,}, is a Cauchy sequence in
L2(QP7 Px) ® &. We have L1 — p 1 22 f:lr::t;m .]tzm 1 jt2m72>>\(' - Bs)ngv
where ¢; = tj/2" . Thus

Tt2m
/ G s — Jtmn NG = B)[[Zaggrnyds

Ttom—1

2n
Ei [T — L] =d > Ef
m=1
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by the Ito isometry BIZ). Notice that ||(j; — jo) fII> = 2(f, (1 — e~} f). Thus
2n
Ep[l[Tnsr — LallZ] < d ) 2(8/V, (1= e 7)) Vo) (T, = Tras).
m=1

Since T; = T;(w) is not decreasing in ¢ for w € Q, \ A, Ef::l(Ttm — T, ) < T,
follows. Thus E§[||L,41 — L,]|2] < dTix]|¢/v/w||*. Hence we have

E2[|L, — LJI2] < (@H@/\/@H Z (%) )

for m > n. The right-hand side above converges to zero as n,m — oo. Then the
sequence I, is a Cauchy sequence for almost surely v. Then the lemma follows. O

Remark 3.8 Integral I[0,¢] is informally written as

10, = /OTt T A(- — Byl B (3.13)

Here T} = inf{t|T; = s} is the first hitting time of (7})¢>0 at s.
In a similar way to I[0, ¢] we define I[s,¢] by the limit of
Ls.t] =P / jstt—s); 1 A(- — B, YlB! (3.14)
pu=1 j=1 TS“’(t*S)j—l

with (t — s); = (t — 5)j7/2™ in L*(Qp, P*) ® &. Moreover it can be straightforwardly
seen that I[s, t] coincides with the limit of subdivisions

“ js+(t75)j,1)\(' — B dB* (3.15)

for arbitrary a € N. We show some properties of I[a, b] in Appendix B.

Lemma 3.9 Suppose Assumptions[21 and[2Z2. Then

Pxv

(F,e " (Tan T M) ), = /R Slel’vO [(JoF(Br,), e 4100 1,G(By,)) . (3.16)
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PRrROOF: The proof is similar to that of Theorem [3.13 below for V = 0. We omit it. O

The immediate consequence of Lemma is the diamagnetic inequality.

Corollary 3.10 Suppose Assumptions 21 and 2.2 Let F,G € 5. Then it follows
that

(1) |(F, e—t(TkinJrHrad)G” < (|F|, e~ tV/p?Hmi—mitaa) G|
(2) |(Fe ! Tan e G)| < (|| F |20y, VPGl 20 2.

PRrROOF: Since |J;G| < J¢|G|, it is straightforward to see that

G(By)|)

= (P, e T ).

I £ L
R

Then (1) follows. (2) is similarly proven. O

We introduce a class of potentials.

Definition 3.11 V is in % if and only if V is relatively bounded with respect to
\/P? + m? with a relative bound strictly smaller than one.

Lemma 3.12 Suppose Assumptions[21 and 23 Let V € Y. Then V is also rela-
tively form bounded (resp. bounded) with respect to Ty + Hyaq with a relative bound
smaller than a.

PROOF: Let sgnF(z) = =2t for | F(x)||L2(2) # 0 and = 0 for || F(x)||L2(2) = 0.

||F($)||L2(Q)
Let z > 0 be sufficiently large. Let ¢ € C5°(RY) and 1 (z) > 0. Substituting the vector

F = sgn((Tyin + Hyag + 2)7Y2G) - 1p € 22 in the inequality
|(F (T + Heaa + 2) 2G| < (1] (VD2 + m2 —m+ 2)7 |G| 2oy
derived from Corollary (2), we see that
(0, [(Tin + Hraa + 2)72G) O)llr22) < (0, (VP2 +m2 —m+2) " 2(|G () [12(2)).

Thus [|((Tiin + Hraa — 2)72G) ()| 22) < (VD2 + m2 —m —2) 712G (2)]|12(o) follows
for almost every x € R%, and

IIVI2(Tiin + Hraa = 2) 772Gl < [[VIV2 (VD2 +m? —m = 2) 712Gl
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are derived. Then V is also form bounded with respect to Tyin + Hyaq.

IV (Twin + Hraa = 2) 7 Glloe < [[VI(VD? +m? = m = 2)7 G|l
is similarly derived. O

If Ve Ll (RY), then D(Tyin) N D(Hpaq) N D(V) is dense. Let V =V, — V_, where

V. = max{V,0} is the positive part of V and V_ = max{—V, 0} the negative part. We
introduce a class of potentials:

Definition 3.13 V =V, — V_is in ¥y if and only if V, € L{_(RY) and V_ relatively

loc
1/2

form bounded with respect to (p? +m?)'/? with relative bound strictly smaller than

one.
Let V =V, — V_ € #. Define the quadratic form ¢ on J# by

2oy 4+ (VIPE VPG — (VPR VIRG) (3.17)

rad

HF,G) = (T\2F,T?G) + (H2F H

rad

with the form domain Q(t) = D(Tllﬂ/f) N D(Hl/z) N D(Viﬂ). By Lemma [3.12] ¢ is

rad
semibounded and closed.

Definition 3.14 (Definition of H.s) Suppose Assumptions 2. Iland 22l Let V' € %.
Then the self-adjoint operator associated with the quadratic form ¢ is denoted by Hg¢
and written as

Hyr = Tiin + Heaa + Vi — V. (3.18)

Note that the form domain of Hys coincides with Q(¢).

We now construct a Feynman-Kac type formula of e~

Theorem 3.15 Suppose Assumptions[21 and[Z2 Let V € Y4¢. Then

Pxv

(F,e"™MaG),p = / Aoy, [(J0F<BTO>,e—iaAE“[O’tDJtG(BTt)) e h ”BTs)dﬂ- (3.19)
R

PROOF: By the Trotter product formula (3.9) we have

n—o0

27L
_ . _tT,. __t _t
(F,e ™M @) = lim (F (e 3 Thin g~z Hoad g znV) G)

. 0
= lim [dzEp,,
n—o0 R4

. st ot
[(JOF(BTO>7 e—zaAE(In [O’ﬂ)JtG(BTt))e j=0 37 V(Bth ):| )
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Suppose that V is in C$°(RY). By Lemma 3.6 and the dominated convergence theorem
we can show that the right-hand side above converges to that of (BI9). For general
V', by monotone convergence theorems for both integrals and quadratic forms, we can

establish ([B19). See [Sim05, Theorem 6.2] and [LHBI1 Theorem 3.31]. O

We can shift the time in the Feynman-Kac type formula. We see it in the corollary
below.

Corollary 3.16 Suppose Assumptions[21 and[2.2. Let V € V. Then
(F.e Mt @)
/ dzESY |:(J—t F(B_p,), e~ Ael-t0+10) 1 (B, ) e SO V(Br_)ds— [y V(BTS)ds] ’
(3.20)
where 1[—t, 0] is defined by
Totj-v
1,0 = @,;ggoz/T oA = BB (321)
(tj_1-
PRrOOF: This is proven by means of the shift U; in the field and the facts that T, —T; =
T,_, in law. By Theorem we have
(F e M @) / AaBES, (0o F (Bry), e~ w0020 1, G:(By,, ) e Jo" V()0

and
— [ [0 P (B e 000U 3G B ) o V0]

By the shift of the Brownian motion, B; — B;_r,, we have

/dl‘E;BJ [(J_tF(B—Tt)> e_mAE(S)JtG(Bth—Tt )) e f02t V(BTS7Tt)dS} ’

Rd

d 227
where S = lim @ Z/ jt;o1—tA(- — Bs)YABY and, since Ty — Ty = Ty for s > ¢

n— oo
pu=1 j=1 Ty
in law, we can check that

2t t 2t 0 t
/ V(BTS—Tt)dS = /V(B_(Tts))ds —|—/ V(BTsit)dS = /V(B_Ts)ds + /V(BTS)dS
0 0 t 0

—t
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Furthermore we have

2.2M th T,
D A
j=1 —Ti
T (tj—1) Tyj—t
—z/ e Bt 3 [ e
Tt~ t) j=2m41
Then the theorem follows. O

Remark 3.17 For the notational convenience we denote I1[—¢, 0] + 1[0, t] by I[—t,t] =
@i, [T ir A — BodBE, and [°,V(B_g_)ds + [; V(Br,)ds by [, V(Br, 1B,

For later use we construct a functional integral representation of the Green function of
the form:
(FO, e—(tl—to)quF’le—(tz—tl)qu .. ,Fn_le_(tn—tnfl)quFn)%. (3.22)

Corollary 3.18 Suppose Assumptions(21 and[2.2. Let V € V. Let —oo < tg <t1 <
- < t, < oo. For Fy, F, € 7 and F; = Fj(x,A(p;)) € L*(RY) @ L>(2), it follows
that

(Fo, e~ (1—to)Har p o=(t2=t1)Has .Fn_le—(t7l—tn,1)quFn>%
/dePXV (‘]OFO BTt ( F) _ZaAE(I[tO’tn])JtFn(BTtn)) e ftton V(BTS)d8] . (323>
R?

Here F; = Fj(Bth,AE(jtj(pj))), j=1..,n-1, and Ty = =T_, for s < 0. In particular

- (tn —tn—1 )qu

(f@ 1,6t o~(a—t)bar .1,
z,0
/ dzEgp,, f

Proor: Note that F}, 7 = 1,...,n — 1, can be regarded as bounded operators. Thus

the corollary can be proven in a similar manner to Theorem B.I15 and Corollary [3.16]
O

€ 9)%

n—1

BTt <’H ]IA BTt ) BTt ) (]l’ e_iaAE(I[t07t7L])]l) e to V(BTs)d] )

(3.24)
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4 Self-adjointness

4.1 Burkholder type inequalities

In this section by using the functional integral representation derived in Theorem
we show the essential self-adjointness of Hys for arbitrary values of coupling constants.
To prove this we find an invariant domain D so that D C D(Hy) and e”™aD C
D. Then Hg is essentially self-adjoint on D by Proposition B.3l Let T be a self-
adjoint operator. The strategy is to estimate the scalar product (TF,e ™aG) as
(TF,e Ma@G)| < (G, T)|F|| for all F,G € D(T) with some constant ¢(G,T'), which
implies that e ™M« G € D(T') for G € D(T).
By the It6 isometry we have

T
Ep 11 w(p)*?10, 4)[|7] = dER, {/0 o (p)*2A(- = By || 2y - (4.1)
In particular
Ep [11© w(p)*?10, 417 < dEJ[T (|l 22|72 ay (4.2)

and the right-hand side above is finite in the case of m > 0, since E2[T}] < co. We can
also estimate E5 [|| 1 ® w(p)*/21[0,¢]]|4].

Lemma 4.1 Suppose m > 0. Then the Burkholder type inequalities hold:

o 11@ w®)*1[0, 8] < Cllw®D20]| 12 gy, (4.3)

P><I/

where C' is a constant.

PROOF: It is known that by [HirOOb, Theorem 4.6]

t 2m
: 2 m a—
B \ﬂ@w@)w JREE ] < Bl oDl (4)
0 L2(Rd+1)
d on
Notice that 1[0, ¢] = s—lim @Za with o} = th Jt 1 Aa(c = BoABL € L2(RHY),
n—o0
p=1 j=1

and Ao = w(p)®2X and A\, = w@ /2% We fix a p and set aff = a; for simplicity. a;
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and a; are independent for ¢ # j and then we have

ESEO

Pxv

L2(Rd+1

=S Sm ([ s ([ swom)
- ([ wers) | < Sms [ o] Te [ o
+ ZZE@OV V (w)a;(r)lz /Rdﬂaj(y)ai(y)dy} :

J=1 i#j

We estimate the first term of the right-hand side above. We have by (.4

2 (/ 2d;1;')] ZEPXV la, || < 6jw@D72g|14 ZEO [

xz,0
Z EPXV
By using the distribution ([3.2) of 7}; and the assumption m > 0 we have
x,0
Z EPXV

j=1
3
2
(/ a;(z) dx) ]
j=1
(a=1)/2 2|4 il 1 (#)2 2
< 6w || e2n_+f \/Eexp 3 . tms ds.

The right-hand side converges to

3t 1
(a—1)/2 ~ 114 . 2 d
—\/2_||w & /0 V/sexp ( 5™ 5) s

as n — 0o. The second term is estimated as

ot [ o] ot o] < (£ o)

i#]

|

27L+1

on

By the It6 isometry we have

T
ZEM [/ de] _E [/ e —BS>||2ds} < BV ot D2g] 2.
0
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Hence

on

Sz | [ worte] SB[ o < Emt

J=1 i

Finally we estimate the third term. We see that

Sy fawatons [awaon] < [ [ oS

J=1 i#j

Eﬁfy o ()a; (y)

Note that E5Y [ (z)a;(y)] = E& [th . 1) As(y, ])dS} where we set Ag(x,j) =
(Jt; .1 Aa(- — Bs))(x). By the Schwarz 1nequahty we have

/RdJrl /Rdﬂ B (Z / y Ay, J)d>
/]Rd+1 /RdiyEPXv (Z / - ) (Z / (Y, 2ds>]

and the Fubini’s lemma yields that

L () vere) [ (&1 aovre)

ExO T2||w(°‘ 1/290H4} EO T2]||w(°‘ 1)/2 ||4

P><1/

ExO

Pxv

Note that E2[T7] = > ;372 exp (—1 (32 —|—m28)> ds < oo for n > 0. Then the
lemma follows. O

4.2 Invariant domain and self-adjointness

Let P, = p, ® 1+ 1 ® Py, be the total momentum operator in 7.
Lemma 4.2 Let V = 0. Then e re=sHareitPu — g=sHar
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ProoOF: By the Feynman-Kac type formula we have

(F, e_itp“e_SqueitP“ G) /dSCEf)S,,[(JoF(BTO), e—itpue—itp_fy‘e—l’AE(I[O,t])eitP_f#eitpu JtG(BTt>)] .

Since e "Pue=Piue AR gitPry gitpy — =#An(0.4]) "the lemma follows. O

Lemma 4.3 Suppose Assumptions [21 and [24. Let V = 0. For F' € D(p,) and
G € D(p,) N D(HY2) it follows that

(o, M4 G) < C ((IVwp ]l + 81| (Hraa + DG + [0, Gl ) IFI. (45)
PROOF: Notice that (e*Pu F e HatG) = (e7®Piu I e~ Hate=PuG). Then

(4.6)

Here and in what follows in this proof we set I = @Z I* = 1]0,t]. We see that
eTisPiugmioAn(Dg=isPr, — g=iaA(e“"PD) " Take the derivative at s = 0 on both sides of
([@.d). We have
(ip, F,e M @) = / dzELY [(JoF (Br,), —iaAg,(ip,I")e =W 1,G(Br,))]
+ / dzEY, [(JoF (Br,), e W], (—ip,G)(By,)) - (4.7)

It is trivial to see that

AR [0aF (Br). =03, (=i, G) (B, ) ' < IElllp, G

We can estimate the first term on the right-hand side of (L1 as

/ Az, [(JoF (Br,), A, (ip,I*)e42x ") J,G(By,))] ‘

/ dzE) 1A, (ip,I") Jo F(Bry) | 13:G (Bx) |
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By the bound ||Ag,(f)®|| < C(|f]l + |If/v@)||(Hua + 1)"/2®| with some constant
C > 0, we have

< C/deﬁfy IpuIll + llew ()2l (Heaa + )2 F (B, |G (Bz) ]

and by the Schwarz inequality,

1/2
< 0 ([ (1ol + o) 2217 s + D FGIE) G
< (2] + 1211 (Hesa + D2 F YL

Then the lemma follows. O

We define the momentum conjugate of Ag(f) by Ig(f) = i[Haa, Ag(f)] in the
function space.

Lemma 4.4 Suppose Assumptions[Z1 and[Z2. Let V' =0. Then for F,G € D(Hq)
it follows that

(HradF, e_thfG)
< (I BuaaGll + ol (VG + [GID (Feaa + 172G + a6/ vEIPIG) 1)
PrRoOF: By the Feynman-Kac type formula we have

(HpaoF, e~ Mt @) = / dzELY [(JoF(Br,), e M08 1,G(By)) |

where S = e @AeON je~eAell0N) = H_ 1 — ollg(I[0,t]) + a?g with the constant
g = qr(1]0,t]). It is trivial to see that

/ daBgy, [(JoF (Br,), e " **» 1O H, 4 J,G(By, )] ‘ < F ||| HraaGl- (4.8)

In the same way as the estimate of the first term of the right-hand side of (L) we can
see that

' / dzBEY [(JoF (B, e~ A= 0D11, (1[0, t])JtG<Bn>)]‘

< C(IVel+IeDIF N (Heaa + 1)V2G|
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with some constant C' > 0. Here we used the fundamental bound |[/IIg,(f)®| <

C <H\/c_uf]| + Hf||) | (Hyaq + 1)1/2®|| and LemmaETl Finally we see that g < C/||1[0,#]|%
and by Lemma 1] again,

/ deEg) [(oF (Br,), e =00 6 3,G( By, ) '

Rd
1/2
< 0 [asmg oA 1F@I) 1G] < CIS/EIIFNIGI  (49)
Then the lemma follows. .

Theorem 4.5 (Essential self-adjointness) Let V' € ¥;o. Suppose that m > 0, and
Assumptions[Z1 and[Z2 hold. Then Hes is essentially self-adjoint on D(|p|) "D (Hyaq)-

PROOF: Suppose V = 0. Let F' € C5°(R?) ® F,. Then we see that
[(Tiin +Heaa) F[1* < Cill[p|FI* + Col| Huaa FI* + Cs|| F|?
with some constants C, Cy and Cs. Since C°(R?) @ Fy, is a core of |p| + Hyaq,
D(Tkin + Hraa) D D(|p|) N D(Haq) (4.10)
follows from a limiting argument. By Lemmas and [.4] we also see that

e~ Tan 1) O (p]) 1 D(Heaa) € O((p]) 1D (Hyaa). (4.11)

(@I0) and (@II) imply that Ty, + Hyaq is essentially self-adjoint on D(|p|) N D(Hyaq)
by Proposition 3.3l Next we suppose that V satisfies assumptions in the theorem. By
Lemma B.I2, V is also relatively bounded with respect to Ty, + Hyaq with a relative
bound strictly smaller than one. Then the theorem follows by the Kato-Rellich theorem.
O

Furthermore in Hidaka and Hiroshima [HHI13b] the self-adjointness of Hy for arbi-
trary m > 0 is established. The key inequality is as follows.

Lemma 4.6 Suppose that m > 0, and Assumptions 21 and 2.2 hold. Let V = 0.
Then there exists a constant C' such that

1P £ + [Hraa FII* < CJl(Tign + Hrag + D | (4.12)
for all F € D(|p|) N D(H.aq)-
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PrOOF: See [HHI3b, Lemma 2.7]. O

Theorem 4.7 (Self-adjointness [HH13b]) Suppose that m > 0, and Assumptions
21 and 23 hold. Let V € Y. Then Hy is self-adjoint on D(|p|) N D(Hyaq)-

PrROOF: We show an outline of the proof. See for detail. Suppose that
V =0 and m > 0. We write H,, for Hy to emphasize m-dependence. By (@12,
Hon [ D(phnp(i,.g) is closed on D(|p[) N D(Hyaq). Then H,, is self-adjoint on D(|p[) N
D(H;.q). Note that Hy = H,,, + (Hp — H,,) and Hy — H,, is bounded. Then Hj is
also self-adjoint on D(|p|) N D(Hyaq) for V- = 0. Finally let V' € #4. Then V is also
relatively bounded with respect to H,,, with a relative bound strictly smaller than one.
Then the theorem follows from Kato-Rellich theorem. O

Example 4.8 (Hydrogen like atom)Let d = 3. A spinless hydrogen like atom is
defined by introducing the Coulomb potential Voowomn(z) = —g/|z], ¢ > 0, which
is relatively form bounded with respect to \/p? +m? with a relative bound strictly
smaller than one if g < 2/7 by (see also [BELI, Theorem 2.2.6]). Furthermore
if g < 1/2, Voouwlomb is relatively bounded with respect to /p? +m? with a relative
bound strictly smaller than one. Let A, be the quantized radiation field with the cutoff
function ¢(k) = Ljgj<a(k)/+/(27m)3, where A > 0 describes a UV cutoff parameter. By
Lemma 312, when g < 2/, V is relatively form bounded with respect to Ty, + Hyaq
and Hy is well defined as a self-adjoint operator. Furthermore by Theorem [L.7] when
g < 1/2, Hy is self-adjoint on D(|p|) N D(Hyaq). All the statements mentioned above
are true for arbitrary values of @« € R and A > 0.

5 Martingale properties and fall-off of bound states

5.1 Semigroup and relativistic Kato-class potential

In this subsection we define the self-adjoint operator Hx with a potential V' in the
so-called relativistic Kato-class through the Feynman-Kac type formula. Let us define
the relativistic Kato-class.
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Definition 5.1 (Relativistic Kato-class) (1) Potential V' is in the relativistic Kato-
class if and only if

sup B [efg V(Bry )ds} < 00. (5.1)

(2) V. = Vi — V_ is in Pkato if and only if V, € LL (R?) and V_ is in relativistic

loc
Kato-class.

The property (5.) is used in the proofs of Lemmas (.8 and B.I1], and Corollary
When V' € Ykato, We can see that

r(F,G) = /deﬁfy [(JOF(BTO), emiee0M = fy VBr)dry, G(By, ))}

R4

is well defined for all I, G € S, and |r,(F, G)| < ¢|| F'||||G]| follows with some constant
¢;. Then the Riesz representation theorem yields that there exists a bounded operator
Sy such that r(F,G) = (F, S;G) for F,G € 7 and ||S;]| < ¢;. By the Feynman-Kac
type formula (BI5) we indeed see that (S,G)(z) = ES° U0.4G(Br,)|, where

Jiou = Jie™ Jo V(Br)drgiaAp (o) 5, | (5.2)

Theorem 5.2 Let V € Viato. Suppose Assumption[21. Then Sy, t > 0, is a strongly
continuous one-parameter symmetric SEMigroup.

Definition 5.3 (Definition of Hx) Let V' € ¥kato. Suppose Assumption 2.1 The
unique self-adjoint generator of S;,¢ > 0, is denoted by Hy, i.e., S; = e~ ¢ > 0.

Remark 5.4 Note that
%‘el - /qua /VKato - 7/qf~ (53)

It is easy to see that 71q C 74. See Appendix [C] for the inclusion kato C Pqr. We
give a remark on the difference between H. and Hk. In order to define Hy we need
Assumptions 2.1l and 2.2 an extra Assumption is, however, not needed to define
Hyk.

In order to prove Theorem we need several lemmas:

34



Lemma 5.5 Let V € Pao. Suppose Assumption [21. Then Sy, t > 0, satisfies the
semigroup property, i.e., SgSy = Ssiy for all s,t > 0.

PROOF: We have (F, S,S,G) = (F EZ, [J JEET [J[O,t]G(BTt)}D. By Lemma [T we
show that

s+t —ZO! S,8
EPXV [J[O s]EPXV [J[o,t}G(BTt)ﬂ _EPXV [J[O S]Joe N V(Br, )dr ,—iaAg(lo[s,s+1]) J G(BTSH)}>

(5.4)
where
—7f]+8
Iy[s,s +1t] = S—nll_{Iolo@Z/ ’ Jb jt A — BB, (5.5)
p=1 j=1 zn(a 1)+s

Since it is obtained that

Jog e ST V(B dr g—iaAg (To[s,s+]) § :G(Br,.,)

J* _ Os+t V(Br, )dre—zaAE J J* —iaAg(Io[s,s+t]) J G(BT5+t)
and J J§ = UgJoJi = UgEs, we have
(F,5:5,G) = (P Eg [Tge 00U, Bemiorethibo s iV On0v g, 6By, )

By the Markov property of projection E,, Es can be deleted, and Uy satisfies that
Ugetehelbolsst) ,G(By,,,) = e~tehellsstD ] G(Br,,,). Then by Proposition [D.2] we
have

(F, S,8,G) = < ES PO -l +tV(BTr)dTe—iaAE(I[O,s-i-t])Js+tG(BTS+t):|) — (F, S,1,G).

Then the semigroup property, SsS; = Ssy, follows. O

Lemma 5.6 Let V € Paro. Suppose Assumption [2.1. Then S;, t > 0, is strongly
continuous in t and s—lir% Sy = 1.
—

PROOF: It is enough to show that (F,S;G) — (F,G) ast — 0 for F,G € CF(RY) ®
Fn. Let F=f®@ WV and G =¢g® ®. Since V € ato, we have

1/2
|<F,<st—n>G>\sannjf{/deﬁfyuu—mAEW 1)g(Bx) <I>||2]} |
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Since g € C°(RY), |g(z)] < alg(x) with some a and a compact domain K C R?, we
have

(5,5~ 06 < al e { [ aemi oo pay)”

By the bound E ||| (e Ae(00) — 1)@[|4 < | [|1[0, ¢][|[| (N + 1)'/2®]|, we have
1/2
(P, (8= DG < lalaC] e { [ doBES 0,41 10+ o]

1/2
< Viala|Cllp/Vall| Fll ( /K dx) ION + 1))
Then |(F, (S; — 1)G)| — 0 as t — 0 follows. O

Lemma 5.7 Let V € Pkaro. Suppose Assumption 2. Then S;, t > 0, is symmetric,
.e., Sf =S, for allt > 0.

PROOF: Recall that R = I'(r) is the second quantization of the reflection r. We have
(F, StG) _ /delm);?y [e— fot V(Br,.)dr (JOF(BTO) —iaAg (rI[0,t]) J tG(BTt))} ’
and by the time-shift U, = I'(u),

/ AaB, o o VER I (3, F (B ), e de 00 3, G By )|

n—oo

Notice that u,rI[0,¢] = lim Z / Jt 1, 1 A(- — BylBY. Exchanging integrals [dP’

and [dx and changing the Varlable x to y — Br,, we can have

= Eg, { / dye b V(BB (3, p(y — Br,), e—mAEWW%G(y))} . (56)

n

where u,71[0,¢] = lim Z/ Jt t, A — (Bs — Br, +9))dBY. By Lemma [E2] we

n—oo

can see that

(lm) _ /dyE%Zu |:e— Jo V(Br,)dr (Jzk)e—iozAE(I[O,t])JtF(y + BTt), G(y))] = (StF, G)
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Then the lemma follows. O

Proof of Theorem[52.2

Lemmas yield that S; is symmetric and strongly continuous one-parameter
semigroup. Then there exists the unique self-adjoint operator such that S, = e~Hx by
a semigroup version of the Stone theorem [LHBT1l, Proposition 3.26]. 0

5.2 Martingale properties
Let @y, be a bound state of Hx and E € R the eigenvalue associated with ®y,:
Hix®y, = Edy,.

In this section we study the spatial decay of ||®y, ()| 12(2) as [z| = co. In order to do
that we show the martingale property of the stochastic process (M(z)):>0:

Mt(ZL’) _ etEe— fot V(BTS—I—gc)dse—iaAE(F[O,t})Jtcbb(BTt + ZL’), t > 0’ (57)

on Qp x Q, x QE Here I””[O,t] is defined by I[0,t] with By replaced by Bs + z, i.e.,
1[0, t] = @° o 'T*)\( Bs—x)YdB*. Using the stochastic process (M¢(z))s>0, bound

pn=1
state ®p, can be represented as

() = Ep, JoM () (5.8)
for arbitrary ¢ > 0. We can also obtain that (v ® ®, @) = (u® ®,e WP, ) =
/ddxu(x)E%fleuE Jo® - My(z)]. Then we have (®, ®,(x))12(0) = EX R, Po® - M, (2)).

R

Lemma 5.8 Let V € Yiaro. Suppose Assumption[ZD. Then ||®y(-)| 122y € L= (RY).
PRrROOF: By ®y,(2) = EROE,, PsM,(z) for arbitrary t > 0, we have

aa 12 12
1@ (@) 20y < o (BRS, o200 VB4 ) T @R0 [0y (Br, + 2)]9)

00 [ 2t : . N
We have sup,,cpa pru[e 2Jo V(BTs”)dS} < 00, since V' is relativistic Kato-class, and

£ [|®, (B d d”t em/(zs)@ 2 < O®y |2
v [| @6 (Br, + 2) |7 = y 7 [Py (2 +y)[|” < C||Py|5-

Then sup,cga ||Pn(2)]]? < C||<I)b||jf follows. O
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Corollary 5.9 It follows that E%)?IJEME [IM(2)]| 12(2)] < oo for all z € RY.

PRrROOF: This follows from Lemma [5.8] O

We define a filtration under which (M;(z))¢>0 is martingale. Let

f[(ol,i] - { U (A(w1), w1)

w1 €Ny

A(uwy) € 0(B,,0 <r < Tt(wl))} C PBp x B, (5.9)

and

B(wq) € 0(T,,,0 <r < t)} C Bp x B,. (5.10)

N ]-"(0271}, t > 0, and define a filtration in %p x %, x ¥g by

(Mi)izo = (Flog x X oot)t>0- (5.11)

Theorem 5.10 (Martingale property of (M;);>0) Let V € Pkato. Suppose As-
sumption [2. Then the stochastic process (Mt(z)) >0 is martigale with respect to the

filtration (M,);0. Le., ERYE,. My(z)|MJ = M(z) fort > s.

PRrROOF: By Proposition [D.2] we have Ag(I*[0,t]) = Ag(I[0, s]) + Ag(I"[s, t]) for s < t.
Since e~ A0 o= Jg V(B )dr jg Af__measurable, we have

EYOE, . M () | M] = oFoodn0" 0D o= [V (Br, o)
« EXK, | [—zaAE(pc[s 1) o= Ji V(Br, +a)dr Dy (B, + x)|M]
By the definition of I[s, ¢] it is seen that
EOPB . |:e—zaAE(If”[s o= [{ V(Br,+a)dr § D (Br, + x)\M]
nh—>m E%E,. [e_mAE(pc 2ls.t) o= JL V(Br,+a)dr @y (B, + x)\Ms] ’
and then
B, (oo SV Br 0 5, (B, )| M

~E L B2 [—“AE“”” e VB (B, 4 | F VFE 191
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By the Markov property of the Brownian motion we see that

s e o 5, )

= lim EBT& [ —i0 AR (1 [5.]) g J} V(Br—7,+2) 4 3,®y(Br,_1, + I)} ;

n— o0

where EL™ menas EY, evaluated at y = By, and

T—s

—rﬁLS
S t @Z/ ‘](t;ns)(j—l)-i-s)\(‘ _BT —IﬁBﬁ

M= 1] 1 (t S)(71)+‘5

Since the subordinator (73);>¢ is also a Markov process, we have

B [BE o toet e VB n 0 1,0 By, g, + )] | FD)

OF
= ElE," [e_mAE(I eI VBr sty @ (Br, +x)] ’

where EZ: also means EY evaluated at y = T, and

on T(t 5)
2) .
=@ [ e B - o
p=1 j=1 (t (=s) 5 )_TO
Again the Markov property of the Euclidean field yields that
T, By —zaAE(I( )@ [5,t]) f V(B 1 +x)dr
Epe [EEp ™ fe Tres TN, O, (Bry -1y + )| X0

— B, [ED B [omiote 0 e £V on 0 o (B + )] 1)
The right-hand side above equals to

(2),x
_ ESETSEBTO |:e—zaAE(I [5,t]) f V(Br,_ 1yt er (I)b(BTt n +$)]

= J,J5U_ELES [_mAEm st VB, om0y g (B +:c)] . (5.12)
Since U_j; is the shift by —s, we have

_ JSJSESSEgTo |:e—7«CVAE( st - J.V(Br, SiTO+x)ert—s(I)b(BTt,S—To —I—:L’)] ’
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where
n

T(t 5);

d
(s, 1] = €D / j“;ﬁ) G- = Br — By,

pn=1 j=1 T(t (o) )_TO

We notice that the random variable T} + y under v has the same law as 7; under /¥,
ie., EY[f(T})] = E2[f(T} + y)], we can see that

(3),z
= JIEE T oA e LV n g, (B, gy + )] |

— JSJS]E,O/]EgTé |:e—iOcAE(I(4) lst) f V(B +x)ert—5®b(BTt,s + l’):| ’

where

n

T(t s

@Z/ SN pA( = B, — x)BY.

= 1 J= 1 T(t -5)( —1)

Taking the limit n — oo, we finally obtain that

EOPXO e M ()| M = e Eo-iaAp(*(0:8) o= J5 V(Br,+a)dr

X e(t_s)EEgisu’ [J* —iaAp(I*(0t=s]) o= OHV(BTT”)dTJt_s(I)b(BTH +37)] :

Notice that
olt- sE]EgZ;SI; [J* —iaAg (17 [0,t—s]) o - OHV(BT"M)dTJt_s(I)b(BTt,S +:c)] — y(Br, + )
and hence
EpoEs My(w)| M = P AW 0D o fo VB 400 ) & (By, + 2) = M, (x).

Then the proof is complete. O

Since we show that (M;(z)):>o is a martingale, for an arbitrary stopping time 7
with respect to (M;)i>0, (Miar(2))>0 is also a martingale. By using this fact we can
show a spatial decay of bound state &}, of Hyk.

5.3 Fall-off of bound states

Let us recall that (z;);>o is the d-dimensional Lévy process on a probability space
(Qy, By, 7*) such that Bz p~2] = e UV ul+m?=m)e—ivz Hence the generator of (2;)e=o
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is given by /p? + m? — m, and the distribution £, ,,(x) of z, by

iy 457 1 K s (/P4 TaP)
kt,m(x) =2 <_) : d+1 ) m > 07
2 @ o)
(&t t
kt,o(z) = ( 2d+)1 a1 ) m = 0.
(2m)~> (82 + [z?) =

Here I'(m) denotes the Gamma function, K, (z) is the modified Bessel function of the
third kind of order v, and it is known that K, (z) ~ iT'(v)(32)" as z ~ 0.

Lemma 5.11 Let V € Pkato. Suppose Assumption[21. Let T be a stopping time with
respect to the filtration (My);>o. Then

@@ < |0y B o= bV En=E] (5.13)

PROOF: Since (Jo® - My(2))¢>0 is a martingale with respect to the filtration (M;)¢>o,
also is (Jo@ - Myar(2))i>0. Then E%SVEME Uo® - My(z) = E%SJEME Ho® - Myn, () follows.
It is immediate to see by Lemma 5.8 that

BB Do - Mine(2)] | < Ol @IIER, [e 7V (Brtar-E)er]

where C' = sup || Py (z)||. Since Br, = z in law, we then have
z€RY

RO Eue Do - My(o)] | < [|@|[EF o V=21 (5.14)

From [|®y, ()| 12(2) = SUPser2(2) p20 EX R, Ho® - My(2)] /|| @], the lemma follows. O

Theorem 5.12 (Fall-off of bound states) Let V = V., — V_ € Pkao. Suppose
Assumption [21.

(1) Suppose that | lim V_(z)+ E=a<0. Then

z| =00

o)z . C
[Pollr 7 L[zt
||(I)b(93)||L2(g)
[Py [

Case m = 0 : there exists C' > 0 such that

Case m > 0 : there exist C' > 0 and ¢ > 0 such that < Cecll,
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(2) Suppose that |lim V(x) = oo. Then there exist C > 0 and ¢ > 0 such that

|00

10(2) [ 22(2) < Ce™| P ||

PROOF: (1) Suppose that V_(z) + E < a + ¢ < 0 for all x such that |z| > R, and
Tr = inf{s||zs|] < R} is a stopping time with respect to the filtration (M;)i>o. By
(EI3) we have [|@,(2)|| < ||y #Ef et FDEAR)] for 2| > R. In a similar way to
[CMS90, Proposition IV.1] we have
C
z [\ +2(e+a)(tAT,

E; o Rﬂ§1+|xd+1’

EE k+2(5+a)(t/\7'3)} < Ce—c|:c ’ m > 0.

=0
= (5.15)

Thus (1) follows.

(2) Let 7 = inf{s||zs] > R}, which is the stopping time with respect to the
filtration (My)i>0. Let W(z) = inf{V(y)||z — y| < R}. Then it can be shown in
[HIL13, Theorem 4.7] and [CMS90, Proposition IV.4] that

B [0/ oV < W) 4 G (5.16)

with some constants a, ¢ and C. Inserting R = p|z| with any 0 < p < 1, we see that
W(x) — oo as |z| — oo. Substituting t = 0|x| for sufficiently small 6 > 0 and R = p|z|
with some 0 < p < 1, (2) follows. O

6 Gaussian domination of ground states

Let H = Hys or Hyk in this section. Throughout this section, when we consider Hys we
suppose Assumptions 1] and 2.2] and when we consider Hx we suppose Assumption
2.1l A fundamental assumption in this section is that H has a ground state ¢,.

Assumption 6.1 Suppose that m > 0 and H has a ground state ¢, , i.e.,
Hp, = Ep,, E =info(H). (6.1)
The existence of ground state is studied in KMS09, [IKMS11].
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Corollary 6.2 The operator e2Ne=He=3N s positivity improving for t > 0, i.e.,
(F,e2Ne=He=5NG) > 0 for any F > 0 and G > 0 (F # 0,G # 0). In particular
ei%ngg 1s strictly positive and then the ground state of H is unique up to multiplication
constants.

PROOF: 1t is established in [Hir00a] that Jie'>Ne i @Ae(He=13N ], is positivity improving
for arbitrary f € @° L3(R%). Thus the first statement follows. Since e'2N is unitary,
the statement on the uniqueness also follows from the Perron-Frobenius theorem. O

For an arbitrary fixed 0 < ¢ € L%(R?) but ¢ # 0, we define

¢ =e oo l), ¢ =/l (6.2)
Then it follows that gptg — @, strongly as t — oo, since (¢ ® 1, pg) # 0. Let

a2 t
%, = ¢(B_q,)¢(Br, e~ 7 weltDe [ VBrads =g > g, (6.3)

Remark 6.3 We formally write the pair interaction WSRPY = qg(I[—¢,t]) by

2o d T T
qe(I[—t,1]) = _% > / . 4B . ABYW,,(TF —T7, Bs — B,), (6.4)
py=1" "+t ot

where the pair potential, W, (¢, X), is given by

L[]k kb _ex -
St X) == O — - ik Xomw®ltl g, :
W (t, X) 2/Rd o)\ e e e (6.5)
Definition 6.4 Define the probability measure uPRP¥ = 11, on the measurable space

(QP X QI/?‘@P X %u) by

1
Bo x By > Avs pu(4) = / WS, 120 (6.6)
t JR

Here Z; is the normalizing constant such that p,(Q2p x €,) = 1.

We define the self-adjoint operator A¢ in JZ by A, = fﬂg A(&(- — x)dx, where £ €
P? L2 (R%). Then we have

(90g> e_iBA€Q0g) = lim (e_tH¢ ® 1, e_iﬁAEe_tHQb ® ]1)

t—o00 (e—tH¢ ® ]17 e—tH¢ Q ]1) ) 5 € R. (67)
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Lemma 6.5 Let § € R. Then it follows that

(e7Hp ® 1, e A Mg ® 1)
(e ® 1,e"Mp @ 1)

=E,, [e—%@aﬁ?ﬁ%(l[—tﬂ ,j0§)+BQQE(J'05))] (6.8)

ProoOF: This follows from Corollary 3.18 O
Note that both qg(I[—t,1],jo&) and qg(jo&) do not depend on z.

Corollary 6.6 Let £ = @i:l Sy and A, fRd — z)dz. We suppose that
suppé, Nsuppp = 0. Then
(SogvAZSOg)ﬁf = (]17 AM(O>n]1)L2(<Q)
k2 m
(=17 @m = (§ foa |§ (WP = g)ik) T n = 2m (6.9)
0

n=2m—1,

where A, (0) = A(§).

PRrROOF: Formally we see that

a5 (I[ ¢, t .]05 Z/ dBu ( F ) @ilzll)e—wa(k)e—ikBs <5MV _ ]TZT;V) dk) —0.

This is proven rigorously from the definition of I|—¢,¢]. By (G.8)) and taking the limit
t — oo, we have (pg, e Prup,) = e=Pasio8)/2 Since ¢, € D(A7)) by Theorem
below, we derive (6.9]) by taking n-times derivative at 5 = 0. O

Lemma 6.7 Suppose that 8 < (2qe(jo&)) . Then @} € D(e?¢/?) and

(6.10)

2 o —BaZapl-t.t],ig6)”
A2 P = (1~ 23an(u) 7, o TS

PROOF: We have (¢!, e"*Acpl) = K, ferokaell=tiiod) e~2#ae08) By the Gaussian
transformation with respect to k, we see that

2 . .
(Sptg’ /280t) (2m)~ 1/2/Re—’“2Em k—aqu(I[—tvthof)} e—%kZQE(Jof)dk’
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and by Fubini’s lemma, we can exchange [dk and [ dy,. Then

2(1+ag (Goé))

1
(Sotv A2/290t) —.E ¢ {e
¢ ¢ 14+ qu(joé) 8

Replacing ¢ with /—25¢ for f < 0, we have (6I0) with 5 < 0. We can extend
this to 8 < (2qe(joé))~! by an analytic continuation. For notational simplicity we set

b= qg(jo). Let

2 I|— j 2 zb
x(z) = (tp;, ZA“P;) p(z) = Ky, {exp (zaqu( | I;’J]’JOO )} o 02) = 1‘?‘22().

o2ap (I[—t,1.jp8)>
“alirantod) } (6.11)

Then (G.I0) is realized as
1

vV1+ Qpr

for = > 0. Notice that E,, [exp (zazwﬂ < oo for all z > 0. Then we know
that

X(z) = 06(2) (6.12)

[e.9]

(=315, Kaqua[—Qz; t],jo@?ﬂ . 013

n=0

for z > 0, and hence p(z) can be analytically continued to the whole complex plane

C, which is denoted by p(z) and it follows that p(z) = E,, [exp (ZQ2 %ﬂ for

z € C. Then ﬁp 0 6(z) can be analytically continued to the domain: (Figl2])
D ={z€C||z| < (2b)"'} U {z € C|Rz > 0}.

In particular the radius of convergence r of mp o f(z) at z = 0 satisfies that
1 —e <r <1 for an arbitrary € > 0. By the equality (€.12), y can be also analytically

continued to the domain D, which is denoted by y. Let ¢ > 0. Then

() = i ((_n?" / h A"e—ddE(A)) (z— e (6.14)

n=0 0

for 0 < € — z, where dE()\) denotes the spectral resolution of the self-adjoint operator
AZ with respect to ¢}. Since we have

1
_ an(z — 6.15
V14 2z Z i) ( )
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1/(2b)

Y

Figure 2: Domain D

for z € C such that |z —¢| < (2b)2 + €2. Comparing both expansions (G.14) and (G.I5)
we see that a, = % J,° Ame™*AE(X) and by (GIF) we have

fﬁp 0f(z) =) <(_n1!)n /0 . A"e‘EAdE(A)) (z =€) (6.16)

In particular it follows that for —6 < 0 with e + 9 < , /ﬁ + €2,

_ i (% /0 h )\"e‘EAdE(A)) (6 +6)" < o0,

n=0

Thus

© 71 N N

> (— / A"e‘EAdE()\)) (64" = / PME(N)

n! J, 0

n=0
and take N — oo on both sides we have (0 fo eME(N\) < oo. Since € > 0 is
arbitrary, then it follows that (¢}, eZAgapg) < 00 for B> (2b)7L. 0

Theorem 6.8 (Gaussian domination of the ground state) Let 5 < (2qp(jo¢)) ™
Then ¢, € D(eBAg/‘l) follows.

PROOF: By Lemma we have the uniform bound ||’ éapg||2 1

—— in
vV 1-284qg(jo)?

BAL/A LY LII> converges to some c as

t. Thus there exists a subsequence t' such that ||e
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' — 0o. We reset t' as t. We claim that {e” Ag/ 4@2}3 is a Cauchy sequence. Directly we
A2 A2 N A2 A2 N s A2

have [[e"1gt, — o1y 2 = [/ + [P 2 — 20, 0261, Note that

@, strongly converges to ¢, as t — oo. Since the uniform bound of | ePAe gptgH2 implies

that

A2 s A2 A2
ALY = (03 — o, P82 ) |2/t |12 — ¢

(g€
as t, s — 00, we obtain that limy s, ||eBA§/4gotg — eBAg/A‘gogH =0 and eBAg/‘lapg, t>0,is

a convergent sequence. Hence the closedness of e’ Ag/4 yields the desired results. O

7 Measures associated with the ground state

Similar to Section [6l in this section let H = Hy¢ or Hk, and we suppose that H has a
ground state .

7.1 Outline

We set & = Qp x Q, and W* = P* @ v in what follows. Let X; = By, for t > 0
and X_;, = B_g, for —t < 0. Thus t — X,(w1,w2) = Br,(w,)(w1) for (w1, ws) € 2" is
a cadlag path, i.e., paths are right continuous and the left limits exist. Let F_s ) =
o(X,;r € [—s,s]). Then

G, = U Flossy 9= U]:[_&s} (7.1)

0<s<t 0<s

are finitely additive families of sets. We define the correction of probability spaces by
(Z,0(9), 1), t>0, (7.2)

where p; is given by (6.6). We show in this section that there exists a probability
measure fio, on (2, 0(¥)) such that u; — pe as t — oo in the local weak sense.

The outline of the idea to show the convergence is as follows. First by using @fg
we define the family of finitely additive set functions p, on (£,%;), t > 0, and we
denote the extension to the probability measure on (2", 0(%;)) by p;. Thus we define
the probability space

(‘%‘70(%)%[}0- (73)
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Lemnl

_  Lemm
ptCPtﬂﬂcﬂw

Figure 3: Local weak convergence of ji; to fis

[t

We show in Lemma by using functional integrations that

pr(A) = pi(A) = u(A) (7.4)

for A € ¥, for all s < t. Next by using the ground state ¢, we define a finitely
additive set function p on (Z°,%) and denote the extension to the probability measure
on (Z,0(94)) by pie. Thus we define the probability space

(27,0(9)); fisc)- (7.5)
By applying the fact that @é strongly converges to . as t — 0o, we prove that
pi(A) = u(A), t— oo, (7.6)
for A € 4 in Lemma [[.6 which, together with (Z4]), implies that
w(A) = po(A), Ac¥Y (7.7)

and p; converges to the measure i, in the sense of local weak. By the construction of
oo We can show an explicit form of py(A) for A € 4. See Figure

7.2 Local weak convergences

Let us define

J[—t,t] = e fftV(Xs)dse—iaAE(I[—t,t])Jt. (7.8)

Note that for a.s. (wy,ws) € 27, J_vg : L*(2) — L*(L2) is a bounded linear operator.
Define an additive set function i : ¥ — R by

J(A) = 2Pt / ArE [La(oe(Xo), Jnoe(X0)) . A€ Fivg  (7.9)
Rd

Lemma 7.1 It follows that 1(A) > 0 for A € Fi_y.
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PROOF: We note that ¢2Np, > 0 and e"2NJ_, e 2N is positivity improving by
Corollary [6.21 Then

J(A) = 25t / Aoy [La (€ TV (X_y), TN pe TV EN g, (X)) > 0,
Rd

the lemma follows. O
Lemma 7.2 The set function j is well defined, i.e., for A € Fi_14) C Fi_s4

p(A) = P [ A el (X0, T aoe (X))

_ o2Es /Rddegv []]A(gpg(X_s)a J[_s,s]SDg(Xs))}

PROOF: Let pp = ,u[;[fm. Then i) is a probability measure on (2", F_4). Let

—s< —t=ty<t; <---<t,=1t<s. Then by Corollary [3.1§ the finite dimensional
distribution is given by

Mzé(z),,tn(AO NEEED 4 An) — (Xto (- AO, e 7th - An)

= /dem (HHA Xt) (pg(X4), J tt]SOg(Xt))]

(tl—to)(H—E) . —(tn—tn 1 (H E ]lA Spg)

= (()Oga ]lA()e_
By e~ (to+9)H-E), — . we have

= (pg, e WHIH=E) o=t o=(ta—tn-)H]) , o=(s=ta)(H-F)

= /Rddew <'H Iy, (X, ))( (X )vJ[—svs]SOg(Xs))]

X x A),

Pe)

It can be also seen that the finite dimensional distributions ,uﬁ), A C [—t,t], #A < o0,
satisfy the consistency condition, i.e.,

quzg),...,tn(AO N, An> _ quzg),...,tn,tvwrl ..... nH(A i~ A « HRd
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By the Kolmogorov extension theorem there exists a unique probability space (), %, q)
and a stochastic process (Ys)sej—tq up to isomorphisms (e.g., [Sim03, Theorem 2.1])
such that %, is the minimal o-field, &, = o(Y;, s € [—t,1]), and u’ég)’“"t”(on- XAy =
a(Yy, € Ag,---,Y:, € Ay). By the uniqueness, (Y, %y,q) and (27, Fj_sq, fir)) are
isomorphic, and also is (¥, %y, q) and (2", F_14, s)[7_, ). Hence q(A) = s (A) =
iy (A) for A € F_yy follows. O

Clearly u is a completely additive set function on (27,%). There exists a unique
probability measure i, on (27, 0(%)) such that p.(A) = u(A) for A € 4 by the Hopf
theorem.

Theorem 7.3 (Local weak convergence and uniqueness) The probability mea-
sures iy converges to [is in the local weak sense, i.e., puy(A) = poo(A) ast — oo for
each A € 9, and i 1s independent of ¢.

Before giving a proof of Theorem we need several lemmas. We define an additive
set function p; : ¢4, — R by

s T ¢t—s(X0) ¢t—s(Xs)):|
t A) = 2F 1 T in ofllEssl T o0 .
puld) =c /@IEW[A< Tol =1 gl (7.10)

for A € F_s 4 with s <.
Lemma 7.4 The set function p; satisfies py(A) > 0 and is well defined, i.e.,

) = e [0, []lA (w S w)]

g o] o
=P [ A {11 <7¢t‘S(X‘S),J_SSL‘S(XS))] 711
o [aamy (M ™) (7-11)

forallr < s <t.

PROOF: pi(A) > 0 follows in a similar way to Lemma [l The proof of the second
statement is similar to that of Lemma [T.2 The left-hand side of (Z.I1]) is denoted by
per)(A) and the right-hand side by p(s)(A). The finite dimensional distribution of p)
is given by

hkﬂ-

Ok

&

N
o
X
X

N

g
I

p(r) (Xt() € AQ, ceny th € An)

e2Er
= —— [ dzE5
[[¢|> /Rd v

<'H ]1Aj (th )) (¢t—r(X—r)a J[—r,r]¢t—r(Xr) .

0
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By Corollary B.I8 the right-hand side above can be represented as

; AT - —(r— _
T Y ™
t
1
= W (gb @ 1, e~ (o) (H-E) ﬂAOe_(h—to)(H—E) oo (tn—tn1)(H-E) ]lAne—(t—tn)(H—E)¢ ® ]1)
t
: ) o o a TAmT - —(s— _
— W (cbt 55 (to+s)(H E)]lee (ti=to)(H-E)  o=(tn—tn—1)(H E)]lAne (s—tn)(H E)¢t_s)
t

e2Es n
- ||¢t||2 /Rdde%v <'H ]lAj(th)> ((bt—s(X—s),J[_&s}(ﬁt_s(Xs))

= P (Ag X - X Ay).

Note that pf‘r) and pf‘s), A C [—t,t], #A < oo, satisfy the consistency condition. Note
that p(,) b”[—m] and p(,) [f[fm} are probability measures on (2", F_,,). By the Kol-
mogorov extension theorem we see that p)(A4) = p(A) for A € Fi_, ;) C Fl_syq
Then the lemma follows. O

By the Hopf theorem there exists a probability measure p, on (2, 0(%,)) such that
Pt = Ptle,-
Lemma 7.5 Let s <t and A € 9G,. Then p,(A) = u(A).
PROOF: For A = {tg,t1, -+ ,t,} C[—s,s] and Ay x --- X A,, € X?ZO%(RCZ), we define
P (Ag x - x Ay) = pu( Xy, € A, .., Xy, € A)

(H ﬂA th> ¢t s( —s)aJ[—s,s}¢t—s(Xs))]

)4

Both p? and p are probability measures on ((R9)*, (R%)"). We have

(¢ @ 1, e o], =ity .., e~ (=t)Hy g 1)
[[el?
e2E5(¢t—57 e—(to—i-s)H]lAOe—(tl—tO)H ]1A1 L ]lAne_(s_t7l)H¢t—s)

|2

e2Es

~od?

de“’”

and

/JJ?(AO X oo X An) = Mt(Xt() c AQ, ...,th c An) /d[lf]Ex

JMNAg x e x Ay) =
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by the definition of ¢;_s. The right-hand side above can be expressed as

- ¢t—s(X0) ¢t—s(Xs)
Qll”“%9< o JF”]H@H>I

Then p*(Ay x --- x A,) = pl(Ag x -+ x A,) follows. The probability measures
and p satisfy the consistency condition. Then by the Kolmogorov extension theorem

= / doEsy

Rd

there exists a unique probability space (), %, q) and stochastic process Y such that
By = 0(Ye,s € [—t,1]) and q(Yy, € Ag, -+, Y, € Ay) = p® " (Ag x - X Ay) =
Pt (Ag x --- x A,). On the other hand it holds that p[® " (Ag x --- x A,) =
Ay XX Ag) = pu(Ag X -+ X An) = g (Ag X -+ x A,). Hence p = q = pufa,
follows by the uniqueness of extensions. O

Lemma 7.6 Let A€ Y. Then tlim fi(A) = poo(A).
—00

PROOF: Suppose that A € ¥4, with some s. By Lemma [T.5 we have

lim "7 / dzEyy {]IA (M, J[—S,S}Mﬂ .

lim p;(A) = lim p(A) =
Jm pue(A) = fim pi(A4) = Jim e ] d Il il

Since ¢y — g strongly as t — 0o, we have

nmuxA>=eﬁkﬁgﬂm%m4@axﬂxhﬂﬂngg]=umwn

t—o00

Then the lemma follows. O

Now we state the proof of Theorem [7.3

Proof of Theorem [7.3% By Lemma it follows that p(A) — peo(A) for A € 9.
Next we show that p., is independence of the choice of ¢. Suppose that i’ is a local
weak limit of y} defined by p; with ¢ replace by ¢ such that 0 < ¢’ € L?(R?). By the
construction of fis, pioo(A) = pl (A) for A € 4. The uniqueness of Hopf’s extension
implies ptoo = pl,. Thus ps is independent of the choice of ¢. Then the theorem
follows. O
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8 Concluding remarks

8.1 Translation invariant models

Let H = Hy or Hys. Suppose that V' = 0. Then we already see that e e~ el = ¢7H,
Then H can be decomposable with respect to the spectrum of P. Thus we have

&
H= / H(p)dp. (8.1)
Rd
Here H(p) is defined by
H(p) = L(p) + m? —m + Hrad (82)

and

L(p) = (p — Py — aA(0))? (D(sz)ﬂD(Hrad)' (8.3)

It is established that (p — Py — aA(0))? is essentially self-adjoint on D(P¢?) N D(H,aq)
in Theorem 2.3]. We can construct the functional integral representation of
e @) for each p € R? in a similar manner to [Hir07].

Theorem 8.1 Let F,G € L*(2). Then it follows that

(F,e"M0G) = By,

Pxv

=B (JoF(BTo),eipf'BTfe_iO‘AE(I[O’tDJtG(BTt))} : (8.4)

From this functional integral representation we can show the self-adjointness of H(p)
in a similar manner to H.

Corollary 8.2 Suppose Assumptions 21 and [Z3. Then for all p € R, H(p) is self-
adjoint on D(|P¢]) N D(Hyaq).

PROOF: The proof is similar to that of Theorems and [L7] i.e, it can be show that
e~M®) leaves D(|P¢|) N D(H,aq) invariant fo rm > 0, and that by using the inequality
|[p—P¢|®[|* + |Hyaa®|| < CJ|(H(p) + 1)®|| we can show the self-adjointness of H(p) for
m > 0. See [HHI13D]. O
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8.2 Spin 1/2 and generalizations

Let us assume that the space dimension d = 3. The SRPF Hamiltonian with spin 1/2
is defined by

HSR = \/(O’ . (p — OéA))2 + m2—m +V + Hrad (85)
on the Hilbert space (C* ® L*(R?)) ® L?(2). Here 0 = (01, 0,03) are the 2 x 2 Pauli

matrices given by
01 0 — 1 0
o1 = |:1 O:| s 09 = |i’L O:| s 03 = |:O _1:| . (86)

Let (NVi)i>0 be the Poisson process with the unit intensity on a probability space
(2, %,,v). We define the stochastic process o; = o(=1)™, t > 0, where o €
{—1,41}. Under some condition we can construct a functional integral representation
of e™™ in terms of stochastic processes (By)i>0, (T})i>0 and (o¢);>0. We can identify
C* ® L*(R?) ® L*(2) with L*(R? x {£1}; L*(2)). Under this identification we can
construct the Feynman-Kac type formula of e~ with

1
HNR = 5(0’ . (p — OéA))2 + V + Hrad

n [HLOS]. By a minor modification we can also construct the Feynman-Kac type
formula for H in (8.3]).

Theorem 8.3 Let F,G € L*(R? x {£1}; L*(2)). Then

( —tHsRG _ eTt Z / dr E;SZXV fg (Bry)ds (JOF(BT(),UTO),GSLG(BTHUn))} :
o==+1

where
§ =~ inAp (1[0, 1) ~ 5 /0 0. Bs(A(- — B,))ds
" / tog (5 (Bu(A( — B.)) — iouBa(A(- — B.)) dN,

and B(z) = V, x Ag(z) describes the quantized magnetic field.
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We can furthermore consider general Hamiltonians of the form:

v (%(a (- aA>>2) V4 H, (8.8)

where U denotes a Bernstein function. The standard Pauli-Fierz Hamiltonian is real-
ized by W(u) = u, and the SRPF Hamiltonian with spin 1/2 by ¥(u) = v/2u + m2 —m.
(RB:8)) can be also investigated by path measures, and only the difference from (8.7) is to
take the subordinator (T'%;);>¢ associated with Bernstein function ¥ instead of (7});>o.
See Appendix [[ for relationship between Bernstein functions and subordinatos. We
will publish details somewhere in near future.

Remark 8.4 We give comments on both of semigroups (8.4]) and (8.1).

(1) The semigroup (84 is not positivity improving for p # 0 and positivity improving
for p = 0, since the semigroup includes e=#B7,

(2) Let V and ¢ be rotation invariant. Then in a similar manner to Corollary
7.70] it can be shown that (83]) has degenerate ground state if it exists. In particular
in this case ([87]) can not be positivity improving.

8.3 Gaussian domination and local weak convergence

We can see that qg(I[—t,t],jo€) in (GI0) converges as t — oo.
Lemma 8.5 Sequence {qg(I[—t,1],jo€)}+ is a Cauchy sequence in L*(Z", WY).

PROOF: Let s < t and we estimate EY;[qr(I[s, t],jo€)?]. By the definition of I[s, ] we
have

Yy [ae (1fs. 1], jof)*] < lim Efy

Jj—1

2n th
Z/ (jtj71>\(' - Bs)ajogﬁBs
j=1"Tt

By the independent increments of the Brownian motion we have

T, 2"
/ (g,e—%1wg>ds]||x||2=ggfgoZE%v (70, =0, ) (€ e 2 A1
j=1

T,

2’)’L
< lim ) EY
]:
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Since Ty, 4, , and Ty, — T}, | have the same low, we see that

(g nlggOZEw Tty e ) AT

Using the distribution of 7; we have

(g ggr;OZ( Tas Sl e (<35 +mzs>)e—2tﬂ'w)§) I

where At; =t; . Since m > 0 we obtain that
2m o t ) e—2sw _ e—2tw
C li At;e 1 =(C dr) =C (§, ————
€€ lm ; je (6 [ ear) o (o)
with some constant C'. Then qg(I[—t,],jo€) is a Cauchy sequence. O

By Lemma R3] there exists qg(I(—00,0),jo§) such that tlim ae(I[—t,t],j0) =
—00
qe(I(—00,0),jo€) in L?(2", WY).

Remark 8.6 By Theorem and Lemma [R5 we conjecture that

—Ba? [—o0,00],j 2
(g, #420,) = 1 __F,_ [e : (?Eélaquos)fOO} (8.9)
1 —284qgr(jo§)
and limgyqg(joe) /2 HeBAg/ %] = co. This type of results are derived for a spin-boson

model [HHLIZ].

A Brownian motion on R

Let (By)ier be d-dimensional Brownian motion on a probability space (Qp, Bp, P¥).
The properties of Brownian motion on the whole real line can be summarized as follows.
Let N, be the Gaussian random variable with mean zero and covariance t.

(1) P*(Bo =) =1

(2) the increments (B, — By, )1<i<n are independent Gaussian random variables for

any0:t0<t1<---<tnwithBt—BsiNt_s,fort>s;
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(3) the increments (B_;, , — B_4,)1<i<n are independent Gaussian random variables

for any 0 = —tg > =ty > --- > —t,, with B_; — B_, 4 s_¢, for —t > —s;

(4) the function R 5 t — B;(w) € R is continuous for almost every w;
(5) B; and By for t > 0 and s < 0 are independent;

(6) the joint distribution of By, ..., By,, —00 <ty < t; < --- < t,, < 00, with respect
todr ®dP? is invariant under time shift, i.e.,

/ dzEf = / dzEf
Rd Rd

n

[17B)

=0

n

[T 7(Bus)

=0

(1.1)

for all s € R.

B Proof of Proposition 3.4

Proof of Proposition We show an outline of a proof. This is a modification of
[HirOOb, Theorem 2.7] and [LHBII, Lemma 7.53]. By the Riesz theorem the right-hand
side of (B.3]) can be expressed as (F, S;G) with some bounded operator S;. We can check
that S;, t > 0, is symmetric and strongly continuous one-parameter semigroup. Thus
there exists a self-adjoint operator K such that S, = e *%. It is also shown the
proof of Lemma 4.8] that

%((6_”{ - )F,G) = /01(—hAF, e " G)ds (2.1)

for F,G € C°(RY) @ L2 (2). By the inequality ||haF| < C(||p*F| + ||(N + 1) F||)
with some positive constant C, (1)) can be extended for F, G € D(p*) N D(N). Thus
K = hy on D(p?) N C®°(N). We also see that |[(UF, e *5G)| < O(U, K,G)||F| for
F,G € D(U), where C(U, K,G) is a positive constant, U = p? and U = N" for any
n > 1. Thus e ¥ leaves D(p?) N C°°(N) invariant. Thus the proposition follows from
Proposition
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C Relativistic Kato-class

Let m > 0. Set h = /p?+m? —m. It is known that V' > 0 is in the relativistic

Kato-class if and only if blim sup |((h — E)~'V)(x)| = 0. See e.g.[HILI3] Proposition
0 peRd
4.5).

Lemma C.1 Let V > 0 be in the relativistic Kato-class. Then V is infinitesimally
small form bounded with respect to h, i.e., for arbitrary € there exists b > 0 such that
|VY2F]] < el|B2f|| + b\ fI| for arbitrary f € D(hY?). In particular Viao C Vet

PROOF: Let || -||,, be bounded operator norm on LP(RY). By duality it is seen
that ||(h + E)"'V |11 = |[(h + E)"'V|]|sc.e- By the Stein interpolation theorem we
have ||[VY/2(h — E)7'V1/2||y5 < ||(h + E)~'V||1.1 and notice that ||(h + E) 'V | sc0 =
SUP,cpa |((h—E)~'V)()|. Hence [|[VY/2(h—E)~'2|3, < sup,epa [(h—E)~'V)(2)] — 0
as E — oo. From |[VY2f|| < [[VY2(h — E)~Y2||55||(h — E)Y2f]| it follows that V is
form bounded with an infinitesimally small relative bound. O

D Integral I[a, b

omn

d th
Proposition D.1 Let I,[0,t] = P ) / i, A\(- — BodBY. Then s—lim 1,[0,] =
p—1 =1 th ) n—o00

100, 1] in L*(Qp, P*) @ &.

PrOOF: We have ||I[0,t] — 1,[0,#]||? = d(T; — To)(\,2(1 — e=*/2")X) — 0 as n — oo.
Then the proof is complete. O

Proposition D.2 For each w € Q, \ A, 1[0,t] = 1[0, s] + I[s, t] for 0 < s <t follows
in the sense of L*(Qp, P?) ® &, i.e.,

E (|10, ] — 1[0, 5] — I[s, #][3] = 0. (4.1)
PrROOF: By a limiting argument we see that
g IT[0, t]lIF] = dT]| 6/ vwll* (4.2)
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for almost surely in v. We suppose that s = at/2* with some a,k € N. Then by the

d ontk
definition of 1[0, t] we have 1[0, t] = nll_g)lo@ Z/ it; 2 A(-— BB with t; = 5,
p=1 j5=1 -1
and
27L+k

T

> / A - B

2"™b

_Z/ Jp-nA(— B )dB“+Z/ Jortzzimn A — By By,

(-1 g=1"Toitas o)

where b = 2¥ — a. Hence I[0,t] = I[0,s] + I[s,t] follows. Let 0 < s < t. Then
there exists s(€) > s such that s(e¢) = a/2F with some a,k € N and s(e) | s as
e — 0. Hence 110, t] = I[O,s(e)] + 1I[s(e),t]. Note that I[0, s(e)] — 1[0, s] = I[s, s(€)] and

EL |1[s, s(e)]||3 = — Ty)||¢/+v/wl||* by the Ito isometry [2). Since Ty = Ti(w) is
right contmuous in s for w € Q, \ A, [@J) follows. O

Proposition D.3 Let a < b and ¢ < d, and suppose that [a,b] N [c,d] = [¢,b]. Then
for each w € Q, \ A, Ef [1[a,b],1[c,d])s = d(T}, — TC)||@/\/EH%2(W).
PROOF: Suppose that [a,b] N [c,d] = (). Then it follows that
E? [(I[a, b],1[c,d])] = lim lim Ef [1,][a,b],L,[c, d])] = 0.
n—o0 m—0o0

Thus by Proposition [D.2] we see that

E? [(I[a, 0], 1], d)) =EF [(1]a, c|, 1[b, d])] + EE [I[a, c], I[c, b])
+E (11, d), 1fe, ) + E§ [I1e. )17

Then the lemma follows from EE ||I[c, b]||3 = dEE UTCC" A — Br)||2d7"} by the Ito isom-
etry (A2). O

E Proofs of (5.4)) and (5.7)

Lemma E.1 ([5.4) follows.
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PROOF: From the proof of Theorem .10l and (5.12), it follows that

E%gy [ —iaAg(I® f V(Br, +x) er G(BTt ‘l‘l’)‘ Jt'[ i|
_ Egisy |:_mAE(1(2) [0,t— s] — & V(Bry, +a) dr g G(BTt . —I—SL’)] (51)

for arbitrary G € 2. Then we have

B DBty PoaG(Br)]| = Ep, Pios (0)ERE" Poa(@)G(Br, + o]
— B, o (2)ER, [Jgom IV (Brte)dromiodelileati 3, G By, , + )| Fio|
Here I§[s, s + t](resp. Jpq(x)) denotes Iy[s,s + t] (resp. Jpq) with B, replaced by
B, + x. Since a conditional expectation leaves expectation invariant, we have
- EOP’BV [J[O J() Jge— [V (B e)dr g—iaAn(Igls.st) 5, Br.,, + x)]

and (5.4) follows. O

Lemma E.2 ([5.7) follows.

ProoOF: Note that By, — By, = Br,_p. and y — By, = y + By, in law. We investigate
wr],[0,t]. We see that

d
utrin[ov t] = @ Z/ Jt tj— A= (Bs = B, +y))dBY{

p=1 j=1""t—
d 2m 2n

= lim P> > i ( (Bri,  +6-18, BTHry))

pn=1 i=1 j=1

X <BTt. LA Bth71+(z_1)Aj,1)

2m 2m

= nlbl—lgo@ ZZJt tjo1 ( — BTt—thil—(i—l)Aj,l — y)

p=1 i=1 j=1

X (BTt_thfl_iAjfl - BTt_thil_(i_l)Ajfl> I
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where A;_; = 57 (Tt thfl). Since T; — T has the same law as T;_,, we can replace
the right-hand side above with

2m 2m

@Y Y )

p=1 =1 j=1

x | B i—1
< Ti—t; —5m

By the definition of |, ST jsA(- — Bs B and the Coulomb gauge condition (2.8)) it follows
that

- B : : 5.2
(To—t;_y —Tt—t;) thtjil—ﬁ(Ttitjilth,tj) ( )

Ty,
)M AR G R ) oy (R R
p=1 j=1 T tj p=1 j=1
(5.3)
Finally we have by Proposition [D.]
d 2" Ti, a 2" Ty
-p> / jiA( = B —yxBl. = - / jo, A(— By —y)BY. (5.4)
p=1 j=1 Ti; 4 p=1 j=1 Ti;_4
Then the proof is complete. O

F Subordinators

A subordiantor (7});>¢ is a l-dimensional Lévy process which has a almost surely
nondecreasing path ¢ — T;. Subordinator may be thought as a random time, since
T, > 0and T; < T, for t < s. The subordinator (T});>o satisfies that E[e~%7t] = e="(w),
where

Y(u) = bu+ /000(1 —e ")\dy) (6.1)

for w > 0, where b > 0 a constant and A(dy) denotes a Lévy measure such that
A((—=00,0)) = 0 and [;7(y A 1)Ady) < co. Let f € C*((0,00)) with f > 0. fis a
Bernstein function if and only if (—1)"d"f/dz™ < 0 for all n = 1,2,3,.... For each
Bernstein function ¢ such that lim, ot (u) = 0 can be realized as (G.I]). The examples
of Bernstein functions are 1(u) = u® with 0 < a < 1 and ¥ (u) = Vu? +m? —m.
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