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SPECTRUM OF THE SEMI-RELATIVISTIC
PAULI-FIERZ MODEL 1

Takeru Hidaka *and Fumio Hiroshima

Abstract

HVZ type theorem for semi-relativistic Pauli-Fierz Hamiltonian,

H=@(pol-A2+M2+Vel+1oH, M >0,

in quantum electrodynamics is studied. Here H is a self-adjoint operator in
Hilbert space L*(RY)©.Z = [ Zdx, and A = [, A(z)dx a quantized radiation
field and Hy the free field Hamiltonian defined by the second quantization of a
dispersion relation w : R* — R. It is emphasized that massless case, M = 0, is
included. Let E = inf o(H) be the bottom of the spectrum of H. Suppose that
the infimum of w is m > 0. Then it is shown that oess(H) = [E + m,00). In
particular the existence of the ground state of H can be proven.

1 Introduction

It is of interest to know the spectrum of the so-called semi-relativistic Pauli-Fierz
model (it is shorthanded as the SRPF model) in quantum electrodynamics. The aim
of this paper is to specify the essential spectral of the SRPF Hamiltonian. In the
mathematically rigorous quantum field theory spectrum of various models have been
investigated so far. In particular special attentions have been payed for investigating
the bottom of the spectrum, continuous spectrum and resonances etc. The SRPF
model is one of interesting models in quantum electrodynamics.

The Pauli-Fierz model is a model in non-relativistic quantum electrodynamics and

describes a minimal interaction between electrons governed by a Schrodinger operator

1
——p?> +V, and a quantized radiation field A(z) with an ultraviolet cutoff, which is a

self-adjoint operator on the Hilbert space

H =L*RYe F (1.1)
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and of the form )
przm(p®]l—A)2+V®]l—l—]l®Hf, (1.2)

where p = (—i0,,,- -, —i0,,) denotes the d-dimensional momentum operator of an
electron, V' an external potential, H¢ the free field Hamiltonian on a Boson Fock space
Z, and
@
A= / A(z)dx

Rd
is the constant fiber direct integral of A(x) under the identification J# = fﬂgiﬁ dz. On
the other hand the SRPF model describes a minimal interaction between A(z) and an
electron governed by semi-relativistic Schrodinger operator /p? + M? + V. The total
Hamiltonian of the SRPF model is then formally given by

LﬁzV@@ﬂ—&2+M7+V®ﬂ+ﬂ®Hg (1.3)
We give the explicit definition of H later. The problems we consider in this paper are
1. HVZ type theorem for H,
2. the existence and uniqueness of the ground state of H.

We emphasis that all the results we obtain in this paper include the case of M = 0,
ie.,

p1-Al+Vel+1®H. (1.4)

Here |T| = /12 for a self-adjoint operator T. The crucial point is the form of
lp® 1 — A|. Tt is worth pointing out that x — |z| is not smooth.

We consider HVZ-type theorem for H. The standard HVZ theorem identifies the
essential spectrum of N-body Schrédinger operators. See e.g. [Hun66]. We extend
HV7Z theorem to H. l.e., we specify the essential spectrum of H. The bottom of the
spectrum of H, F, is called the ground state energy, and eigenvectors associated with
E are called ground states. We suppose that a dispersion relation has a strictly positive
lower bound m > 0. Then we shall show that

Oess(H) = [E +m, o). (1.5)

In particular it can be seen that the gap m is independent of the cutoff function in
A(x) and M, and furthermore it is shown that H has ground states for all M > 0. The
method to show this is a combination of checking the binding condition developed in
[GLLOT] and functional integration established in [Hir97].

We review several papers related to our results. For the Pauli-Fierz model Hpp the
existence and uniqueness of ground states are proven in e.g., [BES99, [GLLO1l [HirO0a].
For the semi-relativistic case, H, the existence of a ground state is shown in [KMSTT]
[KM13] but for M > 0. In the case of M = 0 as far as we know however there is no
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results on the existence of ground states. So our result is new. When V = 0, H is
translation invariant and has no ground state. It can be however decomposed by the
total momentum: .
H= | H(P)dP,
Rd
where

H(P) = /(P — P — A(0))2 + M? + Hj.

For every fixed total momentum P, the existence of ground state of H(P) can be
considered, but as far as we know there is no exact result on the existence of ground
state of H(P). See [MS09, [HS10, [Sas13] for related results.

This paper is organized as follows. In Section 2 we set up notation and terminology,
give the rigorous definition of H as a self-adjoint operator.

Section 3 deals with localization and show that x(H) with smooth function y with
a support in (—oo, F 4+ m) is compact.

Section 4 establishes a HVZ-type theorem, i.e., 0os(H) = [E 4+ m, 00), and proves
that H has a ground state as a corollary of HVZ-type theorem.

2 Definitions and the main theorems

In this section we define H as a self-adjoint operator on a Hilbert space, and give
the main theorem. A particle Hamiltonian is given by the semi-relativistic Schroding
operator with a rest mass M:

VR + M2+ V. (2.1)

We shall introduce assumptions on V' later. We suppose that M > 0 throughout this
paper unless otherwise stated.

Let F = @ (. Z, (W) = @22, [@"W] be the Boson Fock space over Hilbert space
W = @ 1L3(RY), d > 3. Here @’W = @?!C. Although the physically reasonable
choice of the spatial dimension is d = 3, we generalize it. The creation operator and
the annihilation operator in .# are denoted by af(f) and a(f), f € W, respectively.
They are linear in the test function f and satisfy canonical commutation relations:

[a(f).a'(@)] = (f. 9w, la(f).alg)] = 0=[a(f),a'(g)].

Here and in what follows the scalar product (f, g).» on a Hilbert space .# is linear in
d—1

g and anti-linear in f. Formally a#(f) is written as a™(f) = Z / a®" (k) f,(k)dk for
r=1

f=a@%1f, € W. We introduce assumptions on the dispersion relation w.
Assumption 2.1 w € C'(R%;R), Vw € L>(R?), infdw(/f) = m with some m > 0
kER

and ‘kl|im w(k) = oo.



The free field Hamiltonian Hy is given by the second quantization of the multiplication
operator by @9 ~'w on W. Thus formally it is defined by

Hy = 2 / w(k)al” (k)a” (k) dk. (2.2)

Let e"(k) = (€} (k), ...,e5(k)) be d-dimensional polarization vectors, i.e., ¢"(k) - e*(k) =
6rs and k-e"(k) =0 for k € R\ {0} and r = 1,...,d — 1. Let ¢ be an ultraviolet cutoff
function, for which we introduce assumptions below.

Assumption 2.2 w\/wp € L2(RY) and ¢(k) = ¢(—k).

From this assumption and inf, w(k) = m > 0 we can see that ¢/\/w, Jwp € L?(RY).
We fix ¢ satisfying Assumption 2.2l throughout this paper. For each € R? a quantized
radiation field A(z) = (A1(x), ..., Aq(x)) is given by

o LS [ JeRe e ek
=753 | m{ e+ <k>}dk. 23)

Then ¢(k) = ¢(—k) implies that A,(x) is essentially self-adjoint for each x. We denote

the self-adjoint extension by the same symbol A,(x). We identify .7 with f]@gf dz,

and under this identification we define the self-adjoint operator A, by fﬂgiAu(x)d:E.
The first task is to define the operator H in (3] as a self-adjoint operator. The
square root of (p@1— A)2+ M2, \/(p® 1 — A)2 + M2, is defined through the spectral
measure associated with self-adjoint operator (p ® 1 — A)? + M2, It is however not
trivial to show the self-adjoitness of (p ® 1 — A)%. Let N = dI'(1) be the number

d—1
operator on %, i.e., N = Z/a“(k:)ar(k)dk:. Let C*(1®@ N)=n22,D(1® N™).
r=1

Proposition 2.3 Suppose Assumption[ZZ. Then (p&1— A)? is essentially self-adjoint
on D(p* @ 1) C>®(1&@ N).

Proof: See [LHB11], Lemma 7.53]. |
The closure of (p@1—A)?[ peen nc=sn) is denoted by (p&@1—A)? in what follows.
Thus /(p ® T — A)2 + M?2 is defined through the spectral measure of (p @ 1 — A)2.

Definition 2.4 The SRPF Hamiltonian is defined by

H=ypel-A2+M2+Vel+leH; (2.4)

with the domain

D(H)=D(H/(po 11— A2+ M2)nD(V 1) ND(1® Hy). (2.5)



We do not write tensor notation ® for notational convenience in what follows. Thus
H can be simply written as

H=+/(p— A2+ M2+V +H. (2.6)

Assumption 2.5 (1) V is non-negative and satisfies that ‘lim V(z) =00. (2)V is

x| =00

twice differentiable, and 0,V,0.V € L™(RY) for p=1,...,d, and D(V) C D(|z|).

Lemma 2.6 Suppose Assumption[Z3. Then p> +V is self-adjoint on D(p*) N D(V),
and essentially self-adjoint on C>(RY).
Proof: Since V € L2 (R%), p> + V is essentially self-adjoint on C>°(R?). Take an arbi-

loc

d
trary vector U € C2(R?). We have ||(p*+V)¥|]* = ||p*¥||+||V ¥||*+2 Z R(p2 U, V).

pn=1
For all € > 0 there exists C. > 0 such that

2R(p, W, V) =2R{(p, ¥, Vp,¥) — (0¥, [V, | ¥)}
> =20, VIlllp.C[@] > —€llp.¥[* = Cc[¥]*.

Thus [|p?P||* + V] < C(||(p* + V)¥|| + ||¥]|) follows with some constant C' > 0.
p? + V[ p@2)npv) is closed, and then it is self-adjoint. [

We can also show the self-adjointness of H under Assumption 2.5 It is established
in that H for M > 0 is essentially self-adjoint on D(|p|) N D(H;) for external
potential V such that D(V') C D(|p|) and ||V f|| < al||p|f||+b]| f]| for all f € D(|p|) with
0 <a<1andb>0. We can also show a stronger statement on the self-adjointness of
H. This is established in [HHI3]. We set

Hin = CF (RO F (2.7)
where ® denotes the algebraic tensor product and

Foo = L.H{Q, a'(hy)---al(h,)Qh; € C°(RY), 5 =1, ,n,n > 1}.

Theorem 2.7 Suppose Assumptions[21, (2.3 and 23 Then (1) and (2) follow.

(1) Let M > 0. Then H s self-adjoint on D(|p|) N D(V') N D(Hg) and essentially
self-adjoint on 4, .

(2) Fiz an arbitrary My > 0. Then there exists a constant C' = C(My) > 0 such
that for all W € D(H) and 0 < M < M,

o[ + [VE|* + [HeP||* < C||(H + 1) P (2.8)



Proof: See [HH13| Lemma 2.9]. [
The ground state energy, F, of H is the bottom of the spectrum of H:

E = inf o(H). (2.9)

When M = 0, we denote Hy and Ej for H and F, respectively. The main results of
this paper are as follows:

Theorem 2.8 (HVZ theorem for SRPF model) Suppose Assumptions (21, [2.2
and[Z0. Then ous(H) = [E + m, 00) for all M > 0.

This theorem provides that H has a ground state for all M > 0. We summarize this
in the corollary below.

Corollary 2.9 (Existence of the ground state) Suppose Assumptions[21], [2.2
and[28. Then H has the unique ground state ®y; for all M > 0, and

1@ ()] 5 < Cem¥

with some constants ¢ and C.

Proof: By Theorem the lowest eigenvalue of H is discrete. Then the ground state
of H exists. The uniqueness of the ground state is shown in Corollary 6.2] and
and spatial exponential decay of the ground state in Theorem 5.12]. [ ]

3 Localization

The main result in this section is to estimate the asymptotic behaviour of a commutator,
which is given in Lemma 3.3

3.1 Commutator estimates

We show a fundamental lemma.

Lemma 3.1 Let z € C\R. Then Jl\%(l)(H— 2)"t = (Hy—2)"" in the uniform topology.
In particular ]1\}[% X(H) = x(Hy) in the uniform topology for all x € C°(R) and ]1\}[1% E=
Ey.

Proof: Let ¥ € # and we set ® = (H — 2)7'W. Let E\ be the spectral projection
associated with the self-adjoint operator [p — A|. We have

Loy e Y VERTE
H—z)7'W0 — (Hy—2)"'¥|? < / d|ExO|* < ———.
||( Z) ( 0 Z) H = |$Z|2 0 \\+ m || A H = |$Z|2




Then }\}%(H —2)7' = (Hy — 2)7! is obtained, and E — Ej follows. By the Helffer-
Sjostrand formula [HS89] we have

1 ox(z) _1 B
H)=— —H . 1
() = 5 [ S5 - i) azas (3
_ , o 1[0 .0 . : .
Here dzdz = —2idxdy, — = = [ =— +i—= ) and x is an almost analytic extension of
0z 2 \0xr Oy
X, which satisfies that
X(z) = x(z), zeR, (3.2)
X € C2(C), )
"“f) < OS2, neN (3.4)
0z

Then

dxdy.

i) = el < 5 [ B e - - e - )

We see that for all z € supp Y\ R, | ZE (2 — H)"!|| < ¢1|Sz| and }\iﬁé(z—H)_l =(z—

0z
Hy)~" uniformly. Then by the Lebesgue dominated convergence theorem }\14&1(1) X(H) =

X(Hy) is obtained. |

Lemma 3.2 Suppose Assumptions 2.1, 2.2 and [2.3. Fixz an arbitrary My > 0. Then
there ezists a constant C = C(My) > 0 such that for all ¥ € D(H) and 0 < M < M,,

(N + 1P| < % (H] + []]) -

Proof: For all ¥ € D(H)(C D(H;)) we have [[N¥| < L|H¥||. Then the corollary
follows from the bound [||p|¥]|* + ||V ¥||? + | Hs ¥ ||* < C||(H + 1)¥||? shown in 2.J). =

We shall divide the configuration space W as W = Wy @& W, where W, denotes
the set of functions supported on small momenta, and W, on large momenta. Since
F = FWydWy) 2.7 (Wy) ®.F (W), we have # = (L2(RY) @ .F (Wy)) @ .F (W).
Thus we introduce the extended Hamiltonian H acting in the extended Hilbert space

H = HQF (3.5)
by
H=H®1ls+ 1, H;. (3.6)

Under Assumptions 2] and we can also see that H is essentially self-adjoint
on D(H®1z)ND(1,,®H¢). We denote the unique self-adjoint extension by the same
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symbol H. We set j = (Jo, Joo) € C¥(R%E R ) x C(R%R,), where jy and j, satisfy
that

i ={ § S B0+ -1 3.7
We also define the bounded operator jr: W — W @ W for R > 0 by
Jrf = jonf @ joonf = io( V) & (VIS (35)
Let us also define the isometry Iy : # — % ® F by
10 = Qsror, (3.9)
Ig [ ] (ki) = [ [ (ad(Go.rhi) + a, (Goo.rhi)) a7, (3.10)
i—1 i=1

where ag(jo,Rf) = aT(jo,Rf) ® 1, alo(j'oova) =1® aT(j'OQRf) and Qzyz = Q@ Q.
Let x € C®(R) be such that supp x C (—oo, E'+ m). We shall show that x(H) is a
compact operator. Note that I;1r = 1. Then the key identity is

X(H) = TyDg = Tyx (H)Ig, (3.11)

~

where the remainder term is Dr = Irx(H) — x(H)Iz. Note that the first term of the
right-hand side of (BI1]), I}, x (H )1, is compact. We shall show that the remainder term
I}, D uniformly converges to zero as R — oo. Hence we derive that x(H) is compact.

~

So we estimate the commutator x(H)Ig — Igx(H) for an arbitrary y € C.(R).

Lemma 3.3 Suppose Assumptions [21, 22 and [Z23 and M > 0. Let x € C>®(R).
Then

Jim {|x(H)15 — Lex(H)|| = 0. (3.12)

We prepare several lemmas to prove Lemma By the Helffer-Sjostrand formula, we
have

- 1 [0%2)

X(HDTr = Trx(H) = o CW(Z — H)™'(Hlp — IgH)(z — H)'dzdz.  (3.13)

Here ¥ satisfies 32)-B4). We set T = (p— A)2+ M2 and T = T ® 1». Note that we
have
Hlp —1pH = (H; ® 15 4 1, @ H)lg — IgH; + 7215 — 1572 (3.14)
Let
Br = ||(Hf ® 17 + 1Ly ® He)lg — IgHy) (N + 1)7'.

By Assumption 22 the first two terms of the right-hand side of (814 can be estimated
as follows.



Lemma 3.4 Suppose Assumptions 21, 22 and [2Z3. Then P%im Br = 0, and for all
— 00
ze€ C\R,

H(Er )T (Hy @ 1y + Ly @ Hy)lg — IgHY (H — 2)7!

1 2
<O (14555 Ba

m R
(3.15)
Proof: See e.g., [DG99, Proof of Lemma 3.4]. [

We set '
Go(k) = ¢(k)e ™ */\/w(k) € L*(RY). (3.16)
Let # = 0 or co. Then the inverse Fourier transform of j4pG, is given by ju(-/R)3(- —

x), where ¢ is the inverse Fourier transform of ¢/y/w. A4 (z) denotes A(x) with cutoff
function G, replaced by jrxG,, and we set

5] 52
R R

d d

Ag®@ 14z and 17 ® A, are self-adjoint operators in . We set

~

S=(p-A @1 -1 AL)*+ M.

FormallyAO%AandAw—>OasR—>oo,then§—>fas]j—>oo. LetA]V:
N ® 1+ 1® N be the number operator on . ® .%, and set C*(N) = N2, D(N*).

Lemma 3.5 Suppose Assumptions[21, 22 and[Z3. Then S is essentially self-adjoint
on D(p*) N C*>(N).

Proof: This follows from the similar method for the proof of the essential self-adjointness
of (p — A)? in Proposition 23l Let (B;);>o be the d-dimensional Brownian motion
defined on the Wiener space, and E*[- - -| denotes the expectation with respect to the
Wiener measure starting at € R?%. Let

t
Ky =iy [ J/RIG(~ BIBL #=0,00.
0
Define the quadratic form

Q:H x> (P,0) — [ dzE” [(®(By), e K- K=)y(B,))] € C.

Rd

See Appendix for the detail of functional integrations. Then we can see that there
exists a strongly continuous one-parameter semigroup S; such that Q(®, ¥) = (o, S;¥)
and furthermore the generator of S; (denoted by K) satisfies that KW = SV for

9



U € D(p?) N C>®(N). We can also see that e=5D(p?) N C°(N) C D(p?) N C=(N).
Thus D(p*) N C*(N) is invariant domain for e and K is essentially self-adjoint on
D(p*) N C*(N) and then so is S. ]
. We denote the self-adjoint extension of S| D(p2)nC= (W) by the same symbol S in what
ollows.

Lemma 3.6 It follows that 1T C §IR, i.e., the intertwining property IgT = §IR
holds on D(T).

roof: Since the intertwining property Ize ™8 = =1 Ko)=iah(Keo olds by the
Proof: Since the i ining property Ize=i®) 4 (Ko)=io%(Keo) . holds by th
functional integration we see that
(. ) = [ doB [((B). = 0(B)]
— / Az [(®(By), e A K01 (Ke)] W (B,))] = (®, e STp0),
R

d

where K = @ [1j,@(- — B,)dB!. Take the derivative at t = 0 for ¥ € D(T). Then
the lemma follows. [ ]

Lemma 3.7 It follows that

H(ff — ) (TWIR - IRT1/2) (H - z)_l\I/H
<2 /OO %||(ﬁ — ) (T +w)'T = (S+w) ' SYHe(H — 2)""v| (3.17)

T Jo
for all V€ D(T) and z € C\ R.

Proof: Using K'/? = (2/) fooo K(K + w)™'/\/wdw for strictly positive self-adjoint
operator K and Tl — 15T = (T — S)Iz on D(T) by Lemma B0, we can derive (317).
]

We shall estimate the integrand ||(H —z) " {(T+w) T —(S+w) " 'SHz(H—z)"' V||
of (3.17).

Lemma 3.8 TY2(H—z)"t, SY2(H—2)"" and T(H—z)"" are bounded for all = € C\R.

~

Proof: For all ¥ € D(H) we have

d A
T1/2 ¥
R TES TRTRYe] B

p=1

' (N + )20 + M| < C||[(H + 1)¥]. (3.18)

Then T2(H — 2)~! is bounded. The boundedness of SV2(H — z)~' and T(H — z)~*
are similarly proven. Then the lemma follows. ]
Next we estimate TV/21(H — 2)7 L.

10



Lemma 3.9 TY214(H — z)~' is bounded, and there exists C > 0 such that

~ 1
sup || TY2I5(H — 2)7Y|| < C (1 + i |Z‘) (3.19)

R>0 R
for all z € C\ R.

Proof: Since s, is a core of H, for all W € D(H) there exists a sequence {V,} such
that U; € 4y, lim U; = (H — 2)"'0 and lim HV; = H(H — z)~'W. Note that
Jj—00 Jj—00

1x0; € D(TY?). For all ® € D(T"/?) we have

(TV2®, 1p(H — 2)~"0)| = lim [(T%®,1,W,)]

]—)OO

d ~

. ¥

< lim ||® E o dv2||—
_ji)ooH || ||p,u JH+ fH\/@

' I(NY2 @ 1+ 1@ NY2)Lpw,| +M||‘I’j!|>

' INV2(H — 210 + M (H — z)‘“I’|I>

_ | (uanu ) 1\If||+de
< 1@ (H + 1)(H — 20 = @1+ (1 =)(H — )~
<c(1 +'Z')ncbnn\lfn
< 5]

where we used (N2 @ 1+ 1® NY2)Iz = I[zNY2. Thus T"/*1x(H — z)~" is bounded
uniformly in R. []

Lemma 3.10 For alle >0 and z € C\ R there ezists Cr such that I%im Cr=0 and
—00

I = 27 (P21 = 1)1 = 2] < (e O (14550 ) 20

|32]

Proof: Since ||(T+w) H < ||(§+w) <

be estimated as

M2+w> M2 ot the integrand of (3I7)) can

[(H — 2) (T +w)"'T — (S +w) " SHp(H — )" 7|
<|\TY2(H — 2) 7 (T +w) Y | TV R(H — 2)7Y|
FISY2(H = 2) 7Y (S 4+ w) 7Y 1SV R(H — 2)7

C 1+ |21\?
< 1 . 3.21
- M2+w< + R¥1 ) ( )

11



with some constant C' independent of R and M. Take an arbitrary € > 0. Then there
exists a closed interval [d, L] C (0, 00) such that

— 2) YT — 1TV (H — )10

( LY

dw IR 15 a -1q -1
+/ TH( — ) (T 4+ w) T — (5 +w) SHa(H — 2)'¥|

1‘|’|| d_w A_Z—l/\_/\’\ w_l —Z_l
€<1+ |gz|) ||‘I’||+/[67L]ﬁ{ll(H )HT = §)(S +w) " g(H — 2) 71|
HIUH = 27 (= w(T + w)™)(E = T)(5 +w) M a(H — 2)7' 0|}
Note that

T-S=-2p-(E-n+(A@1z)-(E—n)+(E—n) (A @1z +1),

where { = A®
that

Iy —Ay® 1z and n = 17 ® Ay. It is shown in Subsection below

~ PP B 1+ |z
(T + )4 = o)) < 0 (14 1)

1A ® 15|(T + w) " (H — 2)7Y| <c<1+ S

11€1(S + w) Tp(H — 2)7Y| < Cr (1 L1 + |

Mm@+wr%ﬂH—@*H<ORO+

140 ® 15((5 + w) ' Le(H —z1n<c(

[ENT + w) (B — )W<Ch< f‘)

Ox
1+ |z

mm@+wr<H—aln<cRQ+ NAQ.

Here Cp is a constant such that lim Cir = 0. Then we have

R—o0

12

1+|z|

)

(3.22)
(3.23)
(3.24)
(3.25)
(3.26)
(3.27)

(3.28)



I(H = 2)7(T = 8)(S +w) Mp(H — 2)7|

=||(H =27 (=2p- (€ =) + & (E—n) + (E—n) 0)(S +w) T(H —2)7"
< @llp|(H = 2)7Y| + NEIH = 2)7 ) - llE = nl(S +w) " Tr(H — 2)7|

+ e = nl(H = 2)7M| - lInl(S + w) " Ir(H — )7

1 2
< aCh (1+ +‘Z|)

|32]

with some constant a. Similarly we see that

I(H = )7 (1 = w(T +w) ™) (S = T)(S +w) " Tp(H — 2)~' ||}

< (21— w(T +w)™)(H — 2)7|

HIEN@ = w(T + w) ™) (H = 2) 7)) - 1€ = nl(S +w) r(H — 2)7"
+l1E = nl(@ = w(T +w) ™) (H — 2)7H| - [IInl(S + w) " Ta(H — 2)7Y|

2
< b(1 + w)Cr <1+1+|Z‘>

R
with some constant b. Together with them we obtain that

I(H = 2) " (T"*1p = 1aT"*)(H - 2) 70|

a+ (1+w)b )( 1+\z|)2
<|e+C / — dw]) 1+ v
( X [6,L] Vw R Il

Since Cr — 0 as R — 0o, we obtain the lemma. ]
We give a proof of Lemma [3.3]

: 2
Proof of Lemma33 Let ¢ = 2 [.| 22 (1 + 1‘2—5‘) dazdy. By (3I3), Lemmas B4
and we have

~

limsup ||x(H)Ig —Igx(H)|| < ¢ lim (Bg + €+ Cr) = ce. (3.29)
R—o0 R—o00
Since € > 0 is arbitrary, (312)) is obtained. Then the lemma follows. [

3.2 Proof of (3.22)-(3.28)

It remains to show sequence of inequalities ([3.22))-(B.28). We prove these inequalities
by functional integrations. Let Ay denote A®1z or Ag®@1s+17®A,. The functional
integration of the semigroup generated by %(p — Ay)? + M? +w is given in Appendix.
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It can be then shown that
(@, e (% (p—Ay)? )q))j?
/ dzE” [(D(By), e K y(B ]| Ay = Ay @ 15 + 15 ® A,
]Rd

/ Q2E* [(®(Bo), e 0w(B,)] Ay =Aw 1,

d

Lemma 3.11 Let M > 0. Then (N 4 1)((p— Ax)? + M2 +w) (N + 1)~ is bounded
uniformly in w € [0, 00).

Proof: We give the proof of the lemma in the case of Ay = Ay ® 1z + 17 ® Ax. In
another case, we can prove it in a similar manner. Let Ny = N® 1y and Ny = 17®@ N.
Then N = N; + Ny. We see that

(N +N2)®, ((p—Ap)*+ M +w) W) =2 / et MPHO) (N} Ny ) D, e~ P 4#) W) dt.
0

We have
(N1 4+ No)®, ((p— Ag)? + M +w)~'0)
=2 / dte t2(M*+w) / dzE” [((Ny + Na)®(By), e~ 102 K<)\ (By))]
0 Rd

:2/dt6_t%(M2+w)/dzE””
0 Rd

where K| = Ky and Ky = K. We have

(®(By), ¢~ A E0i0k ) N 7 UG N B (1))

7j=1,2

. . 1
D N e~ ) — N —TI(K) — =q(K;, K;).

2
Here T1,(K;) = i[Nj, o (K,)]. We know that [[IL(K,)®| < K[l (N; + 1)/ and
q(K;, K;) < |IK;||?. Hence by Lemma below, there exist constants ¢; and ¢y such
that

d

/Rdex [(<1>(Bo),Hj(Kj)‘1’(Bt))]' < gl @IIN; + )P VE, G =1,2.

We can also see that [(®(By), 3q(K;, K;)V(B,))| < [|[®(2)|||K;|[*¥(By)|. Hence by
Lemma [3.12] again there exist constants d; such that

[ (@50, g, ke | < [ aslawE I e
<dlg/VarIeel, 5= 12

14



Then we have

(N®, ((p = Ag)* + M* +w) W)

= 2/ e 2L (VE D el (N; + DV + 1d, | W) < Ol [[(NV + D)
0

j=1,2

with some constant C' independent of w. Hence (N+1)((p— Au)?+M2+w) (N +1)"!

is bounded uniformly in w.

Lemma 3.12 There exist constants ¢; and ¢y such that E*[||K;||?] < tei]|@/v/w|* and

E*[IK; 1] < teall/ vl

Proof: See [HirO0b, Theorem 4.6] and [LHBII], Lemma 7.21].
Lemma 3.13 Let 0 < M and y € CX(R%). Then for all w € [0, 0)

lpl(lp — As + M2 +w) (H - 27| < Cu (1 +

NA® Ls|(lp— Ayl + M2 +w) (H = 21| < Cu (1+

~ 1
NARIP — Aul + M? +w) (H — 27| < CrCy (1 +

14
il = A4+ A2+ ) nlh = )7 < Cor (14 25T
1+
1408 Tsl(lp — Agl? + 0% + ) et = )] < Car (14151

1
HARIIp = Al? + M2 + w) Mg(H = 2) || < CiCa (1 +

with Cr € o(R°) (R — c0) and some positive constant Cy.

Proof: First we prove (8.30). For fixed Ay = A® L1or Ay® 1+ 1® A, we have

IIpl(Ip = Ayl + M +w) ™ (H = 2)7|?
< 2{|llp — Agl(lp — Agl* + M + w) ™ (H - 2)7'|?
+ 1 Agl(Ip = Agl* + M? + )™ (H - 2)7'|*}
By Lemma 23] we have
[AI(1p — Agl” + M +w) ™ (H = 2)7'|

< 2| GV + 1)(|p = Agl* + M+ w) (N + DN + 1)(H - 2)7|

1+ |2|
<c (1
= M( " |%z\)

15
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with some constant C},. Together with ([B:36]) and (B:37) we obtain that

PPN B 1 1+ |7
_ 2 2 1 _ 1 < 2 ! 1 )
1 = A4+ 3+ ) = 2] < V2 (S + ) (14 150
(3.38)

Then (B:30)) is obtained. Next we prove ([3:32)). For an arbitrary e > 0 there exists a
normalized vector ¥ such that

AR (N + D)7 < AN 4+ 1)U + . (3.39)
Let G, € L*(RY) be in (3I0). Notice that ||G,| is independent of x. There exists
L > 0 such that Wg 1, = X{z<z} Vg satisfies that ||Wp — Vg 1]lx < m Then we
have
7 ~1/2 : : 2¢
1R, (N + )7 < lll7r(=V)GI¥ R + 5 (3.40)

Here jr stands for 1 — jo(k/R) or jo(k/R).
~ 2
inl=V)Gllw sl = [ ||linCalwtnta)]| ao
|z|<L 7

. 2
< / H||X{\k|zR}GzHW‘I’R(I)H _dz. (3.41)
|z|<L F

Let fr(z) = ||X{‘k|ZR}GA‘x||W. fr is continuous, and for each z € R?, it monotonically

converges to 0 as R — oo. Then fr converges to 0 uniformly on any compact set by

Dini’s theorem. Thus we see that lim sup ||x{k>r G| = 0. Since ¥y is normalized,
T zl<L -

the right-hand side of (B.40]) converges to 0 as R — oo. Thus there exists some Ry > 0
such that for all R > Ry,

o €
I17a(=iV)Glw ¥ r,Ll% < 3" (3.42)
By (BA0) and [342) we see that || Ag,(N + 1)"/2|| < e for all R > Ry. Then
lim [|Ag,(N +1)"Y2| = 0. (3.43)
R—o0

We have ||(N + 1)(|p — Ax|?> + M2 + w) (N + 1)7}|| < Cy in Lemma BII Thus
([332) is obtained. (B3] and ([B3.33)-(B.35) are also shown in a similar way. ]

4 HVZ-type theorem

Lemma 4.1 For all M > 0 it follows that oess(H) C [E 4 m, 00).

16



Proof: Let x € C.(R) be such that supp x C (—oo, E4+m). It suffices to show that x(H)
is compact for all positive M > 0. Actually limy;10 x(H) = x(Hp) in the uniform
topology by Lemma B.Il Let ) be the projection from .% to the subspace spanned by
Q, ie., BV = (Q, V). Since supp x C (—o0, £+ m) and o(H¢) = {0} U [m, c0), we
see that 1, ® P, leaves x(H) invariant:

X(H) = (1Ly @ Py)x(H). (4.1)
We also see that
(e @ Po)lr = T(j5 )- (4.2)
By Lemma B3 and (1)) we have
X(H) = Tplax(H) = Tpx(H)Tg + o(R%) = Tp(ly © Po)x(H)Ir +o(R°).  (4.3)

Here o(R°) converges to 0 as R — oo in the uniform norm. By (£2) and Lemma
again we have

X(H) = T(jo p)x(H) + o( R°). (4.4)

Then we can see that
= XL: L(36.) Loy (N)X(H) + T (8 ) Wz41,00) (N)x(H) + o R°). (4.5)
Since ||F(33R)|| < 1and ||Lps1,00)(N)¥]| < (L+ 1) YN for ¥ € D(N), we see that
D6, 7) Diz1,00 (N )X (H)| < L+1||Nx( ) =0 (4.6)

as L — oo. By (LH) and ({.0) we have

Z Ly (N (52 R)X(H) + o(L°) + o( R"), (4.7)

where o(L°) converges to 0 as L — 0o in the uniform norm. Thus it suffices to show
that gy (N)I(55 g)x(H) is compact for each | =0, 1,2,---. We obtain that

Ly (N)T (g p)X(H) = UB, (4.8)

where B = (p*+ V)Y (H; + 1) 4x(H) and U = (p* + V)"V 415y (N)T (52 ) (H + 1)~/
is a compact operator. Since [|(p* + V)/2¥|* < C|(H + 1)¥|*, B is bounded. Thus
Iy (N)T (35 )X (H) is compact. Then it yields that

X(H) = lim {Z 1y (N)T (G5 )X (H)} , (4.9)
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which implies that yx(H) is the limit of compact operators in the uniform topology.
Then x(H) is also compact. Hence (—oo, E+m) N o(H) is discrete spectrum. Then
the lemma follows. ]

The proof of Corollary[2.9: Since [E, E +m) N o(H) is discrete by Lemma [T H
has a ground state. The uniqueness and the exponential decay for the ground state

are shown in [Hir13]. [
Lemma 4.2 Suppose Assumptions[21, [22 and [23. Then ous(H) D [E + m,00).

Proof: First we assume that M > 0. Let ®,; be a normalized ground state of H.
Take A\ € (E + m,o0) and ko = ko(M,)\) € R such that w(ky) = A — E. Let
h € C®(R?) be such that ||h|| = 1. Set h,(k) = n¥?h(n(k — ko))e™ *®0=F) Then
|hnll = 1, W—Ji_)ﬂ;ohn = 0 and nh_):aolo||(w — w(ko))hn|| = 0. Note that &y, € D(H) C

D(H;) ¢ D(N) c D(a’(f)). Set h, = @ 'h, € W and ¥,, = af(h,)®),. It holds that
lim ||V, || =1 and w- lim ¥, = 0. We see that for & € J4,
n—oo n—oo

(H =X, 0,) = (&, al ((w — w(ko)) ) ®ar) + ([0l (hn), TV?]®, @) (4.10)
Then
s- lim af ((w — w(ko))hn)®ar = 0. (4.11)

Let us consider the commutator [af(h,), T"/?]. We see that

a Ry, 1 = 2 [

=) \F[ (T +w)~t, al (hy)]. (4.12)

p(k)e (K)e

i

Let G, = @f;}G;, and G}, (k) = G, (k,z) = . Then we have

2w(k)
[T(T +w) ™, al (h)]
= —w(T +w) [T, a' (h,)|(T +w) ™!
= —w(T +w) {(p+ A) - [A,a' (hy)] + [A al (7)) - (p + A)}T +w) ™!
—w(T +w) " H{(p+A) - (G, hy) + (G hy) - (p+ YT +w) ™!

= =20(T + w) (G, h)(T +w) ™" - (p+ A) —w(T +w) ™Y (i0s, G, hn)(T + w) ™"
: (4.13)

Since @)y is a ground state, by ([412), (AI3) and Lemma 2.8 we obtain that

(af(ha), T2), @y |—czsup( o o) 100, G B ) 21| @] (4.14)

=1 zER?

18



Let K, = ([af(hn), TV?][5,.)*. @I4) implies that ®), € D(K,) and lim K,®, = 0.

n—o0

Then we see that |[(H — N, | < |la((w — w(ko)) ) ®ar|| + || K0 @ || by @I0)-@I4),
and that
s- lim (H — \)V,, =0.
n—oo
Since lim || W, || = ||® ||+ lim |[a(h,)®y | = 1, the normalized vector ¥,, = W,, /|| ¥,
n—oo n—o0
satisfies that

s- lim (H — \)¥,, = 0.

n—oo

Then {\ifn} is a Weyl sequence for A and then we obtain that A\ € g (H) when M > 0.

Next we assume that M = 0. In order to emphasize the dependence on M we use
Hy; and E); for H and F, respectively. Since Hj; converges to Hy in the uniformly
resolvent sense. Then E) — Ey as M — 0. Fix A € (E + m,00). Let {M,}; be a
sequence such that M; — 0 as j — oo. Suppose that A > E; +m for all j. For each
M;, by the discussion mentioned above for the case of M > 0 there exist n; = n;(1;)
such that

la® ()@, | <1+ 1/5,
|((I)’ a'T(h'nj)¢Mj)| < 1/],
[(Hagy = Nl (hoy )@l < 1/5.

Set Q; = al(hy,)®yy,. Then lim [|Q;]] — 1 and
Jj—00

1(Ho = N@;ill < (Ho — Har,)Qsll + |(Hagy, = NQsll < /M;(1+1/5) +1/3.

Let Q; = Q;/]|Q;. Hence we conclude that {Q;} is a Weyl sequence for \, and thus

A\ € 0ess(Hp) follows. Then the lemma follows. ]
The proof of Theorem [Z.8:
The theorem follows from Lemmas [4.1] and (4.2 [

5 Appendix

In this appendix we review functional integral representations of the semigroup gen-
erated by models related to the Pauli-Fierz model. These representations play an
important roles in this paper. The functional integral representation for the semigroup
generated by the Pauli-Fierz model has been established in [Hir97]. By a minor modifi-
cation we can also construct functional integral representations for models investigated
in this paper.
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5.1 Pauli-Fierz model

The Feynman—Kac formula yields the path integral representation of the Schrodinger
operator 2+ V by

(f, e_t(%p2+v)g) = /R;ixEx [e‘fot V(Bs)dsf(Bo)g(Bt)] : (5.1)

On the other hand the Pauli-Fierz model is defined by the minimal coupling of p*/2 +
V' + H¢ with a quantized radiation field A(f) by

Hpp = %(p— A(f)*+V + H;

as a linear operator in 2 = L*(RY) @ F (W), where A(f) = (Ai(f), -+, Aq(f))
descrlbes quantlzed radiation field with cutoff function f such that f/\/w € L*(RY),
ie, A,( fRd (f,z)dx and

ikmaTr ( k)ezkx
frx fz / {7\/7) (k) + G }dk:. (5.2)

We can give the functional integral representation of e~*7# in [Hir97]. Let

d

Z (Fl“ 5;JL_VGV)

Hyr=1

q(F,G) = !

DO |

be the quadratic form on @®?L*(R?), where o, (k) = 6., — kyk,/|k|* denotes the
transversal delta function. Let &7 (F') be a Gaussian random variables on a proba-
bility space (Q, ¥, i), which is indexed by F = (F,- -, F;) € @*L?*(R?). The mean of
o/ (F) is zero and the covariance is given by E[«7(F)</(G)] = q(F,G). Furthermore
we introduce the Euclidean version of <7. Let

d

> (£ 0,G)) (5:3)

=1

1

DO |

be the quadratic form on ®?L?(R?). On the right-hand side of (53], we note that
(F;u 5;@,,) = Jouga Fu(k:o, l{:)éju(k)é’,,(ko, k)dkodk. Let /g (F') be a Gaussian random
variables on a probability space (Qg, X g, ur), which is indexed by F € @¢L?(RIH).
The mean of o7g(F") is zero and the covariance is given by E[o7g(F).7p(G)] = qr(F, G).
Let us identify . with L?(R% .%). Thus ® € # can be an .#-valued L2-function on
R, RIS v — &(z) € Z. Tt is well known that there exists the family of isometries J; :
L*(Q) — L*(Qg) (t € R) and j, : L*(R?) — L?>(R*) (t € R) such that J}.J, = e~ =l
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and jij, = e~ =51«(="V) By the Feynman-Kac formula (5. it is straightforward to see
that

(@, eGP HVHHD ) — / dzE® [e—féwBs)ds(Jo@(Bo), J@(Bt))LZ(QE)} . (5.4)

Rd

Adding an interaction we also see that

(@, e~ rrw) = / deE” [e‘ﬁf ”BS”S(J()@(BO),e—"”E<KE>th>(Bt>>L2<QE>] . (5.5)

Rd
Here .
Ke= o, [ J.f( - B)IB;
0

is the ®?L2(R*)-valued stochastic integral of f = (f//w). From this formula we
have e tHrPr ¥ (x) = E[e~ I V(Bs)ds Jre=i9e(K) J.&(B,)]. Furthermore let

Ker = 3 (p— A())

be the kinetic term of the Pauli-Fierz model Hpp. It also established that Kpp is
essentially self-adjoint on D(p?) N C*°(N) when Assumption is assumed. Then it
follows that

(@, e Hrry) = / dzE’ [e—f5V<35>d8<<1><Bo>,e—M(KhIf(Bt))mQ) . (5.6)

Rd

where .
K=ol [ j¢- BB
0

is the ®4L%(R%)-valued stochastic integral.

5.2 Extended Pauli-Fierz model
The extended Pauli-Fierz model is defined by

fIPF:HPF®]1+]1®Hf (5.7)

as an operator in J# = 4 © F. Note that .F @ F = F(W @ W). Under the
identification # = L?(RY) @ F (W @ W), then

A~ 1 —~
Hpp = 5(19 — 4;)* + Hy,

where A; = A(f @ 0) and H; be the second quantization of W = w @ w. Then the

functional integral representation of e *7F is a slight modification of that of e trF,
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Let «7(F) be a Gaussian random variables on a probability space (Q, %, i), which
is indexed by F € (¢L*(RY)) @ (®?L*(RY)). Let A (F) = o/ (F ©0) and 4(G) =
/(0 @ G). The mean of @7, (F') is zero and the covariance is given by

E[,(F) 5” Z F,.,65G,), ij=12 (5.8)

p,v=1

Similar to the Pauli-Fierz model we introduce the Euclidean version of .@7;, j = 1,2.
Let Jy = J; ® J; and j = je @ ji. Then J, : L*(Q) ® L*(Q) — Lz(QE) ® L*(Qr)
and I L2(]Rd) ® LA(RY) — L2(R4H) ® L2(R41) satisfy that JrJ, = eIl and
i5js = e 519(=V)  Hence we can see that

(@, ) = [ ek [e VN (Bo), 0 T0(B)) aumoriian] -
R

d

(5.9)
5.3 Generalization of extended Pauli-Fierz model
Let f and g be two cutoff functions and we define Hpp by
~ 1
Hszi(p A(f) @1y — 1, ® A(9))? + Hy @ 14 1 ® Hy. (5.10)
Hence we can see that
(@, e trry)
_ /;ixE:c [6—f0 V(Bs)ds(jo(b(BO)’6—idE1(Kf)—ME2(Kg)@@(Bt))LQ(QE)MZ(QE)] ’
R
(5.11)

where K, = &L, fgjsiz(~ — B,)dB! for h = f,g. Furthermore let

Rop = %@ —A(f) @ 15 — 1y ® A(g))?

be the kinetic term of Hpp. Tt can be shown that Kpp is essentially self-adjoint on
D(p?) N C>=(N). We then also have

(B, e Rrr ) = / A" (e VI (@ By), e KR TAKDD(B) 2 oo
R

d
(5.12)
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