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Abstract

The spinless semi-relativistic Pauli-Fierz Hamiltonian

H =
√

(p⊗ 1l−A)2 +M2 + V ⊗ 1l + 1l⊗Hf ,

in quantum electrodynamics is considered. Here p denotes a momentum opera-
tor, A a quantized radiation field, M ≥ 0, Hf the free hamiltonian of a Boson
Fock space and V an external potential. The self-adjointness and essential self-
adjointness of H are shown. It is emphasized that it includes the case of M = 0.
Furthermore, the self-adjointness and the essential self-adjointness of the semi-
relativistic Pauli-Fierz model with a fixed total momentum P ∈ R

d:

H(P ) =
√

(P − Pf −A(0))2 +M2 +Hf , M ≥ 0,

is also proven for arbitrary P .

1 Introduction

1.1 Fundamental facts

In this paper we are concerned with the self-adjointness of the so-called semi-relativistic
Pauli-Fierz (SRPF) HamiltonianH in quantum electrodynamics. Essential self-adjointness
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of H is shown in [Hir14, Theorem 4.5] by a path measure approach under some con-
ditions. We furthermore show its self-adjointness under weaker conditions in this
paper. Our result is independent of coupling constants. In this sense the result is
non-perturbative.

Let K be a Hilbert space over C and h be a symmetric operator with the domain
D0. In general h has the infinite number of self-adjoint extensions. Let h0 be one
self-adjoint extension, which defines the Schrödinger equation

i
∂

∂t
Φt = h0Φt (1.1)

with the initial condition Φ0 = Φ ∈ K . Then the self-adjointness of h0 ensures the
uniqueness of the solution to (1.1) and it is given by Φt = e−ith0Φ. The time-evolution
of a physical system governed by the Schrödinger equation (1.1) is different according
to which self-adjoint extension is chosen. Hence it is important to find a core of h or
a domain on which h is self-adjoint in order to determine the unique time-evolution of
the physical system.

A semi-relativistic Schrödinger operator with nonnegative rest mass M ≥ 0 is
defined as a self-adjoint operator in L2(Rd), which is given by

Hp =
√
p2 +M2 + V. (1.2)

Here p = (−i∂x1
, · · · ,−i∂xd

) denotes the momentum operator and V : Rd → R is an
external potential. The SRPF model is defined by Hp coupled to a quantized radiation
field A. Let F = ⊕∞

n=0Fn(W ) = ⊕∞
n=0 ⊗n

s W be the Boson Fock space over Hilbert
space W = ⊕d−1L2(Rd), d ≥ 3. Although the physically reasonable choice of the
spatial dimension is d = 3, we generalize it. Let ω : Rd → R be a dispersion relation.
We introduce assumptions on the dispersion relation.

Assumption 1.1 ω(k) ≥ 0 a.e. k ∈ Rd.

Physically reasonable choice of dispersion relation is ω(k) = |k| or ω(k) =
√
|k|2 + ν2

with some ν > 0. In [HH13] the dispersion relation such that ω ∈ C1(Rd;R), ∇ω ∈
L∞(Rd), inf

k∈Rd

ω(k) ≥ m with some m > 0 and lim
|k|→∞

ω(k) = ∞ is treated. The free

field Hamiltonian Hf of the Boson Fock space is given by the second quantization of
the multiplication operator by ω on W , i.e., Hf = dΓ(ω). The SRPF Hamiltonian is
defined by the minimal coupling of a quantized radiation field A to

H0 = Hp ⊗ 1l + 1l⊗ Hf . (1.3)

H0 is self-adjoint on D(Hp ⊗ 1l) ∩ D(1l ⊗ Hf). The creation operator and the anni-
hilation operator in F are denoted by a†(f) and a(f), f ∈ W , respectively. They
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are linear in f and satisfy canonical commutation relations: [a(f), a†(g)] = (f̄ , g)W
and [a(f), a(g)] = 0 = [a†(f), a†(g)]. Here and in what follows the scalar product
(f, g)K on a Hilbert space K is linear in g and anti-linear in f . We formally write as

a#r(f) =

∫
a#r(k)f(k)dk for a♯(F ) with F = ⊕d−1

s=1δsrf and

Hf =
d−1∑

r=1

∫
ω(k)a†r(k)ar(k)dk.

Let er(k) = (er1(k), ..., e
r
d(k)) be d-dimensional polarization vectors, i.e., er(k) · es(k) =

δrs and k · er(k) = 0 for k ∈ Rd \ {0} and r = 1, ..., d− 1. For each x ∈ Rd a quantized
radiation field A(x) = (A1(x), ..., Ad(x)) is defined by

Aµ(x) =
1√
2

d−1∑

r=1

∫
erµ(k)

(
ϕ̂(k)e−ik·x
√

ω(k)
a†r(k) +

ϕ̂(−k)eik·x√
ω(k)

ar(k)

)
dk. (1.4)

Here ϕ̂ is an ultraviolet cutoff function, for which we introduce assumptions below.

Assumption 1.2 ϕ̂/
√
ω, ω

√
ωϕ̂ ∈ L2(Rd) and ϕ̂(k) = ϕ̂(−k).

Note that
√
ωϕ̂ ∈ L2(Rd) follows from Assumption 1.2. We fix ϕ̂ and ω satisfying

Assumptions 1.1 and 1.2 throughout this paper. Then ϕ̂(k) = ϕ̂(−k) implies that
Aµ(x) is essentially self-adjoint for each x. We denote the self-adjoint extension by the

same symbol Aµ(x). We identify H with

∫ ⊕

Rd

Fdx, and under this identification we

define the self-adjoint operator Aµ in H by

Aµ =

∫ ⊕

Rd

Aµ(x)dx.

Set A = (A1, · · · , Ad). Let N = dΓ(1l) be the number operator on F and C∞(1l⊗N) =
∩∞
n=1D(1l⊗Nn). Let

d∑

µ=1

(pµ ⊗ 1l−Aµ)
2 = (p⊗ 1l− A)2. (1.5)

Lemma 1.3 D(p2 ⊗ 1l) ∩ C∞(1l⊗N) ∩D(1l⊗ Hf) is a core of (p⊗ 1l− A)2.

Proof: See Appendix B.
The closure of (p ⊗ 1l − A)2⌈D(p2⊗1l)

⋂
C∞(1l⊗N)

⋂
D(1l⊗Hf) is denoted by (p ⊗ 1l − A)2

for simplicity. Thus
√
(p⊗ 1l−A)2 +M2 is defined through the spectral measure of

(p⊗ 1l−A)2. Set

TM =
√
(p⊗ 1l−A)2 +M2. (1.6)
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Proposition 1.4 [Hir14, Lemma 3.12, Theorem 4.5] Let M > 0. Then (1) and (2)
follow.

(1) Let V = 0. Then H is essentially self-adjoint on D.

(2) Suppose that V is relatively bounded (resp. form bounded) with respect to
√
p2 +M2

with a relative bound a. Then V is also relatively bounded (resp. form bounded)
with respect to TM +Hf with a relative bound smaller than a.

1.2 Potential classes and definition of SRPF Hamiltonian

We introduce two classes, Vqf and Vrel, of potentials.

Definition 1.5 (Vqf) V = V+ − V− ∈ Vqf if and only if V+ ∈ L1
loc(R

d) and V− is rela-

tively form bounded with respect to
√
p2 +M2 with a relative bound strictly smaller

than one, i.e., D((p2 +M2)1/4) ⊂ D(V
1/2
− ) and there exist 0 ≤ a < 1 and b ≥ 0 such

that
‖V 1/2

− f‖ ≤ a‖(p2 +M2)1/4f‖+ b‖f‖
for all f ∈ D((p2 +M2)1/4).
(Vrel) V ∈ Vrel if and only if V is relatively bounded with respect to

√
p2 +M2 with

a relative bound strictly smaller than one, i.e., D(
√
p2 +M2) ⊂ D(V ) and there exist

0 ≤ a < 1 and b ≥ 0 such that

‖V f‖ ≤ a‖
√
p2 +M2f‖+ b‖f‖

for all f ∈ D(
√
p2 +M2).

It can be shown that Vrel ⊂ Vqf . By Proposition 1.4 we can define the SRPF Hamilto-
nian as a self-adjoint operator through quadratic form sums. Let V ∈ Vqf . We define
the quadratic form by

q : (F,G) 7→ (T
1/2
M F, T

1/2
M G)+(H

1/2
f F,H

1/2
f G)+(V

1/2
+ F, V

1/2
+ G)−(V

1/2
− F, V

1/2
− G) (1.7)

with the form domain

Q(q) = D(T
1/2
M ) ∩D(H

1/2
f ) ∩D(V

1/2
+ ). (1.8)

By Proposition 1.4, we note that Q(q) = D(T
1/2
M ) ∩D(H

1/2
f ) ∩D(V

1/2
+ ) ∩D(V

1/2
− ). It

can be checked that Q(q) is densely defined semi-bounded closed form. Then there
exists the unique self-adjoint operator H associated with the quadratic form q, i.e.,
D(|H|1/2) = Q(q) and q(F,G) =

∫
σ(H)

λd(EλF,G). Here Eλ denotes the spectral

measure associated with H . We write H as

H = TM +̇ V+ ⊗ 1l −̇ V− ⊗ 1l +̇ 1l⊗Hf . (1.9)
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Definition 1.6 Let V ∈ Vqf . Then the SRPF Hamiltonian is defined by (1.9).

We do not write tensor notation ⊗ for notational convenience in what follows. Thus
H can be simply written as H = TM +̇ Hf +̇ V+ −̇ V−.

1.3 Essential self-adjointness of H

Let
D = D(|p|) ∩D(V ) ∩D(Hf). (1.10)

When V ∈ Vrel, D(V ) ⊂ D(|p|) ∩D(Hf) and it follows that D = D(|p|) ∩D(Hf). We
introduce a subclass Vconf ⊂ Vqf , which include confining potentials.

Definition 1.7 (Vconf) V = V+ − V− ∈ Vconf if and only if V− = 0 and V+ is twice
differentiable, and ∂µV+, ∂

2
µV+ ∈ L∞(Rd) for µ = 1, ..., d, and D(V ) ⊂ D(|x|).

When V ∈ Vconf , V ∈ L2
loc(R

d) and nonnegative. Then p2+ V is essentially self-adjoint
on C∞

c (Rd) by Kato’s inequality. It is established in [Hir14, Theorem 4.5] that H with
M > 0 is essentially self-adjoint on D for V ∈ Vrel. We extend this to V ∈ Vrel ∪Vconf .

Proposition 1.8 Let V ∈ Vrel ∪ Vconf and M > 0. Then H is essentially self-adjoint
on D.

Proof: When V ∈ Vrel, the proposition follows from (2) of Proposition 1.4 and the Kato-
Rellich theorem. The proof of the proposition for V ∈ Vconf is a minor modification of
[Hir14, Theorem 4.5]. Then we give it in Appendix C.

1.4 Main results

The self-adjointness of the Pauli-Fierz Hamiltonian:

1

2
(p⊗ 1l− αA)2 + V ⊗ 1l + 1l⊗ Hf

is proven in [HH08, Hir00, Hir02] for arbitrary values of coupling constant α ∈ R under
some condition on ϕ̂ and V . On the other hand as far as we know there a few work
on the self-adjointness of the SRPF Hamiltonian. In [MS09] the self-adjointness of the
SRPF Hamiltonian with spin 1/2 and without V :

γ
√
(σ · (p⊗ 1l− αA))2 +M2 + 1l⊗ Hf

is shown for d = 3 but for sufficiently small coupling constant α, where σ = (σ1, σ2, σ3)
denotes 2 × 2 Pauli matrices and 0 < γ ≤ 1 an artificial parameter. In [MS09] the
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self-adjointness is proven by a perturbation theory, i.e., operator |D| − |D0| is esti-
mated for sufficiently small α, where |D| =

√
(σ · (p⊗ 1l− αA))2 +M2 and |D0| =√

(σ · p)2 +M2, and the self-adjointness of |D| + Hf can be reduce to show that of
|D0|+Hf for sufficiently small α. This is unfortunately not applicable for arbitrary val-
ues of α. By functional integration however it is proven in [Hir14] that H is essentially
self-adjoint on D for M > 0, which is due to show that e−tHD ⊂ D .

Then the main purpose of this paper is to show the self-adjointness of H on D for
arbitrary values of coupling constants (in this paper α is absorbed in the prefactor of
ϕ̂), and not only for V ∈ Vrel but also for V ∈ Vconf . This can be achieved by proving
the nontrivial bound (2.2) mentioned below, which bound implies the closedness of
H⌈D . In order to prove (2.2) for 0 ≤ M we have to estimate the commutator like
[
√

(p−A)2 +M2, ·]. See the proof of Lemma 2.6. In particular the proof for the case
of M = 0 is not technically straightforward, and then we used a functional integral
method.

We define the dense subset Hfin. Let

Ffin = L.H.{Ω, a†(h1) · · ·a†(hn)Ω|hj ∈ C∞
c (Rd), j = 1, · · · , n, n ≥ 1} (1.11)

and
Hfin = C∞

c (Rd)⊗̂Ffin, (1.12)

where ⊗̂ denotes the algebraic tensor product. The main theorem in this paper is to
extend Proposition 1.8 as follows.

Theorem 1.9 Let V ∈ Vrel ∪ Vconf and M ≥ 0. Then H is self-adjoint on D, and
essentially self-adjoint on Hfin.

Note that Theorem 1.9 includes the case of M = 0.

1.5 Literatures and organization

We refer to literatures where the SRPF model is studied. In [GLL01] the existence of
the ground state of the SRPF model is suggested and the present work is inspired from
this. Then the ground state of the SRPF model is studied in e.g., [GS12, HH13, Hir14,
KM13a, KM13b, KM14, KMS11a, KMS11b, MS10, MS09], in particular the case of
M = 0 is investigated in [HH13]. Moreover in [FGS01] the asymptotic analysis of the
SRPF model is also studied.

This paper is organized as follows.
In Section 2 we show that H is self-adjoint on D(|p|)∩D(V )∩D(Hf) and essentially

self-adjoint on Hfin which is defined in (1.12).
In Section 3 we discuss the translation invariant SRPF Hamiltonian which is defined

by H with V = 0. Then H ∼=
∫ ⊕
Rd H(P )dP is obtained and H(P ) is called the SRPF
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Hamiltonian with total momentum P ∈ Rd. The self-adjointness of H(P ) on D(|Pf |)∩
D(Hf), and essential self-adjointness on Ffin defined in (1.11).

2 Self-adjointness

In order to prove Theorem 1.9 we need several lemmas.

Lemma 2.1 Let M ≥ 0. It follows that D(|p|) ∩ D(H
1/2
f ) ⊂ D (TM), and for all

Ψ ∈ D(|p|) ∩D(H
1/2
f ),

‖TMΨ‖ ≤ C(‖|p|Ψ‖+ ‖H1/2
f Ψ‖+ ‖Ψ‖) (2.1)

with some constant C > 0. In particular

‖HΨ‖ ≤ C(‖|p|Ψ‖+ ‖HfΨ‖+ ‖VΨ‖+ ‖Ψ‖) (2.2)

follows for Ψ ∈ D with some constant C > 0.

Proof: It follows that ‖TMΨ‖2 =
∑d

µ=1 ‖(pµ − Aµ)Ψ‖2 +M2‖Ψ‖2 for Ψ ∈ Hfin. Then
(2.1) follows from the well-known bound

‖AµΨ‖ ≤ C‖(Hf + 1l)1/2Ψ‖

with some constant C > 0 for Ψ ∈ Hfin. Furthermore since |p| + H
1/2
f is essentially

self-adjoint on Hfin, the lemma follows from a limiting argument.
Let H0 =

{
{Ψ(n)}∞n=0 ∈ H |Ψ(n) = 0 for all n ≥ n0 with some n0 ≥ 1

}
and

D1 = D ∩ H0. (2.3)

Lemma 2.2 Let V ∈ Vconf and M > 0. Then D1 is a core of H.

Proof: Let Pn = 1l[0,n](N) for n ∈ N. Take an arbitrary Ψ ∈ D . Hence PnΨ ∈ D1. We
see that PnΨ → Ψ as n → ∞. Since

‖H(Pn − Pn′)Ψ‖ ≤ C(‖(Pn − Pn′)|p|Ψ‖+ ‖(Pn − Pn′)VΨ‖+ ‖(Pn − Pn′)HfΨ‖),
(2.4)

we also see that {HPnΨ}n is a Cauchy sequence in H . By the closedness of H ,
Ψ ∈ D(H) and HPnΨ → HΨ. Thus D1 is a core of H .

Let

D2 = {{Ψ(n)}∞n=0 ∈ D1|Ψ(n)(·,k) ∈ C∞
c (Rd) a.e. k ∈ R

dn, n ≥ 1}. (2.5)
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Lemma 2.3 Let V ∈ Vconf and M > 0. Then D2 is a core of H.

Proof: Take an arbitrary Φ ∈ D1. Let j ∈ C∞
c (Rd) and g ∈ C∞

c (Rd; [0, 1]) such that∫
Rd j(x)dx = 1 and g(x) = 1 for |x| ≤ 1. For each ǫ > 0 we set jǫ(x) = ǫ−dj(x/ǫ),

Φ
(n)
ǫ,L(x,k) = g(x/L)

∫

Rd

jǫ(x− y)Φ(n)(y,k)dy, (2.6)

and Φǫ,L = {Φ(n)
ǫ,L}∞n=0. We see that Φǫ,L → Φ, pµΦǫ,L → pµΦ, V Φǫ,L → V Φ and

HfΦǫ,L → HfΦ strongly as ǫ ↓ 0 and L → ∞. Then by inequality (2.2) and the
closedness of H , we see that Φ ∈ D(H) and lim

L→∞
lim
ǫ↓0

HΦǫ,L = HΦ in H . Thus the

lemma follows.

Lemma 2.4 Let V ∈ Vconf and M > 0. Let Φ ∈ D2. Then it follows that

‖p2Φ‖+ ‖V Φ‖ + ‖HfΦ‖ ≤ C‖(p2 + V +Hf + 1l)Φ‖ (2.7)

with some constant C > 0.

Proof: Note that ‖(p2 + V )Φ‖2 = ‖p2Φ‖2 + 2Re(p2Φ, V Φ) + ‖V Φ‖2. Let Vµ = ∂µV .
Since

2Re(p2Φ, V Φ) ≥ 2
∑

µ

Re(pµΦ, [pµ, V ]Φ) ≥ −2
∑

µ

‖pµΦ‖‖Vµ‖∞‖Φ‖,

for an arbitrary ǫ > 0, we have ‖(p2 + V )Φ‖2 ≥ (1− ǫ)‖p2Φ‖2 + ‖V Φ‖2 − Cǫ‖Φ‖2 and

‖(p2 + V +Hf)Φ‖2 ≥ ‖(p2 + V )Φ‖2 + ‖HfΦ‖2

≥ (1− ǫ)‖p2Φ‖2 + ‖V Φ‖2 − Cǫ‖Φ‖2 + ‖HfΦ‖2.

Then (2.7) follows.

Lemma 2.5 Let V ∈ Vrel ∪ Vconf and M ≥ 0. Then Hfin is a core of H.

Proof: Suppose that M > 0. Let Φ ∈ D2. Let V ∈ Vconf . Note that p2 + V + Hf is
essentially self-adjoint on Hfin. We see that there exists a sequence {Φn}, Φn ∈ Hfin,
such that Φn → Φ, and (p2 + V + Hf)Φn → (p2 + V + Hf)Φ as n → ∞. From (2.7) it
follows that p2Φn → p2Φ, V Φn → V Φ and HfΦn → HfΦ as n → ∞. Then we can also
see that {HΦn} is a Cauchy sequence by (2.2), and limnHΦn = HΦ follows. Thus
Hfin is a core of H . Next we suppose that V ∈ Vrel. By the argument above it is seen
that operator TM +̇ Hf is essentially self-adjoint on Hfin. By Proposition 1.4, we also
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see that ‖V Φ‖ ≤ a‖(TM +̇ Hf)Ψ‖ + b‖Ψ‖ with some constant 0 ≤ a < 1 and b ≥ 0.
The Kato-Rellich theorem yields that H is essentially self-adjoint on Hfin.

Suppose that M = 0. We emphasis the dependence on M by writing HM for H .
Since H0 = HM + (H0 − HM) and ‖(H0 − HM)Ψ‖ ≤ M‖Ψ‖, H0 is also essentially
self-adjoint on Hfin by the fact that HM is essentially self-adjoint on Hfin and by the
Kato-Rellich theorem.

The key inequality to show the self-adjointness ofH on D is the following inequality.

Lemma 2.6 Let V ∈ Vconf . Let M0 > 0 be fixed and 0 ≤ M ≤ M0. Then for all
Ψ ∈ D(H),

‖|p|Ψ‖2 + ‖VΨ‖2 + ‖HfΨ‖2 ≤ C‖(H + 1l)Ψ‖2 (2.8)

with some constant C independent of M .

Proof: Suppose that M = 0. In the case of M > 0, the proof is parallel with that of
M = 0, but rather easier.

(Step 0) Let Ψ ∈ Hfin. Let H0 = |p−A|+Hf . We have

‖HΨ‖2 = ‖H0Ψ‖2 + ‖VΨ‖2 + 2Re(H0Ψ, VΨ),

‖H0Ψ‖2 = ‖|p− A|Ψ‖2 + ‖HfΨ‖2 + 2Re(|p− A|Ψ,HfΨ).

Then

‖HΨ‖2 = ‖|p−A|Ψ‖2+‖HfΨ‖2+2Re(|p−A|Ψ,HfΨ)+‖VΨ‖2+2Re(H0Ψ, VΨ). (2.9)

We estimate the three terms ‖|p−A|Ψ‖2, Re(|p−A|Ψ,HfΨ) and Re(H0Ψ, VΨ) on the
right-hand side of (2.9) from below.

(Step 1) We estimate Re(|p − A|Ψ,HfΨ). Since the operator |p − A| is singular,
we introduce an artificial positive mass m > 0 and

Tm =
√
(p− A)2 +m2. (2.10)

We fix m throughout. Note that |p− A| − Tm is bounded. Thus

|p− A| = Tm + (|p− A| − Tm) (2.11)

can be regarded as a perturbation of Tm, and the perturbation |p−A|−Tm is bounded.
We have Re(|p − A|Ψ,HfΨ) = Re(TmΨ,HfΨ) + Re((|p − A| − Tm)Ψ,HfΨ). Since

Ψ ∈ Hfin, HfΨ ∈ D(p2)∩D(Hf). In particular HfΨ ∈ D(Tm) and then HfΨ ∈ D(T
1/2
m ).

Furthermore we show that
T 1/2
m Ψ ∈ D(Hf) (2.12)

9



in Appendix D. So we can see that

Re(|p−A|Ψ,HfΨ)

= (T 1/2
m Ψ,HfT

1/2
m Ψ) + Re(T 1/2

m Ψ, [T 1/2
m ,Hf ]Ψ) + Re((|p− A| − Tm)Ψ,HfΨ)

≥ Re(T 1/2
m Ψ, [T 1/2

m ,Hf ]Ψ) + Re((|p−A| − Tm)Ψ,HfΨ).

We estimate ((|p − A| − Tm)Ψ,HfΨ). Since ‖(|p− A| − Tm)Ψ‖ ≤ m‖Ψ‖, we see that
for each ǫ > 0 there exists C1 > 0 such that

Re((|p− A| − Tm)Ψ,HfΨ) ≥ −ǫ‖HfΨ‖2 − C1‖Ψ‖2. (2.13)

On the other hand we estimate Re(T
1/2
m Ψ, [T

1/2
m ,Hf ]Ψ). Let ǫ > 0 be given. Then there

exists C2 > 0 such that

Re(T 1/2
m Ψ, [T 1/2

m ,Hf ]Ψ) ≥ −c‖T 1/2
m Ψ‖ ‖(Hf + 1l)Ψ‖

≥ −ǫ‖|p−A|Ψ‖2 − ǫ‖HfΨ‖2 − C2‖Ψ‖2. (2.14)

The first inequality of (2.14) is derived from

‖[T 1/2
m ,Hf ]Ψ‖ ≤ c‖(Hf + 1l)1/2Ψ‖ (2.15)

with some constant c > 0. This is shown in Appendix E. Hence we have

Re(|p− A|Ψ,HfΨ) ≥ −ǫ‖|p− A|Ψ‖2 − 2ǫ‖HfΨ‖2 − (C1 + C2)‖Ψ‖. (2.16)

(Step 2) We estimate Re(H0Ψ, VΨ). For each ǫ > 0 there exists C3 > 0 such that

Re(H0Ψ, VΨ) = Re((H0 − Tm − Hf)Ψ, VΨ) + Re(TmΨ, VΨ) + (HfΨ, VΨ)

≥ −ǫ‖VΨ‖2 − C3‖Ψ‖2 + Re(TmΨ, VΨ).

We also see that

Re(TmΨ, VΨ) = (T 1/2
m Ψ, V T 1/2

m Ψ) + Re(T 1/2
m Ψ, [T 1/2

m , V ]Ψ) ≥ Re([T 1/2
m , V ]Ψ, VΨ).

Recall the integral representation

T 1/2
m =

1√
2π

∫ ∞

0

1

w3/4

(
T 2
m + w

)−1
T 2
mdw,

commutation relations

[(T 2
m + w)−1T 2

m, V ] = (T 2
m + w)−1[T 2

m, V ]− (T 2
m + w)−1[T 2

m, V ](T 2
m + w)−1T 2

m,

10



and facts

[T 2
m, V ] = −2i

d∑

µ=1

(pµ − Aµ)Vµ +

d∑

µ=1

Vµµ,

where Vµ = ∂µV and Vµµ = ∂2
µV . Then we have

|([Tm, V ]Ψ,Φ)| =
∣∣∣∣

1√
2π

∫ ∞

0

1

w3/4
[
(
T 2
m + w

)−1
T 2
m, V ]Ψ,Φ)dw

∣∣∣∣

≤
√
2

π
‖Ψ‖‖Φ‖

∫ ∞

0

dw

w3/4

d∑

µ=1

(
2‖Vµ‖∞√
w +m2

+
‖Vµµ‖∞
w +m2

)
. (2.17)

Thus for each ǫ > 0 there exists C4 > 0 such that

Re(H0Ψ, VΨ) ≥ −ǫ‖VΨ‖2 − C4‖Ψ‖2. (2.18)

(Step 3) We estimate ‖|p− A|Ψ‖. Note that

‖pµΨ‖2 = ‖(pµ − Aµ)Ψ‖2 + 2Re(AµΨ, (pµ − Aµ)Ψ) + ‖AµΨ‖2.

For each ǫ > 0, there exist C5 > 0 and C6 > 0 such that

|Re(AΨ, (p− A)Ψ)| ≤ ǫ(‖|p− A|Ψ‖2 + ‖HfΨ‖2) + C5‖Ψ‖2

‖|p|Ψ‖2 ≤ (1 + ǫ)‖|p− A|Ψ‖2 + ǫ‖HfΨ‖2 + C6‖Ψ‖2.

Hence we have

‖|p−A|Ψ‖2 ≥ 1

1 + ǫ
‖|p|Ψ‖2 − ǫ

1 + ǫ
‖HfΨ‖2 − C6

1 + ǫ
‖Ψ‖2. (2.19)

(Step 4) By (2.16), (2.18), (2.19) and (2.9), we can see (2.8) for Ψ ∈ Hfin. Let
Ψ ∈ D(H). Since H is essentially self-adjoint on Hfin, by a limiting argument we can
see (2.8) for Ψ ∈ D(H).
Proof of Theorem 1.9:
We emphasis the dependence on M by writing HM for H . Let M > 0. Suppose
that V ∈ Vconf . By Lemma 2.6, HM is closed on D . Then it implies that HM is
self-adjoint on D since it is essentially self-adjoint on D . Next suppose that V ∈ Vrel.
Then TM +̇ Hf is self-adjoint on D . Since V is also relatively bounded with respect to
TM +̇ Hf with a relative bound strictly smaller than one. Thus H is self-adjoint on D .

Let M = 0. By H0 = HM + (H0 − HM) and ‖(H0 − HM)Ψ‖ ≤ M‖Ψ‖, H0 is
self-adjoint on D and essentially self-adjoint on Hfin by the Kato-Rellich theorem.
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3 Translation invariant case

The momentum operator in F is defined by the second quantization of the multiplica-

tion by kµ. I.e., Pfµ =
d−1∑

r=1

∫
kµa

†r(k)ar(k)dk, µ = 1, .., d. Let Ptotµ = pµ⊗1l+1l⊗Pfµ,

µ = 1, ..., d, be the total momentum operator, and we set Ptot = (Ptot1, · · · ,Ptotd). Let
V = 0. Then we can see that [H,Ptotµ] = 0 and hence H can be decomposed with

respect to the spectrum of Ptotµ. Thus H ∼=
∫ ⊕
Rd HPdP , where HP is called the fiber

Hamiltonian with the total momentum P ∈ Rd.
We can see the explicit form of the fiber Hamiltonian. Let

L(P ) = (P − Pf − A(0))2 +M2. (3.1)

Proposition 3.1 [Hir07, Theorem 2.3 (2), Lemma 3.11] Let P ∈ Rd. Then L(P ) is
essentially self-adjoint on C0 = D(P2

f ) ∩D(Hf).

Set
L̄(P ) = L(P )⌈C0

. (3.2)

Definition 3.2 Let P ∈ R
d. We define H(P ) by

H(P ) =
√

L̄(P ) +̇ Hf . (3.3)

Lemma 3.3 It follows that

TM +Hf
∼=
∫ ⊕

Rd

H(P )dP. (3.4)

Proof: We define the unitary operator U on H by (UF )(·) ∈ H for F (·) ∈ H by

(UF )(P ) = (2π)−d/2

∫

Rd

eiP ·xe−iPf ·xF (x)dx. (3.5)

It is shown that

U−1

(∫ ⊕

Rd

L̄(P )dP

)
U = (p− A)2 (3.6)

in [Hir07, Theorem 2.3]. Actually it is shown that

(F, T 2
MG) =

∫

Rd

dP
(
(UF )(P ), L̄(P )(UG)(P )

)
F

(3.7)
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for F,G ∈ Hfin. From (3.6) we see that U−1
(∫ ⊕

Rd e
−tL̄(P )dP

)
U = e−tT 2

for all t ≥ 0 by

[RS78, Theorem XIII 85 (c)]. Let F ∈ Hfin. By the formula

T α
M = Cα

∫ ∞

0

(1l− e−λT 2

M )
dλ

λ1+α/2
, (3.8)

we can see that

(F, TMF ) = C1

∫ ∞

0

dλ

λ3/2

∫

Rd

dP ((UF )(P ), (1l− e−λL̄(P ))(UF )(P )).

By Fubini’s theorem we have

(F, TMF ) = C1

∫

Rd

dP

∫
dλ

λ3/2
((UF )(P ), (1l− e−λL̄(P ))(UF )(P )). (3.9)

Note that (UF )(P ) ∈ Ffin for each P ∈ Rd. Hence (UF )(P ) ∈ D(L̄(P )) ⊂ D(
√

L̄(P )),
which implies that

(F, TMF ) =

∫

Rd

dP

(
(UF )(P ),

√
L̄(P )(UF )(P )

)
. (3.10)

By the polarization identity and (3.10) we have

(F, TMG) =

∫

Rd

dP

(
(UF )(P ),

√
L̄(P )(UG)(P )

)
.

Furthermore we see that

(F, (TM +Hf)G) =

∫

Rd

dP ((UF )(P ), H(P )(UG)(P )) ,

which implies that

TM +̇ Hf = U−1

(∫ ⊕

Rd

H(P )dP

)
U (3.11)

on Hfin. Since Hfin is a core of the left hand side of (3.11),

TM +̇ Hf
∼=
∫ ⊕

Rd

H(P )dP (3.12)

holds true as self-adjoint operators. Note that TM +̇ Hf = TM +Hf on D(|p|)∩D(Hf)
and TM +Hf is self-adjoint on D(|p|) ∩D(Hf). Then the lemma follows.

Let C = D(|Pf |) ∩ D(Hf). Note that D(|P − Pf |) = D(|Pf |) for all P ∈ Rd. The
essential self-adjointness of H(P ) is established in [Hir14].
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Proposition 3.4 [Hir14, Corollary 7.2] Let M > 0. Then H(P ) is essentially self-
adjoint on C .

The main result in this section is as follows.

Theorem 3.5 Let M ≥ 0. Then H(P ) is self-adjoint on C and essentially self-adjoint
on Ffin.

Proof: The proof is parallel with that of H . We show the outline of the proof. It can
be seen that there exists a constant C > 0 such that for arbitrary Ψ ∈ Ffin,

‖
√
(P − Pf − A(0))2 +M2Ψ‖ ≤ C(‖|P − Pf |Ψ‖+ ‖H1/2

f Ψ‖+ ‖Ψ‖).

Then we can derive that

‖H(P )Ψ‖ ≤ C(‖|P − Pf |Ψ‖+ ‖HfΨ‖+ ‖Ψ‖) (3.13)

for Ψ ∈ Ffin. In a similar manner to Lemma 2.2 from (3.13) we can see that C1 =
C ∩Ffin is a core of H(P ) for M > 0. Since |P −Pf |2 and Hf are strongly commutative
and positive, it is trivial to see that

‖(|P − Pf |2 +Hf)Ψ‖2 ≥ ‖|P − Pf |2Ψ‖2 + ‖HfΨ‖2. (3.14)

Since Ffin is a core of |P −Pf |2+Hf , in a similar manner to Lemma 2.5 we can see that
Ffin is also a core of H(P ) by (3.14). The key inequality to show the self-adjointness
of H(P ) is

‖|P − Pf |Ψ‖2 + ‖HfΨ‖2 ≤ C‖(H(P ) + 1l)Ψ‖2 (3.15)

with some C > 0 for Ψ ∈ Ffin. This is shown by using the inequality

‖[Tm(P )1/2,Hf ]Ψ‖ ≤ c‖(Hf + 1l)1/2Ψ‖, (3.16)

where Tm(P ) =
√

(P − Pf −A(0))2 +m2. (3.16) is proven in Appendix F. Thus by
(3.15) in a similar manner to the proof of Theorem 1.9 we can see that H(P )⌈C is
closed. Then H(P ) is self-adjoint on C for M ≥ 0.

A Stochastic preliminary

In this appendix we review functional integral representations of the semigroup gen-
erated by semi-relativistic Pauli-Fierz model. This is established in [Hir14, Theorem
3.13]. These representations play an important roles to estimate some commutation
relations in this paper.
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A.1 Semi-relativistic Pauli-Fierz model

Let (Bt)t≥0 be the d-dimensional Brownian motion defined on a Wiener space with
Wiener measure P x starting from x. Let (Tt) be the subordinator on a probability

space with a probability measure ν such that Eν [e
−uTt ] = e−t(

√
2u+M2−M). We denote the

expectation with respect to the measure P x⊗ν by Ex
P×ν [· · · ]. Let a = (a1(x), · · · , ad(x))

be electromagnetic fields. Then the semi-relativistic Schrödinger operator is defined by
h =

√
(p− a)2 +M2 −M + V . Then the Feynman-Kac formula [LHB11, Chapter 3]

yields the path integral representation of e−th by

(f, e−thg) =

∫

Rd

dxEx
P×ν

[
e−

∫
t

0
V (BTs

)dse−i
∫ Tt
0

a(Bs)dBsf(BT0
)g(BTt

)
]
. (A.1)

On the other hand the semi-relativistic Pauli-Fierz model is defined by the minimal
coupling of h +Hf with a quantized radiation field A:

H = TM +̇ V +̇Hf .

We can give the functional integral representation of e−tH in [Hir14, Theorem 3.13].
Let

q(F,G) =
1

2

d∑

µ,ν=1

(F̂µ, δ
⊥
µνĜν)

be the quadratic form on ⊕dL2(Rd), where δ⊥µν(k) = δµν − kµkν/|k|2 denotes the
transversal delta function. Let A (F ) be a Gaussian random variables on a proba-
bility space (Q,Σ, µ), which is indexed by F = (F1, · · · , Fd) ∈ ⊕dL2(Rd). The mean of
A (F ) is zero and the covariance is given by E[A (F )A (G)] = q(F,G). Furthermore
we introduce the Euclidean version of A . Let

qE(F,G) =
1

2

d∑

µ,ν=1

(F̂µ, δ
⊥
µνĜν) (A.2)

be the quadratic form on ⊕dL2(Rd+1). On the right-hand side of (A.2), we note that

(F̂µ, δ
⊥
µνĜν) =

∫
R×Rd F̂µ(k0, k)δ

⊥
µν(k)Ĝν(k0, k)dk0dk and δ⊥µν(k) is independent of k0. Let

AE(F ) be a Gaussian random variables on a probability space (QE ,ΣE , µE), which is
indexed by F ∈ ⊕dL2(Rd+1). The mean of AE(F ) is zero and the covariance is given by
E[AE(F )AE(G)] = qE(F,G). Let us identify H with L2(Rd;F ). Thus Φ ∈ H can be
an F -valued L2-function on Rd, Rd ∋ x 7→ Φ(x) ∈ F . It is well known that there exists
the family of isometries Jt : L2(Q) → L2(QE) (t ∈ R) and jt : L2(Rd) → L2(Rd+1)
(t ∈ R) such that J∗

t Js = e−|t−s|Hf and j∗t js = e−|t−s|ω(−i∇).
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Proposition A.1 Let F,G ∈ H . Then

(F, e−tHG) = e−tM

∫

Rd

dxEx
P×ν

[
e−

∫
t

0
V (BTs

)ds(J0F (BT0
), e−iAE(I[0,t])JtG(BTt

))L2(QE)

]
.

(A.3)

Here I[0, t] = ⊕d
i=1

∫ Tt

0
jT ∗sϕ̃(· − Bs)dB

i
s is defined by the limit of ⊕dL2(Rd+1)-valued

stochastic integrals of ϕ̃ = (ϕ̂/
√
ω)̌, and T ∗

s = inf{t;Tt = s}.
Proof: See [Hir14, Theorem 3.13 and Remark 3.8].

Furthermore let

K =
1

2
(p− A)2 (A.4)

be the kinetic term of the Pauli-Fierz model K + V +Hf . The Feynman-Kac formula
of e−tK is also established as follows.

Proposition A.2 Let F,G ∈ H . Then it follows that

(F, e−tKG) =

∫

Rd

dxEx
P

[
e−

∫
t

0
V (BTs

)ds(F (B0), e
−iA (K[0,t])G(Bt))L2(Q)

]
, (A.5)

where K[0, t] = ⊕d
i=1

∫ t

0
ϕ̃(· − Bs)dB

i
s is a ⊕dL2(Rd)-valued stochastic integral.

Proof: See [Hir00, (4.20), Theorem 4.8] and [LHB11, (7.3.18)].

A.2 Semi-relativistic Pauli-Fierz model with a fixed total mo-

mentum

Let H(P ) =
√

(P − Pf −A(0))2 +M2 +̇ Hf be the semi-relativistic Pauli-Fierz model
with total momentum P ∈ Rd. The rigorous definition of H(P ) is given by (3.3). The
Feynman-Kac formula of e−tH(P ) is also established.

Proposition A.3 Let F,G ∈ L2(Q). Then

(F, e−tH(P )G) = e−tM
E
0
P

[
(J0F (BT0

), e−iAE(I[0,t])ei(P−Pf)·BTtJtG(BTt
))L2(QE)

]
. (A.6)

Proof: This is proven by a minor modification of [Hir07, Theorem 3.3].
Furthermore the kinetic term of the Pauli-Fierz model with total momentum P ∈ Rd

is given by

K(P ) =
1

2
(P − Pf −A(0))2, P ∈ R

d.

The Feynman-Kac formula of e−tK(P ) is also established as follows.

Proposition A.4 Let F,G ∈ L2(Q). Then

(F, e−tK(P )G) = E
0
P

[
(F (B0), e

−iA (K[0,t])ei(P−Pf )·BtG(Bt))L2(Q)

]
. (A.7)

Proof: This is also proven by a minor modification of [Hir07, Theorem 3.3].
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B Proof of Lemma 1.3

Proof of Lemma 1.3:
It is shown that e−tK leaves D(p2) ∩ C∞(N) invariant in [LHB11, Lemma 7.53]. See
also [Hir00, Theorem 2.6]. It is enough to show that e−tKD(Hf) ⊂ D(Hf). By the
Feynman-Kac formula we have

(HfF, e
−tKG) =

∫

Rd

dxEx
P [(HfF (B0), e

−iA (K[0,t])G(Bt))]

= (F, e−tKHfG) +

∫

Rd

dxEx
P [(F (B0), [Hf , e

−iA (K[0,t])]G(Bt))].

We can estimate as [Hf , e
−iA (K[0,t])] = e−iA (K[0,t])(Π(K[0, t]) + ξ), where Π(K[0, t]) =

[Hf ,A (K[0, t])] and ξ = q(K[0, t], K[0, t]). Thus we see that

∣∣∣∣
∫

Rd

dxEx
P [(F (B0), [Hf , e

−iA (K[0,t])]G(Bt))]

∣∣∣∣ ≤ C(t+
√
t)‖F‖‖(Hf + 1l)1/2G‖. (B.1)

Here we used that ‖Π(K[0, t])Ψ‖ ≤ C(‖K[0, t]‖ + ‖K[0, t]/
√
ω‖)‖(Hf + 1l)1/2Ψ‖ and

BDG-type inequality ([Hir00, Theorem 4.6] and [LHB11, Lemma 7.21]):

E
0
P [ξ

2] ≤ t2C, (B.2)

E
0
P [(‖K[0, t]‖+ ‖K[0, t]/

√
ω‖)2] ≤ Ct. (B.3)

Then we have

|(HfF, e
−tKG)| ≤ C(t +

√
t)‖F‖‖(Hf + 1l)1/2G‖+ ‖F‖‖HfG‖,

and the desired results follow.

C Proof of Proposition 1.8

Lemma C.1 Let V ∈ Vconf . Then e−tH leaves D(V ) invariant, i.e., e−tHD(V ) ⊂
D(V ).

Proof: Let F,G ∈ D(V ). We define Q[0,t] by Q[0,t] = e−tMe−
∫
t

0
V (Bs)dsJ∗

0 e
−iAE(I[0,t])Jt :

H → H . Then we have

(V F, e−tHG) =

∫

Rd

dxEx
P×ν [(V (BT0

)F (BT0
), Q[0,t]G(BTt

))].
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Hence we see that

(V F, e−tHG) = (F, e−tHV G) +

∫

Rd

dxEx
P×ν [(F (BT0

), Q[0,t](V (B0)− V (BTt
))G(BTt

))]

and, by the Taylor expansion V (x)−V (BTt
+ x) =

∑
µ(∂µV (ξ))Bµ

Tt
with some ξ ∈ Rd,

we can estimate as
∣∣∣∣
∫

Rd

dxEx
P×ν [(F (BT0

), Q[0,t](V (B0)− V (BTt
))G(BTt

))]

∣∣∣∣ ≤ ‖F‖‖|x|G‖ sup
x

√∑

µ

|∂µV (x)|2.

Here we used the fact that G ∈ D(|x|). Then we have

|(V F, e−tHG)| ≤ C‖F‖(‖|x|G‖+ ‖V G‖)

with some constant C > 0. Then e−tHG ∈ D(V ) follows.
Proof of Proposition 1.8:

Suppose that V satisfies (2) of Assumption 1.7. It is shown in [Hir14, Lemmas 4.3
and 4.4] that D(H) ⊂ ∩µD(pµ)

⋂
D(Hf) and e−tH leaves ∩µD(pµ)

⋂
D(Hf) invariant,

which implies that e−tH leaves D(|p|) ∩D(Hf) invariant. Combining this with Lemma
C.1 we see that D(H) ⊂ D and e−tH leaves D invariant. Then D is a core of H by
[RS75, Theorem X.49].

D Proof of (2.12)

Note that T
1/2
m = (2K +m2)1/4, where K is given by (A.4). We have

(2K +m2)α/2 = Cα

∫ ∞

0

(1l− e−λ(2K+m2))
dλ

λ1+α/2
(D.1)

for 0 ≤ α < 2 with some constant Cα. From this formula we have the lemma below:

Lemma D.1 There exists C > 0 such that

(F, T 1/2
m G) = C

∫ ∞

0

{
(F,G)− e−λm2/2

∫

Rd

dxEx
P [(F (B0), e

−iA (K[0,λ])G(Bλ))]

}
dλ

λ5/4
.

Proof: This can be derived from Proposition A.2, (D.1) and changing the variable.
Proof of (2.12):
Let F ∈ D(Hf) and G ∈ Hfin. Thus HfG ∈ Hfin. By (D.1) we have

(HfF, T
1/2
m G) = C

∫ ∞

0

{
(HfF,G)− e−λm2/2

∫

Rd

dxEx
P [(HfF (B0), e

−iA (K[0,λ])G(Bλ))]

}
dλ

λ5/4
.
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Then we have

(HfF, T
1/2
m G)− (F, T 1/2

m HfG)

= −C

∫ ∞

0

e−λm2/2

λ5/4
dλ

∫

Rd

dxEx
P [(F (B0), [Hf , e

−iA (K[0,λ])]G(Bλ))]. (D.2)

We have
[Hf , e

−iA (K[0,λ])] = e−iA (K[0,λ])(Π(K[0, λ]) + ξ),

where Π(K[0, λ]) = [Hf ,A (K[0, λ])] and ξ = q(K[0, λ], K[0, λ]). Thus we see that in a
similar manner to (B.1), (B.2) and (B.3),

∣∣∣∣∣

∫ ∞

0

{∫

Rd

dxEx
P [(F (B0), [Hf , e

−iA (K[0,λ])]G(Bλ))]

}
e−λm2/2dλ

λ5/4

∣∣∣∣∣

≤ C

∫ ∞

0

√
λ+ λ

λ5/4
e−λm2/2dλ‖F‖‖(Hf + 1l)1/2G‖. (D.3)

Then we see that |(HfF, T
1/2
m G)| ≤ C‖F‖‖(Hf+1l)G‖ with some constant C > 0. Hence

T
1/2
m G ∈ D(Hf) follows.

E Proof of (2.15)

Proof of (2.15):
The proof of (2.15) is similar to that of (2.12). Let G ∈ Hfin. By (D.2) and (D.3), it

follows that |(F, [Hf , T
1/2
m ]G)| ≤ C‖F‖‖(1l + Hf)

1/2G‖. This implies (2.15).

F Proof of (3.16)

Proof of (3.16):
The idea of the proof of (3.16) is similar to (2.12) and (2.15). We have

(Φ, [Hf , Tm(P )1/2]Ψ) = (HfΦ, Tm(P )1/2Ψ)− (Φ, Tm(P )1/2HfΨ)

The Feynman-Kac formula yields that

(Φ, [Hf , Tm(P )1/2]Ψ) =

∫ ∞

0

e−m2λ/2dλ

λ5/4
E
0
P [e

iP ·Bλ(Φ(B0), [Hf , e
−iA (K[0,λ])]e−iPf ·BλΨ(Bλ))].

Since [Hf , e
−iA (K[0,λ])] = e−iA (K[0,λ])(Π(K[0, λ])+ ξ). Then in a similar manner to (D.3)

we can derive the desired results.
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